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APPROXIMATION FOR GOURSAT PROBLEM OF

HYPERBOLIC CONTROLLED STOCHASTIC DIFFERENTIAL EQUATIONS

by C. Vlrr"n

l. Introduction

\ The problem we are going to consider is int imately related to those

studied in I l ]  and [2] for control led diff  usion equations. What is shown in t l l  and [2]

regarding the approximation can be resumed to the fol lowing. When the drif t  part

in a control led diffusion equation depends l inearly on control functions then the

solution is not continuous with respect to control functions using the uniform

convergence topology and as a measure of this discontinuity any term from a Lie

algebra can be added to the l imit ing equation. A similar fact appears for hyperbolic

control led stochastic differential equation but this t ime the previous Lie algebra

has to be replaced by an algebra generated using a symmetric bracket and it  is

determined by the even d imension of  the " t ime'  parameter  t  =  ( t l , t2) .  As in

one-dimensional case (see l2l) i t  can be useful for gett ing the existence of bounded

or periodic solutions. It  is our convict ion that dealing with integral equations of

Volterra type for whiclr the t ' t ime" parameter has an odd dimension we refind the

Lie algebra obtained in the one cJimensional case ancJ when the dimension is even

we get correpondingly 1fie algebra in the two <j imensional case.

2" Formulation of the problern and main resu.lt

In short the problem can be stated as fol lows.

i{aving given a Goursat problem for a nonlinear second order hyperbolic system

4
A &'d 

K, -c t- ' r  -*h ,  ,  |  '>

?dr lda .  o : t ' x ) '  x€Rn '  t  =  ( t " " )€R*  
"  

R*

I  t .  )  . 1 .
x ( t ' , 0 )  =  x i ( t ' ) ,  x (0 ,1 ' )  =  x2 ( t ' ' ) ,  x r (0 )  =  x r (0 )
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we are interested in the behaviour of the solution when the right hand side f- is
o

perturbed by a control part i9 ui(t)gi(t,*), gleRn, ui€R.

Generally the dependence of the solution x(.) on the continuous function

fi ') = tdrt'1,...,f,*t-ll on a 
.fixed compact rectagle [0,T1, T =(Tl,T2)), is not

continuous in the topology of uniform convergence. A measure of this discontinuity

is determined by the fact that the bracket 
{s1,s,}tt ,*) 

=

= ( ( )g i l?x)e,  + ( )s , /?x)g,Xt ,x) ,  tero,TJ,  x€Rn,  is  not  vanish ing and any l inear

combination of such brackets added to the original system generate a solution x(.)

which is approximated uniformly on [0,f1 5, a sequence of solution, *hG),.f ,  ) 0, of

2 L *  _ r  / r - . \  m  h  h _  |  |  h  
".$W= to(t 'x) * Z ult( t)gr(t ,x),  *n(t t ,0) = xr(t l ) ,  *n(0,r ' )  = x2ft2)

+
where l im- Daxr l t l t t t l  l= o, i= I , . . . r f f i ,  t t ; t+>= $ "rbtJa 

.
h l 0 t e [ 0 , T ] l  r ' - ' t  - ' -  ' t  - - L -

. Any hyperbolic system of the form

Qzsl l tz)  -  L lw2(bzsl?s2) + A,()  s la 'e)  + Ar(D s l  a1) = fo( t , r ,s) ,  s( t ,  a)€Rn,

with commut ing matr ices AI ,  A2,  (A iA2 = A2Ar)  can be reduced by a t ransfor_

mat ion ( t ,6 ,s( t ,€) )^ ; -  t t l , t2 ,  i r l , t2) )  to  the above form.

It wil l  appear as a special case in a Coursat problem for a stochastic

hyperbolic system which we are going to state as fol lows.

Denote af*to' * Rn) the space consist ing of continuous functions h( t ,x)

wit lrwhich are piecervice r-differentiable with respect to t and s-differentiable

respect to x which are bounded along rvith the assumed part ial derivatives.

We are given a tr,vo parameter Wiener process..w(t), t  = (t l , t2), t i  > 0,

w(t)6 R d, . o,., the probability ,p"t" lffi rF; prl , ano iff$r"r"ntiu.nt. funcriorrs
f .6 cl ' l(n2 * n.n), i  = 0,1,"..,d, s,ecfi,*"tn2 * nnl, j  = 1,... ,m.

Write S(gi,. . . ,gn.,) for the algebra over reals generated by g1,... ,g,.. ' . . ,  using

the symmetric bracl<et

{*t,*,3 
= (( }ei/ } *)s, . (bs/ ) x)g,Xt,x), *dR", t }. 0.
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L
For any g(t,x) = Zv,(t,x)h,(t,x), where h,€ Skr,...,8n,) and

J = L '

vrecftaR2 * pn), there exists a unique solution x(t,td), of the coursat problem

which is continuous in t f.or (Itich ctf , and measurable in crl for each t, such

that

l) x(t) = *r{t l)  * *r{tz) - *o . t} [ fo(s,x(s)) + g(s,x(s))Jds +

d t
Z Sl  f . (s ,x(s) )w,(ds) ;  t  =  ( t l  , t2)  > 01 s  = ( .1 , r2)
1 " 6  r

where xr(.) ,  xr(.)C cl(R*),  xr(0) = xr(0) = xo, and

E max -lx(t,(d)tz < const.,
t6 [o,Ti l

where I'Erf stands for expectation.

Along with ( l) we consider the system

2) y(t) = *r{t l) * *r{tz)- *o * $t frotr,r(r)) *9 u,(s,y(s))g,(s,y(s))lds +

d t

; $ ( f ,(s,y(s))w,(ds).
l o

where f i ,  81,  xr(") ,  xr( ' ) ,  are the given funct ions and u.  gcf '31n2 xRn) are to be

found such that the solu.tion in (2) to approximate the solution x(-) in (l).

Theorem 2.

Let x(') be the solution irr (i). Then there exists f "l i ,-,^C cl '3(n2 x Rn),r ; ' n 2 U  D

j  = 1,.. . ,m, such that the corresponding solution *lt(-) in (Z) futt i ts

E  ma51*h { t )  -  x ( t )12  (  c  max ( t r l , h2 ) ,
t e l . '

w h e r e  I = ; 0 , T 1 ; x [ 0 , T 2 ] ,  t i > o  a n d  t h e  c o n s t a n t  C  c l e p e n d s  o n  T = i T l , T 2 ; ,  b u t

doesn't depend on h = gni,f ,2).

Remark l.

The bcundedness of the functions 
{f 

gi in the hypothesis of the Theorem 2

is not essential.  I t  can be relaxed assuming a l inear growth condit ion in x uniformly



3. Some auxiliary results and proof of Theorem 2

As a f irst step in proving Theorem 2 we consider m = 2. We are given
t  I  ' ,  ^  ^  t t r t  .

f i€ci ' r(Rz * Rn), g,{ecl,atR2 x Rn;, i  = 0,1,. . . ,d, and a two parameter wiener

process *(t)€, Rd.

Let Tr rT2 > 0 be fixed and hi = T!/ru, N natural.
, l - 1 .  . ?  ) .  I  r  ) . ,= p1(s ' ,h^)pr(s ' ,h ' ) ,  q(s,h) = g1(s ' rht)qr( t t ,h ' )  where pr(s l ,ht ;  =

er(ri,hi) = q.((si - tr, i)/r, i), fo'. si€ lkrri,(t+t)rri], t< = 0,i,,...,N-i, and

are polynomials fulf i l l ing

I
pi(O) = n1( l )  = qi(0) = qi( l )  = o,  andJR,(u)aa
I  r  o '

f  p,(r)dr f  q,(= )de = t ,  i  = l , / .' o  '  u o '

The corresponding equations are the following

sequeric€

but we

t€[0,T],

Define p(srh) =

pi((s' - kh')/h'),

D . ,q .  :  f o . l l - - *R' l '  ' l

- 0 ,

* {(o;t ;*( ' ))

- 4 -

with respect to t € I, and the conclusion is replaced by there exists a

lnnlnl0 such that l imE pal lxn(t)  -  x(t) [z = g, where xn(t) = *nn,rr,
n+s t,6l '

assume addit ionalty thai j toke/a*kxr,*) lscl t i  +f x|) ,  k) z, i  = 1,. , . ,rn,

x € R n .

I

{  
o r ,a )de

3)

where

5)

1

- In order

n  X =oo

/ \
.  o,,

/ t
{(to;t;x(")) =Jf r^(r,*(s))os

t v
o

t
fJ t , (s,x(s))w,(ds).
t  

'  L t

o

4) s, h)ft.,*h(s))lds + d(o;r; *h(" )),

{e,ff(s,x(s))os

)g(s,*h1s;; * o1

t

Jf
0

(s, h

d
, s\ L

I

x(t) = *r{t l )  + *r{tz) -  *o *

*h(t) = *,{tl) * *rlt2)- *o * if n

Tlreorem l.
}.

Let xG) and x"(.) be fulf i l l ing ( i) ancj respectively (4). Then

- h . r ? 1 1 t ' >
E pgr [x(t)  -  *"{t) l ' (  c max(ht,h') ,  t  = [0,T']  * l0,T'1.t € l '

to prove this result we need the fol lowing lernmas. Denote

) l
x(h)  -  x(0,h ' )  -  x(h ' ,0)  + x(0)

' d l - r

nn,, =f 
f //. tn(trrrl(? g/) xXo,x(o)) + q(t,n)() 8/) 

"Xo,*(o))l 
.



* f  -

t ' . h x i 8
. 

$( f, t t ,*(s))w,(ds))dr)- U [f,(t ,x(t)) - f ,(t ,x"(t))Jw,(dt),[ .
-A I  I  , /  :A r  v

v v

Lemma t. 
' "

'
h _

Let xt) and x"(.) be fulf i l l ing (3) and respectively (4). Then

Eoo* - 4o*^ = x(h) - *h(r,) = hlh2R * Ml I
'

E:-uI lx(t) - *htt)f 2 < chlh2, rlM, rl2 g c{r,1r,2)2, rlnl2 < cnlr,2
t € l  

'  t

l r )
where  I  =  [0 ,h r ]  x  [0 ,h ' ] .

L

Proof. Denote x"(.) = y(.) and using (3) and'(4) we get

h a i

tr"^y = f i [p(t,h)g(t,y(t)) + q(t,rr)f(r,v(r))]0, * do;r,;v('))v v " 0

L t  i l ,  r  , \ \
Etoo* = .$ {e,,{'l{t,*{'))ot 

+ d(o;h;x('))

and developing g ana {it follows

. h n
7) U, = {( [p(t,h)g(t,y(t)) + q(t,r ')f l(t,y(t))]at =

' O .

h n ,
= J[ (p(t,h)s'(z(0)) + q(t,h)f(z(o)[z(t) - z(0))dt +

0
, h

.; l j  (p(t,h)g"(z(o)) + q(t,h)1"(z(0))Xz(t) - z(o)Xz(t) - z(0))dt +- ' 0

h
^ lJi (p(t,h)g"'(z(0)) + q(t,h)I"'(?(0))Xz(t) - z(0)Xz(t) - z(0)Xz(t) - z(o))at +' 

3;ox

. *,i i(p(t,r,)gry(z^(t)) + q(t,h)l Mt.^{i l)I.{t) - z(0))...( z(t) - z(o))ot =+; o g s h

t l l
T \ * i T z * i t T l * i , T , r =  T ,  +  R ,

where  z ( t )  = ( t ,y ( t ) ) ,  g '=  ?  g l8  2 , , . . ,g1$ /  =  ?  
as l7  =a

z^(t)  =[z(o) + S (z( t )  -  z(o)) ] .
I

? '  On the other hand

r  l Q  |  )  t t  |  )

) r lv(t) - *(o)f8 S ct, l ir2)4, (/) t . : to,hl l  * [0,h2]

and usrng (3).and (8) we write T, in (7) as



_(,  _

: .
h t

i1

e') T t = )tJ p(t,h)dt Jl qE,h)g'(z(o))i1z(0))du +'  0  ' 0

h .  )

/J q$,h)dt l! p(z ,h)l'(z(0))g(z(0))dr * 
'ni",; '* 

r,lr,2Rt 6  l r

where
4 r  m h  t

l n )  [ I  -  5  r i  fr rut n,tt  - 
+.t^r ip(t,h)g'(z(0)) + q(t,h)t '(z(0))l j i  f  ,(s,y(s))w,(ds)^ 1 0 ' 0 , t 1

and

I  I  r )  Einiz s chlh2, d #,,12 < c(nrnz)z.'  L L t  - l - - l  i  - "  '  
l  r r l  

t t  )  '

Since

t2)  E ix( t ) -  v ( t ) f  <  c( r , l r ,2)4 . ( I . t t6 [0 ,h1]* [0 ,h2] ,)

we rewrite T, in (9) as
I

, h
a ' )  

. \ /  
|  ) -

.  t 3 )  T t = J ^ { 1 S , t ' f ' ( t , x ( t ) ) a t * M . , + h ' h ' R
J0, .". J

. - . 1  |  . ,

where  E lR i '<  c (h 'h ' ) .

'  Using (8) in (7) we obtain

r , , \  R,  =  h lh2R' ,  E iR t2  < cr , ln2L a l

and f inal ly (7) can be written as

h  r  r \ '  \ '
l r )  u r  =  ) \  i  g , f  , ( t , y ( t ) )o t  +  h ,h .R -  r \ r r

,  
0  - "  l " ' ' : " - -  

' l * t " ' l l

where EtR, i?  ch lh2 and i l , ,  , ,  def ined in  (10) .
I  I r -  1 1

Using (15)  and (12)  we get

t ?.  
15)  x(h)  -  y( f r )  =  Foo* -  

%oy 
= h ' [ r 'R n Ml l

where M,  ,  is  def ined in  (6)  and
l t

1 , h "
R = R r  *  J i  ( f^( t ,x( t ) )  -  t^( t ,y( t ) ) )dt .

.  ,  
,  , 0  o  o .  . - . " '

Denote y,{ t )  = E maxjx(? )  -  VG 12
Tst

and us.ing (12) in (3) and (4) i t  fo[ows

. : . .  |  )  |  ' )
t7)  . i  ( t )  <  c(h 'h ' )  ( : -  )  t ( :  [0 ,h ' ]  x  [0 ,h ' ] .

t -



D
tr= (zhr,h'; *tf1t) = y(t) and

d J
r8) M2L= 

i , {  
[ f , ( t ,v(t))  -

t

**/- -

combining (16) and(7) we get r/rurrl2 <c$lnz)2

complete.

Denote to* = x(zrr l ,n2) - *{hl ,h2) .

, Elnl2 5 ctrltr2 and the proof is

x ( 2 h l , o )  *  x ( h l , o ) ,  t l  =  ( h l , o ) ,

* , f t r1; t2;  v t ) )

,2
f,(t,x(t))lw,(dt) + / [p(t,h)8'(z(tr)) +'  t t

+ q(t,h)l ' (z(tr)) i  jJ f ,(z(s))w,(ds))
t l

Lemma 2.

L"t *h(.) and xG) be fulf i l l ing (3) and ,"rp"it iu"ly (+).

Then E ,.n_"* l*h{t) - *(t)t2 < c(nln2 * (t".,1r,2)2), I = ;hl,zhll x [o,rr2]
t e I  t

and oroxh - gro* = xh(zhL,h')  -  x(zr '1,h2) - {*h{hi,h2) - x(hl,h2)) =

= h lh2R *  Mz l

t ,

1i ' In( t ,h)g( t ,y ( t ) )  *
- +

L l

+

, t tdr,&{k,x(t))dt +
' t  L  ' {tt  r;tr; x(")).

q(t,n)f(t, y(t))ldt

il lo" =

as in  Lemma I  (see (7))  we Bet

uz

. i t r * i , ' u . i , ' u= r ,+R ,

where z(O) in  (7)  is  repaced by z( t l )  =  ( t 'V( t r ) ) .

Using (3) we write

z0)  y( t )  -  v( t r )  =  y( t l , t2)  -  y(n l , t2)  *  y{ t r l , tz )  -  y t r l ,o)  =

= *r{ t l )  -  
"r(nl)  *  y(h1,t2) -  y(r , l ,o) -  7, f  to* n qdo* */ t*r ; t ;  v("))' +

" l

where rlnf S chih2, rf r'rr,l2 < c(r'rn\z.

Proof.

i l loY =

Simi lar ly

1e)



C'- 4 . -

2r')

te[r,l,2hl] x [o,tr2]
'  

l .  I
*r{tl) - xr{r, l) = r1{nln2), t,€[hl,zr,l1,

y(r,l,t2) - y(nl,o) = *rtt2)- xr(0) -!' i' ,rr+ ql)dri - "{io ; 0'1,t2) ; y(-))=
0 0

22)

und,Rl

23)

For T,,

24)

= | tnlr,2)

wheref ful f i ls E l f  (r)18 < cr4.

Using (21) in (29) we obtain

Elv(t) - y(tr) ls < c(r, lr,2)4, t€[rr l ,zr ' l ]  x [0,n2]

in (19) ."n U" rewritten as

R, = hlhzR where Ftnl2 < cr, lr,2.

we repeat the computation in Lemma I gett ing

t, =Jj!|is,/i{,,*{.))ot * r'ln2R..* frzr

where ElRi2 < chlh2, ulff irr 12 s c(nln?)Z ^nd ?

=  d t .  t
25) ilzr = 

1ll: 
Ip(t,h)s'(z(t,)) + q(t,n)t'(z(tr))] li t.(z(t))w,(crl).

Us.ing (23) and (zq) in (19) it follows

+
L -

26)  f , . , y  =1 f " !  g , l . t ( t , x ( t ) )d t
IU  , t  L  . l

and 
I

27) .L;roy - i lro* = nlr,zt * i lr, * i-ft,;tr;xG)) - / t,;tr;v('))

* ,itrrrtrrv(')) * nlr,2R'* h,i2l

r . t
-  x(h' , t"))  + l i ' tvz

t " +' l

r /
( J  ( t . : t ; v ( " ) )  -  { .  ( t. 1 " . - l r - r J \ . .  -  .  

I

where E(M., /1t4.,;  = 0 (E(X/Y) stands
Z L  I T

, {  ( t , ; t . ;yG))  -  x . ( t , ; t " ;x( " ) )  is  necessary' \  L '  l ' '  r '  t '

By definit ion
t ' )

2s) y(t) - x(t) = (y(h^,t ')

t

-  l i  Je' l1 '(s 'x(s))ds +
t l  o

and us ing Lemma I  we have

for conditioned expectatiorl iF estimate

to evaluate E max lv(t) - *(t)12.
t € I  L '
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t  
. :  

'  \

29.) E mal lr rlt S c(r,lr,z), I = [o,h'l] x [o,r'2].'  
t € l  

r ' '

Simi lar ly we get - '  
.

,ol u 
[T ltrl'5 ct,lrr2)2, , = ft'l;zr,l] * [0,n2]

3t) E max[lr l2 <nrn? E max ly(t)  -  *(t)12, r  = Jhl,zhl]  x [0,r,2].
t € l  t € l

On the other hand, from (28) via (29)-(31) we obtain

32)  E malJv( t )  -  * ( t ) f2  <ct , l r ,2  *  f t , I r ,z )2) ,  I  = [h l ,2h l ] * [0 ,h2] ,
t €  I  

'
a .

and f inal ly

33)  Etoy -  
1o*  = h lh2R *  M2l

.  , )  l )
where rtnl2 < c(rr l ' r 'z), E(M2tlMll) = 0, r lrurrl2 < cl*.rn\2

(\) d t"
ttt) [42] = 

'frzt 
*Z 

11' 
tt,tt,vttf ) - f ,(t,,x(t))Jw,(dt).'  ' l

The proof is complete.

Denote

t ( i  +  t ) r r l , t lz )  -  * ( i r ,  l ,h2)  -x( ( i  +  t ) r , l ,o)  *  x( ih l ,0)35)  Bto*  =.x [ ( i  *  l )h ' ,h ' )  -  x( i l '

d  1 , . 1  *  t
36) tuti* LJ = 

IJ|*' tntr,n)B'(z(t.* r)) 
+ q(t,h)fi{t{t. *, ))tjfr,tzts))w,(ds) +

J= I t i * l  t i + t '

d  t . ^
* 2 lft lt,tr{r)) - f,(t,x(t))lw,(dt)

j=rf , ] ,  ,  )  )  ,  
.

'  whe re  ( ( i  +  l ) h1 ,0 )  =  t , ,  , ,  ( ( i  *  2 )h l  , h2 )  =  t , . . ,  z ( t )=  ( t , y ( t ) ) .'  l+  l '  r+  l '  
:  \  L t  Y \  t ' ' ' ' '

:  I t  holds

Lemma 3" I
F

et xrt(.) and xG) be fulf i l l ing (3) and (4). Then 
: 

)

Bi*r,o*n - Fi*r,0* = *h((i * z)nl,n2)- x((i  + i lnl,nz)- (131ox - tr,, 'v) =

= h lh2R *  I i4 .
I + l r l

. h  . ' )  t )  l )  2 ' )
E maxlxh(t)-x( t )12 < c[hlh2 * ( i r , l )2(r '2)2]

,  t g l '  
'  -  

,  :



. . )  l ?
where EIRI '  I  Ch'h' ,  E(Mi*1, t luj ,r)  

= 0

1",*r,,f2 s ctnlnz)z, r = [(i +

,  j  = Ir27.. ,1i .

I )hl ,  ( i  + z)rr l l  x [0,h2]

Denote

EI^,x = x(hl,( i  + t)rr2) -  x(0,( i  *  t)rr2) -  *(r , l , i t2) + x(0, ih2).- o l

Along rvith Lemma 3 it  holds

Lemma 4.
' I T

Let x"(.) and x(.) be fulfilling (3) anO (4). Then

E ' , i * r *h -  E ' , i * l *= *h (h l , ( i  +z )nz ) -  x (h l , ( i * z )n2  -  (n ' , i xh  -  Eo , i * )=

' i . : . , - . , , : - . ] d ) t 2 a | u h 2 , t E - r ) } 3 ] , t f e | 0 , T i ] , k = 0 , l ' . . . , N - l .
? r o " f '  

I  
" i ' - -  \ r  ' '  L e

M {eLrlft i  * r)nl l  for some i 6{0,1,... ,N - iJ and we write

.. , l  ,2 ir, l  t2 ,r ,r^
(  f  ( p g + q l ) d s = J  (  _ ( p g + q l ) d s + (  , ( p e n q l ) d s = t + t l, 0 J k h 2  

0 , k h 2 ' ' "  
' |  r  l i n l l i i 4 ,

'  
I '

I t  i s  eas i l y  seen  tha t  I I  =1 (n ' I f , z )  ancJ  we  sha l l  p rov *  tn r t  l = | t n2 ) , ,Fo r  i  =  l ,  i t
' ) r

requi res I  =  ry  (h ' )  for  k  = 0,1, . . . ,N-1.  We have_ l /

, I * 2  I  )  . .n  .  h ' t -  l '  l
t = { f 

' 
tns + ql)ds = J I "( 

p(s,h)f s}(2,(o ))ao + q(s,h)! t'r(z}*))oo,
0  k n '  0  t t - r r  0  L  '  0  - '

= h lh2R 
I

*  M  l , i *2

E 111*htt) - x(t)12 5 ctntr,z * (r,l(ir,2))21, r = [o,hl] x [(i + l)hi(i + Dn!,
t € l

where t l * l '< chlh2,  El* t , i * r1.2 S c{r , l r ,2)2,  E(r l , i * r / r l , j )  = 0.

In proving Lemmas 3 and 4 we need

Lemma 5

It holds
t ,  t t
l a r !

J ( ^ [P(s'h)s(s'Y(s)) + q(s
o in'

t

. t /

. S K N

= 7 ( h ' ) * l  t  ( p g + q l ) c t t ,,.r2 funz,, r2l



M have to prove that :

|  , ,2,  s ^ k h -  -  )  |'  
Ur .  =  I  . t  (pg  +  q l )d t  =  khaL( t ' ) ,  ( f ) *  =  1 ,2 , . . .1N- l
. ^  o  o

) .  r "  . t
For k = 11 it is obvious that U, = r,21{f,l), and assuming that Uk-l = (k -n|'.\tt i)

r ) ' , '  ,1,  )  we get 

.  :  .  
" l  

k<h2
U,.  = (k -  Dhz?(rrr)  + t  l  r (pg + ql)dt

K  v  0  ( t i t ) f r z ' *v  \ A -  r / r r l

and since I ?

y(t)-y(tr, (k - l)h2) = xr(t - xr((k - l)hz).1: j;-r,nz (ps + ql)ds * {b,t|-,tli;6;Jh),=
0 ((k-.1)h-

. ,  
, , ,  

,  
,  

Trrh;  h, r1

we can rewrite the second term in UU as I for i  = l ,  obtaining that :

l  , , 2s -  k h -  ?  r .  | . ? .
f  J  z(ps+ql )d t  =  n '1( t r , ' ) ' )
t (x- r)r, ( -

' ' ) l

Therefore UU=*n27 (h l ) ,  k  = 0,1, . . . ,N-1,  and y(s)  -  y(O,s ' )  =u7 l 'n ' )  which impl ies

? ) ,
I  = 1 (h-)  for  i  = l .  Assume I : ' ]  ( r ,1)  up to i - l  and we shal l  prove i t  for  i .-  

t '  t l

By def init ion

. . ,  I  2  :  ,i - l  ( i + l ) h "  t -  i - l
.  I  =5 

'J,  
f  ,  (pg * ql)ds ;J, Ti

.  j = 0  j h '  "  k h '  j = 0  )

and T. can be rewritten as

, (sr - iht ,I til' U qll"s"D|d'+

i i " '
.  ,  , . t . i  

' '  
J  

;  ; : r \ i  ' : '  ;  

" '  

'

where ,  =  ( r l , y ) ,  z r (0 )  = [ ih l  *  6  (s l  -

and u,e have

y(s) -  y( jh l  ,s2) = y(r l ,kr ,2)  -  y( jh l , t r '2)

) ,

t '  ( j + l ) h '  I  r
T,= f  

" f  
,  <p (s ,h ) f  E ' ,b4 (&) )de  *q (s ,h ) f i ; ( z r (e ) )ao

J  k h ' i h ^  o '  o -

l ' )
j h ' ) r s ' ,  Y ( i

l a

c q

* 1 ,  !  r (
jh  ̂  kh-

hl, r2) + 6 (y(s)  -  y( i r '1,sz)) l

pg + ql)dt * /(jnl,kh2is;y(')) =

qf)dt + { ( i r , l ,o;r l ,khziv( '))

= y { r l , khz)  -  v ( jh l ,k r ,Z )  +  t (h lh2) , .

. . 2  r
r 1  t l  r t K n s

y( r l , khz)  -  y ( ;h r ,kh ' ;  =  x . (s i )  -  x r ( l r r r )  +J  { ,  r  
(ps  *

0  j h "

to. sle tjh!, (j + l)hll, s7e lkn2,t27

:- :-_:--_---."-lq-ea:nplEiE".t-[ Pio-o-f it-requir-ql , - ,- .-- ,



n2 i t,l),

,  
' l & -

which is implied b1

(m*1)hz  s l
Rn., = 

{' 'f" tbe + ql)dt =
mn Jn

We rewrite R* as

. l  (m+l )h2  I
R, .  =  J r  I ,  <  p ( t ,h )Jg ' , (2 , (e ) )de

j h "  m h -  0  -

*  =  0 r l , . . . r k -1 . .

1  ) . .
- y ( t ' ,mh ' ) )  >  o t

where

. r 1 . .  1 ? . . | 2 ,
y ( t )  -  y ( t ' ,mh ' )  =  y ( j h ' , t ' )  -  y ( j h ' ,mh  I  +

and 
I

I
* q(t,n)j l 'r(zr(Q ))ao ,62 - mhz,y(t) -

t l  t z
j ,  i  ,z (ps * ql)ds +f ( i r , l , i i ,2; t ;y(.))
J n  m n

and

ui = y(t)  --  y{ ir , i , t2) = *.r{ t [)

{  t in i ,o;t ;y( ' ))

Uz = y( ihl  , t2) -  y( ihl ,o) = *rt tz) -  xr(o)

* ,{(o,in | ,t2;y(')), t 6 lih 
l,(i *

' , .1 ,2
,  (  J  ( p g + q l X s , y ( s ) ) d s +

-  x , ( i h ' )  o  J , 0
i h '

i h l  t 2
.  

{  fo(pg + qlXs,Y(s))ds +

t)tr l l  x [o,t ' ,2].

y(jr '1,t2) - y(jhl,mrr 21 = *rttz) - xr(^nz) .ft  f , fs + qr)ds * {(0,"nr,2;jhl,t2;y(-)).
o #4r''

In the la$quext ion j (  i -1,  and the induct ion,argument insures that

y1t, l , t2)  -  y( jh l ;n",r ,2)  = Th\ for  any m = 0,1, . . . ,k-1,  k = 1, . . . ,N- l  and

y(t)  -  y( t1, .h2) =.1$\,  R. = h2 r / ; r l ) .  The proof is complete.

With renfect  to the proof of  Lemmas 3.and 4 the fo l iowing remark is in

order". i

Remark 2.

In  t l re  Lemmas l -4  the fo l lowing est imatd.

( i * t )n l  r ,2

1r '" /^ [p(t ,h)a(t ,v(t))  + q(t , l i ) l ( t ,v(t)) ]at  =Tl n i t r . I r . i {u=
( i* l ) ; l  , ! r '1z,t f  ( t ,x(t))at * hlh2R n Mil

(  J ' L  r  "
=iJ{! o ,

is  based on' the prJr"n.*  of  y( t )  -  y( i r r1,o) in the terms T1,. . - ,T4. Since

y(t)  -  v{ i r , i ,0)  = y( t l , t ' )  -  r ( tnt , t2)  *y{ i t " , l , t2)  -  y( i r r l ,o)  = U, + U,



t 3 -

We notice that U, insures the passing to the term lg,l j  while U" wil l give a term
I . v L v . /

' l ) , ) t )

of the type h^h'R, wi th Ef Rl '  < C(h'h ' ) .

When U. is not combined wi. th U, in T, ,T^ and T" i ts contr ibut ion doesn' tz L L ' I ,

or the rorm c(h2 )2 ! chtnzft7t h' h? ) I"+ -

Denote xht)  = y( . ) ,  z( t )  = ( t ,y( t ) ) ,  t . .  = ( ih l , lhz),  
"nd. ,  l )

l ' ) l ' ) 1 . ) t .
3 7 )  l a , , x = x ( ( i +  l ) h t , ( 1  +  t ) h r )  -  x ( i r r r , ( ;  +  t ) t r z ) -  x ( ( i +  t ) r r r , ; t " , r ; + x ( i h l , l h r )

,  
' )

d  - t .
3s) Mi,j = 

EJ{i"'*',0,*,n,r'(z(t,,)) + q(t,h)l'(z(tij))rli..ru(z(s))wu(ds) +
rJ

t , . r  r . ,  7
* t t t fJ* '  

[ t , . (r( t))  -  f , . ( t ,x(t)) ]w,.(ot) l
1 . . )  K  K  K  J
IJ

Lemma 6.

Let xh(.) ,  x0) be ful f i l l ing ( i )  and (4).  Then

l - I  . h - -  * * t l n 2 o . o ,u i j '  " { i j  " ' i + I , j + I

E max 1*htt)  -  x(t)12 < cft , ln2), Emaxlx(t)  -  *(t , ,)12 < chih2
t € l  

'  ' l  -  
t € l '  

l J '

where I  = [ ihl ,( i  + t)rr I ]  x [ jh2, (1 +. t)rr2J, ElR12 < cr, l r ,2 and i t  holds E(Mr:fnl , , .)  = o'  l j l  J t< '

e i t h e r l ( i , o r k ( j .

Proof"

. '  For j  = 0, and i = 0, the Lemma 5 is contained in Lemma 3, and

respect ive ly  in  Lemma 4.  Let  the Lemma 6 be fu l f i l led for  ( i , j ) .

\Ve have to prove the fol lowing

E i * l , k Y  -  E i * r , k *  =  r ' l r 1 2 R  *  M i * 2 , k  ( y )  k

Emax[y( t l  -  * ( t )12 < ch lhz,  where I  =  [ ( i  *  t )h l ,  ( i  +  2)h l ]  *  [ t  t " ,2 , ( t  n i ) t rZ]
t 6  I '

. ' )  |  2  ,  I
ElRl '< Ch'h ' ,  EfMi*2.#Nt,o) = 0r @) l ,k fut f i l l ing ei ther I  (  i  + 2,  or

p  {k '

By definit ion



-  w '  t 4 :

.  |  .>  |  . r .  . .  f  )

39)  E , , , . y  =  y ( ( i  +  2 )h I ,  ( k  +  t )nz )  -  y ( ( i  +  l ) h r , ( k  +  l ) h ' )  -  y ( ( i  +  2 )h ' , kh " )  + .
l + I r K '

r 2 t ) r r ? t ' )
+ y(( i  *  l )hr ,kh')  =J\ '  {pg + ql)dt  *d t t i  *  l )h ' ,  kh ' ;  ( i  + 2)h ' ,  (k + l )h ' ;  v( ' ) )

7
I

where  t l  =  ( ( i  *  l ) h l , kh2 ) , t z= ( ( i  +  2 )h1 , ( k  *  l ) h2 ) ,  and

t' ,  t .
4l) u =JF (pg + ql)dt =12 tnt*,r ,)e'(z(tr))  + q(t ,h) l ' (z(tr))J(z(t)  -  z(tr))dt +, '

t l  t l  s

r t t

i ji" totr,n)g"(z(tr)) + q(t,rr)I"(z(tt))12(t) - z(tr), z(t) - z(tt)) +
' l

, t.,
- itlf [p(t,h)g"'(z(tr)) + q(t,h)l"'(z(tr))lz(t) - z(tr), z(t] - z(tr), z(t) - z(tr))dt 

1,
, /" l

, t.,
* ,nl! '  [p(t,r ')g (2.(t)) + q(t,h)l (2"(tr))lz(t) - z&r),...,2(t) - z{tt))dt =
.  ' t l

= T l  *  T r + T r + T O

where z(t) = (t,y(t)) , 
,

y ( t ) -  y ( t r ) =  y { t I , t 2 ) - y ( ( i +  t ) n l , t 2 )  + y ( ( i *  i ) n l , t 2 ) - y ( ( i n  t ) r , l , t r , 2 ) = U r . + U ,

and

u, = x,( t l )  -  xr( ( i  *  l )h l  * , . i t , ,  j . ' ,0*  + q l )ds *  l t t i  *  l )h l ,o; t ;y(") )
( i { t r r ' r t l

r t ' > 2

.  f o r  t 6 [ t  1 ,127=  [ ( i  +  t )h ' ,  ( i  o  2 )h ' ]  x  [ kh ' , ( k  +  l ) h ' ] '

Using I-emma 5 it  fol lows that Ut and U, can be rewritten as

^  42 )  u r= f {n f , v r= t1$2 )

and combining (42) with the transformation of r, in (41) as in Lemma i (see ( '7) ano

( i5) )  we get

,  ( i * t ) n l  r Z  a  .

uz= *r(tz) - xr.*nz).,. f 
t 'ntf ' , 'rrr+ 

ql)ds * {(0,*n2;(i + l)hl,t2;y("))
0 'kh-



- W - t f *

t,,
+t) u= 

l f t t t l ( t ,x(t))ot 
*hlh2R o 4,,*,

.  , l

E[nl2 < chlhz, r(4 .r- l 's c(r, tr ,z)2. -
I  L 

IrL2'

Adding (40) and (+l) we get f inal ly

l )
++) Ei* l ,ky - [ i* l ,k* = h.h'R * Mi*zrk,

E ma1!v(t)  -  
" t t)12 

< chlh2, ElRl2 < chlh2, where I  = [ t ' t r l ,
t 6 l

and'the proof is complete.

ow we are in position to prove Theorem l* Denote *h(') = y(').

. Proof of Theorem l.

For t f  {0,r, 
1, zr, l , . : . , \nt I

. r l ? .
H.  . t  = f  k  ,  h ' ,  k rh - ) ,

}  
. '  L  L

we have

Denote

v(t) - x(t) = E^ o ri'- sfij*
iS)iSkz ,

-r?I lv(t) - *(t)fzs]H-t,;, o,;i
t eH ' -  - l i i lEb ' -  L ) -

"{0,h2,...,rurr-,2 f =

f  , N r - l r N " - I
s{ EI *F*J

r_  r i=Q, j=0

and

43)

have

44)

and

. :
using Lemma 6 it  fol lows

1 l
(E mglv(t)  -  x(t) f ' )z

t e H  ' '
(n, ,v-o,i-,j'J ' s c

l ( r )  "  
random var iabie which ful f i is  tnfFtr l t2 l*  (  cr ,  r  = maxihl ,h2).

,*r., ,* lr, = tin.l,( i * t)trl l  x [ jrrz,(i.* t)nz]. By def init ion of solution we

y(t) = xr(t ') * *rttz)- *o . i(ps + ql)dt */(o;t;y("))
U

t  i t . , l  , 2  , i r 2  t . .
ur = l6(pg + ql)ds =1 

lnztne 
+ ql)ds - 

{r[ 
(ps + ql)ds.J]o" tne + ql)clt

F

t l ?

n n

t )
where  t . .  =  ( i h ' , i h ' ) .

U



45)

- 4€ "

Using Lemma 5 and (43) we get

u, = /tfr) * y(tij) - *,ttf) - *;tl| * *o- r{(o;i,,;vt)) =

*o -4o,ri,;v(.)) =fr{'rl . Y(r) + x(t,,) - *,tt/l - "rttf) t

=tt{i) rf trl .ttt tg,lf(s,x(s))a, 
*d(0;t,,;x(')) - /(o;t,,;vt))

Combining (44) and (45) i t  fol lows

+o) y(t) - x(t) =YflTl * zf k)*do;t;y(o ))-/{o;*;*tf .

and f inal ly

+t)

The inequali ty U7) implies

remark below)

4S) E rnax ly( t )  
-

t€l0,Tl

and the proof is complete.

* o(0,r,,, *(')) -ofto;t,,; v("))

E max f  y( t )  -
tela,Zl

T
: )  ( {  . . )

x ( t I ' (  C , r  +  c " J ) E  m a x  I  y ( t )  -  x ( t ) l ' d si  -  t  t -6  
te [o,s ]  

'

the same conclusion as in the one'dimensional case (see

x(t) [z (  Cr,  ,  = *u*(hl ,h2)

Rernark 3.

Denote E .IaI l r( t l  -  *( t)12 = f  t"r l  and assume
t6 [o,t]

r  h t  ,  t  , l t  3
y/?,) # * . t- !) tf{t}at ,(+/) ree[0,T], rvhere (,1 ) o.

0

Let t/( ')  be the unique solution of

z
i l (v) = k * t flv(t)at, "C(lo,TJ

and it fulfils the follov,ring estimarc l't/ (t)15 C r r!1

V ) t€ [0,T] '  where C, ) 0 is a constant.

Denote u(t) = tf (il - flt), and we have

S

u(s) ( L/,f u(t)dt or
o



t,

-w-  / r -
, s

u(s) = L lf u(t)dt + vo(s), where vr(t) -( 0i tc [0,'f],
0

is a f ixed continuous functions.

The solution of the last equation is unique and by uging the standard

argument of the successive approximations we 8et u(t) = l im{J.-(t),  where
. n

u o ( t ) = X ( t ) , a n d u n ( t ) 1 0 n 2 0 , t € [ 0 , T ] , w h i c h s h o w s t h a t u ( t ) = y ( t ) - ' t r ( t ) ( 0 a n d

f tt i  s rr(t) s cl K (#) te [o,r].

The result in Theorem I wil l  play the main role in proving theorem 2. It  is

neccessary also to be alble to approximate an equation which contains

combinations of symmetric brackets of different iengths by one containing such

brackets on disjoint intervals. In this respect, let Al, AZ t [O,f] *Ro be

measurable fulf i l l ing trr(t) n, Artt) * Ar{t) = l ,  and' f 
, ,(r& 

at"td x Rn),

j  = 0, i , . . . ,d,  i= t ,27 fu l f i l l ing latr rc xxt ,x)) l  , l t ) t r raxxt , ;c) ls t  ,  (#)  te[0,T] ,

xeRh. Let Ti  )  0 be f ixed and h = th l ,h2; ,  t , , i  = f i lx l  i= I ,Z.Eenote t , ,  = ( ih l ,  ihz),r )

i . , i t  =  0,1, . . . ,N -  l .  Let  yr  ( ' )  be the so lut ion of
r d '  ' ^
' t

+il  y(t)  = *,{ t l )  n *r{tz) -  x^ +{ t  ^,(s)f ,(s,vX51) + zln(s)fr(s,vXs)) las* {@;*;}{ ' t )
t '  t .  o  - b  I  . I

f n h

where d. is def ined in (5), and let [", ,  be as fol lows.

t t
)J 4,,("a )dc

a$ , i l  '

q f r ( t ,x ) ,  te  Ar$, i ) ,  xeRn

i o )  { t t , x ) = { '
l .  f r t  ,*) ,  te A z( i , i ) ,  *e.Rn

where Ar ,  &rare d is jo in t  and fu i f i ls  .Af  Ar= A,  ' : t ' :

a(i,j) - lrll,r,t; . nll * i,fr, tfi * r,21, un.t

{=  meas  A t ( i , j )  =  ̂ $ . ! r r ' b )d " , 1 -o (  
=  mea t  A r ( i , p=

A ( i , j )  
L

/:-1(i,i) = nil, ,i i *,d hll *tt?4, tlr* nzl

A ,ti,11 = [rl i * dhl, tl * nl] *rtl, t l," r.,zt



. rj,o*"iui"*t ;;i;r*i*..'l

,

Lemma 7

' Let Yr ( ')  Ue the solution' n
' L  .  r

x ' ' i . )  the so lut ion ' ' , * i t '>  of ,

- W * ' / & *

\ h t

in i4g) and rl i: I x Rt1--. Rn be as , l

i
i

I
.  . l

i
I
I

i
i- !

i
d'r' i. i

I
I

I
a t

i
:l

i

, l
v

in (50). Then

x(t) = *r{t l) * *r{tz),- *o * l i  , i ft, x(c ))dz *{,(o;ux('))
, " 6 r '

f  ul f i ls E maxl*f t t l  -  v1 (t)12 ( c max(hl,h2),1 - [0,T] '
t € I . A

Remark 3.

The conslusion in Lemma 7 remains unchanged if we replace l rt"l )r{ '),
, I  L

by a finite set ,\ r{-),..., /rt ), '\ rtt) > 0, i,\,(t) = l, ano rft-) in (50) is defined
-  i = l  r

accordingly.

Proof of Lemma 7.

Th. prooi fol lows the same l ines as in [1] and we shall  give only a scketch.

Denote l .  ( t ,x )  = l , ( t )1 , ( t ,x)  * ,hr ( t )1 . ( t ,x) '  I t  is  eas i ly  seen that  we have the-  - 4 "  - ' l " i ' '  ' t  z

,fol lowing estimate '

E maxl *ftr I - v(r )12 5
r5 i  J-  i

r f

E max ( IJ,!rft,,*httl l  -
( i , j )  a ( i , j ) ' *

'  and

ofl,{,r*!r,ro' 
= o!{,ut tt,{tt)}ot . *!J,,.str(r,xl(t))dt

= !5 r" (t,*f (t))ot * r,1r,2R(tr)
y'(i, j) " ,.

" )  I  max(h l ,h2) .where FJ R(h)l' S c

n the other hand

tr 
[,ii L#,t{,',{t,;i 

- r, (t,{(tliotl 2i+ sc{nln'?r,/{r,E(1 +

S cnlr,z 
\

write f( t)  = F. maxl*f t= l  -  v(t  )12 uno we let
? s t ' / t '  '

'vtstllzlur I

cf t: te 1, fI.trftt,*!tt
L i , i  A( i , i )  ̂

+

rh(tlxh(t))lorl2 - 5gr

)) - l1(trxlttlito*fzl*t2 *

L

rnaxlx'J(s) -
s ( €  

A

1*lttll2ioil+ s



l

\..j

- w- {g-

t/ trt < qntnll2 . J} 9,. ,0" .
v

Usingf,emark 2 we obtain
l 1

q  ( t ) 5 C m a x ( h ' , h ' )

and the proof is comPlete.

Proof of Theorertr 2.

It  fol lows the same scheme as in [2] for proving Theorem l '  I t  can be

explained short ly as fol lows. Us]nS Lemma 7 and Remark 3 i t  fol lows that we can

divide the two-dimensional interval [0,T] into small rectangles 4 (h) with fneas

|  )  i  
' i  -  r  / r  \  : -  r : - - : r ^ - J  : .

A(nl - hth',  5t = 1i/N, and edch A (h) is divided into L disjoint rectan8les. I ,r

j  -  l r . , . rL ,  such that ,  mea,  I j  =  n ln2 ly  and for  t€ l j  the equat ion ( l )  is  rep laced by

one in which the drif t

f  ( t ,x )  *  Lv, ( t ,x)h, ( t ,x)o '  - :  )  J  
L

replaces the original one fo(t, 'x) + f,  v,(t,x)fr,(t ,x). On each f ixed interval I ,  we

Tt ' i ' " ' " ' " ) ' - ' '  
'  )

appty Theorem I and it  is obtained an equation for which the drif t  has the fol lowing

form

h  h . d .  - { ,  - - ?
f  ( t .x )  *  u l t ( t ,x )g, ( t ,x)  + v" ( t )h( t ,x) ,  for  sotne i  €  t l t " " f f iJ '

o ' '  I  - t

where ul, uh are scalar functions un.t i€S(gr,.. . ,g*) but the iength otfr is str ict ly

smaller tr,en ttre length of the original h, and the length is the number of gr '" ' '8* '

appearing in the composit ion of h,(t,x) '

A c t u a l l y b o t h p r o c e d u r e s c o n t a i n e d i n l * * ' o T a n d T h e o r e m l a r e

performed jointly and the f irst approximate equation generate a solution" which

coinpared with that in (1) fulf i ls t jre same estimate as in Theorem l '  Now we have
L

to start with the new equation as the original one but i ts coeff icients l ike ui '( t 'x)

and uh(t) are unbounded with respect to h = 1t ' ' l ,r '2) '

Thls new equation becomes with bounded'coeff icients rvit l l  respect to h by

m a k i n g  a , , t i m e  c h a n g e , r t i  = N t i ,  w h e r e  0 S t i S N T i = T f  n i = T i / N ,  i =  L 1 2 e  a n d  t h e



! . . , 1  - - - : ,  . , ' . - , . ( . , , 5 i - l i d r . i i d : *

- W -  2 a *

previous scheme has to be repeated considering the last equation in the place of

( l ) .

t / ."t vl ar.)

The in terva l  [0 ,T] ,  T =(7 ' rT ' )  is  d iv ided in to smal l  rectangles 4(h)  wi th

meas A (h) = (fr ln2)5 and a corresponding unbounded coeff icients equation with

respect to h is defined with the propertyJhat t l"re length of the bracl<ets decreases

strict ly. The estimation of the two solutions in L2(61,P) is. upper bounded by
j  

c  maxl (h l )512,h\512]  on each in terva l  [ to iT l ,  ( t<n+ i ) r l1  xLkrTz,  (kr+ D' rz) ,

k ,= 0,1, . . . ,N -  i  and on the whole in terva l  tO,T]  t f , "  est imat ion wi l l  be bounded.by
I

|  |  a l

C max f (h ' )2 , (h " ) z l ,

By reversing t ' t ime change" we r.ef incl the f irst approximation equation and

the second one rvith bounded coef cients with respect to h, but with the

corresponding so lut ions fu l f i l l ing in  Lr (#,P)an est imate having the prev ious upper

bounded
|  |  ' ) l

C  m a x f ( h ' ) ' , ( h ' ) ' 1 .

Now in  t l re  second approx imate cquat ion we per form the " t ime charrge"  t i  =  NQi ,

^r i  A i  ru i
0 < t '<  N"1"  = T^,  i  =  I r2 ,  to  obat in  a bounded coef f ic ients  ec luat ion wi th  respect  to

h and Tt/n-o appears in the definit ion of t lre corresponcJing auxil iarry functions

p(t,h), q(t,fr).  Tlre new intervai [0,?] iu dividecl into small rectangles d (h) ivith meas

-d(rr l  " [ .hl.h2]25 una a corresponding approxin-rate equation is defirred witd the

property that t lre estirnate of the two solutiorrs on eaclr interval
l r 1 ) A

[k ,T ' , (k ,  - r  1)T ' ]  x  [ l< ; f * , ( l<^ .  + l )1 ' ' ] ,  k ,  =  0,1, . " " , f { "  -  I  is  upper  bounded by C"' '  I  "  I  : '  Z  r
r  l s l t  ) . ? \ l ) -  A ,  -  , / \  ^ ,

.max[(l .r 'r ' ' ' '  
' , (h')" ' ' f  and on t l- ie whole interval lo, ' i" . ]  the estimate in Lr(i ;edrP) of

the two solirt ions has the upper bound C maxl(h l)* 
,  I ' rz)i l .  By reversing "t irne

change" we get  the second est imate equat ion ancl  the th i rd  one def ined on t6 IOrT.J

" for rvhich t lre corresponding solr.rt ions fulf i ls an Lr(#,P) estimate'upp*. boundecl by

I  |  1 l:  C max[(h',) ' ,h' ] '  J" By a f inite number of steps we get the iast estimate eguation

which doesn't contain eny [6*.L*t but only original Bi, i  * 1,.. . , f f i ,  as i t  is def"ined in

' (2) rvith the property stated in Theorem 2.
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