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MULTI-A}.IALYTIC OPERIITORS AND SOME

TACTOBIZATION T}IEOREM. II

by

Gelu Popeseu

This paper is a continuation of t5l and deals witn Ftoeplitz operators. (For

the terminology see Seetion L).

Section 2 is devoted to an extension of the Fejdr-Riesz theorem [6] to our

setting and to a eoncrete realization for the Focl< space tl l .

In the last seetion we extend the abstraet Szego' infimum theorem [Z], to
rA
J -Toeplitz operators.

1. PREIIMINARIES

Throughout this paperT,\ stands for the set {t,2,...,t<l (t enU*; or the set

N" = { , I ,2, . . . ! .  For every n€}, I*  let  F(n,A) be f l re set  of  a l l  funct ions f rom the set

{1 ,2 , . . , ,n }  to r \  and
@

T = [J F(n,A),  where F(t) ,n)  stands for. the set {0 } .

A sequencu f={t^}te.el of unilateral.shifts on a Hilbert spaee }€with

orthogonal final spaees is called a A-orthogonal shift if the operator matrix

1S1,S2,. . .1 is nonuni tary,  i .e. ,  *r=K" (  
oga.Sl le)  

I  {01.  This def in i t ion is

essentially the same as that from [3,4]. The dimension of f is eailed i lre multiplieity

of the /\*orthogonal shift. One can show that a l\-orthogonal shift is determined up

to unitary equivalence by its multiplieity.

Let us recall from [S] some definit ions. An operator T6 B(]f) is called
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( i l f -Toep l i t z  i f  S j r s^= r  fo r  any  l e r \  anO S{RSU=g fo r  l lU ;

1 ,u €"A;

{i i} f-analytic (or mu}ti-ana}ytic) if TSX = t^t for any IeA ;

(iii) f-inner if T is f,-arralytie and partiatly isometrie;

(iv) f-outer if T is f-analytie and ffireouces eaeh so (fre A ).

In the next two seetion we shall use some of the results from [b].

2,. FwdR-RlEsZ TIIEoREM oN THE FoCK sPACE

L e t  u s  c o n s i d e r  f = 1 -  r
q 46 t 

Sa'] 
freA 

a r\ *orthogonal shift on W ancl

e( = 4CI ( - S sn ff ). The following is an abstraet extension of i lre Fejer-Riesz
Agn 't

theorem [?,  p.  1.181, t6]  io our set t ing.

TEIEOIiEM 2.L, Let T€g(i{) ue a nonnegative f,-roeplitz operator and let

K'bu a dense subset of  X such that for  a l l  I 'ed ' there is nr,€N* sueh that

sf Ti' = o, for any f € F(nl, ,A),

where for any f e F(n,31), S, stands for the product Sf(r)Sf(Z) .." Sf(n).

Then there is an JP-outer operator Ae B(H) sueh that

f  =  A * A ,  , A o  : =  p o A p o  )  0 ,

where P is the orthogonal projection of K onf , ando

sf at '= o,  for  any f  eF(nr,  ,A).

PROOF. By hypothesis, for any l '€ d', h€ffi and n ) nU , we have

:Sf Tl',tr> = 0, for any f e F(n,A).

From this we get

T* .E,*uo {1<r l t ,s fh>12;  r le f f  ,  l l r '+6i l= rJ = o.
n+tl f e F(n,A)



ApplyingTheorem 4"1 in [5], we find an f-oute. operator A€B(7{) sueh that

T  =  A*A,  Ao =  poApo )  0 .

Let us sholt ' that sf er = 0, for any L,e *.,, f GF(nl, ,A). sinee

f-outu, operator onJe , the subspaee,#:= fft of Ft-."cu"", eaeh Sn
Therefore, there is an f=inner operator B onJ(suctr thgtJLB*Je, namely

where P* stands for the orthogonal projeetion of K on,4o Since eaeh S^

eommutes with B it foilows that

sfJd= siB*&= e*sf;e €B*N=d&

whenee

(2.1) sf avell,,

On the other hand

a*(sf at') =

f lnn)  =c1 @ O 
"P*,m ) 1

where Hn is an n-dirnensional eomplex Hitbert space with orthonormal basis

€ 1 r € 2 r . . . r € n .

For this, let us define the

t A n = e 1 S h ,

isometr iesS^ , ler t  =  { t ,2 , . . . ,n t  Uy

n a $(nn)

A  i s a n

( l , en ) .

u = k '
( h e n )

for any i'a dt .

sf ll '= o, for any f eF(nr, ,r!)

and henee

(2 .2)

From (2.1) anO

'  
space [ lJ

It is easl to

multinl ic\

see that f= I S1,S2,...,Sn 1 
it a fi -orthogonal shift

one, i .e.,

on T(un) with the

sf are xer A* = ,t{o* .

(2.2) we deduce sf  at '= 0,  for  any f€F(n'  , l$.  The proof is complete.

Now, Iet us give a eonerete form of the above theorem on the ful l  Fock
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dirn(I -srsi -szsl s,,sfi)f{r-ln)= r .

TIIEOREM 2.2. rfTcg(g(Hn)) is a nonnegative f-roeptitz operator and

there is k€N such that
1 .

sfftr) = o for any f&F(k,dg,

then T has a faetorization T = A*A and A is an f-analytie operator on f{Hn) defined

by

A h = h @ f  ,  r . ' e $ { n n ) ,

where Y= ro @ !, '  o.. .@ Yn o 0 e 0 @.." and yoGC, v*e u;&*
(m  q  

{ t , 2 , . . . , k }  ) .

PRooF. By Theorem z.L, in the particular case when ff =S{Hn),
L }

A = { 1,2,,.,,n} , tt follows that T = A*A for some f-analytic operator A€ B($(Hn))

anO Sf a(r) = 0, for any f€ F(k,d,).

But this condit ion holds i f  and onlv i f

A ( l ) = Y o  O  € ,  O . . .  € )  € r .  o  o  @ o @  " . . ,

where yo* C, t e un@* (* u {r,e,... , t !  ).

Let us point out that f := A(1) ean be viewed u$j'non,;"f in f 'n,r

noneom muting indeterm inates.

On the other hand, since A is f-analytic, it is uniquely determined by f .

This follows since for any rn F = 
,ff 

o(u,ru we have ASf(l) = sr y and
l<=0

f€Y sf( c) =S(Hn). Now it is easy to see that

( 2 . 3 )  A h = h @ y ,  f o r a n y h e R H n ) .

The proof is complete.

REMARK z.l. a) If we replace Hn by an infinite <limensional Flilbert spece

with orthogonal basis 
{e.} , :r ,  a similar result holds true.
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Theorem 2.2 we ean

n n $"1nn),

hI ), l: E 
to nl ); h*elf ,

lerr
projeetion on (Xftr"ffl- .

see that an f*anatytie operator Aof

on f(nn)

(5.3)

where f

c) A characterization (as in tl-le elassieal case) of those t'y't for which ($,3)

provicles a bounded operator on ?(nn) would be interesting.

3. AB$TR.ACT SZEG6 M{I"'NMUM rOR. y-TOEPLNTZ OPERATORS

In this Section we extend the l\ loore's treatment [z] of Szegdl infimum

problerr, to f-toeplitz operators.

L e t  u s  e o n s i d e r  Y = 6 u r l u * ^  a  { * o r t h o g o n a l  s h i f t  o n & n

X=ff9 (  .9-  Sr;€) and let  T€ B(f f i )  be a nonnegat ive f -Toept i tz operator.  Foras^  A - '  - - - ' - - ' -o

each Ae r\ we define the Lowdenslager's isometry sr,* on ff i.p ,= T.*F{. by setting
; - *

tr,  
h 

(t 'h) = T't* n, (h a lf). I t  is easy to see that fr r= 
ta",  ̂  l  O* n 

is a
sequence of isometries with orthogonal f inal spaees.

After these preiiminaries we can prove the following theorern.

TI{EOREF.4 3"1" Let T€B(ffi) be a nonnegative f-Toeplitz operator" rf ref,

then

inr t<r(r : s*
I e"tt /l

i f  and only i f  I  has a nonzero

# ' "nu i l ' . *3  
to

(3 .1 )

then

(3.2)

PRooF' Let ft, ano f, = 
{ ur, n} n *n 

be defined as above. If we set

Kr '=J( rQ(€ sr , ; f f i r )

l - I'1'Xr =f f lTnAq .
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Indeed, if 10€ t'' , then for any he *e and tre.A we have

<s{r*to,h> = <lo,T}sl h, = {o,sT,fr T*h> = 0 .

Henee, taking into aeeount (8.1) and that t*;g is dense in ?€,1. we deduce

t+to e -fi xu, sfi = X, so.- 
le*

(3 .3 ) t*xrc xnr; e(
. conversely, if h€ ?{ sueh that Th eK, then for.any k eXand }e r\ we get

0 = (Thrs* t<> = <rirr,r*rl k> = <T*h,Sr,trrlr>

Henee, i t  foi lows ttrat t*fr*f , f  ,  whenee tn6t+;f".  Therefor*XOf*Ae Ct*Xt,
whieh together with (3.3) proves $.2)"

Now, we have

<r(t - 
uH' 

ut hA )' t -

f o rany r , *e& ,  
R f ih l  [  

2  <* .

sinee T*;A'i; dense in & and (3.1), (3.2) 6616, the infimum in the theorem

is 0 if and only ir t lr*tf" , that is, tJ.r*ff", or t&{ nr*+g. The result foltows.

$t 
t^ nr ' =llr*t - 

oH 
t*to n^ Il 

' =

= l['*' ,A 
sr,^ rtr'o ff 2
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