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ON SIMPTS ffiRMS !.IITII NON.trSOI,AN'E.D SINGI]I,AR]T'IES

by A. Eah,arLa
', 1 .,.

6 t .  n n t r o d u e t i . o n .

Let, (J=p" aenote thre local rlng of genns of analytic ftmctlons

f:(Cro)-r0 and n i ts nraxinal ideal .  For an analyt ic ge'rn t€0 we dlenote

bv J^ l ts  Jacobi  ideal  ,  namely J-=f3 i -  ,  . . . ; ,  t \  "  For  an ideal  T S( t- f  - -  - - - - 1  

"  

n u  
t \ z z l  l r n )  

r
w e  c o n s i d e r  a s  i n  [ u J , "  f r l  :

-  the pr imi t ive ideal  ! r  ,  def ined hy I t={  t  €0 l t t l * " rgr }  ;  we ha 'e

I . C .  \ I C I  !

- the grol]p Cn of loca1 anal.yt ic lsomorpkr; isms h:iAnrO)--+'(CnrO) such that

f r*( l )=l ;  i t  is a subgroup of the group of al l  germs of ]ocal anal-yt lc

isomorphisms of (

, r \ f { l
On acts on Jl 

ana we shall  eonsider the -,t ,  ( r ight-equivalence )

t
relation on JI .

. Xn ttre next seet.ion we prove the following

Theor .em l .  Let  tS j  h ie  a rad ica l  ideal  def in ing a germ of  a

quasihomogeneous eomplete in tersect lon inr  (A l rO)  wi th  iso lated s ingular i ty  .

Suppose that there exist R'-"r*nte germs in Jl .  Then in some coorCinates

( r ,  ' ,  
' . .  ,  , n )  o r  (o l ro )  we  h 'ave  e i t he r

a )  t h e r e  e x i s t s  k  C  t 1 ,  . . . ,  
" J  

s u c h  t h a t  T - = ( z r ,  . . .  r  r k )  t  o . T

b )  t h e r e  e x i s t s  n G { ,  ,  . . . ,  n }  a n d  a " q u a s i h o m o g e n e o u s  l s o l a t e d

s l n g u l a r i t y  g = g ( 2 .  , .  . . .  ,  r k ) e  0 o  s u c h  t h a t  n = ( g ,  ' k + 1  )  . . .  , ' n )  '

A. I{drnethi }nas proved a similar result ln [t ]  for the case wLten tr=(fs)

where s)r1 and t e U is ara isolated slngularity . l{hen n=J , D, Siersrna has

considered a s imi lar  problem for  the inner :  modal i ty  (  see [  , ,  J  )  ,

In  the last  sec, t , ion,  we der ive the l is t  o f  Qn-s i rnp le germs for  n=(21 ,  z2\1 ,

$ 2 .  P r o g f  o f  T h e o r e m  1  .

f ] ( 1  ?

We recal l_  f rorn lu j  ,  [n ]  
that  for  an ideal  190 and for  f  €  J  I  '  the
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the ftr-orbit of f

= + ^ .  )  w i t h
f r  ( t a r j

o f f i s

a

is defined by

U ( n ) c l t  a n d  g * € m  f o r  3 = 1  , . . . r n ]
(  ( J  J

" ' t ' , , '  . |

hcO(f  )=a6o
rn(f )

Tret f ,  ,  . . .  r  fn be a minlnal set of  quasihomogeneous 6pnerators of f  .

Let q be the dimension of the 0-vector space 
n*%, 

n tr f  q=p ,  we have a)

with k=e=p o .

Suppose that q4p .  Using a l inear chartge of coordinates ,  we ean assurle l

w i thout  a l te r ing  the  quas ihomogene l t .y  o f  f  , '  r  . . .  o  fp  ,  tha t  f  
, (z )=2  

.+ l , r r igher

monorn ia ls  no t  con taLntng  z .  ,  fo r  j=1r . . . re  (  we assume tha t  t t r ,e ,we igh ts  c l f

the coordinates are posit ive )  ,  f ,hrus ,  we ean consider ,  by substract ing

s u i t a b r l e  n u l t i p l e s  o f  f ,  ,  . . .  r  f q  ,  i f  n e c e s s a r y ,  t h a t  f q + 1  ,  . . .  r  f n  a r e

quas ihomogeneous.po lvnomia ls  ,  no t  depend ing  o f t  z1  ,  . . .  ,  ,q . ,  I t  fo l lows

that ,  ln a sui tabr le systeur z of coordinates ,  the ideal 1i  1s generated bv

f . = r 1  t  . . . ,  f q = r q ,  f q * 1 ,  . . . ,  f p ,  w h e r e  f q + 1  )  . . . ,  f p €  ̂ 2  ^ r *

quas ihomogeneous po lynorn ia . l s  depend lng  on ly  on  , r * ,  ,  . . .  ,  zn  ,

Since there exist fi-r-simpte germs i-n fl , hre carn find f g J I suc}r, that

c r ( f )=6  .  (  The R 1-s i *p fe  
germs are  r ie f ined s imi la r ly  w i th  t l r .e  s imp ie

l s o l a t e d  s i n g u l a r i t i e s  ;  s e e  f o r  e x a m p l e  [ 2 ]  o r  t 4  ]  .  )  F r o m  t a l , L g l

'  ( -  - 2  J - "  '  ' '
w e  h a v e  ) I = I -  a n d  w e  c a n  w r j - t e  f = )  

- . g . . f , f *  
,  w l t h  g " * = B r .  .  L e t  r  b e  t h e

T f r - t \  
1 J  " a J  - J I

rank  o f  the  mat r ix  (g* . (O) ) .  . i_1  ^  .  Then r  i s  a lso  the  rank  o f  the  } less ian
r J  r t J - r t r r -

f  d 2 +  . . \
matr ix evaluatecl  in 0 ,  {  

----  '  
,0,  I  .  As in the proof of Ulorse

\  a ' ia  ' i  f  : - ' i=1 'n

Lemma (  see  fo r  exanp le  IU l  ) .we .  can  ob ta ln  a  sys tem V  o f  coo rd ina tes  ,

wi t t "Z.=2,  for  j )o  ,  sueh that  I  is  generated by 7,4,  |  .o .  ,  Tn$,  )
P

+' -'F , f*=f_ and such that' q + 1 - ' q + 1  t  " '  y  y  
v r a  u r r @ v

, - \  ^ " r Z  - 2  a - ' . - P * ^ - . r l r(  1  )  f = ' z  
r + . .  

. + 2 " +  ) _ , * a s f i f l f j ,-  
i r i = r t ' 1  

' d

d  w i t h ;  E r r T r T r e * 3 . I t  i s  e a s y  t o  s e e  t h a t  f o r  a n y  L r i ) r r + 1  ,* t "n  g i j  g j l  un  * r - J  r  J  
: I I I  .  J - t r  IS  easy  Io  ses  l r l aT  I (

t h e r e  e x i s i s  h .  = h '  ( ;  l r  \  '  ' r  r  i
-  - i j = h i j \ ' r n 1  ,  . . .  , ' d n  )  w i t h  n t j t t t j 6 m '  a n d  s u c h  t h a t  f o r  a n v

[ . n + , i ' ; 2 , w e h a , , e t h ; t f i s l . ' - e Q u i V a l e n t - t o f i * , , , - ; , , - * n , i i i , *
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- ) i L - ' v . r f r f ;  ,  f o r  some y t1€ (8 ,  ,  . . .  , ' 7 ,  )n
f f i ' r J l

t r - f i n l t e l y  d e t ' e r m l n e d  (  s e e  [ e ] , I t l  )

t he  ge rms  ? r ;  uo  no t  depena  on6 ,  ,  . . .  ,

We shall  wrlte in the sequel z for Z

c* ( f )=O ,  we  mus t ,  have  T . ( f )=  f r= f2  i  we
l ' l t t r _

that r=q=p-1

tet On=t I =r
j = 1

.  S lnce  c ' ( f )<oc  ,  f  l s

can assune that ,  U (1). Hence we

z .r

vector  f ie lds for  X .

complete ln terseet i -on

.  f  .  r o r  ? .  a n d  s . .  f o r  i . .  .  S i n c e- J J - l J * 1 . J

prove that this equality irnpl-ies

q.  g  I  q  t r )€r l  he the O-mooure of  logar i thmic
t J T z i  l {  J

Sinee t=( f t  ,  . . .  ,  fp  )  is  a  reduced quasihornogeneous

in (0P,0) with isolated singularity , the &-nodule

tt*r '  whe

the "tr lv ial f ie ld  s  "v e c t o r

)
d z :' 1

A rv - 1

w '- 1

a
a a . a  \ z

0 o 1 "-p+ 
1

a 3
o t 1

F

? z i-p+ 1

? r^  ) r
t r - P

V z i  " " '  6 Z --1 *p+1

f o r  a l l  ( p + 1 ) - t u p l e s  ( i ,  ,  , . . .  ,  i p + 1 )  s a t l s f y i n g  l S i t € 1 2  ! . , ,  ( l p + t ( n  i

( c )  t h e  E u l e r  v e c t o r  f i e l d  E = *  
" : t l # . ,  

w h e r e  w ,  ,  . . .  ,  w '  a r e  t h e
j=1  ' t  ' t  o  a ,

weights  o f  the  coord ina tes  .  .

t r t  is  c lear  that  Tn t r )= Q,  
( r )  :

I ' i e  reea l l  t h i t  f  . =2 .  f o r  1<  j<  e  and  fq+1  ,  . . . - ,  f p€*2  do  no t  depend  on

, 1  ,  . . .  ,  , g . .  A l s o  w e  r e c a J . L  t r l a t - f = 2 f ; * . . . * r ? n * - . . s . . f  . f -  w i t h  q . , : , c 1 . ,  n o t

aepevrdi,rc4 ,n 24,--.,2. asd.x,i\\ x,i$;{5e *!, 
t r 

f,FEl* 
-u l- J 'tii d)l

Suppose f i rs t  that  r (c1 . . then a moment  thought  r , i i l l  eonvince us that  for

any !  4= €*  I - f  we consider  the expansion of  l ( f )  in  a power ser les ,  then
" ( l L r -

t h e  c o e f f i c i e n t  o t  
" f ; i s  

z e r o .  H e n c e  , ' ; 4 t r ( r 1 = 1 2  ,  a  c o n t r a d l c t i o n . I t

one

2 - : 7 * * . ; ' ' * : * - _ - . - - * . - - * - _ - ; _ . ' . - . . . - ; - : - : . r i'de Look no,,r for fi*i , .-.. , -ti--, -ll 1-l uJly !o__:"q tlrat t-f-t? e {) I 
-i;

t I

Oo t*  generated by the fo l lowlng vector  f le lds (  see for  exanple Cl7 )  :

( r )

(s)

fo l lows that r=q .

r e  i = 1 p . , ,  e p  a n d  j - 1  1 . . . 1 t l  i

of tf,-a--gehe-rator:s from (rr) or (Bt) , therl v?(f) tielongs to the ldeal



-4-

L = m . ( f q + 1  t  . . . ,  r o ) 2 + ( 2 ,  )  o . .  ,  , q ) ' ( f q + 1  |  . . .  r ' f n ) +  ( 2 1  ,  . . .  ,  , o j '  .

0n the other ha::d , for any germ gemr we have alpo (gl)(f )gf, .  Ttlus

On(f  )=nCI . ,E( f )  ,  n f  p-q 772 we have the uniqueness of  the weights  .wo+1 ,  . . .  I

" r ,  
(  s e e  f o r  e x a m p l e  C q 7  ) ,  i r e n c e  f ! + t ,  . j . . ,  

$  " ^ * n o t  
h e l o n g  s i m u l t a -

- \  I  a \ .  ,  
' -  

.  ,  *2  laneously  to  €)r ( f  ) '  ,  in  eontradic t ion wl th  the 'equal i ty  I '=  €n( f  )  .  l l t  fo l l .ows

that  q+1=p .  The. theorem is  proved :

[J .  Tt re s impl_e germs for  I=(2,  ,  ,z ]  .

D.  S iersnra has found the R.n-s imp16 germs when I=(21 ,  . . .  ,  zn- j )SO

i n  [ , 0 ]  a n d  f o r  X = ( z f Z ,  r 3 ,  . . .  ,  r n ) 9 . ( 9  i n  [ r r ]  .  F o r  t h e  c a s e  w h e n

n=(2, )g-( t  ,  t l re  l is t .  o f  R1-s i*pfe germs fo l lows f rom the work of  V.  n .

Arnold [ 
' '  

I  (  see for exampre lt1) ) .

t rn  the sequel  we der ive the l is t  o f  R ' -s i rnp le germs for  L=(2,  ,  ,Z)  .  . -
2

We sn-all suppose that n )7 4 and we shall conslder only germs f € I* r,ritlnr

) ) )
J ' f=O .  (  The s imp le  germs f€  L '  w i th  j ' t l }  a re  suspens ions  o f  those in

C r )  .  )
We use the fol lowing classical  l -emma :

lenma .  Let fn=f+*.&a tr2 U,e a farni ly of  germs ,  with t€G. .
u r

a)  I f  S eZ ( f r )  ror  ever .y  teR ,  then ,  for  an.y  t€R ,  f ,  is .P1-"o. . r i , ru . -

lent with f. ,

b)  r f  +  @Z(r* l  fo r  every  t€01 ,  then ,  fo r  any  t€R ,  f ,  i s  no t

,{-simPte .

I f  w e  d e n o t e  t h e  c o o r d i n a t e s  z .  ,  . . .  ,  , n  b y  
" . 1  

,  . . .  ,  u n - 2  a n d  t h e
)

t l i lnor number of an isol .ated singular i ty g b,y 7r l(S) ,  r . re have the fol lowing :

T h e o r e m  2  ,  l e t  I = ( z t  ,  , r ) g ( )  a n d  f € I 2  w i t h  3 2 f = O  "  T h e n  f  i s

r r f i / r ^ . )
X--simple i f  and only i f  f  is "(  O-eQuivalent 

to a germ in the f  ol lowing
l!

tab1e .
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Normal form of f c r ( f ) Condi t lons

I
n

n a
1 a

1 A 1 Z  
4 + l d J c z } * . V z Z , r Z z

f l L L ) t L

. 7 '
) n 7 t 5

B. A
^ ^z z

\ 2 , 2 . + 1 8 ^ 2 4
f l z a

1 n=4

IT
2 2urz i+wr -z ' r * r  j r z .s (n3  )  . . .  ,  un_2) n-2+ 7u 

( g) n75 ;  g6A*D-E

I l I
2  2 , ,  k  2  , 2*1,  1^  z*uzz i+z i (zr+u)+u\+.  .  ,+u '_ ,  ) k+n-2 n 7 t 4  ;  k 7 t 2

2  2 , ,  k  2  2  \
* 1' 1" z*u z' 1*'  ?-\ z r+urttt+oJ*o4* " '  + \rn-z ) k+n-2 n 7 t 4  z  k 7 t 3

2  2 ,  2  j  2  2  \
,  1, 1, 2*u2z f 

z 2\ z 2+ u2+r]-3+*4* . .  .*vn_z ) n+2 n714

f 1 t
I V

^
I  Z '  K  I  Z  t

o 1 ,  1 1 2 * o 2 ,  1 * r 2 \ r 2 * u ? . *  ,  ;  . * a n _ 2 ) k+n-1 n ) / 4  i  k ) 7 2

Va
2  2 ,  2  i  2  2  \ ,

, 1 r  
1 r2 *u2 r  1 * r2 \22+u i+ \13+ .  

.  . +u '  _2  J n+3 n 2 / 4

Vb
2  2 ,  2  j  2  2

u11 1rz*u3zl+zi(z|+uf+u'r+, .  .+ui_, ) n+4 n7r  4

VI o j, j,2*uzr1*t3(ur..r*r$+*?r* . . .*4-r) k+n-1 n 7 t 4  i  k 7 t 3

7
\ r ' ! r  /
v , n u 1, 1, 2* o3"'r. 13( " ru r* o?r*4. .,. * 

"i-, ) n+4 n > 4

2 2 a '
P r o o f  . I f  f € I ' h a s  j . f = O ,  t h e n ; r f = u r Q r ( r ,  ,  z r ) + . , , + u r r - r Q n _ 2 ( r l  ,  z r ) +

*9 , (z l  ,  ,2 )  ,  ' *here  Q, ,  ,  . . .  ,  Qn_Z are  quadr ics  and C is  a  cub ic  in  z ,  ,  %2

We suppose tha t  c ' ( f  ) ( .  so  .  Hence f  i s . .R  n-eQuiva len t  
to  a  je t  ; k f  fo r

s u f f i c i e n t l y  l a r g e  k  (  s e e  I g ]  )  .

Let V be the 0;vector spaee g;enerated by Qt ,  .  .  .  ,  Qn-2 in t t le veetor

space o f  quadr ics  
. in  z ,  ,  z2  .

trf  diml/-J then n )75 and we ean f ind i" fr,  a l inear isomorphism of

(a l ,o )  such tha t  ;J f=u ,  , f ; *u r r l *u j r t rz  .  n t  fo l lows by  I  e1  ,  I  S1  tha t  f  i s

/ ; r ? ( n
Kr -equ iva len t  w i th  3 / f  (  t  i s  a  D(  t , 1 ) - t vpe  ge rm )  and  f  i s  X r -s imp le

I f  d imV(1 then f  is  not  R1-s impte .  Namely r  & i ly  ne ighhourhood of  f

eonta ins a gerro wl r ich is  Rr-eQuiva len 'b to  a € lerm f=u,r , r r * r3r*"3rurzr {u?; -* . . . *

2  ,  2  - ,  .  "+u1n- ) * " i , f ( r r ,  ,  . . .  ,  vn_Z)  where  YC* '  .  I t  i s  easy  to  see  tha t  f o r  anv .

Y ,  T i "  not  f l r -s imple .

"  
r f  d imv=2 then,  us lng the c lass i f icat ion of  _nenc! ,s  i l_1Y{t_] " : i :  !_2?z*

l re  can f inc i  in  S.  *onu r inear  isomorphisms of  
- (Cn,o)- .suct i  

t f ra t  ia f fS f f i6 'or - -
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