
INSTITUTUL
DE

MATFMATICA

INSTITUTUL NATIONAL
PENTRU CREATIE

STI INJTI FICA St TEI{NICA

l $s ru  0?5{ }  3s38

VON NEU&IANN OPERATORS ARE REFLEXIVE

by

B.  PRUNARU

. PREPRINT SERIES IN MATHENIATICS

N o . 1 5 / 1 9 9 0

BUCURESTI



VON NE{JMANN OPERATORS ARE REF'T"EXIVE

by

B. PRUNART'S)

March, 1990

") Deportnr ent of Mathematics, INCREST, Bd. Pacii  220, 79622 Buchorest,

Ronionio.



VON NEUIIIANN OPER.ATORS AR.E REFLEXTVA

by

B. PRUNARU

T.INTR,ODUCTION

Let H be a separable, inf inite dimensional complex Hilbert spaee and let L(H)

denote the algebra of ai l  bounded l inear operators on H. A planar eompact set K is saicl

t o  be  a  spec t ra l  se t  f o r  T€L (H)  i f  K : )  f (T )  and  i t  f (T ) l l  Ssup l l f ( z )  l i  zex !  f o r

every rational funetion f with poles off K. I f  SlT) i tself is a spectral set for T then T i}

cal led a von Neumann operator. One easily sees that every subnorrnal operator ( i .e.

restr ict ion of a normal operator to an invariant subspaee) is a von Neumann operator. In

[14] ,  R.  Ol in  and J.  Thompson proved, .us inEl  the Seot t  Brownrs teehnique,  a  s t rueture

theorem for the predual of the dual algebra generated by a subnormal operator.

Moreover, they showed that every sueh operator is reflexive. For basie facts about

subnormal operators see [9].

The aim of this paper is to extend the above results to the elass of von
i

Neumahn operators. Our. proof is based on reeent results on the structure of

contractions with isometric functional calculus (see [2], t6l and t?l). t

2. PREI,IEEINARIES

We assume the reacler is famii iar with the basic definit ions and resuits in the

theory of dual algebras (see [3]). However, reeall  that a dual algebra ACL(H) ( i .e. a

weakr closed subalgebra containing ln) is said to have property (Ar(r)) for some r ) 0 i f

for each element 
{ 

in the predual QO of A, and eaeh s ) r,  there are veetors x and y in
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H sueh thatcf(T) = (Tx,y), T€A and (l xtl l t y[ < s \tq(t . Let ffp(C) denote the algebral l

of all bounded analytic functions on the planar open set G. Recently, H. Bercovici [2]

and B. Chevreau [7], proved independently that every dual algebra A CL(H) which is

isometrieal ly isomorphic and weakt homeomorphic with H')a(D), where D denote the

unit dise, has property (Ar(r)) (Bercoviei gets r = 1). I l loreover, S. Brown and B.

Chevreau proved (see [6]) that every such algebra is reflgxive, i .e. A = AiglatA, where

AIgLat 6 =f r€ L(HhLat Ac-LatT t  .

These results can be used to prove that the dual algebra generated by a von,

Neumann operator has both the above propert ies.

Before doing this, we need a deeomposit ion theorem related to spectral sets.

For  any compact  set  K C C,  R(K)  denotes the uni form e losure in  C(K)  of  ra t ional

functions with pales off K. R(I() is said to be Dirichlet i f  ReR(K)lAX i,  uniformly dense

in CO(?K). The fol lowing theorem is a part ieular case of stronger result due to

Lautzenheiser  [11]  and I l { lak [12] .

R(K)

Then

TIIEOREM Z"L. Let TeL(H) and assume that K is a spectral set for T such that

is Dirichlet and u = Int K is nonvoid. Let I uit ,r, dengte the eoppglents of u.

T = (D T, eorresponding to a deeomposition t-\ = 6tFl, where:
D0 L0
-1^ is a normat operator With f(T^) C. 3 X;O - - O - - - - - ;

- for eaeh i ) 1, there are weal<* continuouq eontraetive represeltat ions.

(}1 * u'o1u,) .--+ L(r{i)

such that 4 ,{ t)  
= 1".

I

I f  moreover,

el9 Q ,t"l
qr(r)n ui

- r F-  1 . .
I

* Q, then is non tr ivial.T .
I

The above result was also used by J. Agler [1], where he showed that every von

Neumann operator has a nontrivial invariant subspace. Recali  that a subset Sc G, where

GcC i s  an  open  se t ,  i s  sa id  to  be  domina t i ng  i n  G  i f  sup  { f ( z )1= t \ f  \ h .  f o .  
"u * . yzes
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f CFfo(C). For the proof of the next result see Ib, Theorem 3].

LEIVIMA Z.Z. Let [;c C be

exists a compaet set K ) L with Int K

- R(K) is Dir ichletB

and

a compact set such that C(L) I R(L). Then there

I O such that:

- L {\ Int K is dominating in Int K"

3. A STRUCTURE TIIEOREM

The main result of the paper is the fol iowing.

THEOREM 3,1. If T e L(H) is a von Neumann operator, thgn the dual algebla

A, p;enerateg Qy T has property (A1(1))and is reflexive.

Proof

I f  R($(T))  = c(cr (T))  then by a resul t  o f  von Neumann [18] ,  T is  a  normal

operator. For suclr operators it is easy to see that A" has property rAr(1)) and is

re f lex ive (c f .  t lS l ) .

Thus, we may assume R( <'(T)) I  C(d(T)). By Lemma 2.2, there exists a

compact  set  K)q, - (T)  sueh that  R(K)  is  Di r ieh let  and r (T)nIntK is  dominat ing in

Int K" Let i  Uit 
U, 

denote the components of Int K and tet ,  =,r$", be the

deeornposit ion of T with respeet to the speetral set K, given by Theorem 2.1. Let also

Cpt : rf*(ui) *t L(Hi) denote the weak* continuous reprbsentations satisfying

i l r , t z l = T i  , i ) t .  s i n e e  : r ( T i E t , ,  t )  1 ,  l )  I  a n d  q ( T o )  c  O x ,  o n e  e a s i t y  s e e s  t h a t

\t(T) nU, = $(Tr)C\U, for each l2 1. By assumption, sf,(T)fi Int I{ is dominating in

Int I(, hence rI(Ti)Ct ut is dorninating in 11, , for I ) 1. since f(\ ) e tr(Q;(f)) for each

\e.qr(Ti)n 'Ui ,  i t  fo l lows that S1t u*(U,)  . - -L(Hi)  is  an isometry.  By a standard

application of the I{rein-Smulian theorem one gets that $ I tr a weak* honreomorphism
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from I{s(ut) onto its image Ai = $i i(H* (ui)). sinee each u, is imply connected (cf. [9,

Theorem vI 7.21), i l"*(ui), henee Ai , are isometrieatly isomorphic and weak*

homeomorphic with gP(n). By the already mentioned results from [2], [6] and [?], it

follows that every dual. algebra A, has property (A1(1)) and is reflexive. Because To is

normal A", = Ar has both the above properties. Therefore, by [10, proposition 2.b], thew  t o

direet sum A = 
9A, has (Al(1)) and obviously A is also refiexive. By [10, proposition

l ) 0 '  ,

2.51, every dual subalgebra of A, in particular A" has (A1(1)) and is reflexirre. The proof

is complete.

An operator T € L(H) is said to be refiexive i f  the weakly elosed subaigebra

Wt generated by T in L(H) is refiexive. An immediate corol lary of Theorem 3.1 is the

fol lowing extension of [14, Theorem 3].

coRoLLARY 3.2- Ev-egJ vgn Neumann operalor is reflexive.

Proof

one knows (t3l) that if a dual algebra AcL(H) has property (Ar(r)), for sorne

r ) 0, then A is also weakly closed. In particular, this is true for the algebra A" n
generated by a von Neumann operator T on L(H). Apply now Theorem 3.1.
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