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JOR}AI{ STRUCTIiRES l{/ITfi APPTICATI'CI,ffi ]1
JORDr{rrI ",4LCiEr311ds rt{ piiOJJrCTrVZ GHOi/iu?ny

Radu I0]IDAi{ASCU

$ 1. gSlqg;pe--pl=,'U9e

The f irst invest igat ion of oc'boniorr planes Cates from'3..953

and is due to l,i0LFAifG [4 ]J " It consi.qted in the constru-ction of

a project ive plane coordinat izeri  rnr i th an octonion cl iv ision al-gebra,

fn this lvloufang pIane, Desargues'Tlleoren fails but the i-iarrnonic

Point Theorern is val icl , .

Another approach to octonion planes was gi.ven in Lg45 by

JORlriN f33l vgg lhe Jorclan argebra Iq'(fi, Recatr the defj.nition

of  the except ional  Jordan e '  
'J+)  r r - r  r  -  ' -  t r  ' t1 . r, I geb ra  H3 '  (U )  I  Le t ,  I { 3 (u )  be  ' Lhe  se t

of all 3 *,"5) -n:.atrices vrith entries in an octonion alsebra frano

which are syn: le-br ic wi 'bh respcc' t"  to the involut ion x *+ir .  the

charactcr ist ic of  the uncier ly ing f ie ld is supposecl  to di f fer  f rom
't,v/o. on I{^(f,) i,Ie can define a Jorcran ar;ebra structure by,mcans

)  

- ' - ( J

of the proclrrct xy t= * 
(;q.y+y.x) e where the dot means the usiual-

matr ix product.  The resul t ing Jordan atgebra is denoted by t t ' l ' fd j ,

Jord"an focussed on a real  octonion civ is ion algebra f  ana u.*JU

the i : r in i t ive idenpotents i r"r  H{t0- l  to repre$ent the points and
f. 

--l

l ines of a projective p1ane" (irro years later, tr'I inur,sl-fri lAt Lzl-)

obtained essentiatly the sane constr,ucti,rrr)1)", frTSUYAl,lA usecl the
f -. ,-'l tt r r

enbecld:ing defi.ned by YOIiOTA L+4J to obtain L4 J ncvu resutts in

rn] .s ot-rect1on"
e  r n  1

The construction was extencled in 196O by SPRINGIiR l5"JaJ, r,,rhcr
h-

cot ls ic le red U as an octonion div is ion al-gebra over a : f l ie ld.  of ,  c i rarac

1) I 'or  a r :ecent systenat ic t reat ise on appl icut ions of  th.e real
algel:ra of Curyley ntubers, v,,e refer the rrcader to rjI iAlAts j)h"J).

F - l

T i r n q i ^ 1 4 4 {
L '  

- J ' .
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teristic clifferent from two or three, tr:I ttrie more gene:r:al set'cin$,

elenents of rank one (which aro e itl:.er non*zero nultiple s of'prinri*

1live i.tler:potents or" nilpoterrte of index tv,io) sl:e used to represer:t

the points and. lines of a 1:ro jective plane, $pringer pi'oved tire

funclanen't,al theorem relating collineations of the plano and. norm
F  . ?

semisii:ri larrities of the Jorcien algei:r'a. JACOI3SON L?4J snov"ed that

the l i t t le  pro ject ive groupl  . i .e" . the f4roup gonerated by e l .a t ions

(transvections) of these pJ-r:nes, is oirnple and isolliorphi.c 'Lo tlie

norin*preservin44 group of tire Jordan algebra qloc}gl.g" its cen-bre
f  r  a 1SUH L63J showed tha'b any isorrorphisn b:etvreen the little projecti.ve

groups of tvro planes is iriduced by a coll-ineation or cor::elation
r.- " '

nf' f. lre nlnncs. SPlil i . lGER ancl VILli iAi, iP lffaJunclert,oolc a sbudy ofv * w r r v c v * . \ + 4 ' \ 4 J * . * " *

i ierni t ian polar i t ies of  a project ive octonion plane ancl  th.e rela-

ted hyperbcl ic and el ipt j -c planes" The uni ta: :y group of  col l i i le&-

tions cournuting wi'Lh a hyperbolic' polarity was etudie(i by VELII*
'  

f - r r  ' f

KAI'|P Lb b F),

SPRII,IGEII a.nd" VIILDKA it;V 16 O{J consi dered planes assoc iated

wit l i  spl i t  ( i .e" not.  division) octonion algebr:as over a f i .eld of

iharacterist ic di f fe::ent f : :on tvro or three" l lhese plaues are not

projective. (For the study of, these planes, see V*-Lliif i iriPlet1.,f7 "
__-..-_ {-,r rr T

In 1970, FlrUl,l ' i '{ERL4daJ extendcd the notion of octonion pl-a*

ne$ in another direction by rernovi-ng the restrj-ction that 'bhe

characteristic of the underlying field be differen'L. frorn two or

l-.h'rlp - A'f'f.ar" llccjtl"I,,O o 14 U^l *"u introducecl tle lro'l ion of qua'-1r'a-
e r f r  v v  c

tic Jorclar-r a]'gebrer atrc] verified "bhat nf]tif l possies$es such a struc-
. J

ture for  any c l : .arac' ter j -st ic,  . - Iacobson suggesteC to Faul l iner (see

f r r  i J .
l ( r t  u,  p""r))  that  cher.acter ist ic- t rvo octonj-on planes coul .c l  be ai)-

" proachecl i lr t ir is way. i"s it turned out, in t l ic settir:g; of qucci'a*

t ic Jcrt lan al-gebras,  nost of  the resul i ,s on octonion planes can

be der iveC in a uni forn l lannt l r ,  r , ' ; j - t i rout  rcfcrr i t rg to t i ie chAt ' l tc-
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ter ist j .c or the type o"f an octonj.on algebra"

For cor]. ineatior]  g'oup$ of projec.r, ive planes over degene-
rate octaves or  ant ioctaves,  see p i inSITS [+$ 

" rbJ 
.

DAYrxs UtTstudied bi*axial-  abt ions on project ive planes
( j:rcluding oetonion planes), making use of tlreir Jorclan algebrn
desc r ip t i on .

nrx[guJ has dcf inec] and stucl ied octonion pranes over
local r ings. He general ized Faul lcreros result  on the siruprici-by
of PS (see for <lefinition on page 6 ) of an octonion plane ovell
a f ield to octoriion planes over local rings o f,hose sub6;roups of,
the col l i -neation group of an octonion plane over a rocar r ing
which are nornal ized by t tre r i t t le project ive group have been
classificd" This parallels resul-bs of KLil 'JGBl,lnERG and ]]l lSS, *rho
classif ied those subgroups of the generar l inear group over a ro=
car ri-ng r,vhich are noruar-ized by the special l inear group.

lnlg{J 3L{ proved tr,vo nain theorems about octonion pJ.anes
over  loca l  r ings.  (see Theorens Z.L6 and 2.1T below)!

tr'ollov,'ing ITAULIilffiR [4 Salano BrxI g *rb,c] r we s]ralr present
here the octonion plane for an arbitrary octonion al6ebra over a
f ielr l  of arbitrary characterist ic (or over a local r ingr or o'rer
an Eucl idean doiaain)ras wel l  as i ts.  basic geonetr ical btructure.

. tlhg*-(auaclretig)."Jsrdar-a1&epr.q, I-L(4tr) " ler 0- ue an octo*
, r '

nion.algebra ovei.  an arbitrary f ield 1I,  (see SCj.IAtr,ER IfS,C]r" i f l ,
, l  r l r5\  4J / .  lVe l rave an invo l* t ion a * ->5,  ,e f  I  a . t race t (a)€ r l i ,
e  +  5  =  t (a )  f  ; ' a  no l :m  n (a )  €  t i . t  a6  = . Ia  =  n (a )  I ;  and . .a  symn:e t r i c
nondegenera te  b i l i nea r  fo rm n (a ,b )  :=  n (a+g ;  -  n (a )  _  n (b ) ,  Le .b
rr* {r .F
11 ,12 , | i  be  nonzero  e lenen ts  o f  lF  and  le t  [ -=  d ias l  f _  -  f _ .  f  J .u  * - : o l l ] r t 2 ,  

1 3 J "
Let 1{rr0"f l  be the subsprtce of rnatr ices that.are sy::n:netr ic unrrer
the involutiot' Jf of tire (7x 51-uatrix algebr-a vrith entrj.es i* [-

I
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. .., .:,..,;,.1*:x-*,*i.ti

i, i

1 1 1

given by l y, * -*Y-l t'T u One can $ee tliat an eleruent x of

HTdrV) has the forre:
I

1 - L
f - .  V  r . . - rx = 
kdi* i  .  L a, L trcJ wrth o(re r ,  are [ f .
i= l  

s  *  
i= l

Here ( i ,  j ,k i  is  a 'ayc l ic  perrnutat ion of  (112n5)  ;

af i j ]  :=  [ - ju  u i j  * ' f , i  E  u j i  ,  i  #  j ,

terrns of tire natrix units uij, ancl

I  f i i l  , *  e i i  *  g i  r

, A - f rI i3(0rI)  can be viewed a.s a unitsl  quadrat ic Jordan algebra

#rd yr,a the following definitions (see luc0RIl,i l,tAN14( fr] L

is expressed as above and y = X / f i- I bil ik] with pre'rr,

bfe (f  then set

N(x) := dr*r\ - &tTz[, n(ar) - y{zrh n(ar)

-^t . 'Tz\  n(ar)  *T yYzYz t(ara2a5) r
r < *

i ( x ,y )  ,=  I$ i { r i  *  f  13 [ r .  n (a i ,b i ) ,

# v
x  "  ,=  I_  (d ;d r  - .d ' ; l ^ r *  r (a1 ) ) " i  *

+ |  ( r i (44) -x ia i )  [ io l ,  ,
e  r = 0 1  * 1 2 * * 5 c  .

Ffirlftio$" An eLenent x e tlr'( 0:, f,) such that x ./ 0

f t r ,
I f x

and

--tF
and

0 i.s saicl to be of raJiji S.ng"

iYpl$tiqjl,. l,et xry 6II1( d",f)

+ 
luu* 

(see KOECr"iltR[ 3] , p.r4e]).

one in l l r (0-,{)  such that T(x,z) #
-  T - l (x rz )x .  Note  t -ha t  T( , ,v rz )  =  Q

s ( u l t d - , f , )  ) .  t " , * , ,  , =  T r r * .

t t l  tn , *  :=  Jd 1 \ ' , *  
*

xryrz be elenents of rank

T ( y r z ) .  S e t  w  ; =  T - } ( y , z ) y *

that  , . r r *  be longs to

ang 
,

Let

o f

and,

DefS+i,tip+, T zi xrJ is calle'd A]gebtel:,S__tl:ansvectjon on
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I{5(r,$) (see spRr,rGrR fffiq, and a}so r.ArJrffERkg{ ):
- I '{g!SlipJ}. The quadratic Jordan
denote. rJ'. Ienote ruTfr;; ;;;:; ffH,tH:::-::: i" *.
For x eTf , let x* arld. xv' be two copies of the set{<*l n* rr_ { cij} .

Ieff"nil',og" fhe gsrgru-ag-prqae ? t?t) .on*i"tu of points
x*tx eTT , and l i -nes y*, veTf, uncler the fol lowir 'g relat ions

a)  *o ly* ,  x r r  inc j .c ient  !q-  y* ,  i f  vyr*  =  0 ;
u) xxcyx,xx s"grne".tgd_t_o y*, i f  , r ,(x,y) * 0;

.  c) **sy-x ,x+ iorneclg/ - ta. yy, i f  xX y * 0;
o) 

"-*'o 
y*, x* qorq4-ud io- y* , if xX y = 0o

Repari!. rf the characteristic o;fl F is clifferent from t,,vo
then the above definition is equival,ent to that of spitg,IGtR and
vrLD;(Ai,B le ot7,

. IqIeIigS. L€t W be a ser:risj,nilarity ot ?t onto ,3L ,ft f,rtr,)
and define r1,? t?Ol -, ?Wj by rv/r (x*) , = (,',t(*) ) 

*, 
* uTl . .

Eggqrk. rv{l is a corlineati.on orpc.?) ontopr,i i  (see .fhe .
fo l low ing  de f in i t ion) .  ,  :

,D.pfiqj.Lipa. A bijective nap of "bhe poin-bs ,t?fi1 onto tire
po in ts  (u -nes)  o t?q \  and o f  thc  r ines  o t f t f r )  on to  the . r ines
(poi ' ts) orP(.} i  preser' ing the incid"ence and connectness rer-a-
tions is call-eci a col]oncati.pq (g-atlglq-tigg) of ? & onto ?tA\,

A  r : l r r n " l ' i + * -s \l tsi.i r-r-, L.y .

. &fiqihg.e. "A cluality of orde:: tvro is
Defini-t.ig[. Let Ji,_ be as follovrs:U

T o I xx -*-&xxr y* --# x1 ?

Then no is  e  po lar i ty  or?f ; ;  ,  catJ-ed

l l .eqa::k. r1{ we consider H,r(f , [)
seen that there e:<ists a col l ineation

o e T f .

the st_gn0+{,cl pglgJ,i-Ly,
. t l

a n d  I { = ( f  , [  ) ,  t h e n  i t  c a n  b e
n /

or,/ '  ( ir](f , f  ) ) on-ro ?ur,-qd-,tr i).
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() x.
Thus, the structure of the plane 7'UI. l (0 r{))  clepends only on the

octonion algebra fr , hcnce ?fi) wiri be deno.Led av Pd) .

lg:r"irylJipg*Tiree poiruts u1 "x.r u?*, u5x f'orm a_ll$gfupgia!

i f  ? ( r r ' u 2 x u r )  1 0 "

lpfinllqofr. l'our points forn a ;Lo-ui:*pqln! if eac]: sul:set

of  three,points is  a three-puintn '

$g.RgrE, The etenents e i ,  er  + a lT. jJ  *  I l  y . '  n(a)e" '  &re of
s  

r -  r  L  - r  . r ' J  l "

rank one and span 1/ " For every point there existe a point not

connected to i t .  &ioreover, sf-nce T is i iondegenerate, every pair

, of raconnected points can be ernbed.ded. in a three-point.

Sglg$ggg. i)enote by Fl-,. FG, PSthe i.niage of f , G, S,

respectiveJry, under the honomorphism lll **-' i l in the collineation

group.  (For  f " ,  G,  Se see $ Z of  JSf t . :  ) .

Pr-ongqiji.o.g 1,"I. ps is transi.tive'on points, pai"rs of'

po in ts  that  are not  connected,  and three-points , . respeet ive ly .

PG is transit ive on four-poi i : ts.

Erppogsl io.n 1-.?.,  I f  g,b61T, t l ien there exj.sts a c e jT

s u e h  t h a t  T ( s r c )  T ( b , c )  {  O .

corol,lprx. ff ao" ancl b.* are p.oints, i lren ilrere is an alge-

braic f ,ransvection T such that rTl (an_) - bx r

4fsrpogiliror:. l*).. If a* anC b* are not co'nectecl, then
r  . , . r i ((ax b) " is t ire unique line incident to both a.o nncl br, " 

'd{e write

d . F X  b *  ; =  ( e x  b ) * .

f. lopoS.ll iQQ r*.J" rf en-* bo, then there is a l ine c* inci*

clen'b to bo'i;h a-o and br( e

Iler,:ar.k.  I tor  a ,b€Tl - ,  * * lb"  impl ies that  &*Et)* .

Prpp.osit,r*gn 1,1. The folt.oiving s'Lateinents holcl i* ndj i
, a) aru cbx if and only if there existi ' *s  a  . " lO such t ,hat  a* tc .n  ;

* { 'b )  i f  a *?b * ' ,  t hen  f c r  . * l t n  e i t he r  a * * cx  o r  ( axc l L  b " ' .

g;=:l ign_!; j .  t iv.en oola*, ihere e:rists o .*1, such
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. l
t n & t  8 * * C x .  e

g6r01,1arv 1" PS
1 f , "

is trensit ive on Psirs a * lb o

9.groU;qqx,?-' rf xru, Y**z*' anrl *-"t'v-*' t}:en Y'rz;xryf l'as

z* as its uri i-ope l. ine of f ixed poin'bs " This }i 'ne is callerl tb'e

r 1
ax is  o f  

'  
T . , .  i ,  a ,  o

. { - , r . / t rJ

Pronosi t ron 1u?,*  I '$ ' is trnn.sitivo on Pairs &* eb'* .
C ) u

is a col l ineation of J (0 ) f ix ing

p,le.+gp)

t ion of

I  on1  . l . l r
&qr  J -  vdr

PJ"a,Agpi"tlon--I*{l. If r

a+4 , b* , and all Points on

then 6 is the ic lent i tY.

c* rvl:ere ar**b*r &x *e,* arrd b**c

l l roposi t i6n 1o9-" I f  a*t 'Uo. ancl  i f  o-  is  a col ] ineat ion of

a) | tt' . f  
i l f  l  .F jx inr :  a1.1 po ints  

" . * l (ax 
b)  such that  e i ther  c**a*  or

"  \ v  /  r J - r l * , r 5  - . r 1 .  

{ r

c**b*  ,  then c-  f ixes a l l  po in ts  inc ident  to  1s xb)

!hg-a{,ei} }. j'-0" (lhg-.*Fj+l'gs

,  r r , ] i  -  r r7  ( f ( i ) ,  Y( i ) ) ,  i=1 ,2 ,  anc l  i f  s -  i s  a  cor l inca-

7 , ,T : - l )  o ' t  o? t r (2 ) ) ,  then t r  j - s  induced by  a  sen i i s in i - '

W of r ] ,  ontor]2;  i .e.  6 = t \ . { t  
.

PSt' iqiU,g!" L,ct ut*, i= 4,?l l ,&ft, ' .c' f" int,t?Ml*iILuu1-u.*,h*l t^$rxuzx e

o^oln4n[uu*xu.*" If there exist vr-x , t4*- such that urx , u2*, u|o-, u4* for'n a

four-point end the incicler:ce re.l-ations indicated in the figui:e

be low are .va1 ic l ,  then one says  tha . t  the  urx ,  i * l  ,213s4,  a re  i 'n

htlr ' :toni c t losit ion.

qlra t r r*
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" t r _

M' rf  ur*t 'ur* and urx" lur 'xXu2-x ,  thon

-i +3 nn 'l r... 
-l 

*"

7* 
* (I4tf J-r cxrr(1 \Jrr-LJ

II5(0-,'f) =: ft; d"i ' lorv consider (quadrntic)

is an octonion algebra vuhich j"s

R with maxirnal ideal m" r,et [- ue
.  A  . l \ ,

auto;norphisns Y of rJ satisfying

Jordan algebra

a free rnodule

't,he group of

the condi t ion

I  s { i i ( x )  )
I

over a local ring

semilinear R-modi-i le

t l rere exisls a uniclue point 
"+ululo Xu2{. such t}rst *J-*,  u2*, ,5*,

u.4n ar"e , in harnonic poeit ion" l , iorcover r u

i f  the cl iaracterist ic of tF is 2n

$-q.qqrh. i'trote that in a projec'i;ive p1"ane., the ur:iqueness

of 1he foqrth harnoriic poi"nt in Fro-positj-on 1.11 is & coilseqtr.ence

of DesarEl io$' theorem, more exact ly,  h is weake.n Li t t le Tl teorem

($ee,  fo r  in$ tance,  P ICICI ) I iT  I fo r  pp , f lo - r9 f , ) .  Converse l ; r ,

a l t l rough Desargues'Theorer i l  is  not  val : i i l  for  proiect ive octonion

p lanes  (see,  fo r  ins tance,  I : IALL Lr l  ,  p "nS) ,  the  L i t t le  Theoren

of Desargues holds if the fourth harnonic point is ur:ique and

distir:ct frorn the third harrnonic point in a proiec'Live plen.e

,  f \_r At -r . .  . ,  ^ l .  

_1

tsee v ] ! { 's r r t r  t  f0  ,  p . }91\ )  "  Therefore,  Proposi t ion 1"11 impl ies

that U*"utg,rJutLit t le f l i "ot"* hold.s in a project ive octonion

plane i f  the charac'Lerj .st ic of F is 2, For arbit i 'ary character, is-

tic !' lrULKi{ER f ,/8-l }ras given a direct proof of a, result true for

an arbitrery octonion plane, v;hi-ch reduces to DesCIlrgues*l , i t t l -e

Thcoren in  case the p lane is  pro ject ivc  (see Proposi t ion 1"12

DeJ-ovJ/ ,

Snop:?$LJ,j-orl]*f?. If c*., px., r;r-i Q*. form a four*poj-nt, j.f

* - 1  + F  I
t ^ i . - * ,  u ' f -Fx . r1x  and  i f  vu - l cx -x  Q* , r  v * . *c *Xr * - r  ' Lheq  the

t .med  po in t$  x *  ' =  (po .X  r " .o )  X  *o r " *  : -= .  ( ( ( r "n  XQ* . )X r . r * )X  v .n )  ) /  ( c *  r *J .

and trn :  = (( lp*.X q*) X u*')  X vu.) X (crnX p*) are un: '-quely deternine'd

and j-r:ciclent to a rmiclue linc c

N ( g x )  :
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for some ( 6 R*n, and consicler: its sub.lroup
1'  

o = { T l . 1  u * , $ = r d ,  g = L J .

l+q!g$Slt" li'or any subgr.oup ll o:f I and any ideal I of R put,

i  ,= l , f  l f  e i r ,  y (x )  =  x  ( i lod  r ,3 ) ,  " * ,Y  ] ,
wx lg "l 

lras provecl
I d t
L €

tXiSfg.m 1J7" A subgroup I-l of [t is norraa.lizetl by S if anrl

onl-.v if' S.- ( ll g (It-in) l- for $oine icleal I of R.
J-

Renark. The col l i i :eat ion group or?1 $1 is i -sonophic to\,
"4l . / ( i : l *m) ,  hence Theorem L. I7  c lass i f ies  the subgroupsof  the co l l i *

neation group r,r,hich are ,nornalized by the little projective group.
( n  * 1

Recent ly,  ISIX L"J"J aef ined octonion planes over Eucl idean

clomaj-ns as follows: f,et fr be an oetonion algebra over an Xucli l.ean

clomain n containing L/2 and suppose that 0- i "  spl i t  ( i .e, ,  .con*

tains a subalgebra that is a hyperbol ic plane rv i th respect to Lhe

norm of F ) .  Denote by S the group of  norm-preserving transfor ina*

t ions of  the Jordan algebra l$t{1,  For any idcal  f  of  D, }et  SI

be the subgroup of S donsisting of elements that induce the iclen-
(+), ,r,, , _. ,Jt), -. . ^+t i ty nap on q'(A)/  I  f f ; ' (0-) ,  and let  S,  be the subgroup of  S cor l -

s i .st i .ng of  et . l : l " r . t "  that  induce scalar mult ip l icat ion on
/r\ - frl

Iq'(iI) /I rlo'trl) "' 
urTf U-J proved. the follovring:

Th-e.-os5)rL1-.,14. If l I is a subi;roup of S,'-then i ' I equ.als S if

and onl-y i f  N is nornat ized by S.rnd l ' t r  is  not  contained in S]

for any rnaxinal i.cleal m of D" If D consists of aff rational n.u:r!*

bers vrhose cle;roninators are pov{ers of' 2, then N is normalized by

S i f  a ld only i f  Sr(  I , lcS] for  some idcal  I  of  D.
J- l-

+. | .^
r ,1 L t7

$ 2. Trsqsvegt iop.e *aLd" -p.p.l-.+.f.i.'ti.eq

SinJe the structures $? (,3 ) , PC, P l- and PS depend on1,y

octonion algebra t r ,  throughor.( t ' th is .sect ion. f ,  is  assumed
r \

, - 1 i . . : o / l ' l  1 >
l * t - r t 1 c

on

J - n
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generated. by algebraic trnns*vections and.

PS is a simple Sroupc ,

M. l[] ' le follovring statenenis are equiva]ent
(1

ror I ([) :

a)  &x f fb , *  imp l ies  tha t lo*  =  b*  ;

b) a*gl b'x inplies that a'x' c bx ',

c )  a * e b x  i n p l i e s  t h a t  a u l b * -  i" I

x \  f  i s  a  d iv is ion  a lgebra lu . r u ,
, P €

e) J t { l  is  a project i -ve p}ane.
-

lF.{ lgi l ig..  Let/ t t l i  be a project ive plane. A col- l i r iea-
n

tion 6- of J ($') which fixes all points incident to a lir:e .y* ar:d

all l ines incident to a point **1 J'* is called a iqqpqy,eglJ.-q]l
I

rvith cgr-r-t.re x* and qIj-q Y*.

Igggfk-!. A Line y# and 'brvo points vro. and. zr* not on y'x

deternine a unique transvec-bion with axis y* and rnapping wu. to z* :

Remark 2,  I f  T--  is  an algebraic t ransvcct ion,  then# -  Y i w  t z

Theorem 2"T ,  S  i s

tr . , . ,^,  
I  is a transvection with axis y* and mapping iv.* to z* o

. l  t \ r r a

FAIILIfl{m? l4 8 a, pp "5r*5il investisated ;B.rlehlUlggg (i"e.

collineations of order two) in 'tire group PG and proved that en#

isomorphisn'betrveen the groups PS (or PG) of tv'ro projective pla.-
n  / ' t \  A  / . \

n e s T ( 6 t ' t ' r )  a n d l t g ^ t ' l  i s  d e c i u c e d  b y  a  c o l l i n e a t i o n  o r  c o r r : e 1 a -

t ion.  These resul ts vrere estabLishecl  in caee the character ist ic

of lF * 2 or 3 by SUi{ f irSand VDl,DKiri,F lft'"3" The r,rethocls usecl

thereJin al-so'api?:l-y for chairJacterict ic '),  but for char{acteri.s-
f r o ' - r

t ic 2 the structure is essential ly.  cl i f fersnt.  FAULKNER L4l aJ gave

proofs only for ciraracteri .st ic 2 (see Proposit ion 2.1, 2n4 antl

2- 5 bcloiv) .

Sf.opg{r.tign*ar:" IF the ficlC [l has characteristic tvrio,

t i rr- .n everJ irrvc-- l- ,-r i icn cf a project ive dlane ?$-l  is 'ei tael a

'ur$syect,ion or an invoir:t.ion with e fixec. foi:r*po j-ni.
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Ifgng*Lioq..?."4" Lf d and ? are tr,&nsvectionsin a
Q <

t ive p la i :e  J  ( [J )  over  a  f i -erd of 'charactcr is t ic  t r ,vo,  then
folloi,ring conditi.ons are equivalent :

6 ' f , : 3 S  ;

pro Jec *

the

( i )

( i i )  t l :e centre of one l ies on the axis of the o1,i le r,

v1.ceversa;

( i i i )  c rd is  the i< ienLi ty  or  a  t ransvect ion"

rrqpqs.Lljo,p ?J' rf d ls an isonorphism of tire.group rrs
(or  PG,  respe c t ivc ly)  o f  the pro ject ive ptane f iOe f l ,  to  the
corre sponding group of t i re projcct ive plane 7t, i (r)) ,  both cief i_
ned over. a f ield-of characterist i .c tv,ro, i=1r2, and i f  o-- is a
transvection or ?t 0(t)  )  ,  then o( ( f)  is a transvect, ion ot?tn(r) )  _

v .

lbgglsg-a'6" ff c( is an isoncrphisu of 'bhe graoup ps (o'
K ,  r cspec t i ve l y )  o f  t he  p ro jec t i ve '  p lan  *7  t0 (1 ) )  t o  tne  co r res -
poncli"ng group of the -projcctive plane /t f(') ) , both clefinecl over
a f ie ld  o f  cha. ractcr is t i .c  ' two,  then o(  is  g iven by x( f )  =  g*}c  s
-  f ' l \  r  / ^ \
fo r  d€PS( t r - ' )  (o  6  pS(0- t " , )  r ,e$pe c t i ve ty ) ,  n4rere  ?  i s  a  co l i i
neat ion or  a co: : : :e lat ion or  ?( , r (1)  I  onto ? t  $r)  )  "

v  \ U  I  w i l  t i w  r J  \  U  I  o

I ' Iot-e. I ' '1o1,{ assume t}rat rj '  is of' arbi-t,rar:y eharacteris.Lic.

Nq!ali ,qp., f f  7 is a polarity ofJ'(fr), then pu(fr) denotes
the subgroup of ele:aents of pG .,,vhich co:amute ir

I

& r,J ) " InenM. Let JI be a polari t
. 1

a) ii = tTt 
f" ,. vihere T. is a t-semisinil<r::ity of fi such.

n

that  t '  =  Id  and T = f " i

b) 
tst 

e . iut: i )  i . f 'anci only i f  'birbre. exists )e F such that
STS* =1T1 snch e i  I  set is f ies  ) t t l )  .  t ;

c) every elcncnt of pu(ir)  cap be wri t te.r]  a$ l-S1w5erc
-.t

srs  -  i l ;  for  such S,3t (S)  = l ,  rvhere S is  a  s i in i lar i - ty  vr i th
nult i .pl ier !  i

te with
11

l/

y  o f  r ( '
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d) i f  t  = fd,  then evcr)r  e lcrrcnt  of  pU(. f )  can be wi: i t l ;cn

r$l  wi th ST$"tc = t ,  where $ has: rnul t : lp l ier- ' f  = f ;  such an $

uniq.Liely detcrr i t inecl  by 
t  

S'  .

Iq-{i-g$}-Ae* Two pr:larit ies .[ anr] il' ure cal]ed ggg -q"n!

if Jft*g *l-f c wi'th 6 a co.Lline ation,

Reilark 1. , V' ts equival-ent to 7 if anci only if

7i '* f  S*1**x*1? T ^ foy sCIne s c f  ,  i , , , t rere i i  * f  r :  , I ; ,

J?eggls*-a. If f and ii/ are eqrii-valent, then P.rJ(T') U pLi(ir),

lgIlgltlq1. A thrce -poirrt r]*, *2*, urx is cal-lcd a Lqf.pg

t ,bree:po int ,  i . ' i  i f (u . i .x )  =  ( , r jX u, . ) *  fo"  i , i ,k  d is t incL.

Sgl .a !1-gg"  Sr tpposc th i rb  G: . - r  i=L,Zr '5 ,  form a po lar  thrce-
: } f ,

point  i , , r i th  respeci ,  to  thc po lar i ty  7 l  =n 'T1 n,  wi th  T as in  a) .

o f  P ropcs i t i on  2 .7 .  ' iYc  the r r  ] rave  T (e r )  = ) .e i  f o r  $on rc l l<  fn - {O} "
I  

o . d  n r r *  r i l  [ r  \  ' 1  
T  r i - n * lL e t  T .  : =  T l q  a n d  p u t  T  , = L t r y \ 2 , L , i i  ! I , - ? . , * , ) J "

I  
l r J j k  

-  L  I -  . '  ) '

Iefinit j.Sg. | lf Jt is' a pola::ity and x* is a poin'L of

then x-* is callecl vrgpKl-.v.-].ggllpplc if x*d 7(**.), and >rro is cel*

led lSg!,q.p;g if x-* 
/ 

Ji(**) "

J)gf ln i t ion.  I f  ? t  & )  contains a ( iveal ; ly)  isotr :op: i -c po: i .nt  ,
Q , * '  ,

tiren"f (;i ) j.s saitl to tr" dggj$}y)_i:X,Lg1p"g};g." .

lf"gpp*!.f"gjl j"g." If x.*-n Jxr anil zx are coll inear isotro;:ic

1>oints rela-t ive to the polar i lby ,  i f  1 l  = ' ' ! t  
n ,  T = T-0,  ancl  i f

y*+ . [ (x . .o )  t  %-* t '  r (x * ) ,  then t t r ( * ) ,o , ]  i s  ^an  e l "enent  o f  t ,u ( r  ) .

NgLqli.qq, Tlie group gerriera'ted by aL1 t::ansvoctj,ons

Tr , rv \ . , r  I ,  f "bo,  Pro i roe i . t ion 2.8 is  i leno 'bcc i  by IT(  j r  ) "
L  \ r r t  t J  t  u

M" If J- i.s a iryperL:olic polarity rrith two

isot::opic points '/x, and w*. v;ith v*'* tr(w*), then T ts equivaS..ent

to  a  po la r i t y  o f  t he  fo rm ' r t  n ,  r . n ,hc re  t  =  f l , l r } ;  * J , *S ,J I  *ne

J is a t-sci: t iautonorphisn of $- such t l :at S2 =' id.

Qq{lti$gg. A polariiy it is cal-l-ed ii.irear if 7i =fr1 rh

vrit,ll T n l-ini::lr i:iep.

r)
v \ a rt J . ,  r
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Bgqpfl t"  A polari ty equivalent to a Linear poluri ty is

l i nea r "

ilo!.g" Throughout the renaincler of ttris section, ILi' vril l- be

assumed to irave charac't ,er ist ic two,

rf  7 is a ] inear porari ty sat isfying i l r 'e concj i t ions of
1\I ' roposit i .on 2,g, t tren eithcr f  = T 

o or Jt = fyt 
Uo,

f -'l

T = 
L f  ,1r1;J,J rd ),  vdlere J is an eutonorphi.sm of f f-  of order tvro"

I' irst conslder the case U * f; I

kqp-ogi. t igl l2.!Q" I f  i iots t i re standarcl,polari ty,  .bhen the

e iooo  PT6  )  c  * " '  r  '  r ns i t i vc  on  i sa- ---r  -*.-  o, -  PU( /o) is ' t , ransit ive on isotrotrrtc .points. i , ioreover,

if x* is an isotr'opic point arrcl y* is any rine througir x.* with

y'"+ x* = -/o(x*),  , t i ren there exists an isotropi.c point 
"* ly"

rnr i  *1r  , ,  &. ,v r s  v r r  a  { -  f  ^ * . .

Pr-Q.ltgiliL"isn ,2-"1-1" pu(.7-o) is a faithfur permutatio' group

of t tre set of iso'bropic poi-nts.

Consider norv polarities .f, other than ii 'o'

Propsj ' j . , t - j .on.rLl.?. I f  1-f  T1i i . ,  r , , ,here * = 
[ t ,1r] ;J,S,#J

and ,J is an au^toinorphism of 0- of order two, then there exists an
i  c ! n " + - " . n ^ i  n  ^ n ' i ,. 'DU{,ruprL 1-,urf l t  vr* ancl a l ine J"l*r-  with y:* + /( l i*) ,  such t}rat

every isot rop ic  po in t  r . * ly"  sat is f ics  z .* t {w)+"

C,olg1.-],eryJ: If i i- ts as in LToposition Z,I| then Z j-s

not equivalcnt ta i t"

n ^ i - * ^  * *  s r r e h  f h n f  \ /  e l i , l l + tI J v + r a u ( )  v  X _ ,  l Y . ) (  D L r U r i .  U t l c l  t J  V * .  
? , ,  "

!a{,g$ery"-z. }'U( to) is transitive on pairs of points

t I1  x r  xn  s t tch ' tha t  u1N. r  x* fv* fo r  sou ie  i so t rop ic  po in t  v -u  end

ur"* . t 'xo*vx dut . r .  r
Recalli..ng that gn ideiirpotent ce fr, i / O, is. pfini_[ive

i f  the Peirce {--space ,,vi"L}: ::e spec-b to c has no id.eurpotcpts other
than c and O, lvc give

M. Let '  v-o;  wo,,z-*  be cor l - inear isotropi .c
I
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points wj"th respect to i i" such that .vnth*, v,r* gz*, then

a) there exists a. pr: imi"t ivc" iclen1:otent c, such t irat cof 2x'x l

b) i f  c is a prirni f ivc iciempotent such t i rat 
" .* lr ' , , ,  

then
tv A,T^,rr,*€ Aut r. l f rFc, the set of alr tomorphisms of ' j  f ix ing c,

a ,  v ,  Y v

lS{i.p*t;p4, If u* i.s a poin"f such that .Z(u*) contains an

isotropie point v* for wirich. u*r*vo, then u,* is callcd an oq"t-er
pprpt '

l}gore\a 2.*M. PI(f') is a simpte grbup ancl is traneitive

on outer points.

JhSSfgg*2-f:., If F is a field-of eharacteristic tv,'ou then
4 . .

VI(JI , )  = PU( / l r ) ,  l lence, Aut rgf  is  s i rople.

Bega{&. T}re simplici1y of Aut ,} rvas first proved" by r

J0llKnii l lr3 for f ielcis with at most tv,,o eleuents.

Cons j -der  now two (quedra t ic )  Jorc lan  a lgebras  Hr (1 ; - ( i Jy l '= ,
r i  \  / i  \=: ,3t*', i=Lr2, v.ihere (ft" are octonion algebras Wsr JroLrLlI,kl#g.

t A 0 1

RIX, L'| 1'-J proved the following:

Shggl. n 2;19, The re is a
/  r J \' ? t  E \ L l \ : . r r  ^ - , i . n n l v  . i f  t h o n e  i S  at  t  .J  , /  - t  c2i rLr .  urr tJ J-J-  urrur

a a \
. ' - ,1 f f  \  4.J
(xlru 

U .

Faul lnerf  s resul t ,  here given as Theoren 2*6,  vras genera*
* - . - n -  -

l ized by BIX i  5 bJ as fo l lovis:

T'h-cor 'e: . :  *2. I?.  Let  PII (  i  )  
,  i=I  r?- ,  be subgroups of  the col-

(D / {  \
l j .neat ion Eroup$ of 'J ' (  t ( i )  )  cor: ta in ing PS( t ( . t  

)  I  ,  . r ,^ , ihere 
'^( i )  -  

.
- Tr , n-( i ) c., .,..: + 1^ J i.) ,, ̂ ',;= t t ' (  0- '* '  , \  )  rvr th.0 '^*"  c lef ' rned over local  r ings r ,vhich contai . r t

I12" Let P b* an isomori:l i isrn oll l l l(1) onto pli(2) such 'Lhat

/ r  \  / ' ) \
pt rs (  S* ' ) )  =  FS( t \ ' . / ) .  Then t i le : :e  sx is ts  a .  co l , l inea t : ion  or  a

0 ( )  / r \  c ) . t o l '  - ' lcorrelat ion 9, J '  ( . ) t* ' )  --*  r(  S" )  such that p,ry) =S -)  
t  for

coll ineation netuueer, ?

ring isornorplrio$etwee

0(1) ) and

"du

/ 1 \
a l l  g  4 P I { \ ' / .'  |  

/ ' l - )

&ggg.q&-]u The assump't j.on that C 
(I,q( 

$*'' ,
Theorem 2.!7.  can be reir ,ove<l  i f  e i ther:

/  o \
) )  =  F S ( f i ' " )  i n



/ . ; \
1 )  P i l  \  * i  

,  i = l , 2  ,

" -  1 5

are c0n"i;a-'ri'rec1 in 1l f f n") ' ' i' r J ) ,

nYl

I  r \
t a  I

?\ f i -  \  . ' , /  
,  L-I  rZ, a]"c f  j -c lcJ.s.

U ,  e - 'L ,  c  t  ( f , J -  L ;  . r  J -uJ-u i )  o

Rem.qrlq?" i l io octo' ion p)-ane ovcr the real local * ing

algebra of dual nu:nbe:rs rR(E) (vyi i l :  basj.s (t , ' t  ) ,  g2 : :  0) has beep
eo]rrqir lnTor' l  i rrr 7.* l  171', l l iYTtqfl l / .r i  |  ? q-1
v  v r r u  r u u !  v  v  v . J  t \ u a J t i j J _  r J W  V  ? t  L  

)  , l  
J ,

usini: concepte fron valuation tlicorl,-, cAnrrR and voJ.Il

have gi-vcn a characte;r ' izeLion'  of  a l l  col l ineer i ty*preserv$pg1

funct ions f ron one af I ' ino or plojcct ivc lesarguesian plane into

a'other, ! i i igg!j-o*.g. (i.e" point -f 'unctions f fror* o*e plan. 
'; lr;-"

t l:e:: v', i th "L,hr: propcrty ' i ,hat vrhenever x,y and z aire coll inear

po i r : t s ,  f  ( i r ) ,  f  (y )  and f  (z )  a re  eo l l inear  po in ts )  v , r i :ose  r€ rnges ,

contain s qu-acirangle, r:arled i-* [.#Jiilll_lugg]_l,qlg, have be en

algebraically charactei' izeci in various eettiqq by l iLIl{, lEh'tsERG

r  C q \ r t  1 i * ^ ^ , - - : ^ * ^  r " - - ^ -(  IJIJ r  J lncnt ions f r -o in a l lesarguesian plane onto ano1lrer,) ,
( a T ' n - - \ i r 1 / ^ r - , 1 r f  ,  l -  n ' 1stru ' r i i i l \KUV \  L,  *J,  f - incet ions f r -ona an arbi t rerJ.plone onto ar- . lo-

/  1 ' ^ , h 1ther) ,  RADO (  Lr4 '$J,  fur l  l ineet ions f ron a Desar6uesia ie  p lane

into at lother, t i re inf ini te *r i inicncional case being consicle rei l ' i r :
C r t  - I  .

15aaJ ) r  and G/ i i l i i l ;R  t  |ZVJ ,  I inea t ionc  f 'on  a  pa i :1 : ian  coo j , r t i -

nate plane into another taking the refe::ence quadrangle of ole
n l  n n n  * n  * - l v r {  n s  t } . n  ^ . L 1 . - . * \yrur rv  vv  u l rc : {  u  o f  t } re  o t ] re  r )  o  

'

"  Carter 's and Vogtt .s resr-r l t 's  aI ]ovr one .  or  both planes to

be af ' f ine ar l .d includc ct iserJ l ;here' l , l ie r ,ange corr to i .ns a t r iangte'

btit l to q.uad.rarigle. A .kcJ' theo::cn is .th.at, vrith ti:e t:.xccptiorr of

certain.  e iubci i t l . i r rgs Cef i i recl  on planes of  orr ler  Z and 3,  everJa cc1-

l - inesr i ty*preservi .ng i 'un, : ' t i .or :  f ro ie an af f inc Desar;uesian .p1ene

i$to another can. be extenrled to a col,. l- ineari-"y,-;;r.:sci.ving i 'ur:c*

t ion betr ,vee'"n thu onvel . ' ; r l : ing project ive pluncs. Fur l  l inr . ! t io i rs

def:-nc ' i  on f j .n i tc*dir ; t t , : i ' i ; j .onel  l f i l ine speci is can al-so bo sxi i : . r iuei j

flrJ
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I

to the enveloping projectj-ve $pace (IIRIZULjIANU and RAIIJI,IIISCU

t4bl ) .

FAUL1ilIIJR and lllliiiiAR fZ oflnas shoivn that, up to con jug;iition
L J

] r r r  nn l1 i  npn t i  ons  ̂  ' f , l r ene  e  x i . s t s  a t  i r i os t  one  su r  j ec t i ve  l t ono i to r -v  v ! - L * r * u

phisrn frorn an octonioii. plane 'to a l l.or,rfang plarrc " They also e s'L,a-

bl-is-hed tl:e existencc of proper: bolnoiirophisns between octonian

p^!-nnes encl of l:.omonorpli isurs froni octonion planes on'L,c Desari;ue*

sr-an pl .anes 
\

ffnnA.R antl Vni,illiAi'.'if fz,il studiecl neighbour-preservi.ng
u )

] romonophisns between project ive r ing planes ( i . .e. ,  n iappings pre-

serving incidence and the nei i ;hbour relat ion betwcen poi t : ts ancl

' l  inna\  r i1h, :co .q i "G can. '7-s l - i  Zat iOn Of the hOfrOfnOphi_SnS bgt , r , 'een

; ; ; ; ; ; , - , - " ; . ; . . ; ; " ; ; . ; ; ;  ; ;  ; ; ; " ; " ; ; ; "  ; , ; " ;  ; . ; "

f ^ L ' ,

studieci by i 'J1i,10l i ' i - I t l?G Lb' lJ. 0n the o'L,her hand, ir the conl;ex'L

nf  nrn ' ioe l - ' i  r ro  n l  anes over .  r ings Of  s tab le ran lc  2 A$ studicd byv !  y r  v q J v v  v !  v  v  j / + q r a u v  v  v  e r  4

, , . . ' ' ? l  /  1[ f i i i . ,Di iAiJJ?166e \ ,  an obvious quest ion ' l ,o ask t ryas,  lvhat nappings.

betr,.reen such plancs are ir:duccd by homo:rrcrphisrns betrveen" coor..

d inat iz in; :  r iu,cs" I f  one requ. i res that  the r ing honoinorpir isur;4 . r + . j p . + *

carry 1 to 1,  then they induce dis 'Lant-5:rcserving hornonorphis i : rs

vrhich are nappings inciclence and the ncgation of the nei6hboui:

re lat ion bcbween a poirr t  and a l ine.  \ I ] jLDi i l ' ,J) [66' f  ]provccl  that
( ' t  .

any distant-pl"escrving iro;r:o:,iorphi'sin V is induced by a ring hono*

rnorphis:r  carry ing I  to 1, .  providccl  the t ivo planes are.  coc>r:di*

nirteze(l lrrith. re spcct to basic quaclrar:rgles v*ri.ch corresponcl un-

der p " vILDliAi,:pl(.("f l 
"tuo 

s"budieri hononori:hisns botvreen p{oieq-

' l i r rn  r " ino  n1  : rp1gs  wh iCh Or ' r l y  p reserve  inC id"e t rCe"  T [Cy tUfn  Oqt

to be proclucts of a bijec'L,irre nei6hbour-pre$erving ]:.omo:noi:ir ism

fn l  I  o ,yod bv  nn  arb i - t rg rv  d  j  s tnn t -n r l r ,qer ,v ina  t rnno inor .nh isns .r -  v - L r L v  r r v  u  u r r  q r  v - r .  v r  s . r  /  \ 4 r " u  v c r r r  v  t s / r -  v  r v *  r r v r r . . v r r r v r  l r r r -

'  q  
l t n t l

.  f t r  193],  ?: iLt i - , r . ;5 i i  and i " l .J iUiAItUf b\ ,  ut i l iz ing rncthocls
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Y - . t 1
sirnil-ar to those of slt0Ri'1Yli.1;'0v L5 +J,o extended the re,sult's of

t  ^ ,  - ' ?
iillllGl]llijii)"G Ll'f J :i:r:om I)esc.rguesj,an lrlanes 

'l"o Ltoutfan6; p)-anes*

Let u,s note i .n th is respeci ,  that  €r  sJ 'stemat ic study of  p laces

of octoi : ion al6ebras over ql iscrete 'v{ l . l "uat ion r ings'ha.s been cl&r-
I r  n t |  v  f t t . ' t

r . i o r l  n r r t  t r r r  t r ) t r t t .  1 ' \ : \ ' ! i \ i t  l u " l  Ir_+"vu vs! vr *l:,T.l i; l lSSi0i{ L"tJJ . i lecerrt}y, Blt0Zr;(O\rA l itYJ , mel{i.ng

use of previou{i resul-t,s of llAVltL f lol al}d fAul,I;ii]ilt encl }'ERii/iIi

f ia r  " t
V16) ,  p rov ided a  Jordan* t i :eore t ic  d -eocr ip t ion  o f  a l l  ho inoncr*

phisrcs betwecn l, iorafang plancs having the property thnt the points

identif ierl vi.q l ipri.ngcr's iscnornti isi;r (see SiTtI], iGi]I i [Sf ^! v,""it]:

(0 ,0 ) ,  0 ,  ( * )  a l td  (1 ' t )  &re  napped to  the i r  an$ logues in  the

' i . . rrr.o'o n-l  rrrro I* < ! ! 4 L l v  y * \ 4 I r v  r

OLen ..-oJ"o.Flgn. It rvoulcl be i.n' i.elesti-ng to dcal vrith 'bopics

simi lar  to those : lent ioned abovCI i -n t l ie casc of  octonion plancs.

$ 3*, Bgrbil ian s'Lruc'Lu-r'es

r -  c 1
hs is vrell k"nor,,rn, BAIttsILIAIf l5 a,4J v,'as the firrst who mad"e

an ax ionet ic  s tuc ly  o f  ; : ro jcc t i ve  p lanes  over  a rb i t ra ry  assoc ia -

t ive r:ir6s e
"  r i t

I Ie hras provecl  Lb'{ ,  J that  the r ings thet can be ruide::1yi .ng

r " i  nr , , .sr  f  or"  nr .o. inn* i  t rn . r r :^ ; r^* f  ieS e1 '  e ( lV i th A f  eW eXCept iOf fS)  f  ingSL  I I I U D  l .  \ J I  l J f  \ . / d \ j \ -  U  |  \ ' ,  L i  6 { : L J ' I I U  U  . r  q  . L  E  r v  v ^ u v l r

with a unit elo;::ent in wirj.cl i any o;:e-sid6d inverse is e tv;o-sideC

inverse. 3/r lBf ,L]&N [54,1]  caf led the se r ings^' t 'Z-r ' ings" ( f ron

"Zvreisei"bigsi.n6pli ' ire Ringc") anC gave a set of 11 axioitrs of

r r r .o ' ipe l ' i vc  , ,no i l c t ry  ovcr :  i i  cc r ta i l t . -bype o f  Z i - r ing  t r r *e  [ fd  ,  1 l ] ) .
l r r  v d v  

"  u *  " -  
.  

- - " - ,  * d  I - - .

- r r r r r n r r : ' r \  (  |  I  1  -  - 1  -  ^ :  ^ * - - -
rLrj lbbi 'Jl ir t  |  4!a t has de rre lopcc" a plane ge om.otry over on i. lrb: i"trf iry

L J

Z*ri.ng 11, j:: '* ' ir ich a poj-nt is an eleiient of RKil anrl a l ine is a

set of  the forn

{  ( n + r e '
{'

, , r , h e r e I i s t t ' i a r . l
31  : l - 3n  COB; l lR "

. v + : ' b )  J  f * , r l  6  I t  x i t ,  r 6  [ ? ,  { 8 , b )  €  3 ] ,

r  se ' i  o- f  un i : i io , iu lar  : i i i ' s
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-  1 )  ^ . . 1 1 r t 1f ro; ir  I t  X I l  sat isfying certel in &xiolt$.* i  11A00 L54") extcni ied

L}rssl*Llirs results l4lo] to af-fl ine ilarbi.r-ian planes over an a.i,*

h i  " f  y . n ' r . , - , r  - r . ' i ' r r , , r .  r n l i  ' r l ^ ,  n  r r n i  *  a - l  n rnnn - ! ^  qn r : l  ' i . r r ' ^o * - i  , - , : , . | , . . 1  J - l - ^v+ ur ctr.r J/ a 4rr{3 wi..'ch. {i 1.1r};t e-l.e ncnt on';i inv,ro r,r.i;i::i u$Lr Lrrs corrcfipond-

in6 af f inc ts l rb j . l ian s i t ructures al ld t ; ransl .at : ion l iarbi l ian pJ-anes*

Corresponding to the ni-gebrai .c I 'cpre$e.r i ta 'L:Lon of  cr f f inc Snrbi l j "a l

<rrrnr 'oc Qc ' : ' f { " i  no , -on 'nr : '1-n" i  aq OVOII  Uni tafy  f f  eg r f 'C.U}CS, L l l l i j$ i , l l f f t' r ' J r q \ , \ / u  ( 1 p  s r . { } r t u  i j v V . r L ,  U . L  J , U C

f \  ,  a 1  .

{  At{ ,  {  has recr: t i t ly  charactcr i : red aJ.1;ebrei-c l r ropclr t ics of  t i re Lrn^
|  

- 1 r  v  J  "  t r -  - r -

i ^ ' , - l r : ' i t r r :  r , i n c - ' [ ?  r " r : . . : v r r > r , f - i  r r o ' l - '  ' ^ ^ , - 1 r 1 ' ] ^ ' . r  * , r a ^ . n n * { - ' ^ ' t . ,r  f , - r { ( j  r \ t  l uD l r t : u  u r vu . l }  i lO , - iU  I e  i i .O ,  r  u rp r ;U  r , r  v \ : r J  j j a f ' b i l i A f f

doni: in 3Ci; ip by gecinetr ic propcrt tos of  t i re af f ine i larbi l j -an

space ancJ vicevers& r
f  t r  1

,  vELDKri ; ' iP[6be) ,  r ]ave an axiomat ic ,Jescr ipt ion of  p le ine

Seocretr ies of  the hind consic lcred by I3I l iG. lJ l {  fg l  "  A:nost sat is*

factory s i tu.at ion j .s rcachecl  by extend. ing the c lass of  r in.gs used

for coorcl inet iz-at ion 
' f roru 

semipr inary r inEs, rv i r ich l ingen use, lz
' l 'n -. ' '1, ',". '  nr .ta'blc renli 2. These rini;s hevc playeci a rolc in a.l-

Sc;braic l i-theory, and seoffi 'bo forrn a natural framewor:k for t i lany

ge o ine  t r i c  o rob lcns .

Sg!S"" For simplicity VJtLtl iAi:J f6("Sconfines hiinself to

the  case o f  p l l "anes  (ca l leC ) ,  b r - :b  a

Jton; . r .a  l  i  z .qf - i  nn ' l -  n  l r i  r "hrr -  . l  if j u raL r  qLL / rQUrwr r  wv  . J4c \ ! l v ^  * . , . i i l e i l s  j - cns  i s  s t ra igh fo r \ va rd  ( see  bc lov l

p:SLjgc*i; !-ve l lr :r ' l t i .) . i-an ,qDaces ciefincd'also hv \rot r i l : lmn) - .-  - v * . ]  +  r  v * u 4 L e . r " r y l  o

VeJ-dllarnlt has choscn an alrnroach s:oiler,vhat along the l ines
F

of Anll l ' i  I ) [ r.ather than to follow l]arbil iah,L -  )

Tl:e basic 'rel.stions i:r the plane &re incider:ce and .t,he

rtei-i:hbour rc-Lati.on; Tlr.e exions consist of e nu,Tbsr of axiours

express ing  cJcnentary  re la t ions  hc fwcen po in ts  anc l  l incs  such a$ ,

G"g*,  the existence of  e uni .c iue ] ine jo in ing artry tv.ro non*nci ;h*

in thrs contex1, that ii l, lftz extended [4tJ tfi itz'

. :hn ' , ' i  n -  * I r  n*  l . . r r , i ; .o  r . ' l  r . rs ros l  Of  COni lU t f  t , iVC
, /

y '  onc l la. : :bj . l j . r , rn t1cnni.n.

1) l.,et u.s ucntion
- f n -t

r c ' . q r r l  t t  I  h a .  I  h r r
" "  L "  

' )

r ini,c st lr;r i t  or: l
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t .

bour ing points,  and a couple of  'axj .oms er:sur ing the exis" l ,ence

of t ransr, 'ect ions ancl  c l i latnt ion,g.
l r r l l

In 1g87, VJJLDiiAt:il:166d J exi;e nded all- this nbove nentioned

resul-ts to r:rbi 'crary f ini ' te cl incn$ion' Sasic ot l ' jects in t i rc:

axiorns &re points anri hype::plane s, by analogy v*ith th.e solf-

dual set*up fol '  c l i4sical proj 'ect ive spaces over skottr  f ields

.  t  r  n ^ r \ . r r . l l n l  ^ -  a - ,giveri by ESSL,lt L4?J " 
As i:asic relations again selve incidonce

ancl the neighbour relation" Ti:e self*dual approecir is quite na*

turel  s ince incic lence ancl  the neigh.bour rglat ion betutcen poi .nts

ancl h;rperpl.anes have a siinple ali;ebraic clescription i.n coo::clir:a*

tes, I iononorphisan are i lore or less the sane a$ j-n tirc planc

case, th i ig/s bi :coni l :g a bi t  more conpl icatccl  because Veldl la i rp 1

inclu.ded hotnoirophisrns betv;een spaces of unequal dinension"

irlote. VelrJlianp confine hiinself to full hono:itorph:'-srns,

r .u l i in l r  nnn r1nl . , r  iner .esso l .he d inension or  leave i t  the same.t v r l r \ / l r  , u  9 r r  v r r r L /  
"  " " : '

Thus he exc.l.uded hononorph:isns which lower the cliucnsion, an ,

exai;rple of ivl:ich v/as givel by FRITSCII and PHESTEL Lz 
y7 .

itecerrtly, FriUl,i i l ' i j ln f/!el ,r.f i ,"re cl ernc] stuciied the so-cel.l-e C
v , .  L . _  J

f-plglgg. lvhich geireralizc the p::ojec't ive planes" flenes consiclc*

recl  by. tsARi3iLIAl f  in the Zusatz to l541 
""o 

corrnectcd F*planes
L "  

_  
)

i1 Faul- l lner 's se: i 'L j .ng.  Sesj-dcs extenci ing;  the c lass of  .coor<l . inatc
t  , ^  - r

r ing,  FAlt fKi \ i i i t rs r ,vork]aXe 1 introciuces r lo i l le nev{ concepts,  tecir-
/

n i  r ' r ros-  and conncc t ions  v , j i th  o thcr  a reas ,  T t lese . inc lu .Je  a  b l i cory

; ; ' ; , ; : . ; ;  ; ; " ; ; ; " ; ; " ; ;  ; ; . ; " ; ; " , ; ; ; ; , "  ;  ; " , ; , ; ; ; ,  

"

p, 1-hcnrv nf '  tangsnl  bundle pl tnes and 'chcir  scct io: ls al thoug).r. ,  "*

t t iere is no cl i f fe rent ia l  or  atgr;braic geot lctry r  a purely ge one-

tr ic and coor. l inate-free construct ion of  the Lic r ing of  the

group qet ' r€, tated: by t rensrrect ionsr and cotmeet ions tO t i re' 0

K-t i rccr; '  of  the coorCinate r i -n; .

Lct ,  us ic ' r /  rccn l l i  lekrn. i  usc or rer . le #")o,V.ELJ'rii,L,;F,
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t i re c ie l ' rnr t r .on ant l  thc fun<lamcrrtal  pr :cpert i -cs of  projec 'bivc i lar*

].' i I i ln cr l-\ tr n rr,q
L r r r  u l r ( . . v v u s

JlQfirtilig1l" A (fr:qj:1c*!;.ye ) Fjlf!::fie!*S;;ac,e o.l' tlin'.lltsion

n 77Lr or' ,Eilqllfli^Ag n-g-Lqgg, l' = (l'-r.,i:* rl, A consi.st of norr*urapt3r
-x

^ n * ' . .  D  . ' , r A  T Jser,$ r '# uu(.r.r ,  l i ro;-:e elenents aro ca.l" ied ngi.glg nnd. hypii j j l_i+jtg$,

r.psnr:nf.i trr':l ',r f.6r:rc1'1rrir" rui i:l-r. tvlO rela't j-on* *l ft, ing"3.S1-q+S.g, UtiOr L t J y v v v + v v * d f  r i . , - v r r  r v . ! q  
|  

,

xeh, fgi$+bqgi, betvreeri l 'x ilnd I' ' '  r 'vhich sati.sfy the follolvii:g

"* io*u 
r 1)

1 *  I f  x i h ,  t h e n  x r h ;

2 -  Tf  n-  .  ,  . , ' : r .  s ro i  ndcnenCelnt  no ints  ( l  (  l ; (L o  - , : i _ r " r . r q k  s 4 v  * r r u v l J v r r u \ i { r v  y v 4 r r Q L ,  \ .

t h e r e  e x i s t s  a  h y l r e r . p l - a n e  h  
| a r 1 . . . 7 & g "  T h i s

que i : f  k=n ,  and is  then denoted  by  h  i=  o r t

ca l led  ihe  jo in  o f  'L ,hese po in ts "  
* '

n ) ,  t h o n

h is un.i*

o o " 
v {}rr}.

2 t  "  I f  h l  ,  e  .  e ,hO a rc  J - i t de  penden t  h ; ' pe r r l&nes  (1 (  ! ;  (  n  ) ,

t hen  ihc re  c ;< i s t s  a  po in t  
" l f r r1 . .  "ehL .  Th i . s  a  i s  un i -

q u e  i f  l c = n ,  a n d  i s  t h e n  d e n o t e d  b J r  a  : : - h l ^  , . . A h ' r r

col lcs the incet,  of  -Lhese hyperplat-reso

q  T ' F  n  i o  o  n n ' i  n t  n n d  h -  - -  . l r  t r F c r  i n / l o r ' . p n r l  r - t n l :  l i . . t t r , , . r ' n ' l  : r -. ! c  l . - L  q  r g  c l  l . / r , r r i l U  c l l l ' J  l r " l t c . G r l L n  c r l q  J . I J , L . [ $ l r E i I L t U I l U  r J . " i i . / ' J J i / r q L l

oo in ts  > ; ,x t  thc re  ex is ts  a  hyperp lanc  h

h  n L r " t
a

-  \  1 .  ,  "  I
1)  i ro r  x lh  and l rEh ! ' ' l e  sha l l  a l -so  wr i te  h [x .end I i *x ,  r 'espeet i *

ve ly "  C i :a rac ters  a rbrc  rXr I  127 o  i .  Ccnote  e l .e : i ren ts  o f  P* ,  l v i : i - le

hrk r l r in , i11no" 'c lenote  e le lncn ts  o f  P* ,  pg" ,Cg l - . tU  *  s ta tc rnev i t

i leiins. j.n-L.erchanging "pc,int" ancl "hyp,:rpli lneto; \ ie slinll- cell

i i  a n d  h  g ! _ q l g $ "  i f  x  * ! t ,  P o i - n t s ;  n 1 , e 2 1 . . " 3 a 1 -  ( f  ( k <  n + l - )  . r r e

csll.e O -ffi{g-pg-Uggpl pr:ovidec}' there e xist }r;vpcrp}nnes h.t 1}1,.'e . o o
' ! r  - , l ch  tha t  a .4 l :  I  ^  ^ ,_  _ f lo r  l<  i (  f - f  "  l .nde  -' n o t " l i - - l l -  D t  

L t  
' i  

l  " i r - 1  ) o ' o - r ' l i

nondonl-  hrrnnr"n- l lnoq t : r r lo  df : f , ' inCd j - f f  thC d.UAl  n i lnnef  .  pCf i - ; t t ,S
,  

l / v ! r v \ r *  ! 4 r  v

, ,1- ,  
"2 

are r ] : is 'L3r$ ,  a1f t .  t \2t  i f  t i rcy arc indcpclrdont,  anC

indeccitcjcnt 1$'plru-1aflcs h..' , h,, arc cal.leci AUg}}J*giq!Q$. :
* - L ' (

it. ,iYa 'r', -,
L ' / " " / t I .

n e s  w i t h  a l i r r l . . o o , 1 : r r _ l  a n d  h r . r .  . o . A h n $ a ,  t h e n  , s d h * "

Trtnr  or i r r  * ' , .vn( / r r d  e  Y Y V

r,ri * 1r lr .L "rv i  - L  v t r

A- f $
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5, 
It  

*t,on*l are , independent points and hn,h*+l inciepen*
clent l iJperplar:e s su.ch thal ,"1_,.. n,&n*l 

J 
nri frrr*rrt iren

- - 1 , -  1  - .  I  I* lh r r ,  hn . r -1 .  and i r t r * r , :no ,an- l  i rnp ly  t  l i r .
IXgep}g-g-* pl,ojective spaces pn(R) iver a ring I? of steble

rank 2 are, for n273, Barbi" l ian n-sp&cos* I 'or f l*z, one i .r i rs to add
axions on the exis1,err.ce of transvcct, ions, cl i" lntat ions, 51n<1 af: l in*
and' duaL aff ine di latat j-ons to characterize the r ing plar:es p2(R)
(see VELi:KT: ' , ,}  [  6e 4 ),

{Lqlgglllgg 5-.]' .{ssurue *1,*..,&k are indepenilent po.ints
:Ln a r3erb i l ian n-spece, .Thenl

i )  Ar iy  eu i r rovr  o f ,  *1r .  " . ,an i "s  inr lependent  too;

i j ' )  * j i (r)  r  "  n n,ar(t)  &re i*<lepencient for any pernutat ion / '
o f  1 3 n " . 1 k .  1

i i i )  For  any  o ther  ro !?  b l , . . , r t {  o f  independent

i v i ' t h  4 ( y  t h e r e  e x i s t  p o i n t  b / * t r " . , r b g ,  
" l r " o , r c * * l * k

b o t h  a l , o . " c n + l * k r  * 1 r , " o 1 & L  a n d  c r , e . . r c n + l * k ,  b 1 r , . .

&re inclependent rown I

* n ' i  * 4  ^
y v l r L u o

such ti:*t

I\ F\

l v P ? e e 6 ? L / L .
\ r L

o . " V  g i * l V a i n r v  o o o V  f f : : + . 1 ,  t h e n  h 1 r . " , r h r ' - { - l  a r e  i n r l e r p e n c l e n t  h y *

perp lanes .

Lequl 5 u?.. Oo" any

there e: : l is ; 'Ls a poi i : t  * l t
T

:_qg.g4!iory" The nctetion "a1r . , " , ak inriep.

i a l r * l r  o . . 111  *  I ne l l n r i ,  u l r . .  "  r&* .  a re  i nc l c renc ien t

i r i *eperrder : t  hyp. : r 'F" l_ i .?nes and nr ln ,  for  a l l  i=} , .

f JS :agg l$Sg .7 r7 "  i )  
. r f  "1 , " ' " . , au  

i * c iep . f  i r rO*p .  h l i+1 r " . . , 1 {  j

the '  , ( (  
"nr .  

l , roreover ,  i r  / .<n,  there ex is t  l4 ,pcrp lan. ,  
\ *1 , .  " .

. ' " . h1+1  s t - t ch  tha t , ,1 r  . .  " , 1op  i t r r i cP .J  i -nd . .p "  hL* i r  " . . rh1_ r - ]  ;
i j - )  r f  

" l .  r t . . ra r_  i ncep . f  : . r ro *p .  l l co ' c . . rh '+ l ,  t hen  fo r  : : ny
t '

po in t  
" l i t i .o l '  

r . .  rh r ,+ l -  e r :d .  i l v 'pc : 'p1 , lne  t r /qar . . r ,ck  we i rave  * / t . r .

i v )  I f  a r r e o a r a n + . 1  e r e  i n d e i : c n c l e n t  p o i n t s ,  a n c l  L r ,  *  a r v  c c r

ti:r:ee i:yperplcnes i;,

s u c h  t h a t  x @ r n r , n 2 ,

ar, with h $,ina tra",

1  t l r J t \ n
* r . v u y  q

nn ' i  n ' l  c  h
" " ) ^ * ] " 1 1 l o ' o

". rlc and 
"i:.k'{-1-,

t ^
t  l I  0. \

o o  gL ' '
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8rol,o-'1i.!i-44"-3-*$ " The duiils of &;<ioins I to

t r r r ' ( /  l l q r " ] r " i  I  i  nn  c r r . r $ \n  i rL4 r rd  . , .  $p ,?c ( }  a  /

Vi;li,Diii\ i, iP l(e{^, g ,1 introrlucecl o'flets't j-n
L J

&s; the uuai .o; , ;5 or '  subspaces in.  p: :o ject  j .ve r ing

considerecl  re- l .a 'b ions beLv;*en ' l ,hcm as fol . lo l ' ts"

dg$ttl!g11. l,Gt eo, eL

Bsrb i l j -an speice P = (P* ,  Po,

- - - - : r ^ ' i  r  f . i l ' , r  s e ' t ,' c c t e d -  r v  
. (

F  : = ' F ( a o r a 1 , . .  "  r a U )  ; =  { x 6 P(

rPl-r n ^n'i ir'l- cr o
r r v r f , ; w v  . - O r & 1 1 . n  n  o  1 & 6  A f e  s a i r l  t O

r(0) = fr, tne emet,]: i.L?t.

&g.pgg-L!:-9*:A, For ail)r set of iudcperident points

. i  D o in  a Darb i l ien n-spacc t i rere e: r is t  n*c1 i r i r i .cpcndentr . ' o r \ i l  ,  o . .  r . " d  - . "

hlrpcyl ' r lanes h.  h /" ' l ' is [  is  ncant to be the cnpty set  i " i -'  d + l t ' o  
'  ' " f I  \  r { - r

d=n) sttci:  t i :a-b

F  =  F ( a o ,  " . . , a i l )  =  
{ x 6  

P - x  
I  

* l n , r * r e o . o 1 h

ConVg?t ig I r .  Thc  i ryperp la r rcs  h"nre  . . .  thn ca l l cd  a  c iu i : l

b a s i s of  Tr-  nnr l  l r  is ;  a l -co c ic l ro led b. r  I r  :=  1 i ' - * (h  l r  )( , , , - t -  t : 7  a r l ' . f ,  J -  J r )  c - l - l - \ . \ , , r  L - t U i J . \ , / U U L t  W J  !  . - - .  , r r d + l t o o . t r . n r o

I igmlh. Sinilarl-y for f (g) ,,rith'n-rl irrdenenclent ityi:er-nl-6ne n.

_Q,?nv_g-g!'.I-qg. R:oposition ).5 i incl its cr:41 allov,r to ider:t i: iy

fl-ats unil "Cr:.el f lats", i ' , 'hicl-r onc a.l..v;ays doe s"

Froil l topositiori i .3. tt fo.Llcws tl ia'L, ep.y,*

l"la1, F i:ave tLre silme nr:nbe r of e-!-en:.ents, say c1'r-1

rife cal]- d t]:c Ci..rnei:sioq of F, n-ttcl ]: 'a d*{'},g!.

Qgg-v,%Iigg" \ ' , lhenevcr the not i : 'L: 'Lon'E (ao r  .  .  . , i id)  is  used",  i t

i s  'L rc i t l y  r :n r lc rs tood tha t  &o,  . .  o  194 s re  inde pcnc iea t ,  und s iu i -

Lr i r '1y fo: :  I ' { ' ( i r .1+t , . . .7h-)  ;  Any poi . l : t  x lv j - l l  i le j .dent i f  j -ed i ' . ' i ih

the flat F(;":), l lncl ar:.y hypcrplane h rvj"th tl ie f lst It*(i:)

I ; 'g i rg!$f .o-11--?*f  "  i ) .  ] ( ro,6.  c,r l ; )  g i r . (bo, . .  " ,k,{  )  i f '  crnr l  o i : l - ; '

5 arc vnlicl for

i larbi l - ian $psces

o r . a r ^ a ' 1 ,  n n r l

n  ) r n  t r r r l r : n o n r ] i : r r *  ' , . n i n t . r  i n  r . l
G  s  .  t  

! t ; l  u v  . L a r u r / i / \ / r j u r r r r  v  y v - L r r  v r J  + r r  u

\l

c.) - 'J'hn fl ,q'h $Denne d be ,l . n
,  

' N , t  a  & ! r !  : - : : : . 3 _ *  
* 6  l * ]  5  c  I  r

",f *1r, 1

f o r "  a l l  h e  P " x ' w i t h  n l a o , o . o , * A \ " ,
*)

form a besis of  F" Furt l ier ,  :

I
Y

t r  I  '

gre

two bases  fo f  a

v i i " L i r  * 1  { d ( n ,
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t f  e ' r  ' o e n  e k e s ' ( U o '  o c 6 r  n X l U

t t  )  Any  se t  o f  inCependont  pc ' i : r t s  ln  e  f l .a t  S '  cen  be

ox tend.ed  to  E  t las : i . s  o f  F  i

, 5 . 1 i )  
A  €  B  f o r  f l , a t *  J t  s n d .  B ' i f  a n d  o n l ; r  t f  B  h s s  &  b * s i , e

whloh contalns t :  besl .s of  . .&u

egg.Lgi-!"fg,go Two ftrn'os A nn<l. B wltl be cnlted S;g;lgtSg$-fltp

S T B, i f  t l rere exists & set of  tndepondent poi .nte suf i l ' t  thmt

each o f  A  and 13  ls  spennCId  by  a  subset  tbere< l f r

Hena: :k ,  The re la t " t t tn '6  ls  synrnet r ic  s lnao s  permu' t ra t lsn

of  lndependent  pc ln ts  l s  a lso  lndepen&ento  '

ngj!pg5j,j*lg*.*}.n?. I ) Transrr Errsallt y 18 & self-drial

n o t i o n e  i . B n e  e  T "  B  i f  a n d  o n l y  t f  e a c i r  o f  t h e m  h s s  &  d . u a l

b f i s ts  ta tcen f rom one t :our  o f  independer r t  hyperp lanes$

i f )  I f  A  - b  R ,  t h e n  4  n  B  l s  &  f l e t ,  v t f , . o  3 t 8 u r * " * r s k )

i f  A  = I ' t e o s  o o o r  a k ,  e h + l " r  o . s ,  u X " )  n n d  B x 3 ' { s o r  * . " r  * k ,

* 1 . * L r  6 c s ,  8 m )  w i t h  e u r  e o e  I  e *  l t r d e p e n d e n t ' I

1 l " i  )  I f  A  Z  B ,  t h e r e  e x i s t s  I  u n l q u e  i l l n i n a l  f t e t  A  + B

c o n t a i n i n g  b o t h  4  a n c l  B ,  v L z , ,  F t a o r  .  s  o  !  a *  )  l n  t h e  n o t s t J " o n

o f  l i  ) 6

l v )  F o r  + l  6  B '  w e  l r a v o  d i m  ( a  + n ;  +  d i L u  ( n  n  B )  =

= dlm .& + Crfun 13 $

o{ rvhich eontelns f l  } :asls bo, .5o !  bto of  A f i 'B arrd '  fcr  eve'ry

b e s i s  b o r  G € o f  . b t r o  o . { r r L ,  o * : r  b *  o f  B u  t h e  p o i n t *  b o t  & q e g

b k ,  b l * . o l e  o o o ,  h . ( . ,  b X + l o  o a o !  b * - e l r o  l n d ' e p e * n c l e n t o

!eq.ig;lSAg*" fw9 flets a and B ere call-ed $lglg.gk,

A $u,  t f  A z i l  and.  A n B*$ ,  and 9l lq$J"-g]- f l i *St- '
s

^& .*_ B, l f  A7,B and .d,  +ts = Pxi  TJe say th*t  $ end. B are
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M

A * S" Sho notet ton

A  & n ,
1 f  the re  ex l s t  f l e t *  S1 ,  81 .  s  C

f f x f s

l " ike

gg4plepeg|ggg {Igt,q lf both a *, B end

e @ B ls  used for  .A

&qrc,elr,Ku Jt % B

euch that  a e,{1oe 3 B *}3r@c ant l  .8,  f i  a"  Then 0 n.A f l  B,  *n*
d  +  B  *  * t @  r r @  C

0cnvent ion"

shel l  us6 notet lons

+ B provlded.

tf  and only

polnt and h a hyperplane, t l rcn yre

6  & ,  x  *  A ,  h  f l  A o  e t e u ,  * n s t e u d .

o f  $ ( x )  G  & " b  r t x )  +  A ,  r s t r r ) f i  a ,  r e $ p e c t t v e r y p  $ i n a i l . a r l y  w e

s h a l l  w r f t @  x L  +  " o ?  +  x k  f o r  $ t x r ) " +  r o $  { ,  } ' { x k i  l r  x 1 : * * r  x k

are  tnd .epend.en t ,  e tco

rn  le t t t ce  i l reory  and.  p roJeot ive  geomet ry  ie  weLL known

the so-ea l l sd ,  n& lodu ls r  Lawr t "  Th ls  hoLds  aLso fo r  l ta rb i l lan

s p s c e s r  € s  f o l l e w e !

EfgpSg^llj"g*;i-Lg.e_ If A, B *nd 0 Ero flare satlsfytns

A ' t B ,  ( * + n l 1 -  c  a n d . &  9 0 ,  t h e n B Z C  ,  a T B n e  e n d
( a + n ) f i c  r  A +  B n  c o

,  
SgggTgo One can e&s l ly  p rov6  tha t ,  l f  A  j . s  a  d_ f la t ,

6  2 . L ,  t h s n  t h e  p o t n t s  o f  . &  a n d  t h e  i n t o r s e c t l o n s  o f  d  w l t i r

hypperpLanes wh lcb  do  no t  con ta tn  e l t  o f  A  fo rn  a  Berb i l lan

s p e c e  o f  d i i n e n s l o n  d  w l t h  a s ' l n c l d e n s e  r e l e t i o n  t h e  i n c l u s l e n

and tho  ne ighbour  re le t lon  d .e f lned by  the  negat lon  o f  
' the

d i s t a n t  r e l a t i o n  b e t w o e n  f l a t s , d e f i n e d .  s s  e b o v s o

gg{ igu^{gg.-  The i3arbl t lan spece frorn the above remerk

ls catred a .Hggiill-ltg*s.ggs.p-gqg- anrl e (a*r ) * gtet conrslned in
a ls catred. en A. - hyperpJ-ane.. rf i l  i .s u hyperpS.ene end

#
A *: $ (h ) , then we msy s l.rnil.qrly speak of the Fggg${gg_ g}lh ggggg

h, end of tt *[UIgIH,].gggg.

&gpg.q*Z:-gg l,et ho,h1 r
sat is fy lng  the  cond. l t ions . t

- a

br . d
I

o o r  h d

6

4 h o

I

be hyperp l ,anes,  1(  d  < i l r

for l -  < 1.< d and



' f n  o rde r  i o  ge*  the  coo rd lna t l za t i "on  o f  Ba rb l l l " en  $p r?o€$e

vb'tllKAl!{e d:66{/ genere}f"zed" the nsti*n of 8eneral quftdrengre

itg *

\

h1  f r  hs  r  d 'o !  hu  n  hn  a re  i . ndependen t  ho  -hyperp l snos  ln  l bhe

Barb l l i an  subspeco  h , ^ "  Then  h  h -  .' t r  f l o r  t r L r  o , o ,  h d  a y e  l n d e p c l i r d e n t u

l n  a  Barb i l len  B laneo

J"n a Barb3. l ien n*  sps$€ F is  r r l

ord.sred. set of n+2 polnts such thet eyory submet of n+I pr: tnts

ls  lnddpend.ent .  s  d-  g , f f iqg i .n  p ,  for  r (d  (n ,  is  a  f reme tn

any  d*  f l a t  l n  P "

If,gpggj,Sjg**:_ej"g. In 6very Barbilietr spee6 there exlst

f ranes" .  rn  fnet r  &[y  u ,et  o f  n  +.J .  independent  po l "n ts  ln  n*speee

can be extenc led to  & f rsrns,

Def i .n l t ton"  .& ec ' l l ineat lon betvree ln two Rsrb l l lan

Defi .ni . t lcno S fr*rme

&!9. I f  there ls no
t l l  -  ( l l  -  f  r l

Jus r  Y  rp r  Y - -  8nd  v- r  I  i lF. I

D e f l n i t i o n "  L e t  c  b e

a  * b o  w e  c a l l  q  d i " I _ e t e t i o n

d j , la te t lon  )  any  eo l l -Lneet lon
I

For  o l  h  "  we cs l l  & cent re l
l .

( or ( c,h ) * t_Ug_frq_veq&1gq) any

cons ie te  o f  b l j ee t i ve  mepp ings  V*
th'e hyperplanos sr- ich t i rat xl fr  *y

. ! $
V x r>. tY ho

| e g "  
( - v  I

for-  for  the potnt r  snd
r ,le

!z*x lV h anr i .  x4z yr s  |  ,

d"enger of  confuslon ,we shalL
&

o polnt  anel  h e hypperp1"anen $or

with ggt f fg  c  and er{g.  b  (or  (c ,h)*

leaving c end el* l  perlnta ln f i"xed."

r en"d ,gX}S h!.ge.pqy_e.9.!.l.cn' with gsglgg CI

coLl ine'et1CIn l-eeving al-L nofnts f  
i r

and  hyperp l *n *  |  *  f i xed"

tbgs ' " fSp,? i l l ,  t t t  c r&rds be po. ln ts  and t r  a  hyporp lane in

e Barb lL len sp*ce of  t lJmensi .on 7 3 sat i * fy t t rg  *he conc l l t ions

B r & e  
* t t g  * ,  * u  +  *  a n d  a t  

J * * c ,  f f  
" + h ,  

t i r e n  t h e r e  e x l s t s  a

u n l q u e  ( c r h ) * d l t e t e t l o n  T  w i t h  T a * s t .  I f  ,  o n  t h e  o t h e r  h e n d . r c  l b ,
thon  tho re  ex l s t s  I  un lque  (c rh  ) - t ransvec t io r i  I  w l th  Ta*s f  "

$p{:  ees
H

I t \  )
I

\---;/

wri"t e
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n \ - {
^ 4 / / r J a

c t  E t

thgpgqin )sj"as- tet p be u llarblrtsn spece of cllrnension
r f  c t  &r  I t  a re 'po ln ts  snd h  fs  f i  hyperprene snch t i ra t

at6& t r  g  $  $ ,e  e ind  a t  ]a+c ,  th .en  i ; i re re  ex i$ ts  *  un ique
af f t : re  (e  u i i  )  *  A i l_u ta t j . *n  f  car r ; r ing  & to  &r  *

$,ennrk" Jts f'* .  + v , u 1 4  
" L  t t  a

' t i "  the pl*no cirse, the prc,r luct of ceRtra].
t t '&nr 'vset ions $, ' t th the sarne exts h noed r: .ot have & cenf;re,

&g-{.igl!"$g*. a Lfe.es.g.S.g.}_tsg wlrh qn}S h ls I produar
o f  ( c r r i r  ) - t r a n s v e c t l o n s  w i t h  

" f  I  h  o

E{g}gcillggl"*U.* fh€ group of trsnsvestions wtth s
g lven axLs h in  e  Barb i l lan spsco ls  er :mmutat i .ve,  end i ts  f ie*
t i on 'on  the  po tn ts  +  h  t s  sha rp }y  t rans i t i ve .

Fqgngglj.iglr-3.'J3.. rn rr B*,rbtt1an n*sp&ce, thel l itt le
p r o j e s t l v e  g r o u p  { i " e . ,  t i r e  g r o u p  g e n e r e t o d  b y  a l l  t r a n s *
vec t lons )  r s  t rans i t i ve  on  the  se t  a f  bases ,  and  a rso  on  d . * " f ra *
mes i  f o r  any  r1  w l th  1 (d (  n  . .  Fu r the r ,  t he  fu l l  p roJec* i ve
g ro t tp  (1oe . ,  t ho  g roup  gene : :a ted  by  e l l  t ranevec t tons  anc l  d i l c * *
te l t l ons )  1s  t rans l t l ve  on  n - f rameo

q4g_gggg.l.o-Uj" dny Berbillen spac6 of d.lmension n7t 3 1 s
isomor:phte to  n  pro ject ive spaCIe over  & r ing R of  s tabr .e
rank 2o R is  *n ique up to  isonrorph*sm" co l l i r ieat lons Brs
induced by b i jec t ive semJ" l ineer  t rensforn ia t ions in  Rn+lo s
co l l , i nea t ion  be longs  to  t i r o  fu l r  p ro j *c t i ve  g roup  o r  to  thec
I i t t l e  p ro jec t t ve  g roup  j " f  end  on ly '1y - .  l t  i s  t nduced  by  an
element  o f  GLn+t  (n  )  or  f fo*r (H ) ,  r :eopect ive ly"

'  For scmo . fundntnentel l  propert , ies of  fu lL homono::nhlsrns

b e t w e e n  B a r b l l i . s n  s p e e e $  s e  E ; e r l  a s  f o y  t h e l r  a l g e b r e i c

description ivo refer the re{:d.er to \rEl, i l} ixwr fte trff  "
tr'dU1,K.t'tXR a'nd FnRRAn { tE .3 surveyed. the development

whlch leacLs f ron crass lca l  Doserguosi "an p l :oJect lve prane v . i - r
A' ioafang pi*u*, ' to iv ioaf*:ng*Veldkarnp plenes" They f l ret sketched
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inhomogeneo$s nnd homogeneou$ cc lord inate*  tn  the rea l  and

proJect fve p lenes and"  1n r tng p lanesu fhe Jord.mn a lgebr :er  oCIn*
.s t ruct ion of  lv lor " i f ; :ng p) -enes;  end the r :eprssentat ton of  a l . I

these p lanes es homogencc,us $pnces for  t i :e l r  &roups of  t r , f i t r .$*

veetJ.ons " Then attentlon 1s focussed on ggp{,flJiS:IS}gKgSR*fi,}S.*gCu

i"so prc , ieet lse Serb* . l ten pJ"*nes ln  whtch a l j -  poss i .b lm t ran$ves-  /
t lons ex is t  and.  whlch set is fy  the l i t t te  qu-er l rang; ler  sect ion.  con*

d l t lc ln  for  qr . radranglee l .n  genera3.  pos i tJ-on,  As ecordtnates for

t l ie  e f f tne p lene one eas l ly  o t , te lns &n a l ternetJ .vo r lng of  s ta t i lo
s

rank 2'Unf for iunal iel-y, the Brusk anQ Klelnfokj" t j :sorem for al ter*.  I t  Y  ,  v . i v r

nat ive t l lv is lon r lngs does not  cerry  ov6r  to  a l ternet lve r lngs in
genevn lp  i u€o  euch  €  r l ng  need .  ne l they  be  &s$oc la t f ve  no r  be  en

,  
octon lon a lgebre.  f l rerefor 'o ,  to  coord inat fze the vrho. le  p . ro ject lve

pLane  ons  canno t  re ) -y  on  e l the r  homogenoous  coord . l na tes  ( ss  i n

the  sssoc la t l ve  oase)  o r  the  Jo r t l an  a rgebre  cons t ruc t l on  (es  fn

the  oc ton ion  case ) "  rn  th l s  c$$e ,  one  has  to  fo l l ovs  e  mCI r€

compl ieeted rqaye nems]-y :  f l rs t  to  const ruct  a  .cer te in  Jo. rd^an

pa l r  f rom the  g l ven  e l te rna t l ve  r l ng ,  t hen  to  de f lne  a  g roup  a f

t rans fo rmat lone  o f  t h l s  Jo rdan  po l r  and ,  f i na l l y ,  t o  rep resdn t

the proJect iv ,e  p lane Es a homogenooLls  spacs for  that  groupo

ssur'Klliln f4f {/ proved. that for e qg_Sggq}sg Hefgi}$;1g
trg3fi:.ggllqg*p;-ggg. p {i.e, e plane yith incfd"ence nnd. nelgh*

bour tng genera l iz ing lsoufang prCI ject ive.  p ianes)  one can co: ' :s*yuct

ri conn€cted Barbillan plerner T (p ) cblleil ggffiSg}-_bg1lgJ,-C3}_!i*g*-.

Th is  const ruet ion sgrees wl t i :  the usual  tnngent  bundl "e i ruhen ench

o x i s t s ,  I f  f  ( f )  i s  a l s o  a  t r a n s v e c t l o n  p l s n e r  t i r o n  t h e  s e t  $  o f

sec t i ons  o f  T {p )  i s  s  L le  r l n6 .  The  g roL lp  G  genera ted .  by  a t t

t ranssect ions of  ?  e .c ts  on s ,  s ince $ i .s  isonrorphic  to  the Koecher*

T i *s  L ie  r i . ng  cons t ruc ted .  f ro r i  t ho  Jb rdan  pe l r  (M f ' { f f ) r$e ,  {& } } ,

whor "e 'R  i s  l ; he  €saoc ia ted  a l . t evna t i ve  r i ng ,  on€  gsn  d .e te rn r ln$  G

ancl  ther :ebay Y f r rn  Ro
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rn i.9B?, sF;i l{rccr$'}r {t |3introduced g.q*r Bnrbi"t-f Ein
' t

nI.gsg.s, {isI}F) and, c!"rq*qfi't?esg. s"nqF^i.llqs pk#}ss (smsr) ss &
a

var l * t lon of  Barb i . l ian p lan*s:  I tecent lyr : {a l , lssH$s er :d  van
I{.{ t}1$$Hmi{ f  z4 Jshowed Hreet a$BF ls an $$BFrand clsssif ieu
$l i l )  up to  the cresst f tcat*on of  r . ine&r  spf i *es (many exemplers
fo l l ows  a$  a  resu l t  o f  e  u .n i ve rsa l  cons t ruc t l on ) ,  T i rey  eLso
sh 'owe+d that  on ly  ] {BPs that  &}s  eLso Bps &re those ment loned
p fr'l *,.

L 2 b* f  ,  nr :moly  the prsJeat ive p l -eneso

rn 1984, Atlrs0i{ and lriiur-f'IdrF.'t z J heve given en
elgebra lc  eo 'nst rust ton of  d .egree 3 Jordan argebras ( r -nc lud ing

the except lonal  one )  &s t race zero e lements tu  a  d,egree 4 ; Ior6an
algebre" .Re centry, rarul"Kr{ER i l f  I  t ransr.aterr thls algebrerc
cons t ruc t l on  to  g l ve  &  geomet r t c  cone t ruc t i on  o f  ] 3e rb i l l an
pl -anes coorr ]  j .net  lzed by compo$t t ion a lgebres (  tncLuAing the
Iu loufang p lane)  as s leew porar  l lne pa l rs  end,  potnts  on th .e
quad.ret lc  sur face det tormfned,  by e po ler l ty  o f  proJect lve

3  -  spacc  ove r  e  sma l le r  compos i t l on  e lgeb : :ao

$ 4 '  Groups wi th  s te lnberg rer .a t lons end

pareme'br izat  ion theorons

fn  o rd .e r  to  g i ve  ( l n  $  5 )  coo rd j .ne t i zn t  j . on  theo rems
(s ln l ls r  to  l ' {ou} 'dNGt s  {4# )  . ror  severar  pory6 ionar  gecrmetr les,

we present  here perametr izet ion theore lns ' f  or  var ious.  ren lc* t i_vo
grC Iups  w t th ' iS te inberg  re la t i ons ,  nam.e ly  A2r  G2r  ,Bpn  and  BCo,
In cloin6 $or we.shal l  uss 3*ulKi ' {sf;$s formula*i .ons {d3{# o where
no) :sssoc iat lve d lv is lon a lgebree-whic l r  paremqt  r lze the g: :oup*

aro expJ- lc l t ly  cetnst ructed.

Nq_lgl-jgll. Let Sn be the Eucl l d e a n  s p e c e of cl funeneion. n

o Th.en, for

* 1 n
. , I I J

1n

w l t h  i n n e r  p r o d u c t  d . e n o t e d  b y  { x r y )  f o r  x r y  6  } i : n
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d,, e So, 4 d CI, t l re ref lr lct i .on wa tn tho hyperplerne thyouslr

tho  o r tg ln  mnd  o r t l i o6one l  t *o {  i e  s i . von  by  w*  ( x } r : x - .ak " *J^  &.  t t ,q  )
t"l

lp,ftl i i*"igg- A suhset. \ of i i"" is called & root sJ'r:"i;+:r'r. if '
t * * d ' * . 4 d * * * '

o ' l  \ *  -  r ' i  ,EAt  )  3 . s  f l n i " t e ,  spn l t *  5^ *  nnd .  0  #  )  $L* /_

b )  w 4 { X  
l -  X  

o r o r " . X  n

,  2 t  0 , <  Ic ) *+"r***f* is an lntegcr for'  t  4 , 4  i 4,p €Y_ o

ggtig&}ggg" A subset s of ) is call*t]. S_I-oSe{ lf
t**

d , F e  $ e n ' J  &  + p  Q  >  i ^ 1 \ x + i 3 € , $ ,

Bsgggg ,  r s<u  r * {  y .X  l * -  t d  . r .  JF  ,  t , J  >  o l q ,  c tosedo' t t - ( r - / * . I ' ,

eggigl!}g$" A closed eub*et F'of
, I ;

'  p.9g33.*.9*ntS}fi. i f either d oy * d {bu.t not both} is an e}eneRt

o f F  f o r  e e c h  q e  )  a
/-*

I tece l l  the fo i -Lowing ferc ts  about  root  systoms {see

sT$II{BIrP,C. {€4, appendkT and. sIinFE { f 6} } e

e )  Tho  w^ ,  ' s ,  d6X  ,  genera te  &  f i n i t e  g roup  W,  ea l l ed
o( '(*

the, ifeyJ" group fi

b)  i f  F  1s  &  ee t  a f  pos i t l ve  roo ts ,  t hen  tho  eubse t  3 ro

of P of al l  raots o{ rEhlch cnni iot be sr l t ten tn t i ro fc,,nr.

d  x  P. r ' f  ,  Pu[  6  F,  hae t ] : .o  proper ty  t l ra t  eaeh pe F cnn be

4 6Fo

P^ ls eelled & sr;t of si.nBJ-c. J:pg!"rq.s

c )  t h - o  w *  r s n  4 €  P s ,  g e n o r e t e  1 $  |

d )  f r  o (  6 F s  E  p ,  t h e n  * 4  p e r m u t e  s  t h e  p 6 .  F ,  p  *  <  , e *  ,

w h t l e  w d t f )  = - f , r f o r l ' = d  s r 2 o ( l

v i r l t t en  as  B  *  X  n "o (  ,  l vhe re  ] ro (  t s  &  pos i t i ve  i n teger6
\ /
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.  s )  w f l c ts  t ruune1 'b i " reLy  on  the  ss te  o f  pos i t t ve  r *o tm6.
f)  r r  F is  t , : re eet  * f  posrt* .ve roots,  th.en there exis l js

un r:r$erlng it  ( * of, 
X 

suclr thntl<p trrrpl1 su 0 *4 € F &g) i " f  s  J.s s c lossd sub$et of  Y*H .v* vp rro,r r$ Ld uir $ u o{,. 
/* 

,wit f ch el oee r:.cr*

ceintn ln  d ,  and.  *o(  fs r  eeehd* 
X ,  then S C p for  so l r rs  smt' {,*F of  po* l t tve yootso **

$91^g!"Lge" so." o group ()o the forr.owing notation wtr,t he
uf red l  hsr*  6* lhg and {grh} l *  9*}o-16}r - r ,6  *n 'u  o  bs ing s3erne: r ts
of  G,  *11so,  i f  G,hes subgroups X"(  tnc lex*d by(e X ,  ) *
beins a root syste,m, end tf $ c S* 

/** l '*"

(- , by X* we shall. denote ilxe
s t rbg roup  ge l l e ra ted  by  the  Xo  

rs ,  
, ( c  s  {he r *  X6  *  { *J  ) "

F-g{$tt.!"!gg, *{ sroup G ha s

t f  G fs  genera ted ,  by  nont rJ .y i * l l

s!.s*-nHsrsJ.e}e$.less*ggl"ru.s 5*L*.
subgroupn X*,  naX * set is f ,y lng

r )  x a < e x <  $
e )  I r A 4  * ( r ,  r h e n .  ( x < o  x B

ebove Renark $

3 )  f o r  e a c h

" *n  (p t  for

I

i

V r Y
a 6 s

l 2

x 6

a l l

X < ,  x

) s , x *  ,  f o r
\{,

t heye  ex i s t s

Un,p ** ln tlre

€  we  X ,X ,  - .  w i th
4 ro(

-  d z

c*x
4)  for  some eet  $r  o f  pos i t tve roets ,  KF n X*p* l ,

A root e] 's tem of type "{2 's glven 1* the f igure be10v.,*  *he
fol lowing purc*r letr lzet I  on

d z

theorem holcls

!

d d M z

ln  t ; h le  od i$sa

- d 4* d ' z
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$rsgg"gg--4.r:. rf G has $tetnbor6 relsttons of type A. t r therr
t l rere exists en nl ternet l "ve dlv lston r j .ng {  and bJ.Jset lone
x ; d **.+-xo<* de da, such thnt

l )  x a ( a l x o . { 6 ;  *  x o ( { e + u )  r o : :  e r b e  S r
2 ' l  t xu  (e ) ,  x r  ( t , )  t  s  x .  f  qb)  fo r  f  t xed .  n lmp l -e- '1 ^2 4(1rr e<a '"

r e l o t s  d I ,  O e  e n d  a n

i )  t r  t t r { e }

e )  w a { * r )

u ) _ x n ( e )
p"'o(r

,  - ]  .
T ?  . t 8  * ) s ,

a a ( -  ,  t

{ 1 ) w ^ ,  ( } )
t 2 )

E
.  n X ( e  )  $ q*ar\tr< )

x_ 
"t  -  (b-roi i - I  ;  ,-o \  

1

nt

X
*  ' * r*  

xn(-ut  1"

%  ( b )
- \ 1

c )  x ^ . ,  ( e )  ' L  
E^L

( b  )
d )  x r  ( a )

4 n' ( .

sotgg .  Reca l l  tha t  the  no t rons  o f  assocre t lvo ,  eJ_ terna t lve  end
power-sssocte i t tve r lng can be def lned ln  e  un l forn fae;hJ.on es foL*
l "o iqs:  e  r ing ls  &soelnt tve,  a l t .ornatJ"vo or  power-sssocrat tve t f
and only  i f  eny 

"of  
r ts  subr{ng genermtod,  by 3 erements,  z  ere-

ments or  oRe e len ient . r  T6spect lve ly ,  ts  &ssocfat lve,  N* te tha.b
er ternnt lv l ty  ls  equivaront  to  the faet  that ,  for  any etements
x tYs  in "  l c len t t t i "es  ( xx  ) ' y  *  x (xy )  a *u i  ( yx  ) x  I  , t " * ,  oo rU ,

d root sl 'stern of the type G, is given ln t-he f i"gure
bel"cF?o in t i l ls case the fol lowins pevmmetrlnat l0n the.orem hotrds,
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l 4  a +  2 n r ,

2 o { ' + o { ,

j l  
^+o { ,

-4,r-(l

- ? ao*zx,

Tng.gfej"J*?*. I f  G has $telnberg r6lat lons of typo Ga,
thes there oxlsts € qned"ratto ,rorden dl.vlsJ.CIF. '  algebra

I  $ ,  # ,  e  )  CIv€r  a  f  td ld  F and btJect ions *n ,  
? ,  

- ->X< r
o ( e h o r t , x p  ' 1 3 ' * - . ) X p ,  p l o n g ,  d t p e O *  e u c h  t h a t r

t )  x x (o r l x , ( ( aa )  *  xo< (a r+a2 ) r  x .O (? r ) *B (  zz )  *  * ( l

. 
f o" .ie 

t, Tre lflt

2 t e )  ( x ,  ( a ) ,  x . p ( % ) )  *^ l  " ' 2

* 3 d 1 + P o ( n1 za rvta )  )x3 (  
I  *d ,  

(  ? i r{  a }  }xe d ,+ d r ,
*/1.. t - T  u "  ) x / r * d z q  z e l r

b )  ' "u r {e ) '  *n rn  un(0  11*x3dt  
nzo  e{T(er  u /& l i \4 r+{  

a
.  (_f  ta#r ,b ) ,1 xr4r+ 4 , (  

a xb ) ;

(? ,  +  C  a$

c )  ( x a ! . ( e ) '  x a d L + x * ( u 1 1  =  x : , o ( , 1 + o (  
a . { r ( a , b } } g



'  * 3 3  .

d ) k r ( a l - ' . f , . - r r-  ;  ^ z '  I  t  * i * i * ^ a t  o  1 1  w  x 3 o { ,  
1 + p d  r (  

x o  } r

3  )  i { ' w , <  ( a  )  c *  x 4 ( e  } x *  ^  ( u - l  ) x  4  ( a  } ,

* ( ,  t I ,  I  B s  x p ( z ) * * p (  z * 1  ) : c [ b l a ] ,  a  #  a E ( - ,  e  # r €  F e  r h e n

a i  w " {e ' ; i t j e * } ) '  wB(  z i  *  %p  ( z *L l s

b l x " a ( e ) * d l t u )  
* & 2 ( * )  

=  * ' -  - . { s } rw"( 
a*^ lfo/'-

wxr(e1 wa. r ( r )
xp (1  ) w /

t\'

w r  ( 4 )

c )  x i l  ( u 1  " ' t
" ' L

I f I
w ^ 7  { r u }  t  b t  8

- \ i  t
J-

t

2

u*  i l  ! ' - u

a )

e J

f )

e )

h )

wo_ (6")
x 7  t z ) " ' I  = x t ^ /' 2 .  * 3 4 t + & z ! z t ' l ( a ) ) E

W n /  |  n  \
. , . , '  l ' '  ^ L  G ' l  ,  t - - t  ( - . -  

:
* * r * d r , o l  '  *  * a d  

L + 4 a  
( I i . ( a } % - r  ( b } } 4

s- ,  (x ,  I
x ,  ( a l ^ 2  = x r  (  7 - a l q
,  d l  E * o t r * o < , ,  t e a l E

T r ,  t  a t
oor,( o- l  

^2 
*^ *, r(s e -21 

t
wn^( Z I

x 3 o ( r + a . ,  ( r )  e  * x 3 r ( o +  a * n ( - z ( )  r

. .

t [ w n ( e i 2 ]  ( r e s p " l  ( w O  {  r . } 2 } }  i s  r d  o n  }
^(resp", .f, * * b CIr f Ip ) uoa r- -l--:rl;.:;"
d,enotes the tnner autooo::phtEnn of G given by g 6 G)*

shor t ,  and d.  Z,  Longo Fre f ixed s t rmple roots  far

o € t ,  r , z € r F "

r.)
or 1= lo(

( H e i e  t ( e )

Here o( 1
Ce,  and.  a ,

{ root systern of type B, ts glven rn the f lgure ber"ow.

the fol lowing paramotr izatton theoren hol.d.so
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- d , 4

4/N,

-e(]-:

T[e-qrerrr 4 3, f f  ($  hes $te lnberg
t f  Xp r  f  e Ba,  ha.s no a - tors ion,  then
(1,11) tn whreh etther

{a}  .4 r*  an assoclntrve drvts lon algebra wl th fnvorut j .on
a **+ i end'74 ts the Jorden argebra of oymmptrlc er.enents $ f,,or  '  

tb}  7{  **  e ' f le ld ano f l  ts  the Jordan div lsron argebrer of

relet i .one of tyBe U,n and

there ox ls ts  & pe lp

^" : -  
otJeot lohs x*  r  . ,4  *>x* ,  * ( ,  s71 *?*xp,

F J ,ong ,  such  the t  ce r ta ln  tdon t l t l es  ho ld , ,

a quedratis foru,o .

Sgpq,Ih. There

d ,h  €  BZ,  o ( ,  ehor t ,

{soe FAUI.KI{ER f4I & r Fp "gZ*F3 J l,
\  '  -A root systern of type B, te glven 1n the f lgure trerovro|  '  C  

- ' , * - '  
.

fhe f .ol lowlng pqrenetrtzatfon theorerr holdeo

dr+ilt
X ^ + 2  o ( L

*42

-  2x4-Zx,

2(  a+ l * ,

d2
-2lr

7d,

2 4 ,
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.TF,Cg"Iffi*.l-"**to- rf $ h.am f}*t*fnberg rolqtlCIne of typo B0o anil
i " f  H*-  ' f  € ts  Ga o hae no z*tcrst*n,  then there extsts s ?r fp.L*0 '

t * , 'Sd, v 1 tn rshlsi] eithe::
, r t
ts )  Jf Lr* s ' j t l  &ssosi{ i t tve} dlvl"slon nlgebra wrt lr  tnvo1.ul* i*n

4 t
e *F & , {t" 'Lrt the Jord.mn n}gebre of syrrrnr*bric eleiaernts or 4 s
end v  is  E vector  spf ice sver  *  wr th  I  nons lngur"er  **ow*
Hermit*.en forrn I{,

or

tb)  f t  t *  o f ier  e,  f i  i .s  t i ie  Jordan dtvrs i .on e)"gebre cf  &
quarlrat ic forra e ,  and. v is a. unltar" speclar /  *modure wrth &m' j . { -u i l lnear  

f  orm $ wigr  va}ues Ln *  sat ls fy lng

( i ) { t ( u , v } *  * ? * T T T [ T I

{ 1 1 )  u s { S t  u ,  v  } )  *  { l  { m  u ,  H v ) l
{ f t f  }  * i {  ev r v  }  -  0  . t n rp } i es  &  *  0  o r  v  €  06
( *v ; e ( s ,4{ ( rr , v J ) * fi { u u a v }* .t{ i a v n u } ,

( irere ?{, wa$ ident i f  ied ivlth 7{. sG ,* ).

BeggIE*L*" There sr* bljecri.*ns x4 : J- *_* X* r x 
Fr71*,+ X6 s

" T - ,  
T * - " 4 . ) i . 6 - ,  f , o r  { p , t r  6 . B c a ,  v r i r h { f l  < l x l <  l e l  , . s 1 1 c } r , r } i $ *

cer te i 'n  ident i t les  &s thoser  ln  Th *oru*  /4"3 ho lc t .  (see Fdur^Kl$ jJR
*  t n  I

L 4 [ ' t- r Fp .6i*6ff ]  "
s9s.,gl$.*ge Seulknerre pai '*rmetrirst ion above may be compirrec

wtt lr  $uLrGi,, f*NBsr t : :eatment f  { trJ sf algebreic Lie ergebres.

$ 5"  Foi -ygonr i l  geonet . r ies  a&d soord lnet*ae.Lton

. .theoreras

FIe norv give coorclnat izat i-of i  t l reorens si .mllar to b{ou}e;\} ;-Gss

t  47 J  fc i r  sovora] -  p*rygonra l  {pro ject iv .e ,  quadr i la tera ln  and
'  hexegons j - ,  e l l  ac ln r l t t i . : ig  e l l  o le t lo r rs -  see  he lou , )  geomet r los"

These coord l "nat lae e pro iect lve l l toufang p lane by an n l ternot ive
d i v i s l o n  a l g e b r a "  T J t e  e s s e . n t i a l ' i n f o n n e r t l o n  n e e d e d ' l s  c o n t e r i r : e d
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1n t lre Sroup generatod, t 'y nl}  e*lut ior l$n These Sroups el:e gromps

wit ir  $tetnberg relat lons for whlch parmmetrj .zattsn theorems uor:f i

pr€ssntsd ln  tbe foregoing sect ion"  Here sgaln ws s l ts l l l  u .sg

SAutKllSR's f {3 e} formulatlons"

Def  j "n l . t l -ono $ geometry  cons ls ts  o f  s  set  lF  o f  po ln t* ,  &

sot JL of Llnes (ors;oing from 
' iP j ,  nnci .  6t  subsct X of T K/-u,

gggy.ggSig$* $or (r,{ }4 T rI€ wrtte p-lt or ,(l Fe nntl

116 sey thnt P and. I ere lggj$p+!" 1{e u$€ the te:srrlnology conin}on

ln geometryg 6rg. e p lgs$*sp/ ot I m.:SX*$f.:S-sI P lf n ]4 s

F , Q  a r € S . g I ! . L S R f i , * l f  r l {  a n a G ,  l {  f o r $ o m o  4 e  L  t ! , n e  i l -

ln to , rs-ost  l f  there ls  & ?e F wi th  ,  14 and p i *  .

l,slls!$Jss, s sbsil* of ,l9lslh k Jgi:tgg ttio bl.enronts

u ll,

ncl

&n

5Er

i"s

6  and  b  i n  ?u  lL  f  
"  

a .  sequcncs  o f  d " i s t i nc t  e lemen tn  * t  €?u [ ] ,  ;

1 = s ,  " " 1 ,  k ,  8 o = 8 ,  s * x b ,  t r l t h  u ,  
l * l + l r  

i . = O r  o o r r  h - l '

set N of ? " 
t l- 1s cali-ed an n - f i?*

- . t ' )
l f  i \T= C* t /  C2 end Oln 0e = { a, b J ,  $here 01 r C2 sr.6 chaln$

of  lengt l r  n  jo ln lng a and bo

vP

Qg{ipi.} fgg. A geornetry ln whteh evmry elernent of U

J .s  tnc lden t  to  a t  l eas t  t i r ree  d l s t tno t  e lemen ts  o f .Fu lL  I

sr ich that every puit  of eleinents of Fu l l ,  ls containerl  in

n - g o n ,  t r u t  t h e r e  l s  n o t  &  p a 5 . r  l n ' e  k - g o n  f o r  
' e  

< k (  x l  . r

ca l l "ed an n-  gonal  6eomet : :Y o . '  '

Bg*gfSJ"s- Jl geonetry ls 3 - goneL or trlanguler if an'd

on ty . l f  t t  1 * ,  q  p roJee t i ve  p I r tnC Iu  '

Ronrnrk 2, Tire abovEl deftnl td"on for an n-gonal geometry

l s  equ lva l -en t  to  tha t  g l ven  by  T IT$  f .  64  ,  p .B2J .

FlSpgu:*-Lq*-L;* * geometry tn wh I oh €v 6ry el ement of

?"  L  f 's  ine ident  to  e t  l -east  t i r ree ot l rer  .e lements Ls en n*  gonel

g;ecrnetry l f  end. oniy 1f every palr of elements of P UU' c*n be



a a*  J (

Jofned by e chnln of  lengbi :  k  (  n  f ind a l i ,  c ;hntn.s  Ja ln l "ng thJ.s

pni r  n f  e laurents  have ' rhe ter4th ko

i l e f i .n l t i . *n .3 f  i ; l  end .  b  e r *  two e lsnants  1n  *n n*gon*)"

geometry, then t l re ntr lqu,* length

i.s csl leci th.ql cl  ls i{ ln.cs fronr * t<:

6(b )  *  d  may or  mey not

c i ro lces,  then one $sy$

of chi l ln"s jo*"n3"ng e wl th b

b  a u r l  l s  r l e n o t e d .  b y  d { a u b } ,

&g;l[*&Lip.A" $ biject:i.ern 6* whlch
f t A l r

Ia,:: ip$ l i bl j ectlvely onto i l and. U-, b

,  I  ? t  '  l  , n . 't h a t  u  l h  i f  e i l d "  o n l y  i f  O - [ n  )  I  0  t  i r l  f

cellsd & gg$_igqg. .ig&"

Ig.gpggtgig*"*1?* xg d,(*ul i)*n for soa€ a,b 6l(vl l '  in arl,

n*gonal  georuet i :y ,  nnr l  i f  0*  ls  & col" l . lneut ion f ix tng &,  b end.
r .  l

a l t  x  I  a ,  t h e n  o -  f  l x e s  e l l  y  i h "

3f,gp.g.S,i1.-{"gg"4-:_,If 0.. J,s & col}i"neation of sr1 n*6onnl

geornet ry  f lx ing r*11 x  t r re ident  to  e  or  t r ,  where *  lb  ,  enc l  $ lsc

f l x l n g  a t L  s r  w l t h  d ( e * a t )  * n ,  t h e n  f *  l d "

qQOitpIN4TiU,{TL0}{ *QS_-FRqiryC]li\Ig S'LdI,lI$, Let Lis begln with

t l re fo l lorv ing

Def  i r r i t i0nso ; ln elqt*S$ {  a lso, t rernsvc;  ct  ion i  of  { i p::o J e c*

e l : re  t t r ian6uS-ar  geornet ry)  1s & co lL lneet ion f ix lng e l t

u  I  i nc idsn t  to  some e lemen ts  c  o r  a ,  v rhe re  q  l s  a  l *ne ,

t i re gl i j lg, ,  and. a i .s & point on this l ine, cal led the

L q * g g $ "  L e t  b  b e  &  p o l n t  n o t  J " y t n g  o n . e $  * " e , , . d t b r q ) ' * 3 "

FroXros l t lan f .3  sho$rs th* t  sn e ler t lon,  C ls  untc lue ly  doter ' *

n r ln * i1  } : y  c ,  &  rb ,  and  C  (h ) "  i do te  t i r a t  c r (b ) *  c  i . I es  C In  t l r e

f ine {  Jo in lng e anf r .  b"
l n

sbove *nc1 d l t  ,  d  *  c ,  an e lar tJ"on 0-  wt th

ex is t "  I f  c  does ex ls t  f  or  er lL  su 'ch.

that tho projective plene e$*:j.$*g]J*gt31.-

p lano  )  "

. 0
L i r v e l r  c r & r b r - { ,  $ $

i"s d.efl"necl

i j e e t i v e l y

o r  u  6 ? ,

^;> !r
o n  u v i l - ,  s

ont o it sue !r

b € L  i s

4 "  . i + y ^  * . ' t
9 . [ . v v  l - t * .

t)
x €  I f

cs{ 1I ed.

cent f€ .

}l-qgg (c,r, ls a i '{or.lfeng
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Th,ee'rem {n4* The grolrp gjonsrt1tod b]' el"l" ela'[tonri CIf & pro-

Je;ct ivo plano nicht i i 'bt fng uLl" els*t i .on;s hee i$terJ"nSsy6 rel"at j"*n* of

t ype  dn -  I

gggfSl*g$-&f*S_$jgg,_gltggggg*_f,;:*. r* proJ ect tve plmne admstt $r:6

nt l  e is t ion*  nroy } :e  coor t l lnat tu  ed by en a l t *yn* t1"*s  d l "v i .s ion

r l r g  &  a s  f o l l o w s ;  t h e  p o i n t $  & r e  ( * ) ,  { r u ) u  t a r b ) ,  n , e r b  f  . & e

t l re  l ines are { ' * t } ,  f *J  ,  f * ,  dJr  nr } t r r  c l  €  s ,  nnd.  t } ie

t*,utfI

('t {

e3,  snd.  tn ,b  l l f to ,a l  i f  b  s  sm+ d.  u

t h s

cent

not i -on of  & cent ra l eL"s-}'rggn

s  and l ines  Br .€  yever$ed,  the in

wltli its S-S4t{g end S_s-Ag&gggg

e l a t i B n s  l e

w l th  e : i i s  a  enc .

fg*o  *s  ob ta ined"

Sggg;tb" I f  (  ts &n eJ"ntton (* i" ther *xtal CIr oerntrml") wtth

& , b r e  & $  s b o v e ,  a n c l  d t d - r b ) = 2 0  d ( d o u )  " *  2 ,  t h e n  0 -  l s  d e t e ; : r n i n e i i

b y  & r b r c o d r  a n d .  s  ( d ) "

I f  f o r  e l l "  * l : o l e e s  & r ' b r e r d r t l t  w t t h  t { * ; t r ) *  d { e u c }  *

.  * d ( d r b ) * d ( d ? $ . b )  * . d " ( . d r d e ) *  2 ,  d { c i r n 1  6  2 ,  a n d .  e l { t , e e }  , S 2 ,

- 'N i ro re  ex t . * ts  qn  e t i -a t ton  c r  wt th  ax ls  (o r  cen t te )  * . ,  w l th  . tecond.erp

a x s $  ( o : :  c o n t r e s )  b  o n d  c ,  e n d  w l * h  0 ' ( c i ) * d r ,  t h o n  o n o  s s y s  t h e t

.tlr e h exa gonel g ecrruet ry g"gg-t!..S.*^Al-f*-g.1g$-93fu-

Noter_o Tirat a hexe$onel 6eometry aelnlts aLl

trie idonees rire ( * )lt*,"?, ( ,a, )ld:-,f , (m llt*J n (ni) j C3,d,^7 u

0CIfin IlIliT I fi ;l ill 0I{ 03' Hfi&,tl$ OITIA&_gE ssgsls}?."Flrs t  r  wB 6tve

t lre fol lor ir ing

[gS.t$3I. igS" & eo]J-*ne*t ion c *f  a hexagona] geonetry 3s"

$€?11ed. nn.ggi$L_q;g1;g*$;3 lf s- fixes ell l lnee lntersea*1"n65 .n pnr-

t lcular l i -rre ercal-}ed t i re f lS-i-g. and. .p11 points on two l inee b

snd.  c ,  ce l l "ed secondary crxes n whlc l :  i -n tersect  E but  not  eech

othero

ht ro te"  I f  the  roLes o f  p o i n t

tantemount  to  eay ing thet  the grcup of  e le t ions
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seeondsry f ixoB b end.  c  ects  t rans l t ive ly  on the $ot  o f  er tL  J- fnes

otherr th*n n. thrr, .ush f i  potnt p whic:h l i "es on b but no'b on &,

0rf'5r i:oxt*gi-n*l .g*4.*r*'br,*"*r: nrlrn$.tt:X"ng el..l- elet.ton.s i*ro ssn$j.ei.*red,

*9d9n

Slx  $  he : ;agona l  ] {  *n  ln  the  adJofn ing

f 1 6 u . r C I r  s o ' b h s t  f l  l s  e  p o i " n . t  r * n d  & , h , c , d , @ , f ,

- s  e n d  e r  * f r * f i r  * d ,  * c r  * r 1 ?  * s  e r $

d.tst i .nat  e lerrent-qo Let X be thea
group e f  eSet ions  w j . th  eent r<  & end

secondary  centy -gs .e  f i ) t  *€ ,  and.  J -e t  XOr  - l

etc" be c ief  lned slml l"* ," fy,  end. Lot XU

be the  subgrou; l  gonore tod .  b ) '  the  groups  -€

X , ,  f o r  e l l  u 6 $  g  H "

D e f l n i t l o n "  $  e o l l l n e a t i o n
'  - E

s- CIf

atrong e le t lon t f  6*  f l .xes a l l  xe hexagonel  geometry  is  cer l - Ied a

s t th .  d (x "y )  4  3  fo r  sc rns  y  a f  t ho g tvon  hexagona l  geometqy ,

c le f i n f t l "on  i s  I  } l ne "  thsnSeJlgq[_l,- If y ln the ebove

th is  i .s  €ct ru ivn lent  to  , *ay ing thet  0-  ls  an ax la l  e ta t lon r . i f *h  ex ls

yr  and.  ench l - lno in tersect ing y  is  e ;  eecondetry .  ex i "s"

nglgg;$';f* Tho etrong eLations trr X.,, form a sub6rorpr deno-u
av

t  od.  by X"-  "" t t

Theorcm. { Q* tet A{" be a hexegona} geometry w}rl*h erd*r:lts

el l l - .  CI let ions

a )  I f  a l l  cen t re l  e le t tons  e i :e  r t rong  C I r  1 f  a l l  ax laL  e le *

t lons t i l r€  s t rong,  then t i re  group genorr* ted by e l l  o le t ions Ls s

group wi t i r  ,$ te lnberg re la t lons of  typo Gr .

b)  I f  th .ere ur6 eentra l  end ax ia l -  e la t ions ra f t i "c f r  ere not

strong, then Jc'r  any hoxagon I{ of 18 and. un e Hs t}re group gsns*

r a t e d  b y  a l l  X o r  X v  r r y l t h  d . ( u r u o )  e v e n  a n d . 6 ( v r u o )  o d d ,  u r r r 6 " H '  L s

I  g roup -w l th  S te lnberg  re la t tons  or1  type  G2.

€
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Caor&lnat lamt i ,on.Slt*.gl,f"pn"".f*-k xr #e l.s n lrex*r6on*1 seoinCItrv

mhlel:  sdmi"ts al l"  eletJ.cRs enri  i f ,  s} l  c*ntr*: l -  el-at lsnn er€

srircngu thott  there exist$ * glredretf* .Tord.an dJ"vJ"st$x erlgehrn

, ! . t * u  # ,  & )  o v e r  $  f i e l d  l 1 : ' ,  s u c h  t h e l t r

* )  tkre pci lnts $A{, may tret untt lu*r}y r*prs$snted by (po } nnct

k * t u p l * . *  ( 6 t r & a o T . , r * 4 u " . o o  )  w l t h  k /  5 o  w h e r e  6  * €  t r r  * z * €  I  u

J . = I s  . n o e k f

b] the l in€,s csffrnay be uni"quclSr repr*$sntqd. ay {*},end,

te* tup le$  f ,a l  ,  €zoa3r ' " .#  wt th  hL5,  rvh .ere  * t r  
l ,  

EZ*€ lF ,

j "  s  I ,  o o @ s  k i

c )  th .e  lnc icLen*e s  &re

( r t  )  t f ,1 ,  *z r (3 r . " -  ) l  f  y r - (3 r . , f f  and , ' tTyar  r " - " ) f * ,  ,  Z  a ,  o  " *7$
( r * ' i )  (% ubz,s3obr4, t l lg  ar ;z  a ,e . , ,E4,*yJ prov id 'ed t l re t

*e" .  *  f rF a,  +"  bU e

.  
e  z*  o i  * (er)o %*(  *{  ,0,*  )+r  ta,u{ l -  { f  or+r(b2ub4 l+"  13r

u j = s 5  e 4 t  +  o S X o +  +  b p ,

* t r , + * .Cg  N  (a5 )  +  t '  t . {  r b ru }  +  T (e r rh2 )  +  f r ,  6

0 0CInDI$,q'IIZAT:0li 0S QUdIIIRII-ETI]IiAL GE0I'JIIITITIH$" V{e be*$ln

wl th  the  fo l low ing

UggIgSS"gS&" ri coltinestiotr {- of & querdri}aterral geometry

d.{ is cel"l"ed. ern glg!"j*g- if O- fixeri el} oJ"ements incid"ent ta eny

'on€  o f  t h ree  e fomen ts  t l ,  u .o  a ,  where  *1 ,  eZ ,  u3  fo rm &  cha in "

If  ea is a l tne {* point}u then 6 ls cal led en $SgS3. (Ssgg{.e})

el.atlan rvl.tlr eX-lS*{gSngJgJ ea end gg*}"Sgg tnX.eg}. et end' *3n

Def ln t t iono S cent re] -  e le t ion ts  ea l led g l fg-Lg l f  svsry

l1ne t l r rough t i re  cent rs  ls  an ax ls ,  and s lml lar3"y  for  axta l  c lu*

t i .ons o ,

( i )  t  o . ) l  { * J ,  ( a  l l  f * 3 , ( " * f  l f q -7 ' r o r  ze  r so  s6  ,$
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Ous nsrys thah Q e*f,$"tg-",$I*"g}e3*gng if f*r all" she*"nem trf

ehains elr eA, o3, ^r,f a, nnd *tf 
lu*t* 

*b '{;  *3, bhe:r 'P *xi.sl;s &n

olat i*n vr i " t [ :  sx is {or  cent fe)  &Au wiLh *en'hve$ (or  axes) a* e ind
,  t i a "  \

*5* ancl  vr j , th f (T:)  *  ub-

'Iher,o-qe-g. {-r-f-.. If Q :.s i}, o,uadr':13-*ters} gsom"etr1/ vrhioh m,clrr::lts

iel-" l  e J.at:Lsns anC i"f  ei  hir . ,$ 'ne elo. i ion sf srdov {;wnn then ths gsi}t}F

gen ' , : rabeel 'by a l " I  e la t i *ns 1s i j  grCIup wj" th  $Sefnberg re la t i *nm sJ l

typ,e 8,,  ( i f  al l  cer:traL er al i ,  az; lal  elabi$ms ars sir :rng) sr type
d

B0a (gf  there *x isb cent ; 'a l  and ax is l  e la i ; inus vrh ioh e, re  nsf i

s  t r rn5 )  o

9^qgg$l*e"tig.glign.-qh9gffi-***"?-* If Q is & quatrj.Iateral sott*

metry  admi t f ing a l }  e la t ions and hav i , t ig  n*  e la t ion s f  srder  tv , roo

' i hen  a l t  nan t r l v ia l  s t r : rng  e .Lab i -ons  a re  e :Lher  ce ln t ra l  c r  ax ia ln

I f  a l t  no i : i ; r j -v j .a l  a t r r :ng e3.at i#ns ere eenbr :a lo  then

a) j . f  al l  eer: i ; raL ela, i ion* &re siron6u t lren there exists &

paLr tJ]r]{ :  a$ in f freorera 4.5, l i { lpsucb thab t l re pnlnte ef d' t  tray bo

rep r$ssn tec l  by  t  a ) ,  ( * r )  r  ( * l uh l ) ,  (aa rh l ra l )  n  tho  l i "ne*  by

f*3, { bx! u { hJ.,*t-J, C*[r:. ,auzttpJ vrrth *i6f n 
hi.e lLr *nci

i r i t h  i uc i -dcnces

(r) t*)) t*3, (r , .r)  lp:,  (*) l**n1J$
(sr) (et. ,*u) I  fhrJ, (a*b*ua) I  **ny a2Jo

(a1) 
I  #nr,*rJ,  (ar ,*r)  I  # i , reatr  nrJ r

t .
( i i " i . )  (ar  sh?raz)  [  C* t ' io l r * t r2^7 prov j "ded thet

I

kr* 6rkaaa+&te..,+fi2frg+be* brT *kran*fr* i

b)  i f  r ru t  e l " l -  eent ra l  e la t lcns a i :s  s t r rngu bhen ' there cx i .sbs
- l  4 n  t

a, t r ip le $r l { rV1 as in i ,hcbren 4.4r$r .1,  such that  'bbe poin i ;s  nf  Q,

n l f t y  b e  r s p r e s e n t c d  b y  ( *  ) n  ( a 1 ) *  ( a l o ( v l ? h 1 ) )  r  ( a I r ( v l o h ,  ) r a 2 ) ,

thc l i r :es by P"J, C*(oruhr)J,  f (v1o h1) r  alJt

f t  v1r l r1 )  ,  a2r  (  va ,  r t ; J  f  r , i i bh  a i  €  * -  r
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( * 1  )

( 1 f 1 )  ( e r u

h* € V[, vi,G Y enc] $"ne td*ncarc

{ * }  t * t r l t , * , _X*  ( * r l \ f * #u  { oo l  I f  ( v . r , r r r } J r
( * . *  )  (a I ,  (v ru l r ,  )  )  

i  f  
,o tub t  l J ,  ( * ru  { * } ,b }  }ssp} l f {v *u \ }  uspJu

f,{vr*h*) ,afr I {*}, {vnrhr}}

uAr&e  ) ,  *a  l

# t  n r rh r  i , s t ,  ( vn , t r o  ) Jo

f  (u'u* okI )ub1a tv,rpukp )J provt€*r l  th.qt

w }  * & A v d a + v e ,

kl' * 6rtena* + ffi le* + HrH, * ha 
,

b ,  l  ' - ,
r * t H( wrr Hrw, ) + H( wzrv, )*kran^ff ir r

H be lng  d .e f i ned .  as  l n  The lo re ] l  $ -+u  $  4 . f f  a l l  non t r t v j . e l  s t rong

elattons &re exj. . ' r} ,  t i ren i l re cluals of a ) and, b ) hr: Ir t ."

$"ggr,[g*i.g" Fo:: a brlef surveyj on tlro ror.tti"ons betwoen

ver tous exeeptJ .onal  nat lons 1n e l lgebra nnd geometr :y  te*s*a f i .sn*

e l sss { *a }  L ie  a lgabrae ,  nCIn&s$oc ie t i ve  e } te rna 'b l ve  * :Lgebrae ,  *ny

spacia l  J"ord.an e lgebres,  ncn-$esel rgues ler :  proJ ect tve p l r *nes ) ,  t t rg

rsarLer ls referred to FJilurJil$ilt nnd rHnR*R {,F?qJ u who proverl

thet  a l l  theae not lons ars , re la 'codo one w. f ly  or  enother ,  to  t i ro

oe ton lo t r$o

Refer$nces

1". AKtr-f IS, I l Io.&o, ,$mooth l . lnes on proj 'ect lve pS.enes ovrsr

eer ts in  essoc i .a t i .vo r l lgebr*s ,  H$th " iqote{ r  3}  ( f  9gZ }o

. $o,1*.23 13f*1"36 o

?. s], l . Is0ltr ,  13"No, FrtrUlJi l ' , l t tR, J"R", .A OeyJ-ey*'Diekson Frac6ss fur

& olsss of struoturable elgetrrnsl Traf lssAfi lef "  
jFXath, Soc"'

3g:" (rge4), 4a5*2r0,
3,  .&nTI l I ,  So,  Geoinet r lc  A lgebrs,  Jntorsc iencs Pub1lshcr$,  New

YorH r" T,ondon , L957,
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l tnes t i "ansu fne .som"  A:  ( fg*< ; ,  ag*606

b ) e} l€lrect,*r: iatrrg l lneetlcns defined. CI:r  opefl ,  subset.$

of  proJect tve l  spf loss ov$r  orc lered dtv ts ion r ing,* r ,

Sbh.i t tsi t ixn $omuUnlv"I{nr inbu:rg n#- (f  g8g;, - l?}*}.Sf 9
seo eJ.s*s r]S01i l l$T preprlnts I{o"65l lggl and. No.5glLgs2.

14, BR0fIK*V.SIS", Iloncirrorpi:.1sms of ,rord*n s]^gel:re$ antl hornc*

morpir: lsrns of proi ect ive plenes, csech,oslovuk idat i : .

t r "  19.  { r9eO1, 1{o.1r11"B*98,
. :

15,  can?i l l i r I ) '$ . ,  v0GTra" ,  0o l l in t rar t ty*preserv ing funct lc l ls  .bct*
ween Desarguesl*n p lenee ,  h le ino"arueru i [a thosoc "  ?zu
i { o " ? J 5  ( t g s a } "

16, i l r ivr l is;h{,  ,  universnl- G*menifolds, arnsr" J" i !{ath. Lgj.  (}9s1 )r l_,

103*1"41"

17. g$$Sftr i [* ,  $e]-f*clual portutrates for n-dj",pel islona] geornetry*

Duko tvrarh"  J .  tg  (1g5I  )s  4?5-479"

IB, 3'AiILKNnRrJol?ee si Ocionio.n pl-enes r lef inerl  by qund.rnt j .c Jcrdr*n
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