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q-compLete neighbounhoods of complete

bY !'dihnea COITOIU
z

1oca1-1y p lur ipo lar  sets

fo .  In t roduet ion

Let  X  be  e .  cornp lex  space and AcX a  c losed.  subset ,A  is  ca l led ' :comple te

Local ly plur i -polar t4]  i f  for  any xoeA there is &n open neighbour-

hood U of  xu and a plur isubharr i loni .e funct isn g:U- '+btr*)  sueh

that AnU={.g =-*\ .Clear ly any elosed analyt ic subsei  of  X is complete

Ioca11y p lu r ipo la r (see p ] fo r  o ther  non- t r i v ia l  examples)  .

In  th is  no te  we cons ider  the  pr :ob le r ,n  o f  the  ex is tence o f  q -conp le t

open ne ighbourhoods fo r  a  conp le te  loca l l y  p lu r ipo la r  se t  Ac" { .

Def in i t ion  1 .  A  c losed subset  A  o f  a  compLex space X is  ca l led

q-compfute i f  there exists a smooth strongly q-convex funet ion I

on  a  ne ig r rbourhood o f  A  such tha t  9 ln  i s  an  exhaust ion  func t ion .'  
l i r

For exarnple i t  is  knovr"  [B]  that  a f in i te dinensional  q-complete

complex subspace A of  X ( ln the sense of  Andreott i  ani l  Grauert  p]  )

l s  a  q -comple te  se t ,

,Ye can now state our maln resul t  :

T h e o r e m  1 ,  L e t  X  b e . a  c o m p l e x  s p a c e  a n d . A c X  a  c o n p l e t e  1 o c a I 1 y

plur ipolar set . I f  A is q-complete then A has & fundanental  systern

o f  q -comple te  open ne ighbourhoods.

A s  q  d i r e c t  c o n s e q u e n c e  w e  o b t a i n  :

Corol lary 1.  I f  A ls a" q-complete f in i te dinensional  complex

subspace of  X then A has a funr larnental  s) .stem of q-complete

open neighbourhood.s.

When e=l  the above corol lary wes proved. by Siu t rn] .

Coro l la ry  2 .  Le t  X  be  & q-comple te  sp&ce and r tcX a  comple te

Loca11-y plur ipolar subeet. [hen ,{ ,  has & fundamental  systent of

q-complete open neighbourhood.s.

I?e  now br ie f l -y  r l i scugs  the  proo f  o f  Theorem. l .
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'$/hen AcX is complete 1oca1ly plurlpolar the complernentlY=XrA ls

r t local ly hyperconcnvett  i .e,  for  any xoe?Y=A there is a nei , .qhbour-

hood U of xo and. a plurisubharmonic funetion cP : UnY-+[t such that

gG)-)  -oo I f  z-y TteO'| .  lnfal  we have consid.ered " local l -y hyperconvex' t

open subsets  on  compl .ex  spaces ,The method.  deve loped"  thererespec ia l l y

the technique of  patchin6 up plur isubharntonie funct iot ts rpi th bouncled.

dl f f  erences, turns out to be useful  a lso in th l$r  t rhypereonc&ve c&setr

to patch up strongly q-convex funct ions d.ef ined 1ocal1y and get

g I o b a l  o n e s .

{ f .  Proo f  o f  the  main  resu l t

Y[e shal l  need the fol lowing :

Def in i t ion  2 .  T ,e t  X  be  a  complex  space rq  a  snxooth  s t rong ly  q -convex

funct ion on X,xeX any point  and {grJrat  srnooth funct ions def ined

ln a neighbourhooC U of  x. ' ' ,Ye say that { t f t } ra,  have the same posi-

t i v i t y  d i rec t ions  asg  a t  x  i f  there  ex is t  an  open ne ighbourhood.  V

of  x rVcU,an enbet ld . ing  r /c+?c0Hrsnooth  ex tens ions  Q o f  9  ,Q,  o f  ? i
/\, aT

on V and a vector spaee Ec0"rd. im E=I ' i+q- l rsueh that th.e Levi  f ,orms
7 r .  |  . / \  ^ l  ' \

L( r f ; z )  I s (z )  ;  l ( f i ; z ) l n , . - )  zeV  a re  pos i t i ve  de f in i t e  where

E(z )c  Tzo ] t r  i s  pa ra11e l  t o  E .
r ? l-- ) .

le t  now {UlJXel  b"  open subsets of  X such that  1ul}aei  ls

local ly f in i te on X and let  f1 :U1->lR be cont inuous funct ions

such that  the fo l lowinq condi t ions are sat is f ied :

1) Uf= 
!{Uh, j  where Ul,  j  sre open subsets of U1 and

r  r J c L l
tu l , i l i e l ^  i s  Ioca l l y  f in i te  on  U1

2) For each U1,, there exist f  ini tel-y many snooth funct j -ons

ql, ; k=lr ' ' '  '  kfl, , sueh that tPtlur, 
i=*?",r{, i

3)T,et xef,{U1 be any point.By 1) and A) there exist only f ini tely

many funet ions  c f { , ,  whose domain  o f  de f in i t ion  U l , ,  con ta ins  x .

YIe assu:ne that al l  these funct ions

d i rec t i ons  as  Y  a t  x .

r f  t (u^ ,  Yn )J f . l  sa t i s f y  con< i i t i one

have the same posi t iv i ty

1 ) , 2 ) , 3 )  w e  v r r L t e



-3-

{'f^} \er,e?,1rtuo}rc tr i x) .

The fol]-ov'ring lemrna ts the analoguous of lenma 3 in t ] in

the ? 'hyperconcave c&set , .A l though the id .ee is  pre a lmost  the snme

vre shalL q ive the deta i ls  o f  proof  for  the sake of  completeness.

lemma 1. T,et x be a cornplex spacerAc,{ a complete loeal ly plur i-

po lar  set  and assune that  there ex is ts  a  srxooth s t rongly  q-conyex

funct ion g o* X.Let tKr]-rr .U,I  n" compact subsets o.f  {nl{rcl{y-r l-  ,€&{

ancl A=L1K.,7. Then there exist :yelv /

1) Open subsets Uy of  X rv i th KrcUy and {Ur.A}rem 1" 1ocal1y

f in i te  on  XrA.

2) functions r{u zllr+Ecr,rr) with exp yy

Yi-Y; are bounded on UrOUrrA for any

ePg( {,L. n}r.on ; xr,t ) .

.  ?roof\

step l" trve assume first that A can be defined by {cor.,?rtrao.,
with D.ccx, for]ru*, t." 1oca11y f inite,rrc\_1.Dr, gi: Dr__+ {*,J
are plur isubharnonic funct ionsrAnDi= {gr=-4rexp ?i  is  cont inuous,

% is snooth outs ide A and gi -% are bounded on Dr0Drrrr  (  we
shal l -  see at  the next  s tep that  th is  is  a lvrays the case;when
A is  analy t ic  th is  is  obv ious s ince one can take g i= log1 l r r r r l2+. . .

]  
h t , u r l t )  w h e r e  , 1 n 1 r . . a , f i r k i  g e n e r a t e  t h e  i d e a l  t o r  A  ; ; . -

Di  and D,  are smal l  Ste in  open sets) .

\ ' /e f ix )r6ft{rset: . .K:=K, and r i le show horv rve can eonstruct u:=u,
and tf't i=Yv ( it rvilr- follow from our construction 

vi,-g3 &re
bounded on ur0urr.A and {vrlur. 'o}-,r,uu.nf ( {urr*}o*;lrrA) ).
let Dl, . , . , D* be open subsets, DrccX, fcpn, and cpr, Dl- V*r*)
plurisubharmonic functions with exp gi eontinuous, f,  sinooth on
DrrA,  AnDi={9 .  = - - }  ana g f  

\  a re  bounded on  DrnDrrA i , ;e { r  , . , .  ,mJ(  they are chosen from the 
(  1 ' )

niccn{ccn, wi,h -;*,r ;":';Frlli:;l;ll::lj ffi;: ffi,=.:*"**let v! be &n open neishbo,r"rroJa 
"r sn; sueh that q5r-JJ;t;i="

continuous, AOUr=fty rt=- *\ ' ;  ,

i , j €r{ ""a {y, I ur. fir. oo.
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on V{ .S ince ?; - f1  are bounded on VjnDfrA, there ls  a

hro rvi th \pi> $-gi  on vjnn{ro.r i lor any i=1,, . .1rn rv
Because pj=o on Vj  we set  (x)  p i+gi)p j*g j

large constant

e set pr=)tpi".

(  the funct ions g i , t l

glven ff or,gi) l  i .nr )
Ur0UrrA.Sf shrinking

are chosen

s 
.that 

Yi-yj

assume that

frorn the init ial

a re  bounded on
( ;
1 U) \A tye nr i* Iocally

Qt  t J r g j

i t  f o l l o w

U, we may

f in i te  on  XrA so  cond i t ion  1)  i s  sa t is f ied .A lso  shr ink ing  U1 i f

necessary ! !e may assume that Uu can be

d.omains such that on these donains yy i*

make the fol lowing remark :  let  (q)1. [ {  b* funct ions in cf , (x) .

Then there exist  suf f ic ient ly large

(n1+u^g) lam have the  ss .me pos l t i v i t y

polnt  x6x. I lence i f  the cu)o def in ing f ,  are suf f ic ient ly large
(  ,  )  - c  r

lVvlurrel ) i€0{€Pf ( lurr Alre grirrr t)  because al l  funct ions gi B.re

snooth and pI_urisubharrnonic outside A.

Step 2 YIe prove now the existence of {(Dtr?t)}rr* r ,vi th the

proper t ies s ta ted at  s tep L. t rTe f i rs t  remark that  by a resuLt

in ([+] rp.19) ?i  rnay be assuri led smooth outslcle rtrexpfl  conti-

nuous and AODi={?i=-oa}.To get the conri i t ion of bound,ness ?ve

covered. by flnitely many

given by (xx ) . ITow ,we

constants &x>o sueh that

d.irrections as rj at any

on vjnDl{.rct C ; =Cr) o
be a constant  (  to  be ehosen la ter  large enough) . r , ' /e  set  r={1r . . . rnJ

' h ,  / /  -  Iand' i f  xeu=1 
/-r t  we put r(x)={ ie r l "eni} .For any xeu we eet

u(x)=*?e,  {nr . (x)+fr t " ) }  and d.ef ine r{ :=cEru. tet  xo€u be any point .
r f  ,*o is a suff ic ient ly smal1 nelghbourhood of xo i t  fol lows
from (x) that ,r l^ =r1&x { p., *% { hence we set (*x) glo= -r+ffi*cg*pi} .
we eet %, =v.rr j"frr 

'::i 
r" 

'r"'1";;;;;""" 
and Aour ={.yje*3. 0n the

othertrand Yi-y3 are bounded on urfrur\ . l . rndeed. the defining for-
nularfor ry, j -nvolves the plur isubharmonic funetions f i r f  r  r  e ,  rgirki
(and other bounderr functions on ur) and. sirnilarr-y the defining
formula for  ty ,  invorves the p lur isubharmonic  funct ion*  g j  

, r t , . . ;
. f t , * j  ,Tu  o the r  bounded  func t ions  on  u r ) . s ince  the  d i f f e rences

fi , t i  
-  t l ' i , " j  are chosen from the beginni.ng bound.ad. outsid.e A
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shalL modify the funct ions yf by composlng then wlth a suitable

smooth increasing convex funetiont . fo show the existence of t

we fol- l -ow the method fn fZ].

Statement A (analoguous to ler,una l- in tzl). I ,et {ttJiefi t  be a

'  sequence of negafd:rry"t nurnbers r,'rith ar'{.-oa.Then there exists

a smooth increas i?$dnct lon t r ( -oo,o) -+(  -@to)  such that  
l *p ! (ar )=-oo

and  t (a t ) - t ( *1+1)<1 , fo r  any  LeH.To  see  th i s  we  de f ine

f("tu. 
t" #*,) - I - h, a1*r(t-<a, i>t

.  
t ( t ) = {

,

I  : " - l - + :  , . - 1 * 1 t.  L  E - a z  a t 4 t < o

Clear ly r  sat isf ies aL1 the required. cond. i t ions except the

smoothness.However ? nay easl1y be smoo-thed..

Statement B l ,et  f r . ,  (  -@te)-+( -@to) ne[ ' {  be increasing funct ions

such *nt 
l5lo,trr(t)=-e 

for any n€ffi.Then there exists & smooth

increas lng  convex  func t ion  T t  ( -qo)+( -oo ,  o )  v r i th  1 im C ( t )= -e
t+-e

and lofrr- t " f*  is  bounded" for  any nrm6l l { .This may be proved as

fo l lows (see[Z ] l ;  Choose a  sequene"  {X i } ie l l  o f  negat ive  nunbers

with lr l-- and min{trr(Xi) l  n<i}>raa"{rrr(}t*r) l  n-.r+r} for any ienl.

rf we define ai=minfio(l i1l 
"sr] 

for odd i and. ai=maxlfn(Xi)l  
"( i1

for  even i  then ar t r -e, I f  ? is  the funct lon constructed at .state-
' c 1

ment , |  eorresponding to 1*fJienq then,?" frr- t" f* is bounded. for

-  any  n rn€H.

: ::.T:""::,';,;:-:::-"ilj;',"i; ;',:'::":;T ;;3-.":,::""-
. .  eoverin$s of A with VrccUrccXr gi:Ui-+Fooro) plurtsubharnonic

funct ions; ; \0U.={ , f r=-  * !  ,exp { f  cont inuous and f ,  snrooth outs ide A.

t r 'or any i ,  J such that v 'Lnv 
Jl  f  we set t r j  ( t )=sup{fr(x) |  xevrno 

i  t  i (x)<tJ
t tJ  ie  lncreas ing anr l  

i3$ i i ( t )=-o" .By 
s ta tement  B there ie  &

smooth increaslng eonvex funct lon t  vr i th 
l l f ; ( t)=-oo 

and

to Btt- t is bounded for any i, i€tt{. rf x€vlnvJ\.,t ,, j ({Pi (x) ) D Qir^)
henee  r (g i ( x )  ) - t ( c f j  ( x )  X t (B i i  ( { i ( x )  )  ) - t ( f j  ( x )  )=bounded .The  p roo f

o f  l e m m a  L  i s  c o m p l e t e  .  '  ' " ' '  i  ' ' ! r : n
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Remark 1. Let X be a complex spaoe,g:X+R, a snooth strongly

q-eonvex funct ion and tf  :X+lR a funct ion in f*t{Xt;X).We want

to approxirnate Y by * smooth stronely q-convex funct ion Yf

such that  Vf  has the same pos i t lv i ty  d i rect ions as I ,

ITe choose 1oca11y f ini te open eoverings of 
'x 

furJra, ,  {gJ,rn, ,

Yrc.utccx and srnooth functio** {frlier defined n*"r f, such that

the fol lowing condlt ions a,re sat isf ied :

1) lV-f i l r t t  on U, where eiro is any given sequence of posi-

t ive nunbers.

2) Pft V on V, and Pi. V on OU' 
:

3)1et  xeX be any po int  and U. ,  1 . . .e l f1  the open sets  o f  the
c 1 * 1 * k

coveri .ns lUiJ,a, which contain x.Then thereexist a neighbourhood

V of  xrVcUo O .  . . f lUa'1 'k
with di4 E=Ii+q-l and,

o f  ? i L , ' ' ' r ? L k  s u c h

1. .  r I , (P i .  ; r ) ln ' . )  , ze? l  a re  pos i t i ve  de f in i te ,where  E(z )cTro l {  i s' - L k  t

.para11e1 to E.

fhe existence of fPrlra, fol lows easi ly by a perturbation argu-

ment with smooth funct ions which are posit lve on V, and negative

on 8Ui and. using 1ocal ly rnax-regularizat ion.

f f  we set f(x)=sqp p;(x) then p is & continuoue funct j .on ( near
{ e U i  ' t

a given point xo i t  foLtons frora ?) that p(x)=€f&)pi(x) where

J(xo)= ' [ ie  r lxoeur ]  ) ,  lg-Vl<7 * t tu"e 
7 

is  any s iven cont inuous

posit ive funct ion on X, (X) 
f lnur> pi tru,  and ? has property 3),

Und.er these hypothesis the approximatj .on of 
P 

by Vf fol lows fronr

the patching technique developed by Riehberg ln t9l  (as remarqued

by Diederich and, Fornaess in [:] )

Hossever" in our cese lve can give a direct a.rgulnent as foLlows :

l ,e t  X: [ , t -+ lR*be L smooth funct ior . , "opp] .F l r { ,  
J f , t )a t= l  and,

1et t : X-+ ( o pr) be & sr,eooth function. R'

r&D enrbecld.ing ve?c 0H ,a vector space Ecstl

on 'V  smooth  ex tens ions  Q or  g  r? i r r . . . rp r ' -

tha t  the  tev l  fo rms t ,Q; r )  lu  fu ) , t iF i r r r )  l i f  z ) . ,
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( x )

o f

Q,r,t=fT*
Rq

l-s

Yr

srnall enough, hence

can be  ex tenr ied  to

/ \ / \

Yf  i s  smoo th ,for

Yr

sna1l t

given by

z )  -  E ( z )  t- t ( z ) t 1 r . . . ,  
F i k ( k )?r (  t t )  .  .  .a ( tk )d t l ,  .  .  d t l

gecond

1oca1

] ,et v be an open neighbourhood. of A such that {xevl g(x)<yJccx

for any ue0{ and let } :X-+R^* be a

Choose a'  sequence t,  { ,  o such that
' / -

. . . d t k  .

Fronr

hood

and the  proper t ies

xo we have

3or  any xo€x we set  1(x6)={  1r r .  r .  r rJ  ,k ik(*o)  and.  t {e f ine

Va { *o ) = I  max( pi,  ("o ) -s ( xo ) tr ,  .  .  . ,  pru ( *" ) -  t(  xo ) tk ) l (  tr  )  .  .  . l (  tk ) dt l

of 1 i t  fol lours that in a neighbour-

('

V1( x)=t1u",  Pi r (x)-E(*)  t r ,  .  .  . ,  P iu(x)- t (x)  tk)  X t r  )  
.  
.  .X tk)  dt l .  .  .  d t t r

r f  t (x )

local ly

nhere  r r ,a  r t  denotes  loca1 ex tens ion .Consequent ly r i f  the

der ivat ives of  t  are suf f ic ient ly smal1 ( in sone f ixed

ernbeddin8s which sat isfy 3) )  Y f  is  a snooth strongly

funct ion wi th the same posi t iv i ty direct ions as f  , lvhich

desired. approximat ion of  P .

l ' Ie are nolr  in a posi t ion to Drove :

q-eonvex

is the

'Theorem 1. tgt  f  be a coraplex space and AcX a conplete 1oca11y

plur ipolar set . f f  A ls q-conrplete then A has a fund.amental  s) 'stenr

o f  q -co i : rp le te  open ne ighbourhoods.

'  
Proof

T/e may assume that there oxists a snooth stron,gl l , r  q-convex

funet iot  cf> o on r  such tha.t  q l  ^  is  an exhaust ion funct ion.' l A

step L ] 'Ye shor,"r that there exist a neighbourhood. u of j, and a

smooth strong; ly q-convex funct iot  Q ot t  u\ . , \ r r , " r i th the sane posi-

t i v i t y  d i rec t ions  
"s  

c1  ,and.  such tha t  VC"> -  -  i f  x+xu€A.
n ,

To obtain t f l  ! ' re use lemrna .L and a patching technique essent ia l ly

d u e  t o  S t e h 1 6  [ t t ] .

continuous funct ion with A={X=ol.

rr{evf g *)<t }(x)< er\ccx.



-8-

{ ( x )  =

Yle define the function $.t on U by I

( i t+t=)  i r  Qix)<*
l . r
I
fmax(Vr(x)+hr-l(x),Yrr*r(x)+hr(x) 

) l f  n *t<ff?tsr-i t>t

I
/Vr*r(x)+hr(x) i r  v- f<g(x)<i t i  u>t
t
By the inequal i t ies cr>12xr+13ett_l  V iu welf  def ined.

If ey decreasee rapidily to zero form lemma l- we nay assurfle

that there exist funetions tf, : Pr-) l-a,ra) wtl-th exP Yu continuous '

AnPrr= tVr=-oo)'Vi-V; is bounded on PrftPr:r\ for any i, jeE, and'

{V,  ln.  EJ,eul€ P?( ' t t  .A}yem ;vrA).r ,et  dr)o be numbers such that

-d r1Vr -Vv*1  1d ' . ,  on  Pr f l? r * t rA  and choose cons tan ts  c : . , )o  such

that er) I2<r+A3er_1 for any ,€E{,

vfe set u,=V{*.vl ?f x)<J-* l(x) ,tr\and hr="{f Q-i\ ,
rre 0,.l 

'

Since {Vrlrr . ,r .} le 0l  € P?( { lrr  tJr. f ,  ;VrA) i t  fo11orrys from the defini=

t ion of V that V lU.a€ r* (  ' [ur ' t  
l  ;ura) .  By remark 1 there existe

& smooth stronnly q-convex funct ion Q on UrA such that \ f l -V\at

ana  S  nas  the  sane  pos i t i v i t y  d i rec t i ons  us (p  .C lea r l y  Q{ * )+ - *

when x+xo€A (because $ has this property) 
"o Q n"r the required.

p roper t i es .

Step 2 lYe prove now Theorem 1. 3y step-l  we nay assume that

there exists & funct ionQr X-+F @;w),n=tQ =-eJ,"*pP iu eontinuous
p l

and VlX. f .  is  smooth s t rongly  q*pseudoconvex wi th  the same pos i -

t iv i . ty  d . i rect ions u"  Y. le t  V be an open neighbourhoorL of  A such
r l )

that {xeVl cA(x)<nJccX for any ne[T.Choose real numberg Xot-o"

with {"evlf (x)<n fiC"X},rJcc u for anl, nelt{ and t"j,^: fo,oo)+tR
be a smooth increas ing eonvex funct ion such that 'A l  

[ r r_r ,d)  { r ,

n€[{. ive def ine n:={xevf Vf" l*} fq("))<ol a.nd we shorq that D is

q-cornp le te . le t t :  ( -p ro) *R+ be & increas ing  smooth  convex  func t ion

such tha t  t  van ishes  n€&r  -  eo  and 1 im?( t )  =*@.Then f  + . to ( f l+ ) " f )

ls  a snooth strongl ; r  q-convex exhErust ion funct ion on D (beeause

f  has  the  same pos i t i v i t y  d i rec t ione as  9)  henee D is  q -eompl -e te .



-t-

Remark 2, It fol-l-ours frorn the proof of Theorern 1 and Lrenma I

that for a given q-eomplete spaee X and a c^omplete 1oeaL1y

p 1 u r i p o 1 a r s e t r c x t h e r e e x i s t s a " o f f i { n o " * f u n c t i o n t y

on XrA such that  $(x)+-oo 'nhen x->xo€; l .When X is  Ste in  th is

neans that a complete 1oca1-1y plur ipolar set A ls complete

gLoba11y plur ipolar (when X is a,n erbitrary domain of 0n such

a resul t  does not  ho ld  t4 ]  ) .A resul t  o f  th is  type for  p lur i -

po lar  sets  ( i .e .  1ocal1y conta ined.  in  {Yr=-* l  )  iu  proved.  in

t6l (in this case rc{y=--};'
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