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ON THE OPERATORIAL NEVANLINNA-PICK PROBLEM

A, TONESCU

I. INTRODUCTION

The main purpose of this paper is to present & Schur-Nevan-
linna type algorithm for the operatorial Nevanlinna-Pick problem
tend to render explicit the Pick criterium as a natursl continuation
of the operatorisl Schur algorithm.

The operatorial Nevanlinna-Pick problem can be solved %iﬁh
the Serason-Nagy-Foias theorem ([1319 {1?}) and the classical
criterium of Pick can be easily generalized in the operatorisl
setting (Lﬁzs[léj), On the other hend = description of thevmatricial
cese was congsidered in [41 and [fS}c

Let us now give 8 siort descriprtion of the results obtained
intnis paper. In Section 2 we remind the classicael scalar Schur-
Hevanlinﬁa algorithm and the method of Weyl cirleS'({il?,£12J;
Lrel, 8],

In Section 3 we consider the operatorial getting of the
results presented in the previous section. We estsblish an
operatorial Schur type elgorithm which gives usg the solutions of
the Hevanlinna-Pick problem extending the results from [3}9§4} 5
In the sequel we derive the method of Weyl circles.describing
more precisely the structure of. the golutions.

Section 4 describes the Pick criterium in our oper&torial
setting reflecting the close connection between Pick matrices
of the opermﬁorialaNevaﬂlinn&mPick problem and Toeplitsz matrices

in the operatorisl Schur problen,
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The following interpolat

known as the Nevanlinne-Pick problem (NPP). There is also an@gler’
\ : .

variant of this problem for analitic functions on D with Re f 20,

Such problems of interpolstionsare of great nt@raﬁi in system

theory &2 broad~hand mgtehing, cascade trensformetions, ete,

(NPP) Given any set of distinct points i3n§r>1CL@ and
4,757 ko
\mn%n>"§ D let us consider the question of the existence of g
ciass JJ function f satiafying :

£(z,) = W

The main result is the L wing Pick criterion (PC)
. . i 1 mvf
(PC) Let . _ 1
no T
. Q 1=l

A necessary and sufficient condilion for the solvability of (NPP)
is that all B, (n 2 1) are non nepative definite
We shall present in the sequel the Schur-Nevanlinne alpo-

o g4

rythm an:ovia*ud with the preceding (NPP).

& <
b Dy .t 3
Let b (z) ﬂ~pﬁi » nzl. We may assume all
- d\!n

# 0 (n=z1l), otherwise this can be eagily realised with a

suitable Mobius transformation ., We define:

u
2 } v 2 2 Y oy ES P
fl ‘:f"’ ¢ f ( £l :}1 fl ( 451 )

) f (g)=g ,
(2.1) ()= e ¢ 227700, R
n+l . heovrea 'S I
bn(z) 1~ gn nua,) where g, fﬂ(gn}

T¢ 18 not difficult to check that

i

9

1 1, (nz1)

the sequence {gn}n has the property thet

=4

end if there is some n,& N such that Q&W\ =
Sd

hen g o= SIS S U 4 TR
. hen g 0 fornn o
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In this case we obtain a finite sequence flnfglﬁ,ga.gfn0~gno,ﬁno+lmQ@
and the Schur-Yevanlinna algorithm has a rational function as
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Now using (2.1) we have .

g e~
(2.2) £{z) = Pn(2) A (2) £ ,(2) + B (2)

b (z) B, (z) T4 (2) + A (z)

Where A B ,A ,B are rational functions given by the following
1

formulae:

A1(2)=1 , By (z)=g) , Aj(2)=1 , By(z)=g,

A (z)=A (z) + g b (z) B (z)

n+1

n+1(z) F')é‘l n(Z) + b (5) B (w?

(BaF) g
An+1(z) =B_(2) A (z) # £n+lB (z)
"By1 (2)=b (2)ey A (2) + B (2)

Remark : 1, As a consequence of (2.1) we obtain :

o~ —~ :
bn(zn+l) An(zn+l? gn+1 + Bn(zn+1)

542 ( & ‘ + KA.z .
bn(5n+l) Bn“n+1) Ene1 t gn(zn+i)
2. We can use a matricial transcription of (2.3) :

i o - & I
, An+1(z) Bn+l(z) =1 bn(Z)gn+l An(z) Bn(?‘)
(204) f'\J =

P
Bm»l(z) An+l(z) En+1 bﬂ(z) .mBn(Z) An<z)”

By taking determinants in botn sideg of (2.4) we also derive:

: (e oo Al o
5] \a - - e I\ z, 7 5
(2.5) A (2)h (2) = B (2)B _(z) = ;»f by_1(2) (1= g, |*),
where bO(z) &
Finaly using (22) angd (2.5) we obteain
l o I\J :
clw - @ Ga @G -8 6B ] k) :
" £ S L2 x o
A (2) An<z)§:bn<z)nn(z)fn+l(z> + Ap(2)
il - £ 1 (z)
= § % "“""}:@:)H*”‘if*;{i f.) . n+d

CAL T AT . . z';
bn(”)"“n(“)ln+i(‘g’),4 An<')J

b
P
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S
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0240 By are uniquely‘determined by ggkkyq and £ will be
uniquely determined by its peremeters whenﬁﬁgi' converges uniformly
to f on compact subsets of D. (this is the cégehghen Yé;(l«{zni)m<w)a

A

Let now 2z D and define :
(2.6} 'W%(z) = {»Z & \ Z = £(z) , where f runs through the
set of partial solutions of (NPP) with initial

dates {?zk,w£§:¢&7s .

By (2.2) and‘(2°6) we deduce

~ ~ ‘
bn(z) An(z) fn+1(z) + Bn(z) ,{}
4 L€ D

W, (2) = izca@':\zz _
bn(Z) Bn(z) fn+l(2) + An(z)

A gtraight ferward computation shows us that

(2.7 “Wh(z) = { %.C € } \ 7 - an(z)\ é;%rn(zﬁ&} where

+ aweiam e 7Y S £
A, (z) B (z) - {b (2){° B (z) A (2)
ay(2)=—= , T 2 e
An(z) :/bn(z) | ?EEZ)
bt bn(z) [;Anfz) An(Z) N Rn(z} Bn<2{}
ln e 5 ? A p.e 2 [ 2 -
\Aﬁ(z)& - \bn(z;\ \ﬁn(z)\

TT 5(2) (1 - 4g (P

(2 ‘;2!_ r‘!g ¢
1A, (2007 - b, (2)) |3, (27}

2 >
|B, (2)fo

DY ® =] 3 oy P - % » i 2 .
Remark : 1. It is easy to see ﬁnaﬁ;&n(z)\ - \bn(z)\ |

o . ’ . i o
2 Cl@arlynhn+}(z);;'wg(z) end il we denote by

Wéz) mfx’w;(z) (which is a nonvoid set) then any solution f of the
bl T

(NPP) satisfies f(z) € Wiz).
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3. OPERATORIAL SCHURMNEVANLKWNA ALGORITHI AND THE METHOD OF

WEYL CIRCILES

We shall consider in the sequel the operatoriasl verisnt

of the algorithm described in the preceding section. Let '3(,tkg,’}{gj'“

) ( :
be Hilbert spaces and fsvlh,qﬁ)the set of analytical and contractive
operatorial valued functions @: D ;z(rjﬂ&, L)

(NPP) - operatorial case : given any set of distinct peints

QL ni““‘ and eny set of contractions ifwn?; Ci;ffd“ﬁ\let us consider
the question of the existence of e class Ljﬁxx\ﬁi) function P satis-
fying : F(zn) =W, : nzl

Using Serason-Nagy-Foilas theorem we easily obtain the
same Pick type criterium for the existenée of the solutions of the
operatorial (NPP) (details in [iﬁjﬁ[ﬁl f14] }a

Now let T e k,VHﬁfML) be & 8 contraction and denote as ususl:

(3.1) Dy = (1-1 1) Dy = Dy U,

the defect operators and the defect spages of T,

We define

T zHT "1y W
(3.2)  J.(2) = % - ®
< \ ¥ 7 7} <
Dy =27 Sy % L

e THT
Remark: 1. It is eagy to see thst JT is inner from botn
sides({17j}
2. For z=l, JT(I) = J(T) is the elementary
rotation of T I{é} l?g
In the operatorial setting is is useful to replece Mébius
transformations by the so called cascade transformations,
Let ot : .
Y ;] be a contraction and for an

arbitrary contraction X<, (K, K) we define the cascade transfor rmation:

= b s et i S e i Wl e T SRRy (s
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that Cq(X) is & contraction. In & simmilar way we can define

cascede trangformations for operator valued functions.

©
®

We have the following result ([3])
THEORBM 1. For eny H € F(H,I,) the equation H = € 7 (F) has
== : o i

a unique solution Fé;ﬁ%ixr)&yx) where T = H(0Q).
Let us constder in the sequel

@
©

(‘R
: ATy %
k T bk(Z)LT¥ ‘ ’%;t — @
( 3 @ ‘4 ) JT ( Z) = % @ s
: Dy  ~b, (2)T A Ay
2 2 =2
= ml{ ﬂ,ﬁwk 'd

wh@re b, (2) }éli %z , k>0

and the lOllOWlHF cescade transfopmation oi‘TVZB(X Q<4 defined by:
(3.5) B () = Ty + b (2)DP(2)[T + b (2)1 F(z)]
: e I, et ‘

I.'i.\

=
Remarki 1, Clearly C k(F) makes sense because for |zf < ;
JT
| b, (2z)} € 1 and as T , F(z) are contractions I + b,.(2)T F(z)
5 $8
ig dinvertibile
2. 9ince a short computation shows usg that
v
I-C, (F)(z) C  (F)w) -
Jk

7 B

A

=D fl+b (z)TF (zyk l{lm} (z) k(w)u(h)D W{‘{'%b (w)T ﬂ(wfz l \

u«}}}
) i NP
we heve ¢ CJk(ﬁ}c j(cﬁmggmfﬁﬂ) o
iy
Let Ge F (M, W) snd let us define :
Z (2 =7 :
y '\ (3] . . » g e
"E?{IMZ) = (X{'i::z:’m/;) with H € ‘30( }i,‘“ 3«”\9,)
) i 0
Clearly %o
: e HLO) = BLue
i‘""{ﬁ *
i = . % O NG o .
Denoting T = b(zn)fizbil%fﬁz} and T sl L)
‘%7’,\’\ g i X X ,
we-nave -T! =="7 and as I - 7" 7' = T .7

" Pland. =] 2

Z3 5 o b MRS e |



= D

AT . o RN e 2
Z =l
Let us consider the equation H = CJ (P) and for z n";gﬁmi,ZﬁD
el Ty
we have ¢
~ \ =1
z - Z.1 %, =2 2~ % =0 \% 4 z ~7Z
H 2 ) L»Q”b +725 Dy | ‘I';Z'”;’) 4y I P Dyl ,
/i g o” “o o D

Y/
{3

Denoting FI(Z) = F{Tj%ué) we obfein with Theor@m gt
Fos AO

PROPOSITION 2. For any Gé‘:‘fﬂ'}ih’}m the equation G = ¢ _(F.,)

. has a unigue solution FIG;E?QmT;bTﬁ.b where T = G(Zo)°

The main object used for the description of the Schur-
Nevani inna algorithm is the notion of Schur sequence., A sequence

d $ d . 3 X ) &K e "1 {u - |
of contractions {ﬁﬂ; } is called Schur sequence if i;élzi(éﬁ.“w)

13 ‘n"‘; fi‘

5 g W4

= :
gndifoe s 201 A Ar\k

Let FGEffﬁdﬁg) golution of the operatorisl (NPP) with the
5 | gL ¢ { R . " } FoTVWE ) va L (3 .t
initial dateg An,tnﬁ ne1* Looking forward to Proposition 2 we
shall define en alpgorithm siwmmilar with the one in section 2 :
F,(2) = F(z) , ) =By (2, ) = Wy

9
L

F, is defined by the equation :

F. = (¢ T ' 2w Y. R el T ig g ntrac |
i.] = CJI (*?) ) ?2 - 1.2(22}., w/r‘l J’:qu& 18 &a CQ.LKt,L ?4()'

"y Poe ¥ (D s Dpx )
“ ] 1
By induction we implicitely define P q
‘i
F s % ]\ ; :;:”-‘ "@ ; A - 4./\‘[;: 2 321 1 £y
{ivl) n C,n Foa) rk+1 Fri1(Zng) )% Aﬁf”‘a CoRlRas
W i

“E‘ L+~E », (& ( C)D r”a 9 ‘D \lj;f?)

We readily deduce from (3.6) :

3 5 I—" B C 2 C ¢ ° @ G "“’ e o L
(3.7) 1 0o el € (B i))ees)
¥ i”? eJ i"ﬁz [¥] {"%

I It . : ; ™
_ A"i B

It is easy to check that for two contractions Sif C” =

. 4
Je R

we have the

o 3 1

3»,&3} 4y ( C (x} ) B

€3
i
B4
e
K4
S
!
i
¥
i
14
1

&
et
L
N
i)
s
S
r
(S
J



S

where £ i8 the Redheffeprroduct defined by :

Sy % S

0, (I-DA Gy (I-Ds A, )"JD B,+D,,

5 -1 | : -1 .
Ay+87 A, (1-D1A5) 770 ByA,(T-DyA,) Dlng+ﬁlﬁg]
1ol J

whenever the inverse of (I- Dlﬁ,) exists,

Then (3.7) end (3.8) give us

(309) B = CJ]

(F i3,
13 GJL" ¥ ¢ o0 Ve Jn n—{yl
g '

M

Considering the matricial functions :
- EOsE
(3.30% £ Sl Jl ﬁ—% %-o.@n J? we have

Cn Dn 1 | LS 1)

{3317
n n

Pl

;LI:)’

_("n DI‘}.
Ay (2)=Ty By (2)=by (z)nﬂf ; Cl(z)“DP1 » Dy(z)=-b. (&,

B ](Fn+l) where A B, ,C ,D  satisfy :

n+1 11

An+l(é) A (2)+B \H)P LgL D, (= 2y ~lg {z)

' 5" ’ ‘ ™ 7 o=l "
B,,1(2)= bn+l(z)3ﬂ+1{u+2i -D_ (z) nﬁll» D DFS;L y

(3.12) ; + b (2)B (4)3415 1

[f"b {z)rn+1j n( )

Y

(z)= D
n+1 nil

i . i YE
D1 (2): bp¢l(z)bir+l{I -p_(z) nkl “Ip (2 }DF;tL b, (2

THEOREM 3. The collection of partisl solutions of the operg-

torial (NPP) with initial dates Eksﬁy21 z] 18 contained in the get

pAas

of contractive operator valued functions given by the formulse

b o whare T A {- 7 Nl %
F xC“An(Z)BnCZﬁ(In+1) whgu?Pn+1<¢3J(hpﬁfM%)
Cn(z) Dn(z) .

end where A ,B ,C ,D. are given by (3.,6) (3.12) and :

g . (i) k=17 i e
q »k e A { 7. \ o Ve \‘"g} 1 /_ o ) hE 9l ¢ ¢ e n 5
o G e T e T
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Remark:1. il ‘% : will be a so called Schur (-Nevanlinne)
N4

sequence. |

2. Similer relations can be obteined in the opera-

torial (WPP) with infinite initial dates.

Obviously fT’} : is uniquely determined by TF.

For the converse

Blele= g e =05 o o AEMR) =0 @il
2 ol bl A lp B, 9n

(%) ()
Cn~l Dzml.J

- : v o ,’,.I — ) 4 v =% 1
v X - \ = [y il ’; T (A g
Br»1(4>{Fn(&’{1 Dn~1<”)1n(&{l \nii Enwl(“)ini _Cn«l(z)“
But from (3.12) we obtain :

. A o o
)= ‘~ b, (/)L () with B (2) € a4 bﬁf\&&-ﬂ

It follows :

”‘ oA\ - ‘/\
(315 F(z) ~ ( 8 L'§>i(z)Fn(z) where Fn is a bounded

operator valued function,

As & consequence of (3. 13) Ayl nf>l converges uniformely
to ¥ on compect subsets of D -in the uniform norm- 1iIf éf;bp(z}

converges uniformely to O on compact subsets of D. This is the

case iff __(l jz,})=2%
T34

Tn this case I is uniquely determined byx@thn:}l a9

K micuely determines [p % o
\ 1571 1 uniquely determine lﬁnﬁr;; 1 g
We ghall restict our study to the nondegenerste case, waen we
have at least & solution of the operatoriasl (NPP), to present the

- % ¥ 7 B - o © (3 i, & = s FOTqEpita. § o ™ gl
method Weyl circles, For simplicity of notations we considerx ﬁ%~

; wl f N t 5 3 5 - PO
fu = 0} | ZeF(2) where T runs through the
1

B2

collection of the solutions of the operatorie

~

(‘{\i

(NPP) with initial daﬁe&?z W,
TRt 1”.Jt,~<1.
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THEOREM 4. We have the following representation for the
elements of%ﬁ‘(m)

(3.14) \_A (2) +B,(2) T, 1)&(5)(; (4)]

nob

n,l J”’K} are properly defined and A
given by (,.la)a

where E o I

c are

B D
AR /YR

Proof : As a consequence of (3.11) we have :

W (2)=17 € X0 | z=cp NN (z) where W< PLA. D)
'?‘fn(/’) {./ < ky( ) \ 4 Cfﬁ m(z) Bm(ﬂﬂﬂ”(é} where W ¢ J ((zlﬁh;};\ﬁ:‘)}
ERCIERE '

v + En(@ &(v‘gawD {z) H(zi&mlcn(z)

Let us consgider the relstion :
¥ gz)\i ~ D(z) 1 j
Y{[-«D(L) W(Z“% B w(i&)

Y o= i] + Y D{u/EH(”> S50
vy¥ - ?i +Y D(z );x(w) TORE

Ehitsy

r
i} # YL\(;§Y‘D (z)%
. ‘ o
1] 1 - p(z)pf uff v . YD) - D“”‘m

With a short Cﬁhydtdﬁloﬂ we obtedin :

N Ak e Ly %]
1&@:n%, ﬂ - D V"i D()b(yh*fﬁpwnhﬂwiz&f”ﬁ%)fED(ﬂ&%

< {T'ww if)“fwni =, 5

“iv:

kmm-'

T2 _— ET P £ A 2} pp ey 4 &
We nave ne racuyorizatsio

= WAL

~~~~~ NI * s ' ok
f ﬂ(ﬁ)D ({J)t - (.u)%: J\E’)}') ( \?% LI {HIWD}<Z:)D(:R>\11 X)Wjich X{,:‘\:‘iif“‘?’f\?

o

It resultss

Lo L " S
(3.16) Y = D(z) DD(Z} + T@('> n“(/) s 80 (3.15) becomes:

ROV B

3

: % “2 0y @t
Z = A (2) + B (2) D (2) DDQ (2) Cmégi +

-

4+ B (a;) .n) e

;3

(z) A0 LQ (g) Q (”) where Knéijﬂﬁg}

With another factorizetion we obtain : A= N




LE

EA (Z,) + B (Z) D (Z) DD (?) # (‘a;}

5 \% (2) D« () B (Zy§ B.X-TF w[ﬁ (z) DI C (z#
n Ln(z) n
where En?FqéfiVKE Ei

Remark: \1( z) 18 s closed sphere ofYcent er"
end right and left “radii® given-by -

RE(2) = 0. (=) UL () % (z)

1/.' w B (i e ﬁ
Rn‘.é) = "l"Jﬂ\&'d) .L/D (”) B <4’.'4)

Ao

Clearly we have g unlque golution when Rn(z) = 0 or

4. PICK CRITERIA

. : . o} )
Congidering the Carathéodory class \uh{)of analytic
. L e §if v . ) om . ) . gy
functions om D with positive real part and teking values in 20
let us define 3
- w] . - Dy
(4.1)  Plz) = (I - G(z))(I + G(z) ) where ¢ € CLW)
Tnis reflects a one to one correspondence between
. x VRS E ’ " LVi0 RN .
functions in J1 ¥} wita F(0) = 0 end the functiond G € k&ﬁ) with

G(0) = I.Now let :

= o T e

= T k1 E ’

g0 How let P S ] e where t'§ D
% S k"1 1 k,1=0

anc S kifu contractions (we sssume 2z =0, W =04~

nd il LJ ac ( ‘ 2,=0, W, 0‘3&\“

Let us suppose the inverse of (I +

We congider then the correspondence, closely related with (4.1)

given by :

.«..'L
PO T o el & R
Y = (I + W) (I - %)
(4.3) .
W " (T wV }(w + VY, )“J»
_ . TS i i



Wl -

For the operatorial (NPP) with data {;k*wk K30
and the solutions F such that F(z k) xk’ k= 0 we clearly have
G(zk) = \p*

Let f:T zl% upﬁ define an (I+£k):3k 2y

bm‘f

n
kyl=0

F‘z

‘With little nigebra we obtain that:
P U is a hermitian Toeplitz matrice

Let us assume thet M ,n},o ere extended to an infinite

o

Toeplitz form on % denoted by J, The positivity of 5-1% equivalent
with the positivity of Mn s 2o, In this case we obtain that
the positive Toeplitz kernel on & is a realization of the semispec-
tral measure L on W , the unit circle:

A semispectrsl measure on § is a lineer positive map

W) — 20

7 ~ . - . I

waoere (W) cenote tne set of continusus functiong on W

Then following (4.3) :

R , , it int L
3 E(€ ) , n€Z |, where £ (e”") = %*i’}m’ end S = 8
: n 51 -1l n,

Let us suppose FH s N 0 are nonnegative defined end teking

in congideration (4.1) we shall define‘Gﬁé‘f&@f) that satisfi

the finite operatorial (IPP) with data ﬁ‘z}, Y %“’ as follows:
k ki k=0
First we consider the gemispectral messure

“n
(‘Q‘w‘@} . . > § - 4 £
E_(£) =38{|m_| ‘ff) where W (B7) = TT (&7~ 2.)
B

Ty v n Yo O {
and the familyv of functicons in :

We define G E3 [y) by e

(4.6) G (z) = Ex(g ) , z€ D

Yo i g

A 1 S R A R R \ ¢ < S .
A snort computation snows us that



1% ¥ i
e S L S ,1 = 0,4,...,n.

.j. = Ak 1 "j = /,!r(‘,“g,fl

(4.7)

Now it is clear that G (z) = ¥ s o X2 08,0 0. e |
nt g K . |

1 (NPP) witl PR + |
Por the operatorial (NPP) with data {ék»wk} ks o L€

e "
» (3 % "‘ 'S “ - ¢ B
ug consider the sequence %@ﬁg "% o wlﬁn.ﬁne;\€CK3 such thet
¥ o - "r , . . : ) !' . -
Gn‘ﬁ& "X, k=0, 1,...n and the related Sequenceflﬂﬁ

nneo

( B, and ¢ are related by (4.1) ) “with F_¢ () such that

5 v » Yy ,‘3‘ > 98 &% ) i 3 : -

Pj(zk) = wk y k=0,1l,...,0. The sequence {J\gn\ & has a subsequence

oonverging (weskly) to an operator valued function e YY) which
LA F

s ; o
learly satisfies the (NPP) wi lata z W
clearly satisfies t ( ) with data ﬁén}!gjnz >

w

'

THEOREM 5. A nmecessary end sufficient condition for the

solvability of the operatorial (NPFP) with date wh
< i E n’ nneo

igs that all Pn (np o) given by (4.2) are nonnegative defined,
Proof : sufficiency was already proved and necesity is a

quence of the Riesz-lergloz theorem Tor functions in class {W}

£

In this way the operatoriael FNevanlinna-Pick algorithm and

the Pick criteria are intimately related with the operatorisal

Scpur algo the solvability of the

D

Schur problem. = :
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