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Introduction

'The computat ion of  K-theory groups of  crossed product Cf-algebras in

one of  the ceir t ra l  problems in operator algebras.  Important steps have been
r - 1

made I  l .  l l .  L9 ,  20J but the solut ion'  is  not complete .L ' )

r ^  l - r J  . ' ^ - - ^ ^  L^^  r - c : -  . i f  ,  .rn L4J connes has def ined the cycl ic cohomology gfoups Hi ' (A) of  an

algebra A over the complex numbers and a pairing rg(n)€ir-ic*(A) -+c. This

pair ing was succesful ly used by Connes and Moscovic i  to obtain important

geometr ic appl icat i_ons.

The computat ion of  cycl ic cohomology groups of  sui table "smooth"

crossed product algebras has shown that they behave very much l ike the

K-theory gtoups of  the corresponOing iF-algebras.  This is t rue for Z $l  , t i f  ,
R  [ ] , 1 . ) ,  g r o u p s  h a v i n g  a  s p e c i a l  m a n i f o l d  a s  c l a s s i f y i n g  s p a c e  f i l ,  l B J .

I t  is  the purpose of  th is paper to study the cycl ic cohomology of

crossed products by Lie groups, t ry ing to recover resul ts known to be true

for their  K-theory.  An interest ing feature is tha.L there seems to be no

f, 
-obstruction 

[,f5]
U

Let G be a Lie group act ing smoothly on a local ly convex algebra A.
? l  ^ f f i r ^  , \  ,  r . ' 1
Inen uc(tr ,  A) beJcomes a local ly convex algebra for  the convolut ion product,

denoted here AXG. This wi l l  be the crossed product we shal l  be concerned

t^r i th.  Note that  as in [ t t ]  we have choosen the most restr ict ive behaviour.  at

i n f i n i f r r  i  o  i h a  r t n - i , - h i - ^  i -'  r !  ! ,  , r  v . r  r  r  .  u .  u r  rE  vdr  r r r r  r r r  rg  r r  r  3  ne ighborhood o f  in f  in i t y .  Th is  cho ice  is

just i f ied by technical  reasons :  the computat ion of  the cohomology of  G with

values in such modules is easier

By a real algebraic group we shall mean the real form of a complex

algebraic group. CfrrCCl denotes the r ing of  smooth c lass funct ions on a Lie

group G. Here is our main resul t .
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Theorem Let G be a real algebraic group, K a maximal compact subgroup and

Q - dim G/K. The per iodic cycl ic homology groups PHC*(A4G) and pHC 
"(A)qK)' ',r "r('

are moclules over CffifCl such tfrat

PHC (AxG) /y Plrn (  ̂ .n+t / \'  "Ig1' ' * '  i  tu.14 
+q\n"" 

^'r*

fo r  any  max imal  idea l  m o f  C.T  (C) .
lnv

The proo f  i s  based on  the  s tudy  o f  L (G,  G) ,a  g loba l  fo rm o f  the

construct ion we have used in I fa]  There we have shown that for  G discrete

the Connes' complex decomposes as a direct sum of subcomplexes indexed by fl-e

^ ^ ^ i , , ^ ^ ^ . ,  ^ ] ^ ^ ^ ^ ^  ^ - F  n  T ^ . -  l i  - . . , LconJugacy classes of  G. For Lie groups such a resul t  is  no longer t rue and

is replaced by a CffuCOl-module structure on the Connes'complex.  Instead of

loo-king at  a given conjugacy class we use ]ocal izat ion at  the corresponding

maximal idea1. That is why local isat ion en'bers the statement of  the theorem.

Actual ly i t  a lso fo l lows that PHC.,(A>dG) and PHC_ -_(A^rK) are isomorphic as.{- 'rt 't-q

. r n ^ # ^ -  l . ^ , . , ^ '  J ^  ^ ^ 1 .  ^ r - . r ^  i  ^  + L :vuuLUl sFraues, t lowever we do not r :bLain th is cannonjcal ly but s inrply by

count ing dimensions. Typical ly the s i tuat ion is that  of  the modules of  sec-

tions in two vector bundles over a compact space having the same dimension

at  each oo in t .

L(G, G) is a quasicycl ic object ,  a c lass introduced in the f i rst

sect ion Another . feature of  i t  is  that  i 'b has a smooth G-act ion such that

L(G,G)8.4' ,v(n: 'ccf  Then we use a dual  form of  the van Est 's complex to' t r

obtain a resolut ion of  AXG by quasicycl ic objects.  PHC.O-groups are avai lable

only for  reduced quasicycl ic objects (sat isfVinU f i i l  -  1)  which L(G,G) is

not.  The Main Lemma contains the technique necessary to br idge this di f f i *

cul ty.  I t  uses a sort  of  "dual  Dirac el-ement",  d i f ferent to the usual  one
* - - t

Ll i j  but iG- invar iant  ,  not  only K- invar iant ,  however i t  can be def ined only
' l  ̂ ^ ^ ' l ' l  . ,  T l . ^  ^ , , + - , , , +  ^ 4  + r - ^  [ , t ^ . :  ̂r-uucrr-ry . r t  ru uu uput of the Main Lemma is an exact sequence of reduced

quasicycl ic objects the extreme terms of which are the ones tnle are interested



v d - q
in (local-isations of (AXG) afrr(n:4f<) ) and ther mj.rjdle terms have vanishirE

PHC.,-groups.
. Y

Here j.s briefl.y t lre contents of the sections. ln tfre first secti.on ue

introduce the not ion of  a quasicycl ic object  and i r re discuss their  propert ies.

It also contains the Main Lemma, 'the, keyr point in proving the isomorphism of

PHC.-.-groups. The second and the thi rd sect ion corr ta in the construct ion of  t t r :,,f

data needed for the use of  the Main Lemma" The second sect ion a lso conta ins

a theorem for  the cyc l ic  cohomology of  cover ings:" f f  G. ,  *gG is  a f in i te
I

n n r r o n i n r r  f h o nuuv u !  1 r  ry  u r  rs r  |  . r?  , : * .  L j

HC"(Ai4G) f /  HC'(A"/ iGr ) ' '

where l-l is the coveri.ng group". The fourth section contai"ns a Weyl tt ieorem irr

cycl ic cohomology ,"Puix lA>{G)t*  PHC\A.*JT) l ' l  i f  G is a conrpact connected Lie

nrnnn -r r '  n . qaximal torus and i{ the lrJeyl group". Needless to say, f lreset  ' \ -

two Last theorems are genefal isat ions of  wel l -known resul ts in the theory of

compact group representat ion.

The thj . rd sect ion also contains some appl icat ions to nonalgeb::aic

groups .  I f  G is  the  un iversa l  cover ing  group o f  SL ' (R)  then

PHC.X:(AX G ) .rz PHC* +l 
(A )

The Appendix col lects some resul ts on Lie gfoups. Tl te reader should

keep in nr ind the algebraic case for which these resul ts are mainly intended.

I  would l ike to express my grat i tude to Professor A. Buium for

useful l  d iscussions about al$ebraic groups.
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1.  Quasicyc l ic  ob jects

In th is sect ion we introduce the class of  .quasicycl ic objects,  a

class wi th propert ies c lose to those of  cycl ic objects and whose def in i t ion

f . ^ " i  .  1
is inspired by L.lBJ We carefully study its properties and show how to

exploi t  certain exact sequences of  quasicycl ic objects.

1.1.  Let  us recal ]  the def in i t ion of  a cycl ic object  in an abel ian cate-

gory M [ l t  .  ] t  is  a s impl ic ia l  object  (Xn)n>O in M with an ex' t ra structure

given by an action of Zn*, on Xn. The face and degeneracy operators

d i  r  Xn*  Xn_ l  ,  s i  :  Xn* |  Xn* l  i  -  0 , . . . ,  l " l  sa t i s fy  the  usua l  s imp l ic ia l

ident i t ies [ t : ]  :

, 1
f l

i  < i

i e i

i < j

i - j

i > j

is  th

.l

I

i -

1 =

t

-1

(s i )

(s2)

f c  \, " 3 ,

And if

have :

(c l )

(c2) ,

r l d  -
" i  "  i

s . i s i  -

d . ,  5 .  -

d.i
L

ui

-1

I

d .
l.

n

f.{(. i
J -

l T

l

I
L

7n*L

. | " : :

- 
{'.;u
I ' n * 2

1
I

1

{. tn*r 6

- t

>  n Z7  - J

^ ^ - t i - i
c i l ru  J -  - -  

J

+ 1

e standard system of generators we also

d . t1 n+r

si tn*1

nr ' l

t " ' l  - f  n > 0 .
n+I

1 r . . . , f l

0

-  1 r " ' t  n

_ n- - u

c" i -1

n

and

(c l)



k

The main example it ]l - ({.i@n*t)n}o

over C and

d r ( a o 6  . . .  U g  t n )  -

s r (aodb . . .  C r$ .n )  -

.  t n * t ( r o f r  . . .  @ . n )

If { i is a locally

- the projective tensor

- 1 -
' : "  .  ,

where?l ir a unital algebra

t n  i  -  0 , . . . ,  f l - l

i = n

. . . b a -  i
t l

-  0 r . . ' t  n

to replace ,b UV 6

(  ^ o e  . . . @  u i r i * t 0 o  . . .  r 1 0

J
)

L .n .o  Q  a r f t  . . .@ .n_ t

" 0 f u . . . 8 ) a , O . J 1 @ . i * r @

-  . n 6  ^ 0 ( A . . .  t & a n _ l

convex algebra we understand

product [rol as in [+"[

I .2.  'We nout def ine another c lass of  objects containing objects

1 t

even i f  { "1 is nonuni ta l"as v le i . l  as the objects L(A, G, x)  def  ined
, / t

^ ' r - ^ ' l  z  ; - ; l \
d . L J I J  I . /  J - L L J .

t ike l i  
n

in [_18'l  (see

Defini t ion.  A quasicycl ic object  in an abel ian category M i s  a  graded

i  -  0 , . . . , f lobject  (Xn)n;0,  Xn ( t  Ob(M) together v,r i th morphisms dr:  Xn*+ Xn* ' ,

and Tnn,  :  Xn* rXn sa t is fy ing  (S f ) ,  (C l . )  and

^ , . 1
rn) . t  Tf l*J- -  Tf l  d.\ L { . /  " j ' n + l  ' n  " j

I . 3 .  E x a m p l e s  o f  q u a s i c y c l i c  o b j e c t s

i )  Cyc l j .c  ob jects  v  .n
h  t c ,

G  I ' 5

i i )  &l  for  a not necessaCy uni ta l  a lgebra.  Actualy we wi l l  be interested

in the fo l lowing si tuat ion.  Let A be a complete }ocalJ-y convex algebra,  1 G A,

G a Lie group act ing smot l r ly  on A, in the sense that a morphism f i :G'+Aut( t \ )

is given such that C( o is continuous and unital for each g €. G and the map

G ? o*-*o{ (a) € n i .  l *oth for  each a G A. Then AK G, the smoth crossed



- B -

productrof  A wi th G is def ined as ClC, A) .  I r ;ef l (C,  A) ,  suppg compact}

with the convolution Product

Q*{'k) - f  ̂ v(h)rrh(y (n-lg)) on
t  t  -  

J e  I

for f  ,1y e A X G and dh a f ixed left  Haar measure on G.

The expl ic i t  formulae in  th is  case . r " t l l  -  
{ , t "11,  

g@n* l ) ,  #  = l l }dG/

r
( o , p ) ( n n , . . . , e n _ 1 )  -  

| _  o i o ( t @ . . . @ l a t ( h @ l @ . . . @ 1 ) ( f l s o ' . . . ' e 3 - t '
J [  

- u .  ' - r r - t  
J G  J  ,  v

,  h ,  h - l  g j , . . . , g n - r )  d h

f o r  j  -  0 ,  . . . ,  f l - l

( d . ( P ) ( s n , . . . , 9 - - r  )  -  [  d . t ( f l h a i 1 6 . . . @ 1 ) ( f  ( n - 1 u 0 ,  9 1 ,  " ' , 9 n - 1 , h ) )  d i r' n l . " u '  ' " n - 1  
J e

hand-  
( T - , . , 0 ) ( g n , . . . , 0 n )  -  t n * r ( f l ( 0 1 , . . . , 9 n ,  9 o ) ) ,  ( f € ( A X  G ) n .

l l f {  u  l l  ' r r  
I  

-  

h

In these.formulae the lef t  hand d,  is  for  (AX G) whi le the r ight

a
hand d ,  i s  fo r  A- ;  h  appears  on  j th  pos i t ion  in  the  f i rs t  fo rmula .

i j . i )  Let  A and G be as in i i )  and suppose that there are given

p :  G'-+ G.,  a nrorphism of Lie groups and U C G an open set.
)  

t  
r  t D , -  1

Let  Ln(u ,  G l )  -  
{ t r ^  t l * t  ,  4€ t  n* l )  and de f jne

/ \  
n  

^ - /  , a .  r . - !  - h 1 \ /  a . I l t / \ ^(d ' t ) { ; r ,60, . . . ,en)  -J ,  oo"(1 6rrxb{el t i .  .  .a$l ) ( t i?(} t ,  es, .  .  . ,en) ,  oe '

(Tn* r f ) ( )o ,oo

f o r  ; t  €  U ,  O g , . . . , 9 n €  G '  P  L - *  L n ( U ,  G 1 ) .
(]

1 1 - " , " n  ( 1 _  / t t  c  \ \  i c  a  n r  r c c i r . r r n l i n  n h i e C t . .
' * n . - ,  " L r  r n > 0  ' "  q  Y u s ' ! u / u r * v  \ ' e J

We s t ress 'bhat  examples  i i )  and i i i )  w i t l  be  e f fec t i ve ly  used in

computat ion .

A lso  le t  O,  -  t i  OO T; i f  fo r  j  -  1 ,  " '  n '  Exp l i c i te ly

(dif ),/, , nn, . . . ,4 en) - Jr 
o#rd' , no un)) os "
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1.4.  Def inf t ion A quasicyct ic object  (Xn, o )  0,  d j ,  Tn*l)  wi l l  be cal led

-n+1 I
reduced i f  Tn* i  -  1 .

I f  (X^)^  i  c  nn "h i  t rary  quasicyc l j .c  ob ject  then. , ' n , n  
>  0  

t o  c t r r  c l L u I L

nr ]  
Tn+ l  .  v  - -g ,  y  ' ,  ' ' |  

cno  ovcrnr r ]  oa(Xn /  ( i -Ti l i  )Xn)n>O and (ker( 'n*,  . " . ' .  /  nn, ,n70 are exarnples of  reduced

quasicycl ic objects.

n)0,  d j ,  Tn*l)  we can form

14] . Let us recall i ts

with X the to ta l  comolex associated wi th  the per iod ic  b icomolex

Given a reduced quasicyclic object

the Connes'  complex C(X) as in the cycl ic

def in i t ion.

X - ( X-  n '
I Fcase  L ) ,

Le t  i )  ,D  '  :  Xn -D  Xn- ,  be  de f ined  by )  '  - I , :  
:  

( -1 ) i  d i ,  A=  ? '+ ( - t )n  on .
j - 0  J

Also let t  -  l -(- l )n Tn*' ,  N -Zr_' ,-r)nj  rnl ,  The connes' complex associated

i s

1
v $

x^. , d--q-
ilf l-

i  - ;r '
X

Ia l
.g

n
t

) l
{,

{;
(^ry

t '
4*.*."_*

) !  ;  . \ t  l r( 
{ n. .,f. '"'tt | ('/
J.  . .no <*- -.--- Xo u--\--- io o i' - .. .

T h g n  H C  ( X )  f h p  n v n l ' i  6 '  F r n m n ]  n r r r r  n f  V  i ^  l - "  ' r - r ; ^ - : + ; - ' -
. A . a ^ ,  ,  L l  l U  t r y t J J I L /  |  l u l l l U I U g y  U I  z \ ,  + b  U y  u E I . L l  l I  L f  u l  I

of  C(X) .  The homology of  t t re  in f  in i te  t r ryos ided per : iod ic  vers ion

bicomplex def ines PHCre(X) ,  the per iod ic  cyc l ic  homology of  X.

^ 
If  X - .{,1 we shall  write HC#(d.{ ) and PHC'.({J ) irrstead

t )

PHC , (4 .1- ' ) ."*

f ho  l - r nmn l  nn r r
t  v ,  , v

of th is

h
of HC .(d'l ) and

#

The above def in i t ions are the sanie as in t l re cycl i ,  
" ru" f5,  

tOl  .

f -' I a
X n * - l n

J - n '  l  )



1 .5.  lde now br ief  ly

Let X -  (Xn,

the bicomplex

a t
tl

Xn+l .F

a l
.t

t-
X €_"--_._

\ n
O "t ."t

:/ \ ,
iT ,t| ,.\/ |(..no k-

- i 0 -

investigate the extension of Connes' exact rrqurnrc f+l

n?0, dj ,  Tn*l)  be a quasicycl ic object.  Denote UV t(X)

:
r  a i

J, 
6()

Xn*1
I

I  * a '
'v

X
. n  , \ f

+  
* e j

:

i  *a '
Xo

T +
I I ,

-m

and by HFIJX) i ts hornology Here E and )  '  are as in 1.4.  and f :  -  1-(-1)n Tn* ' .

I f  X is a reduced quasicycl ic object  then, as for  cycl ic objects [4J ,

there exists an exact sequence
T q R . I-leucn{x) -5 Hcn_z(x) ir nnn_r(x) *t Hcn_l(x) -i*

HCIX),  PHC*,(X) and S are relatecl  by the f  o l lowing exact sequence

0 +l . iml(HCn+?k+l(X),  5)  - :e Pl- l [ , . , (X) , r  l im( l lc . ,*rp(X),  S) -*0
t t r a n r l .  I l  ( _  l l + t

shovrs that PHC*(X) - 0 whe{ever there exists a natural number m such that

,  FlCn*Z*(X) ' -?HCh(X) is the 0 morphism for any n )  0.

L .6 .  T l re  fo l low ing  van ish j -ng  c r i te r ion  fo r  S  is  bas ica l l y  p roveO in  [ fA ] .

Egpggr l lg! ' -  Let  X -  (Xn, n )  0,oj ,Tn*t)  be a quasicycl ic object  such that

t - t l l l  is in ject ive. Then s -  0 on HCJxn/(t-  t l i l )xn).

Prgo_f . Consider the composition of

t  cx> * f :  rx  / (1-Tn+! )X^)^- .^ '  -+c(x^/( '  1n+11" 1v \ / \n/  t ' -  'n+l  
"  n n7l)  -  n '  t -  tn+l  )  n i l  n70

The l ine f i l t rat ion of  the f i rs.L and t l r i rd bicomplex shows that the above map

induces an isomorphism on homology. This shows that I  is  onto and hence S

vanishes in the Connes' exact sequence of the reduced quasicyclic object

/ t t  t / 1  - n + 1 t . ,  t
\ ^ n /  \ t - ' n * l / ^ n / n ) 0 .
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I .7. We are going now to introduce a sort of "dual Dirac element",  an

important device in establishing isomorphisms of PHC;-grouPs.

Suppose the following data is given:

a) Two exact seque:rc:s_of Quasi:f*t" complete ilclrrv convex spaces

(Ei) l_-1Co)gr la-t)$ ... L x(o) -+ Y --> 0

(E) 0 --+ts(o) g ft) g> ... .g; E(o) *+ X -> 0

where Y is reduced.

b )  A  C ' - a c t i o n  o f  R , ' [ :  p ' * > c l ( # i ) )  f o r  a n y  i  -  0 , . . . ,  Q  s u c h  t h a t

Oh = , i I !  and if Vdenotes the derivative'of ,1,  ̂ t  t  - 0 then V = 6O-*f6

(  we understand that  $C#o))  -d(X(o))  = 0)
n + l  o ,  (  i )

c )  1 - T l l i  i s  i n j e c t i v e  o n  X ; ' /  f o r  a n v  i  =  0 , , . . ,  Q  a n d  a n y  n 7 ' 0 '

Let .g(o) =x(0) /v {0), X(i) - X(i) / (v-di)* o-}:( i-t)) to,

j  =  1 , . . . ,  Q - 1 .
r u l r \

l u l a i "n  l e rnma.  i )  X . \ J /  i s  a  reduced  quas i cyc l i c  ob jec t  f o r  any '  j  -  0 , . . . ,Q -1  "

'  
i i )  The complex

0 -+ X, ->frcc-rr$... -[rE(l) tr] S(o)-+y * o

i s  acyc l i c .
d t  

" r
i i i )  P H t l  . ( ? - \ J i  )  -  0  f o r  a n y  j  -  0 ) . . e ,  q - 1 .

L /  t t t v - # \ J \  /  v  L v L  J  
- r - - - 7  f  -

iv)  PHC, (Y) : l  PHC (ry ' \
. A -  x - + q  

\ y ' u l '

ptqg.L,  Since a short  exact sequence 0-+X'-+ X -+X'r ' * i .0.of  reduced

quasicycl ic objects gives r ise to the s ix term exact sequence



PHC'(x' ) -> eHco(x) --* pHCo(X' ' )

t
PHC' (X ' ' ) 4- nHCr (X)

we immediately see that

{/-^-Waded theory).

The relation I -

-  n r ]
Ran(l  -  T i l ; i  )C RanV

is  in ject ive.

- 1 2 -

iv)  is  a cons-equence of  i ) ,  i i ) a n d  i i i ) .  ( P H C . "  i s  a'fr-

dt) shows that

I
G-  P l1C l (X ' )

1;l - Jo'vr1,
and hence f( i ) hle also obtain that V

Let us observe that S7= VS. sinceY iu reduced ano Scr-trZ-crSr"

nt  g.( j ) ,  i  -  1 Q*1,  anoX: observe f i rs t  tnat  S#j"?ol j - l )  = 0.

rndeed if x e: 5#i.l)r crN--(i-r) th"n 6*x ,.o-x

V ls inject ive we obtain x - 0. Let f ,  € l f ( i )

for sorne f, j-rd *'(i-1) and f .l_2 t= -x3-z) ' j

r-::--; ,il -* 
*;--i:------'/

f  We obtain e) (  v-,  -O'u5_l) -  0 as fol lorvs

Then ''Jj -o-rr3_r *S.,*3*1 for some *j*r6 2r(i*r)

be rep laced by 0) .So we have proved i )  and i i ) .

For  i i i )  te t  us  no te  tha t  # j )  lng t ( l - r )  iu .  quas icyc t ic  ob jec t

wi th R act in53 on i t  by quasicycl ic endomorphisms. Tir is fo l lo lvs s ince V

cominutes wiih e-hncj r,rith the struc'Lural morphisms of X!i) (use B-$'f.ff$.

we st-row that  t  -  t l i l  is  in ject ive on #i )ZoX( i - l )  for  j  -  0, . . . ,  q*1.

Qr  rnnnqo  J -he t  f  
' ,  n r1

u u p p u r u  u , , q u  \ ,  -  t l i i  ) * j  - i r " r r , _ r  f o r  s o m e  
" t j c  

) .  
( i ) , { _ r ( :  

} : ( i - 1 ) .

Then o-(t - tlit ) r))-j - 0 arrd hence 6"-.rj - 0 since t - tilt is assumed to

I
dt -V(JoIt

i s  reduced.

obtain that  the complex in 1i)  is  wel l  def ined. we now prove
t v t  /  n \

At $ and 
'X\u/  

:  th is fo l lorvs immediately f rom the exacteness

i ts exacteness.

o f  ( E 1 ) .

-  0 and hence Vx -  0.  Since

be suuh |rat S,i -V!_1.r{_z

f rom the above d iscuss ion.

.  (The undef ined terms are to
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be inject ive. The exactness of (Er) shows that there exists f j -re?i( i- l )
-  t  / r \  / :  r \, such that {11 - 6 {f;_, . The action of R on 

'{}J' 
/ct ;t!L-t 

/ factors to an
.  J  

'  - J - r

action of the compact group 
' i i  - R/Z on (ri! j) /t>-,7 

(i-1)' 'l r  \ ; { . n  / ( j ' K  
n  )  /

r r : /  I  \

/(t - t l i l l(:{ '( i) 6'*Q-t)) *nou, set of f ixed vectors is just }t:r). The
- 7 r

nnnnr is completed using proposi t ion 1.5.  and the fact  that  F-r  F is an

r exact functor
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2.  Prel iminary computat ions

In this section we shall be concerned with specific properties of the

quas icyc l i c  ob jec ts  L (U,  G l )  de f j -ned in  1 .1 .  i i l ) .  We sha l l  a lso  es tab l i sh

the technical  detai ls needed for the proof of  the exacteness of  (Er)  appear ing

in the Main Lemma

2. I  Le t  A ,  G,  Gt  ,  X  :  G- . : rAut (A)  and 
1  

:  G . - ->  G,  be  as  in  1 .J .  i i i )

Also let  U c C be an Ad'- invar iant  open set.  Def ine 
f  

,  C "- : . ,GL(L(U, Cr))  t rV

( i T t  r i l ) / . z r  -  
a n r l  1  ' '  ' - 1  . ' r r ' ^ r - 1 -  r,li,Tt )( fr',r, es, . . . ,en) -$;',f, y'tr #,rrl'r-'eg, 

. . . ,|f')-'nn)

f o r  any ; ' , , y \  t €  G ,  90 , . . . , 9n  G  G,  and  
t?  €  Ln (U ,  G t ) .  

f  
de f i nes  a  smoo th

ac t i on  o f  G .

f n  case  G -  G t  , f  -  i d  and  U  -  G  we  de f ine  p :L (G,G) *F6nr . rC) f i  Uy

(P 
f)) 

(ho
. J b  |  $ t

' f  g 0  -  h 0 ,  9 1  -  h 0 h 1 , . . . ,  g n  -  l r o h r . . . h n  , " *  -  ( e , o  & o  d  o F  .  C t %  . ) - 1"n "u "n-r

and (t:: dt Ln.

Let Cr i  be the G-module having C as underty ing space and the G-mudu. l . r :

t ructure given by g.r \  - / r , (g)r i .  for  any g d: :  G and any , . \C. C. Here / , r  is  the

modu lar  func t ion  o f  G.  Le t  L  -  L (G,  G) .

Propos*ij iorl.- D i: ' ,, and p are morphisms of quasicyclic objects.
|  ' ] '  

t i " t  X t i  i {
i i )  p# :  (AxGi ' - " *+  L '  es tab l i shes  an  isomorph is in  s1  (n r rG)

onto  Ho i r r r (C, ' ,  t - f , ) .  (The ac t ion  o f  G on  L  i s (g f  ,y , \  - - ( f  ,  g - \D. )

-  Proof.  j . )  is  a tedious but straight forward computat ion which we shal l  omj. 'bt .

t o t t C .  r  - , - +  
c . t  ( y . t  ^ , 1  

n 6 n + l r r  _ . , ( r ) r ".  * n  c c ( G ,  c "  ( G " - ' ,  A w ' r r t r ) )  -  C c ( G ,  ( A ^ i G ) n )  b e  g i v e n  b y

z i \  ^ ,  ,  - 1
I  f , p ) (g - r ,h0 , . . . , hn )  -V ' ( , f , r l r ) ( sn ,  es ,  91  sn ) )



1 t r- L ) -

( h e r e  {  r  9 9 , . . . , g n  h a v e  t h e  s a m e  m e a n i n g ' a s  a b o v e ) . @ t r  o b v i o u s l y  a n

isomorphism which is also G-equivariant since

. 
The proof of the proposition wil l be accomplished once the following

lemma is proved.

2.2.  Let  G be as above, X a smcroth pr incipal  G-bundle and B -  G\X. Also let

E be a complete local ly convex space. Then t<*,  E) is a complete sr iooth

G-module.  Let  F -  C.  rX i ic .  E).
f , r - .  c  '

i )  Homr(c* ,#<r, r)*)*, 'Ho(G, d")* r f iu,  Ef ,Lemna .

i i ) H j ( G , f 5 - o f o r j > 0 .
:

Here HJ(G, FO) ,  J ) .0 denote the cohomology groups of  G

wit l r  values in the corr t inuous G*rnodule FO. As in the case G discrete they

r - p n r p q n n f  f h e  r l q r i y e d  f u n c t o r s  o f  F ^  * . >  f  P ( -  f t 0 f  n  i - - ) )  i . g  
. !

J - u P r u J U l f  u  u l  l u  u e l I V U U  l u l l u u u l J  .  
U  t ,  

\ u t  , 0 r ,  
L t . I  

.

Ploof  .  r t  i s  p rovcc l  in  [ -1 ,  Observa t ion  i i l  .L .3 .1  i l - , r t  H0(G,  c ' " (G,  EAi )  . - [ . k
1.,  ^t

ano t i i (g,  Ct- iG, [*))  -  0 for  j  > 0.  The formulae for the homotopies used in

the procf extend by corrt inuity to prove tnar; HO(c, ct; tc, r f)  -  Er and

, ,1  t  ^  n ( " r  n  - . { " .  r r  s " ! ) '  
( t - }

HJ(G,  C; (G,  E) ' )  -  0  fo r  i  t  o .  The i . sonrorph ism C"(G,  E)* 'Cr 'o f ru  C" (G,  E)  as

G-rnodules proves the theorem for X -  G. Since i^(g*4,  r ) ru:  c i^ i r  ! ' ) 'n r \ \
c  c  

t ' r ' c \ D '  E ) )

the case X t r iv ia l  reduces to  the case X = G.  The genera l  case fo l lows by a

h ^ -  F ;  + ' i  ^ ^  ^ +  , , - i  * . r  ^ n ^ , , m ^ n ' F  ^ n r ' {  
t ' t } '

1 ,o r  u rL ru r  r  u r  u r  t r  Ly  . , r - gu r ru r  rL  o i  r u  t he  C  (B ) - I i ne  a r i - Ly  o f  t he  hc rmo top ies  f o r

X  -  G K B .

The isomorphism Ho*G(cr i ,  
{ to,  Ef  )*  i i?a,  Ef  is  the duar of

po ,  i " ( t ,  t ) -?  iJB,  E)

(nor) ,r ,  
Jo 

r(s-r  v)  dg
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where y is an arbi t rary l i f t ing of  x. .  "" .  ; , '

2.3.  Let  ,ucc be an Adr- invar iant  open set .  Def ine J :L(u ,Gr) - r r  L(u , [eJ)  by

r,rp( 
f) 

- 
J {*r? 

,J, , no', . ... , en) 6eo 6gn
I

Lemma. J is a morphism of quasicyclic objects and Hl-{n(J) is an isomorphisrn.

Proof.  The f i rst  part  is  obvious.

Let F -  ker J.  I t  is  enough to show that HHn(F) -  0.  Def ine F(-1) -  0,

F ( i )  -  i r i t e r .  
r

'  
t f  ' - ' ' J  

G i . l f  9 "  
n o ' " " e n ) d g t " " '  d u r - 0 i f  ( P e  L n ( u , G l )

rnen  r ( i ) (  n ( i * r )  ,  UF( i )  _  F -

Let us observe that F( j )  is  invar iant  for  both 0 und t '  ,

o r  r [ i ) c  F 5 1 i  r o r  i  -  0 , . . . , n , o r  r l i ) c  F I ] i l )  r o ,  i  -  0 , . . . ,  i .

choose 
'n 

r{ttr, , f , }-, '{u) ds - r. we define
v t  u 1

I

(s f ) , f  ,  no  sn* t )  -  r j (  r f (J . ,  9s r . . . ,  o j ,  93+2, . . . ,en*1) )X(or* r )

s,  be ing the degeneracy ot  RQ .  us ing 0 *  ( - r ) i *1{or*1-o j *z* , . . . * ( -1)n- i *1c* i

on r ( j )  1  ,Q-D rve obta in  i lu  *  s i * -  ( -1) j *1  on r ( j )  , 'o ( j - r )  .nd s imi lar i ly

^ i  ^  I
r l '  ,  *  u l ' -  ( - l ) j * l  on n( j )  7  p( j - r )  Th is  proves the lernma.

2.4,  l , r le now give a consequence of  the lemma above.

> Proposi t ion.  Let K { .  G be a compact subgroup, then

HC (L(K, G)K) # HC*(A xi  K)
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Proof. The above lemma shows that J induces an isornorphism

u u  ( t ( v  n ) K \ r . , H H * ( L ( K , f u i . ) K )  r i n " *  K  i s  c o m p a c t .  T h e  C o n n e s ' e x a c t  s e q u e n c ef  f f  r . F \ L \ r \ ,  v /  /  ^

V V

shows that i t  a lso induces an i -somorphism HC*-(L(K, G) ' ' ) ' - l *  HC*(L(K, I  e j ) ' ' ) .
l i v

Then we use the isomorphism (A'Xt K) l5 L(K, K) ' '  (see proposi 'b ion 2.1.  i i ) .

t q

product.

au.
Let  K be a compact  L ie  group.  Consider  C (K)  wi th  the convolut ion

-  i * . . *  e d  ,  S z , r r K F ^  r r n  / n \
Lororrarv.  i  rb  I  Hc, {C (K))  f -  

"  
t t  , ,  ,4} '  nu. , .u . ) .

1- "r -^' ?d-
(3J

Proof.  Use the above proposi . t ion and observe that L(K,{ui)  -  C (K).

.  . . . , V
Hence L(K, ;e f ) ' '  i s  the  space o f  smooth  c lass- func t ions  on  K.

t "  
" l

2.5 .  Le t  E  and E 'be  two loca l l y  convex  spaces  w ich  are  a lso  cont i r ruous

G-modules in the sense that there are gi.ven norphisms C-*"r GL(E) and

G ?-GL( t ' )  such tha t  G; ig -+g  g  6 -  E  is  cont inuous  f r : r  cach [ i  t t r  f  ( respec t ive ly

l . : ,  f  r r \  e  / l - \  r t  L r  . - - r - : - -  
' / \' {  ( .  E '  )  .  Then E @C E'  wi l l  denote the quot ient  of  f  *S E'  by t l re c losed

- ,  , ! -^-^^^ ^ . .^^ , ,^+ -1 t , "  ,  -  t r ' i  5 ' . "  , , ' " . , -2  
I

suDspace generated by g * 
gA$ "t; 

- j ,  {-*tg 1.

If  E j .s a compJ.ete smoottt G-rnocjule and G is cornpact then E QOa C is

-G r^-  ^^.  ,  r ,  (c  l : \  
"1 '1 

. . , r  AGi somorphic  to  E ' .  For  any G (E { r -  
G 

, ' . ,  L  .

2 .6.  I ,Ve now g ive a complex unosc hcnro log) ,  might  t re  ca l led the G-honrn iogy of

a g iven sn iooth G-module F.  I t  is  c losely  connected to  van Est 's  theorem [ ]8 ,  t l .

Let  K ( l  G be a maximal  compact  subg: :ou; :  o f  G,  'L= L ie Kd* g = L ie G.

Def ine
i  i  1  , "

c\  '  (n J(g/ t )u)  Fh* c - ' r  ( / rJ- ' (g/ t )0s F)Q.eK c

by
( - . ,  . ' .  - . v .  r  { f  J  . i r _ l  " ,  4  o  .

h tx r / \  " . .nXr i r :Y ' ,  )  = ) ' "  "_ . ,  ( -1 )1 ' " r  x r r r . . . x i  . . .  r \ * j t r  x i (3 ' ; )  -
r - - f

\*1- / . ,  ( - r ) inki -* , ,  x" iet i , l , . . . ' * ' , .  t  . . / \x  rQ, '?t , .-  - . i<k L.  1 '  K. . l  -  I  I  r ' \  J
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f o r  X ,  X r e  g , ' i € = F  a n d  i  o e n o t i n g  t h e  c l a s s  o f  X G g  i n  g / t
l _ -  |

lnle rnlr be interested only in the case F - 
?i@Ci'Cc, 

E) for t an

arbi t rary loca} ly convex space

Pnnnnq' i1- inrr  Let  G be a f in i te componerrt  L ie group, K, E ancj  F be as above.

Let q -  d im (G/K).  Then the complex

0+ (/\q(s/txdFXr*r( cL'. L(n0(g/t)6r)&ro c->Fftil c"+0

is iryel- l  defined and acvclic

(caG) L(G, G))fd c c .P- (Ax G)fr .

Proof.  I t  is  easy to ver i fy that  i t  is  v;el l  def ined ( tn is fo l lor , , rs aiso f ronr

J.7.) .  I f  we discarcl  the augrnentat ion ( / ' \0(g/ t ) t rF)&iK c -  r f rJ*c "  -  rHJc c anc

- ^ ^ ^  + ^  + k ^  J . , ^ r  ^ ^ * ^ r  ^ L ! ^ : - .  ! L .  - - - - - 1 - - .  -  1 '  
' 4 \  

I  n 1p a s s  r o  r n e  o u a r  c o m p l e x  w e  o b t a i n  t h e  c o m p l e x  c o r n p u t i n g  H J ( G ,  F ' )  L t , l . S i r r c e
i  u  n  . , ( .  J t G  r - ' -  5 'H J ( G ,  f l ' )  -  0  f o r  j  >  0  a n d  l - 1 " ( G ,  F ' )  -  [  -  -  ( F W G  C ) ' b y  l e m m a  Z . ?  w e  o b t a i n

the resul '1.  l -he last  statement fo l lows from propcrsi t ion 2.1.

2 " 7 .  L e t  H e G  b e  a  c e n t r a l  c o m p a c t  s u b g r o u p , ' H  a c t i n g  t r i v i a l l y  o n  A ,

f  :  G ̂ iG. '  -  G/ l l  the quot ient  rnorphis in.  Tlrere exists an act ion of  Fl  on
) 1

L ( G ,  G )  a n d  L ( G ,  G ,  )  g i v e n  b y

commuting with the act ion of  G def ined in 2.1.

L e t  J O : L ( G ,  G ) * : $  L ( G ,  G , )  b e  g i v e n  b y

J ^ r i ) ( s r .  , i ^  b ^ )  -  ( '  - , , r p ( S ,  h 0 9 0 , " . . ,  h n o n )  o r r o  d h n"0J "J '  '  v0 ,  " ' '  en '  
, J  pnn l - J ' ) y

/ t  .  ^  \(0 ,  i s  the  c lass  o f  g i  in  Gr ) .

Then J. ,  is  a morphism of quasi-cycl ic objects commuting with the ac'Lions of  G

and H. Lernma 2.J.  shows HH#(J')  is  an isonrorphism. Since H is compact and

central  i t  is  contained in al l -  maximaly compact subgroups of  G.
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This shows that the complex of  lemma 2.6.  for  L(G, G,)  is  exact.  A spectral

sequence argument shows that

HH.(J080G c)  :  HH((heK)  L (G,  G) )$G c) * *k ( (c15. [ (G,  G l ) )e9G c)

is an isomorphism and hence also

ntlro e:o c) , HCI(cr.r&L(G, G))6G c):>HC&((%@L(G, Gt))dJG c)

i s  an isomorphism.  s ince ( ( tAS$ L(G,  G)Xo,  c ,g(A:dG) by 2.1.  and 2.6.  and
u

L ( G ,  G l ) "  #  L ( G 1 ,  G l )  u r e  o b t a i n

Theorem. Let H cG be a compait  central  subgroup, G.,  -  G/H, then

HCIA K Gr) *y ,HC*(A x G)H and

Hix(n x Gt ) # H#(n xl G)H

Thj.s theol:em may be viewed as a generalisation of a well known

theorem in the theory of compact group representation 
': 

"if G is compact then

c {d 'R (G i ) . : ( cQoR(G) )H  "  L r . l  .
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l .  Reduction to the maximal corhpact subgroup

, In  th is  sect ion we shal l  show that  PHC*(AXG) and PHgXrq(AXK) are

isomorphic when local ised at suitable maximal j -cleals of ci iufe) - t ' f  *- '  i ' (c),

^ /  - 1 .  o /r ( i r g \ \  )  -  r \ g )  f o r  a n y ' 1 1 ,  g  c , . G { .  H e r e  K  i s  a  m a x i m a l  c o m p a . t , r n g r o u p  o f
r - t )  I  ' '  ky .

G and Q -  d im G/K. l r 'Je shal l  accompl ish th is 'using the Main Lemma, so most of

th is sect ion wi l l  be concerned with obtaining the data needed to put us in

posi t ion to use the Main Lemma..

3 . I .  L e t  A ,  G ,  G l ,  
5 , r  

G ' + G ,  a n d  : A  t  G * r ' A u t ( A )  b e  a s  i n  1 . 1 .  A l s o  t e t

V c;:G be an Adr- invariant open set.  Define .  ci ; tr tc>- module struc'bure on

L(V ,  Gr )  bv

( r l r , ! , r r t r ,  e0, . . . ,  gn)  - , f r | r ,  f  , i r ,gs, . . . ,en)

r  any i1 l i6 , ,Cf i ;CC>,^ i  *  Ln(V,  Gt) .  I t  is  easy to  see tnat  d '  Tn* ,  anc l

\ i  f  1,, .  G) are ci f ," fcl  -  module endomorphjsms"
{} :)

l lJe shal l  need the fol lovl ing

Lgnr ! ' la .  Le t  n r *  - ) r1 rc  C i i "Cc l ,T ) ( * )  -  0 j .  Then rn* ,  x ( -G ex l raus t  the  se t

of al l  closcd maxirnal icjeals ot cifufc>. If  I  e; ci;; fc> is an icleal not

contained in any m* and l(0 C- G is an arbitr :ary cornpact srLbseL thcri  there exists

( i)( , : .  I  such that , l '  -  t  on KO.
I

l_iggl* Let I C CfLrfCl be an ideal not contained in any mx Then for any

x  C- -  G there  ex is ts  
i ' , *  

C  f  s r l ch  tha t  
f i x (x )  

I  0 .  Rep lac inv  t f *bv  l y l *12  i f

necessary we may suppose. that  
f*V 

0.  Let  KO<--G be a compact subset.  An

easy argument shows that there exists {1){ i .J such that t f  7I  on KO. Let

g  g  Cc ' (n ) ,  such tha t  g ( t )  -  t - l  fo r  t  >  1 .  Then 'T , ' -  (n  ( , { f )Y  be longs  to  I

f o

i ' le
t '
I
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ano { l  
-  I  on Ko.

If  I  is also closed let C - U K

Choose ,f  n eI such that r f  n i  o on Kn.

is convergent in c'o(g). Then : \tJt"

n ,  f l }  I  wi th Kn comPact for

There exists / nt o such tha'L

belongs to I  and is invert ib lc

any n ;. )..

J,,l"nc1tn

i" cii,cul,

3 . 2 . F i x x 1 * ; G . I n o r d e r t o s t u d y t h e l o c a l i s a t i o n s a t m * w e m a k e s o m e

assunrptions on x.

L e t  G *  - { . 1 , 0 . G , 1 1 x  -  * , J , 3 ,  9 x  -  L i e  G * e *  g  -  L i e  G '  I f  U  i s  a n
t . )  t )  U

AdC - invar iant  neighborhood of  0 in 9* we let  GXGy -  (GX'U)/  Gx for the

1

foJ-lowins action of G; on Gr:U : t ; tr ,  *) i ,  -  (yr t tr ,  oof (X)) '  
tr t  

t"  t-
_ t

X C U and 
) \ t i :Gx .  

l l Je  de f ine  c :  O  ̂ r * ' . * ;G by  
" (S ,  

* '  - I t x  exp(X)p

c is obviouslY wel l  def ined.

We shal l  assume for x €.  G f ixed that there exists ' *  9x sat ; is fy ing:

(Al)  c is a c j i f feornorphism onto an open set V c G

Let Rt) -"["y., c cl;v(G), supp y;, c v-f .  v,J - x exp(u) is an oper] set in

G" provided (Al) is true. Let Rr - 1. {f i) (,,  cl;v(G*), *upp 
/ 'e- 

t{,} '  Dt;f ine

, f

tP t  Ro - -?Rr , f l f  r / f { u )  - - 0  i f  u r f l r r l , . . i ' ( y ) ( g )  - y {u )  i f  s c - - t r { '  we  s l  a l l  a l so

a55Ume

(A2) Q is  an isomorPhl"sm, and I
(Al) There exist i i), t,tt {:, Rt satisfyinn y''(*) - I and tyty) - tf '

Concti t ions for x, U arrd G to sat isf i  (nf)-(Al) wif l  be givir t i  in the

Apoend ix .

3 . 3 .

denote

g ( 9 y

Convent ions.  Let H be a Lie group and M ne a Cffu(H)-modtr lc '  V' je s l ra l ' l

ny My the locat izat ion of  M at  mU for y C H'

I f  not  otherwj"se stated we shal l  assume (/ \1)-(Al)  for  f ixer l  x C G and

. V and VJ wi l l  a lways have the meaning of  3 '? '
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3 .4 ,  An immedia te  consequence o f  (A2)  and (A l )  i s  tha t  t - (V ,  G)** )  L (G,  G)x

-- '  i r , ,  n \  ,  r /G f t  )  arc isomorphisms for the Croj ,CCl (respect ively
a n O  L ( w ,  b x / x  - +  L \ u x ,  t x / x  c r l ( '  r - J u r r r u r H r  r r u " ' r  ! v !  

l n v  .

^ \  '  |  / r - r  ^  \

" f f i  
( ,  \ \  -mnr t ' t e  s t ruc tu re .  Th i s  j us t i f i es  the  s tudy  o f  L (V ,  G)  and  L (W,  Gx ) '

t inv\ rx ,  /  - i l ruuLrr

^  ,  1  n r ' l

Let us observe that V X Gn*I  and W X Gn*r are G (respect ively G*)

p r i n c i p a l  b u n d l e s  f o r  t h e  a c t i o n ' l t ( 1 ' 1 , g 0  " " )  
9 - )  -  ( y i , i  ' I \ - 1  

\

t )  t ) ,  -  o f r  
0 i - t 0  

' i l no t " ' t f i ' t qn )

where  90 , . . . ,  9n  G  G, '  
J^dG,  f  tC ,  V  ( respec t i ve l v  

J '  
€ ' * ,  

f l €  
t , r l ) '  Moreover

dre to (Af ) the inclusioh y1 X Gn*1--9 V X Gn*l factors to give a diffeomorphi'sm

G*y X Gn*l**> G1v X Gn*l. Lemma 2.2. then sives (CAfu L(V, G))65tt C:::-

(?e L(w, G)rg,cnc, d nrins the modular funct ion of G" bJe obtain

{nlof{ , ' ( (c, .(d L(G,G))&o c)*: : r  ((%0+L(v,G))&o c)*s ((k&iL(I^J,G))fr$6*c)*
- A 4 \

be'\ '/

3 . 5 , L e t S : G x \ G - : * G l a l o c a l l y b o u n d e d b o r e l i a n s e c t i o n f o r

G "+ Gx\G Lrt ,  5.1.tJ -

Lemma. i )  There exists a measurel lon G*\G such that

f r J .
{  n(u) ds - l  h( 1ra-(t))  d d ( t) '

" J c  
- J o * G r G  *

i i) If we let t?(J\, -Jr*8{,yr(t)) oltr(t) then we obtain a

- -c'#, ^ a
I l n e a r  m a p  E - : L c \ b /

r( o ) c s - l  E q (
J G x  I

t jtecr(G;c). F

-Jr, rlr^rlr)ot-1(g) ds where t,tr,a, -ftcr(t) defines a boreLian isqmorphism

GxxGx\G --+G. I .y def ines a continuous l inear funct ional cc(Gx) -->c which

* iltc*) satisfYins

tr) oJ'

or any tpac;(Gx) tet r.(f) -

continuous

i
l 0

J G I

Proof . '  Le
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is G invariant. Hence there exists 1"t : C"(GIG)*>C such that
- *  - X  -  

I  
t "  A

t^f:f, -fc,l,)lGflt) y tor f'€:c"{eiG) and ft'c"(Gx)' /u *

continuous l inear functional and hence there exists a measure d;r on G-\ G
l x

: l f

I I { u \ u ,
^  x '  :

: . r f \
- x  r .  ^ ^ J  + ! . ^  

' l ^ - ^ 1 - l  
. ,  l r n r ' - d  I  n o q q  n f  O *  -  Ir lpf i .nttton or oi. i  and the locally bound l 'ness of CI- '

3

'  
,  

'  
. ' ' t  , ' . ,

"  f  .  ^ -  .  t , ,  ^ \ \ l ' i  6- ,  /  ,  .  Le t  (A  XG)V  -  ( t r@ L (V ,  G) )SO c ._ r . o .

' e  |  l t t  n \  '  |  / l , l  n  \  L  '

Def ine Ln :  L(W'  L j )  - '  L(w'  t rx i  DY
. U

. . :  . ,  .  .  .
- lEn! ( , i l ,9n  9 . , i  =  

|  ' l  \  r l t :  u0Lr  rxg /  '  '  "  ' sn ( ' r  \ ^
u ,  q  -  "  l z - , , o r F r * r  

l l  
/  "  /  

r l

. . ,  \b.I  rr l
X

proposi t ion.  i )  E^ is a morphism of quasicycl ic objects commuting with t t re
u '

nn* i66  O f  Ga u L  x

i i )  I f  x  € G  s a t i s f i e s  ( A 1 )  t h e n  H C ( ( A / - G ) \ / )  i ' ' - H C " ( ( n X ' G u ) , , ) '
A  v  ' &  ^ l '

a l so  (A2 )  and  (A l )  a re  sa t i s f i ed  then
L L L  )  L L  d - L b u  \ h e  /  o r  r u  \ r

H C  ( A X G ) . .  * { H C  ( A  { G . , ) . . .  -
* . r ^ . 4 u ,  X  -  * , , I r . . , . , _ _ X ,  X  

-
z Y .  x  ' { -  

. .  r ,  . , . . i '

.  ' . ;  ;

-Proof. i) follows frcm the above lemma

The" above l -emma and lemma Z. l .show that  HH , (E^)  is  an j 'somorphism'
d u

Then a standard reasoning (see the proof of  theoren 2.7.)  shows that

HCi((?m E0) acxc):HC*( (HiO L(I, l ,G))i i06xc) -+ HCn.( (k(i l1(l{ 'Gx))f,oGxc)

is  a lso an isomorphism. Since (C.Cpt.(V,G)&C Cd(C..- f l l ( ! r l ,G)) ' i9r  C we obtain
A * t r - L \ t x

i i ) .  i i i )  f o l l ows  f rom i i )  and  l ' 4 '

3,7 . I l , le are now continuing to def ine the data needed f or the use of the

Main Lemma.
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compact

maxlmal

x  €  K * .

2 4 -

A element y in a topolosi-rcal sroup is called t 9:1cli1t*1yj5g

if  (V), the closed group generated by y, is compact. f f  (y) i .s not

then we shal l  say that y is topological ly torsion free' Let K* be a

compact subgroup of G*. Then x is topologically torsion precisely when

Let  F  =  
k (DL( t , l J ,  

Gx)  i f  x€K* ,

o -  ,u,61(W, Gr)  /  (1-x)(%,$j 'L(W, Gx))  i t  x  t tK*

A l s o  l e t L  -  K *  i f  x € K * ,  o t h e r w i s e  l e t  L  b e  a m a x i m a l  c o m p a c t  s u b g r o u p  r : f

G*/(x) .  Def ine t  -  L ie L and J(( i )  -  {4 i to/ t )Qs) F)o*L c '

Tl-re def init ions of S anO (f as well as their properties are closely

connect'ed with the complex computing the g*-homology of F.

Cj  -  Ain*€r F and 5 otC, *  Cj- f  be def ined by a formula s imi lar

to that '  ot  5 '  in  z.  e.

5 ot*r r ,  . . .AXjrs  t )  - t ' l r  ( - l ) i * l  xrA.  f r  "A * imxi(  b -

-  X .p (- t) i*o [*r ,  x i lA XrA i ,  tn" 'A xr&tY,

As i t  is  wel l  known (Cj ,50)  computes n*(n* ,  F)  -  the homology of  the

g*-module F.
t {

X(j)  is  isomorphic to Cr lC'r ,  , ,  being the closed submodule of  C,

senerated by t  A C,,-1 arrc l  Cp - f  lc ,  t " t  
6t  

e K*U (x)  '  Observe that t (Cr )  *ct  '

Recal l  tnat  &o(Xl i*J)  -  X(C*.) ,  -  Xn$O(c' ; )  for  X G g and t*r#C3-1, th is

equat ion  and the  G*- invar iance o f  $O snow tha t  S ' (C j )  o '1 '  $  ,a l ready

def ined rn ?.6,  coincides with the quot ient  of  5o'  ( tn is also completes the

p r o o f  o f  2 . 5 .  )

4 f @ 1 1 ; , : r y
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Le t  d r ,Ck *  Ck ,  d j (X iA . . .  r lXkm) t )  Y )  -  X rA . . .  t t xn rn l  Wa3 ' ( ,
J r \ r \ J r

i f  x l

s imi lar i ly  def ine Tn*l  to act  only on the factor F.  C/ is invar iant  for  the

structural  morphisms and we shal l  endow f j )  -  c ' /c lwi th the quot ient

quasicyclic strructure. 

J

., l.B. Let Z € ffl l l, 9*) , 7(x exp(X)) = X. hle define d5*o : Cn -:rCk*l by

6^(tuJ) = 7r\Ct).
U

LemlLa: i )  a1(Ynrl)  -  -Yno'o(to),

i i )  Y(o O(cr ; ) )  
-  C;V(c* t ) )  for  any Y 6*  9x, [ tQCJ.

i i i )  %(Cj) *t j .

Proof .  i )  fo l lows f rom the  de f in i t ion .  Z  i s  Ad,  - invar ian t  and hence Y(Z)  -  0 . '

Zi\Y(cd) I , ro<rC*)) '  t r r is  proves i i ) .
u u

The last  part  fo l lows from i) ,  i i )  and the G*- invar iance of  Cfg.

/ r \  / i *1 )  
f  C I -b  accord ing  toWe def ine 4t  

'Xt" ' -+! tJ ' - '  as the quot ient  o

i i i )  of  the lemma

Le:i:'\'-*Y-J

3.9 .  We now come to  the  de f in i t ion  o f  , t1  o '+1  t  R  -+GL(L(W,  G.  ) ) .'l'- 
(. x

, t ^hiu| ) (x  exp(x) ,  s0 en) = (F.*r r r* )Y)G exp(x)  1 e0," ' '  en)' t . " 1  ,  r  " " Y \ - " / l

f o r  any  (12CL- (W,  G . ) ,  tCR '  A lso  l e t  R  ac t  on  C"  by' l  t r  ^  
j , - u n  

n Yt ' (X14 . . .  Axkcg leeg  )  -  X l / r  . . . / r xkca l - f J r4 t r (E )

. . . ,Xk &l  g ,?"€cu anct  
F6L(W, 

G*)  Let  vo u"  the der ivat ive ofr  for  X1,

th is act ion at  0.
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Lemma.

P - ^ n f

v o-5 oob .ob5o

a n d  l e t  y 1 , . . . ,  Y m  b e

r i (x  exp(x ) )  -  v j (x ) .

ret f ,r, ,j-l -Xnl, ,r! ,u,

re la t ion  dA -  -  t road we ob ta in  fo r

the dual  basis.  Then 7 -XtTrfJ Yj  i f

' \ f l i
P '

1 - l
. : - 1

t J  -

*  -  L(wfJ Kx,

the inverse

G x { S o *  r ,  i f  x  €  K x ,  7  -  L ( w r 1 M ,  G x ) € $ M  c  i f  x d K x  a n d  M  i s

Let (a)- ' i \oOc1) L CO - 
?Lr 

6) L(W, G*).  Choose a basis Yl ,  "  ' ,Y* of  g*

-5o(XiTr yi00.\a* ) - -XiT, tr(.dyi), ' \a;rr i tp *f ir lr; laovr(rr)y*

v
lJ.

I

f i  - tr(adz) since V0,i, - )=1, l i  vr{t1?) we obtain

the statement of the lemma on C .,

Next we proceed by induct ion'  Using lemma 3'B'  we get :

(Sooo *coSo)(xaur) - - Sot,awo(tri)) . n:rby(zu) - Xr'00(c'r:)) -

-Q'(&r)
- -X(ero(c$)) + X foSocro(r;r ) + rfo(x(($ )). xn oo?b: x rr Vo(*"r) -V|(XA&; ) '

Fromthis lemma or direct ly f rom the def in i t ion we obtain that  Cl  is

invar iant  for  th j -s act ion of  R and hence, passing to Quot ients we obtain the

desired act ion of R on ,X:( i '  , '1. :  
R'- ' ' "  GL( Xj i)) '  i lsat isf ies 9/.1 - Tl l l

s ince x acts tr iv ial ly on F and V'-cr6"*Sff i f  Viu the derivat ive of lg t

d L  U .

1.10. Let 
' ! f  -  ( tA 8) L( l^J, G*), * O* C " = (A G*)lV. Also let

then Yr(r i)  -  -Znl,  ,r i  ,n. usins tre

t
6)as ,above $ o(cl"o(c*;)) 

-

image of L in G* *
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l . l l .  We have def ined al l  objects needed for the use of  the Main Lemma. l l le

are now concentrating to prove that the conditions of the Maj-n Lemma are

sat isf  ied.  Let q -  d im $/L).

I f  Ex is a f in i te component Lie group the exactness of  ( f t )  was treated

i n  s e c t i o n  2  ( 2 , I . ,  2 . 2 .  a n d  m a i n l y  2 . ' 6 . ) .  F o r  x  #  K *  w e  a l s o  u s e  t h e

Serre-Hochschi ld spectral  sequence for the normal subgroup (x)  c G* [  9 l  '

Let  Y,  , .  .  .  )  Y* be a basis of  g such that Yq+l Y* is a basis of

:

l e t  y l , . . . ,  y f f i  b e  t h e  d u a l  b a s i s  a n d  t J ( x  e x p ( x ) )  -  y J ( x ) 't  -  L i e  L .  A l s o  l e t  Y * , . . . ,  Y

Then'(Aj(U*/ t )eF, CI-0) is the Koszul  comp}ex associated with the regular

sequence ( f l , . . . ,  fQ)  and tne  f \W)-modu le  F .  The idea l  I  genera ted  by

( f1 , . . . ,  ta )  i ,n  C (v i l )  i s  the  idea l  o f  K*n  l l J  i f  x  C Kr ,  respec t ive ly  the

i d e a l o f ' M n w i f x d K * '  '  
r '

.  n& r r . , r ,' t o r l  \ * i  ( I ,  F )  -  o

-  L (W'^ iKx ,  Gx)  i f  x  €  K*  ,

*&.K*.  (Note that  we have omit ted Cr lE s ince i t  does not af fect  the

under ly ing }oca} ly convex space, i t  only changes the act ion of  G* '  Since in

the above formulae such an act ion does not exist  not  important,  our 
.

procedure is jusbi f ied.)  The exactness of  (Er)  fof lows from the exactness

of &l  C (L is compact)  
'  '

3.Lz we are going now to study condi t ions for  the in iect iv i tv of  1-Tl l l

to be in ject ive and this happens for example i f  G* is

and x -  e.  However i t  is  in ject ive. for  G } ' i  R and an;t

Suppose x € K".  i f ( l -T l l l>,p -  0 for  a certa in T € Ln

gg, . . .  ,  9n)  -  0  fo r  any  topo log ica l ty  to rs ion  f ree  
3"

.@r, , , r
fo r  j  >  o  and Tor [  \ * /  ( I ,  F )  -  t * r . , ( [ )

respect ively L(tdf l  M, Gx)/(1-x)L( l lJ f i  M, Gx) i f

^ ^ - - ^ ^ t  n r "
t / u l l l P o u  !  u !

i t  may fa i l

G -  SLu  (R)

LemE. i )

t h e n  9 ( Y ,
t a

rhr G * )
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i i )  I f  Gr/  HxR then t  -  t l l l  is  in ject ive for  any x.

P r o o f  .  T h e  a s s u m p t i o n  o f  i )  s h o w s  t h a t  ? ( F ,  9 0 , . . . ,  9 n )  -

= (on^En+1;-m1gffi%',", t* nn)) for ."'u - G Z. sinc, $,hr= compact' d '  ' l t 6  " u '  ' 0

support this may happen for topologically torsion free 
7t 

onfV if

V ( ) ,  ,  9 9 , . . . ,  9 n )  -  0 .  T h i s  p r o v e s  i ) "  i i )  i s  p r o v e d  s i m i l a r i l y .
t t j

3,L3. We are ready to draw some concl .usions from the above discussion and

the Main Lemma

Let G be a f in i te component Lie group, K.c G a maximal compact

subgroup.  A lso  le t  x  G G and ,a  9x  sa t is fy ing  (A t )  -  (A l ) .  V ,  W,  KxrL  and M

wil l  have,the same meaning as before.  Let  Q -  d im G/K, q '  -  d im Gx/Kx,K beirg

chosen such that Kx C K

Propos i t ion .  i )  PHC*(A x  R)  3  PHC.*  * r (A)
,  - , ,-*r l l ,  - ti i )  PHUA'} {R)o * r  PHC (A >c R) ,

P H C  ( A X R ) t  -  0  f o r  a n Y  t G R ,  t  / ' 0 .

.  i i i )  I f  xG K*, G* is a f ini te component Lie group and

U '  =  c (KXo  ( tnU) ) ,  t hen  PHCF( (n  x t  C )u )  x  P t lC - - ,0 ( (R  )4  K )U ' )  "
X

i v )  1 f  , '€K* ,  W f l  K*  -  #  and G*aJ  HxZn where  l l  i s  a  f in i .be

component Lie group therr

t *U(AX G)u )  -  0

(Here K* is a maximal compact subgroup of  H.)

p roo f  .  PHCf( (A  x  G)v) ' : r  PHQ*( (A x  Gx)w)  (1 )

r r r r  n n n n n c i * i n n  i  (  S r  r n n n q e  t l  
n + ]  

i n i g c t i v g  o n  e a  
/ + \

u y  p r - u t r u D r - L - 1 u , , , . u .  .  u u H H v u u  - , r a t  1 -  t f f i i  i s  i n j e c t i v e  o n  e a c h  } \ J ' .

Then the Main Lemma shows that

rt'u (A x Gx)l^l) :* rHqn*q, (z) ( 2 )



- 2 9 -

I f  x € K* lemma 2.1.  shows that

PHUZ) * PHC.a( (A )4 Kr)w n K*
( l )

Using once again proposi t ion 1.5.  we obtain

PHCI (A x Kx)uJn o*) lJ PHC*( (A X K)u, )

For G = R and x :  e  we may take U = R and we obta in i )  and i i ) '  The proof  o f

i )  for  (A X G)X R shows that PHUAX(GxR)uxR) " ' : l  PHCmi+t((AxG)r) '  tn is

sho ls  tha t  we may rep lace  G by  GX R.  S ince  fo r  GxR 1-  t l l i  t t  in jec t i ve

the above discussion proves i i i )  s ince q ancl  q '  have the same par i ty '

iv)  I t  is  enoqrgh to prove that PHCf(A'd G*)VJ) -  0 '

Suppose first that l^J c/.! H - 0. Then the statement follows from the vanishing

of the perj.odi.c cyclic homology of the inhomogeneous components of crossed

products by Zn [fA] . If t l t C H then we show that PHC*((A X Gx)Wrn) - 0'

Let  us observe that PHC*((Al lGx)t i lzn) *  PHC,{((a x zn)NH)! \ l ) .  Denote

by L a maximal compact subgroup of H/(x) and by M its preimage in f ' l '  L has

the same homotopy type as H/(x)  and hepce has a f in i te number of  connected

components. Let $ be the center of t - Lie M. There exists a suitable pCIwer

of x such that xn - exp(X) for some X €S ' Then R3 s '- 'eexp(sX) C l ' t

ident i f ies R with a c losed central  subgroup of  M such that M/R is ccnpact '

Then M's M/R < R and this isomorphism is unique i f  we require

M/R ,* :  M/R X R,:J M -+M/R to be ident i ty (use l l l (U/R, R) -  H2(t '4/R, R) = 0).

i lr le identify M/R to the corresponding subgroup of M' We sti l l  have (1) and

(2)  fo r  q '  -  d im H/M .

However (l) has to be rePlaced with

pHC , (Z) .*/ pHC ( (A 74 M)M ,1 r^r)' - l t " ' - ' -  
v l  l l l l l

. . \
Since M n \^ j  cM/R x R we obtain iv)  f rom rr ; '
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Corollqrv [Zl Let G be a conrrectecJ nilpotent Lie group, K c G a maxj-mal

compact subgroup then PHC*(A X G) K Pn%n'(i\ x{ K).

Proof.  K is a central  subgroup Then use i )  and j "nduct ion.

3,1,4, lt. le are going now to prove the theorem in the introduction.

Proof of theor:em

Let m c cf lrCC> be a maximal ideal.  I f  m is not closed then

L ( G ,  G ) m -  0 b y l e m m a  J . 1 .  S u p p o s e n o r n l m - m U f o r s o m e y € G .  L e t Y  - X X u

be the Jordan decomposi t ion of  y :x is semisimple,  Xu unipotent and xxr-xrx

{"  z1 .  Chose [ :  :  G -+ GL(V) an in ject ive morphism of algebraic groups lzJ .
I . J J

Then p (x)  and Ad* are semisimple and hence x and U -Ue( p )  for  smal l  i .  > {)
J  ^  * J

sat is fy  (A l ) - (A l )  (see the Appendix) .  F lere un(5r  )  - [  x  e  u*  )  
(T) (x) )c  B(0, t ) ] .

Moreover  the  func t ion  
f  

aRoear ing  in  ( / i r )  sa t i . s f  ies  cy (V)  -  I  (5 .1 ) .

'Let  us observe that G being an algebraic group, has a f in i teU J U I  v u  )

number of components.

I f  x  G K* the s tatement  of  the t l reorem fo l lows local is ing 3. I3 .

I I l J  A T  M: V

I f "x 6 K..  f f ren g( 8(x))  j -s not contained in ' . j1-and the same wi l l
^ J

be t rue of  c( r r+ ,  X)  for  any l ' t  & G,  X G U.(  P)  for  smal l  €  Then s ince
i '
IJ i L J

PHqJAT{G) , , :  PHC* ( (AXG) \ / ) , ,  -  0  and  PHC" (AXK) , i  0  t he  p roo f  i s  comp le ted .
+ i  y  r i  v y  A .  )

3.L5. l,t le are going now to give sorre more examples. Tlreir purpose is it to

show how to use the Lechniques u,re have developed also for some nonalgebraic

groups

i)  G -  SL2(R) -  the s imply connected cover ing group of  SLt(R).

L e t  x  b e .  a  g e n e r a t o r  o f  t h e  c e n t e r ,  U  - L *  *  s I r ( R ) ,  d e t ( X )  t o z ! .
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The proposi t ion 3. I3.  i i i )  s l - rows that PHC,.((AX G)\ / )  *  PHC-,1(A) i f
"t 

'&+t

V - exp(U),  and proposi t ion 3. I3.  iv)  show that PHC ((n X G)V) --  0 i f

V - xflexp(U) and n I 0. Since every orbit is contained in a set xnexp(U)

we obtain

,PHq/F(A xl G) .:r PHC**liA)

 J

i i )  te t  g  =  SL, (R)xR/N where  N -  
[ (xn ,  n ) ,  f t  €  Z ] ,  *  be ing  as

above.  Let  X € s l r (R)  be such that  exp(X)  -  x  then K -  Lexp(s(X,  - f ) ) ,  seR/Z!

is a maximal compact subgroup of G. Let U be as above and let

V  -  exp(Ux( - I /2 ,  L /2 ) ) ,  V '  =  exp(Ux(O,  1 ) ) .  Us ing  the  same reason ing  as

before we obtain that  PHC ((A X G)xnU) = O (respect ivelV PHC/ (O*tr*n ' , ) -  O

for n /  0 and t ' r t l (AX G)v) s:PHC*$((nx K)r)  where r  -{exp s(X,-1),s€(* t , r) l

a n d  P H C /  ( A  > 4  C ) V , ) : r  P H C  * r ( ( n X  K ) I , )  w h e r e  1 / - ' [ e x R  s ( X , - 1 ) ,  s  G ( - 1 , 0 ) ]  .  :

This shows the }ocal  isomorphism of PHC).(AX G) and PHC4*,(AX K).



4.1.  Rest r ic t ion def ines a map L(G,  [eJ)  
->  L(T ' {u} )  and hence a lso a

map r :  L(G) *+ L(T). Since Hclr(c)) 3 Hftn X C) (by lemma 2.3) we obtain
. n r
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: . i  l - r ' ,  .
.  

, . 4  . r i . , - , ,

j . :b . , r  r  _  , ,

4. More on the case G compact

L.e ,
In this section G wil l denote a connected compact'grouprT a maximal

torus of  G and W the hleyl  group of  the'pair  (G, f )  i - f  ] '
n

Le t  L (G)  _  L (G,  {  eJ ) "

a morphism A
.}t )i

r  :  PHC^(A -n  T)  ' -+  PHC (A '1  G)

Our aim is to Prove the following
.&/\

lheorem. r  g ives an isomorPhism

Jr ie
PHf (A < G) ./ Pr-rc 

'(A 
x T)vv

The Proof rvil l  be sPlitt in stePs

4.2 .  Lemma.  SuRRose y :  Gt€G is  a  f in i te  cover ing  o f  connected  groups

and the theorem is true for Gr then it is true also for G.

-'t
P r o o f .  L e t  H  -  k e r g ,  T t  - g - t { f ) ,  t h e n  H C T I  a n d T ,  i s  a  m a x i m a l  t o r u s

of Gr. Moreover the bleyl grouR of (Gr Tl)" naturaly identif ies with hl ' Recall

( theorem ? .7  )  tha t  there  ex is ts  a  morph ism I  t  L (Gt , l  
" i )  

*>L(G '  ' [e l )

def ined by " integrat ion along the f ibers of  Gr '*G":

which defines an isomorphism puCrcn x Gr )H s pHf(n x G) ' The diagram

L(cl) - l+ L(Tl)

I  t  l " r
Lctl ' , ril>

i r(i ) - ,*f,tr n,
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:';:' - :fl
'  . " . i i . , : : l _ ' l . , , , .  

, -  -

is commutative. Since the actions of W and l-l on L(T-' ) commute we obtain
I

pHfinx c)"ry pHitr(R x c, )H*r t pH#tnx r, )l{)H*{ pufl(n x t, )H)w::zrHfltn xi >w

This lemma shov,ts that we may suppose that G.YHXZ with H simply-

connected, simisimple and Z abelian. Since A'*G:l(AXZ)q|H ure may suppose that

G i tsel f  is  s imply-connected and semisimple.

4.3.  l , {e def ine now a f i l t rat ionr invar iant  for  r  on L(G) and L(T).

Let Xr(T,  x j  - f_"rT,  d im zr(x)  ) . i ' t  (Here zo(x)  is  the centra l izer

n \

o r  x  l n  b / .

Let L(G)( i )  -  
ty€ L(G),  at l  der ivat ives of  p vanish on Xr ' ]  ano def ine

(j)
L(T)  s imi la r i l y .  I t  i s  immedia te  f rom the  de f in i t ion  tha t  r ( t - (G) { j )c  111; ( j )w .

4 .3 .  Lemma.  1 -161(  
j *1 )  

/  LG)(  
j ) - - - j '  (L (T) (3+1)  /  L (T) ( r ) rw de f  ines  an

.+f
isomorphism for the PHC -groups

proof .  Le t  T 'be  a  to rus  conta ined in  X ,  bu t  no t  tn  t jn l .  Cons ider  the

c y c l i c  m o d u l e s  A  -  A '  /  A " ,  B  =  B '  /  B ' )  w h e r e

A '  - \ V e  L ( T ) ,  a l t  d e r i v a t i v e s  o f  f  
v a n i s h  o n  r ' f l  X 3 o r 3  ,

L l

n" = I  { }e tO),  ar l  der ivat ives of  
f  

vanish on T'J

B '  -  , * 1 A '  a n d  g ' l  -  , - 1 4 ' i  .

Then A and B are direct sumands of the modules in the statement of

the lemma. It is enough to show that

r :  . .  . 1 $

pHi*(R)w +PHC (B)

is an isomorphism. Let o(n) -  
l r  e A, the derivat ives of 

f  
of order < n vanish

o n  T '  |  .  u ( n )  =  r - 1 1 4 ( n ) ; .
J



' : ) ' + *

=  7  ( T t )  t ^ l -  i s  l f  T ' i t '  W '
Let  l^J l  be the weyl  group of  H = ZG(T' ) . I r  is  the 's tab i l izer  t

I  
p - - !

r+ nnip6i f les wi th the stabi l izer in t^J of  any x eT' \Xi* l  f , lJ .  t -et  h -  L ie H
I  L  U U I I  I U I U U J  ' I !  V I  I

f  - t  |  . - - r a -  - r  A  a  / T l r  V  \  ^ . F  a n r r

and h'  - tnn]  .  n '  is  the f iber of  the normal bundle of  Ado( l ' \x3+1, at  any

point  ot  T; fXr.  (wi th respect to the metr ic def ined nV tn;  Ki l l ing form) 'Then

o(n) 7 o(n+1)^' ffct'o*r*r>fr'6 Hom(t'el n+l, ou)

/ n + 1  )
, (n) 7 u(n+l)* io i t , \  Xr+l)  2& Ho* 

6r(h'  )  A )

Here { t r , \  
X3+t)  is  the space of  smooth funct ions on T'  a l }  of  whose

i.- ' I of T' in w ' H' ' is the
Jerivativ ur(on x3.i$g. w, is the normartzer

commutant of  H, of  course h '  -  L ie H' .  t '  -  t f ' lh '  is  the Lie algebra of  a

max imal  to rus  o f  H ' ,  i t  i s  no t  equa l  to  L ie  T '  !

T h e r e s t o f t h e p r o o f i s c o n t a i n e d i n t h e f o ] l o w i n g t h r e e l e m m a t a .

4.5.  Lemma. Let K be a connected compact Lie group act ing on A. Suppose

that this action commutes with the action of G then

rr. * Kl
pucf( t - (c))  *r  PHC^(L(G) 

' )

is an isomorphism for any closed subgrouR Kt of K'

progf. The statement follows from the homotopy invariance of the periodic

cyclic cohomology [4 ] .
:

- ) r  / - \  rn .  a  \  r ' '  
"$  

r l )  
7  o (n+1) \  i  e  31-1  isomorph isn .q.6 .  Lemma.  pHcor (  o (n)  7  A(n+r r ) *  -+  PHC' ' (B ' \ " '  /  B ' " ' z )  iS

Proof., The above lemma shows that

{t l rX3*r) 
2Gl (t 'an+lf 

*t& 
f 

*t  
* (  n(n) 7 n(n+r) )*1

and

c ' (T ' r  x3* r )  2E (n '@n+l f  H ' ;$  AH H ' - -+  13(n)  7  u (n+ l ) ;H '
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.ri- w'
induce isomorphisms for the PHC'-groups. Since C[h']H'* Cft '1 t [ fZl tnt

Iemma is proved

*  ( " \  f  + r  ,  ^ ( n ) f
4 .1  .  Lemma.  / \  l l t im (A  /  A \ " / )  and B ' : '  H(B /  B ' " ' )

. 4 Y

Proof.  Any distr ibut ion on a compact manifold has f in i te order.

5.  Appendix

' .
. In this section we give some more manageable conditions on x € G and

U ensur ing (Al)  -  (Ar)  to hold t rue'

F i x x € G .

5 . 1 . I f f , G . . a G L ( V ) i s a } i n e a r r e p t e 5 e n t a t i o n ] e t
t  

* / . . t - . / . , \ \ r -  
- 7  '  ( ' r  t  < € l a n d  c ru S ( f  )  - l x C G x ,  r ( 0 9 ( x ) ) C  B ( 0 , e ) J '  H e r e  B ( 0 , e )  - ' L l z l  \ e J ( r " u

re fe res  to  the  sPect rum in  V6C'

5.2 Suppose Ad, is semisimple and U C U€ (AO) is AcJr"-invariant' l"hen fqr

s m a l l { > 0 c : G x n U - * G i s a l o c a l d i f f e o m o r p h l " s m .t x

Proof '  we f i rst  ident i fy T 
UG 

with g -  TeG by means of  lef t  t ranslat ions ard

T, i  U with O* for  X € U.

I f  (y,  x) e Gxn U then T(v, x)(G*G-u) 
-  s s* /  1-(v ' fxv]) 'Yeu*f

0 '  ' x  ' d '  x
t  l o " .  

U )
We sha l l  show tha t  d" (y . ,  x )  i s  in jec t i ve ,  s ince  drm l (v r ,X) tu^ r *

0  0 '

= c l im T"(v.X) G we shal l  obtain that  c is a local  d i f feomorphism'
u \  

d _ r . . /
Ndw c is G-equivariant so l'|le may suppose that 

il 
; e. \,tle compu'be

dc (e ,x ) (Y ,  x0 )  -  Ad* l " *p (x ) (Y )  -  Y  +  f (ad* ) ( xo )
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uJhere f( t)  -  ( f  -  e-t)  t- l  ,  f (ad*) is def ined by analyt ic funct ional caLcu*

lus and is the dif ferential  of exp at X I  f f j

I f  dcq",,X)(Y, X0) - 0 then, for small  € ,  i t  fol lows that YC g* and

f ( a d * ) ( X o )  -  ( 1  -  A d ; i e x p ( X ) ) ( Y )  -  f ( a d r ) ( a d * ( Y ) )

t ,

and hence XO - 
l -XY.!  aSain for  L smal l  enough.

5.3.  VJe are looking now for condi t ions ensur ing the other condi t ions on x.

lpmnra Srrnnnse there exists F :  G .-*  GL(V) a complex representat ion wi th dq:

i n j e c t i v e ,  g ' ( x )  s e n r i s i m p l e  a n d  U  e U ,  ( f ) .  I f  U  i s  A d a  - i n v a r i a n t  a n d
J  *  r  " x

€  >  0  i s  sma l l  enough  then  c  i s  i . n jec t i ve  and  (A r )  i s  sa t i s f i ed .  I f

moreover  U -  Ut(g)  then a lso ( ,Ar)  is  sat is f  ied.

l r r ,q l - -  Let  J?-C C be a d is jo i -n t  un j -on of  open bal ls  each centered at  a

point  o f  e ' (  F (x) ) .  l r le  choose [  >  0,  € ,  .  i i -  so sma]- l  that  cr ( f  (x  exp(X)) )  { -  " :?' r )
J

for  any X ( ;  U. (  c ) .  lJe spl i t  the proof into several  stc- ;ps '
' L . - )

Step 1 .  L - l -q  jn lec t i ye .  Le t  c ( ;4 ,  X)  =  c (e ,  X0)  ,  then
0

.  - 1  / . . \  ,  - l  . \  .
( i )  5 ;  (1 . . t  x  \ , r  

- )  exp (  [  ( y l  . ) d { '  (X )  p  (  rn - ' ) )  -  { '  ( x )  exp  (d  q :  (Xn ) )  '

J  d  i  ) d  )  J  i i  J  j  u  '

Let  K0 t  - f i - -+ C be the unique 1ocal ly constant funct ion such that

, L  g  l C ( C  ( * ) )  
-  i d  c { p  ( x ) )  '  X ' 0  b e i n g  a n  a n a } y t i c  f u n c t i o n

'  . . i  
J

K ^ ( { , (x )exp(d t . (X" ) ) )  may be  de f ined by  ana ly t i c  func t j .ona l  ca lcu lus  and j -s
- U 1  

J  U

e q u a l  t o  $ , ( x ) .  H e n c e  |  ( . , r x l n - l )  - t  ( x )  a n d  e x p ( q ' ( i t ) d E ( X ) q , { o i I ) )  - e x P ( d l . ( X n ) ) .
- l  J  I  i  s  J J  J  j . J  - l  u

l , r le obtain that  d t . (Ad r , r  
(X))  = d { : ' (X^) and hence Ad\ i  (X) = XO since dy is

J  d  j  
, '  g  "

in ject ive.  This shou,rs that  =r l  x t r" , - t  
-  x and hence (  1.r ,  X) -  (e,  X0) in

e lJ 0
G  r . -  U .

X

Step-2*  [ ) .  (xn)  - i  \ ' xn \ i - t  ,  . , i l :  Gn '1  i s  c losed in  GO'  l ' ]e re  we have
' 0  '  ' t j  v i )  , j  " l

deno tec l  Gn  =  [  (G) ,  Xn  '=  i " r  ( x ) .
" - ) ' J
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0.  (*^)  is  a submanif  otd of  GL(V).  (We do not assume i t  to be
u ^ u

U

since it is equal to

;ii,. " 
j.ll@Mr|.d*aaJtf,

c losed) .

o l  i f  P  i s
J '

r ) (g )  -

g 1 ( v ) .

of such

also in

Q t o n  i:-tr_-_

_X

G with Go. Let c(grn, Xn),*r  y € G. rnen Xo("(f  n,  Xn)) = 
f  n*di t  

- '>f tr( f iG

€ tr ,(x). since Oo(x) i-s closed we may write 
f n - ff "/Jtt irn

)^| 
* t*, 

f,l 
conversent to sav 

3a 
. Then ,*nfy"nxn)^:-t, converses to

*-ttr-tutr,,rno 
l::ru 

.tuo 
tr'"*"i3 

is convergent in g*. Let

X - l im 
ff l 

t"tr '"t, then X 6 L. This shows that y = l im t(i ln, Xn) -

.  t  t t . .  i i ' !  , ^ .  , \- lim ", 5i ", tr; 
*"f 'n). - c( yt , *, G c(Gx r*t) -

F o r k e r ( y ) o i s c r e t e l | e ! o b s e r v e t h a t c ( G X , * L ) i s c l o s e d i n

$ 
-taf("tc ^ c*L))) .

\1 j ,wr - . f f i - . ry

f f 1  / \vCt_(V)(xO) is c losed

the minimal polinomial

lye ctcv> , P(y) -

of xo. Let v e %rfu;(xo) f i  to.  Then

Tu Ocr(uy(xo) .  (no; l  -  1)(s1(v)),  Ty(?Gr1u1(xo)f l ru ro --  (no; i  -

- Tu Sg^(y) since we may choose an Ad'-invariant complement of g in
J " 0

This slrows that (?ro(v) is open in Oc'(v;(xo)/"!co. The latter being a union

orb i ts  i t  fo l lows that  Ol .  (xn)  is  c losed in  %f_(V,(x ' ) f l  
GO and hence

t o u

u 0 .

V-(x) is c losed. S restr icts to an obvious local  d i f feomorphism
f f i l '

d?"{*)  , -+0 
"  

(xn) Since kerg is discrete ( f  . (x)  is  c}osed 1f f  Cf.  (xn)
0 

U' J 
Ir  t r '  u

is  c losed

S,tepr4. Suppose LCU-,L-s a glgsed A% -inv?rialr! subse!.of g* Then
a

is  c loseF in.-G. We assume f i rst  that  p is in ject ive and ident i fy
J
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Step 5 .  (A" )  i s  sa t is f ied .
t -

0bserve that I  i r  wel l  def ined and in ject ive i f  (A1) holds t rue(see 3.2).

I f  "1,&e R, tet cpqx exp(X)#, 
-t) - 1p{" exp(x)). rp ts smooth on V, step 4 impliesr  I a  0  

' t

that (p is smcoth al-so on G\V. Sincu F ( V) = ' ' l 'rq is also onto.
f t ,

Slep 6-r- -U-U --U* (e) t-[e! qlqgjA=) -ls s+isfied.

Let yo,f  ie #t '> vuhere I  -  dim V be_such that 
fs(o) 

-  r ,

f  6fo - fo '  Let 
f  

(x exp(X)) =foi ty(X) '  t rn 29 (x) '  " '  '  t rA? t* '  0 else

define y' sj-milari ly. Then 
f 

and 
f 

'  have the required properties provided

f lO 
n.t snrall  suPPort.
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