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REDUCTION IDEAI,S FOR MAXIMAL BI]C}IStsAUM MODULES

by

and Dorin POPESCUMihai CIPU

l.INTRODUCTION

The representation theory for maximal cohen-Macaulay (shori ly n4cM)

modules has aehieved a remarkable progress in the recent years. The general idea is to

suitably extend the techniques which have been developed in representation theory of

Art in algebras. This strategy works very weil indeed (see e.g. tyol, [Di],  [pol1 tpR]).

I \ ' lot ivated by these papers, we were led to study some objects closeiy related to

Cohen-Maeaulay moclules - namely, the Buclrsbaum modules. In some respects, they

share many pleasant features with modules having Cohen-lVlacauiay property. trt  is the

aim of this paper to show a similar behaviour from the representation theory point of

v iew.

Of course, t lrere is no deeper reason why one should restr ict onets attention tc>

maximal Buchsbaum (short ly MB) modules. The great teehnical advantage of this class

of modules is that we dispose of Gotors Strueture Theorem (lcol; the preeise statement

is recalled in (2.2)).

Let (R,m,k) be a local Cohen-Macaulay r ing. Suppose that R has closed

singular loeus defined by the ideal IE m. Denote by A the eompletion of R with respeet

to I and let IMB(R) (resp. IMB(A)) be the isomorphism elasses of indeeomposable MB

modules over R (resp. over A). In this sett ing the main result of this paper is the

following:
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THEOREI{ A (see (4.9)). Suppose that R is a redueed exeeuent henselian

cohen-Macaulay ring and k is perfect. If R contains a field, then the base ehange

functor - @nA induces a bijection IMB(R)-+IMB(A).

This statement is obtained in section 4 by showing that a certain ideal b is a
reduction ideal in the sense that the funetor _ @ OnZp reflects isomorphisms,
preserves indeeomposabii ity and separates isomorphism classes of MB R-modules. This

line of proof paralleis to Marandafs approach for lattiees over orders. we shall pursue

the analogy with some works done by Yoshino, Dieterieh, Roezen and the second author.

To answer the question of existenee of a reduction ideal we choose the method

from [Po], tPRl. Thus, in section 3 we shall discuss the bound properties for [48 modules

which provide a main tool in the subsequent part. Though the proof Battern is as given

by [PR], we shall  need some new results.

\ '  In the second seetion are given

theory of Buchsbaum moclules. The majn

represent the teehnical core of the paper.

We explicitely mention that some of the hypotheses from Theorem A are

superf luous. They are carried away because we know the existence of reduction ideals

only in rather restr ict ive eondit ions. By mal<ing use of t ire hard thegry of Art in

approximation property, i t  is possible to get a stronger resuit (see (4.r0)).

We would l ike to thank Professor W. Vogel who suggested to us the possibi l i ty

to extend [Ptt '  12.9;1 in the frame of I\48 modules using Gotots Strueture Theorem.

2. F/IAXIN4AL BUCEXSBAUSI &{ODULES

(2.f) Tnroughout this paper, the r ings are understood to be eommutative,

unitary, Noetherian and al l  modules are supposed to be f initely generated.

Let (A,m) be a loeal r ing. An A-moduie M is said to be Buehsbaum (resp.

generalized Cohen-N{aeaulay) i f  there exists an integer IA(M) sueh that for al l

parameter ideals g of M one has IA(I\,I) = lengthO(na/gM) _ e(g,M) (resp.

several definit ions and propert ies fronr the

results are stated in (2.6), (2.8) anO these
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module

(shortiy

Let Hi(g,wt) denote the i-th cohomology modure for the

generated by a minimal system of generators for m with respeet to M.

canonieal homonrorphisms Xttnal : ui(m,nt) -+ultnlt), where ut*frr,tl

loeal cohomology module of M relative to m (see e.g. [SV, Ch. 0, $ 1]).

a Buchsbaum A-module i f f  I fUl  are sur ject ive for  a l l  i  = 0,1, . . . ,d im

(2.1 5)1.

Now assume that A is a module-f inite extension of a regular loeal r ing (R,.1)

such that R/13 A/m and dimol\{ = dim R = d. Let E, denote the i-th syzygy rrodule of

the residue f ield R/n of R. For a given R-module E and an integer h ) 0, let hE denotes

the direet sum of h copies of E. With the above notations, ttre part we need fronr Goto,s

Structure Theorem is stated as fol lows:

(2-2) TF{EOREM ([Go, (1'1)]). Let X = x1'.. .rx6 be a regular system of

parameters for R and putg = (xr,. .",x6)A. Then the foi lowing condit ions are equivalent:

( i) M is a general ized Cohen-Maeaulay A-module and IO(t\{) = length6(n{/gM) -

- e(g,M);

( i i)  M is a Buehsbaum R-modute;

d -
(i i i) Mg@ h.E, as R-modules for some non*negative integers hr.

In particular, the properties (i i) and (i i i) are true if M is a MB A_modute.

For every ring A one denotes by X(A) the set of all non_maximal prime ideals

of A. A homomorphism of rings u : B ---+A is said to be flat on the punctured spectrun

if for all g €X(A) the induced map ug,BgnB*Ag is flat. similarly, an A-module N is

called free on the punctured spectrum if Ng is a free An-module for all g eX(A). Tfris

Koszul eomplex

Then there exist

denotes the i*th

Recall  that M is

M -  1  [SV,  Ch.  I ,

IA(l\4) = supg frengtha(M/gnr) 
- e(g,M)), *nure g runs over parameter ideals of M).

Here e(g,M) denotes the mult ipl ici ty of

having the same dimension as the ring

MB .module).

g with respeet to M. A Buehsbaurn

itself is calied maximal Buchsbaum
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terminology is useful in stating the next results.

non-smooth loeus of the B-algebra A, i.e. Ha/g

qCA sueh that B--IAO is not smooth.

Bellow we shall denote bV HOr, the

is the interseetion of all prime ideaLs

(z'g) lnntMA. Let x ; B-_vtr be a finite ring homomorphism, QcA a prima|y

idea l ,  g=  G,  q=u- l (g ) ,  P=r - l (e )  ancr  x  an  e lement  f rom A.g .  suppose tha t

tfl*Og is smooth. Then for every A-module N it holds

(eN :  x ) * rG NnpN^ =  Nf ipN^' l \  
q  

- p

Proof' Note that the map op*og is dtale because it is smooth ancl

essentially f inite. Thus we get pAo = gAg. Let N be an A-moclule . If z e N flpNo then

there exists y€A\ q such that yz*o*.  s inee the indueed extension B/p -+A/giJr in i t "
- l

ive get u "(yA)y ' ! "  Thus ehanging y by one of  i ts  r lu l t ip le we may suppose y€B\p.

I{ence z €PNn , i.e. the equality hokJs. The above inclusion wil l be established in several

steps.

$tep 1" c-ase-llhen.the rssidue fierd.exlrsnslgn o! Bo*A" i_s triv!_ql.

Then the extension B;----+A- is dense anc' so pi = q[. ,u, wcjN be suchs  e  I  
' - g

that xw € QN. Thus w € QN^ = PN^ and so the inclusion hoids.
v 9

Step ?" Case When therg e.xist a fiqite B-gl*!ra C @
g'cD := c @ ea !gg!-Ilg! g' lisl o! g, c.,, ---)D^r ,

. - r Y J
p' := (C & u) 'g' is trivial and ttre rygp B ---+Co, is smogtlr.

I

As above the rnorplr isms B^---+C^, , A^---)D^, are dtale and

eos, = s,Ds,. clearry QDo, , o"o, ".fil'"1u'r3;;i',:;,"=',:^ ri":Ti "li:;
urJprirrry too. 

J Y-

get

Let 'xt  := 1 @ x,  ut  := C @u, E := (eN :  x) ,  and Nr := D @eN. By Step 1 we
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(1)  Er :=  (Q 'N ' :  x ' )NrGN'6p 'NL,  =  N, f lpN l_ ,
, I !  P  P ,

obviously E is the kernel of the composed morphism N 
x 

>N -?N/eN. sinee

cor is f lat over B we get the foltowing exact sequence of c,-,,-modules
P

(2) o -)cp, & sE * cp, E} nN +cg, Et B(N/aN)

where the last map is in fact the eomposite homomorphism

(3) 
"e, @ BN 

g N; $*i, -+ N;,/e'Nb, * 
"n, 

@ ,(NleN)

For the last isomorphism note that t '*;,= eN;, by eonstruction.

Thus if ze Q'N{rthe n yz€qNtfl 'r 
" 

o.r*tuin VeD r.gr. Sinee the map C/pt----+D/gl

is f inite we get url$a)lp'. Thus changing y by one of its multipre we may suppose that

y €C \ B', i.e. e'N;, = eN;,.

By (2) and (3) we get 
"g, 

@,a 3E;. Aeeording to (1) the incrusion

PNn€En + PN,^, becomes equali ty after tensorization with C^,. Bv faithful ly f latness itY Y . H E
follor,r 's PN., = En + pNn i.e. E,.,G pNn. Thus Eg N npN" .y, y y. y" t d-

. Step g" .

we need the folro'ving Lemqe - a part ieurar ease of [po, (8.4)]

(2-3-1.) LEI\'IMA. Let s cR be a finite ring homomorphism, gcs a prime ideal

and

dR ,., = min (tk(q) : k(p)l - 1)' " r H  q e s p e c R

s ns=P

where k(p) denotes the residue f ield of Sn. SupOose that O*,g, 0. Then there exists a

prime ideal p' cR lying on p such that dO 
@ SR,g, 

< dR,p

Bythe above Lemma a  f in i te  B-a tgebra  C o f  the  fo rm A @BA 98. . .  @eA
satisfies all the hypothesis required for Step 2.
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(2.4) LEMMA. Let u:  B-+A be a f in i te r ing homomorphism, acA an ideal ,
- 1

! = u '(g) and xQHd,/U an element such that for ali -ge X(A), x is not a zero_divisor on
(A/3)S" suppose that u is f l.at on the punctured spectrum. Then for every A-module N
wniefi is free on the punctured spectrum of B it holds

( a N : x ) * ' 6 N n b N -
J \ t p

fo reverypeX(B)"

e
Proof" Let n = /^l e; be an irredundant primary creeomposit ion of Bri =1  

r

P.:= u- l (Qi) , ! i  = VT,,  g; ,= \Q..  I f  q ie X(A) then xdqi  beeause x is not a zero-o. iv isor

on (A/e)n, be hypothesiq. Thus the map B *+nO, t, smooth (xeHOrU!). l,et N be as in

our Lemma. Applying Lemma (2.8) r ,ve get

(eN : x)5 g (eiN : x)Ne nn piN_pi

It follor,,'s

(gN : x)^ I
e
n (Nn P;N^  )
i=1  

I  9 i

Ili 6x(B)

because 9 i€x(A)  i f f  p t€x(B) ,  u  being f in i te .  Let  pe.x(B) .  s inee *p t ,  f ree over  Bo we

get

e
-DNo = 

. f l  
(N"npiNn )?(qN :  x)n,

Y i=1" LJ ' -Yi 
- r\

! i6  P

(2'5) LEMMA" Let u : (B,n) ->(A,m) be a finite homomorphism of local rings,

acA an ideal, xe'Horu and .Fa finite set of B-modules. suppose that u is f lat on the
punctured speetrum. Then there exists a positive integer r such that for everv
A-module N having the properties
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a) N is free on the punctured speetrum of B;

b) N 2- s- toF as a B-mocrure, for certain non-negative integers t.,, ,
r g F  

L  '  - o - - - -  - - - -  - I n '

i t  holds

(aN t  xt)* = (gN , *t*l);o .

Prcof. Clearly the equality holds for everyr€N if x{-nt and so we mayassurne

x€ ry.  By .oether iani ty,  the inereasing chain of  idears 
{ tg,  

ot)} ,  stoos beyond a

eertain non-negative integer t. Let us say a' := (e , *,t). A, is readily seen, if rr satisfies

the conelusion of Lemma for x and at, then r:= t * rt wil l satisfy the conclusion for x

and a" Thus changing a by a 'one may suppose x is not a zero-div isor modulo a"

Using a prirnary decomposition over B, for every f e F we can write

bF = F' f l  Fo lvhere.  ) lo is a !*pr imary sub-B-module of  F and F'c F is a su5-B-module

such that Asst(F' lF ' )c X(B).  Let  se N be a non-negat ive integer such that lsFgFo for

al l  F€F. Since u is f in i te we get pre fa for  a certain re N. We clairn that  th is r  is

the wanted one.

Indeed,  ie t  N be as in  our  Lenrma.  By b) we get N = 
gtr tuF for some tF€Iq.

and N'= @* toF ' .  Clear ly  we have
Fey f

tUFo = No .

By eonstruct ion AssU(N/N' )CX(B) an<J so N' is  un iquely  determined by

(N n bNg) ,

Then pN = 
u$g 

tF(bF). Denote No = 
u$ 

trFo

!N = No O N, and $rN( lsN = 
,,pn, 

,utntu,UrS,

N f = n
ge x(N)

Now let  zEN be sueh that  * 'oLreaN. By

z € Nt. Also xrz € No because x e rn.
n.t 1

(qN : xl ' ' r)" = (eN : xr)* .

(2.6.) PROPOSITtrON. Let BcA

ideal and xe l lOrr. Suppose B is regular,

X(N) := X(B)n Supp N

(2.4) we get z6-bNe for all pe X(N) and s,c

Consequently xrze Non Nt = !N 6 gN, i.e.

f inite extension of loeal r ings, acA arr

a general ized Cohen-Macaulay r ing and

b e a

A i s



- B

the residue field extension is trivial. Then there exists a natural number r such that for

every MB A-module N it hotds

r *t)ro = (gN . xr+l)N

Proof'  Aceording to [Gor (4.1)], for everygGx(A) An is a cohen-Macaulay r ing

of  d imension d:= d imA -  d im A/g.  l t  p :=g48,  then Bn is  a regular  r ing of  d imension

d imB -  d i rnB /p=  d imA -  d im  A /g= 'd .  Hence  i t  f o l i ows  og  t ,  f r ee  ove r  Bn  r  i . e .  t he

structural homomorphism B+A is f lat on the punetured speetru.m.

Let  N be a MB A-modure and E,  ,  i  =  0r . . . ,s  :=  d im A denote the i - th  syzygy

module of the residue f ield of B. By Goto's theorem (2.2) we know that N fulf i ls the

eondi t ion b)  f rom (z .s)  wi t t r  f=  
iEo,E1, . . . ,Er l  .  Appry ing IGo,(4.1) ]  to  N we note that

"g 
tt  a MCM over Bo for p e X(B)n SuppuN. Thus N is free on the punctured spectrum of

B and the assert ion fol iows from (2.S).

'  Now we recali  that for an arbitrary R-algebra S, the Noether different is

defined by

*4{i ;= p((o ; r)s 6 *s) ,

where I denotes the kernel of the mult ipl ieation map p : S @ nS 
-bS, U(a 6 b) := ab.

(2-?) TEMMA- Let (B,r)c(A,m) be a finite extension of rocar rings and ret

(gN

t t=lf$ be the Noether different. suppose F i, 
" 

f inite set of B-modutes. Then there

exists a positive integer r such that for every A-module M having the properties:

a) M is free on the punctured spectrum of B;

b) M= p*" ttu as B-m.dules for certain non-negative integers tp,

it holds

J r t - J - r x t f , { u , N ) = o for every A-module N.

Proof. If M and N are as above, eonsider
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o --+K I rl, -I, nr--+ o

0 -+E' := Homg(M,1q) 
V 

>n := Homr(L,N) -j+ D --+0

a short exact sequenee of A-modules with L f initely generated and free. Clearly one

gets the exaet sequences over B

( * )

(**) 0 --+D -9-e6" := HomU(K,N)

where D denotes the image of ff:= I{omr(w,N) and h, g are obtained from ff in an

obvious way.

. In the foliowing diagram

o - - F E , - ,  - v ,  -  > D ----r 0

the homomorphism 6 is  O"f ined by

( 6 f X x )  : = x f  - f x ,  f e  6  x E A

and similariy $' and $'r. Clearly the rows &re exaet and sinee fr = gh the diagram is

eommutat ive.  As ker  $ '= Hom4(M,N) (see e.g.  [p i ,  (11.2)  + (10.4) ] )  we get  by Snake

Lemma the fol lowing exaet sequence

tr
0 >HomO(l \ { ,N)-+I{omO(L,N)----)Dfr  Ker 6 "--+Coker g '

In fact, the last homomorphism has the image in the Hochsehild eohomology module
1

uf{a,E')c Coker 6'. It is well known that the Noether different J annihilates Hf,(e,f )

for every A-bimociuie P (see e.g. [Yo, (2,2)D. Therefore

J .Do g lm oC,  where  Do,=  D OKer  $"  .

Now we need the following Lemma

I
l 6 '
J ,,*

0 --+ FIomu(A,E') -l*+ Horn

f a
E"

*  i 6 "
W \ P

,E) -----+ llomr(A,E")

E -
I
I
l 6,1,

B(A

( 1 )



ntn"tf,{u,N) = o

for all M,N as in our Lemma. It follows

(2) nrHomu(K,N) 6 n

using (+).  Sinee H;(A,-)  is  a functor i t  preserves the mult ip i ieat ions and so we get

(3) l rHomO(K,N) = nrU$(A,I- tomu(I( ,N))e Df l  Ker g , ,  = Do .

Cornbining (1) and (3) it follows

J.Ir .Homo(x, tu;c Im o(

p 1

Since o( has the same image as Homo(w,I,I) we get JnrExtf,fnr,n) = 0 for all

M,N as in our Lemma.

Proof of Lenrrna (2.?"1)" Choose a finitel5r generated free R-module L and a

suriective R-l inear map p: L--)E. Let xe n. Then E* is projective b)r assumption and

so Rx @ p has a section q. since (FIomo(E,L))*3 go*R (Ex,Lx), there exists a
x

h o m o m o r p h i s m  ? t E - + L  s u c h  t h a t  R * @ g = q .  T h u s  i d E * = ( R x e ) p ) "

o (Rx @P) = R* E (n '{p) and therefore we may find a positive integer t sueh that xt

annihiiates p "? 
- id E. If p : E --lE denotes the multiplieation by *t, then it results p

factorises through L. As Extf,t l,e) = 0, it folows

*tE*tf,{E,P) = o

a local r ing (R,!)

a positive integer

- 1 0

(2.7.L., LEMMA. Let E be a finitely

sueh that it is free on the punetured speetrum

s € N s u c h t h a t

ptr*tf,{E,n) =

for every R-irrodule P.

By the above Lemma

F €.F and every B-module P. In

n 1
there exists re N sueh that n'fxti(E,f) = 0 for every

partieular we have

generated module over

of R. Then there exists

(4)
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for every R-module P.

Choose a system of generators xl, . . . ,x" of n and a posit ive integer t for which

(4) holds for all x = Xi. Tlren taking s = te we get

nt . r*tf,,tE,p) e {*1,"".,*!)Extf,{r,r) = o

(2"S) PROPOSITISH" Let (B,n) c (A,[) be a finite extension of local rings and

let J be the Noether differdnt. Suppose that B is regular ancl the residue fietd extension

is trivial. Then there exists a natural number r sueh that

r t . le* t1^ (Nl ,N)  = g
11

for every I\48 A-inodule M and for every A-module N.

The proof fol lows by the preceding Lemm0. using the same argumentation

the proof of (2.6). Ir4oreover, we note that.nA is a ry-primary ideal and so q,tc. , ,A

cer ta in  t  €  N"

We record here some simple facts coneerning the transfer propert ies for f lre

Buchsbaum proper ty .

(2"S) LEii ' ihtA" Let f :  R-+ S be a f lat local homomorphism of loeal r ings"

Suppose M is a Buehsbaum S*mociule of posit ive cl imension d = dim'I\4. Then M is a

Buchsbaum module over  R.

Pro*f" l3y [SV, Ch. I,  (1.10)] i \{  is a Buchsbaum S-module i f f  for everv svstenr of

parameters y1, . . . ,VdG S of  M we have for  a l l  i  =  0r" . . ,d  -  1

((yt, . . . ,y i)M : y1+1)1r,1 = ((y1,. . . ,y,)m : v?. r)*

Let us consider xi,...,xt € R a system of parameters for M as a R-module.

sinee f is f lat, i t  results t = dimoM ( dimrl\4 and X1,...rx, is a part of a system of

parameters for the S-module M. The assert ion fol lows from the above charaeterization.

as irr

for a



_ 1 2

(2.10) LEMMA. Let f : (R,m)-)(S,n) be a flat local homomorphism of r: ings

with the same dimension and let M be a finitely generated R-module of positive

dimension d. If N := nt @ nS is a Buehsbaum S-module, then M is a Buchsbaum

R-module. The eonverse implieation holds if mS = n.

' Proof- sinee mss ! and f is f lat, we get for eaeh i = 0,1,...,d - L a

eommutative diagram, with eanonieal maps

l l l
I at*r I lxr',t t i

Hl(N) 5"i"*151y -*iY--e H;(M) & RS

Conversely, the additional assumption mS = n

assertion is obvious

impiies u is onto ancl thus the

3. RINGS Wtr?FI tsCIUND PROPERTIE$ ON MA)trIvtAL

BUCHSBAUM MODULES

(3-1) In this section (R,m,k) wil l be a ring having unique maximal ideal m and

residue field k. Suppose that the set

Reg tt ,= {p €Spee R : Rn regutar}

is open (this is the ease if R is eomplete or quasi-exeellent). Then the singular locus is a

ui ( ! ,N)  
u  

tg i ( *s ,N)  -^ t  *u i {m,m) S ns

E} S

As mS is a n-primary ideal, actually v is an isomorphism. $uppose that N is ei

Buehsbaum s-module. Then the left vertical homomorphism fti(r.r) is onto. By faithfully

flatness it follows RtfUl is surjection too.
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elosed set defined by a radical ideal clenoted Is(R). Since the situation R regular is

covered by (2.2), we shall furtherrnore assume Ir(R)c ry.

The next definit ion is inspired by [pRl.

(3.2) We say that R if the folovring

conditions are fulf i l led:

(Bt) there exists a posit ive integer r sueh that Is(R)rExtf i tu,N) = 0 for every

MB module [4 and every R-module N;

(B?) for every ideal a in R and for every elemeni y of Iu(R) there exists a

posit ive integer e sueh that

'  
P '  r  n t  e * 1 r(aM : y")j\,T = (gM : y"' ')lr{

for every I\18 module I\1.

(S.3)  I iEM&IfK"  A moment  of  thought  reveals  that  i t  is  suf f ic ient  to  consi r jc r

in {81} and (Bt} only indecomposabie [{ts niodules L,] in order to establish i f  R satisf ies

the def in i t ion (3.2) .

The next result roughiy says the descent of bouncl properties on MB-rrrodules.

(3"4) LEL{MA. Let f :  (R,m)--+(A,n) be a ftat homornorphisnr of loeal r ings

such that is(R)AG Ir(A)C n. Suppose mA = n and A l ias bound propert ies on

I\{B-modules. Then R has bound propert ies on MB-modules.

Proof'. Let r be the natural number given for A by (gf). We shall show that R

satisf ies the eondit ion (F1) for the same value r.

Let M be a MB R-module and N a R-module (f initely generated, as always). By

(2.10) we note that  M SnA is a MB module over A.and by f latness A @ OExtf , tn, t ,N)e
4

eExtitvt I *e,u @ *al. According to the assumption I'(R)A G Is(A) and from (Bl)
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one gets

Is(R)r(A @ 6u*tf,(m,N;1c rr(A)rExtltna 6 RA,N @ se; = s

whence tr{n)rfxtf,(i\4,N) = 0 sinee f is faithfuity f lat,

Next one examines the condition (BZ). If q is an ideal
f(y) e Ir(A) and by hypothesis there exists a natural number e
= (gN r f(y)"nl)N for every MB A-mo<tule N.

Let M be a I\.{B R-module. As above N

has

(aN : f(y)s)*9 a @ stgnr, ys)u

integer s. Thus the desired concrusion folrows again by the

morphism f.

an answer to the question of existence of rings having bound

Let R be a reduced eomplete ring with perfect resiciue

and eontains a fietd, then R has bound properties on MB

of R and ye I*(R), then

such that (gN : f(y)e)* =

:= M @ *A is a MB A-module and one

for every non-negative

faithfully flatness of the

Now we provide

properties on MB-rnodules.

(3"5} PROPOSITTON.

field. I f  R is Cohen-Macaulay

modules.

Proof' Let x = X1r...rXn be a system of parameters for,R. By Cohenrsstructure
?heorem, R is a finite extension of the regular local ring S(x) := k[[xr,...rxnJJ. Moreover,
k is the residue fietd of s(x). tet us denote by J(x) the Noether different of itre
s(x) - algebra R. since R is cohen-Macauray and k is perfeet, by [yor(2.5)] we have

Ir(R) = Rad(J)

with J t=I;(*), where the sum is taken over all system of parameters x for R. Note
that R is flat over S(x).

choose some systems of paramet*r, *(i) such that J = * ,t.( i\. Apprying
i=1

(2.4) we f ind for  every i= L,2, . . . , t  an integer s,  sueh that msi . . l (*( i ) ) .8*t f , tw,,Nl  = 0 for
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t s ,
every MB R-module M and every N. Therefore, the ideal I :=Tl" Il ^ satisfies

1  
i = L

I"J.Exti l(V],N) = 0 for M,N as above. Sinee Ir(R) = Rad(I.J) we conclude that (8L) hotcis.

Now let acR be an ideai and ye Is(R)" If  there exists x as above sueh that

ye J(x)c l lR/s(o) (see e.g. [Po, (z.rO)]) rve obtain the equali ty assertecl in (BZ) Uy (2.6)

appiied to the f lat extension S(x)-*+R,. In the generai case choose in Ir(R) a system of

e lernents p1; . . . r r1  such that  I r (R)  = Rad( f r r l i )  and for  e t rery  i  =  1, . . . , t  there ex is ts  a

system of pnratnet"ru *( i) of R such that r, e , l(*( i)).

Then for every i  one has yr, e . l("( i)) and as above there exists a natural

e:  € l 'F1
number e, such that (atr4 : (yr1) t)nt = (gM : (yr1) I )" for every MB R-module M.

l{e e}aim that the eondit icrn (Bzi is fulf i l led for e := v * max €i r where v is a

posit ive integer for which it  holcls Is(R)vG t.: to. 

lsi l t

'  Inrjeed, let IvT be a N{B R-module. i f  ysz e a[4 for a certain ze M and $€"]dr
e .

then (yr,)sze FI\{ and sc (Vrr) lze aNl for every i  = 1,".",t .  Thus one tras

, ,o, ,  . - , ,o-vr  y.uio)"  c) lor . )* iRz c aMy  z e y  \ L r .  K ,  _ f * t . .  r .

' lh is  f in ishes the proof  o f  (3 .5) .

By conrbining the preceding facts one gets the tnain result of this seetion,

which ressembles to  IPR,  (1.5) ] .

(3"6) TI{ECIRE&{" Let R be an exeellent Cohen-Maeaulay reduced ring with

perfect residue f ietd. I f  R eontains a f ield, then R has bound propert ies on MB-lnodules.

Proof. Let A be the completion of R. As R is exeellent, the eanonical

homomorphism f :  R -+A is regular. Hence it  fol lows by IMa, (33.8)]

R e g A  = {  g * s p e c A ,  r - 1 ( g ) e  n e g n }

and therefore Ir(A) = Rad (IS(R)A).
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Also, A is redueed Cohen-Macaul.ay" Thus, by (3.5) it results A has bound

properties on MB-modules and'so the assertion is obtained from (3.4).

4. nINGS WITII MB-REDUCTTCIN INEAI.S

(a.l) Throughout this seetion (R,n,k) wii l denote a Cohen-Maeaulay loeal ring

with non-empty elosed singular locus.

Let acR be an ideal. The coupls (R,a) is said to be MP-approxi[ratiqn if there

exists a funetion !: S--+H, 
'! 

: id* sueh that for every te N, every MB R*moduies

M, N and every f eHom*(u,N/gr(t)N), there exists a R-I inear map g: M--+N sueh

that

nlet & Rf gn/at st ns

(4"2) IEMMA. Suppose that R has bound properties on MB-modules. Then for

e v e r y i d e a l a c R a n d y e l r ( R ) t h e r e e x i s t s a f u n e t i o n ) t N - - - * N , ! ) i C r s u c h t h a t f o r

every t€t{, every MB modules IVI, N and every fe Homo(l\,{,N/(a,x)(t)lNl there exists

g € HomO(M'N/a'N) for whieh the fol lowing diagram is eommutative:

N/(g'xV(t)'*
t l

r l
r l

s r  Ir l
. t V
N/gN ---*-- Nrft,xt)Xt

Proof. Define ) 
(t) := r(L + max (e,t)), where the positive integers r and e are

given by (81), (tsZ) respectively. Then proeeed as in [PR, Proof of (2.2)].

(4.3) IEMMA" Suppose that R has bound properties on MB-modules. Then for

every ideal ge Ir(R) the eouple (R,g) is a MB-approximation.



By [Po,  (4 .5)  + (4.6) ]  we get  immediate ly :

(e.S) LEMMA. Let R be a henselian r ing and acR an ideal such that the eouple

(R,a) is a NlB-approxima.t ion with associated function ) .  Then ut i ,  a MB-reductiqn

i c l c a i ,  w h e r e r = ) ( 1 ) .

The next pr:oposit ion sunrs up our results on MB-reduction ideais. By colnbining

it with (3.6) we obtain a specif ie elass of r ings for which we know a posit ive answer to

the problem of existenee of I \ ,18-reduction ideals

(4.4) The ideal bcR

statements hold:

1)  a  MB R-module M is

2) two inciecorn posable

are isomorphie as R/h-nroduies.

(4.6) PROPCI$lTtr0N. Let

MB-moduies.  Then for  every ideal

is  a  MB-reduct ion ideat .

(tf.?) THEORE&{" Let

ring with perfect residue f ield.

for a certain posit ive integer r.

Let  IBM(R) be the

R-modules.  Then

(4.8} PRCIPOSITION"

propert ies on MB-modules. Let

Let R be an excellent

A be the eompletion of R

henselian ring having bound

with respect to Ir(R). Then the

- 1 7

The proof.uses (4"2)u.tdgou. exaetly as in IPR, (2.4)].

is said t o b e a NIB-reduetion ideal i f  the following

indecomposable iff n4/!N{ is indeeomposable over R/p;

MB R-modules M, N are isomorphic iff M/PM and N/bN

a henselian local r ing having bound propert ies

,(R) 
there exists a natural number r such that

(R,m) be a redueed exeellent henselian Cohen-Maeaulay

If R, contains a f ietd. then I (R)r is a MB-reduetion ideal, s

set of isornorphism el"asses of indeeomposable l\48

on

rg

R b e

g s I
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base change functor - @ nA induces a bijection IMB(R) --+IMB(A).

Proof' Since R is excellent, the canonieal nrap R --+'A is regular. Therefore A

is a Cohen-Maeaulay ring and Ir(A) = Rad(Ir(R)A) by [I i la, (38.8)].

Take I\{ from IMB(R)" Then M @ *A is a MB A_module by (2.10). Aecording to

(4.6) P:= Is(R)r is a MB-reduetion ideal for a certain re Bd and so M E) RR& is

indeconrposable as a n& gAlbA-module. This means M @ RA/!(M 6l RA) is

indecomposable, 'uvhence M @ OA is indecomposable by Nakayama's Lemma. Thus the

base change functor - @ nA defines a function

(p: InaB(R)*+ln,{s(e)

Now we show that S is one-to-one. If  M,N€ II\48(R) are such that

M €hRA 
g l l @*a, *ren

r\4&n1g (M €) RA)/(M @ sqalx (N @ RA)/(N @ *paleN&n

and so i l l9N, beeause b is a MB-reduction ideal.

Last ly '  for  every MB A-module N and for everype SuppONflX(A) we have by

[Go, (4.1;1 that Nn is a cohen-[4acaulay An-module of dimop*n = dimoN - dim A/p=

= dimA - dim p' /P- dimAn. Thus N is local ly f ree on RegA and so f f  must be onto by

lEI,  Th" 31.

, (4.9) THEORE&{. Suppose that R is an exeetrlent henselian reduced

Cohen-lVlacaulay r ing with perfeet resiclue f ield. Let A be the eompletion of R with

respect to Ir(R). I f  R eontains a f ield, then the base ehange funetor*@ nA induees a

bijection I lvlB(R) -+ IM B(A).

(4.10) REh'IARK. We diseuss, in broad outline, how the above result may be

improved.

Firstly, one must impose conditions on the ring R sueh that a well-defined
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map9:IMB(R)->IMB(A) is indueed by the base ehange functor -@ 
nA. To this encl

one may use the Artin approximation property as in [pR, (3.4) - (3.9)]. If R is an
'exeellent 

henselian ring, then from [pR, (B.g)] it results (p isone-to-one.

Secondly, Elkik's theorem implies fp is a surjeetion, provided one could sh6w

\. that every MB A*module is localiy free on the regular loeus. As above, this is the case

if A is a generalized Cohen-Nlaeaulay ring. Since the various local cohomology modules

" of A are isomorphic to the extensions of the eorresponding loeal cohomology modules of

R, it is sufficient that R is a generalized cohen-Macaulay ring.

-.!
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