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GEOMETRY OF DIFFERENTIAI, POLYNOMIAL

FUNffIONS. tr: ALGEBRAIC CURVES

A. BTIIUM

. 
O.INTRODUCTION

This paper is a direct continuation of tBrJ; we snaUfreety use the

terminology from that paper.

As in [Brl let 
' lL 

O" an ordinary universat f,-f ietO of eharacteristic zero

(cf. tXl\ with derviation operator E and field of eonstants Z . For any smooth

%-variety X we eonsidered in [BrJ the ring fjA(X) of A-potynomial functions on

X. This ring has an inereasing fi l tration with subrings O 
(n)(X) where for eaeh n ) 0

0 
(n)(x) 

is the ring of {-polynomial funetions of order at most n (so

gJ(o)1"1 = C(x)) .  Moreover eich r ing d(n)(x) ,wi th n )  1,  has a f i l t rat ionrd O(n)(x)

wi th 19(n-1),"r-modules where ndd(n)(x)  i ,  the space of  a l l  A-polynomial

functions whieh are locally given by A-polynomials in %lVr,...,Vp1 (for some N)

of order at most n'and of degree at most d in the variables rln),...,Y$) (h"r" and later

we wri te somet imes xt ,  x ' , , . . . ,x(n), . . .  insted of  t* ,  J '*r . . . r ln*, . . -whenever x is an.

element of some A-ring). A remarkable easy faet is that the ?/-tine'ar spaees

Fd Q(t)(x) have finite dimension when X is eomplete. These spaees bare a formal

resemblanee with pluricannonical systems in algebraie geometry (and indeed as we

shall see are related to them at least in the ease of eurves) so we call them the

A-plurieanonical spaees of degree d of X. The dimension NO = NO(X) of Fd 0OtXl

will be called the A -plurigenus of degree d. It is natural to piek- then any basis of

td 4 (1)1x) to produee a [-polynomial map
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V d, x ---o?LN d

whieh we eall the A -plurieanonieal map of degree d and we may hope to diseover a

rrnew geometry't of "old varietiesfr by inspeeting these maps. The aim of the present

paper is to perform this program in the case of smooth eomplete eurves.

Before stating our results letts define a basic invariant for a smooth

eomplete eurve X of genus g over ?L whiehwe eall  the /-rank of X and wil l ,be

denoted by rank 
6 

(X). Let

y : Der ---2 Ultcu -rf l

be the Kodaira-Speneer map associated to X---*+ Spee% (UX denotes as usual the

eanonical l ine bundle on X), consider the Kodaira-Speneer elass 3 tf l€Hl(r{/-xl)

and let c s Ho(ct; X) 
'_- Hl((t x) be the map defined by eup-produet with ;: 

( ,f l. ny

definit ion we let rank{X) be the rank of the l inear, map C. So we always have

0 ( rank6G)Jg. If X descends to K tn"n 761= 0 so rank6(X) = 0; eonversely
J

i f  X is nonhyperell iptic and rank6(X) = 0then using l\{ax Noether's theorem (implying

surjeetivity of s2Ho((rx).--+ Ho(url P'l 
= H1(c^rt ')o) *" see that g 6l= 0 henee

X deseends toK tBzl. Of eourse the number rank6(X) equals the A -rank of the

Jaeobian J(X) as defined in [BrJ; so using the resuits in [81], seetion ? we see that

equality, rank6(X) = g holds for X 't [-generic" i.e. for X lying outside a eertain

proper A-elosed subset of the moduli spaee /L otsmooth eurves of genus g.- ts 
ve over 71, orHere are our main results (in whieh X is a smooth complete eur

genus g> 2)z

TITEOREM 1- If X does not descenA rc K then for d sufficiently large ?d

is  a  A-e losed embedd ing .  Moreover  Nr (X)=gt1- rank6(X) .  t f  in  add i t ion  X is

non-hyperetl iptic with rank6(X) = g then YO is a A-elosed embedding for d ) 3, we

have Nr(X) = 1 and Nd(X) = (B -  1Xd2 -  1)  for  d)  2.
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THEOBEM 2. If X deseends to JV then

,
Nd(x) = (B - 1)d' + 2 and Y6 sends xo to a point. If X

Jd
injeetive outside X"7 for d ) 1.

JV

for  any d21 we have

is non-hyperelliptie ?O iu

.  REMARKS. 1) The'notion of A-elosed ernbedding appearing in Theorem 1

above will be defined in seetion 1. In any case a, {-elosed embedding i5 in partieular

injective and has a A -elosed image.

2) It mignt seem odd to an algebraie geometer to see a projective eurve

embedded into an affine space (even if this is done bV A -polynomial rather than by

regular funetions whieh is of eourse impossible). This phenomenon is different in

nature from that diseovered by P. Cassidy that for any projee tive /r{-variefy X whieh

deseends toK ,  x i l  appears as a A-e losed subset  o f  some ? ' (N,Fo,  here we embed

the ful l  set of Zf -points of a variety and we do it  in ease the variety does not

oeseeno'to / J

3) Theorem 1 fai ls for genus g = 0 and g = 1. Reeall from [Bt] that Pl earries

no non-eonstant A-poiynomial funetions (of any orderl) while for any elt ipt ie curve'

and more generally for any abel'ian variety A, all [-polynomial funetions (of

arbitrary order) must faetor through the factor group A/A+ (N.8.: A# is never

tr ivial l) ;  in fact [-polynomial funetions on A define an injeetive map from A/A#

to some aff ine spaee.

4) It  fol lows from [Brl that i f  A is a prineipally polarized abelian l{-variety
I

whieh is "A-generie" in the moduli spaee frf rf  = dim A) then al l  [-plurieanonical

maps ?O 
"r "  

t r iv ia l  ( i .e . ,  NO(A) = 1,  equiva lent ly  7O ,nupt  A to  a point  inZl , ) . fn is

fai ls for A not "[ -generie": i f  A deseends to K for instanee, then

l n  A ,  o * l
V, : e --, 2L 

g'1 is precisely Kolchin's logarithmie derivative (cf. tKl)

(t z e,,-+ L(A)v'lL I fottowed by an affine embedding 4g-?/.g*L.

5) There are so-me features of our [-piurieanonieal maps which make them

behave quite differently from those in algebraie geometry. For instance, due to the

faet that the constant funetions (i.e. those infu ) belong to any [ -plurieanonieal
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spaee i t  fo l lows that the image 
S.un, 

A-plur ieanonieal  map VOzX--- 'eL"d i ,

eontained in a hyperplane of. 2L- o not passing through the origin. Note also that if

d ( e are two integers then ?O is obtained by eomposing f" with a linear projection '

2L* u '-- LLN a .

6) One should be able to generalizerpqrhaps the above results from eurves of

genus g) 2 tovariet ies with ample cotangent bundle tNlDl.

The paper is organized as follows. In seetion 1 we present some generalities

on A -plurieanonical maps. The following two sections are devoted to the proof of the

two theorems above resPeetivelY.

1. -PLURICANONICAL MAPS

^ A
(1.1) Let X be a smooth l/-variety. We defined in [Br1 the sheaf Ax of

[-polynomiat functions on X and its subsheau., d$'of A-polynomial funetions of

order at  most 'n.  The lat ter  form an inoeasingf i l t rat ionof Uf,* i rn 0\ ; '= (9*ana

\ I rq\i\ = 0!.r{oreover, ir
X 6 t x  

" x " " " ^ v v ' v r ' ' ^

r  
" n + 1  

( f n * r , J ) , * n  ( f n , J )  - . . .  - * X o = X  - X - 1  = s p " " &

is the infinite prolongation sequenee associated to X as in tBll (3.1) then we proved

that (9 (n)(x) = (9(xn) for all n ) 0; sinee the infinite prolongation sequence above is

ileompatibleil with nestrietion to Zariski open subsets, we get 0 
9'= %" 

(here and

later we shall abusively writ u (9-.^ instead of i l '  0 .,nwhere Jfn,^Xn---> X is
xn 

' '  
n* A,

the canonical projeetion !). Now define for eaeh d ) 0 and n ) 0 the sheaf FdC!|'OO

assignfng to eaeh open set Xoc X the set of all functions f : Xo '-* ?L sueh that for

eaeh xo€Xo there is a Zariski affine neighbourhood X, of xo in Xo, a elosed

embedding Xr-?,LN and a [ -polynomial  F €U{V1,. . . ,YN1 of  order at  most n,

whieh viewed as a polynomial in Utn),...,y$) h", degree at most d' sueh that

f(x) = F(x) for all x€ Xr. Clearly toOf) form a fi l tration of O Y' with

d$-rl-rodules sueh that gd(9f)Xtt /f\'Fd*"(rf) rot anv integers d, e in

partieular the shea(
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Cr, df;) has a natural strueture of sheaf of graded rings. Moreover note that

uod 9) is the subsheaf of (!f; u"n"rated by produets of the form bob', ... b'" for

e ( d where bo,b1,.. . ,b.€ 0l 
t l  (beeause i f  F € ?lfvr, . . . ,v ' !  is a [-polynomial

of order at most n - L then F' has degree at most one as a polynomial in Vf),...,V$)l

so Fd d 9' ean be construeted directly from the sheaf of A -rings (!f ana its

/n
subsheaf 7x by an obvious induetive procedure

A partieular rote wiu be ptayed by the fi l tration Fdd(n)(x) on 4l(n)1*1

defined uy Fdo(n)(x) = Ho(x,Fd C9l)t one ean assoeiate to it the graded ring

cr, 0 
(n)(*).

(t.Z) Let Z be any Noetherian separated seheme, E a locally free coherent

sheaf on Z;and P theV(il)-torsor onZ in the Zariski topology corresponding to some

elass 
1e 

H1(2,[) (reeall that we putV(i)=SpeeS(E)). lVe shall write in what follows

abusive$ d, insteaO of T* 0, where l[: P ---> Z is the eanonieal projection.

Then there is a natural filtration ,O C, on Cp with loeally free coherent

rh 
sueh that oo r0 _ /0 , VFo a, = 0p andL/ r -modu les  sueh tha t  b ' -Vp=vZ 

d>0

trd(9n)tn" 0r)-  Fd*e 0n{a,u) 0) and there is a natural  isomorphism of sheaves of

graded algebras crrOrg s(r). The eonstruction of Ed t9^ i, the following. Cover Z

1 v P
with af f ine open sets Z,  and let  

\ i i€Y'(ZinZi ,  
E) represe"t  

T.  
Then P isdef ined

by glueing Spee S(E/r.) via the 0 

"' isomorphismsI

Y, z S(E/ s i^z' l  
--- s(E/ 7 in z j)

"  
€ Elzrnz,

Now S(E/2.) has a natural f i l tration defined by nds{E/r.) = $ sktnlr. l. These
t " i k = 0 - i

filtrations elearly glue together via Yrj ,o give a filtration ,O 0r. Moreover, if

ar € Fds(Elzrnzl then 
""," ^ehecks 

that 9rr( o-) - 0-€ rd-ls{n/, 
{rl'

provides the isomorphism cr$ On .s sd(E). In particular if we define a filtration on

? , r (e )=e* (€ ,2 t j r ,
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1 ,

Cgtpl ny Fd Otpl = 11o1Z,Fddr) tr,"n tJ rd Otpl = OQ) and the exaet sequenee
d)0

)

o-t Fd-l 0 p * 'o0r --- sd(r)-+ Q

provides a natural injeetive map of graded algebras

G.o 0 tpl-----+ @ uo(z,sd(r))^ d20

Note that UO On is the subsheaf of Cn g"nurated by all produets of the form

ft  . . .  f "  where e (  d,  f1, . . . , f "  e f lO,

It will useful for us to give an alternative deseription of the filtration

fdO(P) defined above. Consider the extension

o --) 0r- t - E--+ o

corresponding to l1eHl@,6 = g*tl(8,(921. Explieitely t is obtained by glueing

the sheaves 0rr*  E/r .  v ia the l inear automorphisms of  t r rnr j@ Elzrnz,

l L  0 \
defined by the matricu. 1 

' 
I J ; ,r ing this description of € *" see (eompare

\  ? i i  r l
wirh tMDl) that P identif ies with the eomplement in P( t ) of the divisor

D = p(E) e 1.0 ptg 1(r) | ana the fittration Fd fi el eorresponds to the filtration of

0 t pt t ) r p) .given by the veetor spaees uot 0 r1a )(dD)) of all regular funetions on

P(t )rO with poles of order at most d along D. Reeall also that we have an

identifieation Ho( 0 pfil(dD)) = 11o1z,sdt t l l.

(1.3) Reeall from [Brl that, in notations of (f .t) we have that for eaeh n ) 1,

*n -o *n-1 is a torsor under the relative tangent bundle v(T"n-tr*n-z),

corresponding to the Kodaira-spencer class 3 t f I where

p: Der( tg ^_r,ff; 'L U ,,_r) -----n Hlr- \ We claim that under the
J  x , . -  x . , .  

t t ' x n - l / X n : Z "

identif ications d*n = 0$) 
"no 

A"ur=d$-tl the fi l tration Fd O*'defined in

(1.1) eoincides with the fi l tration Fd d"n O"ttned in (1.2) (here a slight eonfusion may
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arrise from our abuse of notation making Un in (t.z) a sheaf on X!. Indeed we only

defined in(1.2) a f i l trat ion on the direet image of (!--nonXn-l, but this f i l trat ion
x"

induees in a natural way a fi l tration on the direet image of 4,non 
X). To cheek the

x"
claim note that as remarked in tBl l  (1.6) for any aff ine subset U of X, Fl U--n(U) i t

- x "
generated as an A ^-r(U)-module by {C-,n-rt:|), henee by (t.Z) UoC9..n is

x " '  x r r - r  o  o  x "

generated as a subsheaf of 0 ^AVelements of the form bo( d b1)"'(d b") with e 5 d'
XN

' ' f l  rn rr ipu, nf  the simi lsr remark about ,d6jb) made in (1'1) webo,b1,.. . ,b 
" 

€Uun-r.  In view of the similar remark 
x

.on"ruo" ,nu, uAftg) = rd ft ' . we get then that ,d1ih)6) = rd (9$\ for d ) 0'
" x  -  - x n

As a consequence of the above diseussion we get:

(1.4.) PROPOSITION. Assume X is a smooth A -variety. Then there is a

natural injeetive map of graded algebras

\  Gro(g(1)(x) -> @Ho(x,sdJ) , ,r , ,)r -  d z o  n r - '

In particular, if X is eompleter dim", rd (r(1)(X) <@ for all d 2 0.
u

(1.5) Now we ean make the definit ions_formulated in the Introduction. We

ea1 Fd0(1)(x) g,. [-pluricanonieal spaces of X, their dimension Nd(X) wil l be

ealled tne A-ptu.,*"$:, and ehoosing any basis br,...,bNd of ndrr(1)txl we eall ' the

map YC ; X ----->Ql d with eomponents (br), the A-pluricanonieal map of degree d'

S inee 1€  Fdf i (1 ) (x ) ,  i f  )1 , . . . ,  ) * .n2L ^ r "sueh tha t  2  ) ru -=  l  then we see tha t

Y,(x) is eontained in the affine n$perptan" in Z["d of equation ))5*j= 1 where
q  N .

x.,...,xN are affine eoordinates in ?L
,  I  ' . d

(1.6) A fi-polynomial map V: X-+Y between two smooth U-vatieties

will be called a fi-elosed immersion if the morphism of D-schemes X@-"y'a

conesponding to it (cf. tBll (3.6)) is a elosed immersion. In partieular sueh a map

as above is injective and its image Y(X) is A-elosed in Y. The composition of two

A -elosed immersions is again a [ -elosed immersion' Note also that if

1

il
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j : X -+Y is a elosed immersion of ?L-vafieties then it is also a A -elosed

immersion; this follow from [Bt] (3'4)'

(1.?.) A remark which will be useful in what follows is that if R is any ring

on whieh an inereasing filtration (FdR)d>0 is given sueh that \-/ FdR =-R 
i:'

( fdnxf ,eR;cpd+eR for al l  d,e) 0 and i f  GrUR is generated as.a r ing Uy OCrln

then R is generated as a ring UY ndR'

( 1 . 8 ) W e w i l l a l s o n e e d t h e f o l l o w i n g e a s y r e m a r k . A s s u m e w e a r e i n t h e

situation of (1.1). Then for eaeh n ) 1 there exists a A-polynomial map:

vn: x --+ xn which is a [-closed immersion and whieh is a seetion for the

eanonical projection Xn---> X sueh that for any regular function TeU6\'

i, xn ---> QL the eomposition it % 
: x -> xn -' r)L is precisely the

[-polynomial map f € (r(n)(x) eorresponding to fl under the identifieation

d(n)t"l =6!1;.n1.'to eheek this recall from [81], seetion 3 that by adjunetion

Homrr-scn(X 
-!,xn) = Homo-r"h(X 

- 
'(xn)-) so to the canonieal projeetion

tXoolt--* Xn there corresponds a morphisms of D-schemes X@* (Xn)- (whieh

i s a s e c t i o n f o r ( x n ) * u X - h e n e e i s a e l o s e d i m m e r s i o n o f s c h e m e s ) . F i n a ] I y ' t o

[------1 (xn)- there eorresponds by [81], seetion 3, a [ -polynomial map

Vrr: X *+Xn which satisfies the desired properties'

I 
2. CURVES WHICH DO NOT DESCEND TO

In this seetion we prove Theorem 1 from

(and the fotlowing) seetion we keep notations from

(1.4) ,  (1 .5) .

K ,

the Introduction. Throughout this

seetion 1, esPeciallY from (1'1)'

over 
'l'L 

ot genus g ) 2

' '  i , .
ii
r f

: ' i  i i
-:i il,  i t

if;
s

.,t

i$
i I
t I

ii

(2.1) LEMMA. Let X be a smooth eomplete eurve

which does not deseend 6 J{' Then xl is affine'



- 9

( * )

pROOF. uet t be the veetor bundle on X defined by taking the extension

, A (

0 ---+ UXn L ---+ @X- 0

n
eorresponding to the elass t 

( t ) e Ul(cufl t Extl(@X, f!p. ny (1"2) and (1'3) Xl

identi f ies with P(t )rp( *x).  Since X does not deseend to J(,  g t f  l*0 so the

exaet sequence (*) does not split. By a result of Giesekr [G], t is ample. But

l , t t  ,  -  - , t ,p( co 
x) e IU prc )(1) | 

so n( ar") is ample on P(t ), hence Xl is affine.

REMABK. This geometrie situation is analogue to that in [MD]; this suggests

that a generalisation should be possible to varieties with ample eotangent bundle.

(2.2) COROLLARY. Let X be as in (2.1). Then g0)61is generated as an

U"-aleeora by Fd 00')$)for d ))0; in particular '(o;x ----r1/*o is a A-closed

immersion for d ) 0 and YO(x) is eontained in a Zariski closed smooth surfaee in
N -  A  -  , r \

?rL"d. Moreover 0'(X) is generated as a A-?,L-atgebra by A"'(X, henee it is

A-finituty generated.

pRooF. since 0txll= cf 
(1)(x) = t-lEd o\)(x'l is finitdly generated

(2.1), Fd0(1)(x) generates tr( l ) txl  for d93. ," ,  bl , . . . ,bNd be an 2,-nasis

Ed O(1)(x) (where d > 0) and let f ir,...,f* . €, Fd (i.xl l be the corresponding elements
t 'd 

^-t N '

under the identification 'from (1.3). C"il % : 
*t --' ' lL o the morphism of

?/--varieties with eomponents (br)r. By (1.8) we have Vo= 7o" Vtrsinee 7, ano

l\)

VO are fl-elosed immersiohs so is ?0. We also get that ?OtXl . TOtXl) the latter

being a smooth surfaee (isomorphie to X1). Finally sinee xl is affine, X2 is also

affine and 0lxzlis generated as an 9txl)-utgebra by tfg lCxll (ef. tBrJ (1'6))' By

induction we get that |bt^l is generated as a A-'1l-alsebra by ltXll and the

Corollary is proved.

In the statement below (and in its proof) we shall use the following notation'

Let X be any smooth eomplete eurve over U and let  
Sr!  

)e 'Hl(* t ' )  u"  i t t

Kodaira-Spencer class. Then we let for any m ) 1 ,

by

of
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c, : Ho( -"" t) -. Hl( -x@ 
(m-1)1 :

o
be the cup produet with { 

(S' ). Note that the target space of C* vanishes for m

so the only relevant values for m are m = L (in this ease Cl = C tt:t

I n t r o d u e t i o n ) a n d m = 2 .

(23) IEMMA. Let X be as in (2.r). Then (under the map from (1.a)):

Gr| Cl{t)txl - Ker c,

in partieular Nt(X) = g + 1 - rank6(X). Assume moreover that rank4(X) =

- 1 - / r \  
an isomorphism).  Then Cz

(equivalently crf fg\r '1x; = 0, equivalently ct is

surjeetive and we have

ct$ ca(l)tx) = Ker cz

\ 
cr$ cl(l)tx) = Ho( -** o) for d ) 3

\

pBooF. Let's come back to the notations from the proof of (2'1)'

We dispose of exaet sequences (d Z 1)

o -r sd-1( t) --n sd( t ) --+ - 
"* 

d--+ o

which give rise to exaet sequenees 
a.

(*) 0 --+tto(sd-l( L )) --- so(sd( t)) --. Ho( @x@ o) o 
o

l5 H1(sd-1( t)) --- Hl(sd( 6,, -L ul(*x* d) -* o

Making d =, 1 in (*) and noting that ), : Uo( w") -+ ULI (Q 
*) is nothing but our map

c, we get using (1.2) and (r'g) tnat cr| 0 
(1)(x) = Ker c' Assume now c' is an

isomorph ism.  From the  sequenee ( * )  fo r  d=  1we get  tha t  4 ruL t€- )_ ->Hl (u ' tx )  
o

ylL isan isomorphism. Making d = 2 in 1*) "nO 
noting that we have a commutative

diagram

> 3

the

g
o

is



H1( a/x)

/x
H l t t )

we see that Ker C, = Ker ) ,. Onthe other hand the

1 .
map H'( ul*) x2'1,[ is easily identified as an element

o ul(t, t ' l r-itn J 
( t ). consequently 2 rirsurjeetive. sinee ,'r*f* 2) = 0 we get

that  cr$ 19(t)1"1 = Kerc,  and that Hl(sztEl l  = 0.  Final ly,  taking d )  3 in (* , )

easily get by induetion that Hl(Sd(t)) = 0 and that cr$ 1j01*1= Ho( ***o)

d > 3 .

(2.4) REMARK. From (2.3) one immediately obtains the formula for Nd(X)

given in Theorem 1. The only assertion in that Theorem which we did not yet prove is

that if X is non-hyperelliptie and of A-rank g then 9O is a &elosed embedding for

d ) 3. This follows from the diseussion, in the proof of Q.2) and from the following:

(2.5) LEMMA. Assume X is non-hyperell iptic and rank/t(X) = g. Then

d 
(l)txl 

is generated as an fl,-algebra by E3(, 
(1)(x).

proof. By (1.?) and (2.3) it is suffieient to prove that GrrO 
(1)(X) 

is

generated as an fl"-algebraby Ker CZ@ HotC,,r,/"83). ty Max Noether's theorem the

eanonieal ring @Uo{ru*&n) is a quotient of S(Ho(cu")). Sinee rank4(X) =g, th€

":0 
'/\

image of  f  t  f  le Hl( tu"1l*  Ho(,ux@2)o via the in ject ive map Ho(-**2;o-t

-> (Ho(cux) E Ho(r{/X))o obtained by transposing the multiplieation is a

symmetrie bil inear form b 3 Ho(u/X) x Ho( w*)'--+ %, of maximum rankg henee

there exists a basis x1,...rX* of uo(tu") sueh that b(x,rxl) = i i i  (Kroneeker delta) for

all i,j. Identifying S(Ho(a/ 1)) with the polynomial ring 'LLlxr,"',x*J we see that

crr0 
(t)(")i, a quotient of the graded subalgebra * = 

og*o 
ot "Lh xr,...,x'J where

- 1 1

cr)

Ho(ruxo 2) " ,

)r\
\

map C, eomposed with the traee

of the dual space uo{-*@ 
2)oo

we

for
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Ro= %

R l  = o

Rz = 
lrRu.. of forms4",:*,*: wi*rfa,, = o t

r )
Rd = 

/spaee 
of  a l l  forms of  degree d 

f  
for  d l3.

So we shall be done if we prove that R is generated as un il-algebra by RZ and Rr.

Put u,r- -i - 
"!en, 

and vil= xixj 6RZ. Now R* belongs to the ?L-sulatgebra of

l l l*rr...,*nl generated by R, beeause of the following identit ies (in whieh i, j,k are

distinct indiees and if g ) 4 then r is an index distinct from i, jrk):

4 2 2 2
i 

= ui5uil. * uij * uir.,- uir.

o
*i*j = 'it uii * ut iuk;

'2*? ='?'. \  * i J  
u

l)

*i*i*t = ui5uik

*i*3*k*. = viivkr

To eheek that RU belongs to the !{,-algebra generated by RZ and Rt note that

5 - - .  3 , - -  2 - -
*i = ,ij*i * uijxi *j

and note that any monomial in the xr's of degree 5 whieh is not of the form xf is of

the form v.,m with m a monomial of degree 3. Sinee the submonoid of the naturals
U

g e n e r a t e d b y 3 , 4 a n d S i s t h e m o n o i d o f a l l n a t u r a l s n ) 3 i t f o l l o w s t h a t , f o r d > 6 r R d

is in the algebra generated uy Rz and R, and ourBroof is elosed.

(?.6) We close this section by making a remark on charaeters of Jaeobians

(this subject deserves a detailed further investiga-tion). Let X be a smooth eomplete

eurve of genus g, A = J(X) its Jaeobian and X r A the natural embedding. Then one

ean investigate the restrietions on X of the {-polynomial Junctions on A i.e. the

map

latter

dAtal dAtXl and more preeisety the maps d(n)tn) -r0 (n)(X). tn"
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maps need not be surjeetive: for instanee they are not for n = 1 and X u A -generier in

l{,f {rrn"e by tBll O$<ol=lJ, in this case while from Theorem 1 in our paper

d 
(l)txl 

has Krutt dimension 2l) We leave open the . problem whether

CJA<el -, ff8) is surjective. Inde'ed it may happen apriori that 0(n)16; --t

-r 0 
(n)1"y 

is not surjletive for some n but that any element of 0 
(n)(x) 

l ies in the

.image of 69(m)161 *>0(*)(x) for some bigger m. Let's remark here that if X is

A-gener i"  in, , t (u,  the image of  0(2)(A) - ,  f l  (2)(x)  
is  not ent i re ly eontained in

0OtXl. Indeed, by [8r1,  seet ion 6,  A2 = A1 x L(A) i f  rank4(A) '= g;  v iewing X2 as

embedded into A2 we may take a fibre Y of the projeetion 72 *--2X1, view it as a

subset of ttre corresponding fibre of A2 *>A1 henee view Y as embedded into L(A).

Then choose a l inear form o( on L(A) whieh is non-eonstant on Y. Viewing d as an

element of X"(L(A)) = Xa(AZ)c Ct6(A) we see that o{ is non-eonstant on the fibres

of X2---rX1 hence its restriction to XZ eannot faetor through X2-, X1. Our

rrremarktt  is proved.

3. CURVES WHrCH DESCEND TO t ,

In this seetion we prove Theorem 2 from the Introduction.

(g.1.) LEMlllA. Let X be a smooth l/, -variety which deseends to

Ktx=xn6 u1L , Xo u J(-variety).  Let 5* uu the tr iv ial  l i f t ing of f ,  r .orn U
U , K

to X and use f*  to ident i fy X1 with V(TX/, t t ) .  Let  Xoc X1 =Y(TX/?L) be the zero

section of the tangent bundie. Then [;l{xol = 
"J( 

.

PRooF. At the level of ?L-points V1 takes any 1,1-point u:

Z = Spec ?,{  - ,  X into the pair  (u,D) where D = , f 'ua ner( !y,u*0;(we use here

the description of Hom (Spec ?),Xl) given in tBll (1.4)). The isomorphism

x1--> v(T"ll i  defined by J* i, given by (u,D) l-> (u,D -, " , l*). under this

identifieation Vr{u) C Xo for som.e .lJ" -point u of X if and only if

f , o u = u . J * r ! ^ - r ? L .  o n e  e a s i l y  c h e c k s  t h a t  t h i s  h a p p e n  i f  a n d  o n l y  i f
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u.: spee 
'1,{ *> X faetors through spee ?z(,

REMARK. If in (3.1) we view X

with [: X --) TX defined in [BrJ (3.8).

-) Spee K -r X" and we are done.

,

as a D-seheme via f,* tfren Z, identifies

(3.3) Letts prove Theorem 2. We have

= G)Holwue 
d) whieh gives the formula for

o>o 'A

Otxrl = $1v$y/tr)') =

Nd(X). The morphism

Xl-, Sp"" (/{x1) is nothing but the eontraction of the zero seetion of V(Tx/Zl,

Any basis of fl C981) provides an embedding of Spec(!(X1) into an affine spabe and

we eonelude exaetly as in the proof of (2.2)by using (3.1) above

(g.4) REMARKS. t )  The image of  Yr:X -> QLg+l inTheorem 2 in case X

is non-hyperelliptie is contained in the affine eone over the canonieal curve

X- p9-1; this eone lies in tg ='ll9 and this ''7,(,9 lies as a hyperplane not passing
\

through the origin in |/-8+l as explained in (1.5).

2) We leave open the problem whether Cl\xlis [-f initely generated if X

deseends 6 N, (compare with (2.2))

3) Tne list of referenees below has to be eompleted with the one appearing

in [Br) .
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