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GBOMETRY OF DTFFERENT]AL POLYNOMIAL FUNCTTONS T I T

A.  Buium

!7, In t roduc t ion .

3 .

This paper  is  a  d i rect  cont inuat ion of  
L"r l [ " r ]  

f rom where we borrow

terminotogy and notat ions.

fn  sect ion 1 we d iscuss some fur ther  proper t ies of  f t -po lynomia l

funct ions and abply  these proper t ies to  make a rough d iscuss ion of

A,-polynomia l  funct ions on a lgebra ic  sur faces.

In  sect ion 2 we prove a theorem whi .ch lmpl ies in  par t icu lar  that  the

order  of  any [ -po lynomia l  character  o f  the Jacobian of  a  curve does

not  decrease by rest r ic t ion to  the curve

In section 3 r^re i-ntroduce a new concepf {having no analogue in the

"non -d i f f e ren t i a r "  a lgeb ra i c  aeomet ry )  :  a  f i - c l osed  subse t  2 -  o f  ?d  
N

w i l l  be  ca l l ed  s t . rong ly  A -c losed  i f  f , t  r e rna ins  A -c losed  i n  iPN

( w h e r e  w e  v i e w  ? N . * n e d d e d  i n  [ P *  v i a  ( x r , . . . , * N ) i * > ( 1 : x . ,  : . . . : x * ) ) .

we shal l  prove that  for  x  a smooth complete curve of  genus g >.3

whj-ch is  A ' -gener ic  in  the modul i  space ,4o,  the image of  the A -

p lu r i canon ica l  map  Y"  rX3  L - z r
be  A -c losed  i s  i n  f ac t  s t rong ly  f t - c tosed"

a.
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1 .  F u r . t h e r  p r o p e r t i e s  o f  A - p o l y n o m i a l  f u n c t i o n s

( 1 . 1 )  S t a r t  b y  r e c a l l i n o  a  b a s i c  f a c t  f r o m  f L l  p , l 8 3 .  A s s u m e
A  

L J

( r ,  f  ) : X - * Y  i s  a  s m o o t h  k e r n e l  a n d  G , f  ) : . p - +  x  i t s  c a n o n i c a l  p r o l o n o a t i o n ,

T h e n  w e  h a v e  a  n a t u r a l  i s o m o r p h i s m :

tw*

E = 9 x/v:f"frx/y*-* *> f l  ,  /r

Here  na tu ra l  i t y  o f  
.QX ly  

means  compa t ib i  i  i t y

p h i s m s  b e t w e e n  k e r n e l s ,  R e c a l J  f o r  c o n v e n i e n c e

T h e  c o m o o s i t i o n

t h e  o b v i o u s  s e n s e  w i t h  m o r -

h o w  f  i s  d e f  i n e d  ( c r .  
f . l ] ) .

rxdp/x 
? nt 
*.^t p /x

. n , 1i s  a n  U y  -  d e r i v a t i o n  h e n c e  D r o v i d e s  a n  d * - l i n e a r  m a p  9 * / r n { * f r r / *  h e n -
r11

c e  a n  U O - l i n e a r  m a p  d  a s  a b o v e ,  l t  i s  e a s y  t o  s e e  ( u s i n q  f o r  i n s t a n c e  t h e
.  i ,1,4711ur€

f a c t  t h a t  P  h a s  a  n a t u r a i " o r  p r i n c i o a l  h o n r o q e n e o u s  s p a c e  f o r  V ( r * r r )  o r  s  i n r -

p l y  u s i n g  F ]  0 . 1 8 3 )  t h a t  , F  i s  a n  i s o m o r p h i s m .

I n  D a r t i c u l a r  i f  X  i s  a  s m o o  t h  2 . { - v a r i e t v  a n d  { X n ) n  i t s  a s s o c i a t e d

i n f i n i t e  p r o l o n o a t i o n  s e q u e l c "  l B 1 1 ( ; , i )  t h e n  w e  h a v e  n a t u r a l  i s o m o r n h i s m s

V ( r * n r * n - t  ) x  X n { I X  w h e r e  T X  d e n o t e s  a s  u s u a l  t h e  t a n q e n t  b u n d l e  o f  X .
X

N o w  l e t  ( r ,  f  ) : X o - +  x - . ,  a n d  ( g ,  f , ) : y o - + y - , 1  b e  t w o  s m o o r h  k e r n e l s  a n d  ( u o ,

u r - . , ) :  ( t ,  f  )  - ,  ( g ,  f , )  b e  a  m o r p h i s m  o f  k e r n e l s ,  L e t  m o r e o v e r  X 1 = p ( f  ,  f , ) * X o

a n d  Y i = P  ( g r  d  )  - + Y o  b e  t h e  c a n o n i c a l '  p r o l o n q a t i o n s ,  T h e n  u s i n g  t l r e  F u n c t o r s

t h a t  X . ,  a n d  Y 1  r e p r e s e n t  o n e  i m m e d i a t e . l y  c h e c k s  t h a t  t h e  n a t u r a l  m o r p h i s m

u r : X , * Y 1  i n d u c e d  b y  ( u o r u * , )  i s  e q u i v a r i a n t  ( i n ' t h e  o b v i o u s  s e n s e )  w i t h

" respec t  t o  t he  na tu ra l  mao  V( fu  / y  )+V( fu  l v  )  ,^ o / ^ - t  t o / ' Y - i

I n  p a r t i c u l a r n  i f  w e  s t a r t  w i t h  a  n l o r p h i s m  o f  s m o o t h  f i - v a r i e t i e s

u:X-)Y and i f  untXtL+Yn {$ t l ie  assoeiatec l  rzorr rh ism of  in f in f te  nro l " j jgg* f* -g lg

u n * l , x n + 1 - r  r n + l  i s  e q u i v a r i a n t  w i t h  r e s p e c t  t o  t h e  m a p  
I  c e s  t r l e n  /  

,

e
, n A A r Av x e  f  * u o

unxTu:XnxrTX -+ YnxrTY
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w h e r e T u l T X . + T Y . i s t h e , . ' t a n g e n t ' . , m a p o f ; u .

H e r e  i s  a  q u l c k  b u t  r e m a r k a b l e  a p p l i c a t i o n  o f  
' ( t . t )  

a b o v  L e t ' s

i n t r o i u c e  a  n o t a t i o n .  F o r  X  a  s m o o t h  o r o j e c t i v e  
' l l . - u ^ r n i e t y  

a n d  l = ( i 1 r , r r

' . . ,  i p ) ,  i  
i > / 0 ,  

k T t L  a n y ' m u l t i i n d e x  w e  p u t

o ,  ( X ) = a i m -  H o ( x , , t  t n ,  
t n t & , . , 8  s t  o f l " , r ,  )'1 

I  
' " '  gl  

-  
xl 'U, AI ' t4

4 * \ v v

T h e s e  a r e  b i r a t i o n a l  i n v a r i a n t s  o f . X '  W e  p " t  
f l : U ' N o t e  

t h a t

t h e  i n v a r i a n t s  q ,  f o r . l l l =  t  h a v e  b e e n  s t u d i e d  b y  s a k a i  f t " q '  w e  h a v e  t h e
t '

f o l l o w i n g :  , .  
'

' ( t . Z )  p R g p g s t T l 0 N .  A s s u m e  q t ( X ) = 0  f o r  l # 0 ,  l r l e  " .  
T h e n  g b )  t x 1 =

r iL(x)=?,1,

o  p r o v e  ( 1 . 2 )  l e t ' s  r n a k e  o n e  m o r e  d e f i n i t i o n .  A  m o r p h i s m  o f  s c h e -

m e s  f  : X . - 7 y - w i l l  s a i d . t o  h a v e  p r o p e r t y  P n  i f  t h e  m a p  H o ( d y )  - ' + n " l l i  i s  a n

l s o m o r p h i s m  a n d  f o r  a n y  m u l t i i n d e x  l l 0  w i t h  I ' l <  "  
w e  h a v e  H o ( X ,  S  l J Z * , r * "  '

I  l , r

. , . 8 S '  l ' l O , r - ) = 0 .  T h e n  ( t , z )  f o l l o w s  b y  i n d u c t i o r r  a p p l y i n g  t h e  L e m m a  b e l o w
- - x l  Y  1

t o  t h e  i n f  i n i t e  p r o l o n g a t i o n  s e q u e n c e  ( r n ,  J n ;  t y n - - ,  X n - 1  a s s o c i a t e d  t o  X '

* t
( l , 3 )  L E F l l l A .  A s s u m e  ( f  ,  N  ) : X - - r Y  i s  a  s m o o t h  k e r n e l  a n d  ( f  

" l )(v

: P - } X  i t s  c a n o n i c a l  p r o l o n g a t i o n ,  I f  f  h a s  p r o p e r t y  P n + l  t h e n  f  h a s  p r o p e r .

t Y  P n '

P r o o f .  F o r  a n y  m u l t i i n d e x  t = ( i t , " " r i p ) ,  i j ? O r  k ( n  w e  h a v e

,  l a  <  \  

\

b y  ( 2 . 1 ) :

i t , ^
i , , ^  i , -  ^ , f x r * i l a . e l , : . E s . Y l * r r ) =

Ho (p,  t '  tSou 
rF,  '  '&s,9 rz*)=t ' tQ(F r  r  . \ )  'ox /y

=Ho (x,.  r  
t  t l lx/p., ,Es olt*,T*0 

r l



B u t

g r a d e d  a l g e b r a

t v P' ,  n

f o r  l l 0

t i v e  X ;

( 6 . 3 ) ) .

2 )

c e  X  w h i c h  i s

q ,  ( x ) = o  f o r  I' l

t u r e  i n  f a c t

by

i s

_ , ,  _

[ r ]  ( t . z )  i * 0 ,  h a s  a  f  i l t r a t i o n  w h o s e  a s s o c i a t e d
a*

S ( O - , . , ) . .  T h i s  i m m e d i a t e l y  i m p l  i e s  t h a t  f  h a s  n r o p e r -
A l l

( t . 4 )  R e m a r k s .  1 )  O n e  i m m e d i a t e l y  c h e c k s  t h a t  g , { F 1 ) N ) = o

a n d  N  )  I ,  S o  q  
t ( X ) = 0  

f o r  l l 0  a n d  a n y  u n i r a t i o n a l  s m o o t h  o r o . l e c -

t h i s  r e p r o v e s  t h e  f a c t  t h a t  f o r  a n y  s u c h  X  ,  c o \ f i = i l  ( c f . F '  
]

f o l Jows  tha t  f o r  any  smoo th  p ro jec t i ve  su r fa -

E n r i q u e s  o r  a  h y n e r s u r f a c e  I n  F J  w e  h a v e
/ i \

f o r  a n y  s u c h  X ,  0 \  
|  t  U ) = ? 1 .  0 n e  m i q h t  c o n  i e c -

s u c h  X .  q .  ( X ) = 0  f o r  a l  I  l l 0  h e n c e  i n  p a r t i  c u -.  , |

ny fsar<] i t

e i t h e r  K 3  o r

* 0 ,  l l l = l ;  r o

t h a t  f o r  a n y

( r
' l ]  -var  i  e t  i  es "

b y  f r J t o A ( * ) * ?  a n d  f i A ( v ) = f f  h e n c e  f J a ( x ) ^  
" r n n o .  

c o i n c i d e  w i t h

f j A ( Y ) .  N e v e r t h e l e s sWC h a v e  t h e  f o l  l o w i n o

. 5 )  p R 0 p 0 S l T l 0 N .  L e t r i : X . * ) Y  b e  a n  € t a l e  c o v e r i n g  o f  s m o o t h

T h e n :

' 
rve CI'"'(r)= CI'4(x)'hrrr, 'CIo(r)= eotxf.1 )  t f  u  i s  G a l o i s  w i t h  o r o u D  G  w e  h e

z )  u  i s  a  c l o s e d  m a p  f o r  t h e  [  - t o p o l o g i e s  ( w e  w i l  I  s a y  s i m -

n l v  t h a t  u  i s  A : c . : l o s - e d ) .  -  ---y-!-:I--15:..&!--.,"JJ.-

r  ar  that  CIb(x)= 'U ,

( f  , E )  L e t ' J  i n v e s ' t i o a t e  i n  w l r a t  f o l l o w s  t h e  b e h a v i o u r  o f

A  - p o l y n o m i a l  f u n c t i o n s  w i  t h  r e s p e c t  t o  G a l o i s  c o v e r i n o s  ( i  
" e " . f i n i t e

G a l o i s  m 6 r p h i s m s )  .  A s s u r n e  X - + Y  i s  a  G a l o i s  c o v e r i n o  w i t h  o r o u p  G ,  X
!

a n d  Y  b e i n q  s n o o t h  ( n o n  n e c e s s a r i l y  O r o . i  e c t i v e ) ' l {  * v a r i e t i e s .  A s  w e l ' l

k n o w n  d ( V ) =  d t X l G ,  B u t  i n  q e n e r a l  w e  h a v e  t h e  c u r i o u s  f  a c t  t h a t

, r - 4 .
f j A ( V ) *  C 0 1 X ) u .  t r r d e e d ,  1 e t  f  : X - > Y  b e  a  0 a l o i s  c o v e r i n g  o f  s m o o t h  n r o -

- 1

j e c t i v e  c u r v e s  w i t h  g r o u p  G  . s u c h  t h a t  q ( X )  7  J  a n d  l ( Y ) = 0 ,  s o  Y { ' .  T h e n
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P r o o f ,  L e t  u n : X n * > Y n  b e  t h e  n a t u r a l  m o r p h i s m s  i n d u c e d  b v  u  b e t -

w e e n  t h e  i n f i n i t e  p r o l o n g a t i o n  s e q u e n c e s  a s s o c i a t e d  t o  X  a n d  Y .  l , J e  o r o v e  b y

l n d u c t i o n  o n  n  t h a t  u n  i s  a n  6 t a l e  c o v e r i n q  w h i c h  i s  G a l o i s  i f  u  i s  s o  a n d

t h i s  w i l l  c l o s e  t h e  p r o o f  o f  1 ) ,  N o w  b y  ( 1 . 1 )  u n * 1  i ,  
" q u i v a r i a n t  

w i t h  r e s -

pec t  t o  t he  map  unxT , . r :Xnx*TX- -+Ynx rTY .  S ince  u  i s  6 ta le  we  have  a  na tu raJ

i s o m o r p h i s m  T X g X x T T Y  h a n c e  u n x T u  i d e n t i f i e s  w i t h  t h e  m a o  u n x i d : X n x r T Y * * >

+ Y n x - T Y .  S i n c e  u n x i d  i s  a n  t l t a l e  c o v e r i n q  s o  w l l l  b "  u n * 1 ,  l f  u n  i s  G a l o i s
n r 1

t h e n  s o  i s  u " " .

T o  p r o v e  2 )  * e  m a y  a s s u m e  X  a n d

t h e  m o r p h i s m  o f  D - s c h e m e  i n d u c e d  b y  u ,  u *

o u " t  0  ( v n ) ,  w e  g e t  t h a t  d ( x -  )  i s  i n t e g r a l

s e d  f o r  t h e  Z a r i s k i  t o p o l o c y "  T h i s  ( a n d  t h e

i m m e d i a t e l y  i m p l y  t h a t  u  i s  A - c l o s e d  , '

Y  a f  f  i r r e .  L e t  u * , X * - + Y *  b "

= J i m  u n .  S i n c e  0 U n )  i s  f i n i t e

o v e r  0 $ *  )  h e n c e  u *  i s  c l o -

" d i  f f e r e n t i a l  N u l  I  s t e l  l e n s a t z " )

( t . 7 )  B . e m a r k s "  l )  T h e  A - c l o s e d n e s s  o f  6 t a l e  c o v e r i n g s  i m o J  i e s

f o r i n s t a n c e t h a '  
r l  \  '

t  
. i f  

( , . 4 n ) r e S l  i s  t h e  s n o o t h  l o c u s  o f  t h e  m o d u l  i  s p a c e  o f

p r i n c i p a l  l y  p o l a r i z e d  a b e l  i  a n  
' U ,  - v a r i e t i e s  o f  d i m e n s i o n  g  t h e n  t h e  l o c u s

o f  a l l  p o i n t s  i n  ( " d o l r " o  . o r r , * s p o n c i i n q  t o  a b e l i " n . ? f . . v a r i e t i e s  o f  [  * r a n l < .

i s  A - c l o s e d  f o r  a l l  r  t . t :  L t , ]  
( 6 . 8 ) ) ,

2 )  A n y  [ : c l o s e d  i m m e r s i o n  o f  s r u o c t h  
' U , , - u u r i e t i e s  ( i n  t l r e  s e n -

u r ]  ( r . g ) )  h e n c e  i n  p r r t i c u l a r  a n y  c l o s e d  i n r r n e r s i o n  o f  s m o o t h  1 1 , * r " -

i r  A - c l o s e d  i n  t h e  s e n s e  o f  ( 1 " 6 ) .  '

3 )  l f  u : X - . - - > Y  i s  a  G a J o i s  c o v e r i n o  o f  s m o o t h  ' l / t  - u r r i e t i e s  w i t i r

g r o u p  G  r a m i f  i e d  a l o n q  t h e  d i v i s o r  D c  Y  a n d  i f Ve C|AU)G then the func-

t i o n  Y  : Y  - + ' L i ,  i n d r , r c e d  b y  V  ( w h i c h  i s  w e l l  d e f  i n e d  s e t  -  t h e o r e t i c a l l v  b u t

w h i c h  i s  n o t  i n  g e n e r a l  A  - p o l y n o m i a l  o n  Y  c f  .  ( t , 5 ) )  i s  n e v e r t l r e l e s s  A  - p o -

l y n o r n i a l  o n  Y \ D .  H e r e  i s  a  t y p i c a i  e x a m r r l e ,  L e t  u ' x _ d \ l * >  Y = A l  b e  t h e  t a l o i s

. n \ / a r i n n  d p f  i n e r i  [ y  u ( y ) = y a  ,  a 7 . 2  a n  i n t e r q e r . a n d  c o n s i d e r  t h E  A  - p o l v n o m i a ]
'  " ' " " ' Y * '

f  u n c t i o n  i g  : X - / k ,  Y  ( V ) = ( y ' ) 4 ,  C l e a r l v  V  i s  i n v a r i a n t  l n r i t h  r e s p e c t  t o  t h e

G a l o i s  g r o u p  o f  u  a n d  w e  h a v e  Y  =  t o u  v ; h e r e  f  : V r J 0 \ - - r 2 {  i s  d e f  i ' n e d  b y

n , 2  .  t' t ' 1 "  V I A  Y i * > \ X ;

- rs e o i L

r i e t i e s

y r i o l i n t o- '  ' V i e . s e c -  i i r a t  f . -  i s  - A : p o  l y n o m i a l  o n  y r i 0 t  ( e n r b e d



t

i
I
1

y - 1 )  a n d  t h b n  I  i s  g i v e n

w, ). a re coo rd i n ate on 'tL 2)

a s  h a v  i n g  a  I ' s  i  n q u  l a r  i t y ' l

w i t h  a  f  i n i t e  J o r " r i n g  o f

o f  A  - p o ) y n o m i a l  f u n c t i o n s

k i  open

r"pr (9

0a  tx i

c i a t e d

ce xnr
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b y  t h e . A  - p o ) y n o m i a l  a

and  no t  A  -po l  ynomi i r l  on  Y .  So  V

a t  0 €  Y  w h i c h  c a n  b e  ' r r e s o l v e d "  b V

Y  r a m i f i e d  a t  0 ,  T h e  s t u d y  o f  s u c h

d e s e r v e s  f u r t h e r  i  n v e s t i g a t i o n .

-a

( 1 . 8 )  P R o P O S l T l o N ,  L e t  X  b e  a  s m o o t h  
' l l  - u " r i e t v  a n d  U c  X  a  Z a r i s -

s u b s e t  w h o s e  c o m p l e m e n t  h a s  c o d l m e . n s i o q  7 1  2 ,  T h e n  t h e  r e s t r i c t i o n

( n )  ( * )  u  0  
h )  t u )  ;  r j a ( x )  *  ( J A ( u )  a r e  i s o m o r p h  i s m $ .  I n  p a r t  i c u  I  a r  0 ( n )  ( x )

a r r i  b i r a t i o n a i  i n v a p i a n t s  o f  t h e  s m o o t h  n r o . i e c t i v e  v a r i e t y  X '

P r o o f ,  I  f  ( U n ) ,  ( X l 1  a r e  t h e  i n f i n i  t e  n r o l o n g a t i o n  s e o u e n c e s  a s s o -

t o  U  a n d  X  t h e n  U n  i s  t h e  p r e i m a g e  o f  U  v i a  t h e  o r o j e c t i o n  X n - >  X  h e n -

Un  has  cod imens  i o tn  y '  2  i n  Xn  and  we  a re  done ,  , ,

* ! -1 t * ! ) ' - lr I
w n e r e  ( W 1 !

I

may be v iewed

eomnos i n9

" s i n o u l a r i t i e s ' l

f u n c t o r

i !
i t
ti

ii
ii

: i
r i ;

r i

ri
ii
i i
l i

ir
i i
ri
t i

( 1 . 9 )  L E M M A ,  L e t  X  a r r d  Y  b e  s m o o t h  ' N  - u u r i e t i e s  a n d  ( x n } ,  ( y n ) ,

( ( X x V ) " )  b e  t h e  i n f i n . i t e  p r o l o n g a t i o n , s e q u e n c e s  a s s o c i a t e d  t o  X , Y  a n d  X x Y "

T h e n  w e  h a v e  n a t u r a l  i  s o m o r p h  i  s m s

( xxy )n . i v  xn  x  Yn

c o m p a t l b l e  w i t h  t h e  c o r r e s p o n d i n g  s t r u c t u r e  r n a p s  o f  t h e  t w o  p r o l o n g a t i o n

s e q u e n c e s  ( ( x * v ) r t )  a n d  ( ( x n ) * ( y n ) ) .

i  P r o o f .  l t  i s  a  f o r m a l  c o n s e q u e n c e  o f  t h e  f a g t  t h a t  a

a d m i  t t  i  n q  a  I  e f t  a d j o i  n t  c o m m u t C s  w i  t h  p r o d u c t s  "

+
( t , l O )  p n O p O S t T t 0 N .  L e t  X  a n d  Y  b e  s m o o t h  ? - v a r i e t i e s ,  T h e n '

w e  t r a v e  n a t u r a t  i s o m o r p h i s m s  p ( n )  ( x * v )  o  d ( n ) ( * ) * d ( n ) ( r ) ,  d ^ i x * v )  ' s

A A

r rJ " (x )a( t * (Y) .

P r o o f  .  B y  ( 1 , 9 )  p l u s  K i r n n e t h ' s  f o r m u l a  v v e  s e t



p (n) (x^v) 'd( (xxv) n)*d(xn"vn)rr0(xn)e r i (vn) x $6) (x)od(n) (v) .

( 1 . 1 1 )  c o R o t t n R v ,  L e t  X

b u n d l e  o n  X .  T h e n  w e  h a v e  a  n a t u r a l

be a smooth

i  somorph  i  sh

t

' L {  - va r i e t v  and  E  a  vec to r

- 7 -

I
I
I

i '

"Al U  M  ( r \  \  -y  u ,  \ L J  I  '

P r o o f .  T h e  o u e s t i o n  i s

w e  m a y  a s s u m e  E  i s  t r i v i a l .  T h e n

P r o o f  .  l f  X ' Y X o

oa t*l

l o c a l  o n  X  ( f o r  t l r e  Z a r i s k i  t o p o l o g y )  '  s o

w e  c o n c l u d e  b y  ( t . 9 )  a n d  ( 1 . 4 ) .

( 1 . 1 2 )  p n o p o s l T l 0 N .  L e t  X  b e  a  s m o o t h  ' l , t - r " r i e t v  w i r h  $ ( x ) = ' H  ,

a s s u m e  w e  a r e  q i v e n  a  s t r u c t u r e  o f  D - s c h e m e  o n  X  a n d  l e t  X O  b e  t h e  s u b s e t  o f

X  c o n s i s t i r r g  o f  a l  I  p o i n t s  x €  X  s u c h  t l r a t  t h e  n r a x i m a l  i d e a l  o f  C u  *  i s  a
n t A

[ * i a e a l .  T h e n  a n y  A  - p o l y n o m i a l  f u n c . t i o n  o n  X  i s  c o n s t a n t  o n  X o ,

Proof  .  v le  sha i l  < lenote  by  Xx  the  i l - scheme X so  X=Xx! "  r - * '

? : X o ' l * "  X  b e  t h e  c a n o n i c a l  p r o - i e c t i o n .  B y  a d j u r r c t i o n  t h e  i d e r r t i t y  1 *  ( J

,  - * l  r , , *  , , ar . i  H o m Z , L * s c h ( x * ' , x )  c o r r e s p o n d s  t o  a  m o r p l r i s m  s *  t o * ' - r . h ( x ^ , X * )  s o

-  !  
l n y  k , e  d A ( x )  l e t  Q  e " O  ( x * ' ) = l l o m ,  ( x * , r n l )  c o r ' e s p o n c l  t oE n  s " - l x  F o r  a n y  V ' d # * ( X )  ? # t t ,

V  .  S i n c e  0 t x ) =  l l  t h "  c o n r D o s i t i o n  ! X *  r ! : X ' + , f \ l  i s  c o n s t a n t  i ' e "  f a c t o t ' s

th rough  some a  d  l i omZ{ -sch (Snec  ? t ,  { r l 1 )  "  Now le t  t / 6  Hom^- r .h (spec  ? ' / ,X )

co r respond  to .  a  po in t  i n  XO"  Then  d  Dro , r i  de : ;  a  rno rph  i sm 
"  

% Ho* [ ) -u "h

(Spec  ?  ,  XO)  henc ;e  u  *  o {  
* :  

Spec  t l ,  * ,  X ' *  i s  a  r ro rnh  i s rn  o f  
-D -schemes  

such  tha t

' r l - o  ( s . o * )  ! =  c r .  .  S o  s * . < x  € .  H o m o - s c h ( s p e c ' l {  , x e  )  c o r r e s D o n d s  v i a  a d i u n c t i o n

to  o (  6  Hom? l -sch (Spec  ? / ,  X ) ,  Consequen t l y  f  ( . r ) *  f r , s ro { *=a  and  we  a re  done"

T i re  f  o l l  ow i r rg  co ro l  l a r y  comp le tes  fn r ]  f f l " o t " ' n  2 :

( i  o  t 3 )  c o R o L L A c Y "  L e t  X  b e  a  s m o o t h  
' l j r ^ u u r i e t y  w i t h  0  ( x ) =  Q d

a n d  a s s u m e  X  d e s c e n c l s  t o  f r .  T h e n  a n v  A - p o l v n o n t i a J  f u n c t i o n  o n  X  i s  c o n s t a n t

o n  X r r .  ,
JL

&  , V -  ( X ^  a  l t - u ^ r i e t v )  t h e n  X  h a s  t h , e '  n a t u r a l
' f / v



- B -

A( '  / t )' l s p l i t "  D - s c h e m e  s t r u c t u r e  o b t a i n e d  b y  I  i f  t i n q  d  f  r o m  
' [ L  

t o  X  e  U ;  i n  t h i so -V - -

case XO=Xr4and  we  a re  done .

( t . t 4 )  R e r n a r k s .  l )  P r o D o s i t i o n  ( l  . l z )  
" a n  

b e  u s e f u l  a l s o  i n .  t h e

c a s e  w h e n  X  d o e s  n o t  d e s c e n t  t o  { .  F o r  i n s t a n c e  i f  X  i s  t h e  u n i v e r s a l  e x t e n -

s ion  o f  an  abe l  ian  l f -var ie ty  A  then d  tX l  = l /  and f ,  t i f . ,  f  rom ? , l to  X
. r a
( c f .  l S . J ,  C h a p t e r  3  s e c t i o n  2 ;  t h e  l a t t e r  i s  a l s o  a  c o n s e e u e n c e  o f  G r o t h e n -

. a
d i e c k ' s  t h e o r e m  t h a t  X  i s  " c r y s t a l l  i n ' e  i n  n a t u r € " ) ,  0 n  t h e  o t h e r  h a n d  i f  A

d o s e  n o t  d e s c e n d  t o  I  t h e  s a m e  w i l J  h o l d  f o r  X ! .

2 )  A s s u m e  X  i s  a  s m o o t h  ? l , - v a r i e t v  w h  i c h  d e s c e n d s  t o  K  w i  t h '

r A ,
( ) ( X ) = U  a n d  a s s u n r e  t h a t  f o r  a n y  x 6 X  t h e r e  e x i s t s  f i €  A u t  X  s u c h  t h a t

X  €  q ' (X r ,  )  and  o -  (X , ,  )n  X , ,  # f l  "Jt ,f\' J(

T h e n  a n y  I  - o o l y n o m i " , -  , r n " a i o n  o n  X  i s  c o n s t a n t  ( i n d e e d  a n y  V  e d A ( x )  i s

c o n s t a n t  o n  a n y  s e t  o f  t h e  f o r m  r t ( X u )  w i t h  f i 6  A u t  X ) .  T h i s  g i v e s  i n  p a r t i -
J\,
a  L l

c u l a r  o n e  m o r e  p r . r t ?  o f  t h e ' t h a t  ( r o ( t p * ) = ? l ( c r .  F , l  ( 5 . 3 )  o r  ( 1 " q )  o f  t h e

p r e s e n t  p a p e r ) :

I  
- -



, ,

( 1 . 1 6 )  T h e  a b o v e  r e m a r k s  c a n  b e  u s e d  t o  m a k e  a  r o u g h  d i s c u s s i o n

- Ao f  A - p o l y n o m i a l  f u n c t i o n s  o n  a l g e b r a i c  s u r f a c e s .  \ . / e  e x p e c t  a  d e e r r e r  d i s c u s -

s i o n  c o u l d  b e  d o n e  i f  m o r e  r e s u l t s  a l o n q  t h e  w o r k  o f  S a k a i  [ r " O ]  c o u l d  b e

o b t a i n e d .  L e t  x  b e  a  s m o o t h  p r o j e c t i v e  s u r f a c e  o u . ,  ? r { .  B v  ( l , B )  w e  h a v e
. A  A

t 4 A I v ' l  ' , '  ( f , u (  v  \  w h e r e  X ,  i s  a  m i n i m a l  m o d e l .  S o  w e  m a y  a s s u m e  X  i t s e l f  i s  av  \ / \ /  . -  v  \ r \ 1 /  
|

m i n i m a l  m o d e i ,  T h e n  a c c o r d i r l g  t o  t h e  c i a s s i f  i c a t i o n  o f  s u r f a c e s  X  i s  i n  o n e

o f  t h e  f o l l o w i n g  s i t u a t i o n s :

1 )  X  i s  r a t i o n a l .  T h e n  0 A t x l = L t "  c f . ( 1 , 4 )
,t ^A

2 )  X  i s  r u l e d  i r r a t i o n a l .  l f  X + B  i s  t l r e  r u l  l i n q  t h e n  d " ( X )  3 ' A ( B )

c f . ( 1 . . l ' l )

6 )  X  i s  a  b i e l i i n t i c  s u r f a c e ,  X = ( [ . , x E r ) / S  v , r h e . g  E i  a r e  e l l i p t i c

c u r v e s . i  G c E . ,  i s  a  f  i n i t e  s u b g r o u p  a c t i n g  c r r  E ' ,  b y  t r a n s l a t i o n s  a n d  o n  I Z  b y

a l g e b r a i c  g r o u D  a u t o m o r o t r i s m s ,  T h e n  f j a ( x ) = ( i , ? d ( r . , ) *  t I A  ( E 2 ) ) G  
" 1 = ,  

( t , t o )

a n d  ( r . 5 ) .  N o n  0 A ( r , ) =  ? i l v l  ( =  l \  * p o l v n c n r i a l  a l q e b r a  i n  o n e  v a r i a b l e )  f o r  ; r r r y

e l l i p t i c  c u r v e ,  c r .  [ n , , J  
( t , 6 )  ;  i f  r a n k 6  [ = 0 r  y  c o r r e s p o n c l s  t o  a n  e l e m e n t

o f  o r d e r  1  w l r i l e  i f  r a r r k 4  E = l r  y  c o r r e s p o n < l s  t o  a n  e l e m e n t  o 1 ' o r d e r  2 ,  5 o

r ! A r x t =  t / r ) , ,  , ,  ?  Gv  * . ,  v , l  l  l ,  , 2 !  "  w i t h  y 1 , Y 2  A  * i n d e t e r m i n a t e s  a n d  y 1  i s  f  i x e d  b v  { i ,

M o r e o v e r  t h e r e  i s  a  c h a r i ' i c t e ,  
4 t 0 ' - , ' l . d  

s u c h  t h a t  g 1 y ) :  ; { , k ) y 2 ;  i n -

r l e e d  G  a c t s  o n  f )  A { f  
r )  v i a  i t s  a c t i o n  o n  C t r O  ( E r )  a n d  t h i s  a c t i o n  i s  c o m p a -

t i b l e  w i t l r  t l r e  f  i l  t r a t i o n  b v  o r d e r s  s o  S  i n v . i r i a t e s  t h e  s u b s p a c e  ? , { . V ,  o f

?lvz1

3 )  X  i s  a  K 3  s u r f a c e "  T h e n  C t  
( 1 )  ( x ) =  ? /  c f  .  ( i . 4 ) ,

r + )  X  i s  a n  E n r i q u e s  s u r f  a c e .  T h e n  d  
( 1 )  ( x ) =  ? /  c r .  ( t . l ) .

5 )  X  i s '  a n  a b e l i a n  s u r f a c e .  T h e n  t / A  ( X )  i s  a  H o p f  A  - U  - a l q e b r a

. r c n r r r a t r . d ; r s .  a r r  a l q c b l a  b y  i t s  s n a c e  9 f  p r i r n i t i v e s ,  w h i c l r  i s  a  f i t r i t e l y  q e n e - .

r a t e d  D - m o d u J e  ( c f .  
[ u ' ]  

( 6 . 1  )  f o r  a d d i  t i o n a l  i n f o r m a t i o n ) ;

C A t x l  = ' l | v z i  C i r r  
t  w n  i l e  8 ) v 2 (  S  . " n  b e  ' c o m p u t e d  i n  a n  o b v i o u s

7 )  X  i s  a n  e l l i p t i c  s u r f a c e  w i t h  t ( o d a i ' r a  d i m e n s i o t t  
' l  

"

C o n s e q u e n t l y

way  $



-  1 0  -  :
) .

8 )  X  h a s . K o d a i r a  d i m e n s i o n  2 .v t

l n  c a s e s  7 )  a n d  B )  v e r y  d i f f e r e n t  t h i n g s  c a n  h a p p e n .  F o r  i n s t a n c e
a  - f t \.  n \  .  -  .i n  c a s e  8 )  i f  x  i s  a  h y p e r s u r f a c e  i n  p '  ,  A  U . ) = ' l A  c f  ,  ( . | . 4 )  w h i l e  i f  X = c . x c ^

. A  A  A  
I  I

w h e r e  c .  a r e  c u r v e s  o f  g e n u s  7 r  Z  t h e n  b y  ( t . t o )  ( . ! A ( x ) = L + o ( c l ) e C I a t c r ) ,  I n  t h e
I / r  \

l a t t e r  c a s e  i f  c .  d o  n o t  d e s c e n d  t " ' K  t h e n  t h e r e  e x i s t  V r , , . , , p t t  e 0 \ ' ) . ( x )

p r o v i d i n q  a  [ : c l o s e d  e m b e d d i n g  X  - ,  ?  
N  ( b e b a u s e  b y  ( r . 9 ) x 1 = c ] x c ]  h e n c e

t t
1 -' X '  i s  a f f  i n e  c f  J B . , J  ( z , t ) ) .

L  t -

2 ,  l o n - d e q e n e r a c y  o f  c h a r a c t e r s

-  
L e t  u : X * > Y  b e  a  m o r p h i s m  o f  s m o o t h  / , { . - r u r i e t i e s ,  F ' o r  a n v  A  - p o l . r -

n o m i a l  f u n c t i o n  Y  o n  Y  w e  h a v e

o r d ( f  o u )  4  o r d ( ? )

w h e r e  " o r d ( f  ) "  m e a n s  I ' o r d e r  o f  f  
' , . f .  

F ' , l  ( ; . ; ) .  \ { e  s h a l l  s a v  t h a r  V

i s  n o n * d e g e n e r a t e  w i t h  r e s p e c t  t o  u  i f  e c l u a l i t v  o r d ( f " u ) = o r d ( Y )  h o l d s ,  T h e

a i m  o f  t h i s  s e c t i o n  i s  t o  p r o v e  t l r e  f o l l o v r i n o :

.  (2 .1 )  THE0REI " I ,  Le t  u :X  - -ag  be  a  morp l r i sm f  rom a  smoo th  l { - va r i e . *

t y  t o  a  c o m n l u t a t i v e  a l o e b r a i c  ? , { - o r o u p  s u c h  t h a t  0  6 u ( X )  a n l  u ( X )  g e n e r a t e s  G .

T l r e n  a l l ' $  - p o ) y n o m i a l  c h a r a c t e r s  o f  G  a r e  n o n * c l e q e n e r a t e  w i t h  r e s D e c t  t o  u .

.  W e  n e e d  a  D r e p a r a t i o n

( Z . Z )  L e t  u : X * ) g  b e  a s  i n  ( Z , t ) ,  d i m  X = r " .  T h e n  t h e  1 ' G a u s s  m a p "  -
Ld

[  : X - +  G r a s s ( r , L ( c ) )  s e n d i n q  e a c h  x C X  t o  ( r " ( l u ( x ) - r  ' u ) ) ( r * X ) e T o S r s t - ( 0 )

( w h e r e  L r : G * ) G  d e n o t e s  t h e  t r a n s l a t i o n  w i t h  v )  i s  n o n - d e q e n e r a t e  i n  t h e  s e n s e

t h a t  t h e r e  i s  n o  h y o o r : p l a n e  i n  t - ( G )  c o n t a i n i n q  f ( x )  f o r  a l i  x €  X .  I n d e e d

t h e r e  e x i s t s  a n  i n t e q e r  N  s u c h  t h a t  t h ' e  i n d u c e d  f f i d D  u * : X x . . , x X - + G ,



N
l \ <

U N \ * 1  r . r r r ^ N ) = 4"  i = l
. . , . X . , )  s u c h  t h a t- t v

N
hence the map @

i = l
i s  s u r j e c t i v e  a n d

-  1 1

/ \u  ( x .  )  i  s  d o m i  n a n t .  H e n c e
t t

t h e  t a n q e n t  m a p  T * u N r T *

T . .  X  - )  L (c )  de f  i ned  by.  x .
I

we.  a re  done,

i

t h e r e  e x i s t s  a  n o i n t  X = ( x , " . .

( X x " . . x X ) . _ > T , ,  f . , r S  i s  s u r j e c t i v e
u n ,  \ X /

t t

l .  \  $ / -  l r  \ \  / , .  \\ t r r . . ' p t 1 1 i . l - > / . ( l  ( L  / .  \ _ r u j i  \ l - . /I  N  a . |  X ,  U ( X r / - ' r  t '
l l

h  n -  l

7 n ' $ '  . - >  & '  
'  w h  i  l e  g  n  i s  i n -

$ "  c r  [ ' n , l  Q , z ) ) .  l n d e e d  i f
N L .I J

h a v e  a n * e x a c t  s e o u e n c e  o f  a l q e *

i  n d u c e d  e x a c t  s e f l u e n c e

t h e  d i a q r a m  w i t h  e x a c t  r o t r , s

( 2 . 3 )  L e t  G  b e  a s  i n  ( z , l )  ,  l e t  B  i t s  I  i n e a r  p a r t  i . € ,  i t s  m a x i m u m

c o n n e c t e d  s u b g r o u p  a n d  A = G / B ,  T h e n  w e  c l a i m  t h a t  t h e r e  i s  a n  e x a c t  s e n u e n c e

o-+ x"(o) '"1 '> x"(n)-J-+ Hl (Cn)

w h e r e  a  i s  t h e  I ' d e f  i n i n g  m a p "  o f  t h e  e x t e n s i o n  0 - )  B . - +  G * ) A * >  O  
" . . o . a i n q  

t o

S e r r e r s  d e s c r i p t i o n  o f  [ x t ( n r a ;  ( c f  .  f f  r J t r , y  t o r .  n o t i r i o n s J ,  T o  c h e c k ' t h i s n

r e c a l l  t h a t  w e  h a v e  0 :  B . , x G l  w h e r e  B ,  i s  a n  a l c r e b r a . i c  v e c t b r  g r o u p  a n d  f  ( C , ) :

= ' U  ( " f  [ B : 1 ,  C h a p t e r  J ,  s e c t i o n  2 )  s o  i f  B ,  i : ;  t h e  l i n e a r  D a r t  o f  G 1  w e  h a v e

i n d u c e d  i s o m o r p h i s m s  B  # B . , x B '  X " ( n ) * x " ( n . , ) ,  X . r ( B ) i .  X a ( 8 1 ) @ X a ( B r ) , . t h e  i n d u -

c e d  n r a p  x a ( 8 2 ) - * >  H 1 l 0  
o )  i s  i n j e c t i v e  a n d  x a ( B r ) . - >  H l  r c Q n )  i s  t t r e  z - e r o  r n a p ,

T h i s  c h e c k s  o u r  c i a i m ,

( z ; E )  L e t  S  b e  a s  i n  ( z . t )  a n c J  ( c n )  i t s  i n * f i n i t e  p r o l o n f l a t i o n
' / \

s e q u e n c c ,  L e t  C h n ( & ) = c n 6 ( c ) r i L 0 \ n ' ( t )  .  B y  [ 4 , ] . " . t i o n  3 ,  C h n ( 0 )  i d e n t i l ' i e s

. ,  r ^ o r  . ,  
|  '

w i t h  X "  ( G " )  .  V J e  c l a  i m  t h e r e  i s  a n  e x a c t  s e q u e n c e

Q  - ) X a ( c . n - l )  -  
d n . ,  

x " ( G n 1  { : ,  l ( o ) o

where  dn  i s  i nduced  by  the  na tu ra  1  p ro . i ec t i  on

d u c e d  b y  r e s t r i c t i o n  ( * e  i d e r r t i f y  L ( r : )  r i t h  l < e r

t sn  i s  t he  l i nea r  pa r t  o f  Gn  and  A=&n /Bn  then  wr :

b r a i c  g r o u p s  0 - +  L ( c ) ' - >  B n * ) r n - l  . - r  0  h e n c e  a t r
.- (1,

0 - + X " ( g n - t )  
' - 1 ,  

x . ( a n )  - + t - ( C - ) o ,  N o r v  l o o k i n q  a t

( c f  ,  ( 2 . : )  a b o v e )  ;

4



- 1 2 -

i

/ ^ n -  I  \  r e S
0 -r X" \t.' I "-+

I
o ( ln l

i,
o -----+ xa(cn) res 

>

r1 _ ".J-_*Hl t '{ l

tl
t l

,n 
*^ @ol

xu ( on-

I
lP"
I.t

x"  tan)

i r  o (  i s  c o n t a i r  a n d  o u r  c l a i m  i s  o r o v e d 'we  ge t  t ha t  coke ,  d  n  i s  con ta ined  i n  coke r  
f n

( 2 . 3 )  p r o o f  o f  ( 2 . 1 ) ,  L e r  Y 6  C r ' n ( O )  \ c h n = , ( o ) ,  w e  m u s t  p r o v e

t h a t  y "  u  4 f g ( n - t x ) .  e v  Q . t + )  Y  c o r r e s p o n d s  t o  a n  e l e m e n t  ( s t i l  I  d e n o t e d

b y )  Y e  X " ( G n )  w f r o s e  r g s t r i c t i o n  t o  L ( G )  i 5  4  n o n - z e r o  f u n c t i o n a ' l  o n  t - ( B )  '

L e t  G n - 1  b u . n  o o e n  Z a r i s k i  n e i g h b o u r h o o d  o f  0  i n  G n - l  o n  * h i c h  t h e  L ( 0 ) -
o

t o r s o r  G n - + G n - l  h a s  a  s e c t i o n  s : o : - l - - t  g n  a n d  l e t  c !  b e  t h e  p r e i m a g e  o f

^ f l - l  , ^  . . f l ,  r a . -  - - - - - . -  - t r - J  L .  
- 1 ' - n - l t

. , O  i l r  \ :  ,  , e L - m o r e O v e f  X '  
'  

b e  a n y  O p e n  S U b S e t  O f  U  
' ( C O  ' )  

O V e r  W h i C h

the  V( r  .n -1  . . .n -2 ) - to rsor  
Xn- - -o  xn-1  has  a  sec t . ion  t : * : - l - - t  Xn  and re t  x !

x "  ' / x "  -  
1  ^

b e  t h e  p r e i m a g e  o f  X n - 1  i n  X n .  C o n s i d e r  n o w .  t h e  d i a o r a m '

u
ô

I

xn- 1
o

w h e r e  f  =  f o f ,  ,  f i ( g n - i , o ) = r ( g n - t ) + 8 ,  9 n * 1 € $ ' : - 1 ,  0  e  L ( c )  ( t h e  s u m  " + "

i s  t a k e n  i n  t h e  g r o u p  & n )  a n d  w h e r e  u n ' = 6 - - l u % t ,  T ( * n - 1 ' B ) =

= 1 ( x n - . , ) + 8 ,  ( ^ n - , ,  r O )  e  X ! - r x * T X  ( t h e  s u m  r t + t '  l l e r e  i n d i c a t e s  t h e  t o r s o r  o p e r a -

t l o n ) ,  W i t h  n o t a t i o n s  a b o v e  w e  h a v e

Y
------7

/
/ v

n
. , n  U  ^ O - ^ . f
XO ----* tO * o

^ 1|  1 0 .
l r '

n - 1
x*TX _;---+ 6"- 

'xL (G)
V

3  ( x )  9 ( s , . , * 1 , 0 ) =  Y ( s  ( 9 n - r ) + 0 ) =  f  ( s ( q n - , ) ) + Y ( o )

B y  ( f . f )  u n  i s  e q u i v a r i a n t  w i t h  r e s D e c t  t o  t n e  m a o



n - 1

hence we have

1 3 _

n - 1  n - l  ,  \
x . . T X  - )  G "  

' x ^ T $ = t : '  ' v l  I  c  I
x  o  t t  

o o  ^ L \ ' /xTu: Xn- 
1

o

u n  ( * n -  
1 ,  

8 ) = ( u n - ' t  ( * n - l  ) , - v n  ( x n - . ,  ) + ( r * ( t u  ( * ) - , " u )  )  ( 0 ) '  ' .  ' '  !

where  x€X  i s  t he  image  o f  xn -1€X l  
1  .nd  Vn :Xn-1 - - -a  t - (g )  i s  t f r e  l o rnpo ' i t i on

x:-1--- i+ ,3 'n o u::4 1*rte ) PLoj > r-(s)

t h e  f  i r s t  p r o - i e c t i o n '  T h e n  f o r  x n - t

e o u a  I  s

n- r ) *  f , t * l l

(TxX)  c  t -  (& )  .  Consecuen t  lY

!

€
^ -  1

x "  
'  t he

Let ' i i ' * :- tx*rx -:  Xl:1

i m a g e  b f  f i - 1 ( r n - , )  v i a

be

t l

{un ' -1  
{ "

" - r ) J " ( vn (n

f , ( * ) = ( T x ( L  ,  , - 4 o u ) )
U \ X J

t r - | ( x n - 1 ) ) ) e o u a l s

b y  e o u a l  i  t v  ( x )  a b o v e
whe re

* ( u n (

( xx )  Y (s  (un -  t  ( rn - ,  )  )  )+  Y (v t t ( *n -  , )  )+  Y (  f t " l l

- 1  ,

L e t  J I ' n : X n . * + X n - 1  b e  t h e  c a n o n i c a l  p r o j e c t i o n ,  T h e n  t h e  i m a o e  . o f  $ ' n ' ( x n - ' ' )

v i a  y o u n  e q u a l u  ( x x ) . t o o .  S i n c e  Y ( f ( O ) ) l O ,  b y  Q , Z )  * e  t ' a v e f , ( - x )  5 L

$ .xe r  \  f o r  xn - . ,  gene r i c  i n  x l -1 '  so  fo r  suc f r  an  xn - ,  t he  se t  ( xx )  does  no t

reduce  to  a  po in t ;  consequen t l y  Y  o  un .  does  no t  f aF to r  t h rouah  ? ;  and  ou r

\

( 2 ' 6 ) T h e m o s t i n t e r e s t i n q . . , " , . i n o u r T h e o r e m a b o v e i s w h e n X

i s a s m o o t h r r r o - i e c t i v b c u r v e a n d u : X * + G i s i t s c a n o n i c a l r r r a p i n t o i t s J a c o -

b i a n 0 = J ( x ) ' i t h " n p u n s i n t h i s c a s e t h a t t h e r e a r e ' p l e n t v o f A - P o l y n o r n i a l

-  f unc t i ons  on  G  wh ich  a re  deqenera te  w i th  respec t  t o  u '  So  the  non -degeneracv

- l r " p . i i '  
i n  ( 2 . j )  i i  s p e c i f i c  t o  c h a r a 6 t e r s !  F o r  i n s t a n c e  i f  X  d e s c e n c l s  t o  k



the map ul  ,X1'-> Gl

as wel I known the

i d e n t i f i e s  w i t h  t h e  t a n g e n t  m a p

i m a g e  o f  t h e  c o m p o s i t i o n

Tu:TX -+  TG=GxL (G)  and

IP(uo1, .ur ) ) i  so any hyper-

J  o r o v i d e  a  n o n - z e r o  f o i m  i n

o n  X  h e n c e  i s  d e q e n e r a t e  w i t h

T*
TX --*+ gxl (c) D f O l  ,  / ^ \. ,  "  > L \ t 7 l

)

. \

i s  t he  cone  ove r  t he  canon ica l  image  o f  X  i n to

s u r f  a c e  i n  F  ( H o  ( w X )  )  c o n t a  i n  i n q  t h  i s  i m a q e  w i  I

A  - p o l y n o m i a l  c h a r a c t e r s  o ' f  G  w h i c h  v a n i s h e s

r e s p e c t  t o  u : X - : 6 .

t\l Nl

( 2 . 7 )  L e t  u s  s e e  w h a t  T h e o r e m  ( 2 ,  f  )  g i v e s  i n  c a s e  0 = G ] = ' l d N  a n d

X  a  c l o s e d  s u b v a r i e t y  o f  ' l r l N  c o n t a i n i n q  
- 0 = ( 0 r , . ' , 0 )  a n d  n o t  c o n t a i n e d  i n  a n v

h y p e r p i a n e  p a s s i n g  t h r o u g h  0 , . 1  f  J  i s  t h e  i d e a l  o f  X  i n  % L V l , . : . . , V p J

t h e n  ( 2 . 1 )  s a y s  t h a t  t h e  i d e a l  [ ,  l -  ? , 1 ] V 1 ' . . ,  ' v * l  d o e s  n o t  c o n t a i n  [ - o o l v -

' n r m  l + F  r ^ r i t h  L  :  ' l - z e r o  l i n e a r  [  - o o l y n o m i a i
nomia l s  o f  t he  fo rm L+F  w i th  L  a  homoqeneous  no l

o f  o r d e r  n  a n d  F  a  A  - p o l y n o m i a l  o f  o r d e r  4  n - l '  l ' l e .  e x n e c t  t h a t  t h e  l a t t e r

s t a t e m e n t  c a n  b e  p r o v e d  " d i r e c t l y " ' r r i n q  t h e  u s u a J  t h e o r v  a  - i d e a l s  i n  t h e

r i n q  o f  A  - p o l y n o m i a l s  ( c h a r a c t e r i s t i c  s e t s ,  a ' s ' o )  '

i' !t **gly--A:'le*gJsg

( 3 . 1 )  L e t  Z  b e  a .  A - c l o s e d  s u b s e t  o f  ? N '  w e  w i l t  s a v  t h a t

* , - h l

Z  i ,  s t r o n q l y  A - c l o s e d  i n  t ( , N  i f  ,  u p o n  e m b e d d i n q  f l r \  i n t o  F ' '  v i a
' t\t Nl

( o  \ ,  / t . . :  . - \  5 -  r p m a i n s [ - c l o s e d i n F * . N o t e t h a t t [ ' "
\ x 1 r  .  

" X N l 1 - >  
\  l  : x l :  "  ' : x p /  r  z '  I  c r r r d  r r r r  L ' t

t\l

.  " n d  V t  " r " -  
n o t  s t r o n g l y  A  - . l . s e d  i n  1 L ' '  ( a l t h o u q h  t h d y  a r e  o f  c o u r s e

A  - " l o s e d ) ,  l t  i s  e a s y  t o  c h e c k  t h e  f o l l o w i r r o  i n v a r i a n c e  D r o D e r t y  o f  t h e

N t  M  t .

3  no t i on  de f  i ned  above ,  Le t  d ,  r ' t LN- *>  ? ,n  be  an  a f f  i ne  morph isms  ( i  "e '  t he

c o m p o s i t i . o n  o f  a  t r a n s l a t i o n  w i t h  a  I  i n e a r  m a r ' , ) ;  t h e n  a  s u b s e t  )  o f  ? { '  
N

t \ r  . - r .  r r  . ;  / 5 \  i s  s t r o n q l v  j - ' c l o s e d
i s s t r o n g l y [ - c l o s e d i n t t ' " i f a n d ' o n l y i f 4 \ Z )

i n  ? ,  
M ,  T h e  a i m  o f  t h f  s  s e c t i o n  i s  t o  p r o v e  t h e  f o l  l o w i n g :



:  ( 3 . 2 )  T H E o R E M . ' A s s u m e

genus  gTrZ  wh ich  does  no t  descend

r- -1

n o n i c a l  m a p  o f  d e g r e e  d  c f ' l u t  J '
N ,

ln 1r{, 
o. Moreover

st  rongl  t  A ; -  c l  osed

Proo f .  We  maY assume
N  ' - 1

by %t X ->U q 
the comPos i  t  i  on of

the I ast NO- 1 co-mponents. '  By (: '  t  )
N , - l

s t r o n g l y  A - c l o s e d  i n X L o  '  \ ^ l i t h

c o m m u t a t i v e  d i a g r a m

-  t 5  ̂

X is  a  smooth

t o  K  a n d  l e t

T h e n  f o r  d 7 ) 0 '

pro j  ect i  ve

Vo,x -*Z 
Nd

?d (x )  i s

curve over ?'l' of

b e  t h e  A - P l u r i c a -

s t r o n g l y  A  - c l o s e d

f  o r ,  dp3 ,

d e n o t e
- 1

on to

i s

. a

{P ([)

+
I
I
I

i ,
't

X .
Y a

i f  , X  i s  n c n - h v p e r e l l i n t i c  a n d  r a n k 6 ( X ) = 9  t h e n  F ; ( , X t  i s

t h e  f i r s t  c o m P o n e n t  o f  t l A  i s  1  a n d

^ ] r u ,  o  N '

Y ,  w i th  the  p ro jec t i  on  rL l  o  ' > f l (  o

o

i t  i s  s u f f i c i e n t . t o  p r o v e  t h a t  y d ( X )

n o t a t i o n s  f  * *  [ n 2 1  ,  s e c t i o n  2  w e  h a v e

*:g!--o F*o 
t 
+ (Ho (0u tg 1 

('ro) ) )

v r h e r e  p * i ' ( , . , - r r ) *  P ( g ) ,  w e ; t i l l  
f f ; : ; t " o  

o t  F o  ' t t "  n r o r p t r i s r n  o F  s c h e r n e s ' i n d u c e d

b y  r h e  a - p o r y n o m i a r  m a p  v o , x * i l ' l  
_ l  

Y o o *  
l ]  

t h e  n a t u r a J  r a t i o n a l  t n a n  c i e f i n e d

b y  t h e  l i n e a r  s y . s t e n r  l d D l  a n d  ' l / ' ' d  
' ' - o  

F ' ' d  i s  d e f  i ' e d  b y  ( u ' , " "  ' u N d  t )  t - >

r - +  ( 1 : L l 1 : . " ' , u u '  . - 1 ) .  B y  [ a r l  ( z ' i ) '  ? o u  i s  a  c l o s e c l  i m m e r s i o n  f o r  d > ] 0  s o  t o

'  ' " d

c h e c k  t t  
" t  

? o t x i  i s  s t r o ' g 1 y  & - c l o s e d  f o r  d : 2 0  i t  i s  s u f f  i c i e n t  t c  c l r e c k '  t h a t

V i 1

t h e  c o m p o s e d  m a p  t " t , X - - Y . j : , X l  * + t P ( t l )  h a s  a  A - c l o s e d  i r n a q e  "  B u t  t h i s  n t a p  i s

a  s e c t i o n  o f  t h e  p r o j e c t i o n  ' y : P ( t  ) ' * o  x "  N o r ' r  h  c o r r e s p o n d s  t o  a  m o r p l r i s n r  o f

o - s c h e n e s  h *  : X * * - - . *  P ( t  ) *  w h i c h  i s  a  s e c t l o r r  o f  i i * "  ' P  ( f : ) * ' - +  x * '  s i n c e

. j t , t ' i s s e p a r a r e c l  ( i n d e e d [ P ( e ) ' o !  ' i P ( f ; ' )  i s a f f i n e h e t r c e s e p a r a t e d ' f ( f ) ' *

* l  Spec  1 {  i s  sepa ra ted  hence  Lp ( f ,  ) o * ! -+  Sp" .  ' ? ' i  i s  sepa ra ted  l rence  s .  i s

j f o * )  a . d  s i n c e  a n ' L L - p o i n t  o f  [ P ( t ) *  
I  b " l o n g s  t o  t h e  i m a q e  o t  f t l i  i f  a r r d -

o n t v  i f  i t  I  i e s  i n  t h e ' p u i 1 - b a c k  o " t '  t h e  d i a g o n a l  o f  ( r P ( t '  ) ' o t r ;  ( F - ) *  ) " &
v r "  '  

. . u  t u ,  _  t  - - r , ; - r , p \ '  
. . , l r t e j r n r i r e : l r _ o t - e t y

v i a  t h c  m o r p h i s r n  i d x h " s t ' ; ' o ( t j  ) ;  * >  ( P ( f i ' ) ' i * * ' * { P ( ' t  ) ' t L u '



ge ts  tha t  t he  image

L e t ' s

-  1 6  -

i s  A  - . l o s e d '  
)

t h e  a s s e r t i o n  a b o u t n o n -  h y o e  r e  I
i

l i p t i c ' c u r v e s

o f h

er:v

o . f  A - . " n k ' 9 , .

By

t o r s  o n  P ( t  ) r

p  a n d  q '

l ' ^  1  l a  r \

l b z j  \ z , 2 /

D  f o r  d )

:

f o r  a n y  s u c h  X o  l O n l  , " p " r a t e s  p o i n t s

3 .  l f  p ( t P ( f  )  \ o '  q d D  t h e n  c l e a r l Y

and  tanoen t  vec -

I r
I  d D  I  s e p a r a t e s
l l

C l a i m .  l f  d 7 / 3 t h e n  1 )  f o r  a n Y  P r q € 0 ,

O l q ,  l a O [  
, u p " r a t e s  p  a n d  q  a n d  2 )  f o r  a n y  p €  D  a n d  a n y  t € T p D  t h e r e  e x i s t s

h a t  t {  T - E '  T o  c h e c k  t h i s '  n o t e  f i  r s t  t h a t
e e l  a o  I  p u t t i n q  t h r o u g h  p  s u c h  t " - '  - Y  p - '

:")
Lu .o (o ) *  i l  o ;  

i ndeed  fo . r  dV l  app ly ing  i r *  t o  t he  exac t  seguence  o  ->  f f  116 -

- l ) O ) J , C l ( a O ) * ,  C 0 O ( a O )  - +  O  w e  q e t  ( i d e n t i f y i n g  D  w i t h  X  v i a  i i )  a n  u * t " '

seq uen ce

hence  UCn {o )=Coker  ( s :  C f  -+  [ ;  )  ;  bu t  t he  I  a t t e r  i  s  'UD '

* * R O  i s  v e r y  a m p l e  f o  r  d > , I  a n d  t o  c h e c k  o u r  C l a i m  i t
U

?  ( ' . r n )  l i f t  t o  s e c t i o n sr - h a t  f o  r  d  i 3  a l l  s e c t i o n s  o f  L l ' D " ' -
'  1  , 4  

' 1  J - I

t o w s  f  r o m  t h e  f a c t  r h a t  H 1 ( / . 1 ( ( a - r ) D ) ) = u ' ( s " - ' f  ) = 0 ,

C l a i m  f o l  J o r v s . . , )

T ^  , - n n r l r r r { e  r h e  p r o o f  o f  3 , 2 )  \ ^ t e  m u s t  p r o v e  t h a t  i f  d  ' 3  t h e n  f d ' "
i u  9 v l l L l  L r u v

-- r)
C o n s e q u e n t l y  L v n ( a o )  I

i s  s u f f i c i e n t  t o  c h e c k

o f  Cd(an )  .  Bu t  t h  i  s  f o l  -

. f  f B 2 l ( 2 ' 3 ) , a n d  
o u r

a n d  a n Y
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