
!FJ$Tfi.[,r-,tTt"f il- iliJ_siTx"ru.rt.,L niA.r"t*rfA!_

il)f; FL,[\!T$1U f;[:i[:AT6[
F/ilt'T"[:i1{A'['in,41 $l fllNTflt:ifrf:r $i "f H;"{l'\i9f;A

I  f : r  iJ  r ] i i I i !  : i l3f i
I i ji{iiJir;}!:;itil;:li

JOT{ TIA ]li :'f)' it i"I {jT { i If- its lij I'tr'Ft A p I} L,trC;1.'[-I{] NS, .

bV

jl 
" itj-e"l"i 11" l,i $.iii C {j

il It Fi il Ii ilJ'l' $.[ i,t ii:]S ll'i nl A T I I H I\l A TIC$

l i  c .  23 /  i  l l vU

i l

l l  r  t / \ r  i  a:  t : t } ' t - l
I J L ' s L l I " t L ! \  I  t

a{::1f.{i i:t:l:ei l4:1f 1$i:i=Lclr9}irrli::$:.:):is:i:ei!:r:;;llNq-l iili:i,P

i  
:1 . : . i ,11 , .  

.  .

. . . . . i n '



.}*BSAH- ST'R UCTURE$ I{XTI{ .A Pl}}-ffi A?TONS" I

by

R" iCIF{DAT{ESCU*)

Aprtt 1990

*) 
Instftute of Mathernctfcs, Bd. Pocii  220,79622lluchorest, Romania.



E F A C E

, fhese'  notes u""  an extend.er l  versi-on of  the authorrs

a. l . l  111 , "1 r  l l  -Tn  r r i  cDqr v . ,J  ou iu.c t l '1 .  a lgebras lv i th  appl j -cat j -onst '  (Prepr in t  I t {CR. l tST,

foi furttrer

deve lopment ro f  resu l ts  re la ted  to  Jordan s t ruc tu res"are  g iven in

the forn of o;oen problerns and- comnents.

The.  au thor  i s ihde l teo  to  the  la .be  pro fessors  l rs .H.Braun

(iJamburg) and It.Koecher (tri inster) fo:: their wil l ingness and for

the interest  they took in his work,  Their  important resul ts as

vrel l  as those due to their  co-v*crkers promptecl  the author to. , , r / r i te

these notes.  They are t l :e fo l lo lv ing:

f .  Jordan s t ruc tu res .

f f ,  Jordan algebras in prcject ive geometry.

'  I I I .  Jordan a lgebras  in  d i f . fe ren t ia l  geome.bry .

rY. Jorclan trLp1e systems i .n di f ferent ia l  georne-bry. .  .

V" Jordan algebras i-n an.alysi-s.

Yr.  Jorclan tr ip l -e syster is and Jordan palrs in analysis. , .

v r r .  A lgebra ic  var ie t i -es  (o r  man i fo lds)  de f ine ,g .by  Jordan

pairs

VIff . Jorclan structures in classlcal and. quantum nechanics.

.  .  . fX;  Jordq.n algebras in rqath,eniat ical  b i .oJ-ogy.

References  tc  these .o t * -u  a le  g iven as  JSA.  I r . ' :  " ,  fX .

P R

tt

. l,{an.y thanlcg are due to

fo r .  h is  va luab le  suggest ions ,

i  n  n n r  t " i  r . r : ' l  n r .
v . !  v  * r e !  a

Thernks are also clue to

usefr.i l  cornments on JSA.Y.'

Prof *lr. K.l i lcO.rlnimon (Charlo tte s-ri l le ) ,
Ithose concerning algebfaic aspects 
i

i
Prof nDr.E . S t /r iner (osto ) ro" t

r , #
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JO}UIAI{ $TI?UtTtlP}lS \IIIITH API'J,ICATI0N$" I"

R*drr I0RFANHSCU

Tire earl.y thirties witnss#ftd the pubblicatioru of Pascusl

d0F.nAllss papers from lvhicir Jsi:dan atgebras energeds }lor fifty

five yeers since the creat"ion of J-ord{in a}gebreo, various kinds

of Jor<1an structurss (atgeh.raso triple syoterns, pa*"rs) have Lresn

inteneively studied., and e large number of importent results have

been obtainecl" At the same tine sn impressive variety of applica-

tions have been erplored urith several surprising connections

The study of Jordan structures and their applications ie at pre-

sent a wide-::anSing field of nathematieal researcho '

Broadly opeeking, ti:e aj,m of these notes' ie to present the

most im.portant applieations of Jordan structures (algebrasrtriple

systems, ffid paire) 3 with 6ue emphasis on geouletrical appliea*

tions" Il lany Open proolems ancl comruents are given'

The close conneetion between Jordan and Lie structures is

not examined. in detai}o as it may find its d'uo plaee in a proper

treatment of Jorclan structures" Let us mention in this respect

MsCrimmonns,remark t i rat 'o.o' .  i f  you open up a Lie algebra and'

took inoide, 9 tiraes out .of 10 there 5.s a Jordan algebra (or pair)

which makes i t  vrork" (see'L{cCRI},1If0mIf f  *J] "and Ze]rmanovus con*

tention th.at' .'0, 
" o Li'e alge'bras with finite gradlng rnay be righte*

ously ineluded into the Jordun theory'u (see ZIJL'M1iNSV [f10 hJ)"

\iJe shall present in the fou.r sectiong belovr the defini*

tions and" basic properties which are needed to understand the

applications. Iror an .lguilgig treeternent of Jordan structurcs

the reader is referred, to the exceilsnt bcoks by SRAiili and
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' a - 1

KoECTTER lref , (see al$o Kosciitr in [fV {1, ,JA.c0a$ON [47 a,d] '  L00$
, J -

166 arcJ , bffiyBaRG ltf ef, zlmulfiKov, $LrI'lnKo, $l{fisrArCIv, $}lrnsHov

[rrfl" rsor & eanprshensive surveJrs o,n this t,opic' soe [tt, 59 h,
,1

? le l" In Section 5 sdae of the connections between Jordan md.

Lie structures that have become clessical referencss toge'bher

with some recent developrnents are briefly recalLed,. In $ection 6

some of the most important results of Ruesien school at Novoei*

birsk &Te presented"

Included is a re.qeg[ rathen extensive bib]iography $iving

additional referencee to work not covered. by the texto

$ f, Jordan algebras

. Jordan algab::ae euerged in the early thtrties with rI0RDANts

papersIqg *,brc] on the elgebraic formulat ion of quantum mecha-

nics, The namertJordan algebras* w&s given by Albert in 1946-

. Def,iAltj.pn" Lot J be a veetor space over a field F with-

charaeteristib di.fferent fron two. Let ! z Jx J *-*J be arr F*Ui-

Iinear rr&Fr denoted by 4, (xry) *e xryr satisfyint' the fotlomng

cond,i t ione:

4y ;  yx  and xz(yx)  e  ( *2y)x  fon a l l  x  ty€J"

Then J together with the product defined.Uy g is salLed

g}fig$g ove:r [F . .

4,x+mplg* Jf A ie an. &ssociative algebia over F, qnd u,e

define & new productQ(xry) t= * 
(x.y+y.x) r-  where t i rg dot der.rotes

{ '
tire associative prod.uct of Ar wo ob"bain' a Jordan algebra. It ' is

( + |
denoted by A'  

"

etudied the propejrtiesRemark 1. Jor.dan $ras the first who

tho sbove exanple in ttre e&se when IF is

proved a number of properties of this pro-

a Jordan

of the produet xy fron

the field of i 'eals. He
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these wsre a}l coneoquence$ of the tvlo
duct, ffid sholved that

ident i t ies aboven

SggggL-a' Recentl-y, ZeTsn&nov obtsined interestir:g rooults

for h*i*i:3gQ-+glgqgA-a#4 Jordan algebras ., a Sood acccunt of,

ae af lr{eCrimmonts exbension to quadratic

found i"  [4T dJ ana [?1 i ]  (see also

r ,2(x)  *  t ( *2) ,

J o  t i h e n ' J  = ' g ( + )

; *  Z (L (x ) t ( y )  +

Zelrnanovus work ae wel}

Jordan algebras, can be

l-uo r.]l and $ 6.

gopmetg*, In llO SJ, KgECi-lEtt considered commutative nonas*

sociative algebras over unital (comn'rutative and associative)
r- - --1

r ings of scalars qnd defined the JqE{gnglgf *oO,c;d-J :* (ab)(cd)+

+  ( a c ) ( b d )  * ' ( b c ) ( a O )  -  a ( ( b c ) o )  -  b ( ( a s ) O )  -  c ( ( a b ) d )  t o  m e a s u r e

how far these algebrag'e.re from being Jordan" Such an algebra is

Jordan if and only if all Jordanat.ors are zenor

Sgqr$s A Jordan algebra J is ppwes:gq.P9"igiiv9, 'i'eo

***fl = *rltn' for any xe'J and all mrneZ, III1R771 (the.pgyffi are

definecl inductively uy xI 3= x, ***1 ,= **')

{p"}gtipg. On a Jordan algebra J consider the left nulti.-

p l icat ion L g iven by t (x)y  :=  ryr  x ' ) r€Jo

Rggglk" In general L (xy) I t(x)t(y) for xly from a Jordan

algebra (rshich is not &ssociat ive) " Tlr is holds for,  Q'8"r J = a*

for.noneonmutative An

Q$i+r*lre$. .fh* nap P def ined by P(x) !* 2

x€.J, is cal}ed the -qge.$fa!ic, rqugg$eq.t$tlgg of"

i t  assumes the forn P(x)Y '  xtyoxn

tlppoglt-LqnJ$u For ar\Jr xrye J the foLlowing {"ua4plne$'tal

fgrmqLa h,old: P(P(*)y) * P(x)p(v)P(x) '

fte-qqr-h-L" For P(x,y) given by P(x,X)

+  L ty ) i , ( x )  -  I , ( r - y ) )  we  have  P(x+y )  =  P (x )  +  F (x ry )  +  P (y ) ' x ry€J '

Bff iE-g'  Jn general,  P(:w) /  P(x)P(y) r  xry€ J (as c;L' t

eaoi ly be sesn for J = *(*) ) .



and only if ry * sr *2 y =

Defini t ion. Let f  be

4 *

PCgpSeg[LggJd* Suppose that J has a unit element e eind

lert x be an ele;nenb of J* fhcn F(x) is an automorphinm of J if
/\

end only if xc * e" If p(x) i"s an autoinorph3"sm of llo then J"t is

involutive.

ge;t;i*"{.}:tgg* A:'r, elem.e nt x e J is call"ed inverttbLs: i"f the

nap P(x) is bijectivc" In tlris c&se the i,pgq{sg of x ie g5"ve:r

by **1 ;::  (p(x))*l*. {rn case c * d*), thte is the usuaL inverse

in the a$sociative algebra A ),
-_1 1

Re,qqgk- I "  l lJe have (P(x) ) - '=  P(x* ' )  t  x€Jn

4gmf4 ?* An element x is invertible with inverse y if

a 6

an element af, J" Dafine & new product

on the vector space J by

x.Ly :=  x(y f )  - r  y (x f )  ( ry) f .

The vector space J togethor wi'bh this procluct is called the rr:u-be*

ti.orl (bqlLolsre) of J with respect to f and is denoted b;r J-p" Tf* '* ; - i ; - ; t r ; ;  s4ds {-u sv.*rvvvu vdt v-Fr

f + \  1 + \
i  = At 

' ' ,  
then Jr = (Ar)  t  ' '  where Ao is the sssociat ive nui ;e

I L L
ation

( x o y : = x " f " y ) 6
f

EtSpq"e.gtJ"ofr*l*3.Any mutation J, of tI, f €J, is a Jord,an

al-gebra and its quaclratic representation P, is given by Pr(x) *

=  P ( x )  P ( f )  "

Pfpp.o,S.g3fSU.Lu4" Ttu algebr,a Jg r f e J, has a unit elenent

if and only if f is invert*bLe in ,ri in this case the unit ere*

ment of J*. j-s f-1. I:r. this situation rre cal} J, the f**ggjsgg

o f  J G

.8gj{qfE,. If f is inrrertib}e in J,

eleinents of J coincid.es

Note o Ii'rom this

with the set of

poin't, on many of

then the set of invertible

invertible elements of Joo
_ J .

-the results recuire that

finite *dimensional o

Uqgatlg*" Denote by

J b e
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Invo ]  ( J )  ,=  [ * lwe  Jo  *2  -  * J ,
: ^

- r t / l

I de r rp  ( J )  :=  {  * l  e  e  J ,  c *  =  c  J ,

the set of involutive, respeotively idempotont (zero includerl),

ele'nren'cs cf Jo Here J is supposed to eontain a unit elem.ent oo

Sffiggk" The map ldemp (J) *F Inval (J) gi.ven by c **'?c*e

fs  a  b i jeet ion*

For en element c of Ideiop (J) we have:

t ( c )  ( 1 , ( c ) - r d )  ( 2 t ( x ) * r d )  *  o .

This leads 'bo the ieiraq_{M J .iv3!A fgepqp! "!q_!he

:Ssmsk*. c ;
J  =  J ^ ( c )  @  J ,  6 k )  @  J '  ( e ) ,

o -  L / t '  I '

wnere

r | ' I t - 
')

J r ( c )  : =  { x l x e  J ,  c x  = d x l r  f o r  o ( = . 0 r I / z r L .
h i )

fh.eo{ggt"e5. . Io(c) and Jr(c) are subalgebrae of J,

we have

Jo{c }J r (c l  =  {o } ,  Je (c )J r7 r i , r } c  J r r r ( c )  r  f o r  r *  0 r } ,

and,

and

Jt /z(c)  Jr72(c)

Defini t ion. Let

map P(2 c*e) ,  which by

phism of Jo is cal led

i_cle-qpglept c . of ,"I,

c J o ( . )  @ J i ( c ) "

c be an idempotent of J , e / e. Then the

virtue of Proposition l*1, is sn autorno::-

t h e FS""r r q_e_Jpfl Sq&l.p n_$t- t hr . q"e $;l. g*c*t*gp*"thg

( r

N.o,!g!i$. Ideiap, (J) := i c Ic e- r  (  r

Definition." The dimension of

Idemp (J ) ,  d im  J r (c )

Jr(c) is eal led t i re

- 1]"

rank cf

the idenpotent co

fgffJll3.lggn An idenpotent c of' J is catted e{Ud!!ve if it

cannot be d,ecomposed as sum cr*c Z of two orthog-on3} ( i .e" crcc= O)

idenpotents e, and c2r ci f A (i=1 rZ) "
8qqq[b,. lvery element of ldenpf (J) is prinitive* The con-

verse j"s not true in general 
"
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Se,9,fp13*pn" & Jordan algobr& over the reals is called

fgreglLV-ggg} if , for any tvro of its elemonts x and y, */*O' r fl

i m p l i e c t t r e t x * S * 0 .

*qgp{}.g{St-o-n,*f""-8* A primitive idenpotent of a formal}y

rea} firrite*Etimeneional Jcrcls;r algebra is of raxk ortrs o

frq-aqgitqsp. 4"'1"* The set I-(J) of bijective linear
Lhefe ,,"

on .J for whi"eh texists a bijective lineer map v{^ on J such

P(Wx) * WP(x)W* for atl xeJ is a linear algebraic groupo

maps W

thst

Sglg" The notation llJ* is juetified by the fact that, if

.I is reaL seni-eimple and ) denoten the tr,q$:e, florg on J (i"e*

)txry) . := Tr l , ( : iqf l r  xry €J), then for !$€t-t l l  ,  W* eoincides with

the adjolnt of rfJ with reepect to,L

ne{$prtigg (I(OIICHIIR tifg *. The (}inean algebraie) grCIup

l*t ;1, fron Proposit ion 1.? is cal led the of nlo

ISKgs" Tho fundenental formuls (see proposition I"1)

implies ttrat p(x) g f-t;l rdrenever x is an invertibLe element of

J. Also? every eutomorphism of J belonge to {*(.I) u Ind.eed, the

autonor:phism group Aut(J) io juCIt the oet of eremente H|€f(J)

fi"xing the unit elemdrnt e of J, We = € o

gggpge}g. It would be interesting to reconsid.dr GHIKA's

resulte l tz a,U1 on so-ca}led, * ' f ield*l iReiu algebras ( i ,e" a16e*

bras generatecl by their groups of invertible elements) in ttrie

,Jordan algebra setting.

Formally real Jordar: algebras have been elassified (in

the finito*dimerrsional case) by. JOR}AN, von NEUlvlAl'.lN and WTGI{IA

f L q l t
L ' ,  ' - t

Ibgg#g-Jg" nvery formalty real finite*riimensional Jor*

rlan algebra is a d.irect sum of the following algebras

( t " r )  u t o ( m ) ( * ) ,  H p ( o ) ( * ) ,  I { p ( H ) ( * ) ,  H 5 1 * y ( t ) ,  J ( e ) "
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lie:re I'1.^ (F) \ '/ clenote$ the algebra of llermitian (pxp) *matrises
D

rvi.th *rr*"j.*o in tF (fF * Ru C, F{ or 0)}}, the mu}tip}ication i.n
f + \  1

I ID( t f ) \ ' /  is  g iven by xy t *  f  {x .y .+ y"x)  {x .y  d .enotes the ueu$l

matrix product)e snd J(Q) * {F I OX whsre Q $.*^deftnecl on X mA
Jf.e ^ +
rinirlti.prication is given by a reel*vslued qo*.t**til;-;

X y  ! s  Q ( x o y ;  l ,  l " x  r  x o l  s  x r  L . l  *  l  f o r  x o y 4 X u

.FqSLe4h, An eqgos*+tlJe Jorclan algebra is formahy real if

and onlry $,f it is isomorphie to a pr:oduct of copies of lR with

c omponent'*'iee nult iplic at ion,

Dgfiqpt.We. A Jordan elgebra J is eal}ed sege$g} i.f it

can be eubedded in an associative algebra eo that ,ry= b(x"y*y,x) e

where the dot denotes the 
.rnultiplication 

in the associative aI-

gebra (i*e. if J is isomorphic to sl (Jorden) subalgebra of $ome

At * , ,  f o r  A  assoc i t$ i ve ) .

}ruggh" The first three algebres in (1"1) clearly lie in

associatite matrix algebrase and the fifth algebra can be embed.*

ded in the Clifford algebra of Q" The fourth algebra H=(CI) 
(n) 

is
/

not special (it cannot be enbedded in any associative algebra);

that is rvhy it is called gregpi;.Longj,. Recently, an gxciting work

of zerfuanov hag sh.own that this is essentie.J.ly the ggl*Y' vrel"l*

kehe*ved exeeptionel algebrao .

M* A Jardan algehra is formally reel i"f and

only if its traeo forra io.positive definite.

l_q.q,Le!39$" $uppose that J has unit elenent s" Then we eet

*o :s  e ,  sxp 'x  ,=  [  #  ,  and e) rp  J  , *  
{  

uon * i * . . ]  } .
1171C 

5! t

&Sgg*!tgg_&-Ig, If ,t is q fornally real Jordan afuebra,

then it possesses a unit eremen'b and exp J = 
{*tjx 

invertible *t}

l") Tl:roughout these
ccmplex nunbers,
rospectiuelJ o

notes lR, C; frl ancl & denste the eet of r*als n
qrraternions? and CIctonions {Cayley nuui:*rs),
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Skgggg*}'n$" $uppose th.at J i.s a for"urally real Jorclsn

algebra endowed with tlre natural topology of fth , Thon the iden*

ti,ty component of the set af *nvertible eLenente of J cainai*ss

with exp tJ and the &ep x *+exp x is b5.jer:tive.

Ree.alt that nn algebra Q over a f,ielcl [r is ca]led

$*gplg if it ie central and stnpJ"e, i,e* it has a unit

e ,  i t s  c -e ,gbqg  
[ - l -  

c  Q  o  ( ca )b  *  c (nb )g  (ae ]U  *  a (cb )  fon
. - f' )arb € ct icoincides rr i th f f i ie, and i t  has no proper ideale"

J

The determination of simple Jord.an algebra can be reduced

to that of central sinple algebres, and for these aLBEIlr [t] pro*

ved the existence of a fini'tp-dimeneional field 9of the underly-

irrg field (Jacobson extend,ed.this result to arqy field of char --
\

asteristj-c / 2) euch that the scalsr extensions Jg. are cointai*

ned in the following l-ist of sp.ti},gkigbrasl

qqsss*s&
element

al.:.

F rela*

vrhsre

m q 6

l"n*

'  '4 ,  the a lgeura tur r { f , ) (+)  o f  (n  xn) , -  matr icesovar

t ive to the Jordan mulbipl ieat ion ry ,  = * (*.y + y.x),

x.y denotee the usual natr ix product;

B" t l re subalgebra of %(F)(+) of sirnmetr ic matr icen;

C" the nubalgebra of r,,,irrttr)(*), n = 2in, of syr:rpJ-ecttc

t r iees,

vol"utian

( a
q =  I

\*T

i"e" cf natrices thqt ere syninetric relative to the
-'l

x *-* q * xoq.u ld:ere x, denote$ the transposef, of {,

'%)
%  0 / r ' and  i l d* is the (n:m) -5"d.entity

Du the algebra with basis { uor*} u , " o ,en } and multi.prica-

t ion tab le  .eouj "  e i ,  *?  *  *ou * i * j  *  O,  ( i / j )  ;
Eo the elgehra of llermitian (3K ))*mstricee wi.Lh en.tr.ies

in an oetonion algebra relative 'bo the multiplication. xry : n
1* fr. (x"y + J"x) *

S9s. g$" KAIfIOR 
I 14 UJ i.u* obtained a classification of

the real sinple Jordan algebras by nneens'of tr,ansitive clifferen*

rll

matrix;
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tial Sroups*

fipgp$S-p*;-* I0Rlitl'lli'$Su and P0F0VI0I | + 6] constructed and

studled all. (rna'1lrix) reprencntta*ions of Jordnn elgebres af the

type* A-0, incJ-udirqg tlte ilovr cl-uss of quas$--irreducible r$presen-

.batir:nso whichr w6rs previou*ly defined and studied'tn some pa*t[*

cular c&fies by lORlAlfSSOU [+f *,U]" It wout<l be interestir\g'to

f i nd tk re l rque$ i * i r reduc ib }euorep resen ta t i one fo ro the re laseeeo f

.lordan strtlctureg*

goq$en3g*-e* Recentlyr JACOBSON [ 4T Sld'etermined the or-

bit under the orthogonal group of Jard.an relgebrar of reel syn[me-

tric nratriees" llls results &re an outgrowth of an effirmative

&nsy{er tha'b he gave to''t}re fol}owing quesflon of }Ialley: can every

Jordan algebra F f CI X of a positive definite symmetric bilinear

form be realized, as a Jordan aJ-gebra of real natrices? Mal}ey wss

interested ip this question for application to etatistics (nmnolyt

optimal unbased, es'Linnation af veriance 
'conponentsi). Melley also

showed by a method different from JACOBSON',$ that the Jordan sl-

. gebra fR I CI X can be embedd.ed !n a Jordan aigebra of real slrrn-

net r ic  nat r ices.

atbert, Jacobeon and others er[ended the above mentioned'

elassification to nonsplit algobrasI Aqy fi 'nite-dimensional qimplo

Jordan algebra over a fiel<i of characteristie # 2 is i 'somorphic

to either
f r \

(iL) dttt) for a' simple associative algebra 4;

(B-Ci 
.H(f{r 

{f ), the snh'n}gebra of & consisting of al}

* - s y m l r q t r i " c o } e r n e n t s x * = X r w h e r e 0 6 i s a s i m f r } e

associative algebra with involution * i

J(a) for e. nondegenerate quedratic forn Q; orto

en exceptiona} sirnple algebra of clin*nsion 2? over its

centre ('-t 'hich becomes t-lrtO)(o) over a euj"table exten-

s ion f  ic }c l ) .
-L

(D )

(E)
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I

Igqtggk" These AlhggLg}fig}rc.g" can be construetecl uning e

qg$S Rorn forn N nm J(irI) by the ltr:audentlraJ"*$pringer-Tits con*

struct ions.

ggggffiS. For a surpri.sing comrection of htoore*Fsnrcse in*

verss with Jor,Jan algebras seo KSJI0HEF. | 51ttl*
L

2. Quadratic Jordan algebra*
' ,  

j

Tn L966 McCRIf,fii{OtqItl *l extended tho 'ltresry of Jorclsn

algebras to the c&se-of an arbftrary cammutative unital underly*

irr.E ring* Ss, instcad of considering a Jordan algebra as a vse*

tor, space vrith a nonas$ocietirre bilinear conpooition satisffi.n6

certain identitieso L{cCrj-nmon consiclered it as a modu}e over &

ring together rvith a quaclratic representation satis{yitU & num-

irer of conditionsn fn this way one gets unital quadratic Jordan

algebras, which far the c&se that the undor:lying ririg is' e fielcl

of charasteristic different frora tgro (or any underJryi* ,"t*

containing J"lZ) 
'turn 

out to bo ttre viell*knov.n Jordan algebras

consi<lered from a differonb poinb of viewn

In 19?1 l,icCR1irlll10rltr [f 1 b] defi.ned t]re

cessarily uni.tal) quedratic Jordan algebra

(eornmutative rxrital) rrir\g together: wit'h two
a)

Ut J -+ nnc(J) and z * J 
**J (squbring)',

'eoncept  
o f  (not  ne-

J es a mad.ule over &

quaclratic naps:

sa'bis{ying certain

rl.rtg with a unit element

identi t ies "
r,et b ile a comrnutqtive associativo

. T

ancl let X be a unital- '{-1 -m.od.ule *

De{l*L!-im, A map U : X.*r $nct(X}, denoted by U 3 x --#/ Ux, '
A

sucirbhat,U4* = dtU* utd U*,y l= Ux-Fy - Ux - q, is bilinear for
,

all de Q and x,yd X, is cslled a gggql-qp-lc--Iep*ryilell!-et'iqq--m X.

Ngffi. If U is a quadratic representation on X, then

there exists a' tr i l i r :ear composi. t ion { n"u i U .  v
xtz"

ie sym*
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netric in x and z, iltre define V-- -, by V-- -,2 := { xyz'}.
X r X  "  X r Y  t  -  )

4

Qefl{ilmg,n. a 7= (X,u,e)

cansists of a unital {: *mcdu1-* X tagetirer with a qriacliiratie ropr**
L

scntaticn U and e distingu.i.shed elenent e such that ttre follow:!.ng

identities liold under arbitrary scalar extensisn :

ue * fd'

tt.{ * u*

* vyr* *

T T  T T
"y "x

V - ' " r U - = 4 t *xrs x ucr:{ '

SxeEpLC-* Let Q Ae &n essociative unital algebra

fhen, denoting UV 4. the unit element of Q and cte{inirr€

- -+Ano(Q' )  by U*b : . '  a lb .a ,  &rb €Q,  i t  can be eas iJ-y

(Q r. IJr4. t  -denoted by qh) for the sake of brevity

tal quarlratic Jordan algebra6

P.ef3nfLiq;U A unital quadretie .Iordan algebra f t, catted

s,pesiql if it is a subelgebra of q(l' l for some assoeigtive unital

algebra ( n otherv,iis* j * said to be "e,Jcqpltpeg}6
Ngtqti.gnq. Ciuen a unital quadratic Jordan algebra

, t '

+ = (:tlure) we can introduce a Sgac1rg!&g-c-ortpg$r!3gn x2 := U*e,
U

vdrich perrnits uo to define the pgrygry incluctively xo :* e, *1 t* I,
,,n+2 ,= U- o*, and a plruffr.tr.i.c.-HllkrqruLqoucosj.-Ulgg x o y ;Ex

a ^
= U*ryu =l  

"  
ey|"  ! ' r re set  V* ,= V*run hence V* Y = y o xo

Pe€lqfliqp. An element c of / * (Xouro) is called i$.erlrpg*

if c? = G,r fwo idempotents erd6 { *o* cell-ed -gglbgtrgg].. if

J.
oven f n

a  t  Q * +
seen that

. :
IA A UULL-

tent

U d * = U o d * c r c l = 0 ,

e Let/  be speciat"  f t  inmediately 'Rerqark. Let 4 Ae special" It imnet

cd, * u-;;*r.a trir* * ur,u d are orthogonal in

eiative Bsns€€ .

follorvs ti:at

the usual 'asso-

be a unital"{hsqqgp:2,*-}" (tg.ir.gg-ggsgpg-s,L!r-q}) " Let J * (X,uue}
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guadrati,c tlordan atgcbra end

Then

4. = 4 u. ' ld ' -  f o w ' / Y
, Avhere fo :=  ( IA  +  Ua*V| l  I  

s

=  ( V  * ? t I  \ 4 - r r  4w0 -  ue '  I  
=  u*  

ru^*  1"  r f

thogonal iclempatente, "Unen (
A' l  . -  r r  4
d i L  ' c *  u c "  i "

1 -

Def,i&*!i qr-ro

let c be one of ite idenrpotents n

o r 4* ttlz
2

r r  l lue^e j '
Y*o * / *

* m 4* *  
d  i i ,

/1 ,

h t* LJ*'f n *ne f*z ; =

ci is a $um of pairwise 0r*
- - , - -  -  4  ' r  4  ' , .v/nCIre / i j  t* urr 

r*rJ o idj,

t ible i f  u is invert ibre. rn this case the elenent (u.,)* lx isx  
v 3 . + u  e ' { ' s  

. ? L

called the ievggqq. of x ancl is clenoted by **1.

Fegffk J' One ean ehow that (U ) 
-1 = rrt  -x '  -  '**r '

EgUggk 2. Tire eleinent x is irivertible with iriverse y if
and only f"f U;r = x and Uy't = e o

lgglrutiggn Let q be sn invertibLe elernent of f = (X,U,e).
Then q* (a) ,  u (a) ,  u ( * ) ) ,  where  r (a )  r=  x r  u l * )  r=  uouu,  and
*(ai r= 

"-1, 
can be shov,n to be a unital quadratic.rorclsn ar4;ebra.

It is call-ed the a*iegggffi. of I 6

Qe.fHliQ,q{}'. A subspsce of a quaciratic Jordan algebra whicl:
is elosed' under tho nrap u is carred en i_ggg__rQgg! of that, ar*

An elernent x of  /= (XrUre) is,cal led invcr-

of quack'a*

sne-sided.

qua-

instan-

. t
geDr& c

Ikgsr$. 'r'he rore of irurer idear,s in the theory
tic Jordan algebras.is anarogous to thst pragned by tha
ideals in tl:e ae$oeiative tireory"

vfe now give the construction.of two typee of uni.tal
dratic Jordan algebraoo S*rr,i x bei"ng as abovo. (see, for
ce,' l.Atrj,ltivlrR [a g"Jl . ,

Let  Q be a 'quadrat ic  form on x  and rat  eex rv i th  e(e)  = ln
Se t  T (y )  : *  Q( f f se )  r  f  : *  T (y ) -y ,  end  U*J  :=  Q(x ,$ ;x . *  e (x ) f  ,  .where
Q(xry ;  :=  Q(x+y)  *  Q(x)  *  a(y) .  Then (XrU,e)  is  a  un i te l  c ruadrqt ic
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Jorden algebra, called the (unj.tal.) cLri$$n,gil $*{pg4-aq-*g}f"#}ng*-Afl

M A.s113*lS5e_p??#! e (denored by *rcr*)>.
U

Supposo that QanA )i are &s aborreo Recall that e ruap
- ) ' r

A : X -+X is cal lecl Sg3g*Httg' i f  Q(ax) = o(-Q(x), for d€ P 1 x€ Xs

and i f  Q(x,yi  i*  Q{x+y} - A(x}*a(y) i"s bi} inear in xeyeX. I f
't

Q:; X *+Q then Q is catleei a qqgdes&g-.fqru end Q(xry) is cal*- l

led the Eqqggiqled-h;eltn9eL{"grpo A mnp N :. X -* ptogetheg witir

s nap ?N I X x X *+p euch that ?N(x,y) is linear in x and qua-

draiic in y

I{(dx) * 017 N(x)

?l, I(x,X) = 5 I , I(x)

N(x+y )  *  N (x )  +  )N(x ,y )  + )  $ (y ru )  +  N(y )

. )N(xry) is Linear in x end quadratie in y,
i ' /

for "(e O nnd xry6X is call"ed a qgb&g--{qlru on X. Consider a

cubic forn N on. X, a syarnetric biline&r foriu T on X, a quadratic

reap # on X, and e 6 X such that
-t+ 4

x "  n  =  N ( x ) x ,

N ( e )  = . 1 ,

- i l -

T ( x * r y )  * ) N ( y r x ) o

-+l-
g f  =  e .

Def ine e{y  :=  T( f )e-y '  w i rere r (y) .  . :=  T(y ,* )  and

a r a l .  
x x . y : =  c * * y l #  - o # - ' ' r # ,

,s.uppo$e that. the above relations hold unde' arbitrary scalar

extension of &. $et
J

, 4

U * y  : ' T ( x r y ) x  -  x * *  y r  '

I
fheh (X,U,o) ie a unital quad.ratie Jordan al"gebra; it is deno-,

,(
t e d b y f i t w r # ,  e ) o  I

lggi-rt isisa " Let I  -J (N, #, e) snd X'={ (N',  #' ,  e')  ue

defined ovcr fieLde 0' and [f !, respecti"vetry* Assune t]ret
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- l  , l
?(dim | 

= diur, ' l  1 p an<} that T and Te &re

s be an 5"sam*rphisu cf tr ont* [FF* Let W be

linear nap af J anta / 
/nati.srying

(  2 .A) , N s { W x }  *  9  * ( I { ( x } }  f o r ' e } l  * € 1 ,
wlr.ere ! I O is fj.xe& 3"n F', and sfirtisfying (A"ZI for ell fj"elct
extensiorro f of Ib' anA Fif nrc sueli. that s can be extended ya { ,
rhen w is ear-red &n s*ggg$"fi*nfldil*q,s X w* J'*na g is ca]-led,
the zulj{pli.gf, of ly e, :

I{qtp&.}gr}o r,et i{ be an,$*seruisimi"rarity of, J onto !'. De*
note by i'f# the s*l*sem'i.Linear nap of fl'anta ! a*rned by

s ( T ( l Y " x n  r v )  )  =  T 6 ( x ' r W )  ,  x u  e  / t ,  v 6  j  a
A .

lVrite i'l r= l11j(-1.

Prytrn;$qq"** rf 
'# is &il s-s**isimilari'b,y for e * rdr then

!V is ceHed .efgileg;;lgo

Igq:!S&$,gS. If W is s sinilarity and g =. 1, then W is ca1-
led a 4e{srp4,e.scgg&{g*!sspge.ru**gg

$g,[At;LCI*o fhe group af el] seaisirgi]sritles af / onto it*
self will be denoted by f = ft J I , the group of siuiirarities of
)'/ onta itself wirl be clenoted by c = o(J) , and the &.oup of no:,u.*
preserving transfonnati.ons of I onto itser-f rvill be. clenoted by
s  =  s ( / ) "

8e"qsrk. r- Ql coincides *rith the structure group as def*-
Koeeher, consietirig of those bijective !# for whieh a w*
satisfyirlg the relstion 

\,* 
= l,VUx VJx.

tFe-or:rxq ?"Bu ,$very eenisirrrpre quadratic Jordan argebra
which is fi-nite*d,imeneionel- over a field F (of arbitrary charac-
teristic) is a direet swn of sinple ideals, and evory siuple *deal
is isanorpliic to either

" (A) f,{q) for a simple associative algebra f,f,;

nondegenerste* Let

a bijectiv* s*semi-*

ned by

ex is ts
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df fo

tB*C} en. snple CIuter id,eal in Htff io*1r tnCIu con$ist ing of

the oyrrun*tric el-Gmente af a siinple aesaeiative e3*

gebra ff trncte:' prn irrvolution x t

(D) an ampl"r: outer i.deaL :l"n the elgebra frtAr*) destcrroin*el

by a nonctr.ogener."*te quadrat$.c fcxm Q wi't,ii base point

e;

(E) 46r+, e) deberninerl  by a nondegenermte cubi*

, forn }tr.

&39* 3n Theoren 2n2r a sub*p*ee Kc t is en -AliS-€AjgSsI

it j,s invari.*nt under mu3-tipi"icationsu UJKCK, ancl is .zut1l*ffi

it conteins ( ; rdren L/}eW, the only ample outor ideal is K= il"

Sggggb" The condition of finite dimensi.onaii$lan be w*ak*
l _ i

oned to hrav in6 the descending chain concl i , t ion (d,c ,co)-  for  inner

ideals  c

$ 3. Jordsn triplo cystems

In the study of the l(oecher*fits conetruction of Li"e aLge-

bras from clordan algebrae i"n a genera}- setting (see KOECI{ER ( ll*3,
r - lTms I rof a,nJ and. $ 5), HIIYBERG ['f f u,*] a*rined rlq*ggi_-U*S[e

S'gg3ggg es nodules v,rith a trilir}car conposition { *q } oatisfying

the following. identities ;

{,{r" i* Iry*3 ,

&gg{&," &e was nottcect by KOilCIffR f ry" inJ, e gtiupe of

Jordan tri.ple.systens weti given by GIBBS (1459*19o1.1 as eerly es

1S81 (Col.Lec'bed l lorks, vol*II,  p"ldi in a different'ee.tt ing,

, A connecti.ogtr betureein Jordan triple syotens and ,J'ordan

algebr.as \,r&s prorreci by &llrYi3lilic j f A7 :

Igqg{:Sg-Zr"t. ff T is a Jordan triple system and a an elemenl

of r ,  t l ien T togetirer rvi th the prociuct (x,y) --F 
* {"uv} beccmes €

Jordan algebra, denotecl bg Ta* conversely, a'Jordan algebra indu-
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css a Jordan triple system fr: the s&.me vector spe,ce by setting
I 1

{ , * y " J ; =  P ( x t z ) - V ,

9gBggS^tS" It g,uulci be interesting to reconsj"der tho rosulte

due'to l3p,ai'lriir tt{, and cnitrAllc+-q and r&MA-g f 21 &rhr?a] on ternmry
struetures in this Jorcis:: triple systera settir:gu ,

In t9?2, I;{&yBEnG k f *Jdefinecl eqgg@

-$,YqLql*g over en srbitrer;r (conmutatj"ve unitel) ring S of sc&1ar"s
by enalogy vsj-th McCrirn:non's coneept of .quarlrati"c Jord.an al_g*bras
basod on.the quadrat ic operator P(x) (see the defini t ion below).

Ds{'.inj,tl.o-** Let r be a f*module with a quadrati"c map
P ; T -* End (T) such thet the foltowirrg i€entitiee hoLd j.n a31
scalgr extensions

L ( : t r y ) P ( x )  *  P ( x ) L ( y r x )  !

t ( F ( x ) y , s )  *  L ( x , p ( y l x )  r
p(F(  x)  y) *  p (x lp (y )  F (x )  ,

where  L (x ry l s  a *  F (x ,z l y  :=  p (x+z )y  -  P (x )y  -  p (  z )y "  Then  T  i " s
c a l l e d e  o u r r f "

Bqnsako.. Every quadra-bic. Jor-rlem algebra can be considerod
&s a quadratie Jbrctan triple system by setting p(x) := U*n

There existe e hosts of results concerr:ing the cl"sssifica*.
tion theory of Jordan tripJ.e systerns. The c1assification of

. sinrile, finite*dimensio:ral Jorcian triple systems over an algebraic-
atly closed' field of clrarecteristic different fron two ean b.e
A r . l - - 1rouno ln Lbb qJ" For the elassificetion of vsrious types of ..Ior.-
dan tr" iple systems over rR, see NnrIEn Irg e,ura].  zELs] '{AN0v crae-.
sifi"ed Jor"cJan triple systems 5.n general (char * E Z, but with no
finite condi.Lions) [rro *]" NFr"ffiR showecr [ra *J (see qrso 

[rs r]l
that for large subclasses of Jorclan. and Lie triple systemsrthere

exists a bi ject iop betv. 'een the:foi 'ns of the simplo objects" fhis

i

I

i

'
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bijecti0n w&$ used to cl-assi-fy forms of certain excepti.onal Jcr*

dan triple syetems. scllv,JAfin fl+ nl used th,e ksovxl el"assifi.cati-on

of Jorclen pairs to,ob"i:ain a el-aesification of Jordan tripJ-e sys-

tens by e)-a*sifying involut,ions *f Jordan pairs "

Ae is we1l*lcnovm, the caordinatiza'tion tliecrenr of "laechson

for Jordan elgebr&s &$ssrts that s Jcrdan algebra with supple*

rr.entary fanrily of (nxn)*Jctrdan matrix units f,or n 2.3 is isoruor*

ptric to a Jordan rnatrix algebra H* (Dr Dn) of t{ernritian (nx n)*

-natrices vrith"coordi4etes in srn alternative algebra Do with

nuelear involution, which ie associative if n 7z 4" This theoreffi,

1",o.i, r:nly is fundarnental in elsssifying the simple Jordan algebras

but alec imnieclj.steJ-y d.eseribee their unitat binodutes. MccItIIfil'ION

and l,{SSl$iRC [f e] cleve]oped. a similar coordinatization for .Jorctan

triple syste:nsI there are three distinct c&ses, the rectangular

(p x q)-matr ices. *Orn(n), the symptost ic (nx n)-matr iees Srr(D) r

and the (nx n)*l lermit ian mstr ices l l rr(DrDo3i) over D' Shey sho-

vied that a Jordan triple syetem lvith' (p x q) *reetangular grid

(p+q 7r5) t  (nx n)*syrnpleetic gr id (nzr 4\ I  pf,  (nxn)-Hermit i*n

grid 1r-ztS) ie a rectangularu oymplectic, or I{ermitian matrix

systern whose .coordinate algebra is associati"ve if n*A 7 4 in the

rectrnngul.ar ease or nZ 4 in the Hermj.'t ian ca$e, and, eomniutetive

assoeia'bive in the s;rup}ect ic case 
'Lf 

n74" (Grids are epecial

f{,iluilies on .tripotents fn. Jarclan tr*p}e systems} u The key i"e the

fact that ar4y tr,ro eollinear tr.ipotents are coordinatized by an

alternative algebra with l.nvolutioh. llfe0ritomon and Meyberg ap*

p 1 i e d t } r e i r c o o r d j " n a t i z a t i o n r e s u } t s t o t h e c 1 a s s i f i c a t i o n o f

rieidls ur.ital bimodutes for niatrix oy$tems u

The "theory, of gr.ids, inclucling theS-r classif icat:"on

coor.dinatizaLi.on of ti-reir cover.r i.s prcsented by l'lll!ffiR in

zurd

frx x].
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Among the'appl idat ions given by hf"m, thene &rer ro) classif ice*

tion of simple Jordan triple nystems covered by a f;ridu reprov*

ing and, e:rt,ending r*on'|, *f the :."no,*ni classificaticn theorenn for

Jcrd"een algebras and Jcrclaru p*irs o and 26i s .]ordan-thenreti* in*

terpretatj.on of ttre EEecmc'ury cf the ?? l,ines on & cubj"e .surface*

Fina}ly, vrs mention the resutt of IYLT-IUR f t g fl by wl:ich
J"' 'J

a eentral ncndegenerate Jorclian tripl"e system over a f*eIC of

charscteristic different from two has a nonasrc centrz i"f and

ontry if i"t *s scaler isourorphie to a Jord.an algebra* lts en 6ip-

plicaticn, Neher elassified Jardan trf.plo forsig sf Jcrdan algebra*.

' $ 4". Jsrd,an pairs

In 1969, [IttYBEnG introclucud f TZ b] trle Bverbundene Faar"eoo

(connected pairs)o which correspond in Looet terminology to the

ItAeSg Jord,en peirs (eee ti:e definition below)" Sueh conneeted 
l

paire fi"rst &]"o$€ in KoEC}ffiR€s work on Lie argebras* rn lg?4?

L00s introcuceci the notion of sgg#,gg*g Jcr'dsn pair (see the

definition below) zurd Seve [Oe rr,] the main resu]ts.of s structure

theory of qrraclratic ,.Io::dan pairs, which is anal-ogous to .Ieco5*

son?s end, I',leCrinrniortrs structure theory of quadrat5-c Jordan al-

gebras with'eirairr eonditions. ,& d.etaiLeti developnent of Lcss'e

results llf uJ wao given by rocs ItE rJ.

auadrat'ic tlorden pairs are preferable to quadratic Jor*

clan al4elbras or trip).e systems because they adrni't a natural way
. \

of defining i;rner autonorphisns md, on the other hando they

always cantain eufficiently m&ny ici,empotents " Let us mention a1-

so that quaclrat,ic Jordan pnirs arisc naturally in the lio.echer*

Tits construct ion of Lie algebras sr:d i ;he'associated alsebrsic

groups o
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As was shoinrT"r bg Loo$u the quadratic Jordgn-paire provide

a unifyi,ng framewcr"k for both'the theory of qrre*drati"* Jcrdpon a}*

Eobreo r:nd Jcrelan triple syster.*.r* I th.e category of *.Iord$n pair*

nd.tir invoi"ution ie equ*"valent to the categary of Jordan tr5"pJ-o

syeterus o and. the categor:;i of Jorclan paire vrit,h jnverti-lrle slemente

is equivalent to tho categ;ory of "Iorclan algebrae up to ieotopyr,
. . r 1 h o v

KWIN | 62 aJ shovred' tlre theory of .Jordsn pairn cen be der*

rived fron quasi-invereion &s a basic al,gebraie operation (as

$PRII'IGIIR ItOUJ and t{eCf{ilfrr]0i{ [ff C] clerived Jardan a]gebreln from

inversion). We ehall return to 'L,b.is on nCIre detait j"n $ 5*

McCRIfil i0N ffn *rp.62{ r.enar.ked that ha Jordan trip}e sys*

tem is just a Jordan algebra vrith the unit throvrn avuays and, na

Jordan pair i.s just a pair of spaceo actS.ng on each otlier lj"ke

Jordan triple systems"" On the other hand, *the study of g::aded

Lie alg*'bra* l"earts naturally to Jardan pairs ( including tripte

systems .and algebras) ", $o, McCRfi',fi, i0N f Z: '^^1
, I  *p.62?J eoncluded

tLrat "from severel points of vi.ew, .Iordan peirs are the most ng*

tural Jordan etructur€s'0.

_ Ag[***Sjgl|. Let lI{ ba a unj.tal eomnutative

2 ie invertibie in ll i. Assume aLl K-modules to be

posse$s no }-torsion ( i ,e. f , lo nCInuero eleuents x

5x * 0). A pai.r V = (V*, V*) o{'tK*modu}es endowec

Linear rnap$ vtx V*1, Vr*-hVo, wa-i t ten as (xoyrz)

d * t ,  sat is.f :ping the idonti 'Lies
( r f . L
i ryujo. * l zyxJo ,

[* {our}Ju * lu" {orr}J, = {{'v"}- uuTn*

for r= t , j.s called a l=in.ggJ__-{.q-gqgn*pgir overK.

&Aa]lb" Jordan algebras can be regarclcd as a generaliza-

tion of Smlig!-njg mltrices, rhile the lineat Jordan triple struc*

ring suctr tirat

unital end to

such that

with twa tri-
r ' t

-S- I  .qrd {-' l  * ' j '  
J c  g

i"fv""]-"
" 1

'  J g :

f r *
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tires (systenns or pairs,) can'be regarded &s a generaliration of

eg_qi.epfig&gg, raatrie es 6

sle *hall give nsr{ sxarnplee and ossentiq}. px.operties of ri*

near Jordaq pai"re needed

sentecl in $$ 3n4 fx'arn J$A

in the ttieory of Jorclan manifolds pre*

Convention" For the

VIf * I lense' WATSO}| [ fOO,] l  wme used,

sake of siuplici.ty we eha1} ourit the

word rt l ine&rtt.

t{qLetipJH," Defineo for fr= * , the bi.linear map

Do- ! vn x v-' *> Fnd (v") by
'  

o r " ( x u y ) z  l * { q l z } o .

The map Do-(xry). is eallod the S.l"f&*e8lJ-ql detei:mined bg the pair
a'  -€

(x ry )6V-x  V  
- "  

Def ine ,  fo r  a  =  ! ,  the  quadra t ic  u lap  en t  Vr*>
--*" llon'i*_naocl ( v- i Vl by

Q o ( x ) v  t  = * { w " J o ,

so that the assoeiated bi.linqar rnap is given by Qo-(x*z)y =.1 oyulo_"
The map Qr(x) is called qq-qslret-iq-J]-cere.glqtqlll.qg of x€ .

h#gtt"rq.e. Let V = (y*rV*) and W = (lV+rV*-1 be t,wc Jardan
pai::s ol,er lI{" A lr.oqqmo;fphj-q$ h : V *},W j"s a pair h * (h* r ,h;}

of K*linoar naps hc- : Vo*ylrlc suelr that

i r ;< { : i yz } r )  =  
{ r to (x ) ,  L* (v ) ,  hu( " ) }o - ,

f o r . a l l  x u z 6 V f  X c V - t ,  o * =  I  .  
'

{qie}.tru. The set of homomonpirisras h r. v --> vJ is deno.bed

by I-{v,'*) j and the set of o*-ssaponents lno.lne ftv,*) } is d,eno*

tecl i:y f]{v,l,tl"

&SgS&" Lsgl$grphle"E$. a:rd .9l[b$,qgr&bigg$ are ciefjned in the

abvious wayc
J.pe&pA!"*q8.. A pair of K*modulee U =. (U-, U-) is called a

- f

gggpg;,g of a Jordan pair V if Uo is a submodule of Vnand
|. ",o- ..*c--.oJ o-
\ U - U  U \  c U  f o r f , = +  s
\  / g '  \
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Q.Srufi3*pg" & subpai"r U of a clorrlan. pair V is called an

,mget or $ t f  \0" u "v" i-  c urand. Jvo v-"u' l -cui na s * 
'

(  J o -  J f  t  *

ggg**i[jgg* A. rTardan pair V is c*ilect uimple if it hacr

only the 'br i 'v ial  i"deai-s V and 0 and i f  {o'O-ou-W o.,

SSggSk* fhe $L{.R$S*SUI* of two *l'ordan pairs V and W over

lK is def ined ae vo vJ :* (v+@ !I+, u*@ w:),  with componentr*r i .se

operatione o

I)*fini.ti"on* If V is a J.ord,an

ggtg V"F af V is the #ordan pair (V-

{ u  ; . } - * u i  n  u } +

TlruilfX" The syanmetry between V+ and. V- is one of the es*
i

sentj.al features of the tireory of Jorclan pains"

- Cqfrvgp.lig$, The inclices o- and r will alwayo assume thre

value + and * . They will be omitted. whenever no ambiguities
. . ;

are possible. tF $'i11 d"enote a field of charaeteristie different

from tv,'o or three o and arr Joroa:i pairs w-itl be asguned tei be

finite -dimensional a

neflinj.,t**gn For (*,y)e v-x V* n, 
def ine Br(xry)e t*:a(Vo)

by i3o(x ,y )  r=  rd .uc  -  Do- (x ry )  +  Qor (x )  Q-o(y ) "  fhe  map B(xry )  i s

called the QSgffigm-Jr;1p&3qgligg determinert by the Bair
q- -d-

( * n y i e V x  V  o  .

Let V *.(V+, V*) be a .trordsn pair over tF and. Iet y be an

erernent of v-. Define the bj^line&r procluct {aob) **$ {*vuj c}n

tlre lF*modu].e V*. lVith this procluct, V* become a,Jord.an a]gebra,
- r  - , ^  -  r .  -  5  r ,  - -  t t+  mt  - -+denoted by Ury . The quadr.atic operator in V, is U*=e*(x) a._(y) o

F,ggfui[j"Ap, A pair. (*ry) G V * (V*rv*) is cal}ed ggq _i*

,rgqS.rl ible i f  x is quasi*invertible:in Vj ( i"e", I*x is inver*

tible in the r:nitat Jordan algebra rF l S Vl). In thris case there
,I

. . +  ' r
e x i s t s  a  p n i q u e  n 6 V  s u c h ' b h a t  ( 1 * x 1 - ' *  1 +  a ; . t h e  e l e m e r : t  z

is ca}lecl the -qgasl-'"j{'-vsqffL of (x,y) and is denotecl Uy ,/"

pair over lK, then the gp5r,Jl-
"t-

,V'i with the tril inear meps
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Sgggr-k' A pai.r (*ry) 6 v is quaai*invertibre i.f and only if
B(xry) is inverttble; j ,* thi.s c&se x{ * n*t("ry} (x - Q(x)Jr),

Wgeplg.n.g{,lpf*an p*r_fq. a) l,et lr{Ooq(tr) be the vec"f or
space of (p xq)*natrices s'ver tire fier.d. &., then M ^(ft") r a* F r Q

(%,q(tr)  '  %,q(tr i  )  *s a Jorclan pair over lF with Q(>:) y :x x;r?xo

wliere yt denotee tire transpCIss of y* The qunei.-inverse of ({ny)

in I,1- (lF) is given by* P l Q '  '  - -  o -

xY = x(on -  y ,x) - l  *  (pp -  ryn) - rx ,

vrhere en and ep are the identi ty (q Xq)* and (pxp)- matr j"ceoo

respect ively "
The next three exa,nples are eubpairs of $rr(f) ,* Srr*(\trf.,
ar) $rr(tr)  :* (An(F), An(F)),  where An([ i ]  ie the 

"p*** 
of

slceweymmetrj"c (nx n)-natrices over.[Fg
t n / | ! ! \er)$rr(F") :* (Srr(tF)r Sn(F)),  where Sn(tr ' }  is the space of

o;rnnetrie (nx n)-matrices over IFl

^l (unr Ln) rvhere un (tn) is the spece of upper (lower)

triangular (nxn)-,matri*es over Fo ,

b) Let x be arr n*dinensional vector space over lF, equipped

with a sJnnnetric bilnear fo::m(*ry) " Then T :* tXrX) is a Jor<lan
pa i r  ove r  lF  w i th  Q(x )y  ;=  2 (  xuy )  x  -  ( x rx )y .

. The quasi-inverse of (*ry) in X is gj.ven by

x {  *  ( * - ( x , x } y ) ( r * a  ( * , y 7 "  { x , x )  1 y , y 7 t ' L

.  c) considcr now lk * Rr 0r,or 0-I ,  Let l f torq(tr)  denoto t i re set
of (pr p)-natr iees ovei rF, considered ss e real vestor spaceo

Q ( x ) y : =  n ' r x o  f h . e  q u a s i - i n v e r s e  o f  ( x r y )  i s  a s  i n  a ) .

$et gn(t f )  :*  
&rn(f i ' )  '  [ ln({F) . .= R rrrr(r) ,  and let  x* denote

t he .con juga te . t ranspose ,o f  x6 . lRn( l l i ) "  Fo r  {  =mr  x *  *  x ro  The  nex t

Then Bp,q(F)  : *  (aprq( lF) ,  Rp,q(F))  is  a  Jo ' rd"an pa i r  over  R wi th

two exanplcs. ero subpair of Er(F) "
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: : :  (Sl{n03'),  S}I*(F}),  where Si{n(&)'  is ' the space

n&*rj-ce$ (11* = *x) in {Rr(ff) "

"Z) 
Ilrr(m) r: (%(ff) ' l in(lF'i ) r v,here l{nttl ') iu the 6pece af

lJermitj.an datrices (3*r x) in tRr,(F)

d) le'b J hre a J'crclan algebra CIve:f, tF and le't' S e J *ts End(S)

be &n &ssociative opeci"aliza'Lion o{ J into t}re end.omorphismn of

the F*vector $pace X, That ie, we have a lineap map S with the

p roper t y  $ (sb )  =  
* ^  

($ (a )  $ (b i  +  S (b )  $ (n ) )  f o r  a l l  a ,bdJ*  Henee ,

JOK becomes a Jorclan algebra with (a+x) (b+y) l*  ab * * 
(S(aly+

+S(b)xi and P(a) x * 0r for al}  arb€J and xrye Xu Foltoering the

Renaark on pege 2L , we have s Jor<J.nn pair (J @ Xr J @ X) with '/

(J  o  x ,  J)  as subpai rc

gzumu As was noticed by TILGhtrR fro+ *] tit* foruula

,for 
tire quasi.-inue"*e / in the abovo example b) appears also in

electrocl.ynanics as the formuSa for special sonformal trsnsfora&*

t ions o 1 ,7 being replaced ky * 4, ,)  (eee, fcr i 'nstance,

fIIC$tri [fo+ {). Given the lerge nunhrer of results already obta-i-

ned fn the theory. of Jorclan pairs, TIU.ihERns remark eoulcl tre

fruitfully.used !n rnodellinS soae f*,cts in electrodanarnicsn

Qqlv_ee3;gn, If x and x are finite-dirnensional vector spa*

ces oyer sn infinite field fi', then the vector sp&ce of fg$ggg}

g8rRg X --+ Y is denotecl by. Ret(X;X) (see ,OOS&'ti'*"?] ) "

ILegRf$.. }.o Every f e 3at (X?Y) ires a n-eil!1qgg- 9.Sp"{g,g$i}o$

f * gh*I, v,,here & is * palynomiat urap X *-*.X, h is a polynonial

function X 
;> 

tr, and the component,t of g (with respec'b to a ba*

sis of Y) .and.h have no r1onconstant conuon divisor

SgggIK*a. since F is infinite, one c.an consid"er f to be

a partial rnap X *-+ Y fron its donain of definit,ion Dom f ="

t t \= {xe X I rrfx) / 0 tinto Y* orie savs tirat f fe"-{qgspefr--g!" x if
( 

"/
x  (Dom f .
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Qgfr,fu,t$tgn" If XrXrZ are fini"te-dimensi"ons-1 vecton $p&ce$

over F anc ft€Rat(XrX), fA€ nat(Y,Z) with reduced expreesion*r
^ * t
f{ * gihi *r then the rati"ana} aep$ f, and f, are eall"ed gggpg.*

yc vX defins

Dp$iq*3i"en" The eet L Io-(V,l/{) of 1fuLe.q.qJfe,p_lfq$el-*-ggpS
tf

f rom v ' -  to  v { "  i s  the  se t  o f  f  =  g  nh6Rat {vor l f { t ) ,  w i re re

an.d h€lJVr i ' / )  are composahr le,

BSg.A,qq*l* The Jordan pairs over S' forn a quasi-cetegory

X , with l-{or(Vrl||) - X (V,t'/) and with o for composition of aor-

phisns.

n,eggb*?* The $'-sp&ces V a 
of Jordan

with lv lor (Vtr '# t )

se f  tw )

pairs V over lF also

=  L  l o - {? r i l l ) ,  I n  L  F r ,

gSH,l#. if there exists &n x € Dour f, such that h*(fr(x) ) d CI"

flg!g$S*" The compooite of f, and f, is an element of

Rat (XrZ) and is denotod Uy fe " f ' "

Let V be a Jorclan pair over F, For
C z t - r -

T  ( y )  : =  ( t ;  ( y ) ,  r " ( y ) )  b y

TJ(v l "  :=  z t3 , r  Tor(y) ro  : *  x*xr  for  -  nev i  x6 v-o.

Then ro(y) 6r iat  (v,v) ana rf iy)4Rat Cvl vr l"  Note that

r l^tr)o = o for al l  ye v1

l,gf*{r}t*glo The tr.ansforrnations f 
t(y) 

, y €yn, -* t r
and the autonorpirisns of v generate e group, I (v), of bira*

tional transformations of V, called the group of llrr,gqq__f{ggl.:.g.*
nal trapsf-or.+gFions of V.

.tlq3,g!*s*" zL. n tv) denotes the group of d-components f6"

where f = (f. ',f*) is an elenont ot )* (V) 
"

gggki$ig*" Let V and tr'f be Jorden pairs over F" Then the
Y-

set | (VrW) of Liq,qpl*f.r,r*g"ttoq*1 ,pepq from V to W is the set

o f  f  *  goheRat  (V r tT ) ,  where  gcX  ( l , J l  and  F r< [u rW]  a re  compo-

sable o
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the objects are the vector sp&ces Vtequipped with the structure

of a Jordsn paj"r v, and ae sush they shoulcl be denoted by (vorvi;

v,ihenever" esnfueicn i.e imp*ssibre, ne *hall simply write v f, how*

ever

llqt*,!lql" trf v is a J*rden pair, then.we denate $y G(v)

the Sroup of autorno;.phisrns irr L F* of V*o ,

QpfinpS*gn" Lrst V bo a Jordan pair over tF and put
n ^ r  , r c  _  |  (  .  - c r " )Rad v-  r=  1xe  Y"  l (x ,y )  i s  quas i - inver t ib re  fo r "  a r l  ye  v - -J "
Then Rad V:= (Rad V+, Raci V*) is ealleci tire _IBd.igal of V.

4qpeelq. Rad V is en id,eal of V"

O"fuiti-* A Jordan pain V I O is called semi**imple i.f

R a d V = O .

$gffiSe, A Jordan pair is semi-simple if end only if it j"s

a direet sum of sinple Jordan paire.

, ne,{i,nf3"fg** A Jordan pair V is ca}ted rp_d}gg} if V* Rad V.

.Ld+-rril*ss' Let v = 6v+,v-) be a Jorden pair" Then an ele-
ment u €.Vo i* calted iIty,gqU-bl.e if eo(rr) ; V-o** Vo is inverti-
btr-o, and, iir this cage, the igyg*.qe of u i"q the elenent ,r-la
clefined by

, ir(r:.) ,= r'r-I

RepqrF ,lg I'trote tha.b io e

egg;k*fi. For invertibte
- ' l " r

and, (u-t)** * u; h.en6e i_c o i a

FS{ffri}ie$" A Jondan pair

; *  Q o ( u ) - I  u .

Rat (vr, v.-o) o

u.sV twe 
have Oo(u)- l  * e

=  I d V - ' o  '

V ie cal.led uni$gq if V*

t l L
a Oi-

(c r

*t \

.L. t r '  \v t

contains an invertibl.e elenent 9
Recently, P0Ptl'I'A was stimulated by f+f rJ to defino

f ^ ^ - 1  
e J

LBB . ,&J a special kind of tlordan pairs cetled Jo{deL $Bq},t.,
These objects ar"e Jordan pairs {1,+rl ,*;  of a l inear sp&ce and i te

dual over a fj,eld of characteristie differen't, fron two or three,
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the operstions i ]- , fi= j,

l qoo i *  : *  y (x )a  +  f f { z )x r

where Lt  :s  L ,  L*  ; *  L* .

Then he stud{ied [U*
duals and defineA f*e l, **l
duals c

being defined as foLlows

f r
and  {xyz } *  r *  x (y )  % +  %( r )x ,

j . -

.,, ,bJ the derivatlons of Jordan

Lie elgebras associated with Jond.en

a unitnl comrnuta-
!

endowed with two

satisf,ying the

Deti$jli"op' A sgds.sgis*-darges- p-qig over

ti.ve ring K is a pair- V = 1V+,V-) of {K*modules

quadrat ic  maps Qo- :  Va ->I lom(t tov5,  f  *  !  ,

identitiee

,ut* r r :  Qa(x)  = Q$x)L*r (y ,o  )  ,

t o (Qo(x l y ry j  =  L r r ( x ;e -o (y )x ) ,

Q a ( Q o ( x ) y )  n  Q n ( x ) Q - J y ) q , ( x ) ,

in all e.esLar extensione, where L, r vt* v-- ->&id(v6=) are the

bi f inear  aaps def ined by Lo, (xry lz  :=  Qn(xua)y,  where eu(xrz)  t5

=  Q n ( x + z )  -  Q o t x )  -  Q n ( z ) .

A pair (x,y) e v is eatled an i,*mpglgjqg if x * e*(x)y and

X =  Q- (Y)x .

8yana1ogyv . l i t h . the theoryo fquadra t i cJo rdana}gebras

(seo $ 2) one ian define the pe-i.LcJg 
"4e.p.qruujilqgu-i.o& of a Jordan

pair with respect to an idempotent (xny) o Then, we have

vd=  v fou io  o { t , ,  .

where v;  := ( rd- [ .o(x,y)  + eo(x]Q-n(y))vt ,  "0r" ,= er(x)e-o-(y)r- ,
" .  - - cand vi2 := (Lo-(x,y) -  2aJx)Q*f y) )Va.

Let us noto here L00s'basie result lurcT *o*cerning the
craseificatioi: of qqaclratic Jorrlan pairs, * u**L-einple ,Jordan

pair vr i th docncn oo inner ideals is a direct sua of simple pairs

,ahich are either
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(0), Jorctan dtvision. Pairsl

(I) sete of rec"bangular uatrices (}tL,m(D) ,

an asscciat,ive di"vinion alge'bra D;

( I I)  eets of al ternating rna'br icee (Arr( lc)e An(k)) fa:r an

extension fieicl k;

( I I I)  sets cf Heruri t ' ian rna1,r i*es { l{n(}eDo) ,  \(SuUo} };

(ff) sete of arople ou"Ler ideals in 'bhe. Jordan algebra

I (Qr*J of e nonclegenerate quadratic form Q;

(V i  se ts  o f  ( f  K2 - ) -Cay ley  ma t r i ees  ( \  , ( k ) r  q  , ( I< ) ) ;
O f  

"  L ' e  r ' t c

(VI) sets of ilermitian 3 X5 Cay}ey matrice$ (lb(I() , I{',(K) ) "

The last two paire, of dirnension 16 and 2? arrer thei::

centrese are the only pairs which are.9$9.9.PIi.9-*3.1 ir: th.e sense

that they cannot be embedcled in associative systeus".

Concerning Jord&n superalgebras, let us mention. that KATS

If 
gJ, general izcd KAIfIOn's rnethoe f54 a,bJ and appl iecl i t  to the

claeei.ficalion of the simple rl--oJl{p,g,"S*pqgq*Se.b,C"ge. (i.e.; %r*tg;.u-

ded algebrps J = J6 S tI vrj.th an operntion " whicb satisfj.es

a  o b  =  ( * 1 ) d P  b a e  & n d  ( * t l u t [ r * a  o b ] , i . , ( e ) ] * ( - ] ) ( ] * [ r , t u . c ) r r t a ) ]
v - A\ lt, .' '1

+  ( - l ) \ t t  f t i eo  a i r t ( b l j  *  0  f o r  ac { r ,  b6Jp r  c  eJp  and  , *1y1e r *  [  r ]

aro the brackets, ih tl:e Lie ouperalgebrs trlrrd J l)). t(t.jHN foarr]

gave a partial classification of c'entral sirnple Jordan superal*

.gebras; BAR$ en(i ciiNnvilriv f r:] introd.uced qgngri"pqffi]L.$3ff-b-nR$*,,

involving Bose and Ferni va::iabtes. Following the classif ica.tion

of .Jordan super$lgebras given ny fccfsl 5 eJ, Bars and Giinayclin con*

structed Jordan supertiernary algebr'as coruesponding .to certr,l in

Jordan supero.lgebras, and .spe culatecl on thei.r possible physica}

1)  Byset t ins  Endo.J  r * { * {  ae  Src l  J , .  e (Js}cJs+. , ( lwe.ob ta ln  an

.associa'tive superalgebra Hncl { 
= ftd J" @ hd J1 ; the b1*-

- clcets [*,u] := ab (-1)'(F u* raake &ld'J into a Lie supe::al*
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I

oppllcnti.one (see fw, pp.lggo-tggr] ) " t" p eJ, oriruaynrru used
tlrb toi:nary algobraic teehnfque to defi.ne tho cler$.vationo strue*

ture alrd. ?i"L$*!ioecirc-:r algebr*.s of Jardsn sup$rfrlgebran, Hxplicit

fo:'me of these algebras l*rere listecl for the CI*-mple Jordan super*
aJ"gebras and thqn & sugge$ti.on msds to extend Koe,chsr"re theory

of li.ruroar fraetional groups defined by Jorden algebras to ths

c&se of Jordan superalgebn&s"

gg**P*Ign $ome identiiies which &rCI now used Ln tire etudy

of Lie and rlordan .supere],gobras rilere given by r0l{ as early as

L965 l"n a different setting. He establisrrea | 44 a{l eseential

properties of the strueture constants of Jordan algebras of the

t;4pes Jr*E and obtained, for their roots and weightso propertiee

analogous to tirone of roots and weights of seur-isiupte. t*e atge*

bras. such results rnay be useful in quantunn physies.

Finally, ret us connent on the.work of i{BI-ffiR fzr ,,laboqt

involutive gra<lingo of Jordan structureso

rnvolutiv& automorphisme of Jarelan pairs (i.eo qut.onor*

pirisms of orcler two) have different properties in characteristic

differen'b fron tvro and in characteristic two. This nainl.y coxft{:s

fron the fact that itr characteristic clifferent from two the pair

can bs decompossrd into the eigcnspaces of 
. the eigenvalues l .and

*1 which is inpoesibte tn characteriet ic twCI" In.t tre latter case

there are on the ot,her irancl &&n}r , exnnples of rlbconpositions vd:i.ch

behavs like the ei,genspace decomposj.tions i.n .characteristie dif*

ferent frcra tvro, This suggests "bho following proeedurg: throw

away the i-rrvolutive &utomorphisur, keep only their eigenopace de*

composit ion and'studytheso deeompclsi t ions, cal led involut ive

gradings (see defin"ition below), for Jordan pairs aver an arbit-

rary ring cf scalarsl This includes a study of involutive auto-

norphisns for charscteristic different frorn two.
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Sgf*n}!ign* An ffigglg!"t"yg_*trffi.LQ_+.qg of a Jordnn pair
IT

-r.
* (V'ry-) is e d.enampoei.Lion V * V* Ov*
, * - *  - - * .
{V;,V;) a.nd li* ;::. (v1, v:) suc}r that

into subpai.rs V* r *

* { "
a(qlv,  a \,

"rt4

f o r  o , t , f = ! .

Impor-Lant exemplee of i.nvol.utirre gr*dings of a .rorclan pnip
v e{rn be coristvucted by mear:s o.f ideapotents. rf v - vo(c} @

@ v'*{e ) S vg(c) is a Peiree cleccnposit iorr relat ive%*-i t lempoten.L

e of  V,  then V = V*  @,/_ vr i th  V*  , *  V*(e)  @ Vr(c)  and V* : .=  Vr(e)
is an involutive grading of v. rn fact, ev{?ry abstract doconpo*
sition V ' Vo @Yf @VZ wirich satisfies the sam.e multiplicati..on

rules as a Feiree clecornposition indueee an involutive gracling of V*
1 ? r e s e d b c o m p o s i t j . o n s e r e c g 1 } e c t M * . r n g e n e r a } n o ' h

every Feiree grecing comes frou a Peirse d.ecornposition relative
'Lo en i"clempotent.Ilovrever I{ET{},R f f S *] snowedthat this ie the c&se
for a special crass of J'o::cran pairs incruding the Jordan pairs

of s;nrrraetric ma'brises over a fj.elcl"

turother" result due to I{lilIlJR f'fl *J t* the fot}owing struc*
ture theorem for i"nvorutive graaings; ji v i_n a si.raple. and souri*
sirnple Jordan pair ' ,vhich has duc*co and a"c.*ca orl  pr i .ncipal j_ru:er

i'deals, then there &re twa passibiLities for an. involutive gr*eding
V * V* @ V- lvith V* I 0., ei,r;her

ar 
1) Vn i* si lnple,

2) v* is'th.e direet eum of two siinple ideals vo ar:cl v, and
V * Vo O Vt @ ve (V, * y-) is a peirce gradinge

LTl , ] ] . {R t r  l ^ ' zo  - - l  + } - " "J .  J - r^^  - - !  - - - r  
{o t

rr&Jt.r),\ L'{ V c J proved 
.that 

t}re structure theorem involutive

graclings is aLso true for .Tordan tr.iple sy*tenis and Jordan a]_gebra$,

$ 5, J-structure,s .end Q*etruetures

ln order to give en ey,position of a part of the theor,.y of

and {uI ur"%}rr;
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ftnite*d.j.mensiana]- Jardan elsatlrets us*-ng linenr elgellraie firou-ps

SPIITI{GPIt [:,Ofl intr"oduced "bhe coneept of J*struc'Lune, basod en

the not ien e i f  inversp. ,So,  s t rese is  }a id  onthe ro le  o f  6 lg**  ,

braic groups in the theorry of ,Jordan elssbr&s " fhe structutre

group$, first j.nilroduce,f for a Jordan algobra by.KO)trCliJIIt I fS*,J

(see atsa K0aCHnR If l al and BR&UIrI end KOECHnRf rS' p't{), 1s

now ineorporated jn the definition of J*structureo In thie s}*

gebraic,gr'oup approach, the elassification of simple Jordan *l*

gebrasu for"instance, is derived from the Cartan-Chevqlley titeory

of, senisiuple linear algebraic groups and their representatione

(see [fOf, $$ Lzr11h. lTe sha]] give here tho notj.on of J*st'ruc-

ture, together with soae coinnente (see SPRINGER [fOf]l "

Let V be a fkrite-dinensionaL veetor speee over an al-gs*

braical ly elosed f ield tF"

Ng3gt,f-osu Donoto Oy n'[V] tne s;rmmetric a]gelxa on the dusl"

V* of V" (Recat} that rf [V] ean be defined as

tensor algebra t(Vs) on V* by the two-sided

eJ -emen ts  x&  y  - 'T  &  x r  x r$e  F r f . )
-  

Coneider  a  bas is  [n iJ ,  i . *1 . r rn**Dr  o f

i*t, o o e efi3 be ti:.e dual baisis of V*. The xo

their canor:icp.l images in f[V]. Then we hsve ffi 'IVJ * l3'f x1*e-e'r*r]rt

eleruents xi are al-gebr.aical'1y ind.epehdent over {F, henco

Xi define an isomorph:ism of W [V] onto" the polynomiat ai*

r p l - v  -  x  l ' i 1 1  n  i n d e t e r n i n a t e s { " J n  i * 1 1 " o o e r l *  L e tt t  L  ^ L r  t ' o  $ ' " n J

Y** i' in
f  =  -2** -  i  - ^  

* i . ,  * " ' ih  * r t " 'nxn
I l t  "  o  "  91 r r7zO I

of m'[VJ " 
LdentifY f

nr*
=  1 _ _  a r  e i 6  F ,  t h e n

S Y . L . l "
L: l

the quotient of the

ideal genernted bY

v and le t  { * * . i ,
are identified vrith

The n

* i +

gebra

be bn element

lor'{s * if x

with the func'bisn on V as fol.*
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(  5 . 1 )

$*nee b*v infinitenes,s ox' fI;', f(x) * 0 for, *Ll xe F if and only *f
f * or u'[v] cen be identif ieci wit,h an algebra of fr:nctions r,,n lF
(viz"n t i re fwrct iar:s given by an expresoian (5"I)) ,  The.elaments
of 0fV'J are eal.leci pq}gix?ru.:*J-_{pgSj"lmg on Vn

Bp;4er]t' ff F[vJn deno'Les t]:e subsp*]ne of F[v] consi$,bing .
of the polynouiar functione which are homogeneous of degree n,r
tlren s'[v] * @ l.llfv]t i* e gredS"ng"

rn/a \

ec$i*}tl.a$* rf -v an* yJ sre tvrcr finite_dimensional vector
spaces over Fn then a aep { ; V --ry ir{ ie called e eg}y*gmi.e}.. tnp*
if the ioordinatee of f ('x) are polynomial functions of )c € V
with respect to $oine basis of W,

SggggB. The polynomial maps forn a veet,or specs m/VrV4]
which is a free mfv]-moaure, isonorphic to triv] sF tr"

a.pfiglgtisa, Let &'(v) den'te the quotient field c,r rrflv].
fhe ele*ents of F(v) are celled qq3,i-.p{xi}. functions cn vo

For 
T 

f6 r.+(v), there exist grlrcr[vJ such tha.t, ]r/o anqi
(  5  e ) f * gh-l.

rSecause of t':e isornorphi.s&s rfol ," n |\, , e $ t,x"]; tirere is
ur: ique factorizst ion in Flt ] ,  r t  fol lows thait  there.exists an ex*
prei:oion t5,2) slrch that g and h harro no cCImmon fsctor of stric* 

'

tU pr:sitive clegrce. This. e)rpre-ssion is ealled a Leduced exores-
.Ukg *f f, S 1* catted e rugggg},gq of f, and h ,- ffi
piqglpr of f" I{ote thst ttrese grh are unique up to u *orru*olTu*
lar factor: a cle*ominator of f is a polynomiar function h of. ui-
nimal degree auch t l rat (5,2) holcls

Consider not{ & nonenpty open subset U o{ V
*n*.,,ring of fu'ctions f on U such that there exist.

f ( x i r * . [ -  
i "  i

'r, . ffir;ro 
**r 

" " *i'n *1'" o "&"no

and tet nr fu] be

8,hG m'[V] v,r i th
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1

h(x)  /  0 for  a l l  x€ U anr i  r ' (x)  *  g(x lh(x)**r  x€ U. g(V) csn bs

id*ntifi*d with. ,uhe inclucttve l-j"n j-nd iln[U1 (see BOR:tt L-tU, $ B,
I

p.151). l ience rst ional funct j .ons cn V can be viewed ao orr l i -nnry
J

functions rtefir:ed in open subsets of V" One says that f6nr(V) is

gg$,hgg st x or &gqlAlgg at x 5.f there exists an exprossion (5-2)

with h(x) f  0, and one wt ' i tes f  (xi  * g(xlh(*) 
*I"

pgflq&Ijgg* If V and \{ ewe two finite-dinensional vectcr

Fpaces over F, therr the elements of lF(Yr!T) r= lF(V) @^ _,ff'fVrW]m f r

are ealled rqgg-|,el*ggpg of v i"nto 1{. 
trL rJ

BSgLq{$, \F(Vri'/) is a finite-diurensional vector sp&ce over

F(V),  isomorphic to F(Y) 8* lv-

e.{*gt}3gp. If qeIF(V,W}, then thero exists a. po}ynonial
1

nap Yd tFL\r,WJ and an h€ e.' lv] suc[ that .f = ir-lY " /in h of mini*

ual- d.egree is called a Sgng pg, of Y , and Y ie ca}led s &g-

rqglgtp*q of Y . Orre says that f i-s 4etilr-e-4 at x or re-H\Ll.al at x

i f  h(x)  *  A,  and one vrr i tes t f  tx)  = h(x)* I  y t" )c

If V,l{rZ are three f inite*diuensj.ona} vector sp&ces over F,

then there exi.cts a coraposi 'bion map (f ,y) *> Y"Y of F(l{ ' f"} X

X[l{Vr'fJ) to F(V,Z), defined in the obvioue way. In partrcular,

one c&n coinpose rational maps of V into Y* A nap fe IF(V'V) is cal*

led Elgg!3gggl if there exists a V6 {tr(V,V) sush thatf"g ='?"tlr=Td."

Let j : V -> t t,e a rational urapn antl d,enote by H the

subset

r y ' o  I  3( ) v

on the

cal led

of GL(V)x Gt(V) consist ing of the palrs (grh) such that

j ,h . .Denote by i r  I  Gt (V)X GL(V)  -+.GL(V)  t i re  pro jeet ion

f i rs t  facton"  Then 7( i l )  is 'a  c losec l .subgroup of  GL{V) ,  .

the q[FSgLs4$] _ggglJp of j *

Qqg,ia{tis"*. A J-'skps-trps"

a finite-difiensioneL vector space

Y; sncl e & nonzero elenent of V,

i s  a  t r ip le  (V,  joe) ,  lvhere V is

.over lF, j a birational nap of
t

satisfying the following axioms:
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\
(i) j i.e a homogeneous birationel nap
*1r entl : i * j*l i
( i i )  i  5"* rcgul&r at

i f  x6V is sucLr fhert

e  + j {x} ,  ther :  j {er "x}

the orbit cf e und{*r

Zariski CIpen in Vo 1)

e e  a n d  j ( e )  *  e ;

j is re61uJ-ar et x, e*xr arid
+  j { e + j ( x ) }  *  e ;

the strlleturs group of _j f,s

sgm*^J* ?he nati*n cf a J*structure contai.ne an sxi.-
a*tiaatisn of the netian of inverse. Axioms 1) and A) aro then
obvious reqr;ireeents; the iu;portance of axiom 1) was first rea_
lized by BRAUN end KOECHBR I l8r$ ^LIZJ, vrho shav,,ed thet proper_
ties of this neture ean be used to cha*acteriue Jordan algel:r*a
in the case of cl iaracterist ie not tvro.

"BepFI.h-,A* The al6ebraic group rryhich is cent"ral. in the
theor.y, the structu'e group (firgt defi.ned for a J.ordan algebr"a
in a somewhst different n:nnner by K0trClIl:lR [rj a,p,?O] ,I 'SS o)i
see also ilI?AUN and KOECILtI 

r' 1 
nr.r R r \ : _t l  } f f r  P. ' l9J,anct  $ } )e is  atre.e{y *g*

cluded in the definitiln of J*stru*ture o
8.wgrri-2. rf char w f z, then q ,J-st:"ucture is essentiany

tlre sane a$ a Jor.dan elgebrao

Sggggh*4o The notion of .r-structure offers the advantage
that tire caee cirar F * pr &t ieast in t'e dreme*tary theoryu
needs no speeial treatnent, This'does not holcl  in Jordan alSebra
theory, r,,'he'e the case char ,u * 2 needs qp-qglslJg *Iordan argebr"as,

rf'n-rr'.r t-r ^ ^1.c\vj11! L0z eJ generari,aed spfifi{GlrR's re$ults IrclrJ for fini*
te*cii-meneional (quaclratic) Jorctan pairs ove3 * fiu?On lror this,

fr-*.-,-"-

l )

2 )

7 ,

of V of *egreo

l) Reca].l that tlre Zarislci topologtrr on V is the topology .whoseclosed sots are i l re algebraic eubsets of V, i ,en, eets st.rchthat there exi-s*s a set fr*.u,,of6 .of polynomiat rurr*t ion* onvsuch tha t  s  =  
i "  l x  e  v ,  f r (x )  =oo"=  f ; i ; ;  ; ;To**
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Ktihr: i-nLroducecs the concept *f Q*etrueture bssed on the not-lion

of quani*:lnverse* ii{ccRTt',flJ0},Iss re sults llt aJ o" H*structures

can be s]-mo d.ed"irsed, f:o*m K.iiluree resurts on Q*structuresn

Consider a fin-ite-di.raensional (quacl.ratic) Jqrr.dan pair.,
g e tv'*oy*} orier a fieLd s'* Let #t€ vadenote the quaei*inv6r$e

of a. qua*i*$-nv*rtibtre p*ir (*uy) e V'nx V-on f}:e raticnsl eeps

eo-; (x,y) *exy eatio:fy the relat ianst

Qu. {x ro }  =  xp

( 5 . 3 )  
q o - ( x ' Y + u )  =  Q o . ( q o ( x , y ) , u ) ,

eo(x+a uy)  = eo(xr t )  +  I [o- (xrJ)  eo(zrq _f  xry ]  )  r

eu-(xr.y) =o( eo-(xroty) t  d,scalaru

where l{o(xry} is the inver.se of t}re Bergmam transfornatj.on

Bo-(x,yi  def ined in the foregoing seetion"

Lot v*rv* be finite*dimensional v*ctsr $p&,ces ove? &

field tF. )

- liglstlqii* ff I'.{ is a countab}y infinit,e set of algebr:ai.-

cal ly independeut, elements o:f  F, then we put VtU) l= Vk [ i (M),

virhere tF''(i!i) is the quotient fieLd of the polynom.ial ring i.n L,l"

Assuarin3'that x is a generic elenient of v* and y is s

generic elemeni of v-,  let e*(xry),  cl-(s*x) be rat lo'natr- n*ps

with veluee in V+(t,l), V*(j!{} e, ::espectiva1$., end let l{.r(xuy) e
H; (ynx) b.e rat ional maps with values in End (v+(:r,r)) ,  lhd (y*(I l r))

r .espectively. ! t /e put V ts (V+rV*), q ;x (qi  ,  e-),  ancl

H ;= (t{+ , }I.-) o

Lgflklftlge" ,A triple (VrqrH) witlr v,erH a.s defined above

is called ei Q*g!ry.glULg if o fon x, % 6. v \H) , Sru € Vl i},rl end d. € H*

the ident i t ies  (5"7)  ho ld"

Bg.ng*h. As was shov;rr Uy KtiHN [Oaa], there exists a uni*

quo quad:rati.c Jordan pair st,ruc'tur:e on (V+rV*) rn;irose qr-resi.*.in-

. vsrs* is given by eo.o
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$ 6. Connecti-ons witlr Lie structures

. As wa$ alreariy nentionedo the close eonneetions betlneen

.Tord,an antl Lie st::uc't,uro h&ve 'Lheir ctue prlace in an -*g!f,lng*g"

treatmento llov,rever, 'taking $nto aceount that Fome of these con*

ner:tions have becoine cie$ei*e} referencss in. the fie1d3 1'r8 rhaLl

briefly recall them here together usj.th $*&e recent'devel*pnsntsu

$Iote* The elcse relati,or:s between Jordan algebra** T*ie

algebras, .Tordan triple systeins end th,s env*loping algebras of

Jorden and Lie algebras ane cleerly preaented end ttre hi"stor*"-

cal roots of these theories are discl"oBed by K0SCII0R[59 i]]"

If is we}l-knovcr that the exceptianal Lj"o algebras SZ **y

be obt&inod as the deri"vation algebras of Cay3-ey-Dickson algebras o

the Lie algebras F* nsy be obtained ae the deri.vatj-on algebreo

of JorCan algebras lI, (e) ancl their forursu S being Cayley*IJick*

son a].gebras over a fiatci of characterietie ci.ifferent froru two,,

_ . - -  ( ' -  -  - - i  - ,
TITS l fof arbJ used Jordan algebra* to construct modeln fo; '  €xr

r ; r ' - ]
ceptional Li.e algebras D67A?, EB" i{OECI{IR 159 cJ and KANTOR l5A*'1

imbedded an arbitrary ,lineerr Jorclan algebra J into the Z-*gr*dgcl

Lie algebra

K!r)  = l  * /* rn / "  t l
. ,

Conversely, in any pgrelcled Lie alg

.operat ions

r '  1 r ; Q  f o r t i l > 1 "

e b r a  l * 1 - r &  /  f f i { , th rs

are very close to a . Iordan tr iple prpduct.

Erpu$-e&tlls"klj3#-jr-qsrs--ss$gr,s (see frof b], and als" [+Z U]

f Zg *J ) . Li;t .fr , i) be connposition algerbas over a conrmuta'bive
G ' )

field K of eharee,terj-etic zero n and let J be the Jordan algebra

H3($)* Denote by T the tr"ace bilinear forn on J, by t the analo*
h l

gclus form on ll , and by l, (resp* .To) thc space .of eler,'rents of
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trace %ero *n f i  (respoJ) * D*f j"ne s

projeet,ing 
"the 

u$Lrttl prcdtr*i; rv*'tir
n l

J l = w  I S  / - o  ( r e s p *  J  * t K  3  @ J o ) "

D." .., f'Dcr J bY
' .  Xsl  

f

o*ur ,  : *  [  L* r

f

praciuet x on l-o (resF. Jo) bY

r,espect to the cleconPosition

"Def irie ,n, og Der-4 ancl

<lenotes'the r ight (respnl"aft)  mult ipl ics'r t ' ton

K*vector speee

ufrere R* (resPo L*)

by a* Consicler ths

l -  ' * ,  -

4 l 4 r r / r r @ f " r @ ' A l
. l - - L

8 1 G 2  r
; _  J

Iesarb (see[29 {),

for oxcePtionnl Lio

( 6 "1) r' 
' es follovts I

I 2 {s I

A

,L
at^ ar-7. t?

+

t\z A 3 S A d 'J { -
^ 2

11

ft* q f f i r
1f
J:t17

I

T3' E  
A.f

$ '() ry ! e

A nurnber of other wel]-knov'rn cont'ruc-

algebres can be founrJ in the abovs

ds

\

T\
L l 1

.f

t ions

table

/ , t  f i - r  ; l  rE Der t f  o d-g Jo)  @ r ler  J

endolted with the Product

/ . i \  (  1

\r.r t-XrYJ the usuai' Li-e protluct i-n ferl @-Der J ;
{

( i . i )  
f , *  ,  * ,  f t 'e !  ;= & D E x+a @ Su for  a6' fo '  xdt lor

-  D e p e r v t  r E € D e r J I

( i i i )  [ *  *  x r  b6  y l  ,=  *  T(x ,v )  op .no  *  *  {  b  @ x  ' r t  s  +

/ I *

*  t  * (a rb )  o * ,u  fo r  a  ,b *  Ao ,  x lY€  Jo '

Thusr/ t$, ol  beeones a Lie algebra" a*/- ana"S v&r' lF over t ' | :e

possible composition alge'brne, the rooul'Ling algebras are those

displayed iri the followi-ng *'magic squo're'n :

di* B

K(5)

t  6"1 i

r f f
t _ _ - -

l t 0  I

r - - l - *
? r 0

I

i
I

I
I
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e) D*r J CIosu]:s in rov,r ln coltisul 6$ rshile the clerivati"$:ft

a]-gcbrn of tho p*rlotri*t:. eil"gerbra occurs in row 4"p *0*

J"unun 1.I

b) the ear.Lier construet,ion of H

{ * t/., 6cJi s }*r .r,
7, due to Trr$ [rof *.1,

whero t, i.* a CIimpte tirree*dimarrsional Lie algebrar oecurs in

rqvi 7, column 6 (icientifying pe'r/- vrj-th"/, m rl;

c) tl:e K0ltClll lR *onstruction [59 c] for llrn
,,\

l = t 0 3 @ { t * t ,
'shere J ie exceptional simple Jos:dan ancl

, f i ,  , * { * * , * o /  x r r ,  ncDe r , r l ,
A

ocellrs in rovr ], cetJ.rrmn 6 if 4 iu sp"rit;

d) the E* construction ( see FirUUil'{ER I aa a] i ,
n D - C ) d \ 6 r

{= 1,u:> e t*o/J l  @ gsJ5le n ' r ;

for J exceptiona). sinrpJ..e Jord.anrfi a three*dimensionaJ- r""ector

t
$pece Over K, fi i, t,he algebra of transformatio.ns of t:race' usrO

a n a
in 

'J) 
, J5 tnu contragraclient nodu.i"e to JJ; this appear$ iri rotr 4e

eolur;:n 6*

ATSIJiIAh]A I p] gave a bonstr.uet,ion of al] compact rea]

silr:.pte Lie algel:rasn In the cslse of thc+ exceptional alge'uraeu hc

clescr:ibed an isonorph:isru. from his rnocleLe onto those construeted

- r -  - . 1
by TIT$ L r05 bJ "

pegi{i;gtq$ 1soe illtrN i19 "), 
&Llrsg}\ frJ}' A vector space

'I,t 
*ittt triline ar c omposi ti c'n sat i s fling

( i )  
luru 

*  Lvno = R.r*u -  Rur*  t

i i i )  fRyrw, 
**,o] * i trro*,xr?/ n' -Rvuff iyr* ,

for 41,.1 xr1rrzr l trvxv,r €7V1, where

,u 
r, 

: x *F uvx and, Oo, o : ' x ** x\tv,
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i,s eslled a J*3Sfng.Sg*SJg"gHSo

$SR*ghJ" Tho nailro J*tcrn-ary ari*es eince by (t) alid (it)

eoi*binsci., t ire transformutiolt (vrv) l* Rrrrv * 
\r* rlpan a clor*

'  / + . \  1

dan suhaS.pgeb,ra J of (EnA'YVl )tn'l so that}4 is a speci"al J*moelutre'

I.{gtS*For the structure of rg$q-$-g* J*ternsry algebr*e' see)

-
HiiIN I 59 l: ' cJ "

Re .eg rb j e *Ak indg fe t r uc tu rec l . osd l y t i nked toJ * te : r ne ry

algebras are the so*eal1ed, urFreudenthal triple syotemsn', studied

and classified by IdfiyBERG I tt { n In 19?B' KAI'moR anci '$KoPET$

- 1

L55Jes 'bab ta$hedaone* to -oneGof fe$ponc lenceb 'e tweenFreuden tha l

triple systems (as defined by L{eyberg except that the assoniated

quartic forn is allowed to ?:e uerci) over nn algebraieally cl-r:sed

fielcl of charaeteristic aero end siniple Lie 'algebras o in a rvay

verlr airnilar to the constructian of F&UtI"llIlR IaA O] C"*u also

F n F , R A R [ : o ] i .

J-ternary algebrae have begn ueed in another constru*tion

of exceptional Lie al.gebras simitar' to that of KoHciflln fil -]

^ '77 * l. rf J^t\ is a J-ternary algebra and J sparuieda n d L [ - ] Y B U K ] L  ) n

by i {,rr"; | "rve 
ln'tJ rs a sinp}e Jord"an a}get'rra'

R* ;  (uub)  T> (  
*  "us 

ub) ,  Aoroo I  (u ,b)  **  (uvwr {  v 'bw)  }

for  arb€Jr  vrwru €,TVI 's  t t ren one forms

/-tr,x() **Tofi * {o@w I 'r
' l  "  I  o e\a\ "  Trfr ,co!.r i .es of JrIz()  with product.de-(7o 5= sp&n ?t 1 

o" 
,*.e 

YW ) ,

fined by 
/)

[e,nl usual Lie Prodtrct ih {.

f**u,ui 'w] ,* {urw) , [ **, 6.-l  t= ("i l-t  
]  l : | , :{"

fa*v,Al  ,*  (a+"v)A, [ [+f , ,aJt '  (a+v)At J 
u|aefo  ̂

fa+v, i l ;] t= 2 Ra,b* t [o*,uol 
* Ar,r{ * e$r + ff i '

l
l.

i.
i:
ii
T :
tl
ir{
I;p

F' {
' i

ir:

il

fi
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v-here t, t A -*f i\ * 2 R*A anel a

{q.rr)tl) is a iie aL.gebra in'hich
t * .  -1 -

( : n x T l  D l . |r rv r r  
L .  

L ) t  a

is the irlentity of J* Tiro algebra,

in nno*t capes is sirnple (see fJ,LI*

exc*pt i
-')
i r l J  a s
)

For *r parti*ufnr T4 tmss Ff\IIf,KI',j1lIl [eA *J, and s]so llAUtl';i'l3lt

and IIPJIARf29 {t wit}r..}.

6ebra E* {.see iTAULKI"IHR L 28

onal simple one obtains 'bi:e r*.1*

it was first in'Lrod.uced bY

ritrtn:ri;uiffif rfl.
L J

SgLg.Let ue men,tion here thre eonstructi-ons of Lie algei:r*:o

fron J*'Lei'nary algebras given by I{Alt}On i:+ CJu Xzu,iAGUIII }09 { ,
r - - - ? , f ' 1

ImIl{ L:g -J, and ALLISo$ lZJ, rthicir }rave &,3 comuon origin that

given lry FRtrlUDlJi{T;IAL fsr exceptiona.l Lie algebra frora Jordar: a]-

gebras [r{.,. iia}ticiil [F0 { n"on*d t}-lat a}J- sirnp}e Lie a}gebras

(except for those of type Ar} over &rl alg.ebraically closecl fietrd

can i:e constructed frorrr a J-ternary algeb::ao For trsuperternafyot

algebras, srle Coruments l, $ 4, as well as BARS ttr].

MAYBffRG [?? A] g*o*ralised the Itoecher*t"its constructibn

anql s1,uCied certeiin Lie algei:r'*s vdrich are constructecl fron the

(*1)*eiglenspaces of an involuti.on of a Jordan algebra* i{e 8&ve

neee$sary concli 'bions irr. terms of the Jorclan algebras for the Li"e

algebras to be,sinple" I f  the (-t)-spaees are ?eirce - 
b 

- col i l ' *

ponents, then a$ vdas notecl by.&leyberg there exists'n close rc} la-

. ticn be'l,vreen the Lie algebras uricler consj.deration ar:d the s"Lruc*

tr-rre algebras of Jordan algebras" Finally, he gave a I'iet o'f

tbose type* of .sinple Lie algebras lihich cs be fox'ued by this

constnrction An.d. arnong tirese etre. ttre Lie algebras of type Ii*

and 8., o
I

t- -'l

I{fiffn ancl IIO$BNDAIiL L Af j generaliaed tlie Koec her*Tits con-

structi.on to Jordan pairs (ancl, in a sirnilar manner, to iortian

triples) " The functor: obtaj::ed goes from Jordan peirs (or Jordan

' 
tr iples) to Lie algebrae . l ioechert$ rcuark that Levirs theoreu

i'
F
t
i:



4 0 *

for Lio n)-gebras of chsra*teri",*tic uero implioo., $g the functor,

the isedderburn principal theoreun for Jord.en algebram is extcnded
,

to Jordan pairs'ttlnd Jcrssrn tr.ipte*) over a fieltl of ch'areeteris*

t ic  zero o

Each simptr-e Koe*her*fite constru*tion. of a Lie algebra

fron semisimple corrrplex Jo::clnn tripJ.e systems may be characLsri*

red by the exiqtence of nontrivial elements u wi-th (nclu)} . a,lu,

Hgwerren, reaL fornsof such aigebras are. not in esch case l{osch*r-

Tits construetions as this is weli-*knouut from compact real forms.

So, RINOWtg4 asked for e nev,r method for constructirg real Lie

'algebras charecterized b;u tkre exis'Lenee of elenente u # O witJr
. t

(qdu)}  x o( a.du (0(6 [ t ]*  Let  J be a f in i te*ci inensionaL real  Jor*

dan tripl-e arrcl let f{ be a two-dimensional sirup}e Jorclan trip}a

over lR v.hich is given by

l * * \ , = ( x , Y )  z  + l y r x ) x  - ( x , x l Y ,-  e t  t - -  t  "

< t > being a nondegenerate symmetrie bilinear form on Wo Bi cli--

rect ealculation, one can eeCI titat W @J together with the cCIra-

ponentwise produet is bgain a Jordan triple, fron whieh Rinaw

got a Lie i:ripi-e by atrternatj.on of the first two argumentso The

subjeet became tho standard embe<ld.ing Lie algebra L(W'"I) of the

Lie triple SI & J and it turned out thqt .a rpal fenite-d,iure.nsional-

siiuple Lio algebra ie a eonstruction L(WgJ) if 'end only *f can
12

f ind an e.Lement  u . f  O wl th  (sdu)r  * ( 'adu"

. HIRZEBIIUCH [+O *] describgd a genera]ization of TI['$u*o**

struction sf Lie algebrao fron Jor.clan ulgobras [fOi a] to & con'-

struetion of Lie algebras.fron Jordsn triple systeusn This gone-

raliaation incorpora't,es l-ffiynERGts construction of Lie algebras

by Jorclan triple sy$tems L?7 eJ in tfre $&mo wey as Tits construc-'

tion inc.ci:por.ates KAifIoR'* ff+ .al ana KOECHER's Lr, *f, and.es
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a Titso cons'h::uetion it hels tl:e:

otltain ciiJferent forms of a Lie

.l 'or:e3nn "bripl* rystem"

A$jil;C ar:d YAIdS"GUTIiOI nhotgeci tirat HIRZfiSI?U0I{'n c*nstruc*

C  , . -  4  6  a :  a  3 - - ^rrsn i 4u * 1 es valid. atrso for a msre 65anerar3" strueture, name}"y,
T - J

ge;reralizEld Jerd*n triples sf $e*ond ord.er !n the sense of K*ritl*
( l'I0R 
) 54 d /" tiris constrlreticn in','slves a two-dirnensional $p.tcs .

*itf, Uj..finear ferrm 1r7 ; in 'che c&$e vrhen the field of ciefinition

is algeirraically close<l and( r) is nor:*clegenerate, the const'ruc-

tion is essenti&l}y that gi.ven by KAhTfJn I i+ Al" A Lie a]get:rra

constru.ction analogous to that of Asario*X***e;t was givan by
. a

KAKIICi11 ) :0 U 1, end g*nsralizec] i:y hinself tc greded stru*'tu*'
. i J

r c $  l 5 O  
e J o

KOiICi.iHt [59 el nointecl out h.ovr algebraic const]"uctione of

tie algebras by rneans of Jordar: alg;ebras of uTordan tripl.e sys*

tems, the st,uciy of hotol*orphic vector fielcle, and other nethads

and re sults in the cl.clmain of nonassociat j-ve algebras, can bu

lfurked by a general conc*pt. Ko**herts fuRdaurental ideas are the
t

fol lowing;

Let X be a left l i{*modul.er 0i b*ing &n &ssociative and c*m*

nrutative ring with unity. Consj-der" the K*nroclule

artrvan**ge tlrat it allcws us to

al.gebrel ,*tnrti.ng wi."th 'Llto, ser*e

To Alg X

ned by (urv) '-* uAv i= l tov wit i r  A,r6i l rrd K and urv6X. In Al5 X a

arid one gets an al.gcbra denotecl by Alg,, X"

AIg X together with tire prod.uct (6.2) can be consiclered

Alg X ;=. Hory, ()i, End* X) "

each element-A of

product *hich d.epends on

are elenrents o{-Xr tir.etr

(  6 . 2 )  x ( A u B ) y  ; ;

u*X ' is  def j : red as fo l lows:  i f  Ar  B

(uAx)By + x}3(uAy) - uA(xBy) 1

there belongs an algebra Xn on X defj.*
#"
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es en el^ssbre of a.Igobr*ur Ii i-g, x. rf f6[nd Xo A6/119 x, firen

en element f 'A of AJ-g X is d"o:finecl b}r

r:( f  .Alv ;* ?tul iv) ( fui  Av * u"4. {Tv) "
!'or a submociu.L* L,i of /rlg xu tl:e etsltenents 'ulol is a left

ideal in. /i).grrxo' &nd oof 'ld c I;1 f*r a}l f af rind "x.rr rars equivalont "
If K i.s a fielci and u d 0, then 61Su X is sinpl.c ,rnd sL*

ulgebras .*:.e nu'l,u*L1y isr:morptrj.c *

?l.re r:rincip.al i"dea i.s 'Lo consider the so*ealled slq.dqrd

else!,{s
Stand X ;= X 6lnrrC X S alg X,

in whish the pra,Juct cf the elemente * = ., @ T 6 A and.

?un [ t ,u ]

fu,*l = o,

Y = v @,s # B i.s defined by ( $,V ) -*p I+,VJ with

[t,u] ;= fs*sr, l*uril ;= ; =  T o A *

[ar* l  ,= a,r ,  [ "u, t )= oo

fo r  uuv6Xo 1r$ ,€ I lnd  Xe AsB€ &3"g  .X .

$tand X is an sn'Liconmu'La.tive algebra in wtrich t5e Lie sub*

nfu;ebr** are of epecial interest, Vari.ous new results were deri*

ved and vrell-knolYn ones were pu't, in s ne' context, K0ECI{XR [59 -]
also ,ieve a stucly of the connectior: betlneen the Lie sui:algebras

af stand x (in'whiclr x is f inite*dimensional) end a group of bi-

rstianal n*ppings cf X"

Le'N us mention nor,v the following iiOItcIiER'cons'Lruction ftg fj
0f" Jordan algebras given a f'ew yeers later, i l*a unitary coffii1u*
ta'bive ring ftir i lr '*nodule x anci a Lie algebras T of cndonrorphisns

of xu let I,f(T) denoto the submodu]-e of Hnd x consisting of all

lli*linear nappings B I tr{ **p*nnd. X, u :-:}" Bug such that Rr € T for
u-6X" $uppose t i :at there exis.Ls a commutst ive (nonassoeiat ive)

algebra A on .{ such that the algebras defined on x 1ig (i.i,v) *ats
--) F3uv, l€i{(r)  r  are nuta' t ions of a. Th{in one can construct a
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Jorden aSgel:r"'ms of Ao r,sb l'l i x *+fi( be n nnnd.egener&ts rnti.on*el
riap of the finit,e*ciirirennional- veetor ,elpieoe X oven a fj.eld ${. I}e*
no'le by r\ the Lie al;leb::a of thc u'isivuriqncc gr.o*p of 1 

,r uncl by
A"rt the *amrnutatir'* algei:r;: assecia..be d wi-Lh. 1 and l,et G 6 x* Tll:.en
"bhc &ssulinptior:r &re sa.ti-si."j.eij ancl one air'lains a Ja:,clan'[1g*nr*

of An

As is '#e1,1 knotrn,"the no-Lion of the struc'uur€; group:i"rr tro*
clucecl by I{OrcFfiR [59 { 

(seer $ r} trirov:ld.co a useful too]. for t}re
thea;'y of J'ar,*an argebras. JACIO*s0I{$$ pcper [+r "-J 

aime at c]e_
ternir:ing this group es e*plicitly as poosibre fa;: the Jorden aI*
gebra of syrum*t::ic eJ-ernente in em sssociative algebra with j.nvCI*

l"ution' After definir"rg the basic concepts as,$ocietect wi-b,h crue*
dratic Jordan al-gebras, Jocobson presents the rnain iclen of hi,q
peper: given a special qrradratic Jordan algclrra J, the eler.r*nts

of tlre stru*ture $rCIup being just the isomorphisurs of J onto its
various isotcpes incluee cert*in autamorphisns of the specia.i. uni-
versal envelope of J, and tho 6prcup of these automorplisms *en
be explicitl-y clesc'ibed. The structu.re group of any .Ior,dan ell-:
gebra J gives rise, by th,e stanclard pet-r,ern gi-g dual nw:rtrerso t*
i ts a,ssociated Lie ai.gebrau cal led t tre M of ,ro
trn the final section or the pepsr [rr *], JAC0B$0N showed. how hi,$
relsults about tl ie strueture grCIup.i.raply cor:respbnding resu1^Ls
about the structuye algebre"

. coRDOlI.[:+ *] de'Lerrainect the eo&por]ents'of the autoaor*

phisras group ancl of 'blre structure grcup of' a semisimpJ.e Jortlan

algebra J over an algei:rai.cally closed field of characterj-stic

zera,  as vre l l  as the act ior :  o f  these on Jn The.resul ts  thus ob*
tained are highl)' elaborated but are rnodelecl bn the correspCIpding

resulte for Lie al8ebras; inctreecl.r the inain procedure is to work

with the Lj.e algei:ras of deriva't,ions, th.e structure Lie elgabra,
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anci the Koeciier,*Tiis al+lebra* In f 54 bf GORDON procecled f::om a

cornplex, sem.ieimplo, fi.ni"te*clim*nsi-nnerl Jor,d,an. algebra J wi""Lir ti.re

strr.ieture Lie *J.gebra /- *n* Kcoelinr*fits n)-gebra ,R,ettu pr$vs

th.a"b, a suitabl-e selected ct:svalley beein fo*.R yieldru simulta*

neous in'hB6;r41. bascs for .I rrn* { o Then, GoIt}cI{[:+ *lu::i i&rtc*le

a tlrorough*gaing *tudy of Lhe structure group of a split serof*

sinple Jordan algebra

FAutKNitR eno }'l*irRAR [zg ul aerined thei eoncept of an gnti*

{.p,t"{gg.p3j"n rvi:icir differs from the coneept of a Jorrlan pair on}y

by the sign in the seeond iden'Lityo l{owever, t}ris difference

induces a connect,icn beivieen anti*Jord,an pairs and grad.ed. con*

sistent Lie superalgei:ras instead of the known connection betvreen

."lordan pairs and. graded Lj.e algei:ras r

ZELtir{.A'}iOir [ffO rrl reurar]eod that 'r.o,ur1c1or certain restric-

tions crn the charecteristic of the grcund field, the theory of

Lie algebr*:s v,'ith finite grading turned out to be (rparallel-D to

ti:e Jorden theoryo This paralleli"sm is not forrsall the most im*

portaltt notians an<l rnethrrdi) of. the theory *f Jrrrclan elgebras ed."

il i 'L thb natural anaiosoucs for Lie algebras with finite grading"

That is v"hy the Lj-e algebras l,rith finite grecling muy be righ.t-

ful ly j .ncluded into the Jorclan theor"y as. i ts most general (up

tgdiey) object.  Tl: is ideolagy uiacle . i t  possible to clasuif f  the

simpie (infinit**dir::ensional) Lie algebras with finite gradi.qgul

(see Theoreia 6.1 belcrw) *

Iheqlg*$-.$-o.t {Z:fiL'},{,0i,r0V [no rJ; . see atso [r:.o n]) . L.*t
p  * " J i } *  n ^

- / \ J
'( * A"- Z-1 .be a simple ?L6paded Lio algebra over e field of

.L -  * l r

charaeterist ic .  p7 4n+1 (or zero) n

fr.rll.o,vi.rg asselti.on* is yalid :

Y-/
4* "t{
r-ro

I O* Then one of tire
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4rt

l") there exist*: a uiuple zagr'acled &$fiociutj"ve a16;r:brer
T1

Y** D
l f  . }  n  - . - - !  r - i  - - r  + f  ^  l ' - , -  * -  I  r

" 
* 

t-n 
Ri sticlt thnt {z fn,rrl '/ i3 nnnr ivhere * is it c*rr[:

o:f ttre corulu"Leln'c ln.iii :
L . ) t

2) there e.' l{sLs r' i  simp)-e X*gradecl sssoclati-ve a}.gclrrn
tl
J,.i,

+{.H = )-* i?, v;:ittr i-nvolution *r ; I? -** Ru ll,! * R, n eu*h 1irat"{E-T ]. ' ", r r--, l .* *t. i

* f s ,d  / * ( [ sus ] ]  nnu ,  where  $* { j (R r * }  ; * {aeR
e algebra -x -skei'r*sy:luietric e lesrent,s i

5t {. ie 5^sourorphic tp a Koech*r*i{antor*Tits

of a Jor.Jan algebra of r:;na-metrie birinear forrru o\rer

sion of the grour:d fie3"cl;
t

4j { is o} one r:f th* types S2r in4, &6, 87, EB, D4.
gslgenls, As zltt,iriAj',t0v [uo rr] observed, one m&y cfrnsider

&n even mO.r'e 61eneral si- 'Luati-on, n*inely, vrhon A is a t,Jrsic6*

f'ree abolia* group ,/ * X/, is a fi-gr,aded Lie a]gebra, and
l e &  / a

. b i r e  s e t j f  A  n  |  - !  ,  - )
t  ,-  / \  J Z1 f  oJ is f inj" te" Then, uncler cer:tain r*str:rc*

tions on tho cjraracteristj.c of the gror.ncl fieldu an .analogne af
t l ie Theorem 6"1 abcve ean be provecl"

tet us finally mention $one of ihe advance,s mede in rriew

of applica'Llans :n pfrysj.*s.

rf we tek* the totally syurnet:'iaed monamials ii, ,l and p
as a basis in the *reyl algebra, which is the" associati.ve atgbbra
generated by p 8nd q moclulo tire canonical cornmutation relatians,
the poiynonri.ais of the first eu'rcl seconci c3.egree can ire girren Lie
and Jord*r: elgebra struetures that, etre isorobrphrc to rvell*known
rnatrix algebrerso A$ an aplrlication, tire r.elation betv-,een forurally
real Jorclan algebraso cloinain of positivity, and symmetrii spaee$
was usecJ by TfLG.r\mR f f"04 *J U givo a ctassification of th.e $e*
cond-dcgree l{ani}toniatts t}:at are . invariant under invertibLo ,ii*

l 4

l * * = * a ) i s

eons"hructton

$ome exten*
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ne&;. tyi:n,t1'orxx'i;i*n* *f q i"u:i} p ainri hr** .g#H:s inf.'lucrrcil #I1 tii;: 
.

x.epr*{i$ptgticr: t ir,;*r3. of t! l* s*,Ll.r: l,r l* $p*ctl: i tt ir i :ctlu;'t}[ if i ;1 i; l 'CI,; ir ' .]

of thr** II*rniIt*it i*nx wir:rr: i l  wor$ €si:}i*r d**crib*cl b.V ' l. lLi i i i-r.. i{

f r . t - . l

l fO,1 n,t .rJ " i .n t i :o { ' in*}.  p*t. t  of i r j ,*  pnper" |104 cj !  ' l l lL i l i ' l l i i t  
s ' j { ! i is

tire relation of' ti it: drcyl l l,1;nl"rrel t* tlre iJliff 'orel cr},,1;*'ur.:,l ovur

en ortho$onsl" vr*e tor $p,**s ! *.nd eliscur*sed tiit, minirn*I irahudriin;;

of nn *ri:itrsry Lic sli ' iebrs inta the ltjeyl algcbre'""
r . . ?

SAR$ LtnJ d*r:cr ibed the rolo of tornary (supor) nlgcbr:r-r*

&s bui lding blocke for nl}  Lie (*r"rper) alg*bres. Thin rnat i teinuLt*

cal construct ion is tentat ivoly apptied to thc pirysiccl ig€lugo

theory in Legrangian formul,ution.

Every involut ion ( clef ines, by d.(X) * -X, the elenents of

ono of  the c lass icq l  L ie  a lgobras c ,  (nr  C)  and sp (2nr0)  over  i l t

a n d  f  ( p r q ) ,  s p ( 2 n ,  B ) ,  u ( p r q )  1  6 * ( ? n ) ,  a n d  a p ( 2 p 1 ? q )  o v e r ' & i ,

also defines d-syniaetric natrices Y *d (X) epanning thCI cla{t*icul"

Jordan algebras. PATiIRA nad R0USSIXU[*:l geve an explicit cle-

ocript ion of al l  perturbations ofo(-slnnuretr ic natr ices, conride*

ro<1 up to equivalence, rmd^er the action of ttrc corresponriirq;

classicaf Lie Eroup" Such exi:aust ivo porturbations &re ca}Icttr

versal defori iat iona o

CUtlgypfN, SIERi?.S. anrl 'I0i{t{-l$ftn 
[lf] clc;'ivetl tho urn;;ic 

.*sunrl
froui tl:,t g*onctry *1' s special ch:s* af N * ? i-isxldcll*li jnstein 

i
superlr{rvi ty t i t ror ies, l t i r i r ;r  * l .no s}rorved t i rut tnch *f  t i ;csu t . i iLrn*

l . ies iel  ai"r iairrnblc b{ trurrcat ion oj l  i i  . '  [J : ]upci ' i j rr iv i ty t , i i*ul iuir

i n  va r i . ous  $ ! r$cu t i : : : e  r l i r : * ; i s i o r : r  C ,  u ' / r c -dp t  f  i i r "  { rn  * i l xo r i g ; t i . t r . , : , I "

gu i . - ' c l i . r ss ,  u : : ' i ; ' . : u '  i ' , J i *  u  ; i ; u : t  t l ,  ; r : r i . ; l r  i r  { r .  - r . . ) r : i r i Lc ' i l  i l t . : .  t : . , '

C r { c t ; . , t i c r : i i i . ' l ; : ' . : : r ; }  { . r -1 . . ; , J l , r ' i . }  : i  -  i { J )  
i  * )  

.
J

- t - i : . . : . 1 : j l . . , l , l  : i l . . l q ; i ' r l Q "  ; J l l *oir  L i ' :  -
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i {ndronic } ' t 'csc* rnc" i fcn*utum, }, 'x l(}s. vols. l*4, rgs4*}9{j6-

$ 7. Rr:; :* i*n school in "TorrJsn ntructur{ is

T-r'l ti i is soction wil sh,t}l briuf"ly. racaff 6oulc oJl thc mrssg

inrportont r*sult  obtnincci by t l re Novosibirgk uclrool of i l ro J.ot.o
IYctfes$or shj ' r* l iov, Fnr:t- lcr"rJ-nr\r  ?jsl  rnanov,$ re$ults co*c*r ' ing
the i l r f ini te*dirnonsional ca$s* Tnsss advsnces sssentinl ly coin?leta

the gcncrel structure the;ory for r jncar Jordan al irebras. These

results are expected to bea* targory on the eppricot ione of Jor*
dan structures as they become bettor known. I 'or a detai led cls*
scrint ion of the recent breakthrough of tho Russian echool i .n
Novosibirsk, the reacer is referred to zaLr[1,,A,N0( [rro h] and

McCRrit ioru f Zr iJ .
l lq lg. For Russian contr ibut ions to geonetr ical appl icat ione

of  Jordan s t ructures,  see $$ Zr j  in ,JSA. I f f  r  ond $ t  in  dSA. IV,

rvhi le to analyt ieal appl icat ions, see $ 5 in JSA.V.

sHrnsHOv [lo "] 
proved by conbinatoriat nethods that any

special Jordan algebra whicir  sat isf ies tho identi ty xn * 6 irr  ro*
cal ly.ni lpotont.  i iore general ly,  he proved that the l jurnside*l ikc

problem (or tho i iurosh problen cr.  I  O+]) has posit ive solut iop
in t i re class of speciel Jorcan algebras *, i r ieh set isf ios an essen-
t ial polynoeiat iclentiry (see s:irr$iioV f le *J, and etso Irar] ).
Irron iri 's rosult rcised $re follovrirg

Qrl i rqr is t  ( . i i r i i3 : iov f  nu 
" ]  ,  cee a lso f  iu l l  .  rg  i l rer .e  or \y .

Jor<lan ni1-al5ebra bf  brundod 
-dbi ; reo 

thot is l "ocarry nirpctcnt  ?

The ebove-ment io r tcd  ques t ion  is  cqu iv r i len t  to  l io  l ' o l1ow-

irr6:  i loes t i tc  Lci l r i .n: lon racl ical  of '  n i isrd$, olgcbro aluuys l io

i n  i t r  l o c : r 1 1 ;  r r i i p c i c i i t  l s i i i c r i l  ?

Su;r6lolr , :  t i l r i t  a l in,rar Jo: .d. : in al , ;*Lr l .s J is g. : l l r . rutur l  b;r  i ts

abso l r - l te  l l r - r l ' o  r i i v i$o l ' s  (  , ' n  e ie ; . ln t  a  o f  . j  r  a  /  O,  i s  ca lJud { r : t ,
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abeoru te  ns ro  d i v ie io r  r " r f  J  i r  {aob ,s }  r *  (nb )a+a(b r r } -bu?  *  ( } . i r s r r

t*11 b fr*m J)- tr ,ot us e t :nsidrrr i tn f foe*he r.-Tit* con$truct ion
i i (J )  = J(J ;  *  r r r  " r  - t  / r '  ' - '  r -  ' ' ). .*"i" i lJ I '[(,.I]o it] H(.I]1, eal':rAliov i*:"r* b,d-l ur]$c] ]i,;,$1R]*

J

Krtits toeirniquce fqil $,']d ilre..rorrton onigi.rr ef fi:* Li.* a]g*br"*
K(J) to prove i ts ni}peltcuco rvhi*h ie *rquivnlern.b to t i rs l*c*l
nil 'potonee of J (nee 'i lheorerns 

?,1 arrd. 7.a berovr). i l, l i i.$ nol"ved, i.n
the arrirnsti#':-T;;s rion *

tLeo"rep 7..1. l;{cCrirnrnon'e radical of s llorclan al"getbra lies
in  i ts  loca l ly  n i lpotent  rad icq l .

Thqoggq ?.3r Any Jorrlen rui} algebra of bounded ctegree is
Ioca l ly  n i lpotent .

the Burnside-like problom in the class of rlorden pr-al-

gebras has also positive sorution as is shov,nr in

Ttr:xg. z:z (zEr,'l,1AN0v frro .] r . Anv argobraic Jordan
Pf*algebra is locaI\y finite-dinonsional.

coppents. sLrNrK0 [roo b] showed that a speciar Jordan
algebra with ntnimun eondition on inner ideale insido a quasi*
invert ible ldeal r  hae r nirpotent,  and i f  e opecial algebra was
generated by a f  ini te nwrber of abs,clute zero.divisors, t l :cn i ts
special universal envelope is ni l"potcnt.  (For Jordan algebi,ae
over an arbitrsry rins of sealars, see sl;Osyii,sxlr[se] .l .l lr]i,]i0
and ztilt;,lA;;Ov fttfl extended, tiris rssurt to -qrgitrqrtr al.gobrae.

Hy introducing the.iraportant notion of' unlrjlt i lcrtur l), fffirj, jr,i i. jov
l/ -.r

I rro aJ wss abLe to hsnclle sinultaneoucly bcth tlre uinia],rfip srnc
ths unsxi:ru. l  coni l i t ion.

lir.^n:J'i: ]. frou ZirLlittuittV's ff fO

state: ' :nt <Iu* to O.idl i { i  anC I{ACI} i i i l* ,

Ig*g$.-e. rn orrler to develop a

'l

c  i  t l i s  conc lus ion$ o f  on , *
-'l

s ,  b _ l  f o l l o ' *  c e s i \ y .

s:odlrl"s t ireory sloro ;. jt.CI-

I )  lx ter :Ce, i  to qur lJ:" .nt ic JorCen ,g1., ;*bre* by
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pfirl}'- *uit*'ei t* the *tur'lv. *f th* ;ltnreturo tlrcory of *o1,*r*r.!rlcj.fi*
tivo *)-4;*i;rar* {pr**r*ri.ty ltlt0",**iu*, f."J.cxi.bre anrr Jorr}:n *r*
6eL'r*"*), *$ii*;i l i 

Igr { or,*o*nt,eirr trso modu}o thoori*n ancl dev**
1*p*cl tl i* cCI:' i '*s;iondiilE r;tr'*cturw tireo:"y* ,i irese t,hfiorio.s l{,sr"g
also i 'dbpc*rrentry'  El iereovereid by'r , I{rvLAKcv I i rrJ.

{q.lg.. For roeults *n rfidic*ls af Jorcian algebrns, t}ro
reader is roferrecl to, ' t t* ' i i '  [100 erc], zir, ivlA*'v snd s]rtsfA*
_ lKOv Ilr4J' Nrii lrrr{ [s0 a,b], arHLyABrr* frral and zEL,rirAr{ov f rro

r _*t 
us recsll now three other results due to ztll,,l i lAl{0,f

lrro eJ {see arso frio r{ l concerning the classification of
eirnple'or pr iqq ( i .e. have no orthogonal i<leals) Jordan algebrao
(eee 

_Theorem 7.4,  7 , j  and ?.6 be low),

-t
) r  '

Iheoren 7.4. Any einple Jordan algebra
one of the following algebras:

is isoilophic to

r )  u(+) ,  there R is  a  o i rnpre assoc iat ive a l6ebra;
2' )  H(Rr*  )  :=  l *en(+)  f  x*  -  

" i  
w 'ere R is  a  s implo asso-

ciative algobra with the involution * : It _a. Ri
7) s Jordan argebra J(Q) of a nondegonerate ,y*"t*i .  t i-

l inear foru e in a vector spece v over soue. extensio.n
of  the bes ic  f ie ld ,  d im,-  V )1 ;

4) the eiurplo exceptionel Jordan algebr.a
nensional  over  i ts  cent re.

8.qqqrt,. Tiris iraportant rosult conplctoly
alg 9 bra g y1 !l1o.u_-t qqy_ _f 1n i t g ne s n_ -c_o nd i t i orrs .

Con.:i:eq!s. Usirrrt a srtU { l  spcc ia l  . cs t }o  o f  f } r rc ren  ? .4  one
clossif! t iro Jordan crivisi 'n aI;au**f ' , i l t  rr. l i i , . . . , ;Ar,uv" ttt0 c
1979 by  noro  ccn l : j_ ica to t l  r ,_ , t i iods) .

I l tgfgg..  1,7.  A pr ino non,Jop;clcrate jor .J i i ; r  r r l ;u l , rs
{ i i ) cc t r * l  o . r  { r : r  r i l  } r j i . t  I . i l . . ;  ( i .e .  o  , r , i *o  . , , . , : . i i . r . r  r } ; * : , r .a  *7
hns i ts csntre r{ . . r )  d i f f ,drerr t  f ron zer.o f i . i " rd i is  centrsr  c

wh ich  is  AT-d i -

c las i f ies  c iu rp l  e r

c {ul
1

)  r r r

i g  e i ' " i : t . ' ; '

l | i : . ;  c , l t

Iosu:.o
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*(J)*IJ t* a o1mp1c *xecption*l  11l6obr"n sf cl i f fension ?? nv*r i t*n

erenter l i (Jl*rg(,J) )  . .

Th*opem ?*.$.* het J hre A $p66iP.rl n*nti i lrt. i t in$r&t'* '"Iopctrnil er3*

Sgebru. Thsn one of ttra f'sffi*",v:n6 ctniealants is vaiidi

I) th* centrg fi(J) *.e nonaero end thG eentr"a} closure

g(;)*1"T i* * ,Jords* ala;ei:r* of a nanclogen$rslts symmqtri* bilj"rie$r'

form^ over  t i re  f ie ld  ?  (u) -12( .1) ;

II) J contains tho nonusro ideal I whiclr is irrvemiant uur*

der all qutonorphism,s and dorivatj"ons of J and either;
/ . r \

Ih)  I  *R( ' t ) ,  R ie a pr ime aosociat ive a1geU*a n(nL Jg

/ . 1 - \

Se(R)(*J, whore a(R) is a i , iart indale quotient r ing of R

( ; . [uo. j) ,  or
i lz) I  s l {(nr*),  R is a prine associat ive algebra w' i th

involution and I{( Rr x) e .I € H( A(R) r r) o

Rernark. Theorens ?.! and ?.6 abovs (see ZIL'MANOV lffO g,

dl ) aro inoproved versions of the oarlier priroe theorom given by
J '  - 1

zEL.;,tANOv [rro B,r] in 19?9.

rn ref" fft { HccRI},[,ioN listed severa] fundarnentar ques*

tions raieed in [rA], l t t  ",{n 
Two on theee questions ars: Can

ons clsvelop a theory of Jordan algebras oatisfling polynouiial

identit ieb? Are tho J(a) te tho only oinple. Pl-algobras wlrich ff ie

lrrf inite -dimonsional over thsir centreS? The fol lowing thoorem

due to ZSL'lJ.1,l,iOV [ffO g, II] ancwers these two questions.

Theglen ?i?;- Eseh nCInusro idsal ,of s noncle6enerEte Jordan

PI-e}; :eLrrs h$s nonzoro intereeQtion with tha centfe (so i f  t i rs

c e n l f e  i s  s  f i $ } d  ! l : c  s l i ; e b r n  i s  s i n p l o ) .  T h e  c e n t r n l  c l o s : : r o  o f

a  p r i : : .e  no*Cr i ;cnr "a te  I ' I -n lgebra  !s  cont rs i  s inp lo .  &ny  pr i : ' ; t ' i vq t

I iL -a I1 ; r ;b ra  i c  s inp le .  r , *ch ,  s i rp lo  PL-a i3 ;c 'u rs  ' i s  s i t l l e r  f , i r : : ' ' " ' l *

d i ; ; c i r i i i : n a l .  c l  { l n  r t i , 6 } i ; r *  J { i }  o v * r  i t ' s  i u : ' t ' f € o
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iVo othCIr quectiern* bron*lisld up by l,lcilii i l,ll i i i l{ in rerf"fif il,'  
L  .  

* '

nnnt*}y: Is th* *pecial tu-riv*r"*ul envc).ope of s firi itc'}.y gcnc;.r.lt,t:rtr

.Jr l t ' i i t . t t t  FI*t i$el ix-& s.n i l$$$ci*t ive PI-*16;*hrs? &re tho J{Qir$ strsu**

tia}l,y th,e only exanpl.e* nf *pcci*l Jordn-n Pf-ellgolirns whose orl-

vclopc is not FI ?rare 6iven effi an*}rs*r" i.n $ili ist',{i i0v'* 
[*f bJ {seo

Theorcrn ?.S helowh

Thcgrg"q*?--Q. rf  J is & spociar . Iordan pr*algebra, t i ior i  i te

special ru: iver*sl  envelope su (J) ia 1ocelty f ini te: i f  J is f ini*

te ly  generatod,  su (J)  ie i  gn &ssoc iat ive p{ -e l6abra.

t*.gltgl:. ( see zr{t 'l,tA-},t0v 
[11o s, r] ) . A seuri_primitivs

algebra rvi l l  be i-speciar (sat isf ies al l  s- iclent i t ios) so $oon as

i t  sat is f ies  the s- ident i tV 9e.  I ience,  tho ideal  e(X)  o f  ,a l l

s- identi t ies (for universel X) is quasi- invert ible modulo ths i ,doa]
gonerated by Glennie's identi ty 5g.

&!-eo McCRIt,l,l0N erLendod Zelrnanovtc results to quadratic

Jordan elgebras: for the nilpotenco ilreoren, 
""u | ?l tJ, while

for the prime uieorem, see [tt il. T,EL'],{AI,I0V [rro e,r{ showed
that aqy ideal in a stronglJ prime ( i .e. pr ino'snd vr i th no tr iv inl

elements) Jordan algebra ie again strongly p-r ime. t i lcCi i I IJ. :oN [?I jJ

extended this result to -qgglqg!-ig Jordan strrncf,..,,es (algcbras, tri_
p le  sys tcms ,  and  pa i r s ) .

llortir nentionirql irerc is slscr Sii$.1'I ' iri,0V's .n,u;.,""lrurrsive
.?

.pcperL 9t  aJ on soae c lasscs of  noncoir : : rutat ivo Jordan afuebr{ l$,
as!  welr  as thosc ctua to l , . rDvr} '$vf?5 oJ,  stJv, i : "O FOo,{ ,  i - r . j ; t j ; -

F

LI : I I ; I ! ' v  ld4 { , ,  un j  Jv i i i . j ; i r :0v  f  r0z t  rd j  - for .  rcs i l r ts  o : .  
-vnr ie  t  ie  s

of Jori l$n aL;ubi.as" iror t i ro:.o,q; i i  ,stul ics o:.1 t i ie ya:" ict ics r. :1. l r l*

getrra:r, eee riiri: i i.t.lAtivV i*j nlrj uj*,C:ix IOf {.
i ic:*r:Li$ o;1 solvr:51* ,,rcr., l : l :r crl ,6*Lras {.*e * i t i  , l ,r i  I  ,

b in l l r l r e  rL ' i i : ' dse  n ts t i o r r s  o f  i o r . l nn  c I , ; o l ; r * s  ( sco  i l l ] , f I 1 *  . , ,

e 'ere also ol; ' t r in,; '1. A r i lc*r: t  * ' : r l ;  of ;rL' : : , ' r : ;* '*  f  r io ry '  dc:r i*
Soldie's thoo:.c.-:g for *Ior. , . i .sn erk;cbr.3$,

I

. . , i  . r  i ,
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I ' lr:Jlcrgnces

l '  rq l . , i i r i i f f l&*An r  A gtructur i l  thnr:ry . f lo:  Jorr l$n al l ; . ;ut : rn** Arr . t )*r ' l i

l l .srJr ,  #1 (rg4?),  1 i46*5S73 .

2., , \Li ,J"$L' i i?13,l f  . ,  , t  con*tnre t icn of l , ie* {r} .gebr.ss f ' ron , l - io*,,rry

nl,S*i . :r*, : : ,  Anror oJ *r 'uis1r. "  gg ( 19?6) ,  2, ?85*?94.

). $Ll,r$0lir;3*l{*, }'f iu1"lii 'JiiRrJ*11*, A C*yrey*$ickson pr.ocessfe}r $

cl.rrshi clf ctrueturgble algebran, Trnns"Auar.l,,iath",ssc. .3"ff.
( 1 9 8 4 ) ,  1 ,  1 S 5 - 2 1 0 .  .

4. AMIrP.l I .n Simp1e Jordan ulgobraa l , i i th ninimal innor iclealso

Cornn"Algebra L{ ( I9t i6) ,  T, 4Bg-49A.

5 n ANHrP'Ir iu rI{ fEGAMUI rR. r Seniaimple classos of nonnssociat ive.

r irrgs and Jordan algebr&s, Conn.A1gebra, M- (f9S5;, l l ,

2669*269a.

6o Affrrli,faNovrv.A., structures of varisties of linear elgebres

( in  l tugs ian)  r  Uspehi  h la t .Nsuk,  7J (19T8) ,  A,  135-16?.

7 , ASAI'10,l{. , KAI{IIA,N. , YAIiAGI.III rK. , 0n Freudenthql*K&ntor su-

pertr iple systerns ancl Lj .e supertr iple systems,

8" Aslt l ior l i " ,  YA;laourr,K,,  A conetruct ion of Lic al i ;ebras b,y { ie*

nerql j .zc<l Jordan tr iple eystems of eeconcl order ' ,  Nederl .

Aknd,  Tdetcnsch.  Indog.  i , ia th .  j -e  ( lg80) ,  ) ,  Z4g-ZiTr

9"  A i l lurA: , : i l r i : . r  Anot i rer  const ruct ion of  rea l . ,  s iup lo  L io  a1*

6ebrus l  i lodrr i ' l ,c l f i i .J .  - { r  t lg f j } ) . ,  l  n  I  ZZ-L ' |1 ,  -

IO.  AYU;tJVrSl .A"  r  : inLY' \3 I : { ,V. lJ . ,  Conpat ib iJ . i ty  o f  u l . r '$*nt$ in

," ior ' ietrn al;ei ;run i  in i tussinn) r l , .ut.- j* :ect l l i  j j  {  l .  : i i )  r  
'J,

? n i - , -  { J  ?
. J ) - . t L i - t

11 .  i i " ' . ; ' i ' ; l i i { , 4 . ! 1 r . ,  J i , i : i 'XJ ,  { . 1 . : . , J i l } : , - ;A i ^ i i jV , ;  " ' j ) .  r  l i r i : : , r r * t * t . : r l i v *

r i i i gs  ( i n  i i us r i ! "4 : r )  ,  . i t o ;  
j -  r : r i u ! : i  i  t c i - l t i i : i  ,  , i I  . , : ; r s ,  : - ' r r i ; . i c -

'  
$ i s ,  , l c o r e t r i n ,  i j  ( l i  j l )  ,  ) - 7 2 .  . i k n C . " i * r r k  " i . , ; i t ,  \ r I : i . ; i
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l -10eccvr, lgiSli  f , :Hlinir t i 'snsl.ationr J.$ovorfatir, rs (].ss?) !
I  69*411 .

l?. I lAPslr '  r  rs;rn{ lxs a}.gebr'*s s{r bui}cl ing trrock$ c}f  Lio sL;sbr.n*
eind Lie eripcru.fu;ebr&s, jfi o,iiroup ti:coretie *i msgrocis !n phy*
n ico* ,  pp.5$*?2,  Arur* I$ree l  1 t1y; : .$oc. ) ,  I i iJ .geru rJr is to l l tggg.

13" [AIf f i rr .  r  0ultAYDr] ' l rr t- ,  i lo 'struct ion of Lie arget*as end Li.$
auperelgebras f i :om ternary algebrnsr J. i , tat lr . ITrys. ;p (fg7g),
g, 7.977-rgg3.

14.  B : IDA ' rK . I .  r  i ' l lK i fAL i iVrAoV. ,  $ t l l i t i (0 ,A .1 : . ,

for  nondegenorate arte*rat ive and Jordan

i lrudy lrioskov.I,tat.Obshch. :,g (l9B?) , Wo-137.
15. Brxr*.r separable Jordan algebrae comrnutative rdpcs ur, .I .

Algebra 86 (1984) '  l '  75*jg (for part r see the same journar
2l  (19?9),  1,  111-14),  and for  part  r I :  ib id.  Ig ( I9BA),  A,
74]'-";7 4l .

16. B0REL'A.r Lfurear argebraic &roups, tsenjanin, r{ew ygrk, i .96g.
17. tsI l /rNZBrrD., structures aff ines et op.rations ternairos, &n.

$t i in! .  Univ.  "AI . I .Cuzao Iagi  ,  22 ( lg??) t  :51*: ]g.
18. Bll frUi ' l , l i . ,  K0itr i ILB,i l . ,  Jordsn;Algebren, Springer_Verlag,

ihrl ini icidelberg_New york, 1966.
19' clt i i i l0dr*: i ' :rrrA.v., A16obraic Jorclan srgqbras rvith the maxinrol

cotrdit ion for associative subcrlgebras, I i iberian r,r,nth. J.,..?l
( 1 9 8 4 ) ,  5 ,  s 2 ) - B l t .

20p qi i l ' i ; l0 i ;4 l$ i : l f  ,S,V-.r- ISjo, ; , :Ai t . iVr l : l . I .  r -Un- t i io birnoclulcs-_re:)rc$u*tr i
-  

t  ion  oJ '  t i : c  s i : ip lc  c .v iccp t iona l  Jor . l tn  a lgobr .a  (  in  i iu$s i r i r r )  ,
$ i b i r . s l : .  " l r r t .  I t .  ,
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