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ON SIMPLE GERMS WITH NON-ISOLATED SINGULARITIES

»

by A, Zaharia

‘ §1. Introduction .

Let @: @n denote the local ring of germs of analytic functions

f:('ﬁn,o)‘——>02 and m its maximal ideal . For an analytic germ fe@ we denote

Be A

b)yJ a—z1, e o0 9 azn

¢ 1ts Jacobi ideal , namely J":f=(

) o For an ideal Ig@
we consider as in (8& s i9] .

i

- the primitive ideal {I , defined by SI:{feO \(f)hﬁfgl} s we have
Peficr;

- the group ‘DI of local analytic isomorphisms m:(a:n,o)——»(cn,o) such that
h*(I)zl’ s it is a sul;*group of the group of all germs of local analytic
isomorphisms of (e",0) .

;DI acts on S]I and we shall consider the 11 ( right-equivalence )}
relation on SI -

In the next section we prove the following

Theorem 1, Let Ig@ be a radical ideal defining a germ of a
quasihomogeneous complete intersection im (¢®,0) with isolated singularif;y' 2
Suppose that there exist RI-—simple germs in II . Then in some coordinates
(’z1 IR zn) of (€",0) we have either

a) there exists k 6{1 v fmww n’g such that I:('z1 5 Al & zk) , Or

B) there exists ke{1 . wmman i n7} and a ‘quasihomogeneous isolated

singularity ‘g‘=g(’z’1 s eee 9 zk)QOk such that I=(g , ) zn) i

S

/
A, Nemethi has proved a similar result in [7’] for the case when I=(f")
where s71 and fé(j is am isolated singularity . When n=3 , D, Siersma hasg

considered a similar problem for the inner modality ( -see {‘!21 i

In the last section we derive the list of Rj—simple germs for 12(21 . z?\) .

§2. Proof of Theorem 1 .

T e SR S 0 o S Y

We recall from fB} s {9} thatw}a;;n 1deal I:EZE and for T & §I s the



o
tangent space at f to the j{l-ormit of f is defined by
T(\f‘:‘{ ‘£ =B 9 yith y(I)eT and m £0r =1,.s0,n
;)= (£) ) E?jazj vl(), 5€ J=1seeey

and the I-codimension of f is

{1

e 2%
TI(f)

cl(f)=dim

Let f1 iy fp be a minimal set of quasihomogeneous generators of I ,

Let q be the dimension of the @kvectof space I+9£? o If qg=p , we have a)
with k=q=p . , #

Suppose that q¢p . Using a linear change of coordinates , we can assume |,
without altering the quasihomogeneity of f1' o aE g fp , that fj(z)-—-sznigkrer
monomials not containing z‘_j , for j=1,...,9 { we assume that the'weights of
the coordinates are positive ) . Thus , we can consider , by substracting
suitable multiples of f1 SEieie ey fq , if necessary , that fq+1 R fp are
quaéihomogeneous»polynomials , not depending on z1 ey zq . It follows

that , in a suitable system z of coordinates , the ideal T is generated by

2

T sy ey fp , where f D, fpggm are

fq:Zq ) fq+1 s q+1 ]

quasihomogeneous polynomials depending only on»zq+1 FREE zn .

Since there existh{I-simple germs in II s we can find T G@SI such that

c.(£f)=0 . { The 5{I~simple germs are defined similarly with the simple

I
isolated singularities ; see for example [2j& or (4 ] . ). Prom (;81 ,({9]
3 " )

we have SI:I2 and we can write f=§ VoW o L | gijzgji . Let r be the

194
1,3'1 J i
rank of the matrix (g (O)) gt " Then r is also the rank of the Hessian
’ 9
: : % .
matrix evaluated im O , —(0) . As in the proof of Morse
azia Zj i,J=,n

Lemma ( see for example [63} ) we can obtain a system 7 of coordinates ,

~

with:E3=zj for j>a , such that I is generated by %1551 3 elere: =1y quEq p
~ ~
q+1=fq+1 S eSiraay fp=fp and such that
2 T~ i r~
(1) £=2o+,. 420 T,
1,3=r47 0+
w1th Z. . and with gi.%:%:éémB . It is easy to see that for any i,j>r+1 ,
150 i1 %
e P NN 2
S ny 3 e 090 ‘- s s h = a
there exists h, J ij(zr+1 5 5 Zn ) with h Jf Je}m and such that for any

Acerates ARSI s S : ~D
kel ;- kim2s, we have that £ is jilwcqulwalent to z + otz +:Z_ '13 ]f .+

i, J=r+i



Pl

, for some \fijéE

o~
9 °

~
Z
P r

)k

. Since cl(f)<100 . P e

Ae@eﬂd\«% O gy

i j=r+1

I-finitely determined ( see [j83 ,[ 97 ) . Hence we can assume that in (1)

o~
Z o

2 ~
the germs gij do not depend on Zy s eee s

We shall write in the sequel z for Z ’ fj for ?5 and gij for Eij . Since

cI(f)=O , we must have Tl(f)z §I=I2 s we prove that this equality implies

that r=q=p-1 .

Let €= {q "éa’i' V(I)gﬂJ be the (D-module of logarithmic

j=1

vector fields for I . Sinee I=(f. , .uv o T

1 ) is a reduced quasihomogeneous

complete intersection in (@n,o) with isolated singularity , the C?«module
%} is genorated by the following vector fields ( see for example (j}]

(&) f , where 1—1,...,p and 3—1,...,n :

:LB

the "trivial vector fields"

(B)

J o
raz. 6 00 0 BZ [
11 ip+1
az’ o0 0 0 0 az'
l1 lp+1
df %
P 2 P
BZ‘ o 0 0 0 0 az’
S pi
for all (p+1)-tuples (11., s p ) satisfying 1<:11<_12<:...é;1p+1 H
. ; n a
Cf 5 X 1 Py & i
(c) the Euler vector field E= ?S? j J‘BZ , where PRI , W, are the

weights of the coordinates .
It is clear that T, (£)=C(s

for 1£Jj«<q and £ i‘ em do not depend on

’Ooag

We recall that f.=z,
g q+1

: 2
B e B Zq . Also we recall that f=z +...+z 4-2 : g f f \wxfh % % hci

1
b and wikh G s ?Qé\m, 1,J=r+1

Suppose first that r<q ., Then a moment thought will convince us that for
any YZGE491 , 1f we consider the expansion of Y? f) in a power series , then

; 2 :
the coefficient of zi is zero , Hence z;<45TI(f)xI , & contradiction ., It

follows that r=q .

e look now for-£° - ' ;;Th:iig_: It iq easy to qﬁg that-if W é;{}T

q+1

" one of the-geherators from (A) or (B) , then v(f) belongs to the ideal



=

: 2
9 o0 g fp)+(z1 -, eoe 9 Z )\ o

' 2 ‘
L:mt(fq+1 9 eece 9 fp) +(Z1 9 eee g Zq) (f q

g+1
On the other hand , for any germ gem we have also (gE)(f)é&L . Thus

é}I(f)=L+®'E(f) . If p-q72 we have the uniqueness of the weights w

o0 0 y

q+1 '
2 ; 2 :

wn ( see for example [4-1 ) , hence fq+1 y ese fp can not belong simulta-

neously to €}I(f) , in contradiction with the' equality I2='G&(f) . It follows

that gq+1=p . The - theorem is proved . .

§3. The simple germs for I.—.(z1 . zz) :

D, Siersma has found the j{I~simp1e germs when I=(z1 P O A zn_1)§:(D

in [101 and for I=(z1z i zn)gla in [12] . For the case when

o v By eeo
I:(z1)§_C7 , the list of j21~simp1e germs follows from the work of V, I,
Arnolda (1) ( see for example (13] ) .

In the sequel we derive the list of jzl-simple germs for I:(z1 5 22) T
We shall suppose that n7 4 and we shall consider only germs f<512 with

j2f=0 . ( The simple germs féilz with.jzf#O are suspensions of those in

(a5 070
We use the following classical lemma :
Lemma , Let ft=f+t-d@6312 be a family of germs , with t<® .
a) If ¢€Z (ft) for every t€R , then , for any t€@® , ft isﬁl—equivw-

lent with £ .

0
b) If O h(£,) for every t€® , then , for any te®R , £, is not
;Ql-simple o

If we denote the coordinates z e 3 zn by u1 §. aiee un_2 and the

3 9

Milnor number of an isolated singularity g by m(g) , we have the following :

Theorem 2 , Let I=(z ) O and fé;Ig with j2f=0 . Then f is

1287 g

ﬂzlwsimple if and only-if £ is ﬁ21~equiva1ent to a germ in the following

table .



Normal form of f - CIGf) Conditions
In u122+w2 g U5z, %, “ .3 v E n>5
I4 : u1z$+ugz§ 3 .' =4
II u1zz+u? §+z 7 ‘g(WB e d ey un_z) n—2+/u(g) ny5 ; gEA-D-E
T1I u1Z1z2+u?z12+zz(z?+u1;+u§+...+‘u§__2)‘ k+n~2 n 4 ; k2
u1z1z2+u2z$+z§(z2+u?u3+u§ i+...+ui_2) k+n=2 nz4 ;3 k23
u1z122+u22$ 2(22 §+u§ +...+un_2) n+2 n7/4
Iv u1z1z2+w2zf+z§( g+11§ ...+un___2) k+n-1 np4 s ky2
Va u1z122+u2z§+7§( g 3 §+...+ui_2} n+3% n74
Vb w1z1z2+u3z§+z§(zg z ; ...+u§_2) n+4 ny4
VI | w77, +u27f4z (z u2+u};+w§+...+ur21_2) k+n-1 ny4 5 k3
V13 u1z122&u37$ S(z2u +ug+u§+...+ui"2) n+4 ry 4

i 3 . »
P o Tk J - N e | = s I R
roof ., If f&1I pas 1 =0 , them 37D u1Q1(z1 , z2)+ +un—2Qn—2(Z1 ; z2)+

+C(z z,.) , where Q1 S R ¢ are quadrics and C is a cubic in 2z Z

e 52 n-2 = e
We suppose that c- (f)<itn . Hence f is.ﬁ?l-equivalent to a jet jkf for
sufficiently large k ( see [.93 ] e

TLet V be the €-vector space generated by Q1 3 eee 9 Qn~2 in the vector
space of quadrics in z1 3 22 o i

If dimV=% then nj;S and we can find inwﬂgx a linear isomorphism of

(¢",0) such that J)f u17f+u z2+u37,1 . It follows by (8] ,{ 9] that f is

j<1~equivalent with j3f ( £ is a D(1,1)-type germ ) and f is lewsimple .

If dimV4£ 1 then f is not j{I-Simple . Namely , any neighbourhood of f
sl

contains a germ which is jzlnequivalent to a germ f~u1z122+z1+224z1(u?-...+
2 2 . )
+u 2 kf\uz e g un~2) where Y & m” . It is easy to see that for any

¢ , T is not i{l-simple :

If dimV=2 then , using the classification of penbllg of quadzlcq in z1 v Bn oy

NEES e e B e

we can find in 33‘ some linear isomorphisms of (E ,0) such that j3T Is 6me of



the following cubics :

u, z2+u z2 3w, 2, 2T, 22 or u,z,z,tuv z2+73
1 2 2 Sag S s e
2 2 .
When J f=uf17;1+u2z2 it follows , directly or using the technique of global

transversal from LS] ,Bhat £ ds 53I~equ1valent to u 22+u2 g

1 n~2) . Now it is easy to see , for n35 , that f is

jZI—simple if and only if g is a simple isolated singularity ( g is an A-D-E

+2 Zzg(lug ) © o0 9 u

singularity ; see (2} ,0T {j41 for the normal forms )

Ir 3f~w VARV 3 ) 22+z3

Z 7.+ 22+zz(z +
$%q 2T M2 i e

. then f is j21~equivalent to w,z,7,+, y

+g{u2 e Wn—2)) with gégmz . It is easy to see that f is }lesimple if
and only if g is a simple boundary singularity in the sense of Arnold , the
boundary b ewng u =0 ( see [ ]

The most difficult case is when jsfzqu1z2+u2z? . In this situation T is

D o2 | St WSl
J\I equivalent to w z17?+u251+22h( 5 9 w2 IRV ISR un~2) with h&m™ , If h is
2 simple boundary singularity with respect to z2=O , we change the coordinates
such that h becomes the normal form of a B~C-F singularity . Then f is
; ; : Pl : 2 .

jzﬂfequlvalent to u1z1z2k\e(u2 3w i unﬁe)z1+z2h ; glth \Pe;nl\m , and we
obtain the germs in the table by using the lemma and loocking at j1%9 .

‘If h is not a simple boundary singularity then f can be deformed to a germ
which is R .~equivalent to u,z,z +\p(u % u )z2+zzh(z u v oo

I 7 1292 S N2 7 ? Tn-2

where Pem~ m2 and h is one of the following unimodal boundary singularities (ge

L)

il 2 o5 2 2 3
F1,O' 2+a22u2ku2+u3+...+unm2 , 4a +27+40
ol P 2 2 3
K4, 2 . 2+HZ2112+1212 3+o e '+un~2 ? a %4
Lo e say u +u2u +u34u?+ Fu2
i 652 Gl s R T

Using the lemma with ¢(f) replaced by 'L(f)+(u? P S un“2)3(21)2 we

obtain that £ is not 531_simple \
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