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4 1. INTRIIIIUCTIfiIII

( 1 , ? )

(  1 . 3 )

i i t t l  +  B ( 1 . ( u ( t ) ) u ( t )  =  C t r

u t ( 0 )  =  L r o r  i t o l  =  L r l o

L e t  u t s  c n n s i . d e r  a  s e p a r a b l e  H i l b e p t  s p a c e  X t  a  c j e n s e

s u b e p a c e  D ( A ) C X  a n d  a  l i n e a r  s e L ' f a d j o i n t  o p e r a t o r  A : D ( A ) * ) X  r , ' l h i c h

s a t i s { i ' e s  t h e  c o n d i t i o n l

( 1 " 1 )  { A u o u t }  }  t l } r
:

w h e r e  { . e , }  i s  t h e  s s a l a r  p r o d u t c t  i n  X  a n d  i l ' ! l  i s  t h e ' t  *

cc l r rFsp$nd i  ng  nc l r rn

.  
. . N e  s h a 1 l  s t u r d y  t h e  f o l l o w i n g  i n i t i a t  v a l u t e  p n o b l e r n :

'  ' 2 | - ) R  
a n d  3  ( 1  ( u r )  )  l s ( A ) * > X  i s  a  s e l f  a d " i o i n t '  o p e r a t s rw h e r e  l s D ( 4 " '  1 / r ]  

' ( L t ) ) : I ) ( f { } - } x

{ n r  e a c h  u t G D ( A t ' ' o l  .  T h j . s  a b s t r a c t  f  r a m e w o r k  i s  m o t i v a t e d  b y  t h e

s tu tdV '  o {  t he  non l  i nea r  ma themat i sa l  mode ls  f  q r  t he  sma l l .

v i b ra t i ons  o {  a  s t r i ng  c l r  o f  a  T imoshen l ' ; o  beam.

I {  i n  e q u a t i o n  ( 1 ' ' ? i  w e  c h o o s e :

B ( 1  ( u t ) )  =  G ( l  l A l / ? r , l  i ? ) A ,

w e  o b t a i n  t h e  i n i t i a l  v a l u t e  p r o b ' l e m l

. .  1  / ?  ? '
( 1 . 4 )  S ( t ) . +  g . ( i i A - ' * * ( t ) i l - ) A u t  -  O '

' a

.  (  l .  S)  u t  ( t ] )  =  u ro  I  L t  (Ct )  =  t - t1  I

.  w h i c h  c o n t a i n g  a s  a  p a r t i c u t l a r  c a s e  t h e ' e q u t a t i o n s  m o d e l l i n g  t h e

n o n l i n e a r  v i b r a t i o n s  C I $  a  s t r i n g  ( c { '  t 4 l  I  t 7 l  c h  7 r  t 9 ' 1 )  '

' 1



I ' he .  { ree  v i ,h ra t i .ons  o$  a  nun l  i . r re ; i r  T i tnn t iher r l ln  heanr  p l i . t f t

the  ene1s;  h ing*c l  and heLr {  a  { i xed  c { is ta .ncm apar t  v . ,s l .e  rnc ldeLed in

t h e  a p p e n d i n  o {  f S l  h y  t h e *  { c : } t n l " e i n g  i n i t i . a t r  a n d  b $ u t n d * r y  v a L l t e l

For  q tc .C l  (  R+)  and Q ' , ro ,  a  1  nca l

u t n i q u e n * t l s  - r e s u t l t  { o r  t h e  p r n h l e m  ( 1 . 4 )

prmvicled t t rat  (Atr .r t - t ) |e. [  !  r- t  |  |  
*  

I  r-16€1] (A]

e x i s i t e * n ' c e  f , a r  ( 1 . 4 )  '  ( 1 " 5 1  w a l s  p r o v e d  i , n

much .  r *$ re  re r ju t l  a r .

1 / ?
a n r " i  L r r  €  S ( A - '  " ) .  f f i i n h a t l

t l l , f ; l  f a r  i n i t i e t l .  d a t a

Y ( > :  n O ) = Y r : t x l  l f f i ( x , O ) . * f  1 ( x )  ,

e x i g t e n c e  a n d

, ( 1 , 5 i  w a s ;  g i . v e n  i n

(  1 "  5 ) '  * n c i -

cr r- nh J. snn :

t  1 , 6 )
??n I  a*
d - = @  ( x  o t )  = r c d * a + b  \  t -  ( y o t )  I  " , r n 1 l  

( x , , t )  * c d ? g  ( n , t ) ,

? t ?  d  a *  '  n x t  ? x

f n r -  O { . x { I '  t } A

( 1 .2 )  
t - 3 , x , t ) , = *33 ( :< , t ) * * z . r . f ( x r t , )  ncz *2 *1 (x r t l ,

?  t ?  1 * 7  
d > i

{ n r  O { r : * i 1 r  t } O

! w
(  l .  "  S )  w  ( x  o O )  = v t s ;  ( x  )  l ; ;  ( x  ' O )  * u u I  ( x  )  i

(  1 .  q )  w  ( o ,  t )  = t *  (  1  , t )  * H '  ( o ! t )  = l L  (  1  n t )  * 0 ,
? x  ? x

u l i r e r e  w  r e p r e s e n t s  t h e i  t r a n s v e r E e  d e f  l e c t i t : n  o ' f  t l r e  c e n t e r L i n e  n f

t h e  
' b e * n r  

a n c l  { ,  i s  t ' . l r e  r o t a r r y  d i s p l a s e m e n t  o {  t h g  c r o s s  s e c t i a n "

T t r *  c c : n s t a n t . s  6 i r  b !  c '  d  a r e  s u $ l p c " 1 s e d  t t :  b e  s t r i c t l y  p a s i t i v e '

w l t h  c d l a ,  F a r  t h e  p h y * i c a l  r n e a r r i n g  C I f  t h e $ e l  c o n s t a n t s l  t 3 e e [ 4 J ,

t  1 0 r .
Let uss rrnt i  ce that the equat i  t rnE ( 1- 4 )  !

(  1  , 6 )  *  (  1  .  ? )  h a v e  a t  l  e a s t  t w o  c o r n m c r n  p r o p r i  e t i  e s s

t h e y  & r e  c 6 n s e q u e n c e s  u {  a  c o n g e r v a t i n n  l a w  ( s e e  a l s o  r e l a t i a r r

( 4 ,  l )  )  a n d  t h e y  a c t  " n . i f € l y "  c l n  t h e  e i g e n f  u n c t t n r $  o {  { t  c e r t a i n

n p e r . a t n r  ( t h i c  i s  t h e  r e * a s o n  w € r  i n t r o r J t - t u e  t h e  a x x u m p t i o n s  ( 4 " 6 ) *

( a " , 7 , ,  ,  T h i s ,  '  s i m i  l a r i t y  I * a d  u s  c n n s i i , d e r - i  n g  t h e  p r a b l e m

i l . , ? )  s  ( 1 . 3 i )  w h i c h  c . m n t s i r r s  a r  p a r t i r u l a r  c a s e s ,  t l *  p r u b l r : r r n s

( 1 . 4 i  e  ( 1 , 5 )  a n c j  ( 1 . 6 ) - ( 1 ' . 9 )  "  A  I o c a l  e x i s t e n c e  r e s u l t  { s r  t h e

p r - o b l e m  ( 1 , 6 ) * ( 1 " 9 )  s i m i l " a r  w i t h  t h e  o n e .  g i v e n  i r r  t $ l  { q : r

( 1 . 4 ) ,  ( 1 . , 5 )  w a s  g i v e n  i n  t l o l "  A s  { a r  a s  w e  k n o w  n o

ex  i  s te *nce  resu l t  {o r  (  t  .  6 }  *  t  1 .9 }  l *a : ;  ob ta i  ned  t i  t . 1  f t ow"

g  I  o b a l



Tl- ie  paper  is  nrgani .sed as { f i l lCIws,  I r l  Erest imm 7.  ws

L o s a l  e x i s t e n s e t  r m s u l t  f u r  t h e  p r * b l e m  ( 1 ' , ? )  o  ( l '

t$sct i6n S conta ins,  so, f i ' t r  ernerget ic  *Et i rnates f r : r

1iul ut i nns r:{ a J. i nean evol t-t*:i. on equa L' i on,' $sat i osr 4 rt}n*a j' ns

ql l6h,a l  ex is tsnce theorern anrJ in  x ,sct$"cn S the l  e tppL icst isns

thel  n*n l  ine* ;ar  s t r inr ;  and Timn'shsr lkr - t  l re*m mocle l$ ar& g iven.

p r$vs  e

( r "  3 )

5 ) ,

t h e

tlrst

f m r

2," T8-fiH L.mffiS[t- HXISTffir'EI:H ftHSUL'r"

In  th is  sect ic :n  we shal  I  r rse nsr tat i t :ns and a*surnpt i r :ns
. f  rnr i  t3 l  in .  nrder  ta  e.ppl .y  ; rn  ex is tense and utn iqueness resul t

g i  ven {: l" ler*:.
We  heg in  by  n r . l t i c i ng  tha t  due  t r  t he  agsunrp t imn  t J . "  L l

a .nr j  to  the se l . f  ad jo in t -negs a{  lF ie  cperat r : r  A we cat r  de{ i r re  the

{ r a c t j . s n ; r l  p 6 w e r s  o {  A  ( c { ,  t 6 1 u c h . 1 ) ,  L e t  L t s  m a k e  t h e  n r t a t i s n s l

( ? ,  1 )

f a r n i l y  o {  H i l h e r t  s p a . c e s  t i { 6 i  
X } g t t ) r r n l r  

w i t h  m } 3  r e p r e s e n t s  a r r

i n t e r p a 1 a t e d  s c a l e  o {  r e a l  !  s e p a r a b l . e  H i  I l r e r t  s p a c e s "  ( $ e ' e  [ 6 ]  ]

c h .  1  a n d  t  1 . 0 1  . f  s r  t h e  b a c l . r g r - a * n d  i n  i n t e r p o l a t i n n  t l r e n r y i  .  { ' t l t l

dennte  bry  H. - l  the  r lua l  Fpace o{  F4 f  con* t r t - t r ted  by  meanq i  o {  t f ie

i n n e n r  p r o d r - t c t  o {  H O  ( c f  "  l l & l  )  a n d  b y  ' i . ,  t  "  " '  t h e  c o r r e s p o n d i ' n g

c l u a l i t y " 1 ' o  s i m p l i { y  o u r  n o t a t i o n s  H €  E e t :

m*?

fl = fiX,F{;-r?i 1..t3 ) o
j = - 1

equt i  pecJ  w i  th  ths  abv i  r : r - rs  cpera tnr  ne : rm,  where  $y  /C z  ,  v l  w t r

der ro ted  the  npace o{  h rnurnde, rJ  l ina*e* r  open,a turs  f ro rn  Z  tn  Y"  Wm

d e n o t E  b y  I  l ,  i  l p -  t h e  n o r m  i n  H k ,

h l e  c o n : i i d e r  a  { a m i l y  o {  l i n b a r  o p e r a t o r s  B ( 9 ) r f  
' ; : t S o

s , a 1 i i s { 1 r i n g  t t r e  { o L  l n t ^ l i n g  c n r r d i t i o n s i

( B l )  B € t , J m ' * t r o n n l u  X  I  { u r  e * a c h  D ' i ' o

For each g " : ' tJ 'ar rd $ l* (11"  .  "  , l t l * I  th6

)v€l - i t rq  : i . rnp ly  t l ra t  v  €[ -1t r , '+1.  Murenver

tha 'h :

, ' l t f t  \

T, ! (  4
I

sutcl-t

Hf ,=  D(4 t r /2 ) ,  F : . ( t1  l - , t6sx
0 -

.  unc le r  these c i rcumg; ta f tces  i t  i s i  we l l  l , . :nnwn tha t  the

s n n c l i t i n n s  v € H 1 ,  a . n d
' t ,here . iE a cnnEt , ; rh 'h  f ip . r t )

I  t v l  1 1 , - 1 - 3  {  f i r : ( l  l v l  l p " + 1

( B f , )  T h e r e  i s  a  c o n s t a n t  C 1 ) o '

t n ( / ) v i l t r ) 1

'  :  E u c . h  t l r a t

3
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i i B ( 7 ) v , v ) ) C l I {e  ( t  }  v ,e . l : . {S  ($ )  x  r v } . . ,

{ o r  a n y  v r r  €  H t r .  u f e f f l o n : ,
L - e t  l r s  c o n E i d e r .  n t : w  a  { l t n c t i n n ; t l  l r D { A 1 / f ) * } . F l *

As {a { ; t r*ai .-qh'Lf nrwar-d f i i }n:$#qLienne mf 'Lh* Thg3$r"errr  4" 1 {rsnl
t T l  w e  n h t a i n  t h e  f o l L o w i n g  r e s u r l l t l

2
t . , t  r *
r v r r . l  n

TF{TftREffi 2. 1 {+ssurste that (81} thrmugh (85} hcld and
that the Sunct, iuna3. L i .s Lsca}y hclunded a,nd
t iw reg  csn t i ne lue l y  d i f+e reh t i ab leo  w i th  m)? .
{err  suSf  ic ient t r  y  srna! . }  T}S the in i t ia l
p n c b l e m  ( 3 - ? )  i  t l " 3 )  l r a s  e  u n i q u e  s o l u t i e l n s

anc{

rc- i.

Thtari

va}ue

u€n ck t rorT) n Hsn-kl  o

RHS4I?K ?." t"

- k=0
fon  each  u6€  Hs r  u1e  H*_1"

Sue tm the specie l  cheice of  the in tenpnlated
scale of Hitrbert s$aces and t.tr the propri.et ie*l
o f  E { l  (u}  }  n  the h ighen order  cenrpat i .h i  l  i ty
ccndit iong ns€essary in *CAl 

ar*e satis.f j .ed in mur
situatiern withcut any other ae,urnptislns,

sgtrsRK 2" e fn the f cl l l ,oueinE s*a sgra!,1 eut-ppoee that the
s o l u t i o n  o f ,  { t . ? } . ,  t t . S }  d e f  i n e d  o n  [ O s T ]  i . s  &
maxirnal  c ln@.

3. ETSER6Y €STXFTATES FTift & LIh8EAR EGUATTfr!'{

'  I n  t h i e  E s c t i o n  w e  g h a l l  m a k s  u s e  o f  t h e  f a c t  t h a t u  d u r e
to  the  aqs l t rnp t ions  madet  on  the  aper* tc : r  A ,  the  space X sdmi ts  i ln

s r t h s n o r r n a l  b a g j . s  t v ) 1 1 1 1  s u c h  t h a t  { o r  e * c f r  l : : = i  n 3 r . . .

( 3 ,  1 )  A v l r = A f  r r r o  . t g , . . ( - r ,
p t o v r d e , i  f A . a f  i l , p ' t r r t b e d U , n g *  l a > a  x  i  s  c o m p d c t .

rn  o rde r  t s  es tab l  i  sh  t  t he  g luba l  ex i s tence  {n r
( I . 2 ) r ( 1 . 3 )  w e  E h a l L  n e e d  s t r o n g e r  a s s u m p t i o n s  c l n  t h e  i n i t i a l ,
c l a ta  L l r l r  L t1 "  l n lo re .  p rec i se l y  we  sha l l r cons ide r  t hem A-ana ly t i c -
A c c o r d i n g  t o  t L l r r & 1 ,  a  v e c t n r  v  € D ( A * ' - )  i s  A * a n a l y t i c  i {  t h e r e

ex i s tE  cons tan ts  F : . .A  su rch  tha t :

A - i v e  n ( A 1 ' ' r ,  l * l A j v . v : ; . 1 2  { r ^ j :  t ,  j = o r l r . . . .

4



In t I  I  f ir$si n en€'; $p;rgnnl CI prnved tFre {(] l  L $wi nE

char*cter  i  sat  j "  crn of  A--anal  i  c  i  ty .

HSggfiSgLfgS S*_l &ssums t$"la{: cq}ncfitl.mms {S.L} hn}.ds' Then a vectmr

v*U ts6,.vg* 6F{3 is f4-*anel'yt'{c i'f and r*nly iS

k l r

**.=, H il*?e-.ffT;.J;T*;,:n 
*hatr

.  k > L

In  th i s  sEr t i . on  wm g ;haL l  cons ide r  a  {an i l . y  s {  l i nea r '

n p e r a t o r E  C ( t )  I  S ( A ) - l ' X r  t € t 0 r T ) ,  s a t ; i . t { y i n g  c e r t a i n  a * * u m p r t i . o n s .

i n  con r rec t i sn  w i th  the  ba$es  { v i } i ; . 1 "  l r l e  supp rose  tha t  t he*  space  X

"  i s  decomposab le  i n  d i rec t  su rn  o f  a r thg :gmna}  s t " tbspace*  X1 r .  .  '  o  Xp

t o  w h i c h  i t  c o r r s s r p $ n d s  a  p a r t i t i r : n  N l r . .  "  r N s  C I f  t h e  s e t  o ' f  t h l *

natural nunibers sltch t ' l rat I

( S . 3 ) .  ( P i v i  )  i e r u 4  i E  a n  s r t h o n o r m a l  b a s i s  i n  X 3  r  j * l  r F i

( S , 4 )  P j ( C ( t ) v i )  =  c i j ( t l r \ f i ' 3 v i ,  i € N - i 1  j * l r F :  t e t o ' T )

w h e r e  F j  i s  t h e  n r t h o g o n a l  p r o j e c t n r  o n  x j  n  & i  j t  ( o ?  o o ) - . > R  a l - H

c c n t i n n u s l y  d i f  f  e r e n t i . a . b l e  a n d  c i  3  
( t t  l  C O  >  O .

( I . 5 )  F j  ( C ( t ) v i  )  =  t )  i f  t P  N : ,  t e t 0 ' T ) ,

L e t  u g  r n a k e  t h e  n o t a t i g n s ;

2 F ' 2 .
( 3 . 6 )  e k :  ( u r t )  = l l / 2 )  A - t  ! y 1 .  ( t ' )  l - +  f  y g  ( t )  1 - '

.  w h e r * , r ( t ) = f y p . ( t l v 1 . .

k . : :1

f i o n s i d e r  t h e  i n i t i a L  v a L u e  p r o b l e m l

r i

(3 '7  )  u  ( t  )  + t r  ( t ' )  u  ( t )  * t )

( $ .  s )

E o n c e r n i r r g  t h e  s a l t - t t i 6 n E  o f  { 3 . 7  )  r  ( 3 " S }  t h e  f u L l o w i n g
'  

l e { & n } &  r i r h i c h  i s  a  s l i g h L  v a r i a t i s n  a {  a  r e s u l t  i n ' l - 1 1  h o l c l E l

-  .  LESf"!A $.. ! .  Let.u be a solut iern nf (S.71 cn [O?T] and slrppc3se t trat  i

I c i ; ( t } l { H ' i } 1 * j = t r c t r o t € t o g T } " T h e n , w e h a v e f r : r-  5 J

-  e a c h  k = l r ? r . . "  a n d  O i t { T
'  (g -9 !  ep (u , t )  {  P6* {u ,O} l41exp ( \ } f * t ,  f g r  anX  {>O,  where  l {1  i s  a

pasit ive congtant d*pending on. T and { "

5



fgg*af-r
f ,on.Ei. der u (t ) *FyU ( 'L' ) vp' u the Fnur i  er e>lpa'nxi nn oS t l- ie

h i '1,

* t : l u t t i m n  a {  ( $ " f i ) '

I f w e . b . n i , : e t l r e p r o j e l c t j . n r r n , f , . ( 3 " 7 ) c l n X 3 a r i d t * 1 . : e i r r . L c t

cunisi  cIe*rat i  r :n ( : :$ "  5 )  +;e get I

f - ' .  f  f l , ,  ( ' r : i  F3v t r '+ ! [ : ;  ( 'L ]  F : ' - i  ( i l  ( t )  vp ' )  3= t l t '
1'**'-)

l . ^ h l 'rt , t ' l?

F r a s n  ( 3 . 3 )  a n c l  ( : i ' 4 )  i {  ' f o l I $ r x $ ' [ : l r a ' h :

f l, (t 1 +hfrc !,:j tl ) yp*=cr n h€1"13 '

, F r c r r n ( ] " ] ' * ) ' f o l l o w i r r g e i l a c t } y t h e l p r m n { * f , L e c n * r a ?

{ r r rnn  t  1 ]  uJe  mbta i r r  tha . t  (3 .  q )  hc ] l c ls  { :n r  * I  t  t l  € | r l . i  "  As  the  Eet t ;

( f , |3 )  -1* l  r$ t  cover -  t t re  se ' t  mf  na{ : r - t ra l  nu t rnber -s  the  { : r :nc l t - t s ion  n f  'Lhr l

'I 
esrnma { ei l, 1. cJwl6 .

( . 1 "  1 ( L )

Wer

s"crI ltt i on erf

Ir{gsRg$ }*_t

P r o o t l  $ i n c e

t trere ex i .  *{ :s a

c a n  p r o v € l  r r o w  t h a t  u  i  n  c a r t a i  n  c * n d i  t i  o n s  t  t h e

( . J , & )  w j . l L  n o t  F : l n s l  u p  i n  { i n : i ' l i t l i l  t i m e "

Let  u be a smln-r t ic r r r  a{  ($ '7}  nn

and ,l tOl a.re A*anlll Yti c " Tf'len '

o n  t C I ' T ) ,  u ( t ) ,  i - L ( t )  a n E l  A u ( t i

{nr t->"1' .  Flsresver u(T ] and

vectc:r-s.

f  O r T !  E L r c h  t h a t  u  t O )

i +  c p 5  ( t l  i s  b s u n r i e d

adm! . t  a  l in r i t  im L{g

,1 Cr-t  are A-anaax Yt ' f  c
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Th1gi  imf ; l . ie* '  thm e: l i .s 'Lence c. r f  * r l .  t t - l  "  hence n ' f  ( r t r - t )  (T l  ,
o 4

ur ( " t ' * )  a r i r j  u (T* ) ,  S r f  t hm L tsm (3 .1? )  anc j  a {  F rmpms$" t i ^mn  $ '  I  ke

nb ta in  tha t  t l r s *  v t * c to rs  l t (T  )  anc i  i r t i ' ' - )  ane  A*ana ly t i r .

4. T$tg ffiLffiEftL HXr*T'Hh{rfr fl{ES!-!LT'

In  c l r "c ls r r  t .n  p r *vm thp  c t lnh ; : I .  e* :< iE tence re* l t l t  wF hnve

.1 .6x  a$$gmd*  'Lhat  (  1 "  3 )  i : ;  the  expr -e* ;n ion  o{  a  f rn r ls ; {x r -va t io r r  Law"

ln lc : re l  F rec i .  rae l  y  we g ; f raL  l  *u tg rpr : *e l  tha t  the  f  c :1  l  nw i  ng  cond i  t i  nn

-  l rn l  ds  r

( 4 "  1 )  * i p l  ( u t )  o h l l ; i $ ' t l  ( u )  ) x d ,  y l ' r 3 . r . * * i 1 ) I  ( r - t )  u h g ) ' " l $ ' ( 1  ( u )  ) & , ; r . ' 1 h 1 )  ;

f  n r  a n y  u r r t r 1 1 h 3  €  H 1 r ,  r r l h e r e *  b y  D l  ( u t )  l H l - } ' l - l - l  b r e  d e n o t e r d  t h e

F r e c h e t  d t f f e r e n t i a l  o {  1 .

A c c 6 r d i  n g  t s  t h p  F . e r n e r * V a i  n b e r q  p a t e n t i  a l  i  t y  t h e n r e r n

( c { -  l - 1 i . 1 0  c h , 3 )  r r + e  o b t , m i n  t h a t  t h e  n e n l i n e a r  n p e * r a t o r

F , [ { ; , } H - t ,  F u t * B { ] '  ( t - t }  } u t

pBgrggulgP{ 4, .1.  Let .  u; [Or ' l^ ]*>X be a eol ,ut ion ers (1.2]  i  ( ! . .s]  n and

st rpptsse that  (4 .1)  and (BS) hnl 'd-  Then thene is  a,

ccnstant,"Nl$ such 
$hmt:'  ( 4 . 3 )  |  [ u ( t , ]  |  l f i + t l r . r t t ]  ! l i  {  N r  ' s e r n  a n y  t ' e [ f t f  T ] "

FRCf l t r  I {  we t i : r Ie  t l - re  innerr  proc luct  o ' f  (1 .?)  wi t t r  u  anc l  in 'L 'egrate

. crn IC] ! t  I  t"re obtai n;

( 4 , 4 )  (  t  / 3 j  I  l u ( t )  r  t $ + r ( u ( t l  )  = (  1 z : l  u f + r ( u g )  o  t 6 [ c ] , T ] .

F r o m  ( 4 . : l )  a n d  ( 4 . : 5 )  w e  o t r t a i n  t h a t s

( 4 .  $ )
?

F (r-t ) )'il3 | I t"t I I I' o C-.r 1"0 "

R e l ; r t j . a n E  ( 4 " 4 )  r  ( 4 ' S )  i $ p L y  ( 4 " 3 )  "
W e  s h a L l ,  a L t s a  m a l , : e  t h e  . f C I L l o w i n g  a s s u n r p t i n n E ,  r e l a t e d

w i t h  ( 3 " 3 ) * t : 5 " i 5 )  I

E  the  gre .d  i .  en t  o {  the  {  unc  t  i  ona l  ;

i
4 .  ? )  F r  H 1 - ) ' R  i  F  ( t t l  *  

J  
' , i E  ( 1 .  ( t u r )  )  t u , u ?

, r J

I r r  t h e E e  c o n d i t i a n E  t h e . f o l l o u l i n 6  r e s u t l t  h o l d : l l

7



(4 "  d l )  F i  t I {  t f t  v  i }  *  t r i  . j  (? }  n  f r " i v i I  i & N 3  1 j * 1 r F  r

( 4 . 7  '

bi j  s ( i )  Too) .- !  ( t16 rod) c*nt i" nnu*l y tJi { {e's-enti abl" e

)  -  O r  i { 4 ' $ '$r,j  (3 tz| ' tvi i y 'N3,

ble c i ln  s tate nnw tFte main r*eEul t "

TH.EQftES 4u-& Assilrma t 'hat '  cmrldftd'crm:i (81! * (HSl ? (S" Sl r {4" S } r

t 4 . d t } ' ( & . v , h c l d t r u t * ' T h e r . t t h e p n o b t r e m . { 1 " 1 } 1 t , l " ? }

h&s a ser lu t i6n u in  c?( [s?CIs] ,x ]  fcer  *ny chnice (3{  thp

A - a n a S v t i c i n j . t i a t r . d * t . * u 6 a r . t d t ' 1 1 " f { e r r e g v e r e h e v e c e m r s

, u ( t ' ! o & t t ' l a n d ' t i t t ' l a r e A - a ' n a l y t i c f r : n e a c h t l o

eE*Sf, sy rheurern 3'  I  we knew th*' t  ther$rr*bl anr ( 1 '  ?) 
: l i :T'  *T*:,  ,  

*

r n a : < i n a L  * i o l u t i o n  u  i n  g q l q r r T )  7  H a )  f l  c r  ( r o t T )  e H 1 )  f i  c * t I i J l T ]  1 H 6 ]  '

Le t  us  ma lce  th *  no ta t i on :

f u ( t ) = S  ( 1  ( u ( t ' )  )  ) ,  t } ' ! t { T '

S y t h e u g g o f P r o p a s i t i n r i 4 . t a n d o { t h e a s s u r n p t i o r r *

( 4 ' 6 , r ( 4 . 7 | w e 5 e * g t h g r t c u ( t } E a t i s { i e s t h e h y p c r t e s i s o f L e c n n n a

g - 1  s o  * r a t  u  b e r " o n g f i  t o  c T ( t o ! T l r l " l I )  r  A u  t c l  c r J ( t ( l t T J l H q )  I  u ( T * )

a n d  , l t r - t .  a r e  A - a n a l . y t i c . .  u a i n g  a g a i n  T h e s r e n r  ? '  I '  w i t h  i n i t i a l

, i n g t ' a n t T a n d i n i t i a l d a t a u ( T ) a n d ? . ' - ) w e * d e d u c e t ' h a t L l f n a y

b e e x t * n d e d t c r a s n l u t i o n u i n C , ( t C I , T + 6 1 n H 1 } u . ' l i t h A u t i n

c ( to rT - t - s - I  ,Hg .1 )  f  o r  so fne  d>c - r ,  Th i s  con t rad i c t s  t he  rnax ima t i t y  o {  L t r

sc l  we  ' b ta in  tha t ' f ; : *ga , .  T l - r s?  vec to rs  u t ( t )  and  ' ! t t l  a re  A*ana ly t i c

{ s r  each  t ; : . 0  by  Theorem s "  1 l  L r  i s  i n  [ ( t 0 i0o ]  iHg )  an*  
' u i< t l  

i t i  A *

ana ly t i c  hec . ru t se  u  i s  a  so l t ' t t i on  o f  (4 '  6 )  '

AFFLTCATI6h{5

A s t r a i g h { n r w a r d a p p l i c a t i c r n c : { . T h e e r n g s n 6 ? . x a n d 4 ' l C a t

b e  a b t a i n e d '  b Y  c h n a s i n g l  I  t . )  T . -  :'  
A  ( t  ( u ) ; " " S  ( l  l A "  

* u l  l - ' ) A t

w i t h  q  a  c t  f  u r n c t i . o n ,  q  s t r i . c t l y  p o s i t i v e '  r n '  t h i s  p a r L ' i c u t l a r  
: a $ s 6 l

{ . r o m T h g g r : e n r 2 . l w e o h t . a i n L h e l . o c a . l r e s u t ] . * g i v e n ' i n , T h e t f , r e m l

{ r o m t 9 ] ! a l r e a c J y E t a t e d i . n t ' h e i n t r n d t r c t i c : n " , F c r r i r r i t i a l d a . [ ; r

L r f l  and  L l l  A-ana l .y t i r  we CI f : ta in  the  g t r rhaL e ln is tence reEur l ' t  
' p r$vc i :c l

i n t s l ' T h e e q u t a t i o n m c l d e ' ] l i . r r g t h e f r e e v i h r a t i . c : n g r : { a n c r n l i n s ' } f l r .

s t r i n g  c a n  b e  o t r t a i n e d .  { r o m  ( 1 " 4 )  h y  c t r o n r ; i n g :

d ":Lt

x = L i t ( o r 1 )  r  D ( A l = r - r . 1 , ( o ' 1 ) n t ' t ? t ( l ' 1 )  ' -  A u r =  *  * ; '
'  

d:< 
*"

g tv )  *a+ ' f : v? .  a ] ' ( : ) f  b ; : '0 .

o

,l

I
l

t

I
i

$ .
i
i
i
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{:in w*: uht
'  

- F t

d*Lr
( 1 5 .  1 )  

: : * ; ; *  
( r t  o ' i ; . )  * t  ( a

d.r.*.

( l i "  ? )  u  ( ( ! n l i  )  = t " t , - 1  t x  )  o

( 5 " ; i  r - t  ( 0 r t ) , * : L i  (  t  ! ' t )

j . n i t i aL  vaJ . l r r *  p r " *h l . t *n t

;i?r*
( y n t ) ) * t J y l 1 " * '  t ' d  0 !  ( l ' l x ' l , L n  ' h l ' t ) "

/a :t
o ,\i

f ' , , x ) * { J I  ( : . r } ,  S . ' . x . : . L "

a i *  t h e

I a'"0
I

- r - h  
\  

( d

J - .
t.J e) li

? r t
@ t

d'r .

Hi:} ,

l i

i ,

l

A  l  a c a l  f f i l  i  s i t 6 * n c $  r e s l r l  t  { c i r  t h e n  p r * b l  e m  ( 5 ,  1 )  * ' ( S "  S )

wa$ prnvr : r l  fn r  t i ' re  { i rs t .  { : i r i re  t ry  Ber -ns te in  i .n  t? l  *nd  'L ,hen hv

Di . *kuy  in  f  4 l  by  'Lhe  urse  n*  f ie i r le r - [ , : in ' *  rne thc ic l .  As  a  c t :ns{peLt6ns$

n,S Tlr*.c:rernr il, L r^,*? ub'b*i.n $

1 ? 1
fESE[SIqEf f iXS.  f f  Let  e- rg€ F i f r {Or1}nt - t * (OrX.}  n  u1€ 'H$($?t}  "  

' [ 'hen f  sr  T '
g a r a l I  e n c l * q h  t h e ' i n i t i a l  a n d  b c u n d a n y  v a l u e

nrnb l tem (5 .  1 ,  *  (5 .3 )  har ;  ,a  un i t r r re  s t r lu t i c rn

* * € q { [ o ? T ]  , u } u  t c ,  t  ] f t r 4 ?  ( o ?  L ]  l n c l  t  c * ? t ' ]  , l . l [  t o r  L  ]  ]  * f ; z  { t o , T }  , L t  { o ?  ! .  }  }  -

L.e'h.  r-r : i  cnnsi der n c J i 4 r  t h e  I i . n e a r  n p * r a t * r l

'  
A r H l 1 - 1 ( c r o  1 ) n H : t ( o r  l ) - - ) L ? ( $ !  l ) , r  A r - r *  -  - { : ,

cJir?

I n  t h i e i  p a r t i c r - r l a r  c a $ 6  t l r e  { u n c t i . n r r  v s t ( l r t l * } R  i s

a n a l y t i c  i {  a n c l  n n l y  i +  ( c { , t 5 1 )

( 5 . 4 )  v  i s  a n a l . l t i c .  i n  s c l r n e  n m i g h b n u t r h s o d  n f  I C ] r  l l i

d ? h v 6?ku,
( 5 "  5 ) s ( r ) )  =  - ( 1 )

'7 L.
11 >:

By app I  y i  ng  Thesrem 4 . .  I  u te  ob ta i  n  t l rs '  f  o I  1  nwi  ng  re rs t . t l  t  *

FR*TJ*SITINTq So4 AssLrs*e tFrat, ug a$'!d u1 sa€*s{y t,he cencli t i .*ns

(5 .4 )  ?  t5 "5 )  "  Then  the  i n i t i aL  and  boundary  va lua

.  prc t r tern {S.  1} - (5"Si  hss a unique ss i .u t i ' t rn :

6 -

TL.
f iX

u € t r ? ( E s r o o )  r L 2 { C I r t }  } n c l  ( [ o r o o 1  , u $ a o ? ' ! . ]  i f i f i o t I s o m l  , u $ c o u t ] n t ' { ? { o ' t )  } . .

ancl  S ( l  ( r - r )  )
(  1 "  6 )  *  (  1 . 9 )

The  ahnve t  r c l s l l l t  wa ,s  p r ruve rJ  fn r . t he  f  i r s t  t . t r ne l  i n '  i ? l

and  i n  i t s  abE t rac t  ve rs inn  { r i r  t he i  n rob le *m (  1 ,4 }  "  
(  ! -  i 5 }  j . r r

[ 8 , ]  "  t  1 l .
'  W e  E h a l l  c m n E i d e r  n $ w  a n r : t h e r  c h C I i c e  { o r  A

j . n  o r d e * r  t o  a b t a i n  e > r i s t e i n c e  r e s i t t l t s  { u r  t h e  p r n b l e m

I



. a

' f h i *  
c l r n i r e  t s i :
V - ; L / t t . r , \ "  r L f o
n  -  L  \ u \ ' i l r \ L  L v r

4
f , t.L \ '\t/. V-
)  

' 4 " - ! r

. ' #PL ' -c l  ' f ' - cLc l# )

l
4 \ "  /  l t v t , , r ' \  / , . , , ' 2 . , , i . \ ' )  * a \ t f / n f { .|  /  )  < \ t * l ' Y ' l  ) r t " Y r , l Y i ) / 4 *  " J  r  n

n  ( A ) : = . t  ( w ' , g )  6 x  t t ^ r e u , |  ( o , 1 ) n t 1 ?  t ( r , 1 .  )  , t * H t  { ( : } r  1 )  , : " : ( $ }  * 1 Y *  4 1 1 , : t l r l } . 1
dx  d i t

tJ f v'l rJ r,"1,

A  t t x r Y l  =  ( *

1  (w, \ l  )  * :

/ . \  /  / '  t

\ \ l =  t - ' t c a - . ; . - +

T*r * ** ' -*a ) l

c l i r? , l* i l

dw Fx
f  * *  (y  )  :  J . *dyr

d t  , . ,

b i l , ' , " ; i+cc t# ,

I
I

J

6 (,) t\
U

s*r'L i ES i. ed

t.

I t

FC}

i s  easy t t :  u [ - , . *c l *  that

{rr:m Thesreen ?" I r^l i t  net;

a e s u t m p t i c r n i  ( E t ) - ( 8 3 )  a r &

ryfttrgg€ff-E-Qr{ Q*.S- f}ssume that h,i}eul,{*e n}np.t?tOo t} o rr*1 e n$(CIu 1.} 6

?  I  
u y  d Y

t a  € H - ( C I ? L l  u  Y r  e H "  ( C I o r )  r f i * t 0 i * ; ; ( t ) * 0 "

Tf * *n  the  i n i t i aL  a ,nd  b *undary  v * t t re  .pn r :b Ie rn  t1 .6 ) -
( t " 

") 
has & uni gr*re :lcrl uti. un

(ws  Y  )  s  t o rT ) ->L2 (0 ,  l ) * l - ? too  L )  f e : r  T  s rna rL  en t r r . rgh
such that :

v +  €  f , ( t o f  T )  r H ? t s ,  r l n F { & ( * ,  t }  } f r f , x  t c s , T }  , u $ t r : r  r }  } n c ? ( t o r T }  , t * ? t o e  i }  }  ?

Y € c { t o r t }  , H ? t s , 1 }  } f r f , l  t r o r T }  n H 1 ( s , l }  }  } n r ? ( E o r T }  , L z t { r n  t } .

Th i  *  re*u l  t  was obta i  nec j  i  n  t  l . t : r  1 .  gO u x i n g  6 a l * r r [ l j . n ' *

met l rod "
f ) l re  to  the  i  n tJeper idenre  o{

r : p e r a t r : r  A  r + t *  g e t , t h a t  a  v e c t c : r - .  ( w r f )

l_ {'

t t4n  rnmpunen ' l : s  a f  th t i t

i s  A - a n a l y t i c  i {  a n d  a i r l y

. - -  ' 7
( : i , -St)  t^,  ,Y sre

6l l t r6(::, tr) - (0)
'  . l r ,3f*

' A E

arral  yt  i  i :  i  n

t*3l iw
=  - ( l )  *

. _ t t .

clx 
*t ' ' '

sinrim nmi. ghhrtr-rrhr:od u{ [r]  |  l . I  i

c13k '+ t *  6=h '+:Ly
# ( ( _ l )  * ' - - { l )  * ' { i } "

, 2 k " r - 1
O X

,  "?k-r 10 x

l . : ; n { - } u  L  n .

*r  conseqt lenct* $ ' f  Tlrsmrern 4" I  rce ob'bainl

1{J



feilruie$.fj_q$ "Tsg. f^tr';a;us*ep that k!6er,f X uV*,utirf
ti"lm i"ni'*,r.aI llnei hound*rny

u n l e l u * r  s e l l u r t i . c r n ;

wati.4y" {S" 7} s (S- S}} .  
' f lh+*ri

p rc lh t re r i n  {3 . "6 } * t t r " c } }  hasa  a r

i n  t l re  . f ln11nuu i .nq ;  b \ ray t

v : i .  ( x ) * ( s i n  i g T x o  C I )  n

v : i + 1 ( x ) * ( ( ) r c n ! i ,  L f i u )  u  i ; ' * "

f tEJSf l ! (  $"*L Tt re laeaS sc lut i t *n  $r : r  {3"d*} - i3" ry}  e :h.bafned i .n
Proposi t lsn 5.3 are snucl r  smnothr l r  u* i th  respect  tn  t  i . {
the in i t ia l "  data a. re s f i?{ rc l thsr ,  In  f  *c t  i {

o . I
? t? , , i l

h f w
1r

c""rJH(t '  )  . **  ( i . ,
'  

? , * i l
I

r
\
t

0

f x : !  {  4  \
\ . . . r 6  J .  I  /

( 5 "  L i l )  . w ( O r t )  =  w ( L u t )

ur , | ,., \ ' i  ::rr"t 1 ':1 'T . 'r.r '  ,,. '  .1
w I  \ r 1 l  t  t . - - . - . t r t d : . 9 , J T  r - r ' . ! ; . t ' a . l r

*e €tr t tsrc*}  *ru$ t* ,  [ ] r 'nr ' t? {oe L }  }  } f t* !  {  g*Fff i }  , ru$ tcn r  l  ignn? (  t f i?f f i }  ,L? t*r  r ,  }  }  ,

!:i$.-l*fl.: {..Jla c*it-l chc:c:sei thm h*rir* v.;

{} ' iS} 
f,}*=UtAfr/Z1 u a+i.th f{ given try S.S, we h.gve thatc

(wry l s )  ck  (  tC I rT )  en* -g )  .
k*o

I n  o r " c i e r  t n  u t u d y  ' L : h * *  d y n a r n i r  b u r c t l I i n g  m {
T i r n n s h e n [ ' : c :  b e a r n  l - l i r t r , c h h n r n  a r n r J  R e i s i s  i n  t 4 1  c l i d n ' t
( 1 " i x ) * . ( 1 . ? )  I  b t " r ' [  t h e  . f  C I ] . J . n u u j . n c t  i r r j . t i ; : r I  a n d  b n l r n c l a r y
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