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ON fH$ OPARATORTAT $AVA$T,T1.I$A*PTCK PROtsI,AN,{

A " r*trH$CtJ

r * JsTagpggu.ar
The nrsfn tr)urpose crf this pa,per ts to present a $clrur*1{evr,rn*

l l r ina type aigori thrn for the operatorj-ml l levanlLnna*piek prob1ern

tel id to reinde:r expl lctt  t i te Pl.ck eri*Lerlunn as e natunel contlnr*atfon
of the operntorteel $*|rur mlg*:rl.i lam"

fhe operatoriaL i{evanl innn-} i*}.r  prob}em cen

the $araeon*i{agy*Foir:.s t}reorq::*i f [i:1, Itfl ) anct_ b]:e

cri ter ium of l lc le ean be ears: l ly general iaed. in tr te

s e t t i n g  t t i l , [ f O ] ) "  0 n  t h e  o r h e r  h e n d  t \  d e s c r l p r i o n

G{zse  w&sr  cone l -de red  ln  [+ - ]  an , i  i u l ,
Let  u i ;  no 'w g lve  { }  s i ro r t  descr ip t i r ;n  c l f  the  resu} r )s  ob ts inec i

in  t i r i - s  p r lper .  fn  Sec t ion  2  rve  remind i ;h ,e  c less ics . l  sca ls r  Schur*

l {evenJ. inna argor j - thm a:rd tnc method of '  \ t reyl  ctrc les f  L i r ] ,  [ t t_- l  ,
["" r* l  f  ^ ' t  r
L . r ( ) l r L c J l "

fn  Sec t ton  I  
"ve  

cor rs ider  the  oper* . to r ta l  se t t in f l  o f  t i re

r e s u l t s '  p r e s e n t e d .  i n  t i r e  p r e v i o u s  s e c t t o n "  \ T e  e s t a b l l s h  n n

opera tor ia l  Schur  t ; vFe e lp ;< l r i thn :  wh lc l r  551r 'ee  us  the  so lu t ions  o f

the  j {evsrn} inna* }1ck  prob}en ex tend in i '  15*  reeu l - ts  f ro i i i  [ : J ,  f .C  ]  c

fn t l re sequel  v, 'e dertve the method of  iYeyl  c ix.s l -es d.escr1b1ng

m o r e  , p r e c t s e l y  t h e  s t n r c i . u r e  o f ,  t n e  e o l u t l o n s

$ e c t l o n  4  d e e r c r i b e s  t h e  P i c k  c r i t e r i . u ; r i  i n  o u r  o p e r a t o r i a i

se t t  ing  re f  lec t  j .nn :  the  c lc . rse  connect  ion  be tweet r  I r i ck  rna t r i ces

o . i  t i re  oper r ta r ia l  l {eva t r i l i nna*P ic }<  px 'ob}em anC Tc lcp l i t  z  mg. t r l ies

j  n t i re oper{ ' " t  or  i  c  1 $cirur l r robJ_er;ro

be solvect vrith

el r*srsi. e al

operetanle, l

of '  the rna'tr te. ial



2

2 'gsg&,lslssMrs_

The fo11*r,sin61 :i.ruterpo1nt$.on probl*ra for fu.ncttens fnJ] :.t ts

known ae the T{evern l tnna*p ick prcb len (Npp} . ' f } rere J"s  n}so anc; thst r ,

var taut  o f ' th ts  prob lem for  anal ib tc  funct ior ru  on D wi th  Re f  
'7  

S,

l iucLr problems of lnterp*l f t t tonse,"ro of 6reat tnteremt tn sl ,stern

t l ieory e.s broaci-br: ,nd me,t*}e$-ng, case $.de trnuwformptLons, ete " \

(Nrp)  c iven &n) '  set  o f  dJ.nt i -nct  po in t r  t *Jn?rc f r  u lu

[t t jn: l  e D le' t  u,$ consider the qu*st ion of the exlctence of f ]

class i5 funct i"cn f  sat isf; , , i ,ng B

Tlre main

(Fc)  l ,e t

f ( r . * )  * ' s ' *-  n '  J r

resu l l  i *  the fo t lowlng ptck cr j " ter j , *n  (pC)

&'necesss,r ."-v anqi  suf f ic ien* eondi t lnn for  t i re ealvabt i i " ty of  (3 ip.p)

1e ths. t  a l" l  Pr,  (n *  l )  &x.€ n*n negattve t lef in i" te,

Yfe shal l  preeetr t  in-  the eequel  the Schur*Ncv*ir l l "nner ta i f l **

r"vthm si . r is ;oci ,ated vr l , th t i re preccdir ig ( ldpF).

Let bn(r) - .i-F', ff-*L: n?J-.
.  s . " n l  * * A n Z ,  

' '

*n { O (n ai" ) , ogtLerwj-r:e this carl '  be easil.y

sultabl"e l l l6bius transfcr:mstlon 
" 

'oye. ci.ef ine r

'  f 1 ( . 4 )  =  t ( n )

r , e t  D  * { *  c  n I  l * i * : l . a n a $ - { * *  H * . ( D )  I  t {  r \ r d i } }

Y{e mey {.t.Bsum€ a}j.

rea l i sed  w i th  a

61  =  f t  ( a r )

t9J
lv  - l

.L

;**l-

w."

E

X.

t

*
1 .l ;,,.-

I
( 2 " 1 )  f r r + r ( e ) * : : : * :  &* urr'( a )

T t  t s  no t  d i f f i cu l t

U":h.:-"
L*Qfr, ( z )
to check thert

the sequence f * r r lor -U has the proper t l r  that  l * , , ' \  6  1r  (n_Fl )

where fi" s fo(nrrl

nnd i f  there is sorne nn€. ) t  such that l fuol  =,  J.  t i ren f l r r*O for. .n >no ?

I n  t h i s  c e i $ e  w c  o b t e i r i  a ,  f i n r t o  s * q u e n c e  t r = U  u ' f  p . u , . .  u f n o = $ n o r f r r o . o " r * C \ *

r : t tC t i re I ichur* i ievanl inna. t l . ] f lot : l thnr t . las & rnt  j .onal  l 'unct ton ai l

u,riiiuc-sE lu-l;iiin t [rrJ , [rt,l I "
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Sow us lng (2 , I )  we have

t  ( z )
b r r (z l  { , f  "1( 2 . 2 )

f '  (  o \- n + l t - / l  Q  t / - \|  l r r \ { j /

br . ( z )  & r r ( z )  f r rn r ' ( z )  +  Ao(z )

Where A6rRrrrArroB* are rat lonal  funct ions giv.en b5, the fo l lowlng

formulae:
ary 1\

,  A l ( z ) * 7  ,  B l ( z ) = g 1

An+r ( z) =Ln( z) + 8nnlbn ( z ),  nn ( r  )

Remark  I  1 .

Bn+t (z )= { * rAn(z )  +  b r r ( z )  T tn (27

trJ /\-'
An+l  (z )=Bn(  z ) '  l r r (z )  +  e r r * rn ;C r l

r''V ."-\./

Bn+l ( z ) =5r, ( z ) err*ra n( z) +' nr, ( z )

A s  a  c o n s e q u e n c e  o f  ( Z , I )  v r e  o b t a i n

h  { o  , f  ,  N
on(zn+J /  A r r (u r :+ l )  8n*1  *  B r r ( r . r+ t )

br , ( 'nn- l )  Br , (u , r r - ] )  8n , t  *  &r , ( , r * * l )

A 1  ( z ) = L ,  81 ( r r ) *&

( 2 . 3 )

( 2  , 4

w  \ =n + t

?1

C o

, .  / - - \^ n + 1  \ ' l

B * , ' ( z )
Il -r J.

( 2 . 3 )  r

,rrl
iz ) - .J

t-
I

I
r l
) l' l

I

VIe  can u$e a  mai r i c ;&a l  t renscr lp t ion
Y .-t r-Bn+] tz) f  = l  1  b , r (z)so*r l  f *nr , (z )
/ \ . r  |  = l  -  - f  

|  
' -

Ar,+r, ' rJ l%*r br)( , , )  
J f  r , r t r )

o f

l l

A

By tak in6 l  de terminants  i i r
t"'../ A,( 2 . 5 )  A n ( " ) a n ( z )  B ' , ( r ) n r r ( z )

l , ' rhere bo(z)  = 1

Finaly  us ine (21)

. r . r , - \  
B t r ( z )

r - \ h l  a  %

Arr( z )

n
* f t , r , ( z ) ( 1 * l s r i 2 )

b o t i r  s i d e s  o f  ( p " " 4 )  v r e  a l s o  d . e r i v e ;
t.t*  

. f i  bu_r  (z)  (1_ ies l2  ) ,
K--,1

a .n (n )  [  o r r ( z ) r , r ( r ) fn * r ( z )  *  A r r (u i l  
*

+ t  t t - \4 * - , 1  \ r r l

j t
ul

( , ,
n '

A  ( r , )  f  r '  f  r y \ a  t " r \ { .  / , , \  ,  
*

, . r i \ r /  
i  

u n ( : , / r i n \ z l t . n n 1 \ r t )  +  A



A -{i

f t \ /
A R I 1 )^n'-n'en'5n are unlquely deternrined. by [*n.] l  .and ,* wi l l  be

f*w1unlquely deterrnined. by its parameters when\ts\ converses unlformly
t A  r t  J  n - .

*o f  on compact subsets of D" ( thj"s ls t i ru ' i lLf '#n*o f  t r- [z* l  )  *c,s).
Y-I >, A ri

: .  
1

let now z D and deftne :

( 2 . 6 ' i  1 L ( r )  = l z e  C I  I  z * f ( i l ,  w h e r e  f  r u n s  t h r o u g h t h e
set  o f  par t la l  so lu t lons of  ( l f fp)  wi th  in t tJ .a l
dates  { ru , *u} :_^  J

a n d  ( 2 , 6 )  w e  d e d u c e  IB y  ( 2 . 2 )

1f,( z) c I
;
Brr( z ) 3Jf G' -  n+1*b r r ( z )  Bo (z )  f r r * r ( z )  +  A r r ( z )

A stratght forward computat lon shows us that l
( ? . 7 )  

\ ( z )  =  {  z ,  c  0  I  I  z -  a n ( z } \  < 1 " r , { " } l }  w h e r e  :

r r r (z )=  - -  P n ( r )  -  n n { r )  { ( r l

\A , , (z )  I  
t

n

T l b n ( z )  ( r  ? s n \ z )

f  b , ,  (  , ) \ '  iB, ,  (  i l f

l tCr) and i f

set )  then any

we d.enot e

so lu t lon  f

b y '

o f  the

Rernark !  1.  r t  is  easy to see that fnntu) la 
lo, r t r ) lz  lorr ( r ) { fur ]

"v{4*) =fi\ t "l1&? {
( r \?P )  sat  is f  ies

2.  c tear l "y ldn i (z) .q

(which is a nonvold

t ( z ) e M z ) "



3. {S },:ETI{0D 0F

' tve shal l  constder j-n the sequel the operatorial  verlant
of  t i re  a lgor i thm d.escr ibed.  in  the precedlng sect ion.  le t  ,J t ,  

T t .d ,nn{* r " "
be i l i lbert spaces ancl Y("t t , ,Tto) trre set of analyt lcal an<l cont".-*r"-
operatorlal  valued functtons $) r  D.*-) ;r ,(  "ku l  Ttr)

(nru;  -  operator la l  c&,se :  g iven any set  o f  d is t inc t  : : . ro i * ts

{  z .J  cn and eny set  o f  cont ract ions F,ur  ' }  c  Yno, ,L , ._r\?i  r  any ser o1' '  i -  u/" Jnr_1{C+{r, , i$ret us consider
the quest ion of  the exts tence of  & c lass T{X^, t r )  funet lon F sat is*
f y t n g :  F ( z r , ) = I J n  

,  
n Z L

Using Sarason-I{agy*Fofas theoren we easi ly obtaln the
sf rme Pick type cr i ter ium for  thw ex is tence of  the so lu t lons of  the
oper.atoriat (nrp ) (  oetai ls in [rSJ ,  [S] ,  [ral  )  ,

Now le t  r  e  XtXo, ] t r1  be -a  cont ract ion and.  denote &s usuel r
t - F

(3 . r ;  Dr  : :  ( r - r  ?)*  ;Pr  =  b*?to

the < le fect  o i " t * to"u anc t l re  defect  spacee-  o f  T"
VIe c ie f ine :

( 3 . 2 )  r r ( z ) = f -  " o * 1  , T t  - . 9 ' * l ' 4 ' -
I  o*  *z rs f  7 : "x -  h r  \
L r J r t

IVEYI CIRCTEI;

ro tat ion of

fn the

transf ormat j .ons by

T . a *  C
U V g  U

Remark l  1" r t  1s e&slr  to see that J* is tnner f rorn both

2 ,  For  z*J"e  JT( l )  =  J ( ' I )  Ls  t i re  e lementary

r t lel, [rtJ ] .

o sid.e"1;rt1)

i s  use fu ]  to  rep lece  S{Sb ius

t : 'ansfor ine, t  ions,

bg & cont i :aet fcn and fos,  ah

opera"torfal  sett tng is

the s0 ea l l "e*  cascade

ft fiJ- ffi;'+,r*i-,?,.-ak;
arbtt r&ry cont: :sct jon X<"[ t?. . ]* i  Fre.  def t ine the pn,scerde transforn*t ion:

' .v l te : r  cvor  tne i .nve: :ge e l f  { f  - .  DX]_c ix . i$ t rJo**Ong

' ' . . . - - - - .
"1*rmied iat ely 

-ve-r.. i f  
f  * *



s  resu l t  ( [ : ] l  '

€ Y{-f i^,Tt.} the eguation H a trr(u) }rne

T * J  w h e r e T = i { ( 0 ) ,

he seque l  l

)n*vl ^{{ *, "b.
z)r"J Arn l5r

t  k 7 ; ' A

6

that CS(X) fs & contractJ.ort" In e, stmnilar way we can define

casced.e t ransformat l .ons for  operator  va lued funct lons" .

he follovsl"n

" For an;' i i

r  E  Y ( A r ,  h

ns&der in t

I r  b u ( z
= l

L Dr *bx(
f rv-z
r-s.*

l -7na

We have t

Tllir0RAI'I l"

sr untque solut ion

Let  us co

( 1 . a t  . r 5 1 u ;\ J . 1 1  -  " f

where bo(a) =.I;-Si

d e f l n e d  b y :

)l -r D,*i
J rt*r.r

c-T
u  b k ( z ) D , a r ( a ) [ r  o  b k ( z ) r t r ( zC ' . (F)  (z)  =  Tt r " - ,

Jtl +t/T

and. the fol lowing ce.scade trensfo[^matlon of ] 'ey(At,A-d

\ -) .,.d I

R e m n r k i  1 .  O l e a r l y  c " k ( F )  r n n k e e  s e n . s e  b e c a u s e  f o r  l z i  < -  I  ,
" f

i  u * ( z ) i

1s l -nver t  ib i  1e

2. "  S ince  & shor t  con tpu ta t  j "ou  shows u$ tha t  :

r  c  , . ( F ) f " f  c , " ( r ) { v r )  r
ril rii

=Dr[r+q ( a )rF 
nc * l] 

-tIt-to ( z ) bn (i,r ) F t, ) p f * >] [L + bn (rv ) :iff r q,^, )] 
*ln* 

\-r t l"th
t

lsie heve I C _u 
( r )t Y( JT , *l81 .*- ) .

T r L  {

" T

i . ,et G€ y { ' i { , ,Tta) s,ne} }et us cief1ne r

; ^  i z ^ * r , \
t ,  a r /  1  z t l

tdr H("1 = Glffr) with i i  e f  i- : t^ 'vr)

- 7 r
u r e 8 r r y * Q  r , { 0 )  =  G ( z o }

l ?.., t  " '  n

Dcrtot in , , r  t '  =  6(a6 )  e  X( ' t r ( t , ' I {1}  nnr i  T '  *  ; { (0)  €  X(T{u,n l - { " )
l : r . . t  "  *  y

i l e - - i r r : v e  f  I  = ? * t  6 r " i i d  { " i r r  r  * ' l t { T o  -  L  i i i K i l ' s : r c l  r - - i r r r t r  , .  j . * ' i " i l #
\-,
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n  - n
" H r -  " , I DTr  =  DT D T t  =  D T  , D r t

Let  us cons lder  t i re  equat ion 1{  : r  Cr  (F)  and'  , s l

we have ;

-mi t:h h,.H'*r 4$t';d L'.H 
"?"\ 

F
i 7 ,  - Z  \

Denot ing Fr. (z)  = r [ r foo, ]  * t  obfnin wi th fheorerrr  1 z

,^*z " l -1
--lc*-*. I
1-302-!

* D m
A O

t7. .- 'i,

A

for" n * ffi*rnZ€CI! ' - h o h

D'r'l- EDr

contractftrr:

PBOPOSITION 2 .  For any cgY[Xr,$t2) trre equation G = C / ' f i i  \
^ \ t  

- l  /
T V  - L

" 11,
has  a  un ique  se , lu t i on  F r€  Y f f i r$ tn , )  nhe re  T  =  G(zo ) ,

T h e  m a t n  o b j e c t  u e e d  f o r  t h e  d e s c r i p t i o n  o f  t h e  , S c h u y -

Nevnnf ,  inna  e lgpr i thm ls  the  no t ion  o f  sc i ru r  sequence"  A  sequence

of  cont rac t ions  ' { - f "  } . , . r0  ts  ca} led  schur  sequence i f  f - i {  e  y - ( ' i f4 , ' l t? , )

a n d  f o r  n ) 2  
i '  '  x

, \ '* , 4 ra*_, 
-t A af;._

Let f  e YtTt, . ,Xtr l  solui l"on of the operetorial  ( l tpl ,)  with t )r.e

v'iei n i t i a l  c t a t g *  { ,  . T J  1l rn r r *n  J  n  ?  1 ,  Inc rk ing  f  c i rnvard  to  l r ropos i  h ion  z

S h A 1 l .  d e f  j n e  ( , y ' r  c r ' 1  n n p " i  i h m  S i g } f  j . l A r  w i t h  t i r e  o n e  i n  s e c t i O n  ?  :

F t ( r )  =  l ' ( z )  l  f  l  i . :  F r ( r r )  =  \ I { l

TZ is  def lned b l '  t i re  equat  j .on I

Ft = *r*  (rz)  ,  t ,  = u. l  (* t ) ,3rr*r" t f  1s a"
t ' r  r e € t q l D r , r , $ * f  )

By inductton v ' 'e i r r rp lS.c i t r* ly tJ.sf ine lnrr , - l  ;

(3"6 3" * 

"fu(F"*t) 

'r3;:h1 
;...'],;t$;-nr*o 

contrnc'icr

i { e  read i .3 , y  dec iuce  f r : . om ( j . 6 )  ;

{ 3 , 7 )  p : "  C " '  (  C  r  (  r " .  f T r  \ ' !  \
1 - L  t 2  

c o o \  * . f g  \ " f r + " 1 - / ) o t o J t

"t "1, "f l,
Tt  i i :  en i iy  to  c l : r r lc lc  ths. t  f  or  t , , r ro  contrn c t  ions

Y,'e h.nve t iie rel.L rr,t i ortr: t

$ -l o: t', l" t  -Lt,  i , :  I

' t ' t  
. ! \

\  - '  o ' ( - )  r ' c..r ( c,, (i..) ) ,,, 0..
u l  a J . l  ; J . l

, . _ l . ( .
,t i).1



' 8 a n

where S ie t i re Redheffer prodrrct deftned by !

$r-x .  S,

t i r * *3 r * . " " * tpo

( 3 " 7 )  s n d

=  C r J - - -  , 2urf u i'',

der lng the

A  B In  * l =
c' o"J

s i

I

I
I
I

I
I
L

Con

C . 1  ( a ) - D r ,  ,+  ' 1

= tfo" u"l

L*" o"J
( z ) * i - t  !

a*t1

- ' i  
- l

*u . i l  
^D .Dp l * -  . i

- - ' * J  r  n + I

" '  ( r ) H * ( z l D n +
-r. J[ | .

n J '  I

of pa: ' t ia l  solut fen,s of  the opf i t :€ l - .
f '  n n
I ,, 't].I I rr .f

t*t 'nt irtr ir*r is cont*inetl l-n the s**

funct ions given by t l re.  formuler.e z

where  Fn+ l  e  Yqh i .o ,An** )

P-u,,(")
+ b, n +( l . t z )

,r*, ft-or, { z ) frr*rl *1 c,r { " )

*r( z)o e*, Lr-r,, {, ) [ *rJ

, , , f (* i;i'f

F = cg-a,r {z)  F,r ( r4 (o, r*r l

[cn-e ,l u-t , il
nnrJ rryher:e Arr, Brr, Cn. rD*. { r rc  p ivon  by  (

I  t '  )
. . . . : 1 - . . _ -

r f t

D

ttl -tn,*, ( *lr rl

I  c, - ( ' rJ

ftr*sinr(r-'nraz)-lcr= 

L ca(r*DlAz)-lcr

BrAe ( r*nrn, ) -lDrR.,o*rurl

Q, ( r*n**n ) -ln*m 
?*Dz J

v/s have

where Ar, , Br, , Cn , Dn sat l sfy i

8 . ,  ( z ) = b r  ( z ) D n +  g. r -  r  t i

whenever  the lnverse of  ( I *DIAZ)  ex is ts ,

Then

( 3 " 9 )  r

rna ty ic ia l  func t ione l

( 3 " r01

(  3 . 1 1 ) F fr .1 \\ ' ' n + l /

" )  / \  / i  r ^ \i . t > )  ( 1 . 1 2 )  a n c i  :

t  I \ - ' J -  g L  g  e  o  I  9 l l

*t,r,,,, r,oi;i, -b,r r: ( u )i-f ,

Dr (a )= *b te * ) iT

An+l  (z)*  Ao(z)+Brr{z)  f , * r [ r*o, r ( r )  q- . rJ  * ]c*(z)

Bn+ l  (n ) *  bn+ l (  z  ) : l n * r l , ro ,

Cn+J . (z )=Df

D n + l ( z ) = b n

?HHCI{H&{ 3. T}'r,p cn1}ect j_on

tor la l  ( l f fp )  w i th  j .n l t la l  d .a tee

of  cont rac t j_ve  opera tor  vaLuec l



I

sio called $chur (*Nevanli.nnsr)

,  can be obtelned in the operr l-

r la t  es o

Remark r  1 .  { f f  }  w i l }  be  &'  4 .  t r  f l  l h . 7 {

sequence  "
2"  S lmi lar  re la t tons

to r ia l  ($ r? )  w i th  i n f i n i t e  i n l t i n l

rrrilned. by F "

)  *  c la r*  B , r ) { i - ] r ) (z)  =
l "n-:1'  "n-]  I  " '

Lr,,_,1, o"_l_*J
* ' - r ; )

Dn-r ( z ) l  rr l**Jtrr-,  (z) "

r . ) G Y q b i r ^ . , U , )

. / \
i rere Fr ,  ls  a  boundeC

1 conve rges l  un i fo rn ie l y

. rm n*rrn* t f f  t t  n,u{r}

ets  o f  11"  Tn t iv  J "s  ther

ined" o,y {t *J* } 1 n,s

s  un j -que ly  de te

/1r \  (  o,
I t )  B  ( Q ) l - \ ' y L t \ o
*r  n-J"  I(q D.- .tt]. .J  r r -J"  3

,r(r{ 
- t  -  f" [r .

obta in  i

..A-

( z )  w i th  B r r (

/a
' } "  / - \ l t  t / ' " \D k ( Z / I ' n \ 1 L l  \ * /

/ ^  1 4 \  C  '  
- 1

t . J " r ) )  r L t \ n j t t l

D * in t" l le uni f

on compaet sub€l

unic iueiy c let  erm

?

J 
",n.* 

t*

r se  q

* cl-o I
l ' - n *
l ^ " ,
Ltn..

-t ( z )r,,

2 ) w e o

u (z )B r r (

r l

;  = fTr :
k-= {"

t J o n "

n c e  o f

e t s  o f

t o C I o

&o

tr '  is u

0bvJ.ousl

For  the

F ( z )  -  A

f
\

=  s *  . ,  ( z ) ( T _ ( ? . )
I J -J -  t  . ,

But from

B * ( z )n '

f  t  f  o1- [o

( 3 , 1 3 , )  f ( z )

operator  va luec l

*.$ Fr. con

to F sn cornpact

converges uni fcr

c€]se  i f f  >  (1 -  I
i i  ? {

In  th is

.,', fi-

. ]  t .  h

conve

o ( z )

i-
l r - i l
L N

r ?  ' i

lt
*IY r

J L - I

\nt c

* n \ o

func

seque

sir.b *.:

rnely

- ,  |  \ -r ' t t |  r -

c a s e

{n  ; ; } r r : r  I  un iquc l .y  detern in*r*  {ar i l  nE 3, .

lYe ehn, l i .  l :e; : t ic t  or l r  study to the nond"egenernte c&se, vt i . i t€n !v, ; .

have a t  J .ens t  &  eo lu t ion  o f  the  opera . to r i * }  (N l . ' l l ) ,  to  p resent  the

met l rc ic l  Vrreyl .  c: i " ic l .eso Sor , : f .mp]- i .c i t . l , .  of  notat ions r{e consi .del t :  Tu -

and t' q -f't-; = Yii(r?t) .
C r

Let Ei(z) = 
t  

Z € Z'(- l t i  I  f ias'  (r .)  vo'her:e F runs throui<Fi the

co l l -ec t i on  e i J ' t he  so lu t i ons  o f  t i r e  ope : ' a t * : ' j . e iL

( i , l ; , , i ' )  u ; i t ; l :  in i  t  j .a l -  dr i tes{r , . ,  J , , t l  
t t  

\
I ^ r  l \ J  L . : * ,1  .  e

T{.r. ''Jt"
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TI{E0RfiM 4 " We hn.ve tire fal.lowing
I

represent&tton for  the

oi , )J  +

+ [or,,r, oole-l nfrr'l] * r,r,.x,rr'"Ff,z)nfrzc,,cril *

,ve")f*1c

-* -,L

" . , ( z )  
n * n n x r - r C

r {  ' ' f t \  a  /

e l e m e n t s  o f  t f ( z )  "
f( 3 . ] 4 )  z  =  
l A , r ( z )  + B

wher':e ErrrFnoxn e t{"d() are p;"operl;,, cef i-n"ed and A-nuBnrer.,l}r, are

\ife have !

b y  ( 3 . 1 2 ; ,

Proo f  I  As  s l  conr iequencs  o f  (3 . } . ) )
(-

t 'ux(Tt )  1  z=c1^a * (z)  8 , . (z ;1( rv) (a)
[c , r iz )  D, r (z ] i

4  [ t  
* * * t z ] r (n i ] - r - "

erc to r : iaa t  ton  i

) f,,*r: ( r, )n* ( -* t * [': *.ns{ z )n, -,]" *

given

wrr(  r ) *

n = Arr(*)  + s, . ( r , )  ' ; , t (z) f t -nrrC*i

wrrert-. .,v c f [h',^,\) ]

, r { a )

ivhere xr.c Jt l t )

And so I

( 3 " 1 5 )

us cc)

f i t  r \ /
* * "  i

G-  
l *

r*E 
L.I

I-' r
t *

a s n

r - r t  I\ | t  u

Y

I 'J i tn
f '\ r ' . v
T  Y  l I -D i r l l t '

Tret

L

I

Y
. n . t *t r .

Xrwith X € \ft?Q

u;?_) ," nnto))rsil*rr:o  s o  ( . 3 . : - 5 )  b e r c o r * e * :

B r , ( r l n j C r , ) n ; :  ( z )  c , r { u )  +

r.se har."e Lhp f

v[l-n (:;, )D *c r l] i*n t( 
"

I t  resuJ"'c s :

( 1 , 1 6 )  Y  =  D ( z )

+  Bo (a )  D i t r r t  xn  " ' * 1d '  - u n t z )  ' n r r ( z )  c r . ( z )

YJi t i :  r inotncr  f i :c tor i t rn t  ion tv t ,  o t r { t ' ' r r i  I



i.1

n * 
f*,rtr l  

+ 8,.,(z) Dn(n, oi l | t- i  crr(*)] +

* pr,,(z) otlt"i 8,,(a$ " ri6x;F,,"[r,,trl

J I

k , 1 * 0

t * 2tDrr(

*!..'-re
^  t  

" l

" , \  u * ( z j J
u l  r *  . J

where FrrrF* e YtX) q}

Remarlc:  W* (  z,  )  is  s c losecl  sphere of  t t  cen,t  er , i

Ar r ( z )  +  B r r ( z )  D r r ( z )  D i l t r " i  C r r ( z )
f &

anel r ight  and lef t  teradi i t t  p; iven by :

r - 1 ^ r . - \  -  r - r  / - \  ^ - t  f i  / - \f l n ( z )  =  u n [ z )  D L n ( u ]  U n ( u  l

R*(z)  =  Bn(s)  o i l t r l  B , r (a )

Clenr l ) i .  yre have a uni .que solut ion when nf  (z)  *  0 or
't

I ? ' d  / o \  -  nr r , ^  \ 4 , /  v
t l

4. PTCK CRIT]IRIA

Consider ins the Carat i rdoc lory  c lE:s ,s  YK)ot  analy t ic

fu ,nct ions em D lv i t i r  pos i t ive rea l  pr i r t  and tak ing va. l -ues in  f  i l t ) ,

l . t : t  us  c i c f j ne  :

c(z)  )*1 wlrer .e G { .  t t " " )

one cor respondence be twee in

an<l t l:e funct iarrs G € Yt.p-) wit:,r

+

+ ^

U

t

I

I
I

(v;e r) ,ssune z '*0,  YJo*014)

( 4 . r )  p ( z )  s  ( r  c ( a ) ) ( r

Tnf.s ref . ' lects €l  one

fuiaet j .ons t" Y'tT-i wj.th F(o) *

G ( 0 ) = J " ) t r o w l . e t :  
f - ' , , , + f . , ,

, (4.2) i: iorv let l l ,., - | : jH:l
rL I  t . - - -

r  ? .^ bt* , \  
1:  

- f iou 
1

and{ i { r rJ r ,  }  O 
*ct-df i l  contract  1ons

l re t  us  $nr1 lpCI€re  f l :e  lnverse  o f  ( r  -F  ' J , . )  ex i , ; t s  fo r  k 'p f f i "
I t .

iYe  cons i " t ie - r  thcn  the  eor rcspnndeneco c1ose11,  re ls ted .  v , i i th  (4 . t r )

f l ivc;n b;r l

,  y I  t * l  r t  r l f- r  i r t r r l  \ I  , ' l U )

- \ , r .  ) f  
- r  

+  y  ) * 1-  
f . '  \ - :  ^ : -  .

tL lt

I Y  ( T\ *

v c ( f* k

(  A  ? \

where f",ri nlo ffi D
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and the so lu . t  lons F suc i r  that  F(zU)

r , 1 , "  \  *  v\ t \ r , ! - /  -  - t k o

!T i t i r  J . i t t le

Lt!
?1t &

*- [,i+Yor 3u ,*l 
;,1*0

T h e n

' c l
L,

t1

( / i  , 5 )

*-* *
i t \

B'tu "t z
) u 6rqj;;
Gn e ' i: ' t tk)

ur r ( r )  -  l J r i ( r * )  s

sircr" t  cou:put at  i  on

l r  rr
" . I

z e  t i )

$ i'lt] !T$ tl fI

For t i re operator in l  (NPpl  wl th datel  &*,*rJ l r  > 0
'" lVlon k# 0 we clearlY he.ve

Let 3k - 
ff; 

( nu* 2, ) 
*3 and" d ertr:e u

nlgebra we
;\,

-1.TT n rT .i c<
? ' n ' '  n t n  

r D

Let Lis i  f : tssume tnnf hir . , rn]  o ere extended to an inf j .n i te

Toepl i tz  for rn  on H denoted t , . rT"  T i re  pos i t tv l ty  o f  T ts  equiva lent

w t t h  t h e  p o s i t i v l t p  o f  I { r ,  e  n >  o ,  f n  t h l s  c & s e  w e  o b t a i n  t h e t

t h e  p o i ; i t i v e  T o e p l i t e  k e r n e l  o n  K . i s  a  r e n l t z a t i o n  o f  t h e  s e m l s p e c *

t ra1 ,  me&sure  U on ' f l -  ,  t i re  un j - t  c i rc le :  !

A  sen isSrec t r i ;1  f i r (? r lsure  or  T-  ig  a  l .  jnc r r  pos i t i ve  n iap

n r $ ("Tt- ')-*+, Xt^14)

\ , / i lere Yt l f )  r lenote t i re set  of  contJ.nusus funct ionet o* T-

f o l . l a w i n r :  { 4 " 3 )  :

= n(€-n) ,  n€? , \ ,r i re: 'e er*t* i t)  z gint and^ s-r,  F , ; f .

'Let 
us .qtiFpo*qe 1"r, r n) n fl,ro nonn$fir?t' j .ve de.f j.;:reci. e nd tnking

in  cons idere , t  j .on  (+" f  )  r *e  shr : -1 .1  t ie f ine 'GnC t f i ; i ;  t l ra t  sa t l -s f te  s

* r r ^  r . i  r r . i  * . ,  ^ . , 4 y o 1 i r : r i n l .  ( l i p p )  r , l i t  h  d n t n  {  , r .  -  y . - \  l }  & s  f O l l - c ; l v S ;u l l u  . . . l . l r J U s  L r l r L - l i l , L r J r . L . i J .  \ , { J - { r /  f r I L i t  \ . r r l L . i . J .  ( .  r " k "  t k J  
k _ o

Fir ' i l t  ' . ' ;c ,  coniJ i .C cr  t  i re  l :c l ' ; i i  ; i r rcct ro:1.  r l t€r i ,$ l . lu{ - :  :

wt:er* w]r(eio) - 'ffi

8n rT

8r-, ( gio

d e f i  n  e

* i i* :  Kfit) '+ YtlL)
(4 . '+ '  

, r , r r r l  =r l : { in , r , l  t r , }

snC .t:he fnm5.J";i' of furic't fc,nn i.n

o b t o i n  t n a t ;

a  h e r n i i " b i a n  $ o e p l i t z  n a t r i c e

( e i s * ' * o )

( 4 " 6 )

ut i.:

i  h n {
v  i * ( r  u
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/'x \r { ar
I  A  ? \  * - ( q )  +  C * ( z J  Y )  +  Y *
\ d i . f  )  * n - : J L * * - - r I - . g  H  l l q  " * J _  r  k r l  =  o r l r o o o u r l "

1 - - E r - z , " c " nr - 4Jkal "l - "t:!i{rt

,  
l l o w  i t  l s  c l e & r  t h n . t  C r r ( r J -  *  Y K  ,  ? *  =  o r { . r .  o .  e n ,

I 'or  t i re operator: le l -  i l f l l r )  wi th data { ' * , - .W,-1 ,  let' - ' - - -  I  " - ] 4 r " k ,  k > o
r f . , - i

u$ cons jCer  t i re  sequence t tJ  n? '  v r i th  f tnd Yt10 such t i ra t

c " ( 'A  =  Yxo  f (  =  o '  L1 . " "n  snd  the  re l s ted  sequence  { ' t ; r ,>  o

. (  F,.  and G* are relaieC. b),  (+"f i  ;  "  rvi th Fr, € Tt l t)  such that

F r r ( z r )  *  l Y k  ,  k r o n l r .  o ,  e n u  
' I h e  s o q u c n e e  { 0 " \ n }  o  h a s  s .  s l r b s e q l t e n c e

oorrverging (wee,kly) to an operator i r&lued furrct ion b f  Y(X) which

c leer ly  sat ts f  ie ,$  the ( t IpP)  wi th  da*n t *o ,* )  r . r .  >  o ,

Tl iCIrJR$l ' {  5" A necessr&xTi and suf l f tc ient  cond. j - t io11 fcr  the

so l -verb i l i t ; r  o f_  the  opera tor f .a l  ( I {P f  )  v r i t } r  Cete  Iz* ,W. ] l  . - . -c - n i  n " n )  0

t s  t h e i t  e l }  P o .  ( n p  o )  g i v e n .  b 1 ,  ( 4 " 2 )  r { r e  n o r i n e g a t l v e  d e f f n e d "

i3roof :  suf f i . * tency vra.s * l rcnr iy prover l  and. neeesi ty isx $"

,  con-qequence of  the l t iesr* i lerg loz t i rcor :en for  funct  ion, t  in  c l .assYnAi ,
6 l

ft i  thi** '--,re"y the operetoritr. i" lTevnnlinna*Pick 41.61$:ri.thtn flnd

the  P iek  c : " j . te r ia  a rc  in t  i .mnte1 .v  rc l  a ted .  rv i . . t i r  the  opera tor ia l

l ic i rur  e i l f :or i t i rm anc t t re cr i tcr j .* ,  fo:"  t i re ser lvabt l i ty  cf  the

Sctur  p rob le rn .
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