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q-complete neighbourhoods of complete 1oca11y.p1uripolar sets

by ¥ihnea COL?OIU

%o, Introduction

TLet X be a complex space and AcX a cloged subset.i 1is called :complete
1écally pluripolar [4] if for any xdeA there is an open neighbour-
hood U of X, and a plurisubharmonic functien @:U—>[-e,®) such

that AﬂU:{@:—aﬁ.Clearly any closed analytic subset of X is complete
locally pluripolar(see[}]for other non-trivial examples).

In fhis note we consider the problem of the existence of g-complete
open neighbourhoods for a complete locally pluripolar gset AcZ.
Definition 1. A closed subset A of a complex space X is called
q-compiete if there exists a smooth strongly g-convex function @
on a neighbourhood of A such that (qA is an exhaustion function.

For example it is known(@]that‘a finite dimensional q-complete
complex subspace A of X (in the sense of Andreotti and Grauert {1] )
is a g-complete set,. »

We can now state our main result :

Theorem 1., Let X be a complex space and AcX a complete locally
pluripolar set.If A is gq-complete then A has a fundamental systenm
of gq-complete open neighbourhoods.

As a direct consequence we obtain :

Corollary 1. If A is a g-complete finite dimensional complex
subspace of X then A has a fundamental system of g-complete
open neighbourhoods.

When q=1 the above corollary was proved by Siu [}é];
~ Corollary 2. Let X be a g-complete space and AcX a complete
locally pluripolar subset.Then A has a fundamental system of
q-complete open neighbourhoods.

We now bfiefly digcuss the proof of Theorem:l.
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 When AcX is complete locally pluripolar the complement Y=X\A is
Mlocally hyperconcave" i.e. for any xdsaY:A there is a neighbour-
hood U of X, and a plurisubharmonic function ¢:UNY-—>R such that
@P(z)—>-o00 if z—az%aY.In[?]we have considered "locally hyperconvex"
open subsets on complex spaces,The method developed there,especially
the technique of patching up plurisubharmonic functions with bounded
differences,turns out to be useful also in thid& "hyperconcave case"
to patch up strongly gq-convex functions defined lécally and get

global ones.
§1. Proof of the main result

Ve shall need the following :
Definition 2. TLet X be a complex space,@ a smooth strongly g-convex

function on X,xeX any point and {qi% gmooth functions defined

iel
in a neighbourhood U of x.We say that {?i}iEI have the same posi-
tivity directions as¢ at x if there exist an open neighbourhood V

H / = o
ysmooth extensions Pofq@, @, of @,

of x,VcU,an embedding VC§§CG
A~ N
on V and a vector space EcCﬂ,dim E=H+q-1,such that the Levi forms
A : A A ;
L(?;z)lv(z) § L(@i;z)lE(Z) z¢V are positive definite where
E(z)C:T g is parallel to E.
| Let now {UA]WEL be open subsets of X such that {UW%WEL is
locally finite on X and let @ :Up—>R be continuous functions
such that the following conditions are satisfied :
85 L here U, . ar [ bset & U d
) U= 521{ 2,5 Where U, , are open subsets of Up an
{UX,J jely is loeally finite om Uy

2) For each U“ 3 there exist finitely many smooth functions
) :

_q&,j kzl,...,kﬂ,j such that q%dux,j=m§X(P§,a

3)Let xe\v/UX be any point.By 1) and 2) there exist only finitely
many functions CP“ . whose domain of definition U% . contains x,.

We assume that all these functions have the same D081t1v1ty :

directions as_q’at X

Ir {(U%,%k)}%eL satisfy conditions 1),7),3) we write




{qﬁjaeLqu({U>j%6L?X)°

The following lemma is the analoguous of Lemma 3 in [?] in
the "hyperconcave case".,Although the ideas are almost the same
we shall give the details of proof for the sake of completeness.
Lemma 1. Let X be a complex space,ACX a complete locally pluri-
polar set and assume that there exists a smooth strongly q-convex
fugction @ on X.Let {KlﬁvQN be compact subsets of A,Kjﬁ:Ky+l Vel
and A=_JX,,Then there exist :
velN g ;
1) Open subsets U, of X with K,<U, and {Uﬁ\A§yem is 1Qca11y
Tinite on X\A.
2) functions ¢y : U, —>[~05,00) with exp Y, continuous,AnUyzigyz—oo}?,
Wi“*ﬁ are bounded on Uint\A for any i,jell and {YQ‘UN\AEUGB?G
GPQ({UL\A}VGM;X\A).

Proof
%

Step 1 We assume first that A can be defined by {(Di’?ijiiem
with.niccx,{bi}iem is locally finite,AC}ZﬁgDi,<Pi:Di—9[4v¢n)

are plurisubharmonic functions,AﬂDiz{?iz—«%,expcFi is continuous,
'?& is smooth outside A and Cpi-qa are bounded on DiﬂDj\A ( we

shall see at the next step that this is always the case swhen

2

A is analytic this is obvious since one can take @i=1og(lfi 1| tooo
) ?

+\fi’ki[2) where f,

e generate the ideal QTof A on
o l’ki
Di and Di are small Stein open sets).

Ve fix VémgsetﬁKzzKy and we show how we can construct U:=U,,
'and$/:=yb ( it will follow from our construction $&~¢3 are
bounded on Uint\A and {q@lUv\A}ImméE?({Uy\A})MN;X\A) Yo

s m
Let Dyse..,D, be open subsets,Diccl,chdei and ; : D;—> [~os,00)
plurisubharmonic functions with exp q& continuous,%g smooth on
Di\A, AﬂDi={Qi=~oo}and q&-q& are bounded on Df\Dj\A i,je{l,...,m}
(they are chosen fr&m the given {(Diﬁpi)}iem).Choose open subsets
/ ’ . - / / LS
DiCCDiCCDi with RCEZ{Di and piQC§ 1),p;;o,supp picDi, pi

p=1.

Let V. be a s : . e .

i Y€ ah open neighbourhood of QDi~such that ViCDi and p.=o
: al




A

on Vf.Sinée ?.—Qi are bounded on V3nD7\A’there is a large constant

?&>o with ?&p‘>qﬁ—Ql on VJnD i \A.For any i=1,...,m we set p. Jkip .
Becauge pa—o on VJ we get (%) p. +q?>p +q5 on VJﬂD” Let C:=C 20

be a constant ( to be chosen later large enough).We get I= {l,...,m}

and if xel= \v/D wespuy Tlix)- {1€I\X6D } For any xeU we set

u(x)= max -{p (X)+§’(X)} and define y:=Co+u.Let x o€V be any point.

1E 2 D is a sufficiently small neighbourhood of Xo it follows

T th = =me Ak
rom (*) at ulD 2%5) -{p (Fl} hence we get (¥x) q)lD =118 (XK{1+CCP D }

We set q’ —qlCIear?J expy, 1is continuous and ANU —%V——&: On the
other hand %ﬁ-%h are bounded on U,NU.\A,Indeed the deflning for-

(*%) R

mulaYfor Yy involves the plurisubharmonic functlonslf 1,...,q& k
(and other bounded functions on U ) and similarly the defining
formula for(y involves the nlurlsubharmonlc functions ? RERERE

,qb, (and other bounded functions on Uj) .Since the differences

q&,t - ?J’ are chosen from the beginning boundeqwogtside A

( the functlons(y. b are chosen from the initial

’

J
given {(Di ?l)}lem ) it follows that vy, 1=\ are bounded on ‘
Uint\A.By shrinking U, we may assume‘that {Up\Asvem is locally

~ finite on X\A so condition 1) is satisfied.Also shrinking Uil
necessary we may assume that U,, can be covered by finitely many
dpmains.such that on these domains Yy,is given by (xx).Now we
make the following remark : Let (pX)WGM'be functions in Cz(i).
Then there exist sufficiently large constants an>0 such that
(pk+ax?)x6m.have the same positivity directions as ¢ at any
point x€X.Hence if the Cv>o defining §,, are sufficiently large
~{WQ‘UV\A}»EmﬁP?({hQ\A&vem‘I\A) because all functionscpi are
smooth and plurisubharmonic outside A,
T ’ + i
Step 2 We prove now the existence of {(Di’?ij}iém with the
properties stated at step 1.We first remark that by a result
in ([@],p.19) ?i may be assumed smooth outside A,equ& conti-

nuous and AﬂDiz{wiz-&ﬁ.To get the condition of boundness we
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shall modify the functions inby composing them with a suitable
smooth increasing convex functiont .To show the existence of ¢
we follow the method in [2].

Statement A (analoguous to 1emmg X dn [2]). Let {ai}ieﬁ be a

gsequence of negative real numbers with aii—w.Then there exists
convex

a smooth increasingyfunction ¥:(-e,0)—>(~w,0) such that 11mT(a ) == o0
; ivo00

and T(ai) t(al+1

Qy 2 t e : £ .
+ s -1 - — E >
e a“m ) Tipt aj,1<tcay 124

)<1.for any iell,To see this we define

bC('t)z

BL <L ‘
— _ - : £
o A, §1~t<o

Clearly T satisfies all the required conditions except the
smoothness.However T may easily be smoothed.

Statément B:let * :(—m,O)—é(—auO) néﬂ be increasing functions
such that 11m 20 -aofor any nefli,.Then there exists a smooth

e sn
increa51ng convex function T:(-eq0)—>(-0,0) with llm.t(t)—-oa

-0

and Tofn bem is bounded for any n,meli.This may be proved as
follows (see[71): Choose a sequence {xi}iem of negative numbers
with %ib—oo and min{fn(ﬁi)‘néi})max{fn(ki+l)ln$i+13 for any iel.
;f we define ai=min{fn(xi)lnéi} for odd i and ai=max{fn(%i)lnéi}
for even i then ai¢-w.1f’t 1s the function constructed at state-
ment A corresponding to {aiﬁiem then;?Ofn-bem is bounded for
any m,neli,
We can now prove the exigtence of T such that To§> Taqj are boun-
ded for any i, jell.Let {U‘ﬁiem . {V’sleﬁ be locally finite open
coverings of A with ViCCUiFCA1 q&:Ui—éi}aQO) plurisubharmonlc
functions AﬂU.:{Q.:—aﬂ} exp ¢, continuous and @; smooth outside A,

; 1
invjcfj(x)ét]
Bij is increasing and lim B,.(t)=-ec0 .By statement B there is a

el Oy
smooth increasing convex function T with %im‘t(t)=—oo and
; ~> =00

For any i,j such that Vian¢f5 we set By (t) pup{T (x

TeB;4-T is bounded for any i,jel.If xe‘V.(\Vj\A B3Py (x)) > ()
hence T(¢, (x))-UY. (t))étKBlj(ql(x))) T(qj(x)) =bounded. The proof

of Lemma 1 is complete. : S Ty
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Remark 1. Let X he a complex space,P:X>R a smooth strongly
g-convex function and Y:X->R a function in PQ({K};X).We want
to approximate Y by a smooth strongly g-convex function Y1
such that {, has the same positivity directions as @.

We choose locally finite open coverings of X {vi}iéI ’{ﬁiyiel 5
foUfa:X and smooth functions {Fi%iEI defined near Ui such that
the following conditions are satisfied : Tl

1) \W—fi\<ﬁi on Ui where Ei7° is any given sequence of posi-
tive numbers.

2) P>y onV, and Q<Y on U,

3)let xeX be any point and Uil”"’Ui the open sets of the

k
covering {UiﬁieI which contain x.Then thereexist a neighbourhood

ief il

Viof x,VcUin e s ,an embedding Vcaﬁc:G ,8 vector space Ec€

l \ 1k N\ A A A
with dim E=N+q-1 and on V smooth extensions ¢ ofcp,fa ,...,Fi
A £ k
of f&l,...,pik such that the Levi forms L(Q;Z)lE(z)’L(Pil;z)‘E(z),’
e = e i N dis
| ”"L(Pik’z)]E(z) ,Z€V are positive definite,where E(z)CTZG
parallel to E.
The existence of {kiiiél follows easily by a perturbation argu-
ment with smooth functions which are positive on Vi and negative

on QUi and using locally max-regularization.

If we set F(x)=s%§ Pi(x) then p is a continuous function ( near
: xel; :

a given point X, it follows from ?) that P(X)=su P.(x) where
_ teltg) ' 1
I(xo)z{ieI\xeriS ¥ lP—qA<? Where'7 is any given continuous -
positive function on X, (%) FﬂeU.>‘F&\aﬁ and P has property 3).
i o

Under these hypothesis the approximation of P by’ qﬁ follows from
the patching technique developed by Richberg in [é] (as remarqﬁed
by Diederich and Fornaess in [3] )

However. in our case we can give a direct argument as follows :
Let A:R—>R, be a smooth function,supp%c{}l,i], SﬁX(t)dt=l and

let €:X—>(0,0) be a smooth function. i
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ﬁdr;any ioeX we set I(xo)={il,...,ig% ,k#k(xo) and define
¥, (x,)= é‘( max(Py (%) -E(%g)byseees Py (5g)=ECx) )R b)) o N )ty

OOOdtk ° .
FProm (%) and the properties of N it follows that in a neighbour-

.hood of X, we have |
W&(X) Smax(P x)-E(x)t ,...,f& (x) E(X)t ))(t )..ﬁk(t )dtl...dtk

if E(X) is small enough,hence for small€ Y, is smooth.

4 AN

Locally\yl can be extended to Wl given by : : |
N A A A A

\Yl(z):Xriax(fil(z)—é(z)tl, on B (R RINED L Ay

R
where "A " denotes local extension.Consequently,if the second

derivatives of € are sufficiently small (in some fixed local
embeddings which satisfy 3) ) %/1 is a smooth strongly g-convex
function with the same positivity directions as ® ,which is the

desired approximation of P .
We are now in a position to prove :

/“Theorem 1w }Lét X be a complex'space and AcX a conplete locally
' pluripolar set.If A is g-complete then A has a fundamental system
of q-complete open neighbourhoods.
‘ Proof
Ve may assume that there exists a smboth stronglj'q-convex
function(?>o on X such that qﬂA is an exhaustion function,
~Step 1 We show that there exist a neighbourhood U of A and a
smooth strongly g-convex function qfon U\A,with'the sarie posi-
tivity directions as ¢ ,and such that :{/J(X)-) -9 if x»x €A,
To obtain‘$ we use Lemma.l and a patching technique essentially
due to Stenlé [11]. |
Let V be an open neighbourhood of A such that {xeV| @(x)<vicex
for any vell and let'k:XréR be a continuous function with A—{Z o%.

Choose a sequence €,{ o such that P %{éV' @P(x)<V N(x)< E;}Cc‘.‘{
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SEid E), decreases rapidily to zero form Lemma 1 we may assume
that there exist functioms Y, :P,—>[-w,0) with expy, continuous,
AﬂPvz{%:-oo},tVi—\yj igs bounded on PiﬂPj\A for eny 1, el and

{W”\P\Aﬁveme P?({Pv\}‘}vem sVAA) JTet o,>0 be numbers such that
Y

R, L= g o, ol B, NP,,\4 and choose constants ¢, >0 such
that cy>l2o<v+1301)_1 for any vell, _
We set U::v\%{xe‘f\ P(x XY -2 ?\(X)<£y7] and hy=ey‘:c?7(z)~é-)] :

&‘!g define the function ( on U by s
(4 (=) it (x)%

max(ﬁ{/y(xhhv_l(x),\yv+1(x)+hv(x)) if» 1)——1:4?(;{)5))-7‘( Yzl

W(x)=

Py, g (%) +h,(x) it y-feqedE vl

By the inequalities cv>1é0<p+13cv_1 V is well defined.

Since {“’v\Pz,\ AzlveméP(f({P’\ Kyepr 3VNA) it follows from the defini-
tion of ¢ that xv]U\Aqu({U\A};U\A).By remark 1 there exists

e smooth strongly g-convex function Qj on U\A such that \(U\//-\VVI
anld{\\}; has the same positivity directions as (@ .Clearly Qf(x)—>—oo
when x-x g A (because § has this property) so qj has the required
properties. :

‘Step 2 We prove now Theorem 1, By step.l we may assume that
there exists a functionNtV:X——:.E-oo,m),A:{(Q:—m},exp(\? is continuous
and ¢IX\A is smooth strongly g-pseudoconvex with the same posi-
tivity directions aSCF.Let V be an open neighbourhood of A such
that '{XGVIQ(XKIlSCcX for any nell.Choose real numbers 9\n¢-—oo

with '{XéVlCF(X)<n f\F(X)(?\nﬁCCV fér any nell and let A: [o0,0)>R

be a smooth increasing conve.x funetion such that l)\l [n—l,n]> -'An
neli.We define D:=°{X6V)(}\/,(X)+'>\<(f(}{))<03 and we show that D is
q—comple‘te.Let’tz(-oo,o)—)IR+ be a increasing smooth convex function
such that ¢ vanishes near -oo and %ing‘t(t):+w.Then ¢+ (Q'Jr?\ocy)

is a smooth strongly g-convex exhaustion function on D (because

1Y%
has the same positivity directions as @) hence D is g-complete.
R




Remark 2, It follows from the proof of Theorem 1 and Lerma 1
that for a given gq-complete space X and a complete locally
, : stumaly

pluripolar set AcX there exists a smgggﬁVﬁtﬁgﬁvex function

on X»A such that %Kz)é?—anwhen x~+x&£A.When_K is Stein this

means that a complete locally pluripolar set A is complete
globally pluripolar (when X is an arbitrary domain of mh sﬁch

a result does not hold [4] ).A result of this type for pluri-

polar sets (i.e., locally contained in-ﬁyi=—ooﬁ) is proﬁed in

[6] (in this case AC{\}/=-_'M}).«
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