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ru'ternal Approxfusatlon crf Quarui-veirj.at*snar" rneqr.r.ari-*{ee

Ancee Rad.osloveficll Seip{!fnii} e,nd. },{. Coer*2
1 _ , - - _ _*rN0Rnsre sape*,rtrnen'& of MatheruaticsrFd,*Fscii ?as$ Tg6nz e
Sucharest, trlomanin
I'rFTi{, Departnrent cf $ortd. flfec]ranicsrstr,c"li i i l]e ]F"
T0T0lrBucharestnRonania :

swnmaryu rn thi.s paper the internal. apprax*mxatlon of a
quasl-variatLoneil" inequali.*y 1o coneld..erecl* An atgorj"thm
of Beasousfr&n *Lions type is proposeci, for whi"ch the
cou.vergsnes J.s proved.. t'hese resl.rlts e.re {bpplied. tCI
$fgnorini probleru. with friction for whj.ch tvro error
estLnetes and nu:cerlcal" examples are elso given"

Snlij ect Classificstions ;Al,f,S (et0s ) r 65936, GFIflS i 4gAAg

I" Introduction

An i-mportant elass of varieti.onal inequalitles consj.sts of
the so-ca.l}ed quasi-variational ineqnelities whieh were
first introduced. bJr Bensoussan snd. r,ions [2], for the sltucly
sf etoshastlc fuapulse eontroL problerneo fhere aftero the
q*asi*varlaticnal insclualities have beea userl l:y nelny
authors to str"r.cly nonrinear probl"er,rs j.n contin"uuj6 nech,anice
ineluding e. wide v*rf"ety of free-bound.ary prcbl"erne (flow
of fluids through pCIrous meelia, unirateyal" csntect preiblens
with f r ic t i -on,  etc "  )  *

The p:'esent work is concerned vrith the nuunerical
analysis of the cluasi-variatianal inegualj"tj.es erf thq
seconcl kind" rn $ect.2 we consid.er an abstract eua,si*
ve,riational inequallty for rnl.rj.ch lse Frove the eaistence
ancl  uniqueness of  the sol ,ut ion (Theorenr A"I) ,  From the
existenee proof an algorithm of BensCIussanoliorrs type for
the nurevical apprsxi"ragtion _of the pr*blen fcLlcrss. fhe .
convergence of this a}$orithd irr praved in sect;3;
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In Seet"4 ws eonssd€s e{r} t*nj"lcster&} ssn*aet proi:lo*:

known es Si.#trsrini probleiil witlr nCIxi-l.oea} frtcti-on [6],
[f ], rvhcne vnricitioneiL f*vnl,rl"atioi:. is a cluei*.'i.*variatiourrnS.
lneilualj"ty aa f,qrx'uu.t}rrtaql *r-r Seet,?" In $ee**4*L we e;r;::ly
*ho resurlts of ke**s,? Ernrl 3 *cl tiris pnoirlen* l,Js alscr
cierive r zvt $t;c* ,4"8u tr.vo {s.r}.sr estiJ,t$tes of 'uhe finite
eleroent appreixS.ni*ti"** of thi"s *uroble;:ro A$ aniel;'sin *.#
F(x;r€ uurleris&I, results i*l inarle i.lr [iec;'b,4,3.

2o 6 Sen*ral Qie&$Ij.*Yeri.nti.ol:.eil Ine tlur*l*ty

Let {V* t l . l t }  a reei l  ref}exive ibntrch spe*e, (V? s l t  .  116 } j . ts

due,l {Lnd (. *. ) t}re ctnra}.i 'by prod.ract befween Vs.srnd Vo ,j,et
Kc V be & nCIn*e;npty *o$,vsn slosed. siibset *f, f*

tet Bs **nsi"der: F,& s;)#x€$"bor .&.V *+ Ve pue?: thatg

(Au*Av* w*v) 7t r: i l t,. l*vtl2 * V &sve 
T 

s
l l&u*r"v l l0 (  I i l lu*v[ ld n V ur i re r f  $

(? . '&)
( g " a )

wiaere m antt iJ ere p*sit$.ve ssnetautso

i;V*f *-* (*ac'+*l s*rtf.afyLn* ti're f,ollovri"ng conditlmnsl

V ueV* J{un. tr is: {:env€xe c*ntl"n*cus *n tts eff,e*ttrre
doma,i"n ancl proper on K o ( Z-j'j
I  i  tu ror?)+ i  (ua,vr )* j  {uruv,  } * i  (aruv2}  |

( 2  " 4 )

E"here e: fs a porii"tive eclnssts),art.
tie consi.der tlie falJ"olvi"rid i{uiisi.*ve;rl-u,ti"onen} $.neqira}it3'e

fi,nci r.r. e I{ sue:}r thert .

(Auov-u)+ j (unv)* j { i i r ra )  7  i , (v *u}  o  $  ve  } i \ a a ?  ]

rvlrere f,e Vo *s g*-ven"
In ard.er t.r ju*'bify *ite etppli"cii*fei:. of nrr erlgorith;n slf

Ierisouss&n*ti"CIlls t;"pe ts (*"5)o ws sli$tr $r#v€ the
follorrir:.$ ttrrcorem concer.nin6 the existcnse and u.ni.quc.ne*s
of soh.rtiCIras cf ciura*i*var**,tiena} incqui*litieso

: ---  f l ieore$ ?nlo l" ,et cond.i . t fons (e-tr)-{e"4} erbove }rr i ld rvi t}r
*<t; tc t i r*n {; i . lere *xi$ts ei u:r igue sol-ut ior: .  of,  t la* proh}em {A.S}*
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I Froofs Let ur* s?enote by s tlre m*ppin# ssg ffi-+ K wirtehI' 
&r'lsi0eJ.*tes 'bo ev€ry we K the eolntiCIn, tlrnt ths:l"e eld.$hs
end I's uni.que (seer €og*t3l)* of the fsIl*vrl"ng v*,rJ"ati.onm[
inequ*,Iity of the sa*ond. kindg

tg{ser} rv*sn}+ j { r iou}* j {nr$w} ?.  t {v*$w} gr  $  ve K.  {a*6}

iTe rsmr-i,trk tha'b the set of f:Lxeel poJ^*ts of, $ eolncj.der*
wiblr ths sst cf s*ln'b;i"*ne of, tire jlneqimlf.ty (a.F)-
fherefsre the questir:n CIf the exLsten*s einel u:r$.c*6.eness *f r
solutione of, (2*5) reriuces to tiie exi"stence s:rr.C untqueness
of fixed po*.lr*s of S*

Ifor,v we slrovr that $ Ls a ceintracti*a* rndeeel* f,or w**rva€ &
erliitrarilyo from. (t"6) t.de oirti*.:in by uning; (A,L) eeuct tr,[:*

Il sq*swnfi { &llwr*wnll (a "? )

wher :e  t *< f .
Ilence tirc uappi'€ $ hEls a uni.gue fir:ed- point* Th*refore

ther* exis*s e rrn*6iss solutl"on af (?*5).

!?e defi"ne *?r* seeiu,cn*e e for use ff *hasen erbl"tr*rf.lyu
we put trsrosus*I Eo** ire setj,efj.es the :i.nequ*J"it3rg

{Aus'uo*u*}+j (  oo*1*v}*$ i  oo-lnuni > t(v*un) *V * e i i "  { f ;"{3}

Ue$.n6 {f;"?} we ebtaf.ns

l lun*u l [ (  un l luCI*u l l  4  c . ] rn { e *g }

r.rhere ta *"s tire an*i;u* esSatfoar. e,rs.bhe;irr*cgu**r*.ty {g*5} axr*,
C is a pos:i.'b5"ve eor.rstexrt :!,ndepenctent of n"

3' tn,tcrlral ABprcxin.rtLorr and #onvergc&ee ltesult

lAe sirall 6svo ael internei& r*ppr*xir*s.**.*& of tlre ci&.*;et*
v&riat ion$,} ine. iual i ty (e"F) [ fOl.

l.fe c*ns*d.er si pe.r,arile*er h csnver6ing to o and a frxnily
(ValA c;f, f*nl-tc* d*Iier:"siarier3 subsp$ces *f V*
- ' tet {%}r, he a f*m$}y of non*eurpty oo$v'e* srosed
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subsete of 1r* wh**h npproxirtst*s K i.n the ssnse thets

(gl V velinS *rro. Kh #ilsh thuit rlrv @ v str*ngry 5.n rrB
{gg}Vvue Nn ui*:r vo*" v ws**r.rg *.a \rn *?wn v€ K.

l'ie *hsr,ll *.pprcxf"ura*e the f,ran*ticna} d {, ,, } by the
faru5^}y tih)b v;i-:ii*hu .f,sr every a € 1f" ss**r;fies tire f*.Lloir*"a:g
eonditiorre [g] c

for er i*h hn j . ,r{ur.}rVn *+(*uco+ool j .s csnvrrx and. tr*:w*r\
semicont3.zlrrsus j

:T-iffiy,fitl3-ijtfi ffi*f,Tff; 
prepcr *-{i h i"s'1

iir(u"ir) 7 tr {vn}*F * V vrre vg u\ h" J
f*g every vUe Vr* wf*h r]* # v v,"*e,*kly *n F th*n j

Lin f . l i f  Jg{unv'} >, i (uuv} Ih*+a J

: .  l j -c r  f "n f  j i . (ur rOv]* j (er rv)  , \v€ K,'  
} b + o  

5 :  5 t

Fur*3rc:naors rro &ssr.uii* t-hat* f*r €verff h* we llaeves

I J'u e "fi - "fr )+i n { ofr - ** } *i,, { r*e"* } ** h{ "fr , nfr : | <

iiorv, ws forsnrilats lihe felll.ov*in6 ctiscrete g:robJ.erae
Bhe &h eueh tirat:

(Augrvtu*un)+i;r(r"r3rovp)*i1o{uirruh} > r{v**uo} *y

Furtirer o]1 r're $ssurirc th*.t tire aondl"t;lsns ot
liold. +.lpp3.y$"ng r*.ia*.}ri,r ;:.r6unien.tr* ei,s S.n lie*t"?*
titat tiie ;aap;.r;i.rr41 Srrrl(n*** l.[h $?hi*]r sss*eietes t*

the '*l"enent, Si*r lre f\h ctre fined b;r;

(a(S:ri,h) *vh*s",wr, )+ii.{vi1r*'.'ii}*ih(lv}ruSUr-un} ; :,{vn*sirr,,iri rS*a. KA

Ls e, cantractisno therefr:re trs heave t.he fol}orryj.ng re;5alt*

3 "l* trre cli*crete qus."ci*variu.*ion&J" x.neqr,rality
*:eigue *olu*i.sn un€ Kn *

{ 3 - 1 i

{3."a}

( 3 " 3  )

( 3 - 4 )

( 3 - 5 )

finrl

v**  Ko (3.6)

'Jhe*r*:n ?".1
St results

ev*ylr *ff K:,

FroposJ.tLCIn

{3"6}  } ras  a



^ 
tr et e ufl)O be &,n rmj.forrntr y bounded $equ&n*e rs$ch thslt

"ir* %" I;'rois Propas*.tfsn 3"1. i"t f$lLai,*s tirnt !?e Er&,y d.efine
tlre ee,luene e. 

' '

,r&,*q ,r*ol rr . ,  " i*h*"'h't:" e tr' // r- s

hcrrco rvg haves

{ 3 " ? }

( 3 " S )

Lshese %., fu t}:e e*l-lrt**s sf {3,6} aad # l"s a po*:Lt$"ve
constant 5"ncle;iendent clr,' h &.ad m"

Tsx *rc*r t* ebti:l**. th* s6"yf,ristrd,en** cs (un)* t* ffi. lri#
def$-ne an airxi}"fe*1r seque&ce mf pr*b}-emme f'oe" wfl € tsA g.*r".exl
euch, that t*uf;)r, tn xxri.forrulli. b*rinti,ed"* rlre clenote iry q6 !.1,
tlre s*lutlono *i:at tl':.ere exix*s eglxd. is ra::.*-qi.ae* of ttre
problemE

(a'nf; , v*{}*ia( on*xu vlr }*$ g( ufr*t - *f; , U

v,,laera **-l* K $.s def$-ned by {E*B},

q r"rf;*r:rrll < x"tl.tg*"*t n fi. krr

i're rem,rrlr. tlrs.t (3-9) *s r'rn interneil apprer"f."rxei,*ion of
the el}$"ptic varLaticrral" inequrlJ.ity of the se*anr.L kinri
(4"$)* Sc6 i'Ie have th* fctr&*lvirug resul-* [gJ"

3r*p**tt3"sn 3"e. Tlre s€(tue&*e 6wff)5 d"ef*ned }:y i3"g)
eppraxS"iaates *be sol*tisn u* sf (2"8) :in *he srlnses

i'r$ *4 13& stg.onstts in V a.* fu **-& 6*
l l  

' u " e

lYe e"re nsw psepemecl 'hc* prove tlie rri;ln rer*ui]t of, this

i ) {3p{rre

Theorern 3o1"" Let u e*"nrl u* he tbe s$}"ii.*ion of iP"S) ein(t

{3.6} * rcsaa**tve};g* €}r*cl ,a

oha u mtremgly ful { as }a -qP o"

Fr*of: lje oblserqe th$'t vre have:

{,(nh**X} 
"V 

voeK*, (3- g }

liu6*ull a ll*rr**f;tFllo****lf+llr.rrr*rrl[ ,$ n7 o" t3 "10 )



' 

'q(J'M

rn crder to esi:i.ffiF:.te the r*e*ond. taral *.re tk:s r.$.ght*hmxad
eLcle of {3"10} tve ffs"st cl.eelu*e from the def;ilmi,aien cf, u}l
an* wff tlicrt s

*, ll q*,f;lla< {*v{-er:ff-u-,ff*,rf;: *
-  r ' : - - - l  * . ' * "  

- . -  L '  

*  
'

a j r. ( o3 r*'L o uft ) + j *, {,\t*o - ",uil } *; o, oo*}, *,ff } *j h i "}i*} - { l,

frorn wh$-*liu u,ei. lrtg (3-F), rri l  oi:*&ins

tl .f;-*fi lt* ll4*1****3[| .

(3"14.)

thatu for every fu

(3"ee )

Ey chooCIing r,T.,-ufru we sixell jlrCIvs by r*cr.r-rrexrss tli&t s
31

l l { * "Ht l  4Xi1  ' { * " * i l  o  VnTo}
- A  I . a  $  v n 7 Q *  { 3 " 1 a }

rneleed.u for n*cl *l:e reeL:Ir* *s evident* ff i;r* s[rpFr]#{:
t i iat  (3"tei  holdn f ,sr  n- lo then we hnves

ll {-un it + ll -ff-''fi tt + il{*noll < rl
< ll"il*r*,,"*1i[ n lld:n" ll 4 ffi ,, ****r I

where we b*'re ueed. {3"1}i" ft f,o}lcws *}rat {3_ta; h*}eks f,or
e\Pery n p 0"

-w {}"s} end tf ;"s}* for t}  * 6: i .ven* f i rere esiste ;{e>#
f fuch t l iat s

t t  " i l * rU l i  
+ l l u t r * , a t {  < *  o \m .p r i r *  { ; _e3 }

cho*cing rrci ia J-* (J 'rc) r+c ]rave r iy us:r.ng ( i .}e) snd, (J"]"3)e
3$E

1*u** l t  +  .$* f l i l  { * " t11 "6 
Tffi i"a

3n*, fro:i i Proli*sit icn j*p Lt resLrl.*s
*l:r,*re exi.s'bs II?> 0 s:lr*h thert"s

r i  f  i . ,  L  \ r  . ;ll','d*u*tl < ry,;,;6yy , \ ir.-<Ila"

Soncl.udir:$, frsn: (3"14") anct
there exl"sts I.I** pEofltlr L*0c " , o

I t  r r  \  /

l l t t * l i , l t  s t .  r  \  i i ( I i a  I

{ 3 " } 5 } u  f * r e 2 6 g i v * n u
", 

.)
,i;e ] su_ch tileLt s

{3"e5}



hense uh**+ u e*r*ng]"}o' $.xr V *rm 3r **p S*

4* .&ppJ"1*ation ts tire ,T;i"gxlarf.n* spoblem** v.rj^*h Fr*c"h:t*sr

4'1' $ei:tin& <,f th.e pr+?;Iers r:uei j"ts Ap3>rc:x$-r.nr:t,*

Y:ie ci:*31 *onsidcr th,* ;r:i"er?:lrru CIf f,l"srd$"nag 'i;lre* ff.el* *f
dfupS"el*ci*en*e f*vr a], ltr:cnrrF eLa**** body rshf*j: $s *s:
trr*"1nte.r'&1 oern'la*t 'nitlr r; r;Ligf* guppr.lrt fc.r],l"cv_,J"n{i & ffiggs*
1**p3. frl*t:L*i: 3r::,r** Lt] , [e:] "

rr^r eii:el*r ts g$.ve i*. v;j,rj.&tj.qln&.r f'exs,*}-*l.hj.t,pn of tlia$
prchi*r:,, let J) be 'bhe btiunri*d l,ip**kr*"'*ro"J,crs;, d.o*srf.6 *"n l{p,
p*?u.3r e*cu;::i*ct bp tlie b*d"y tn
etnts* Is* u.s da.iiu*e lr;t It *l,rei

I e be $psn enri ch.s$raint parts
snd. trifi

'iire i.rutrod*c:e the

svh**ir {s a !Ii"l"b*r'b sigi-!*e s,rs.ti} *}ii: s*erl*r px"urg.uet sf I-::I{nilF_
i'fe sltci'rl- d.enni;e by tl. [[ $-'b*l m,r*sor j-atr,*cr nr-'ri.i*

. i'ie siz*,ll $ri{ii *i:* {".*.1"}*wtn6 ne*sitione frpr the nrr.;:n*}. emd
*arrgeui;i&L sol.r,:+neutu .rf *1a* die;,rl*cg;:iel*ts r*xr6 sf, tj.r* r*€r*s;*
r . ree'Lors ruspec biv i rSy ;

. lln.'ulei * 
tttf,*Leg*t*$n{ s

6r:"* 
%';n,;-t* i '  stt: l*S"i" i*snul*"

l'vher* 31*{n*) iEr ti;"c outuard. noririr,} wrl.ti v**tor cr: I'*
rf 

"v* 
rle:rc'h* i:y ii *hc fcl,lolrj"rr* no:a*e;;rpt;- cLcsed o$nvelr

eub*t"*t 'rf f :

r
i t *  lvevf i  " * r .6  

s  a*s.  o"  l^* ]  (4_Ay

tiren j.* j"s ]rnown [S] - [f]l tir*r,t *l v*ris,.bi*neit foruinlrution
af tire $ifieCIrini ;:roi;leFi wt.|;h n*.sr*Sseeil frj"cticn law Ls 6rs
fel"l-c,v.'sr fincl ueii such th*.t

e(u*v*r i )+ j (uu*r )*J  {u*u}  }  I " ( -+ ' *u}  o  \s  €  K

t1:* **l"tial *::.m*re*.ss:s3.
bor.indmry $f n e"nd Le-b L,u \] *
of, [' g*g]f 'h],** r F " a 

tr -'i'
t u  |  E r o u  I I U  \ e

foSl*l'il^ng sjltl*e r

' r* lve [l]4ftp] r u \rtrs Lx*6o $R n- i "
(4 "1 )

f  s  q l

l . a $ " . j l
'  ' ' d f - _ ' _ / ! j ? f f  _ - - * * : -
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w$ela
f

f { ( i&ev}u \  t*  *  (n}  g*. ,  iv}  c in

n-d- 

cz"d *€J

i ( * u v ) *  J  p I r { c , r ( i i u } ) l l v * l  c i s
f ^ i  

A L

f 
{ (

&{v}=. j  fuo.l dx + J trv* cis
s L  

. ' " "  
-  h ,  

l ' L

sirere rr.,{t,r$q$.ri .u. ffiitr- *h* srrsir.$ renr;or,r-r) {- O r.i ,C ̂ ii r, 
-

t}:s strssr* t+:nssr*re:.crtilri, .t;* €" _, {v} i:;,r me&n$ eif,
lig*lie*s lftvru 

o'J

{  4 . 4 }

{4 *5 }

{+ .63

s* o {v} :is
*€J

ger:"e.r*.1*,sed,

%; (v)*$iJlihtli:r(v) *.ri 1) o

,"-u:i*e f;: i^s tlre c*{iffLefer:.t af fr:g.s*:i"
,n*** sn*l"e R Ls .er ri-near, ari:,'J clcil"ti-$ia-:: ffi:-ff-;# 

-
*'. €^ - n 1 

'*@ {ia{e3',*r*',^t& .&.f' 
.lH "([- ]  to t"-( [ t ]  wh,cre i- i* ' i r ]  is t i :e ci .u*r]  sj i i ice of j i i  {r}"r e [r,e !:]l-*' i.s *re ri+ri;. r**** " * * f,"*; il;n i''i.-*i-

pre**rj"beit svur*.*rr;,,,, trre*ti*n to;irerel H;{i*}" s"s *}r* trp&** cf
all funeti.oirs w of_nl(f) such that ,r4q *CI pr*vLdeet
with *?ie $or"at af liiif)" 'vrje* n.l,es heve etel,r:t*ql by P the
y,rr:aje**5.on ru.ap sf y cla*c Fi* where

K-= J  v  e  } "c  a{v , tp}* f ( f  } ,  Vt1a[S(n; lo  1  _t

' I

f  ( ro )* |  ' r  tn A'r
r .l 

* 
i Yi- t',tii o

.ft

i'ie reru;rr.k ilrnt if u ie tire i:olsrtion ef (.t 
"3) then Fu*G*_

rn the *'hove nilt,uti.clns we l:.avEl tls*d. the sunrla"*ion
ccir:*ue nt{ono

$u;;iroe;e *trrat tl:e elsm*i,:ity eai.:f'iilL*;lents *f t]re bocty
a*;A,n si:'ti*f;.* the *ry:uae'hry er.rnd.i.bfe;:r

el; l"^rr**j *.trh*r]l*ii;

anei. thet eri;rrile cli.i-* u'.,here cl(ni d"creoters tlie sno* c*:r{"3.*
nunuely di.J."fe r.entinble funct j.ons on.il.*

Suppau* i"n addi*ton thEat rnes{Li> * fr*ei rv}iicte i*
fallowso by 3r'orltru i-nequulityu tneit tire bfLJ.nes,r elnd,
col:itL;:,u+us. fcrn, a{' u' } :.; v-eirii itt^e i.€o ther:e e*iste .--



u * y d e

m> n #uch that

a(vrw] >, rnl ir. \1z, \ v e ir { ( *1. ?3

X'L isr enrljr t* ver:lfp tiu.it ; etefiireC. by {4-F} sa*i$fL*e
{ , r e " i s  * . f i *  [ F ] ] s

I i { u, s v* } "Fi { u* * vg i *;j { n* e vg } *;j { ua * *r } 1 4

< *oltptt"rfi r;pllul***lf.l l iru*"rgli * V ot",*auvg,va a y* {4"r:;

Tl teo i ' *n  4 ,1*  J ;c i t  V$ ] ts* , r$"e^ue i  l  ds f i " r i * *  b ; . (4 . ,1 )u(4 . * ) "
{4."4.}*(il.,fr}* T}iq:n ther* *::j.rrtdr 

f*f > 0 s;ei{:h, *}rsr..$ fcr er.oery

tr, # r;:ltil
scrIut;[ci i*

ll y'ilt'"r'," ra#: the tur*g*alj.f;r" (4.-3) tis.s €$. r:n:l"r;lae*
I  a ]  \ , 1 1 7 ]  f  - L

}r**f; r,'rsin {4,s} :g"t f,'*}}CIers t}r';r'& $ sl'tisfies (a"4"} },rl*ii
e **ulitll.f,*{ 

1i i " Teft*irg 
f:i 7 O su*::h th** flf . ff it reeru}*$

e ( ir iq}y sssr;i lL>t * rritirr H;*ilr*.qf:",}6f}- s

Io#t u.u define ;L;u.*g Yt by €-

{*Lu* r}"ql{u*v} ,  V uur" 6. Vo { .4 .9 }

\Te *bscrvc rhal ;  'urs i : is ;xsj  reu$, L d.ef*-ne* b;r  {4.1"}*{4*f f }o
(4'$) * ( '1"$) r:.; id" t4"-6) n re*grect:i.vel;ru ri*t i.trfy the *snCi"'$i,.*ns
of Ti:reprem f"l fr*n r:ha*h ths resri,l-t fol"J.CIiu'sn

' iJfr r.u.ry *lso ci;>irJ";r lroposti;i*r: J*I anei fhe*r*ll 3"L j'a:r

e!*e;"; 5-:iter;:*i" *pprr*.,n;*;i;{r*J.$n (%oKh* jrii erf {vs;t&* } r:r}:l**l:
ssit i"nf*es t]. iu eccuii*L*;*s giv*n i* $****]* *s *b'i;ertn .bnre

fCIllor,'r;i$g rtr [i rl.}-t *

a Fr*;roni.ti.ai:. 4*2, [ju1.ipc;se that l[ " 't11
pl[:"**{f.A} 4 Ho" !]iren t}re

e.1:p::ei;rf;:uit* qriri*:1"*vt"'rri*t:i.alral xn*gunl:i,.ty of {4"3} helal 5g
*nlqu,e eslLr*i*il uh u"iti" iiore $'dst"* we lrnve $h*p tA
s*ro*gly ii:r v ae ir **+ ** v.ih*re u l"s *!ic? uuique snLr,itj"*n
o f  ( 4 . 3 ) "



4.2" Finite Element Error Estlxxates

rn the f*llovrlng r:r'e d.erlve trlo error estLmates for a
finite cl"earent arpprnxl^nratioa of (4"3),

]"et taf* b*gj.!; fuy rru:"ki-n6 er,ciditionaL ria*runrpti*ns abou.t f,,u
}'n elnd. :{.,." ABtrru:ie tirir,i l'.,g C""

4 A

. SttP;,'ss;rs thsh tlie;"e exi$t,s en
ei.rclr t,ir.at *

ru) \Uv*r , ' t r  4  C i i l l r l l :  E
r i n , , v * * l t ^ ^ e  g g l s s l q

r r  p r f  - -  
"  

J l l 2  s

f*r everr trou [uZ(g]]pn v, r,.rhere

n{lrms rur, []i#(r)lp i.*iet [H21o111?,
f  r . : l  \
t- ,L&. I .f o

lVe ai.so supp*se that

operato* frlrrV *-+ Ifn

4nctr '

so*i e 0 s.

l i . l l s rn  and ,  l l .

respecif,vely

( 4" to)
(4":. t)

l la cienote the

( e e e p  B * g e  [ r l ,

flOre e \,

(4 " ta )
( 4 " 1 3 )

vvkere u j.s f,he snlritisn of (4"3),
Ilemevk" J"6 xe kuswn tir*rt if vh le defi*eel by

Ivn* lo e v n [r:u{n}l p; v/*e[]sl F,V r e f" 1 ,
'rr,'ll,ere {n :i"* a regular tr"ianduratiou or, fr. s[c]r that

r l
l l

f l *  V  t
T e f O

anci ?u 3"s tlie sp&ee af all polynomials of cregree ress thern
k l"n tire variabl&.s x:1, , . j ,*p rvitir k >r I, tiren ( 4" tO ) anil
(4"il) €:'.re *afisfiect if fiov.cl,enotesr €rs usual, the vn*
interpelernt of th* furrs*ion vev [4]" i{extu definin6-f"o
s-n ln [rr1 * (4,] .a] einr i  (4,t3) trotd.

T,'e ecn*1d,er titc, fcllolvirrg finlte elenent approxii.lation
t:f t4"3)a fir:cl %e % $ueh rliat

&(L\r*v6*uo)+j {Ll'1,uv5)*j { *h*uzr} 2 :",{vo**}o} *\ rh € Kh* ( 4 " 1 4 )



&emork" It ls ensy t* verify theit jn*j sE*tlsftes the
1 &ss l$3pt l "cns (3"1 i* {3*  5}  "

' In the followi:l$ v,/e denote blr uO ttie sot$tlon of (4.14)
ani l  by u the *rr- lut ion of (4."3)*

theoren 4,1.  l1*ppooe tkr i ;  the cou<t i t ions (4" IOi* {4"13}
liotrt elrll urr:,t t{iulll*E 

ne) < #.; rf u, u Fle{a}lpn i; thefts

ll urr*u11 4 c ir*4 ll u:!la (4 "15 )

wherel C f"s a p*si*ive ecinetesnt tnclepenri.ent of h*

Fr**fl lleikfng v,*B;, J:r (4"3) and v'*\n in {4*14} we *btreJ.ns

mllrr5*ul[2 * n*i.*u.6r u-uO] 4 *( uO*u f, n,-,.-r.r ]'ra( rrfl Ori*u,)*
-1, {fi no*u } 

-rj ( u, rin ) + j ( on u\r* ) *j ( uir, ur, } -j ( u. 
"fi hB ) +

+ j ( u f i l r u ) - j ( uou )c  ( 4 "16 )

Takin8 int* ercqount tir*t u6[n26ni1n *t fo].].ows t]r.at;

a(uu5-rru*ri)*i,(,lT'u*u)* J r** { u}n, ffinu*u}u,il:* J **{drru*m}uds *
n 

eetr cJ rl i' 

h 
"i' rr

ei{l lct. al l* 
us 

+ll  bltgo. } l l5i5***ul l*" i  sn 6 cti lnl\n!tqtr;:**[|*1 
rf t4"t?}

where we helve uoecl, Grecnep :faruulrln tire nq:telt j.os (c-,n)"*
A

sq (u) oj o i*Ir c r * epe .*.he relsrtJ.on

l l  t ;  l l .  or- 
(  l l  a".nl l4 

*r

nnd tr*ce tirecrei,'r"
i;€ aLs:o hrive

-  
j (uu5ir ,u)- j {u,L i )  4 C* l l  R{%tu} ) l le , , rn lFT,nu-ul lor fn 4

< f l*nl lsrr{u}t l**o${-[,gu**] lo-.S C.l iul lol l fr, .ur.*,ul lo*n, (4-]s]
, r Z  E -  ( -

irota tl-ri l t fery sii: l ;r1lci.t;ynvre ciori$t i i i istl irguistr in rvrj"t lng
t i :e norns i r i  ; : *a(r)  ernd [ : l *n( f  ]Jp.

$ubgt i i i ; i r t fon  < l f  (4 "1?)u  {4 .1e ;  c ind .  t4* * }  J . : : . tg  (4 . f6 }
- - - yf*lt i"w b;r the colti.nuity of at



(n*c )ll uu-ullff 4 (;,1+-c )ll .,i,*m11 lliigu*u11+0nJl ull jlrCnu*ull*r s, +

+Crll u tlrl it[Ou*olln 
un :

IJeing Young** fneclunl**y;

p ,
r a *

ab<- ' f j  *  t 'H , \e7 0,  V o,T ie  I

f+r t < e.(# e we obta.j"n f'r*m (4,1-gls

(n*c* $s r l ttuo*ull? 4 ffilm,***ul;?+e ,ltullftthl]iu*ulfi*;.,'" *

+S^ l l  u l t  "+  - ' ! '.  *  
Z" 

-- i t i ] l t ' i {  
hu*L{ l l  O sf 

e

Tirerefdxee by {d" l#}  * .nd {d" l l )  *  *}re ect  j r i i i * .&s (4_}F}
f,olleiwe,

' 2

iTe vrili pros€ tirrrt n tii4l;.er CIroer *f apl:roxj,natlon j.n
(/t"15) ca:r "be orrta.ined by choc.sin6 a eultable rd,

lret ti:e rnei;ping it be given by the convolutione

i l ( t c ) *  c r l t t ' ^  v  ^ - ' ' ' ' '- t  T  n  \ q e l ' I * " ( n )  { 4 * * O }

$'  \urhsr* -eCI{* [ rE]  v i t ] r  te i t rE> *u s l le t i  * i ra i  J* t t t  d . t * . I .
( seeo  e ,g "  t13 l  )o  -S

. It foSior,rs tlrlt" if tkre s*lutian u of {4..,3} ie 1l1 [iizqpli]f
iren it(so( ui ) € l:u ( fi " usou i,;e bra.ue;

i  (usrru)* i  (u,u) 4 $j i r t (srr(u) ) i l  l ,Jr istnu*r i1 l l  - lnr (4"et)

. lrroil i  the d,efj.nitJ.un cf the norm on ll*{f )r

It g lt;.un * irrr 
i tt vtl $ v6 rrl(rl)ry *[v 

] ,

., 
*here 

I is ilrc trace opercltoru ive hnrre l

[ l i i(a,.( u] )l l i,r* l l u: * s'.,( u] l l? *

l r io  J  L . lo r t l x - ; , [ ) (co(u) ) (y )  oy ]zox  +

F - " J u J ' r .a=}* i r -  r " - '1  
'  r

*1"3"*

i 4 " r$ )



* l ' . 1 *

6en l l s r , ( r r )11era  a  {4 .44 }
'1 

' ' :  

,

l lsr, 'u f :rorn (4."16)ut4-Wlu{4"Ai} anri  {&"A?,) ' ; , 'e oLrt$j .n t i r*
foi"lowi*g re oult,

fiic*rerl 4"3" Le:t *he t:c::c1itir;i:s of rfheel:rei*, 4*l *r*J"d* $iap;;ra*e
_ iu n*ilj.tion tl_lrlt It is ;5$.vern ?:y {4"a01 nnd tjrat

fhenu if u e [:f2qo;lpn Xs ]ve ir&v* tAe fbl"]ovri.ng estj.rnatee

l l  uir*ul l  4 f i  ir l lxl le €

4.3" $umerica} lir:ai:rpJ-es

Le'& u.s consicier e pirrrc linear elastic b,cri-; whicfu in tjre
lnitfel" u,:rstresr.led $ttr*i? occup{ex t}re sl*;n:*.xr fl *{i}s}6ix(#*ii;-,
For co.irparisan Fu,rpCIiles ixre hr;ue consi{:}.creel prob}erls .fdr gre
seuas fL witir *ifferer:i.t vrx.l"uee of" treretJ.ons emd, *oefficfemtm
of fr ict lon,

flie tioco;tForiiti$n of biee h*ur:dar$ ArL i.nto lu* 11 r*nr* ta
ie giveri b3"

f o *  t ( x 1 r * r )  e ; i 2 ;  o  (  x . " (  * ' , *  * 1 * s  J ,
l r * [ t u F o l  r t h , e r e4 1 1 ^
f i *  {  { :eruxg) e , i . *a o< xtr (  t6e xp*B} u

f i *  { {o r ru " r )e  i r? ;  o< ,x *<B*  x t * }6 i  ,
r a * l { x r * x r } e  n P ; 0 < x r < } - 6 ,  * e * s i  "

l1'e $uppoge ti:et 'Lhe body *.e ho:n*4eneoil$ i,*o.br*pic and
is elt ityucteri.reci by ri Ycu;rt;ts rroch"ll i .r.s of j,*ICi6 euid g

Fcis$*il3s r*-hio sf { *'}rJu 'ufe ir*we eo:rsid"ered pJ"ane sd;re,$$
problcurs "

I,et ({r)n fe a re.;u1"*r fa*j. ly of trier,*;u}&tj"or:.s of i i
sueh thst

r esh.
IE
I ; G



*I4*

Let usr deno'be hy f l ,  the set c;f  noc{-e} points CIf the
.  r t ^

t r fangula"b ion 'Jr "  o f  r I .  '  '

let \rKn be t]re finite elernent e.ppro"'::ir:nn,tlorrs of the

space V nnd. of  the sanvex set I {u reepeet ively,  *"ef ined ty*

\rl,* t un={.rf,,..,1i e [co(n)] 2; v],(s.i]*o, V sr*e l-ofifl*r*

.  vn/re [nfz*\  refn] ,

IL= {. r*=(ul,ufr) u rrrr; ofrCu.i }>, fi,$ **e lnn2"} s

In orde:: to sol"ve the clir:cl'ete y.rroirlem (4"f4) irrhic.h

e"ppro:rir:ra'bse the gi-ren proirlern (4,3) it sufflcesu as \r*
lrave seen in Sec'b,J, to r;oJ-ve the fol l .orvl .r :16 $equenee of

di-screte va::ietion*l inequelitiesr fj-nd uf e fr. sush tlrat
r t  t [

a(uf;o"r,*"il)+g ( uf;-luoh)*i (r{*t,"il) > r(v*-ufi),\- vn e I{o (q,zi}

{ J m v  , r O  r  1 l  r r . { r r o nror \e r'"o s].ven"
\"ie :reinal"lc 'bhat (+"Zi) :Ls a $16nor*"ni. pi:oblen lvlth r?girren

frlc'biontt r,.rhish is equiveil*rit Eiitl: a nond.;lffe:rcnti*bl.e

optiinizertion ,prohlet,r* ,L'or this re&son j-t i-.g a.d-van'br:.deou-s

to use thc follovring sa,r1c1le pcint forniulation tlt] ; f ind

( ottu pn) e K t arl suclr ttrc.t

4rnl:n*e) * r lntonrpn) < **(r*pn) u \ ve Ku s qenn {4  "247

inrhere

.  y r -  1  { '  n

l r * ( voe ) *  f  a (v r r ' ) * l ( r ' )+  
I  

q  S" ' v t  d . s  $
1

g*= l ln {c ro(o t t * l ; ;1  $

J \ n * {  o * r , 2 { r n ) g l q 1 4 l  a } " e o  o n  s u p p  s n * e * o  o *  F e ) s u p F  g n }  o

I 'or  s i rnpl ic i tyu we have oar i t ted t t re suhsc:: ipt  ho

ife heive applieci Uua,i 'rsl$$ algorl"t lsn to res(:)lve the

p r o b l e u r  ( 4  " 2 4 ) ,
Three nunericel exErnples he*ve been solved by the finite

elenent appro:rimation d.iscussed i"n i lbovet asslrrl ing the

absence of  boCy forccs ioco f=O, fn *he f i rst  exrut ip l -e,$, 'e
' take  the  t re rc t ion  t  de f ined by  t= (0*O)  on  I "4  e r .nd .  t= (50010)

-  - .  . . -  . .  - -  . - . - '  .  . : .  - .  -



os tf- In t-ne se*orrd exampLe v're #sns*delr t*(g**39r31 on fl

and t=(5CI0r0) on f { c-nrn. ln tire }ast e:t*n3t}e i;*(500s*300}

on f  j .  *d t*( t iu$) i t t  f  j ' "
!'i* decrtniruosed. I. i"uto 64 triu.xryulelr f,inl-'1ie 'e]cmcnts as l"s

ehorvn in figure Lo

Flg*l' the fiit ite eleiuent rnesh

In all tirc,se exe;rg:J.es vfe {}r* pertf.cueln'r3'y interested

tn ejtl,rliffurg, tire :trfltlcnee of the coefficj-ernt of fri*tl"on on

tlie t*n;entieil. {1rop}eiee,iients *n f, as j"s: i.}l*strntsd S.n

f igr.*r'c:.t 2*4 "

Fii5.2, Tlre -5.'grseutial di,eplacenents ln exainpl* 3."

Fid.3. ine tungentla} dieplacements in exaniple '2.n

pl&*4, flre trrnger:tir*I di.spla*ennents Ln exr.inple 3,

lor this purpCIse tb.s coeffl"eferr.ts of f,riettolr vrere ba

tahen equcr,L 0.? ,  0o.X nn* 0"6 reelpec*!r"*3-y'

Tcr i-giti".l l lr,e tl ie process ctcf:i.ned '[:y 
t4.23] we have

take t*f; es lrei.ng the uniqu.e solu*fsn of the slasrsie{i3-

$ionori"ni prcliricrn ;

a(uf;,uv1,*"fi) > r,tun*uil) , \ v5€ lis r

wlr**lr sorres*Llc:rds t* tlie case F*0"
,!c*ord.j.n; to €xpsctrit;I.on, the tein;enttal clf.splacemert' i ;s

obtriinecl in *::rrrrplc ? r*re snisller thein tllc.se otrta*"rie& J"tt

e:i*i:-iple ].. rilsos !r.r f*.;ure 4 $ns cfln see tiic inf,'Iurenee of

cor:ibined traic-bions au f f- Ou the ti*r.le"sntiiil dt*;11*i'cener:,tn

0 1 1  l - ^ .
d
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