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ON SUB-RES0TJVE.I{SS AND $UB-l[UttImICAffVg

SUN0IIONAIS O3 A MARKOY ?ROCESS

bY hlil PoPescu

The aim of th:ls paper is to present properties of

the Aub-resolvents and the sub-multlplicatlve functlonals,

starti.ng from knounr resultq for resolvents and. multifi l i.cative

functionals.

In sectlon 1 are given some propertles of the sub-

resolvents of, keraels on a measurable space. In section 2

ls presented. a regult refdrrlng to the sub-resolvents exactly

subordlnated to a resolvent. This result i.s analogous with

that one known for subord.lnate resolve4ts. In the last seotion

are transposed. a eerLes of results f,ron [tJ , referz'ing to

the multiplicatlve functlonals of e Marlcov proeessl to the

rative tunctionals of the proc€ssr
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1. Sub-reeolvents

Throughout thie sect ion (8,6 ) wi l l .  be a measurabLe

space.

Def , in i t ion 1.1,

A fami ly t l /= lVcr, (  >olor  kernels on ( f i rE )  is  cal led

eub-resolvent (of kernels) if

i )  vF -< Vd-(  vF +( P 
-  o()  v o vF for  anyc ,  (3,  o and

d .  1 3

l i )  V d V F  =  V F  V d f o "  8 4 Y  d , P  t , O '

The sub'nesolvent lU* , < > Olis called sub-Markov

(resp.Markov) if for any a( ) O we have

d  v 4 1  <  1  ( r e s p .  o (  v d l  =  1 )

In {he sequel we ehal1 consider only eub-Markov sub-resolvents

without to opecify this thing. Then

v a ( x r  E )

for argr x, hence Vd is a bounded kernel on (8, E) '  tr?on i)

it followe that

o ( - + V d ( x r . )

is decreasing and continuous on (or@)" Conoequently we ean

define the initial kernel of the Bub-resolvent ?f:

.  v ( x , . )  =  
T p  v d ( x , . )  = ' | 1 1 v d ( x , . )

For ar\y c{ > O we have

w ' {  =  v { v

and

V  - ( V * + < v d y

. If P > O and we define

u 4  =  v *  + P

for d) O, then lgo I  d)OJis a eub-resolvent with the ini t ial

kernel :

/ t "
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u  E  B u p  u d =
d

U ie a bounded kernel'

f f  fVn ,  " (> Ol is  & sub*resolvent  on (8,  E ) ,  then

it is also a sub-resoLvent on (8, Et) because

x __+. U 
q 

(x, A)
-  - +

is E- - ro€asurable whenever A € E

From now on, if f ie a numerieal nonnegetive E '*

meeeu,.able function on E we shall write f€ E*. Moreover, if f

is bounded we ohall write fe b t*.

Def in i t ion 1.2.

reepect

nedian)

Let f  eE and 4 >-O. f  ie cal led "( 
-supermedian with

the eub-resolvent Iut :  {)  oJturier ly c- V super-

A v " { + P  f  (  r
I

f o r a n y  P t o .
f  ie cal led "( 

-excessive with respect to the eub-

reso lven t  lUn  t  d>  OJ(b r ie f l yd  -  V  excess ive )  i f  f  i e { -  V

supermedian and

l i n  fb  v " (+P  r  =  r
F* -  t  

. ^n  .e "<
We denote by Yv (resp. 6nr\ the set of the

o( -V supermedian (resp. d -V excessive) funct ione.

The next proposit ion givea some propert ies of super-

median and exceesive funct ions with respect to a sub-resolvent '

Proposi t ion 1. f .  ,

Let 1f = {V":{>o}a sub-reeolvent of kernels on

(g,E ).  The fol lowing assert ione hold:
n ^ 4  e 4

i) yrp ana Eoare convex cones; moreover if f, g

a Y; then f .^ s = min (f,e) € Y#

i i )  I f  ( frr)  is an increasing

,(5

t o

i f

/ r . .

.  c *
sequence ln  / " ( resP.
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E$ then f = t im f ie i"  Y; (reep .El,  l ,

increasing.

iv) I f

v )  Let

4 - V excessive

onv /3> o'* -  |

Proof , i ) and i i ) are irnnediate fron definit ion.

i i i) Let f be o< - V oupermedian bounded function

and P> I '  Then

Pun*P 
- ,\ v o(+'L 

> 15v'(+4 
* F(tt 

-F) vq*P vd*?- 1v4+\ =

=( F -t)v(*4 (r - p vd*P I
Fron this inequality we obeerve that p*pV{+F f is increasing.

,o4 
f.(+p f isi i i )  I f  f  € Yr' then the funetion 

P*p'

<oq c/ ^ 'e4
f € J r r t h e n V - f € G U

f € f,. |" rn.n i =^]ip F vc+F{ is the largest
F * -  I  

"  r  A

funetion dominated by f and vFr * VFf ro"

p vP*nr'

and lett ing n-+oo w€ obtain i i ) .

iv) It is enough to shox/ for f bounded'

Fuu*P vd f = v{ ( pvd*Pr) <v{ r for anv F>

other hand

vn+F f  +  Fvd+P v{  f

t in f tvc+F vn r
F * - , t
i i i )  we deduce that

ex is ts

f t*l = 
i35 1, ut*F r(")

Of course, ? e&, i  < f ana f is o( -V supermedian.

t f and fr, ie d -V super-

n,  i f  P= .  then

have

On the

if f is c( -V ouper-

. ^4
Let f € J4y end

median bounded.

v a f

It follows that

'  v d r - {

v) From

nedian then there

fr, = f ,t n. Then f'

Therefore for anY

We

O .

f
I '

tet s € E;and g < f. Then Pun*P e ( pv{+F t

and letting 
P 

+ F we find that g -4

/ . . .

Thus, to conPlete



r y -
the proof, we muet show that f-is o( -V excessive. Suppose

first that f ie boundodo then we have:

v pf = vP(*iry 11v{+Q r; = l im q vF vn*tlf ) 1ip
\-- ?t-t op L 

\**

, .vd+rl f) = vFf

s inee i<r  i t  fo l tows vFi  =  vPf  for  ar ryP

[tv't+Pi 
= p vc+pr I i *" [-+oo and so f is o( -V

is unbounded, 1et fr. = f 't n. Ihen p Vd*Pf'

both p and n. Thereforu i = 
^li1 P Vn*P f =

. F - * l
/\

= lim fr, . But the linit of an increasing
I1+oo 

r '

excessive funct ions ie c{  -V exceesive.

" 3 ' ( v P r
" (  + t -F

> O. Consequently

excess ive.  I f  f

ie increasing in

lin tim pVd+Ptrr=
I I"*e P--*
sequence ofo(  -V

Defilition 1.7-. A fanily Uf= fwn: 4) olof kernele

on (8,  E )  ie cal led super-resolvent i f

t  i )  v iaVwP +(P -  " { ) r i1 rawPror  a l l " t ,  F  >  o  and

i i )  W * W F =  W F W a f o r  a l l  6 / , F >  O '

; The super-resolvent lwnJi." called eub-Markov if

{ . $ (  1 <  1o ( t f  r a  r

f o r  a n y d  > O ,

trlron definition it follows that for any tet+ we

have

d . F  _ _ >  w n f > w P f ,

and therefore the nap W fron ?* irrto *+ defined by

Wf :  =  ey l  wdr

is  a kernel  on (n,  E )  which ie caf led the in i t ia l  kerneL of

the Buper-reeolvent {*n(. For any d } O we have

WW'( *  Wd W end \ f i '  >Wq + o(WWv

We can define the c( -W supermedian and d -W excessive

functione of a auper-resolvent eimilar to definit ion I,2"

Broposil i"op 1..2. Let l 'o ,a>O ] be e resolvent and

lvn , d>o 3 a suu-resolvent on vt + sucb that V"i i  < Ua f for

o11 o1\ o f  € t lZ+ end u*vP = V P Udfor al l '  o( l rF )O'  Then
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f o d / t , 9

there exists l'trt', d > O J euper-resolvent on b6+ such that

u n f = v d r + l t d f
. .

for  a l l  o(  >  O and f  eUt+.
ol o( ,rt

Bg€. Let Wq f :  = U.f -  V of .  Then for any '{ ,  f l
. ? (

) O, o( < h and f eb4 we havo'  - '  - '  -  { - , ,y  
a  t>wF r  +  (p-  " ,  ) * ,d  wP r .

Indeedr 
\  '

u q  f  -  v d  f

; t ; t -  v d r  -  (  p - 4 ) v ' { v P r  +  (  p - d ) ( v * u F r  +  u d v F  r ) } -  o

v F r  - v d f  +  ( F - d ) v d u P f  ) ,  v j s r  - v d f  + ( F - t ) v " v P r  )  o

.  and u{  vFr  2-  YnvPf .  o f  couroe,  the re la t ion ucvF = vPuq

i r n p l i e e  i i { d w P =  t , t i F l r i { .

Defini t ion 1'4. A zub-senigroup (super-senigroup)

o n  ( n , E )  i e  a  f a m i l y  p  = l P t  :  t ) O l o f  k e r n e l e  o n  ( E ' E )

such that

i )  Pt*u < (>)  r t ru '  for  ar \Y t '  8)  o

i i )  PtP" = P"Pt

ru) For arqr function f € t+, the maP

(t,  x) -- .-+ Paf(x)

ie measurable on the neasurable product space R+ x E.

Thesub-een ig roup(super -sen ig roup)P isea l l ed

Markov (resp.sub*Markov) if Pr1 = I (reep. Ptl < L) for any

t >,- O. In the sequelr w€ shall coneider only sub*Markov sub- !

eemigroups (ouper-sernigroups) without to specify this thing'

I t  is not assumed in def ini t ion that Po = I ;  of couree, i f

P is sub-senigroup, then t3 = *o'

r ropos iggp  1 .9 '  Le t  P  = [P t  t  t ) -  o ]ue  a  sub -

eenigroup (super-senigroup) on (ErZ) and for ar ly "(>O l-et

G t  t 6  ( a '

If 
* 

be the kernel on (E' E ) defined by

/ . . .
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.  t  - o ( t  - 2 .4  a r - . t  \  - - q  t  t r  € f  v \ , t +  +  Q 6 +s  ' f ( x )  =  
J  e - - ' v  P t f ( x ) d t ,  f  € - + .

' o v -

Then the fan i ly  V=iVdl  d  >Ol ie  I  sub-r€solvent  ( ree i l .  
'

super-resoLvent) on (8, E) which will be called the sub-regol-

vent (super-resolvent) associated with the sub-senigroup (super-

eenigroup) F.

Ib€ Proof 
"ie 

innediate. 
1

R€herk. l4e can define, sinilar to thd case'of semi*

gg'oups, the d - e[Pernedisn and d :' BXC€ssive functions with

reepect to the sub-eemigroup P. llde denote by Ef tft" set of

d - excessive functione with respect to the eub-semigrouP P:

Then Z\ - Efr. rrraeed, Let f a fJ since t- n tP.f ( f for

anY t,>- O we get € |

pv*+Fr = 
l f  

' - t . * t ) tp t ,  r  d t  <r .
. l

0n the other handt
oo

^  r rd*P r  =  \  O" - ( * * t ) tp* fP '  J  l -  
- f ,

o

inereasee to f as P.- 
- o

, u .- { r

e-ue ,' Pu f du

15

O"
c
I

d t = J
o
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2, $u-b-,resolvs.Tr.ts-Si{.ae,tly $"uPo]qi,ngte to. a, Iteso.}veq!.'

Let (S, €) be a measurable spsce' l lYe denote by B '

," b € the Banach space of all bounded E-t.*uorable funetione

under the supremum roro. Let LI= LUo : o( ) O ! ue a sub-Markov

resolvent on B. Of course, a Bub-resolvent 
tut 

"t, 
B ie a fanily

of positive linear operatora on B which verifies the relatione

i) and i i )  from the defini t ion 1,1. for any fe B+.

Def init ion. 2J. A sub-nesolvent tf = | U n t o1T Olon

B is called sub-resolvent subordinate to I ud J ir

v ( f  <  u d r

for  any'(>O and f  € B*

Prg.position 2-.1. Let

on B eubordinate to 1-U*1.  I f

- V * f ie D( -U .Bupertned.isn.

o] 
" 

eub-resolvent

) 0 ,  t h e n U d f  -

qf= lv{ :o(  >

fe  B+ and d

I  o n :  " t > o J i s

i l
I

l
4
l
:1

I
,j
1:\

u { f  - v d r -  P u F * n ( u o f  - v o r ) = u d f  - v d f  - P U F * * u n f  *

+ p ' u F + o v n  f  ) - r J n * P r  -  v c * P t z  o

f o r  a n y  * , ( 5 > O .

Defini t i  on 2,2. A eub-resolvent \ f=

called exactly eubordinate to the resolvena LU 
n 

l i t  i t  is

subordinate to luaJ ano,  in addi t ion,  Unf -  v t  isct-U ex-

ceesive for all f eB* and "( ) O.

Theoryn 3J. Let fV" J ue a

ordinete to t u* ]. Then

t y d r ( * )  =  l i m  F u F v d r ( x )
F - - *  I

e x i e t s  f o r  a l l f € B * ,  d > ' O ,  x € E  a n d

is a sub-resolvent exactly subondinate

each d  >O and x€E we have on  B* :

.  v * ( * r . )  <  t r t t d ( x , . ) .

Tfe denote by \ the eet of the pointe y€ D for which

lg1|.  For f  € B*, (ud f  -  v ' / f )  € B* for any o(>o.

eub-resolvent on B eub*

the fan i ly  tWt td >O ]

to f u{}. ltrot*overr for

exiets Y> O euch that
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.  V o  1 ( Y )  +  ( f  - o { )  V T V { 1 ( Y )  =  V ( l ( Y )

for anY o( > 0"

t  u F vf , r (  x )  - -vf , t (*)

a o  { a * - .  T h e n

v . * ( * r . )  =  W { ( x r . )

"aS 
f *oo 

*

Let x € 8., be such that existe Y> O with the property
Y

for any e( > O. In particular equality holde at any x € EV for

which
l'

15 If r' 1(x) --+ I
I

g9g. We shall- adapt the proof of the theorem (4.9)

f ron [ f l  ,  Chap.II I ,  to the ease of sub-reeolvente. I f  f  € Bar

from the resolvent equation of tU" I we have

u < f  - p u F  v d f  =  u  F + o 1 f  *  P u P + *  u d f  -  
P U P * u v * f  

-

A * d  r  t  ^  B + d .  d ,  c i  - .  
' l  

.-po (  u t *nu0vd f  =puF*d tuc r  -  vc f l  +  o f  f t  )

e ince  i lUPi l *F  .  S ince  Udf  -  Vdf  ie  (  -Usuperned ian  (p rop .

2.1. ) r it follows that exiets 
lT-Fu 

P v*f and udf - t#4 f is

the a -U excessive regularization of Udf - Vdf . Therefore

$ r 4 f  = l i n  p u F v d r-  
e ; ;  |  

-  
,  J

exiete for all f e B+. rJie observe that w{ f -( U 
* 

f for any

f € Bar s ince

l y ( f ( 1 i n  F U F U { r  < l i n n (  F + a ) u 0 + n u o f  =  u { f
F*-  t  P-+o 

I

0n the other hand, for anY f € B+,

w 4 f  = l i r n  r  u \ 4 f  > - 1 i n 1 u a + r l v o f > l i t q v * * 4 v ' (
l t +oo  L  1 ' l * e  \ * -  

L  
' '

)  l i n ' ( v n r  -  v q * t [ f  ) =  v o f
1"- -

Now, we have:

v c f  -  y P r < (  ( 3 *  d ) v P v d r  (  ( F - * l  v P w { r

f o r a r l y f € B + .

operating on thie relation by rtu4 and letting n-- oo

we obtain
/  r ' . .



1 1 n r - r f l F f  < ( F - d ) w P r a * r ,

$ince lu*J is resolvent and uc r - w* f

regular izat ion of  Uo f  -  v{ f  ,  fe B* i t

u F ( u n f  - v 4 f )  = U F ( u n r -

f,or any p > O and hence that

U P v d f  =  U F w * f

tr\rrthernore for f € B* we have

o  =  u P ( * * -  v " ( , 8 >  v F  C w " -

It followe that

f  € B+.

is the < iU excessive

follows that

t . J { f  )

v c ) f > o .

fo4 a1L

wd wP r

v F w o f  =  v F  v q f .

L€t ua show that

w d w F r  =  y . r F d t d f ,

f  €B+ and dr t  >O.  Indeed '

= l in ryUtL Vd n F t  =_l im IUQV" VF
\ + e  

v  
t l + o ,

= t i rn  4  u l vFwa f  =  vJAp ; * f .
t-t -

Therefor" LwtJis a sub-resolvent.

f = 1 i n n
t--

x € \ be such that

a E  P * *
w r l

. J

,j
iq
':'l

, i

t
:l

:i
I
.i
:1
. r'l

:ij
I
:1 .

F vr t  -+

,  ) .  There-

FuPv r t ( x )  
- . v f , 1 ( x )

,  for gome f ixed Y>O. tr lcom defini t ionpU

as P* - .  I t  fo l lows that  Vf ,  (x ,  ' )  =  Wf,  (x ,

fore t

P u P y f , r ( * )  
+ r y r f , r ( x )  =  V Y r ( * )

for any f e B+. Let d> O be and

'  v a l  -  v Y t  <  ( f - d )  v r v d l '

0perating on this uy tuP and l-etting F-roo $re obtainl

' 1 y < l  *  r 1 1 f , I  <  ( f , - o ( )  l l f v d L

uqvP Va f =

ie o(-U exceseive for any f € Bn'r it follows

exact ly subordinate to [unJ.

s inee u{ f -  v {

that \w< ! ie

, L€t us show the second part of the theorem. We show

a l r e a d y  t h a t  v o ( ( x r . )  < w d ( x , . )  f o r  a n y  x  a n d  o (  >  o ,  L e t
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- 1 1 " *
,  

.  
; l

In the pofinat x u€ have '., il
4, al.]

W '  l (  r " )  =  V  " ' 1 ( x ) ,

l ' l d  t ( x )  <  w f , t ( x )  +  ( r - , i  ) .wYvc r ( x )  =  v f , t ( x )  +
' a r '

+  ( Y - o ( )  v t v d l ( x )  =  v d l . ( x )  .

s ince x€4r .  Therefore,v \
'  r r 4 f *  \  -  u r { f *  \Y  \ X r r J  ;  W ,  ( J { . r r J(x" ) = 1{'1 (x" '

on 8,, for any "( ) O.

Let4 > O

In part icular, i f  Pu 
F 1(x) ----r 1 aa P-.-- )

F u P  1 ( x )  - p v F  r ( * )  - - - * o .

be. of  couree o( Vo( 1 <1. t l le have:

( n u P  - p v F  ) v n t ( * )  * l  t  p u P  -  F o F  )  r ( x )
.  But,  from Prop. 1.1.; .- iv) i t  fol lows that

R U F  Y {  t (  *  )  - t v  d  t ( x )
t

. Therefore, it foUows ae above

v { 4 ( x r . )  =  v { ( x r . )

end the proof of theorem ie completeo

then

as 
[-* 

co

Hence

as 
[b-+ 

oa

;l
ii
il

tl
1 l

ti
ti

:,,.i
i
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1. Sub:lrul,lip11,cgtiv.e , f'ulrgtio.nals ,gf a . t4arkov. .F,f_o,cesp

Let X q (n,rl6 r i l t ,  xt, Gt, P*) be s Markov proces,s

with state space (8, € ) in the neaning of [f] .

De,f i ,n i t io"+ I .1.  A fami ly lu =f  Mnl  0<t  < oo]  of

real*valued random variablee on (ft rF) is called a sub-

nul"tiplicative functional of X providedl

i ) M t  € { r o " a n y t

i i ) 'Mt+s  {  Mr . (M"o  gr )  =  M* . (Mto  o* )  a .s .  fo r  any  t r  s  7  O

l i i )  O<Ma(c^r)  (1  for  aL}  t  and cJ"

M is called right continuous (or continuous) if

t  )Mr(*-.r)  is r ight continuoue (or continuoue) alnost surely.

We observe that for all t and s, Mt+e( Ms 8r8'r The relation*

uqp Mo( Mo'  (Moo Oo)  -  M3 (  Mo 8.8 '  ,  hence Mo = M3 8.8.

inptieo that almoot ourely Mo is either zero or one. Like

at rnultiplicative functionals, a point x € E is called

permsnent for M if Px{Mo = 1) = 1. We denote bv E* the eet

of perrnanent points which is universally roeasurable. If X is

normal, then x€E - 
%l i f  and only i f  Px(Mo = O) = 1.

In the oequelr w€ give a few exanpleo of sub-multi-

plicatiue functionals :

1. Mt = exp (-t2) and EM = E

2. Let f be a teruinal t ine. $ie define
D

[  . * p ( - t ' )  i f  t  <  T ( < ^ r )
Mr(t..r ) = 

1
L o  i f  t 7  T ( q r )

IUr]ie a right continuoue eub-multiplicative functional and

s M = 1 " * n l r x f r > o )  -  1 ]

i ,  Let X progreesively neasureble with reopect to [Yr]anA

I e t  f  e b E ' T h e n  t ,
Mt -  exp(-t  5 r(xs) ds )

ie a continuous sub-muJ"tiplieative functional with Eg = E'

/ -
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Definit ion 5_.3. A fnrni ly S =\ S* | O<t < oo J of- ( , r ,

real-valued random variablee on (5a , F) is called I 6up€r*

noultiplicative functional of X if

i )  S t  € {  ro "  s r \ y  t  >o ,

i i ) S s + t )  S t . ( S s  o  O t )  *  S u , ( S r o  O " )  s r s r  f o r  e n y  t ,  s >  O ,

iii) O ( St(c^r) ( l. for all t and qr s

Proposit ion ] ,1. I ,et N* be a'nult ipl icat ive func-

tional of X and lMt 1 q sub-nultiplicative functional of X such

that Mt S N, for eny t> Q and

, Mt. Nso Ot * Nt. M"o 6, = M". Nto Ou* il*. Mro O"

for  a l l  t ,  s ;>  O.

Then there exists, a super-nultiplicative functional of X,

l s t ,  1 ,  such that

o  L e t  S t  ! . =  N t  -  M t >  O . l  S r l  v e r i f i e s ,  t h e

N t = M t * S t t

for any 17, O.

Proof

condit ions of def .  7.2. Indeed, i)  andi i i )  are evident whi le z

ii) one checks through conputation fron the relationehipe of

hypothesis.

As example, let the nuLtiplicative functional Nt= 1

and 1et tho sub*nultiplicative functional M, = exp (-t2).

fhen St = 1 - €xp Gtz) is a super-nultiplicative functional

of  X.

If M is a sub-nultiplicative'functionel of Xr we

define for any t V O an operator \ oo b El by

Q.f (x) = Ex { rtX, ) **, } )

Like at nultiplicative functionals, at is a poeitive linear

operator fron bAI to bET such that Q1 (P1r where Pt is

the transition operator of X' We have:

/ . . -



Q. f (x)  =  QtQ" f (x)

Q t  1 < 1 .

rt fol lows that tQt t tv ol ie a sub-senigroup on u6], cal1ed

the sub*semigroup generated by M.

One observe that Qof(x)  = g*{ f (Xo)Mo 
} ,  

f f  X is

norma l  then  Qo f (x )  =  I * ( x )  f ( x ) .  f f  Sa id  a  me t r i c  space , 'X

is right continuous .and M is right continuous, then QaI(x) =

u * { t r \ , ;  X t € E } t e n d o  t o  Q o l ( x )  =  s x { * o r  X o €  n l a s  t - - - + o .

We nake the notat ion B = bE*. B is a Banach space

under the aupremum norn. We have prB c, B for any t ) 0 C lfl ].

The eub-semigroup IQ, !  t ] ,O ]of nonnegative l inear operators

on ,B* ie called subordinate to In, J if qf ( ptf for arl,y

Qt

Qs

@

r
v d r ( x )  =  D x  )

I

l
j
i
i
I
l -

t>  O and f  €  B* .  In  the sequel ,  i f  M = lMal is  a  r ight  con*

tinuoue sub-nultiplicative functional of X, then

Qrf(x)  =  axI  r tx t )Mt  ]
and

o-  d  t a f . ,  \ n {  . l +s .r- \^t /Mts

will be the sub-semigroup, resp. the eub-resolveratcorresponding

to M on B*. If we denote Uy {Pt ! ano[ual the semigroup and

respective the resolvent of procese X then I Oa I is eubordinate

to { nn i wh'ile I ut } is subordinate to lu{ J on B*.

Def in i t ion 3.5.  Let  (Er€)  be a $easurable space,

The funct ion Pr(xr  A)  def ined for  t>-O1 x€Er A €=6te eaLled

a eemi-transit ion'funct ion on (P, E ) provided

i) A-*Ft(x, A) ie e probabi l i ty meBsure on Efo" any t  and x,

i i )  x--Pa(xr A) is in E for each t and 4

i i i )  Pt*u(x ,A)  <  J  nr t * ,  dy)Ps(y ,  o)= . [  P"(xrdy)Pt ( ] ,  A]

for all t, x and A.

/ . * .
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W e e h a l l c a l l e e n i - M a r k o v p r o c e s s a p r o c e s s w h i c h

satisfies the conditions fron the definition of a Markov Pro-

cess in the neaning of [t] , excepting the Axion M (Markov

p r o p e r t y ) w h i c h o n e r e p l a c e b y t h e f o l l o w i n g c o n d i t i o n :

4 
" 

," lr\1,o*"1;Al= 'x 1'xs(rory I A]

for  a1r x,  t '  sr  f  € b 6* ano AnJ{ '

P r o p o g i t i o g 7 . 2 . F o r t h e s e n i - M a r k o v p r o c e s o . X l

d e f i n e  N r ( x ,  A )  = P x ( X t € - A ) ,  x € E o '  A e E a "  T r r e n

N ' ( x , A ) : , 0 < t < @ i s a s e a i - t r a n e i t i o n f u n c t i o n f o r t h e

Oro . *ss {  X .  }ove r  
( f2 ,S ,  Px )  w i th  va lues  in  (Ear ' t ^ ) '

t h e p r o o f i s i m n e d i a t e f r o n t h e c o n d i t i o n s o f d e f .

7 . 7 .

\ 
Definiti-on 1'4' The eemi-Markov process X is called

strong eemi-Markov provided that for eech stopping tine T

witn respect to[-lvttt una f € b E* ottt has:

i) xr € Jv{'rlzl _1
i i ) ;xr(xt*r) (n* | nx(t ) [rtxr l]] ' 

--
Let x = (f l  ,14,&r, xt, ot '  P") be. Asemi-Markov

process Y wi th state space (Eo,  U:)  where Eo€ f  '  €t  =?"*
Eo

i s c a l l e d a s e n i - e u b p r o c e s s o f X i f . i t s t r a n s i t i o n s u b - s e r 0 t .

sroup tq. 1is doninated' uv f r, ] I Qrf(x) (r.r(x) for all

x  € E o ,  f  V O ' ' f  e  o € 3  a n d  f  i s  t a k e n  t o  v a n i e h  o n S \ E o '

We define Qt on B* = bET by set t ing

\ q t l t o t " ' i r x € s o
0 ,  f ( x )  - l

"  L  0  i f x € E - s o

where f e B+. rhen t}1 
::-^" :":'"::';;:.tr";_T;:".::

l inear operators on B* and Q1 = Qt on Dcao'  r '  re ""* ;

procees 
", 

x i f  and only i f  lOt 1i" subordinate to l t t l  '

/ " '
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Let X be normal and let M be a right continuous

eub-multiplicative functional of X. If X satiefj"os this con-

dit ione, one can construct e semi-subproceos of X whose

transition sub-senigroup is generated of M. Indeedr w€ observe

that the construction for subproee$ses from lfl r 1.II.7. one can

$re l l  in  our  case.  lve denote wi th  f  =  (n ,  jA, f ,a ,  
4 , ,

the process constructed. We have the fol lowing result :

Tlreor.eg.TrJ-.  i  iu a semi*Markov process wi ' i th etate

space (8,  E*)  such thet

i" lrtfirl t = Ex f ttxr)*, I

for any f e B, that is i is a semi-subproceee of x whoee

transit ion sub-seurigroup is generated by M'

t Th. proof is that fron [fl for subprocessea, with

the.mention that in the place of Markov property for i ot'

verifies the property of i concerning to be eeni-Markov' Thie

can be shown using the fact that M io a sub-multiplicative

functional of X.

W e n o w s u p p o s e t h a t X i e e t r o n g l v l a r k o v l M i s

c o n t i n u o u s s u b - m u } t i p l i c a t i v e f u n c t i o n a l o f X a n d l e t

eemi-subprocess of  x constructed abover corresponding

Definiti on-7:2' Let M be a sub-multiplicative

functional of x. M is called strong eub-r0ultiplicative if M

ie right contj-nuous and

B" lr,*r1r)Mr*rJ < Exf rxtl') [rtx.)q, ] *r]

for al1 x, t,  f  e b 6*,U"1't1 stopping t imee T'

T h e f o l l o w i n g p r o p o s i t i o n i s . a n a l o g o u s o f t h e p r o p r

(3.LU rron [1] .

/ . . .
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PIopos:!jigp-2:5. Let X be a strong Markov process

and let M be a otrong eub-nultiplicative functional of X.

fhen the semi-subproceu" f corresponding to M is strong seni-

Markov.

Fron now on, X will be e standard process with etate

s p a c e  ( 8 ,  U  ) .

P{_opsS}tiop 2.,j1. Let M be a right continuous sub-

nult ipl icat ive funetional of x and let l  ar l  , lu* 1, be the sub-

semigroup and the sub-resolvent eorrepponding to M. f,et fW 
a 

!

be thre exactly subordinate resolvent corresponding to fV " 1

in  theorem 2.1,  Then!
'  

" t  
d .  ' l  

\  rv  ( x r . )  =  W ^ ( x r . )  t

f o r a n y x € E * O U V .

Proof . Since x € n* it follows that Qt 1(x) -=- 1

'as t  -> Q. Therefore PV 
Ff (x) -*1 

"u P---- 'oo '  The conclusion

resul t  f rom the. theorem 2.1.

Propoqitiol 1.!- Let M = 
| U. J Ue a right continuous

eub-nultiplicative functional of X such that

P x [ E a r : ( E l , r n a v ) ;  M r > o J  :  o

foreI1 x andt. |Aat stopping t ines T'*Then

r"  I  *-n t r(xt+r)Mt+r dt  (n*{nx(t ' [5.-< t r(xt)mrat 
]q ]'  o  &  

L  l E

for  a l l  x,  t ,  T end f  € b 6+.

glgg{, l,et IV{ } denote the corresponding sub-resolvent

to M, fet  fW"|Ue the exact ly subordinate sub-resolvent saso-.

c iated wit f r [Vc]  i t t  tn*orem 2.1 '  For each cont inuoue and

p o s i t i v e  f  a n d  " (  > o ,  t h e  n a p  i y *  f  =  u d f  -  ( u * r  -  w d r )  i e

bounded, nearly Borel neasurable, f inely continuous and

e q u a l . ,  w i t h  V d f  o n  E * n E V  ( a c e o r d i n g  t o  p r o p o  3 . 4 . ) .  T h e

proof followe as tlre proof of the theorem (4.12) fron [tJ t

I I I ,  using tr re fact  that  M is sub-mult ip l icat ive.

.  / r . .
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For M strong sub-nultiplicative functional" the result

i  Exf  t t  o  er )M(r  +  R o 6r ) ;  AJ <t "  [Ex( r ) t r  *u lq ;  AJ

for all AeJ4f and x'

Using this result we obtain the foll 'owing propositiont

s in i l a r  t o  P roP .  (4 .21 ) .

E:oposi j , ion 1.6.

Let M be a etrong s.ub-multiplicative functional of

r 1
(4 .16)  o f  L l l  I  ChaP.  I I I  becomes:

Let t anf..tol,rJ etopping tine, Y€ uFana R €F' R > o'

. Then

[. Shen

Px ()ber :.96;: u') o ) = o

for',any x and for u"ylfittalopping tirne T'

The proof is that fronfr]ouserving that is sufficient

to use only the fact that M is strong sub-nult ipl icat ive'

If R = inf ft : \ 
= O ] then MR = O alnoet eurely fron the

right continuity 9f M Let T be 'nv\'lul"r| otopping time' Then'

using the above result, we have:

Exf lu$ + R o er ) ;  r  <  T ]

since the right eide of the ineguality ie low, it follows

that

nx lu t t  +  n  o  e * ) ;  T  <T1=  o '

C o n s e q u e n t l Y T + n o e T > Ralmost surelY on lt <5] and

p * ( \ € E \ $ l i n i h , > o )  = o

Remark.

The propositions 5'5 and 9'6 give for the

/ t . .
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bub*nultiplicetive functionals, the snalogous of thrb following

result :  sny nult ipl icat ive f ,unct ional is regular i f  and.only

if it is etrong nnultiplicative.

On the other hand a right continuous sub-mul"tiplica-

tive funetional M of which the corresponding $ub-reselvent

Iv* ] iu  exact ly  subord inate to  the resolvent  Iun l  eat is f ies

the relat ionship from the 'proposit ion 7"5",
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