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Mi]tai l?uti-nar

Jglifgglu!ion

Tho paper  dea ls  r+ i th  a  l l l l ber1 ;  space in te rpre l ;a t lon  o f  some c l .ass ica l

results of Ahieze;" and. t<rein [2]  conr:erning t i re l*pr<lbl-em of monrents on

the  rea l  ax is . l lh is  geomet r ic  v iewpo in t  a l . lows an  easy  genera l i za t ion

f rom sca la r  to  opora tor  va l -ued measu: "es ,conta ined in  the  second par t  o f

t h e  p a p c r .

I 'he i"nterest for the rnoments of a bounded rneasu::able funct ion on the

a x i s  g o e s  b a c k  t o  A . A , l " l a r k o v r a t  t h e  e n d  o f  t h e  l - a s t  c e n t u r y . I t  v r a s  M . G "

Krc in  and h is  schoo l  rvho  took  aga in  th is  p rob lc tn  in  the  ear ly  th t r t ies ,

w i th  1 ;he  nev , 'methods  a t  tha t  t ime o f  modern  func t .Lon theory  and func t io*

n a l  a n : r - l y s i s , s e c  l Z ]  a n c l  I A ]  . S i n c e  t h e n  u p  t o  n o w a d a y s  t h e i l  i d e a s  h a v e

inffuenced and cont inue to . i .nf luenr:e ma.ny branches of pu:re and appl ied

nathcmat i -cs .

1i 'he or iginal  approach of Ahiezer and Krein to T,*prol : lems of motnents

was ba.sed on the e. l .ementary theory of orthogonal.  polynornial .s and on two .

i n t c g r a l  r e p r c s e n t a t i o n  f o r r n r r l a s  ( a d d i t i v e  a n d  m u l t i p l i c a t i v e )  f o r  a

c lass  o f  ana ly t j -c  func t ions  in  the  un l t  d isk ,La ter ,more  or  Less  the  same

too ls  have been used by  M.G" l { re in  i9 ]  in  the  per tu rba t :Lon theo: "y  o f  se l f -

ad jo in t  opera . to rs

0n t i re  o ther  hand,a  ive l l  founded t rad i t ion  a t  p resent  con.s is ts  in

t re i r t ing  moment  p roh lems t ry  opera tor  and i l i l -bc r t  . sp i i ce  methot ls  rc t l ,  [11 f  ,

f  ' r  r1  f . t  r l  f r  r< ' l  Sn  i t  iq r  nn t  s r rapy ins jng  a t  a l l  to  exp la . in  the  fo rmer  ye ,
L f  

' t J r L t ) ) r  l r \ / l  . r / v r ! v  r u  r r v

su l ts  conccrn ing  the  l -p rob lems o f  mornents  by  1 ; l :e  theory  o f  per tu rba ' t . i "on

of  se l f -a t l jo in t  opo i : . r1 ;o r : ' s . l i l - thou i jh  t i r i s  in tc rp : :e ta t ion  i -s  no t  f ina l l y  very

fa r  f r "om the  or ig ina l  a l rp roach, i t  has  sorne  cer ta j -n  advant i lges . t )u i te  spe-

c i f i ca l  l y , i t  o f fe rs  an  easy  anc l  na t r r ra l  way  o f  gcnera l  i z ing  the  c l .a rss ica l .

r :e,sr i l - ts to opelator va. lued rneasuries or to the rnult id imensicna-L set i , ing.

l 'hn  l r r ,osent  naner  conta ins  some ind ica t ion  oh  thc  f i rs t  poss , lb le  genera l i -
Y * v

zat ion .The second way o f  mu l - t  j . r i i rnens iona l  moment  p rob lems was in i t ia ted

. i -  f , r  z ' lt r l r  L t  )  l c

I l xcept  the  usua l  no t ions  and resu l - ts  o f  per tu rba t ion  theory rbr ie f l y
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reca l - l cd  in  Sec t ion  1  be low, the  qu i te  lnvo lved concept  o f  ope: ra to i :  phase

sh j . f t  d r ie  to  R. l , / .Oz i . rey  t l l  w i l t  ber  a  ma in  techn ica l  too l  in  our  s tuc iy .

I  wou ld  l | ke  to  thank  my co l league 1 l iber iu  Constan t lnescu fo r  sorne

frui t ful  discussions on moment probleras and rel-zl tocl  topi-cs.

1. Pl :gl in j . la{ i ,c j l

A  func t ion  v rh ich  conta ins  a l l  re - l "evant  in fo : :mat ion  on  the  mod i f i -ca*

t ion  o f  se l f -ad jo in t  spec t ra  by  t : raee-c lass  per tu rba t i .o t rs  was in t roduced

bJ '  U .G" ] i re  j -n  in  [  9 ] .?h is  ob  jec t  rca l l -ed  the  p ] rase  sh i f t ,ansr ' I c re  d  sorne

concre te  des i res  o f  theore t ica l  ph is i .c is ts .T ,a te r ,an  enornoue ,nurnber  o f

s tu r i ies  vere  devote i l  to  ra rn i f l ca t ions  o f  t t s  'Lheory ,c f  .  l tO i  '  f41  ,  [6 ]  .

To  br : ie f l y  reca l l  thc  de f in i t j ,on  and the  propcr t - ies  o f  the  phase

sh i f "b  l+e  sha l l .  con f ine  ou : :se l ,ves  to  t rca t r though no t  a l . t tays  necossary '

on ly  the  ca$e o f  bounded opera tors  ac t ing  on  a  separab le  cornp lex  l l i l ber " t

s p a c c  I I .

l l e t  A  and B be  bounc le r l  se l f *ad jo in t  opera tors  on  I { ,w i t } r  t i re  p : :ope: ' t y

tha t  Tr lA-B l<  co . ln  tha t  c r? ,se  & we l f *known theoren i  o f  K3, ' to  Ernd L iosenb lum

a s s e f  t s  t h e . t  t l r e i r  a b s o l u t e l y  c o n t i n t r o u s  s p c c t r a .  c o i n c i d e  t  6 o " ( A ) =  0 ' - c  ( i l ) o

s e e  f o : :  i n s t a n c e  l l + 1  , l l o w e v e r , t h e  s i n g u l a r  s p e r : t r a  m a y  d i f f e r . l n  o r d e r  t o

cont1o l "  the  spec t ra l  d isp lacenent  f rom A to  B  is  very  use fuJ-  a f te r  l ' 1 .G.

l i rein to stuC.y the next LeM:

A n / n  b )  =  o e t  f ( I J * z )  ( A - % ) * 1 1  ,  z c  0  \  6  ( A ) .

' l ' he  in f in i te  de terminant  ex is ts  because

( n - z )  ( g - . , ) - 1  =  ( A - z + B - A ) ( r t - z ) - 1  =  t + ( B - A ) ( A - z ; - 1 e  r + c , .  ,

whe::e C, stands for the ideal" of tra.ce-class operators acti-ng on l{"One

of  the maln t :esul ts  of  the landnarh ing paper  f9 l  "onuis ts  
in  represent i -ng

mul t ipJ. icat ive ly  the anal .y t ic  funct ion Ar /n ns fo l 'Lows:



wher.e € € T,1 --.- (t it, dt ) "I  comp
The fpnctlon f ls called the phtl.gg_gll_ril of the perturbatlon A -+ l1

end i t  has i  a  ser ies  o f  remarkab le  invar iance proper t ies  re f lec t i -ng  the

spec t ra l  behaLv iou i r  o f  the  pa i r  o f  se l f ra t l jo in t  oper "a to rs  (A ,n) ,sce  [9 . l  ,  [ tO]

an<l [4] "
I i lext vre consider only the sinrplest non-tr : iv ial  perturbat ion 13=A+ f  @! e

t ^o e n o t r n g  D y  y \  t h e  r a n k  o n e  o r r c r a t o r :  ( ) @ \  l t l )  = ( 1 , \ > \ , \ 4  l l .
' ( t t r !

In that case the determlnant A O/O 
can bc easl ly compu"teda

Lrrn(r)  = t ,+((a ' -z) '1 t  , r> z €  0  \ c ( / r ) "

r i , h i c  n v n - l i n i i  f n y r n  r r { o l d s  n  s e e n n d  { n * n , r r a l  r C n r a s e n l ; A . t i r ) n  f o f m U l a  f O f
l .  l L I A  e I l / r r v r  v  r u l  l l l  J  I v l - \ r o  4  o 9 v v l r u  ! r r  u v e 5 r  a 4  i  v l / J

q  n / n '

he spec t ra l  measure

d ing  assurnpt ions  one

r r n d q r r r  r r A l  r r o .
r /  Y  * r  \ ^ v  '

(

A * 1 6 h )  =  1 *  
)
ul.

here f .  denotes t

I lnder  the prece

ha.se sh i f t  as a bo

( t * z ) - l a p  ( t ) ,

(1 )  ?  ( t )  =  
J i *o  

I r -1o"s  An/n( t+ l€

z € C \ r ( A ) ,

o f  ! ,  , l oca . l i zec l  a t  t he  vec to r  l e  U ,

easi ly  cornputes the corrcsponding

) t t € l I t .

l iut  a direct computat ion shor 'rs that

<l ingJ-y,one f inds that t ,he phase shif t

o . < ( p <  1 ,
t -

I m z . I m A . ^  r ^  ( z ) j  O  f o r  z . € .  C  \  [ t , r \ c c o r *
D/ t \

A must  s ;a t i s fy  the  inequaL i t ies
I -

1he key  po in t  o f  the  above two in tegra l  representa t lons  cons ls ts  in

t l reir  natural  parametr izat ion with measures /r  or funct ions I  . i t lore pre-

c iso l -y  the  parameters  
I  

and , f  a ro  comple te l -y  f ree ,as  i t  comes ou t

f rom the  nex t  : :esu l - t , imp l ic i t l y  con ta lned in  the  v rork  o f  l ' l .G .Kre inosee

[ r o l .

' l 'heprgE 1 .  ( t v l . G . t i r e i n ) ],et 11 bs._a senaryrllq c-omnfg< llilbert*trpace-.

1 ' I :ev 'e  ex is t l : n .  l l - i - i ec t i . on bet r ,vecn the  fo l l .o r ' r ing_-c l  essC€:
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g

A,3 ) ;  A=.tr€l( t t)  M ye t tJ/ r . , ,ni ta{v e-q.

/4 
-llgl-%L mW.,l.::f9*qillt,]:-eilti,Ye -anA Yrjth ntct I'unnort I

- 1  / , a \  1

f €  
r , c o r n p ( g t ) ,  o < q <  1  )  .

T t r o  b i i c c t i o n  1 s  c s t a b . l  i s h c d  b . y  t h e  f o r r n u - l a e :- ; .

t"
q

{r
I
1

t

(

I
J
IR

I

1 f  
)
ui

t  +($-r )\ 4 )

-1r  , \ )  =
4

( t  - z ) - '  d / -  ( t  )  -  e x p  ( g ( t )  ( t - z ) - t  o t ) ,  z €  o \ [ t ,

i l i he  cyc l i c i t y  hypothes is  on  A is  na tura l  hecause the  per tu rha t ion  de-

te r rn ipe .n t  A  . " , "  c loes  no t  d is t ingr : i sh  be tween poss ib l .e  d i f fe ren t  o r tho-'  l t /  t \

c o m p l e m e n t s  o f  t h e  A - c y c l i c  s u b s p a c e ' g e n e r " a t o d  b y ;  .

I t  can  be  sh .own by  pure l ; r  f rmct ion  theore t rc .  a rguncnts  tha t  tho  func-

t i o n  c P : l b o v e r  t a k e s  o n l " . ' , ' t h e  v a l u e s  o  a n d  1  o n  a n  i n t e r v a l  ( a ' b )  " L f  a n d

nn ' l r r  i f  ihp  rn , rasu- l "e  p  I  {a , f r ;  i s  s ingu la r  w i th  r :espec t  to  the  l inaa ' rv r l r J  

1  r  - a
L c h e s g u e  

. m e a s u t ' e ' { i e e  
1 1 0 /  o r  1 1  2 . [ .

The phase sh i f ' t  o f  a  l ienera l  t ra ,ce*c lass  per tu rba t ion  is  fa r  f : rom

be i -ng  a  conp l -e te  un i ta ry  invar ian t  o f  the  per tu rba t ion  da ta ,a .s  tu rns

out  to  be  in  t i re  par t i cu la r  s i tua t j .on  cont r ,L " ined i -n  Theo: :em 1 ' l lowever '

there  ex is ts  an  opora- to r  va lued subs t i tu te  o f  the  pha.se  sh i f t  r . rh ich  f i l l , s

ty r i s  gaprbut  j -s  less  eas i -e r  to  be  hanCled, l t s  ex is tence a t rd  p : :oper -b ies

were  es tab l i shed by  H. ' r / .Ca- rcy  f  l J  l y  ine&n$ o f  somc sha lp  methods  o f  ope-

r a t o r  t h e o r y " , . i u r n m i n g  u p  a  p e r t  o f  0 a r e y ' s  r e s u l t 6 , o n e  c a n  s t a t e  t h e  n e x t .

Theorem 2. (R. l{ .Carey) t :gt  11 !^g_i"_Se-pgrg} lg 
j ,nf . in l . te d. inle-nFiongl

] l i l .bei : t  sp-9.Lq.T@!fop b"glwqen. t lE fqr. :Lqqi-  :

[ { l  ,x  )  ;  K,A{T, (} l )  ,K }  o,A=,{*  aIG l l= f  ot**1x} /  . . rn i tp"rv oq. g
( n-o

l , * - " ) - 1aa ( t )  =  " { p ( f
n [ t

4

D / { - \ / +  - \  ' A + \
l i \ v , / \ v - p , l  v v l

{f ,  f  -p-s.sit lvg L(l l)*val.ugd m-easur:g comp?-et. l . .y--strn'o::tea on lfr} /g}3."gq-" #

{n ;  Be r lo*p(rt t ,r ,(n) ) ,0 ( Rd r} /  pnrl .grv-sq.

llhe..SqUlvgl.enc,e is estgbl.ishq4-!.y the re-la'!.!oqg :

3 )  I + K ( A - z  ; - 1  K  =  I + z  €  O\ lR.
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Ugrgsggr'S Uig!,_seeg. supp(tr)C supp(B) eld. tle_le. -pq.te-hq, g_llq _seqe

Ip j rc r .  t rounq

lr /e have denoted a.s usual by L(11)

I I ,by  lLz rnK the  range o f  the  opr taor  K

o f  t h e  s e t s  i l .  C  i l .
:l"

the  a l -gebra  o f  bonnded opera tors  on

and by \r /8,  the closed 1. lnea.r span
]-

Ac tua l l y  the  above cqr t i va lencos  are  ob ta ined in  [5 ]  under  the  adc l i -
)

t i o n a . l  a s s u m p t i o n  :  T r ( K - ) ( o o . l ' [ o w e v e r , t h - L s  r e s t r i . c t j . o n  i s  f i o t  n e c e s s a r " y

in  l l ' heo i :c in  2 ,as  l t  i s  p roved fo r  j -ns tance in  [ t  e ]  f ; i rap" fX .

Wj - th  the  no ta t ions  in  l lhco : :cm 2r the  rneasu, re  d  ( .  )  tu r :ns  ou t  to  be  the

conpress ion  l l l l ( .  ) f  o f  the  spec t ra . l  rneasure  l i  o f  the  se l f -ad jo in t  opera tor

A .  In  pa : : t i cu l -a r  one ge t  s :

( 4 )  I (  =

: t t  i s  wor th  remark ing  tha t , fo r  a  f i xcd  c losed $ubs ipa ,ce  I1OC l l , f in i te

or  in f in i te  c l lmens iona l .uRan ls ( t )C I lO fo r  a l - l  t€St  i f  and  on ly  i f  Ra.n  f (S i )

f  
i l n ,Thus  t l ie  seconc l  i somorph is in  in  ! 'heor :em 2  rema- ins  va l id  on  f in i . te  d i *

n r c n s i o n a l  s p a c e s

I ' ios t  o f  thc  p ropc i ; '1 ; ies  o l l  the  pha.se  sh i f t  f r tnc t i .on  8 . re  p reserved i -n

t i re  l : : t te r  opera tor  va lued con l ;ex t . ,c f  .  [5 ]  and I f  Z l  , l {e  sha l , l -  use  a  parb  o f

these resu l ts  .w i t l io r t t  ncn t ion ing  them sepa, ra . te l .y  ln  th  j  s  sec t . ion .

?-.  f jorne opet^a.to

The resemblance be tween Theorerns  1  and 2  above w i l l  be  re f lec ted  be-

low by a paral1.el-  bctvreen their  appl- icr: t ions to some moment probl-ems.l l lhe

compon t rea tment  o f  sca la r  and opera tor  va . lued moment  p rob le rns  w i l l "  no t

be  techn ica l ]y  more  d j . f f i cu l - t  than the  c l -ass ica l  approac l r  o f  Ah iezer  and
a \

xrein l2J .

l l es ides  t l ie  vec tor  va ]ued genera l i za t ion ,  th is  sec t ion  conta ins  some

nove l  p : :oo fs  o f  the  main  ex is tence and un iqueness  resu l ts  o f  Ah iezer  and

r re in .Thc  on l -y  ad t i i i i ona l  c l i f f i cu l ty  in  the  opera tor ia l  case is  re la ted

to  the  pos .s ib i l i t y  oJ i  t y 'ans la t ing  the  t runcated  l la rnbr : rger  moment  p r "ob lem

, (
t ( x i ) ] 4  =  ( J  R ( t ) d t ) 2 .

nr



r
( 5 )  A r ,  =  

) t t r { t ) a t ,  
n ) z o ,

IR

r.

ln to  pos l t i v l t y  eond i t ions .Fo: : tunate l ,y  th j -s  q r tes t ion  is  comple te ly  inde*

pendent  on  the  pr inc lpa l  resu l t  be low,and i t  was  t rea , te t i  by  Ant l .o  i :1  .

Flx a posit ive real number L ancl a sepei: :nble r , :omp).ex l l i - l .bci ' t  space I I ,

f ln i te or inf . i -nl te dimensional. l ' /e are sceking solv:rhj . l i ty con<l. i - t ions of

the  L-orob lem o f  moments :

'l

w h e r e  F G L ' ( n ; f , ( H ) )  a n d  o g l ' ( t ) <  I  a . e . .

I n  o t h e r  t e r m s r g i v e n  t h e  s e c l u e n c e  o f  s c l  f * a . < l j o l n t  o p e r a t o r s  ( l r * ) 1 ^ ,
I1-  i l=U

one asks  when there  i . s  a  so lu t ion '  l '  o f  (5 ) ,  poss ib ly  rv i th  the  suppor t

conta ined in  a  p rescr ibed bounded or  unbou-nded ln tc rva l .

A reLatgd i  quest ion is to decide whether the fu 'nc-blon I , '  wi th -bhe

glven moments' ,  is unique or not ,and to paranetr i  z,e Ln the la 'cter case a1l

so lu t ions .

In  o lder  to  reso lve  these prob lems, two fo r rn r ! -  t rans forna t ions  o f  the

monents sequence are needed. ' t {e shal l  worlc in the fornal ser ies r in6

( A \ a el ( H )  [ t X ] l  , w i t h  X  a s  i n d e t e r m i n a t e . T o  a  s e q u e n c e  o J - '  o p e r a t o r s  r . - n , n = o

one assoclates the exponent ial  t ransforms:

-  - t+exp(L- l  I .  o . * t * t  ) .
D=O

&
S  n r l

( 5) '  /-B:X"',  
'

n=O "

Both  r igh t  hand te rms eonverge in  the  (X) -aa te  topo logy .We ca l - l  (6 )

and (6 ) '  the  L-e{ r ronent ia l  tTa4s form, respec t lvcLy ' the  -T , -qxpang l t t t }LHgI | -

s f o r m  o f  t h e  s e q u e n c e  ( A n ) .

I t  j . s  w o r t h  r e m a r k i n g  t h e  d e p e n d e n c e  o f  t h e  c o e f f i c i e n t s  ( R - )  o f  ( A ^ ) .

I lach  B-  i s  a  non-commuta t i r r "  po fy r romia l  in  A0,A1 ' . . .  'An  3nd r , -1 ' , *na  
"on-n v

v e r s e l y , e a c h  A '  i s  a  p o l y n o m i a l  i n  8 0 , t s 1  , . t . r B '  a n d  L r f o r  n 7 7 O . $ i m i l a r l y

r i e p e n d s  ( n ; )  o n  ( A n ) .
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The exponent iai l - -  t ransl lorms l incarize Ln certai .n sense tho problem

m o m e n t s  ( 5 ) . Q u i t e  s p e c l f i c a l l y , t h e  n e x t  r e s u l t : h o l d s .  .

o f

Theor"em J. Tbo sequg4ce-of self-adioi,nt gper: l t torp
1

tLe.moqefr lp ,  o f  : r  funct ion l '€  L '  Or ;L(H)  ) ,0- (  I ' -<  l , i f  a .4d

f  i c ien ts  (n  ) -  ^  o f  the  l -ex 'oonent ia l  t rans form o f  (A  )o" . .  a re  the  mo--  n .n= [J  -  i r  f r=U - -

monts  o f  a  pos i t i ve  oDera to : :  va lued measure  on  01 .

A siml la.r  statement hol"ds for the -L-exlglrent lal transfqTm.

!Ioq€, Assrrme for tlie moment
1

r €  l  _ _ -  ( e i ; t ( H )  ) , s a t i s f y i n gcomD
phase operator of a measure

( l )  a n t i  ( 6 )  o n e  h a s , f o r  l z l

oo
( A  )  r ' e o r e s e n t s

I l ' D = 0

on ly  i f  the  coef -

oo
that (A )  ^ are the moments of a funct ion' i l ' D = U

Or< I l (  L .Accord ing  to  Theorem 2 ,Y ' fL  i s  the

f  w i th  va lueg in  l , ( l { ) . , - . tn  v iew o f  re la t ions

suf f i c ien t ly  la rge :

@

f u -
n=O "

-n-1
o - 1 -exp ( -r,-1*o"r- "-t ,

o 9 .

1-exp(-  I  I  tnr - " - r ] . ' ( t ) t
n=o 1i

(
1 - e x p t  

)  
o ( t ) r , - 1  ( t - z ) - 1 a t )

r l R

I  f t - , ) -1d  s  ( t )
a

. q (
I t l t n c i r ( t ) ) r - n - 1  .
n=, R

- t u * )

Not j .ce  tha t  a l l  o f  the  above ser ies  converge abso lu te ly  fo r  l z l )7  O.

Converse l -y , the  same sequence o f  equa l i t ies  shows tha t , i f  (Br r ) [O are

t h e m o m e n t s o f a t ( H ) * - v a l u e d m e a s u l : e d ' w i t h c o m p a c t s u p p o r t i n R ' t h e n

there  is  a  un ique func t ion  l '€  t lon ,o( [ r ; l ( ] l ) ) , sa t i s fy ing  the  c r :nd i t ions  o f

t h e  s t a t e m e n t .

le t  us  remark  tha t r fo r  a  f i xed  rea l  number  a 'supp( i " )C[a , t " )  i f  an< i  on ly

i f  s u p p  (  A  ) C  f u ,  *  )  ,  o " *  T h e o r e m  2 .  
!

A simi lar argument yields the concl-usion of 1l 'heorem ] in the case of

compact  suppor ts  and fo r  the  - l *ex t ronent ia l -  t rans form (6) ' .Spec i f l caL1y ,

Carey ts  equ iva lences  can a lso  be  der ived  f rom re la t ions  l i ke :



= exp,-  fo , t ,
lR

*  ( , r -

t
l 1

r . . l ( t - z ) - ' d  g '
J
rr

l - f  '  ( R  ,  - z ) - 1 K ,  = /+ .  \ ( t -z)- t  * t  )  ,

see  fo r  i ns tance  f  5 l  , t t n " * r re r , t he  ob  j ec t s  (A ,K )  and  €  assoc la tec l  t o  B  by

reLa t i ons  (3 )  a re  j - n  genera l  d i f f e ren t  o f  (A ' rK ' )  and  6 '  above .

This  second parametr izat ion has the prope: ' ty  that r for  a  f ixed b6.&t ,

supp ( l l )  C  ( -m ,b ]  i f  and  on l y  l f  supp (  g r ' )  C  ( -oo ,b l .

More in terest ing is  the case of  unbounded suppor ts ,Assurne that  the

: func t i on  l ' €u1  (A t ; l (H ) )  has  the  rnomen ts  (A r r ) l n  an t i  sa t i s f i es  L r<  l i <  l r& "e . .

le t  X. ,  denote the characte l is t ic  funct ion of  the in tervat"  f - r , r ' !C F,and

put  l ' "=T"n,* i t i ' ,  the corresponding momento (Ant" ) ) [o . In  v ievr  o f  t ] re  pre-

cedlng considerat ions there is  a  pos i t i -ve ope j ra tor  va lued measure f " ,

compactly supported by [t and vrith the property:

f i )

( 8 )

r* f tt-" l-1 o
Fr

(

]  r "u dr( t )  l l  < *  ,
B

6 r ( t )  =  n * p ( t - 1 t-u)-1 Fr (t ) ) ,I ,
IR

z e 0\ [ t .

rn pai^t icular l lerCIi) l l  (  l l  r  l l  , r
nomia ls  wh ich  re la te  the  moments  o f

t h a t :

4- ' , b y  
( 4 ) . M o r e o v e r , t h e  u n i v e r s a l "  p o l y -

d  to  those o f  F-  show rec t r . f ren t lyr r

fo r  any  n)To.There fore  (6 r ) ">  
o  

i s  a  fa rn i l y  o f  func t iona ls  on  the  sepa- '

rab ]e  1oca l l y  convex  space P o f  con t inuous  func t ions  on  $ ,w j - th  po lynorn ia l

g r o w t h  a n c l  r + i t h  v a l u e s  i n  t h e  t r a c e  c l a s s  i d e a l  C l C L ( H ) , S t n c e  t h i s  f a m i i y

is  un i fo rml -y  bounded w i th  respec t  to  a  fundamenta l  sys tem o f  seminorms o f

P , A l - a o g l u ' s  T h e o r e m  p r o v i d e s  t h e  e x i s t e n c e  o f  a  w e a k  l i m i t  6  o f  (  t r r ) " >  
O .

I n  v i e w  o f  ( e )  o n e  g e t s : '

( ^  (

s o - r i r n  \  t n u  f r ( t )  =  
. |  

t n a r l t ; .

"-n^ fr [i

sup ll
r ) 0

oo
Th is  su f f i ces  to  conc lude tha t  the  coef f i c ien ts  (Bn)n=O u . tu prec lse ly
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the  moments  o f  the  mea.sure  6 .

C o n v e r s e l . y , l e t  € ,  f i  0 r 1  -  f  ( ] l ) +  b e  a  m e a $ u r e  w h o s e  v 1 6 n r a n * e  1 D  \ -t  "n 'n=o

exts t ,By  per fo rming  a  s i rn i la r  t runcat j "on  dev ice ,one assoc ia tes  to  every

nleasure o'"=X"o'  a ptrase shif t  operator tn".r- t  with compact support .

13y  tak ing  in to  account  re la t ion  (7 ) ,ono f inds  by  the  $amo recur ren t

dependence be tween (1 l r r )  and (Ar r )  tha t  the  rnoments  o f  l i ' r  a re  un i fo rmly

bounded w i th  : respec t  to  r>  0 . l , /hence argu ing  as  be l lo re  there  ex is ts  a

w e a k  l i m i t . J  o f  t h e  f a m i l y  ( F r ) " > O , i r  t h e  s p a c e  o f  o p e r a t o r  v a l u e d  m e a -

sures  on  [ l .S ince

b

I
a

F r ( t ) d t )  )  , T >  I r , (b-a)  l l l t l l l  l  l lIcr

f o r  a n y  v e c t o r s  7 , Y <  l l  a n d  a n y  i n t e r v a l  ( a , b ) C l R , v r e  i n f e r  t h a t  V  l s  a n

abso lu te l -y  cont in , ro l ju  measure  w i th  respec t  to  the  l inear  l ,ebesgue measure '

a n c l  i t s  w e i g h t  F = d v  / d t  s a t i s f i e s  O <  f  ( t ) (  f ,  & . , o . .

Jn  conc lus ion  the  momcnts  o f  F ,  converge to  those o f  l "and the le fo re

t h e y  a r e  n e c e s s a r i l y  e q u a l  t o  ( A n ) 3 0 .

T h i s  c o m p l e t e s  t h e  p : r o o f  o f  T h e o r e m  J .

At  th is  po in t  we have t rans formed the  l *p rob lem o f  moments  (5 )  in to  a

I lamburger  p rob lem,Th is  has  r :e r ta j -n  advantages  in  t rans la t i r lg  the  conc lus ion

of  .Theorem J  in to  pos i t i v i t y  cond i t  j -ons ,cven v r i th  cont ro l  on  the  suppo: r t

o f  t h e  i n d e t e r m j - n a t e  f u n c t i o n  F . M o r e  p r e c i s e l y .  o n e  h a s  t h e  n e x t  r e s u l t .

Coro l la ry  4 .  le t  (a ,b )  !9  j i r - ^ r t r lg rva l  o f  lhe  . l : / i th  tbg  aS-

sUlrpt j -onq q}{_.nqt.at io}r  of  . Ihegrem l , tFq f-q}: l .oYins assert ions are gqUil la-

l e n ! :
oO

1 )  ! i1g L-p. rgblem of  momentq wi th  4ata (Urr ) r r=o is  sof r rab l "e i

2) T'Ul-blpk-oneraLoJiqt matrix (n^n*)f,*=o is nonjegati--r/e-.def!n:t le;

l) r lre hlo}-otcr-a!.ori.nl matrix (o,l*r)f, ,*=o i :
.  Jn . ! r re . t  gese* j lg  so}} ! io4 F € L 

r  ( [ t , ] , ( i t )  )  p$ is f  j .e-q supp(p;  C fa ,b] i t

anr,1 only i-, [  t l ]q .matl ices ( i ln**n1-rBr**)I,r=o glg (oB,|r-B,l***t ) l ,n=o

aro non-negat ive def in i te .

groo3.  Reca l l  tha t  the  scc luence o f  se t f -ad jo in t  opera tors  ( ]1 . ) : *n  repre-
I I  I I= IJ



sents the moments ot '  an operator  va lued measure don the ax ls ,which ls

posit ive,i f  and on1.y i . f  the l la.nkel rnat:: ix (nrr**)I,m=o is non*negati-ve

def in i te .This  ls  the operator la l  counterpar t  o f  tho c lass lca l -  thoorem of

I {amburger .The proof  ( in  tne scalar  case)  of  th is  resul t  conta ined in  [ t4 ]

Chap.X extends rv i th  minor  mocl i f icat ions to  the operator  va lued set t lng,

s e e  a l s o  [ t  l ]  a n a  f ? J .
In  conc lus ion , l l heo rem 1  p roves  tha t  asse r t l ons  1  ) , 2 )  and  ] )  a re  equ i *

va len t .

The statement  concern ing the suppor t  o f  the funct ion ! ' fo l lows f rom

the observat ion that  supp(ef  )C[a,  oo)  i r  and only  i f  a(o^r* f i , *=o-(  ( i ] r , *** , ,  ) f , r=0.

This  in  turn is  equiva lent  to  supp( ] l )  C fur* ) ,  &s we have ment ioned in

the proof  o f  theorem 1.0or : :espondingly , the rnat r lx  (Br l * r ) f , , r=o contro l ls

the upper  bound of  supp(F) .Thus the p: roof  o f  Ooro l . l .a ty  4 is  compl .ete.

- l U -

I lo t i ce  tha t  the  in te rva ]  (a ,b )  may by  unbounded in  Coro l la ry  4 .

Some proo fs  o f  Theoren i  and Coro l la ry  4  a re  g iven in  l ]21  and f l t l  ' i n

sca la r  case(  d iml l=1) .These au thors  use  some s l igh t ly  d i f fe ren t  exponen-

t : :ansforrns <. i .ependlng on a and b, in the cai ;e with prescr ibed suppo:: t

f * , b ] .
i r t h e n  o n e  i m p o s e s  c o n c l i t i o n s  o n  s u p p ( F )  l i k c : s u p p ( I r )

con< l t t ions ' found by  M.G.Kre in  and l {ude lman f t  t l  seem to

More  exac t ly ,Coro l1a ty  4  can be  comple ted  a .s  foL l -o t+s .

t h e

t ial

into k
C  U  f u r , b . , ] , t h e

\ *  4  t J  d

be ' - : '  op t  ima l  .

k

coro l lary  5.  {qgprns - !J , -e-4ota. ! . io l  o t  } , Ie t  J= tJ f " r ,b i l  E
1 . ^  - ' -  i - 1 -  J  J '

a , f j n i t g . d r s j l i p t  u n i o n  g f  i n t e l v a l s , a r y ! . l e t  F C  l , ' ( f a r , b f , ; J  - ' ] , ( H ) ) , O . ( F * ( L .

! 'hen supp(tr)C J j . f -aryi  onl-v l f  the l lank-el  rnateix (crr*r) f ; , ,n=o is n.oq-

negativg qe.finltg,r^{qele the o.pela.tons 0,. rlrejefirr_ed b.v the forma}j499!:L*Lg:

q

<.
I -  )  , C N

fl=O 
--
xn+1  =  (a r -x ) . . . (au -x )  ( r - f  n , " x to1  ) .

( b r * x ) . . . ( b r _ r - x )  D = o ' -

! Igd .  Le t  fa ,b l  be  a  compact  in te rva l  o f  the  rea l  ax is .The s ta r t ing

po in t  i s  the  obv ious  identL tY:

la

f
exp (J  f t -z)

a

- 1 d t ;  
=  ( b - z )  ( u * r ) - 1  , z € 0\St.



The L-exponent la l  t ransform (Bn)

g lven funct ion F def lnes the analy t ic

r
6trl = r- I- l lnz-n-1= exptr,-1 )t

It=O 
rr 

S1

- l  l -

hen the

s i o n :

of the moment soquenco

funct ion :

(Ar , )  o f  the

r ( t ) d t ) , lmz  )  0 .

a.na ly t i c  func t ion  r le f ined in ' tho  up*Assume that

per half plane

t f  t , l
( a .

a

s r ipp ( I i )C  J .T

by the expres

- n ) . , .  ( t t  - " ) -.n (f
u1

,n f t r - ,1- '
Dr

Cases &1 = -00 or /and bU= 00 are  no t  exc luded in  Coro l -

i?ro1:osi t ion 6. le!  ] r lo em{ I ' l€ | } ' l  be : l l lgJl . f logslder 3,, !qq e (a
2hT

1,-exrr.ne-nt j"1l-  t rapsform (Orr) i=O . ' l 'hen:

a) Thero exists ? fr lnct. ion f  €L'(Xt) ,0< f(  L wit i ] - - [ i tg, : [ i rgl  2hI+1

) 2t{
n 'n=O

. \ b n - z ) . . . ( D , -  n - %
| 11,- I

1 4 ( ' 1  = ( r ( t ) t - '  *  h , , , " J * )+ . . .  +

*hn_,, ," i l ( t  )  )  ( t-z)- 'u* )

i s  o f  the  fo rm

V(, )  = d  t  ( t ) , I m z  ?  O ,

w i th  a  pos i t i ve  opera tor  va lued measure  t .

,, "::-::l;'1,"=ll;,;;.-:.;;::':--l"l"l;'"';l-'.'io'''f 
' #foo-''"il*'

a p p l y  T h e o r e m  2 .

1he same observa t ion  f in ishes  the  proo f  o f  the  converse  lmp l . i ca t ion '

by  us ing  th is  t lme Ooro l la rY 4 .

I t rot ice that the

Lary 5.

l lenc 'e fo r th  v re  keep the  no1;a t ion  o f  Theo: :cm 3  bu t  we impose res t r l c t ions

on d iml l . j r i r s t , the  case d lmi {=1  is  ana l i zec l , l ' he  nex t  resu l t  i s  c lass ica : "  [Z ] ,

bu t  the  proo f  t re l .o r r 'exp lo i ts  the  theory  o f  the  phase sh i f t .

moments
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& n r l n , . . .  , a , , n ,  i f  a n d  ,  o n l y  l f  , t h e  m q t r i x  ( b * . * ) I  *  ^  i s  n o n - n e f i a t - i v e  d q f t -
U I r}t  n+m' 11 , m=U

n i * a

a
-b) 

plpntem a) hns. a soJgt-ien f €L' CIt) sa!. isfyins O< f<L if  ,an{.-pn].v j"f

the  mat r ix  (b
'  

. N
) - '  ^  l s  p o s i t i v e  d e f i n i t e .

n + m ' n . f i = Q  -

c) Asgume thaj t l le- rugtri-x (b-,*): -,*^ ip Jrok:I-rqsatlyg def-initg and
. lJ n+m' n r III=U -._* 

y
det(b*  _) :  -  ^=0.1 lhqn and onl .y 'bhpn_lbefe is  g  uglq l lg ,ssUrt iqr l  f  o{ ,probl "pm

f l * f i '  f l  r f l l=U

a). l4gtggyq{, in _tFat_ c?qe f  ig pj .gcewise gonslant.*a}d. l t  assUpes-only t}19

values 0 gg4! l.

P : :oo f .  A  pnr t  o f  the  asser t ions  o f  Propos l t ion  Q are  s imp le  app l i ca t ions  o f

Coro l la ry  4 , t {ex t  we dea l . ' ' .  on i -y  w i th  the  non- t r l v j -a l  lmp l ica t ionsn

Fi irst  of  al l  i t  should be recaLled that any non*negat ive r ief lni te

I lanke l  mat r i x  (b r r * * )1 . *=o  can be  ex tended to  an  in f in i te  non-negat ive

def ini te l lankel rnatr ix.Thj-s ean be. shown by a var iety of methods,for J-n-

s tance by  cons t ruc t i -ng  a  f in i te  rank  sc l f -ad . jo in t  opera tor  A ,w i th  cyc l i c
, v

vec tor  I  and w i th  the  proper ty !

( e ) br ,  =  ( rn t  , r>  ,  o  r *<  2N.

The l l i l ber t  space K on  wh ich  A ac ts  e fec t ive ly  i s  f in i te  d imens iona l ,bu t

i t s  d i m e n s i o n  e x c e e d s  N .

Then the phase shif t  I  of  the perturbat ion A --+ l+ )eE, has sorne

moments  r+hose 1-exponont ia l -  t rans form are , in  v i r tue  o f  Theorem 1  ,  (bn) :o .

S inco  the  opera . to r  A 'has  on ly  po in t  spec t rum, the  p l i r : se  sh i f t  cP is  1 ' iece-

w ise  cons tan t  and takes  on1.y  the  va lues  O and 1 .Thus  the  func t ion  f=Lg

j . s  a  s o l u t l o n  o f  p r o b l e m  a ) .
N

r f  de t  (on* . * )n , rn=o

L '<  L  i s  su f  f i c ien t ly  c lose  to  L . Indeed,  i . t  su f f  j - ce  to  reca l l  tha t  b r . ,  r  .  .  .  ,  b ro ,

a r e  p o l y n o m i a l  f u n c t i o n s  i n  L - 1  , " o r . . .  r & 2 N . I { h e n c e  d e ' c ( b n * * ( 1 , ' - 1  , B O ,  . . , r r r r i i

i s  s t i t l  pos i t i ve  fo r  L -1 , r  smal I  enough.Le t  us  remark  a lso  tha t  in  th is "  case

there  is  an  ln f in i ty  o f  so lu t ions  o f  p rob lem a) ,ob ta ined fo r :  lns tance by

vary ing  the  cons tan t  l ' .

I f  d e t ( b -  .  ) . , n _ n  = O , t h e n : : e l a t i o n  ( 9 )  s h o i . r s  t h a t  t h e  v e c t o r s  r , A S ,nr n+In l I  r  l l l=u

. . . , A " '  a r e  l l n e a : r } y  d e p e n d e n t  ( i n  K ) . S i n c e  V  
w a s  s u p p o s e c i  t o  b e  a

c y c l i c  v e c t o r  f o r  A €  T , ( K ) , 1 t  f o l l o w s  t h a t  r i i m K (  N . l l e n c e  t h e  p a i r ' ( A , T  ) ,
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e,nd a fort lo:: l  the function f=I,y

s e q u e n c e  b O , . . .  n b 2 * . T h u s  t h e  o n l y

that ca.se to be f=Lg .As we hitve

piecewise constant  and i t  assumes

. ,ar:e uniqueLy determined by the f j .nlte

solut lon of  p : :ob lem a)  l .s  forced in

a)-rearly remarked, the phase shift  g is

only  the va lues O and f , ,  Q. l l .D.

Tr>

Ao

The a ,daptd t ion  o f  Propos i t ion  6  to  the  l , -p rob lem o f  moments  w l th

prescr ibed suppor ts  l s  now a  s imp le  rou t ine .

Ac tua l l y  some i rnp l i ca t lons  o f  Propos-L t ion  5  remain  va l id  in  the

o p e r a t o r  v a l u e d  c a s e  ( i . e .  w h e n  d i m  I { > 1 ) , a s  d i r e c t  c o n s o q u e n c e s  o f  T h e o *

rem 3  and Coro l la ry  4 . I ' l ex t  a  l -ess  t r i v ia l -  genera l - i za t ion  o f  Propos i t ion

6 . b )  i s  d l s c u s s e d .

D r n n a c i * i ^ n  ' /  
L e t  I {  b e  a  f i n i t e  d i m e n s i o n a l  } l i l b e r t  s n a c e  a n c l  1 e tr . r  \ / v v v ! v r v r r  t .  - €

0,N€ N be f i xs$ .C,ogs . ldg l  a  seor renqe o f  2 l l+1  sq l  f *nd . io in t  opcra to l :s

1 A n  , . . .  , A " r r €  L ( l l )  , a . l d _ i t s .  e : i l r o n e n t i a l  t r a . n s " f o r m  I 3 , . , 8
| ltJ -::----_- u'O ' l l 1  ' . . . ' 8 2 N ,

. l f  thg bl  o_qk-gra-trr I  (thg blojl<-ma-tril (tt- _)- * ^ 1_q-fa_S_r=!rvf:__fle_fi.nite,then there is-  n + m ' I I r l i l = U -

an jnf j -gi . t :Lof f rrnct j .ons
- a

"  
-  -  |  / r ? ,  '  / r r \  \l r€ l ' ( , [ t ;L( l l )  )  r . j l ih l ]  a_f,-p:-q_t monont.s

A O r . . . , / t 2 l J  a n 9  s a t i s f . y i n r ;  0 - < I ( t ) <  I  a . e . .

P . rgg f - .  I t  su f f i ces  to  remark  tha t ,under  the  assumpt ions  o f  thc .  s ta tement ,

the  I lanke l  mat r i x  (n  ) l {  ,  can  be  ex tended to  an  in f in i te  l ianke l  ma-t ' -n+rn 'n  
r  m=O 

'

t r t x , p r e s e r v i n g  t h e  p o s i t i v r t y . T h c  c x t e n s i o n  c a n  b e  o b t a i n c d  r e c u r r e n t l y

as  fo l1o l l s .

Choose fo t  O2 lU* , , '  an  arb i t ra ry  se l f -ad jo in t  ma. t r i x  and t *k "  l l2 ' { *2=

d i a g ( x 1  , . . .  , * d )  w h c r e  x 1  , . . . , x d  a r e  r c a l  n u m b e r s  a n d  d . * d i m l i . T h e n  t h e

nr r rn l ra rc  -  x ,  can  be  f i xed  succes ive ly  in  o rder  to  ge t  pos i t i ve  p r in -"  ^ 1 ,

c ipa l  m inors  in  the  ex tended ] . lanke l  mat r i x :

N R' -o  " '1

D ^
I

R N
"tr  " r r  ,  4

1 I  I I t I

R 1 1
" 1 r . 4  " t , f  , a

l r f  I  L \ f a

E R--l{ '-1tr+1

R N--l{+1 --l ' l+2

:
n n" 21:l 

--2N+1

T 1  r T i n a ( v  w  \
" Z . i + 1  

v a q b \ r r 1 r  ' .  '  r ^ d t

i nsures  the  ex is tencei, /henever such an extension i - s  p o s s i b l e , C o r o l l a r y  4



4 A

o f  a  s o l u t i o n ' F € 1 1  ( n t l ( l l ) )  w l t h  t h e  p : : e s c r i b e d  m o m e n t s  A O r . . . , A r *  a n d

satisfying O< Ir-< I, .

By repeat ing the.  argunent  g iven in  the proof  o f  Proposi t ion 6nthe

r :ondi t ion do* ( t rnr ) l "or=.31""r  be exple i , tea in .  order  to  f  ind so lut ions I

r v i t h  t he  p rope r t y  o \<  I ( t )<  I ,

The non*uniclu-eness may be obtalned for instance by small addit lve

per turbat ionsras fo l lows. l ,e t  3  ( t l  be a measurabLe fami ly  of  un i t  e igen*

vectors corresponding to  the naxj - rna l -  e igonvalue of  l ' ( t ) . rake a measurable

s e t  J  C [ t  o n  w h i c h  L <  < ] ' ( t )  5 ( t ) , ]  ( t ) )  <  L - E  f o r  a  s u i t a b l e  s m a l " l  c o n -

stant  E )  o  and t65 .To any scal "ar  funct ion g€ loo( t  ) ,g loror thogonal  1n
, )  .  , 2 N

l ' ( 5  )  t o  t h c  f  i n i t e  s y s t e m  1  , t r . . . , t * " , t h e r e  c o t ' r e s p o n d s  t h e  f a m i l y  o f

operator  va lued funct lons:

r s ( t  )  =  F ( t  )+ss ( t  )8 ,  t t )@ !  t t  )  , s < ( o , t / n g ( l F ) , t € 4 t .

nal lyr i

I

\
l
Irt

T a m q

(
l

= l
I

IR

: rks  tha t  0 (F" (  I  and

t n r ( t ) d t  =  A n ,t n r  ( t  ) a t

f o r  e v e r y  n - ( 2 N  a n d  s  a s  a b o v e .

Th is  conc ludes  the  proo f  o f  Propos l t ion

?  I , \ i n n ' l  r o m n r l r ^
)  .  I  l l ] c r  l .  a  U l l l u f  I \ J

1 )  l l n t i k e  i n  t h e  s c a l a r  c a s e , t h e  r e c i p r o c a l  t o  P r o p o s i t i o n  ?  f a i l s  t o

be true. l lh is can be seen for instance on an example ar ls lng from a tr lv i .al

d i rec t  sum:  pOO € f ,1  (n ;L (HOl l ) ) ,v rhere  O g l ld  1 ;  .The moments  o f  the  func t lon

I ' ,@O are (O"g9-l i ]O and their  I , -exponent ial  t ransform ls of course of the
,I\T-- '

f  o rm (n  m ) ' - ' " ^ .-  n  n - ( l

2)  J?ropos i t ion  6 .a )  s t i1 l  has  an  ana l -ogue in  the  opera tor  va lued casen

l lov rever , in  tha t  case the  pos i t i v i t y  assumpt ion  (n ' .  * ) I  ^  ^7  O is  no t  su f *'  
n+m' I l  ,  f i l=U '

f i c ien t .To  tha t  cond i t ion  i t  must  be  added a  qu i te  invo lved z ldd i t iona l

.7
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proper ty  d iscovered by Ando t : l  Theorem 1.  ,

3)  I t  is  impor tant  to  not ice that  the proof  o f  Theorem 3 above shows
that  there ex ls ts  a b i ject ion between the set  o f ,  sorut ion of  the r , -pro_
blem of moments (5) and the l{amburger moment problen with data the l,-
exponentlal transform of the init ial moments.

some abstract parametrizatlons of the solutionsSf the operator va-
lued }{amburger..moment problem exj-st.The ::eader can'Jonsul_t fT].

4) All  the operator valued moment problerns discussed ln the present
paper on the real axls have.a natural- counterpart on the one-dimejnsionaL
torus.The corresponding so lut lons on the torus,  ex ls t  and they are ln  per*
fect analogy with the rnain results above.For L-problems of mornents on the
to rus , i n  t he  sca l .a r  case ,see  gz l  ana  [91 .
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