
IN$TITUTT.!L
, D E

MATEMATICA

!NSTITUTUL NATMA;AL,
PENTRU CREA,T'IE

STI INTI FICA SI Tf;HI\IICA

t ss ru  t }2SS 363&

a

:

Jo[tDANsTRucTUREsI{'ITHAFFI,IL]ATI$F{$"u1"trv]

JG&DAN A X,GEB RAS IH $3FFE li'E bITI'qL CEO hi gllltY"

JCIRDAHTRIPI,EsYsTEIl4$[Ntu\FniR}iNTIAn,GEOF,lET,ltY

j tt:v "

n" toni'raNEs'c'd
rRgpnil it si iRIEs i lN NIAT'l-lE NlATlcs

N o . 3 0 / 1 t ) 9 0

BUGURESTI



JOP.DAN STRUCTURE$ IVI"H APFLICATIOh]S" Im, XV.

JORDAN AT,GEBRAS IN DXFFERESITIAT, GEOMETRY"

JORDAN'I'R,IPLE SYS'TEM$ IN UFFERENTIAL GEON4ETRY

by

R.IORDAI{ESCU*)

April 1990

*) 
/nstitut e of lviathemctic.s, ra. pocif 220, 79622 Br.rchorest, Romania.



,]0RA/ri{ $TRUCTUH$$ WI'ffi A}PLI0d[IONS" III

JOIIDAI'I ALGIBITA$ It{ Dl}'fERglitl"rln; G}I0i,t.r']Ti1Y"

Bedu IOftDAN3"$CU .

th ls  peper  g lves t l re  doscr ip t lon of  a lmost  e} l  impor tant

sy i l .metr lc  spaces (n iemannlan,  Hernal t ian,  e tc .  )  in  terms of  Jo: :den

al .ge i r ras,  anc l  l lLuet rates the : :e la t lons of  Jordan l tgenras tCI

Vagner  spac€s,  i l l lnkowski  space,  and quasl -symmetr ic  donra insu

$ 1" I 'orrnal ly real Jord.an aLgetlras and' compact

'syr rametr lc  Rlemannian spqces of  rank or r€.
t !

Let A be a forrnal ly real  Jord"an algebra of '  d, lmension n,

iheoren 3 ,4 .  o f  B f tAUN and KOSCi {ERts  book  f  24 ,  Qhapter  X IJ

l n p l l e s  t h a t . A  h a s  a  u n l t  e l e r n e n t ,  w h l c h  w e  s h a l " l  d e n o t a  b y  e "

I n  t h l s  o a s 6 ,  b y  P r o p o s l t t o n  1 " 6  f r o m  J s a I  r  s 8  h a v e

Idemprf i ;  = { .  I  o al ,a"tp $t,  c pr l rnt t iou }  o

l e t l g l l l g " .A  sys ten  o f  l denpo ten t ' s  0 l  . . 0  ,  " *6S

ts calted" a gzuf*e* g_rlJrogqqSl :Igtg*._€_iaeegglg1!g or
' S -
^ _ c

J  l f  V  e . r  =  s  a n d  c s c +  =  d u . , c *  ,  ( l r J  =  l - r  o r o  ,  s )  o
. r I  , / - a r J r J t -

@

1=1
a "

a proposl t lon l ,1-  A formal ly real  Jord.en aLgelrra contr l l "ns

,  I  COml ) Ie IO  O I 'U I IogonaJ .  $yEr ' u f l

i , t ge  ̂ J  g6v€  e  geomet r i c  cha rac te r i za t i on  o f

pr lml t ive idempotents  ln  a ,  fomnal ly  rea l "  Jordan a lgebrx,  nameiy ;
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svery pr iml t lve id .ompotent  be- l .ongs to .  an extyemaL ray of  the

dome ln  o f  pos lb i v l t y  o f  t he  a l seb re ,  and ,  osnverse ly ,  such  f i  l : ey

a lways sontatns & pr lml t ive idempci tento

L{g!.9.9!qio*--}". 2* All corirp}ete o::thogonnl systems of

prfuuit ive Ldempotents of a forrnaLty real . Iord.en algebra have

tho .ssrne numbsr of eLementso

gggigi;f.ggl" T]re number of elenrents of a- complete srthogon*]

systen of pr imlt lve tdempotei l ts of a formally real Jord.en
i r

algebra 7i is cei-Ied the {g"gryg_gl J,

We shel l  now rocal l  some of  the resul ts  estab l lshed by

H T n z n B R U C H  f  \ L b J .

$uppose t lrst A ls ql i4ple and denote l ts degree by so l tren

the for-ur

, / tu)  ,  =  * -  Tr  t  (u  ) , o e  $  t
A

l s  en  q .gsgg lg ! .1Lg ( l .e . f  ( * (va) l  * f ( (xy )z - )  f s r  e ry  x  zvs f *  e  4 '  i  l J -
" , /

nggf__{gru on 4 wi th  , / ( r )  
=  1  for  every e € ldemp,  ( *  t .

BgSgIE" $uppose that a fonnat ly real  Jordan algoi : ra is not

s lnp le"  Then l t  l s  son is i rup le  ( there fore  t t  lb .  a  eum o f  s lmp lo

l d e a l s ) ,  a n d  t i r e  a s s o c i e t l v e  l l n e s r  t o r n  /  w l t h  v a l r . l e  4  o n  t h e

pr imi t i ve  idenpoten ts  i s  cons t ruc ted  by  n- iean$ on  the  fonns  , / ,. / I

on the  components .
A

ryq!-g-tl.gg. I'or every e I lde:n1.{ ./f ) def j"ne $* by

$ o  i =  { .  I  * .  $ r r n { c ) r  y l x 2 7  *  a \ ,

Theorern i .  3 ; tet z4 be- a si"mple' formril ly reeJ, ifordan
^

algebra sr r t l "  le t  .  c  e  tdemp,  tA l .  FoT every d.  €  ldempl( -?+)  t i rere

exts ts  a  rea l  number  t ,  0  < t  <  t r /2 ,  and an e lenrent  x  1n $o such

t h a t  d  =  d ( t ) ,  w h e r e

d ( t  )  =  ( c o s  2 t  ) c  +  {  }  s i n  2 t  ) x  + , }  ( r  c o s  2 t ) x 2 .
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conversors ,  fo r  each snch.  t ,  d t t )  i s  an  e lement  o f  rdemp

The prlmlt ive i.d.onrpotents whtch sr:s orthogonal" to c sre

. ihaee of  the fonu n2** rv i i ;h x 6 i3* ,  por x6 So ,  *2 *  b
f r n

a u d  o n t y  t f  x e J T y / a  ( a ) n  f i t f e ( d ) "

Cg,tgl}S.nf " "{ fannally rsal f,CIrdan algertrr.a j^s siinp}-e

orr l l r  :Lf the set of i te pr lntt i .ve ld"empotents ls connected.o

IEegf-eq .L"l[,, tet A be fi sirnp]e fornally real Jordan

and le t  a  be an e lenr .ent  o f  1denp,  t *  lo  For  xry  6  $c there

a prod.uct  o f  Pei rce re f lect lone wl th  respect  to  ldenpotents
r - a  -  r  / l  tIderapl  tJ t - )  thet  f lxes c  and nap$ x  to  y  o

The  p roo f  s  fo r  T t reo rems  1 .3  and  1 "4  a re  based  on  th ree

other resul ts concernlng ldenp, t  * l  whlch are too lnvolved to

be reported here *  establ lshed by i { rRZEBirucH Ln f  LLbrpp. j4?"4ry3"

rtrqg-rgsJ:-2" Let ,f be a slmpre formnlly rear J"orden arge*

brs  and le t  *L r "z rd l ,  dz€  rdenr t ,  t " r * l  suc l r  tha t  /u  ( *L rz l *  
/ td tda l ,

Then  the re  ex le te  I  p roduc t  o f  Pe l r ce  re f l ee t i ons  w l th  respec t  t ' o

ide rapo ten te  o f  I de rap r t4  t  wh lch  msp$  *1  t r :  d I  end  cn  ta  dA"

the proof  fo l lows f rom Theorems I "3  end.  I .4o

consider now on ,+ the :ff*ei*.:jltlggtl*g?5g /G,U) i=
" * ' a  I / 2

, = /  ( x v )  and  t h@.  sge l lOe .qn -ge lg i c .  9u ( * , y )  s=  ( / ( x - y ) t ) ) ' " "

t t  d,etormlnes.

B"W"ggE" The automorphlsins of 4 sr€ lsomotr les of the me*

t r i c  $pace  (Tde inp ,  t f  t ,  f  u ) ,

9g[3;gg!:199" A metrio spsce (ffi, g ]
gengggg l f  bhere exists an isometry L at '

, r
and t -  (  c2  J=dA f  o r .  eny  * I ,  cA,  d l  r  dA €  M wl th

ggtgllsLy--g€:{!s.gresj:*2" rr 4

t'
1 tJ t  ) '
oxei c'r;1y

+ d  i f

J , f  a n d

elgebra

e x t s t *

p f

1 s

l s

i.s cal-led j,ryk:pglng,Eg&g*

i J  such gra t  t  (C*  )=  d ,
J I

f  ( * r r r z )  s  g ( d r r , 1 a ) .

a .slmple forroal ly reel

&  connec ted ,  compac tJorc lan 'a lgebra,  . t i ren (  Iaernp,  (  ; t  ) ,  f  n  )

a n d  t w o * p o l n t  , h o r n o g e n e o u s  m e t r i c  s p & c o o
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tl

Hgg-IP**Lggs tet -ft be a simple formally real Joi:d^rln al"*
T

gebrn anr1 le t  T be { t  one* to*ot le  map of  ldempr( ' / i )  onto i tse} f
. , f

s u c h t i r a t  / ^ t 1 l o | t  t ( r l ) )  =  / { c u d t  f o r a t l c , d ' e  l d e : n t p t ( J f  ) '
A

-Tt ren 
T can be extendod.  to  Hn *utorno: :ph isrn s f  JT o

gsqS-gL,gg.-!gg*pr99l-* rf tlo ooo' *, is *l compl-ete o::thoga*
.  n  t  r  m /  ^  \

n e l  s y s t e m  o f  l c l e m p o t e n t s  f : : o m  l d e m p ,  ( J + - ) ,  t h e n  T t c t ) 1 o o o ' ' ' r \ c r ,

^ s
i s  a l s o  s u c h  a  s y s t e n ,  T o r  e v f i r y  x  € i l  l ' ; o  h a v e  x  =  

) _ *  
4 l t i n

i= l

w h e r e  . l  a r e  p a l r w i s e  . o r t h o g o n e l  l d e m p o t e n t s o  t ( x  )  i s  d e f  i n e d  b y

I
\:*-"

t ( x )  ; =  )  d r r ( , . 1 ) '
{ - ' lL - & n l r n

The set  laernpl  ( t )  is  a  subsot  o f  the sphere 1x I  x  €  ' / f  '
I r

)  1  . A '
p t  (x- )  =  I  I  i recaune'  f  or  every c  €  ldernpt { f ,1)  we '  have

/ - ' -  )

^  ( " 2 )  =  , a  ( c )  =  1  "  l l a l c i n g  u s e  o f  P r o p o s i t t o o  r l ' 4 n  a n d '  T i r e o : : e m

' r . ) r ,  
r r " ! t  I  7.7 ,  ch*pter  TTJ,  l t  fo l lows that  rdernpr(*)  is  a

I  I  f i  ,  2- ,  "  1
s u b n a n i f o l d .  o f  t h e  s p h e r e { *  l "  e f r '  f  l x - )  =  I  i  a n c l  a l s o  *

t o p o l o g i c e l  s u b s P a c e  o f  i t '

g g l - g . ! . i o n o C o t - r s i c l e r t h e R i o r n a n n i a n s t : : u o t u r ' e ' L n t l u c e d ' o n .

I d e r a p ,  t , t  f  b y  
f t x y  

) "  T h e  R l e n e n n i a n  t n a n i f o l d  t h u s '  o b t u i n e r d

r s i l l  b e  d e n o t e d '  b y  ( I d e r n p ,  ( l i  ) r  l t ) o  '
fr ,.L __

Bgl$LS*!"  The automo::phisnis of  4 a ' ra i 'sometr ies of  the

A

Rlon rann iqp  pa r i f o ld  ( I c l e rnp - ,  (#  ) ,  l l )
I

. h

BS$efL?." (Tdernprt * ) ,  f t )  is a cornpsct s;nnmetr ic Biein'dnnian

s p a c g e

i ' i o ta t ionn The
,  n .

r r n d  d  o f  ( I d e I n P t ( 7 r l

I t ienann ian  d- i  s tance

,  R )  v , ' i l l  b e  d e n o t e d

'be tween two e lement  s  c

O  ,  r \' t t v  
1 - l C ' C l ) o- !  ' I t -
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$lnce tho re lu t lons

-  . /  ^  ,  r \  ' /  
f t

o (  
!o(cra)  

(  " / ' [ -L  nnd
F ' l

H  \ a  s l n  ( * *
\/ 

.t
y &

h.o ld ,  t t  fa l lowe thst  f  n{* r  r *a}  =  f  n(dr rda}  1s equl ' r ra lent  tCI

" f  
{ r r r *e }  * , f {a r ra r }  fo r  * l u *eud t rda  (  Id 'e raBr t ' 4  } -

n
BggTb"f ionsequently, ( Iaenpr(# l ,  R) ls a two*poi.nt h*:no*

gsneons sylaruotr io Rlamannlan spsce and hence tsee II$L$A$$N {++

p.355J )  o f  rank or leo

Let  c  be sn e lsrnent  s f  rdempt  t  #  t .  C lear ly ,  f  n(  * ,  d  )  ,
^ - - (

d  6 l d e n p . ,  t * 1 ,  l s  m a x i m a L  o n l y  w h e n  f U t c r d )  l s  m a x l m a l .  B e c e u s e

y ( c l  = , / ( d ) *  L r  w €  h a v e  f  u (  c , d )  * dd  V  r  -  / t cd  ) o  wh l ch  l s

maxj .mal -  on ly  when f  le* l  =  0r  t "€" ,  whsn cd '  =  0 '

$gqg!:Lggo For every o € ldompt(A) we deflne

( t t 1

* . ' s = {  a  l u *  ( r o o m p r ( r + ) ,  R ) ,  c d  s  o J "
o ( l

eggggE_t"  By fheorem 1.3 we hav* s* = {x*-o {  x  e ocj '
n

tsSqgg$'Q* Ao ls a submantfold of (Idonpr( / l  ),  f i)  and" is 
.

call-ed the sjltip-o-dq!-g1gil*9-:.3 o'
f)

fVgtpt-.igg. tr'or:Lny slmple forrnall-y real Jorden algebre JT

of dlmensi"ol*, I  
"*o*r* 

exists & nnturer numue; q (t+) sucb

thet ,  for  every paty of  or thogonal-  pr iml t lve ldempotents c,  'a*6f i

d . i i a  ( *  
V 2 ( e n l  

1 1  *  t t r ( c 2 ) )  
s  q  ( A  t  h o L d s ' r f  F r  =  u ( 4

d ,eno tes  t he  deg ree  
" ,  

, +  ,  t hen  4  l s  ea ld  t o  be  o f '  t ype  ( s rq t  A l l '

Bg . If "+'I ana ,f 2 are slnrple forma}Iy, real fordsn al"*

n .  . . / t  l l  ,  A  A  f r

gobras  w i th  s ( i&r )  *  s  t# ' ^ - l  r :nd  q( * i )=  q t#Z) ,  - then / f  ,  and  l r  z

are  isornorPh icn .

g g g g g t - g . I t w o u } d b e l n . b e r e s t t n g t o e x t e n d H I f t z B B R U 0 l { ' s

fesul t  s  f1z-Ar Fp .350*35IJ on Bott l  numb-ers of  ldemptt# t '  cr l t l *
A

ea l "  po ln ts  o f  d t f f e ron t labLe  func t lons  on  ldemPr (  #  ) '  o t co1  to

othsr  k lnds of  Jord 'an a lgqbras '

f * ( c , d ) f u (  * , d ) )
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.Ustng th6 wel l *known c lasst f lcnt ion of  conpact  spnmetr i *

Rieraannlan spaooo of rar ik one' l { lnZnBRU0r.\  f  \Zh} prove' l  t l rat

eee f i  o f  t hese  sp&ces  een  ba  d "esc r ibed  |n  t s rm$  o f  &  su t t sb te

f,onnalty, r#&: f ,ord"an elgebr*r naraely;

q)  fype  ( t r rC) " .#=  m,  and,  IdeyrF ,  tA  I  cons ls te  o f  pg ln t  e touq l

b)  Type (Zrq")*  e?tL"  Let  Ve !e  a  (q+l  ) *d l r r ronstot ia l  veef  r ' r r  
ii

speco over  l l t  and.  le t  0-  be *  post t lve def in i te  b l l inear  fo : rn  CIn

V r "  D e f i n o  o n  V  !  s  t R e  @ V t . e  b i l l n e a r  p r o d u o t  b y  u v t *

c= 6 l (urv  )e  for  urV €Vt  r  e  be ing the unt t  e le inent"  f t  in  i rnm'edl ' : te

that  V endowed wl th  th ls  product  te  & f ,ord.an a}gebre J(e, )  (ss  ln

Theorem 1"8 f rom dSA I  ) "  Ideupr(V)  !s  l rorueonorphlc  to  the

q-dimensional sphere $q"

o )  t ypo  (s r l )g  s  77  3o  Le t  v  be  the  veo to r  space  o f  $p l1 l t r s -

t r l s  ( s  x  s )  *  n e t r i e e s  o v o r  [ R "  f ' o r  * t r r B e  V ,  ] . e t  A B : = ! ( . 4 " 8 + B ' A ) s

where  A .B  deno tes  the  usua l  ma t r l x  p roduo t  tn  V .  We heve  * tA j *

= T r  a  a n d .  r d e r n p r ( T )  =  
l ^ l * d v , a 2  

=  A r  T r a  =  r i  "  r t  f o t " l o w s

that lc lenpl(V) n,s homeonrorphlc rctth the real (s- l  )-dt l i lenstol is l

p ro joc t i ve  spnce  Ps - l - ( f i {  )  .  f i ' o r  c6 ld .emp l (V ) ,  t i r e  an t ipode}  rnan$*

fotd .Ac ts  Ps-z(  R )

d )  f y p e  ( s r 2 ) l  s 7 t 3 "  L e t  V  b e  t h e  o r d ' l n a r y  r e a l  v s c t o r

spsee of  complex l ler tn l t lan (8  x  S)  -metr tces"Def ine ' tho prod 'u 'e t  ss

tn c ) "  Then Id errrp, (V ) 1s honeomorphic w j- th F"-1" (O ).  For

o  €  I d e m p t ( V )  '  a c  i s  P s - A ( 0  ) .

e ) T y p e ( s n a ) l 9 7 / 3 ' L e t V b e t l r e r e a ] - v e c t o r s p a c e c l f

l le rn i t lan (s  {  s )*matr tces over  l t l "  Def j -ne the prodi rc t  s$ 1n c) .

I  Tt,  *r,  taenrpr(Y ) is homoontorpirte to F*;1t iH) ;  For- c 4- Id'enpltY ) '

ac ls  Fu_a(  m )  .

f ) T y p a t 3 , 8 ; " L e t , V b e t h e r e a ] . v e c t o r s p a c e o f H e : r n i t l e n

(  3  X 3 ) - r i la t r ices ovor  s .  Def lno the product  &s tn  c  ) 'Then lc lenpr ]

1s honeorsorphtc-  rs l th  t t ro  proJ ect  j -ve octon ion p lane '  For

c € ldempt  (V ) ,  -+ tc  i  s  un *  jght - "d ' lmensionel  sphere '
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/t

BgSgIK" The geodes:lc:n t ] i : :ough * potnt c ( ld.empl(. /  ) ,  *f

a  s e t  o f  p o i n t s ,  a r e  r d , e n r y . ' ,  t d  t  n  l t * , r ) o  *  6  J L / " ( c )  ,  4 ( c , ; : )

be ing c alnpte th; 'e**dfmer' . i rr lenerl" e;ubalgeb::e of 4 *ontalntng c (soer

f f IAZEBFU0H f  SeUi  F"34S; l  ) .  S 'or  & dete i1 .1-ec1 d iscuss lan on geor l *s i "cs

tn a mCIro genernl c&$CI ses i{U-t i i l lR { , tr i*  J and f j  3 ln t}r ls pf ipsrs

Q"p"ngpp!,p.*&_" CfiAIOVJ-r.JINI1 *nC lUf A { 37J provecl t}ratu u.rir1,er

ce rbs tn  hypo t l t esos ,  l t nea r  con t t r ruou$  opera to rs  ec t l ng  on  the  sp f f ce
b

S'  (m)  o f  smooth  p- fo r rns  o f  a  com.pac i  sy runet r i c  Rtemann ian  np*c ,e  l l i

o f  : rank  CIn f i  &re  func t lonn o f  the  L*p laes*LreL t remt  operer to r  € tc t ing .
6

o n  - & ' ( n t ) .  T h i s  l s  f i  p - v e r $ l o n  o f  s o m e  r e s u l t s  e s t a b l l s h e d  b y  B X l { *

.AtsD*tLAH f l i : t  and L$II{OI}TH f to+ 3 ln t}re cas€ p*Oolr contrest to

tho snrooth funct ion*spec€ e&se,  the resul t  s f  Cratovennu snd,  Puta

ho lds  unc le r  s t ronger  essunp t ions .

gpgg_pgo!1.en, To recCInsldcr the nbove rnentloned of 'stud.y Cra--Ji*e// 
as ?.onov'a reexlts EaSa-J

ioveanu r ind Futa ' , ' { i {  ihe Jorc lan a lgebi :a  set t ing.

Commente; ,2-"_ faklng lnto ecsountn on the one hand, ther above

d.escr ip t lon  o f  compl -ex  proJ  ec t lve  space Es  ldernp ,  (V  )  (  seo  c r is€ i

d ) )  and,  o .n  the  o ther ,  t i re  resu l ts  o f  .ATIYdI { -PEI {R0Sf i  on  the  ro le

o f  P " ( 0 )  i n  p h y s i c a l  p r o b l e n r s  ( i . n r r o l v i n g  f t { i n k o w e k i  s p a c e )  *  s * s e
)

for instenee ilTIY".qH and I{iARD f 6 *t end the re ferenees thre i .n-

l t  n o u l d  b e  l n t e r r e s t i n g  t C I  u s e  t h e  J o r d e n  s t r u c t u r o  o f  V  f o r

o b t a i n i n g  n e w  p r o p e r t i e - s  f  o r  t h e  e n t i t i e s  u n d a r  c o n s i r l e r a t l o n o  I t

wou l6 .  be  a lso  use fu l  to  e rnp l -oy  the  ebove J 'o : :dan a lgebra  descr i .p*

t l o n  o f  c o r a p l e x  p l : o j " * t t u *  s j p a c e s i  ( p e r t l c u l a r l y  o f  T i ( C  ) ) i *  t h e
/ n

strrd}' of lnstantons es given by DRII,l l l j i [D and lrlaNli ' i '  Ln L 4 b -f ,

v , ,ho  b* rs !ca t lJ .y  regerdod the  a lgebra ib  appronc l r . .

C-qryqe4!q*l- .  sAK"{l t i0IA f  4Go *f clef ined a }rel . ioal geodesic

immers ion  o f  o : :d .e r  d  &s  fo l lows i  te t  q  r  I {  - * l r , t f  bo  on  lsorne t r io

i runers lon  o f  a  sonn€cted .  cornp le to  R lenann lan  mant fo ld  I i  ln to  €

Rlemsnn lan  nran t fo lc l  i , { r ' .  I f  ,  f  o r  sach geodos l * .  X  o f  M,  t i re  curv€

7  "  T  1 n  i d r  h a s  c o n s t a n . t ' c u r v a t u r e s  o f  o s c u l a t t n g  o r d . e r  d .  l q i t i c f r
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are lnd,ependent of [" , then cf ls' cat]^ocl e bg$S.g[*Sgggggj-.g-

I n g c g $ , l g g o f o r r j ' e r d , T h e a b o v e f o r c e n a l s e b r a d e s c r l , p t l o n o f
'compact symmertrtc f t lemann spsces of rank ORe coUld be used' j 'n

so1v lng g$UKADAts conjeeture {4  8 8#t  I f  c f  ls  a  he l i .es l  geodcs lc

rnlrt lnat lmr*erslon sf * compac'b Ftsmann mnnifold M into e unit

sphere,  then lv i  ls  tsonret r ic  to  a  eornpact  syrunetr lc  space of  rank

one.  s lnd ? ls  equiva lent  to  a  s tanderd mtn imsL i f f inereton '

Conrmentq-l t_L ZILLIIR f Z,{3J has cLasslf ted tbe homogeneous

Etr rs to ln  metr ies on compect  syrometr lc  spece$ of  rank one and has

s tud ied  soms o f  t he l r  P roPer t l esn

Ap$.*!ry"!-LSS' To obta*.n new propertles of the above-mentlone

rae t r l es  by  us lng  tho , Io rc lan  a lgebra  d 'esc r ip t l on  o f  t he  specss  o f

in t  erest  "

$ 2" Jordan algebres and' s;rnrmotr ie sp&ces
8 S

d synnmetr lc Rieruannian space, 6.ef lnedfi f t?ua}r ls I  Hlemannisn

manlfold.  such thr i t  the geod'eslc symmetry 9* around'  every point  x

l s  8 n  l s o r n e t r y ,  B y  w r l t t l n g  x , y  I  =  s x ( y ) ,  L o o s  h e s  o b t e l n e d  a

(nonessoc ia t i ve  )  rnu l t ip t l ce t ion  on  the  ment fo ld '  sa t , ts fy lng  eer ta l t

a lgebra lc  lde  n t l t leso  rsh icb  ln  tu rn  su f f l ce  to  charec ter lze

synrmet r le  specos"  In  th is  r {ayr  one ob ta lns  an  e lementary  *?a l -ge*

bra tc i l  do f in i t ion  o f  &  syrnmet r ic  spac€ np t  tnvo lv i -ng  the

meni fo ld  s t ruc tu re  o f  the  undor ly l$g ' topo log lce l  sp&ce,  t i r5 "g  de f i

n l t lon  was f  i r s t  g lven  by  L00$ f  
' l o |  *Jo  '

D e f l n i t  I  o n
F**_.TgF*

ef ln i t lon '  A manl fo lo  ?Vt  wl th  n d i f fe ren t lab le  mul t i - *

i
I
i

pr i .cat ion 
t l0t  xW -+W

hav ing  the  ProPer t les

,  d .eno ted  bY  (T rY)  : ->  x "n r  s rn&
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l u  X " X  E  X r

'  2 o  x o ( x o y )  *  y r

3  u  x o ( y . a )  *  ( x u y )  u  ( x  
" r ,  ) ,

4n  evsry  x  hee & ne lgh i lo rhood.  U $uch tha t  xoy  n  y  $ .np l fes

y = x for a,lL y j"n U,

ls oaLled & syrnlnetr ic ,spscs 6

$_Qt-Q,  fn  Loost termlno}ogy,  a  meln i foLd.  ts  a  d l f ferent iab le

rnanl fo ld .  o f  e lass C& whlch is  lTauedor f f  and parecompact  s$ n

topolog lca l  spaceo f t  may have severa l  eor inected lomponents ,

v , ,h ich n iay be of  d l f ferent  (yet  f tn l te)  d lmensionsn

8.qpg:l !c,.  $paoes sattsfylng oni-y (I  ) ,  (2 ). ,  .and. (3 ) t  I ' relec-

t i on  spaces t ' )heve  be 'en  s tud led  by  L00S In  f4oL  bJ  .  They  tu rn

o t r t  t o  be  f l b re  bund les  ove r  symmet r l c  speces  (see ,  f . o r  l ns t&nce ,

NEHER f  /z f ,  J  and $ 3 in  th ls  Paper) .

Def in l tJ"q l "  Lef t  mul t lp l icat lon by x  tnWt ls  d .enoted by

!;'

fi' i {

arc lund x .

Remark  "  The . f  o l low lng  proper t l  es  a re  lmmedia t  e :

( i )  x  l s  a n  i s o l - a t e d  f l x e d  p o i " n t  o f  S *  $

( i l )  S*  l s  an  invoLu t t ve  au tomorph lsn  o f  W.

gfggplggrf,. Lie groups. Let I be a Lle group and' put

X"y  :=  xy - lx ,  l rhere  xy  d"onotes  the .produc t ' in  L .  . In  par t i cu la r ,  a

ve 'c to r 'Bpac6 becomes I  eymmet r lc  spacos  _wi th  the  produc t

X oV 3= Zx-Yo

20,  $phores .  Le t  (x ry )  be  a  nonq ingu ls r  symet r f  c  b l i lnear  -

fo r 'n  en tnn  snd le t  f f i * :  =  
{ .e  

f f in  I  t * ,x )=4  }  
where  4  *  0 ,  be"

the f ispheret  wi th radfus \6{  '  Deftne

$ r . r  t . e o  $ ' y  =  x o y  f o r  a l l  x t Y  € W ,  a n d  l s  C a l l e &  s l a n m e t r y
l \ '  J |

x e y  : =  2  F ' Y i . .  x  ] , o
-  t X r X  )
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.  . O  A) -  o  GrSssI [Enn meni fc l .dr*"

havo "Lhe u$uel  l leyn i t lan sc$1&r

l l t  tn o lK ) be the set of i* l i "

topology), end. Mo e * I ,{  (

L e t K * 6 1 0 0 r  f I

p roduc t  { x , y l  =  ) *
t-

l l n c a r  s u b $ p e o e s  o f

q  r  $ $  t I { }  t l r e  s € tueua l

and. lCIt Kn

*i.Yi '  Let

,o'h { *4 4-r.  +L ^uL I  W. l .Ur r  uJ , r ,s

of raubspr...**ss

Ve lYI let $--
v

deconposl t  lon

,  t h e n  S - ( x )  *  x I  * . * A "

o,f  d l rnenslon eu tr fe have &I *Mo uMl U n.o o U I{o. .  For

b e  t h e  r e f l e c t l " o n  l n ' V ,  t n e o ,  * f  x  -  x '  s

o f  &  vec to r  w t1 ;h  respec t  to  Kh  *  V  @VI

x Z  l s  t h e

Clear ly  $U 1s an orthogonel  t ransfornqt ion of  tKn havlng V f is

end"  ts  un ique ly  de tenn ined by  th ts  p roper ty ;f l x e d  p o l n t  s e t

Def lne

V . l f  :  =  S V  ( W  ) .

4o .  .Tord .an  a lgebras"  The se t  o f  lnver t ib le  e le raents  o f  €

r r le l  o r  complex  Jord .en  a lgebra  becomes I  s lanmet r lc  space w i th  the

p r o d u c t  x " y  : = F ( x  ) y - l o

5o.  I iomogeneous spea@s and.  spaees o f  symet r lc  eLements ,

Le t  L  be  I  connected  L ie  g rouB wl th  eh  lnvo lu t l ve  eu to-

m o r p h i s m  6 - .  L e t  f  b e  t h e  f l x e d  p o i n t  s e t  o f  C a n d  K  &  s u b -

group  such  tha t  t  f  t  o  C  K  c  L : ,  (  L t  ) ,  be tng  the  eonn€c ted

uni t  component .  Thon K le  c losod.o Let  i {  =  t l  K,  snf l  f  or  x  u  L  u

t e t  T  ( * )  b e  t h e  t r a n s l a t l o n  A t x ) ( y K ) =  x y K  u f  . M .  " A l s o  p u t

r  I  . - t l  t  )
L o . t  =  t " c ( x ) - ' i  t e  L  j .  F e  c e l l  L o -  t i t *  s p a c e  o f  e ) ' n m e t r l c

. l

eleraents  of  "L .  M ls  a  syrnmetr lc  space wl th  tho produet
- ' r

x K.  yK :  =  x  o- (x) - r  o- (y)  lc  and.  L  o-  j .s  a  syrnrnet r lc  $pccs wt t l r

t he  p roduc t  x .  ya=xy - l *o  - - - ' - -  - '

+ J  the  two-C_qnglgllt_E_Ie- As Af$UYAhl,t remarked ln L

known models  o f  rea l  prOJect tve p lane. ,  namely ,  { ts  the set  o f  e l l

l lnes through the or lg ln  ln  3-d jmonsl .onal  Euc l . ld .ean spsae or

the set  o f  311 s .ubalgebras isomorphlc  to  the f te ld  o f  conplox



l n  the  Loos  i  sp i r l t  a  w ider  e lass  o f  spsces  whteh  are

r is * regu la r  a f f ine  man l fo ldsw in  the  sense o f  tS lCfR 1 |  €7  3

t"t *

a

nunibers tn the q.ueternton f  ls l- i i . r  srs sl i"ght)"y dlf ferentnl*{ore

proctsc:J .y ,  tn  t l ie  f i rs t  ce lso tho l lnes f tppcsr  to  have no e ldeh:nai .o

s t ruc tu rc ,  whereas  in  tho  Ln t te r  eeso ,  the  subnJ .gehras '  a re

endoyred wi. t tr  & st: :ucture thnt cgn be used. to sbtaln the nynir i letr5-e

spss€" S'bartin$ f,rem thls rsmark, dtT$UyAit[d presuned. 1;hat a nod.sl

s iml l$r  to  the ln t ter  is l  su i te i l i le  for  an exp] . lc I t  const ru .c t tor r .  o f

eSmrnetr ic  sp$css f rom var ious a l6obras,  and in  th ls  connoet ie in  ho

re ised the quest lon of  whether  symmetr ic  spnc€s ( in  t t re  ssn$g of

the above d.of ln l t lon)  een be const ructed.  f rom the set  o f  e l }  sub*

a lgebras sat ls fy tng su i tab ler  conel l t ions ln  a  g lven a lgebrno In

the paper f  + J refemed to above, AT$IfYAjl l .A gave &n ff f f i .nuq*

t i ve  enswer  to  th i s  ques t ion .

Comntents 2.- KOlfAI.sKI f ?f',c , Chapter fTJ eharesteirlued.

tsee a lso LEDGSR and 0BAT"A f  4oz-  3)"  Modt fy lng the abovo

ax lous  o f  Loos ,  Kowal *sK l  [  .  97  a-  f  de f  inec l  the  so*ea l , le r l

tange4t te l ly  regular  s*matr t f  o lc ls '  Next  (seo f  q  74-  J ; t re

g a v e  a  n e r v  d e f i n i t i o n  o f  g o n e r a l l z e d  e f f l r i e  s y m m e t r i c  s p e c s .  F o r

s o m e  t h e o : : y  t h a t  l s  l m p o r t a n t  f o r  t h e  e l - e s s i f l c e t i o n  o f  t h e s e
tl

latter ,epeces see i{SGRZYL{0'dSKI l] 2- CIz :/, ,$al{gi{SZ f /6 4uJ

extend.ed  the  Ferus  tdo f in i t ion  to  t t re  Kowalsk l  rs  regu la r  s -me*

n l fo ldso

l .  Let Jt be a real Jordan algebr.a of cl funension n and wlth

uu l t  e lenent  8o

Nota t i< ln .  Tho so t  o f  a } l  lnvcr t i .b  €  o len 'en ts  o f  J -  w111

be rlenot od by Inv { rf ) "
Reraa rk  l . o  The  vecbo l  spac€  *  ce r r i es  a  na tu raL  topo logy ,

ana  the ,  se t  I nv  t  I  I  l s  op€n  in  4  .



le *'

n

eg*gfh$" Th'e trece farrs A
^ n

r n  T r  L ( e b )  f o r  a t }  a r b  € 4 ,  l s  a n

\ .
*  f  ( e l b r e )  f o : :  a l }  & r b r * e  # "

$uppose thet  )  fu  nond.egen€rste '  fhen the (not  nsc$sssr l l -y '

2  ) .  t i ,  P ( * * t ; *  ; 0 t 2 ,  w h e r epos l t l ve  de f in t te )  t t ne  e leu ren t  d ' s * t x  
" {  

{ ' x r  t s \ x  l x

x  ,  x ( t  )  1s a ourv6 1n Inv t r \  l ,  1*  lnvar lant  und.er  t6e m6p$

x -*>-If ,Kr I{  6 f  t ' f r1, and x *-+F 
"*I '  

In order to d' tscuss the

inc luced (pseud.o-)  I i lemannian s l rueture,  le t  C be a component  o f

l l  . h ? ^

Inv  t f t f  I '  Then t t rere ex is ts  en t  6  C such that  f *  : :  6o
n A

Sg1g$gg"  Denote b] ' Invot# I  the component  o f  Inv (Jr I i  cot l *

t a i-nltrg €.
. ^  - 2

S g m p l l c - I - "  0 3 I n v o t J f t )  w h e n e v e r  t 6 0 '  f - = € o

l l  - - - i - *  ^ 1  - ^ 1 ^

4gg.l l , { .  ?" $ince *t  ls again e Jord'an al8ebra (vr i th unit

1

e lemen t  f - r ) ,  f o r  t he  c l scuss ion  o f  t i r e  l r i duced .  (pseudo- ;  l i t e -

nnann isn  s t ' r uc tu re  i t  su f f t ces  to  cons id 'e r  I nvo l# l '

'gmmqnts"- TILLtr[n f  4\[u,c] gave & defintt lon of the son*

nected components  of  Inv t .4  t  1n the forna l ly  rea l  osrse '  and este*

bLls l red re la t ions betwoen the l r  groups of  t r .ansvect ions and the

group gonerated by the c luad ' ra t tc  ropresentat ion at  f r  o

![eorgm-?A (f  ogcngn f q 3 cJ ) ' t 'at  t t  be e real forden
A

a lgebr*  such tha t  1 ts  t rnee fo rm 1s  nond 'egenera te '  Then Invo(  - f  )

i s  a  homogenec l l s  synmet r ic  spaceo

fo l - lov;s f rom Theorem 2,4 t ry f  Z4 ,  Chapter ] ;L
\

f k'nnnlTfi in f a z b ?) " If '7+ is & formai' ly ree'

Jorclan aigebra,  then fnvJ# )-  1s n s ' rnnretr fc Riemannlan sp6ae nnd'

a ) a t t h e p o l n t e t h e g e o d e s l c s y n m e t r y l s t h e l l r v e r s l o n

x  * g -  * - 1 ,  a n d .  t h e  e x p o n e n t i a l '  m e p  i s  u x P e ( x )  =  e x p  x  t

b )  tno -coef f lc ients f in 
of  the af f tn 'e connect ton 

t l
co lnc lde  w l th  1 ;he  s t ruc tu re  coneten ts  o f  tho  Jordan a lgebra  f f "

) ( a , n ) *

i " e "  ] t

at fi , glve

e s  soc ie t  tve

n b y g

f 5 ^  l J \ . if orm, l -

1'lre q:oof

Theorern 2, 2* (tcoucnnn f A 3 bJ ) "



[egeg&C* Tak:i.ns

woul"d. be tnteres'btng 1;o

s L 3 ;

in to  nccount  b  ) .  f rom Theorem 2o.2o r  i t '

recons lder  ln  an a lgebra ic  set { i lng somg

of ti ie res:ults oliiainerl by YRA$silAi{U l:49 B a} and I'AVJ- f 5-S .7.

0pen problerau fo d^efine a rnstr j .c of 3' ins3.erbype end '*o

d"lscus,e the lnducc<l I ' i .nsler structureu unelogausly to the

(pseudo*)  A le insnnlsn metr tc  e le f inec l  by Koeaher ,  on I  rea l  Jo: :desn

algebra o

0oramentso The I ' insler metr iss for the j .nte:: ior of s si .mple

connected doinain r l "ef lned and studled by BAIt tsILru$ f  44 b/  end

BARBITI*I{  and. R*DU f  lL J may be of  re leted lnterest  here.

Le t  as  ment ion  ln  th ls  respeet  tha t  &  s t : :ong sc l roo l  on

f  ins le r  spaces  has  deve loped ln  Romanla"  For  d .e ta i . Ied"  in fo : : rna t lon

o n  R o m a n t a n  r e s e a r c h  l n  t h i s  f l o t d  t i r e  r e a d e r  t s  r e f e r r o d  t o  t h e

P r o c e e d i n g s  o f  t h e  N a t l o n a l  S e i n i n a r s  o n  F i n s l e r  S p a c e s ,  h e l d

eech two years  a t  the  Un ivers l ty  o f  Braqov  w i th  tho  beg lnn lng

tn  t9S0*  Th.e  f  l r s t  Ror f l ,an ten-Japan Seminnr  on  T tns le r  $peoes he ld

e t  t 5 e  U n i v e r s l t y  o f  I a s s y  l n  1 9 8 5 "  A  g o o d  s c c o u n t  o f  t h e  m o s : t

fuapor tan t  Roruan ian  cont r tbu t lons  ln  the  f te ld  i s  g iven  a lso  by  .

I'-{AT,SUi'n0T0f 4 4 4 ] .

9p,gg-pJgh].f le- To identlfy the klnd of Flnsler ,spaces that

e e n  b e  d e s c i b e d  t n  t e r i n , $  o f  J o r d a n  a l g e b r e s ,  a n d  t o  r o c o n s l d e r t

l n  a n  e l g e b r a t c  s e t t t n g r  s o m €  o f  t h e  g e o m e t r i c a l .  p r o p e r t i e s  o f

t h e s e  T l n s l e r  s p & o e s r

Fenarko  As  was a l read.y  uo t iced  uy  i 'n fno \ \  L - / /6  J ,  the

open prob lems met loned above aro  ln t .e res t ing ,  bu t  d t f f i . cu l t  to

s o L v e  b e c a u s e . t h e  n o t i o n  o f  s y m m e t r l c  F l n s l e r  s p a c e  h e s  n o t  y e *

been prope: : t ry  d"e f inodo

lo le  sha l l  g lve  now HINLIT IG?s eons t r t rc t ion  f  gorJ  ,  wh lch

embiaces  lnsny  o t i re r  ear l . lo r  d .escr lp t ions  o f  synmet r lc  spaaos

u s l n g  J o r d a n  a l g e b r a s  a n d  t r 1 p 1 e  s y s t e n s  ( s e e ,  f o r  e x a m p l e ;  t i R r l U I {



Q€ Inx .  t . * lo  wt t t  be  denotec i  by  ,+q"
Rer, lpr le-L" fhe pr*ci i r*t  of two er.ements srb €

by  e  J -b  =  6  (bq - l  )  +  b  ( *q . -1  )  *  ( , eb )Q* l ,

Sgna. lb ?.  Froposi t tons 1.3 and 1.4
the  muta t lon  #A, f  u  a  Jordsn aLgebra

tha t  the  quadra t tc  represent r i t ion  F

t ha t

and

P n ( e

' 1 r + *

and K0ECr{aR /-* 2 4 J, }irnzl:]3nu0H f g Z

Sg!.gt.tgg" The mutation ot 4 w,itir

*F,*J, Koll:crlnn lJ gS d.J ,t ,
respec t  to  q *1 ,

n Q
f f -  1$ g l_ven

f rom"  dsa  3 ,  i v^ f  l y

wl th unl t  e lernent  er
of  4x ls  g iven by

) "

vec to r  f l e l r l s

the real tn*

0n An,  e€rnvo( r+) r  ws

)  *  P { a }  p l l f  ,
$emqqk ,1o One

Q e F  :

ab ove

t h a t  r ( A P )  = y t , + ) .

Rs{rpi5 is
h a v e  ) n ( u , r ;  =  I

Tor  the 
' t race 

form

r -- ' l\ & r r ( t l b )  r o r  u l t

I q

8 r b

a g 
"Aq"

n,4q)* f ( f i1"
can  aLso  se6  tha t  Inv  ( *q )  *  I nv  t_ {  I  and

Bggg.rES The set rnvo tA I wlth the rauLtipl- icatton
1

=  F ( q . ) p - ' b e c o m e s  a  s y m n e t r l c  s p f r c s  i n  t h e  s e n s €  o f  t h c
def lni t  ion { see I",00S f4o 6 * ,pp" 64 and. 6SJ

Uoj-93-19g, Denote.by V the tr'-morlule of atr
of c lass C a on Invo (r*)  ,  ,shere 1l  is  the r ing of
f i n l t e l y  d l f f e r e n t l a b l e  f u n c t  j . o n s  o n  f n v o ( #  )  "

The t r ' *nodule V wi l l  be lc lent l f ied ln what, fo l lows wl th .
the mod.ule of  a1r maps of  crass c*x f ron rnvo(. f  )  to o4 ,  x  g
:  q  4  xq.  The rnodule v  cen be end.owed. ,  ln  I  natura l  manner ,
w l th .a  Jo rd .an  s t ruc tu re  v (4 )  ,  na rne ry :  f o r  n r r  x ,  y€  v  on .o  de f i_

"" :  
a  prod.uot  X o y€ V such thet  for  e11 c1 4: . Invo (4  ) ,  (X o 1: )n

ui . s  the  F roduc t  o f  xn  ny  T t  i n  the  mu ta t i on  $ t  o r$  wr th  rospec t
t o  q - 1 ,  

. n '  t i

Segag.k*l ,s lnce -( ,{ .0 )Q ro" st t  p,  ae rnv; t"* f  , tt f ol"l ows

€ J r .
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Qg,fl**tt1gg" A bgl.tnear form g on y t*t is deflned by
- / - -  t r f  \  |  < r  t  

*

g (x ,  T lna=  I  n ( "0 , "n  )

&g:tgtg" I'b is obvious tlrat g ls an &$,socfatlye forrir otl
- t i ro J'ordsn algekrra V ( lr)-

sg"fi. '*H.!g&" For everv 1{ of [t*), [r/]t donorlns rhe
e onnected e ornponent of the iderrt l ty tn f- t . f t ,  and every x of v,
one  de i i nes  x tT  € .  V  by  ( xH)^  *  *  t r j {X  ,  )uL l %

sggg&"One csn e,nel ly se€ that x **> xw rs &n eutoruor*
phism of  thc Jord.en a lgebr :e  v  tAJ,

Ivolqt ig_rlgn Denote r:y D t i ret *f f lne conneotton of rnvotd- )
for  rvh ich DgT c 0 for  a t l  constant  vector  f fe ld .s  x  and y  on

. n
I n v n ( # )  .  a n o t h e r  a f f i n e  c o n n € c t i o n  o f  f n v o ( r 4  )  c a n  b e  d e f l n e d
hrr Y/ ]l r - T\ v "lJ" a !'ln

" X  *  .  -  D X Y  -  X  o  Y o  .

3C4*gE"  s ince  a lL  e l .emen ls  W6r t roo(* )  a r€  n f f lne  w i t l r

respec t  to  D and X * i ! -XW is  an  au tomorph lsm o f  V ,  l t  fo l lows tha t

t ' i  . r s  a i s o  s f f l n e  w i t h  r o s p e c t  t o  V .

lfglgi:Atlg+_?*l_-s e ) Tor every X 6 V, VK is an R*dorive_
t l on  o f  t he  Jo rdan  r i l geb ra  V  (#  ) ,

b )  V  l s  to rs lon - f r se  and"  g  r s  pe ra l l e l  s r i t h  roepec t i
t o V

c )  f o r  s n y  X ,  y  € T ,  w e  h a v e

l rz \ -7 I  -  r- ,  . r
.  L V x ,  V y _ l  V  [ r l f ]  = L t ( y ] ,  r ( x l j  ,! -  _  

L r r f  o J

vhere  L  i s  t i r e r  regu la r  rep resen te t i on  o f  v  end  t  ,  J  . l s

d e f i n e d  s s  u $ u a l i

d )  rnvo ( f , )  i s  t o ta l l y  geod .es i c i  i t he  exponen t le l  n iap

w l th  respec t  to  V  co inc ides ,  e t  evo ry  po tn t  q "  o f  I nvo  ( .# ) ,  w l th

the oxponentJ-e l  map expq of  tho aLgebra , tq t
e )  fo r  6ve ry  x  6  v  and .  ee rnvo t i )  r " t  X " ( t  ) r *  expq( t  xn ) ,

t  6 m  "  . T h e n ,  f  o r  e v e r y  y  o f  V ,
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(V "v )n  *  
*  3n * t  

( * n (  f , {

The proof

* T ( t )  *  Y n ) "

l s  n  s t re lght foyward.  ca l "cu la t j "on (seo

-  b r i

{ b O  ' r

pp"3 22*32j J ],

t h e n

l-t " $uppose nCIis

I  t  ,  - 1  r  A t  - at r . " e ,  J € * u r  ( 4 J ,  J -  *

Irlot at ions" tr?rlt e

and t i "enote by InvotJ l ' ,  I
tr 'or e'rery q of Inv ("f ,  J

Igggg$_Io lTe have ,i^u q
lnvo lu t l ve  mepns ince  i l o tC)  =

phlsm of  r+q,

Rernarlc 2

ng3gl[l_*_ Tor every q

= rnv(  A f  )  and.  Inv (  Aq4 r r y l . r r l  
U  l ,  

O . . / l

I e_eg{giTF* gl!,b_gn_lqgq]"u;r-r.q+ J

. l  ^  i s  q n
v q

is en autoruor-

Jnv ( r+,  J  ) ,  we have rnv(  $q,  J  n)*
co inc id .es  w i i t r  the  coapon€nt  o f

n
J+

J I

n
1 I  '

e c

ef i

- 1- U

Q r

t ha t

r o l o

Inv (

) t h

) a

r .
I t

J ) .
o f

-'l 
r

\ J n '
a

,  I f  we vr r i to

J n) = f-tAf* t +0,

(4 ), *- l* J-]
) c o n t a : L n l n g  e

J )  ,  = { u  I  *  G r n v
onponent of lnv ( ,f , 3
n e  J n t  *  p ( q l J "

r(q-l t= i lrT&t , and
l t  fo l lows that  Jq

.# ,  J  ) ,  *  { -  I  ro*  [ ( r f  ) ,# 1 *= J] ,

. A
f n v  i f l , J )  c o n t a i n l n g  e .

Qgpgeg. l igq .  The nodu lo  o f  vec tor  f  ie l -ds  o f  e lass  e  4  on
, f - . 1

rnt 'o(J l - ,  J  )  wj ,L]" .9s.-aenq!g0 by y '  and.  gr l l -nq. l .ag-ql iqkg wl i l r  the
' " h

r n o d u l e  o f  a l l  c  
- v  

-  n a p s  x  f r o m  r n v o ( # ,  J  )  t o  $  w i t h  x n € T n  ,
. - L l  V '

. I l

Q G Invo (4  J  ) '  where '  l l o  i s  the  ( * f  ) -e igenspaco  o f  t t re  i nvo lu t i . on

1  o r  *q -  Fo rX"Y€v7 ,  Xoy  g l l t - l q -Sgg i l re {e f - -€pqgg .  ( see  on,  |  ^  
v 4  , J I  o

-  v Y
t r ' |  . -  : f  

-  -

p s g e  4 5  ) "  X  o  Y  I  V '  ,  s i n c e  1 ; ' { } o  l s  a n  e l e n r e n t  o f  i l r e  { + 1 " }  7

e l g e n s p e e e  o f  J  o .

I p - ! - g $ . i g g . ' r o "  X r y ,  Z  o f  V J ,  w r l t o  L ( X r y l Z ; *  X  .  ( X  - 2 , ]

-  Y .  (X o Z) ,  wi r tc l r  is  an e lement  o f  vo "



1 r '
. L (

i l  tnduced by - s/ on rnvo( 
"f, i l  )

. 
*t heve 

;l
BfgEg.e[S.tgg*3s_/tj_ a) V " in torsionfveo and the bLltnear

, t

f  or*  g  i l  l r rdueed by g oo vJ is  para l le l  v l l th  respect  to  Vu $

:  b )  fo r  a r r  e  € rnvo t  l l  , t r  j ,  t he  res t r i c ' L ton  o f  * *nn  
Jo

rp  co inc i -des wi th  the sxpCInc ln t ia l  raap correspondtng to  VU,  *  
q  

v v r r s v J . u u u

': at 0^6 _1

c )  the curvatur*  x 
? 

coryespondlng to V 
U 

i*  g lven by '

( x rY , z )  * *F  L ( x ,Y )2 .

fhe  proo f  i s  immedla t  f ronr  Propos i t l ,on  2n3n

L e ro conslder now the c&se wnen Jf ls qqttlq,l--Slgp3,g snd

J *  r d '
iUo lg l i g * .  Le t  4u ,  resp  "  A -  ,  deno te  the  e lgenspace  o f  J

co r respond lng  to  the  e igenva lue  (+ I ) r  respo  ( - f  ) "  T ,e t  t he  degree

A  r - ?  - , - , r ^

of  . f |  be  denoted .  bV s r  le t  n  denote  the  d imens lon  o f  i l f  ,  e ind '

l " e t  d  b e  g i v e n  b Y  t h e  r e l e t l o n t

. ( 2 , 1 )  . n = s + E ( s - t ) d "

Tl. .gt-eg *?-fu Invo( * ,7 )  rs I  pseudo-Sinstelnlan spsee

( 1 " e "  t h e  l l i c c l  t e n s o r  h a s  t h e  f o r m  i g i l ,  i  b e i n g  &  s c e l a r ) "

l iore preelse ly ,
^

a  )  i f  i l  *  i s  s l so .  cen t ra l  s imp le r  then
\

r = * ( #  - $ t ,
where  mr  =  d im/ -  and  I  i =  I  +  ( s -a1  f t  |

A

3) 
i . f  j l *  ts  not  centraL s lmple,  then

\.,, - -F- tt -q sd I=  ? 1 -  r r -  2 -  T  r o



i8 .-

2, Let A\ be & ggg!ruI*Si.mpl-g Jorden

s  ? r  3  ov6 r  a  f  i e l "d  o f  c :ha rac te r l s t t c  u  e roo

end.osred. wi th f ln involut ion J suclr ttjat_ il
:'{g1.eg*gg*.Snq, g€j,lgiglgjig" $erlore by n the dirnenston af *r\u

algebra of  d .egree

$uppose that  / l  is
f  * .r& roo

by  r  t he  d ,eg ree  o f  $ !u  end  ] -e t  d  be  g i ven te " f  ) "  An  tde rnpo ten*

? , a n d r = s = 4 r

d * l r a n d s = 4 o

by I {nL l? IS f  8o cr  ppo3+7*

o f  an  a lgebra  i s  aa l l ed  abso lu te l y  p r im l t l ve r l f  l t  l "s  pr fn , i t lve

ln  any ground"  f leLd extens lon of  that  a l -gebrn.  An R-mgduL e W ,  R

being a r lng,  is  ca l led fg l lh lu t  l f  ann} l .6r= {o  I  *  6  O,  xrn*0 for
^ - 1  f  |  ' \

el - l -  r r r  €  vvbJ vanishes,  Put  ler  ( , , r l ,J )  : *  i  o  l  D 6 Der(A\ ) ,  D J  = lD ) ,
where ner(A\ )  d .enotes the r , ia  a lgebra of  a l l -  der lvat tons or  41 r

&ggggg*-2r-Q.r- r f  r iL is red.uced ( i"e. contains I  complel;e or*+
t h o g o n a l  s y s t e m  o f  o b s o l u t e l y  p r t r n l t i v e  i d e m p o t e n t s )  a n d  l f  q  l s

sn i .so t rop ic  v i l th  respec t  to  i l re  t rece  fo rm o f  a i l ,  then  a \  l s  &

fa l th fu l  and s i rap le  Der  ( ; [ r r )  -  nodu] -e  except  in  the  fo lJ -owlng

c € s e s  i

( 1 )  d \  l s  c e n t r e t  s l m p l o ,  d .  x

( 2 )  A \  l s  n o t  c e n t r a l  s l m p l e ,

t h e  p r o o f  o f  T h e o r e m  2 " 6  g l v e n

34s3  l s  based  on  resu l t s  repor ted .  e l sew i ie i re  f  go  a7  and

t J u e  a

J , 3n9.

senrisimple reaL Jord.an algebra

l e t  J  4  Id ,  Deno te  aga ln  by

g&q9KS$*yltb*ng
i

f , the t race form

f  S o b J

4 -

) ,  I r g

levgl'r!"lge
f -
, l

v t l  J  l  6

Re$gIE,, 3or evcry W of

o f  $ i  w i t h  r e s p e e t  t o  ) "

I{g!g.t*1.q4,. litrtt e

f-t.*-r, s
!'d c o l n c l d e s  w i t h  t h e

( 2 , 2 ' ) I r t u , o )  ! =  t r ( u ,  J t b ) ) .

ad"j  o lnt



I
ilr* r g *

\
Then ,,t tr Ls e sr'nnetric, nCInd"egen€rete b j_rlnear fon* on # "

T[gqi.g$, 2=r,_?s- f f  4 is centrel slmple of d.egree # 2, 3, on.e
(anc l  on ly  one*)  o f  the two for ins I  an*  I  t r iu  pos l f i .ve d.ef fn" i .bo,
end  ne l the r  cond ' l t l on  ( r )  no r  cond i t l on  i 2 )  o f  rhoo rom 2"6  } :o lds .
t h e n  I n v  { . +  

- - 1  r  I  n * o ^ r r n ' { } r ' r  a  ^ + * . !  ^  ? ! r  - - - .  -* " 'o  \d r  r  d  I  l s  f in  i r red .uc ib le  sy r runet r i .e  R lemannf  e ln  $p f icoo
Tlre cc: iaponent l -o l#,  i l  of  I  t#, ;1 ls  & s lmpre Lle group except

i
when lf " is slnplo, d. = Z, and. tr i l  O O.

The pf?g| fol- lows from Theorem l,6o

Sgffgb" rc *  ts  s lmple,  but  *o ts not ,  theh J ls  tho
Pe l roe  re f lec t ion  wt th  respoc t  to  an  tdenpoten t  a  #  e ,  nhose
length wi l l  be denoted.  by t r , l )

fhe.qLem 3'9,- rf r+ ls formarry real, then, und.er the hypothe-
s ls  o f  rheorem z.?t  the syrumetr lc  Riemannlen spece rnvo { r l rJ  }  ts  I
synrmetr lc Hermit ien space l f  and. onl-y t f  the fol lowing f lve soncl i"*
t  lons  ho1d.s :

(r ) "ho
( r r1  .ho
( I I I }  & .

J I  A F

( f f )  x ,
J t f

( H )  
4 o

Sketeh o f  the  proo fo Theorem 2.7t  togotherr  wi th  f l reorems

ls  not  s i rnp le ,  d

l s  s L m p l e ,  T  *  s ,

l s . e l m p l e ,  s  =  2 r ,

i s  no t  s inp le ,  d  *

i s  no t  s imp le ,  d  s

77

3 "

) t

^ -

d"

t+ t

&

4 ,

* l $

t  =  ? ,  s

l r s *

- / t

I , r

6 ive

upper  ha l f -p l&ne.  The o i l rer  c f tses

. t o  s u g g e s t  $ i e g e l t s  n o t a t l o n  f o r

bound,od. syrunetr ls d"ome 1ns.

I ) rne gl.j,Tji3.l:g*,19.1*q (trre
complet e ort i rogonal syst em
the I -Fe i rce-componsnt  .o f  c

naxinal nuniber of ldernpotants ln
wh lch  the  a lgebra  can  possess  )  o f

is  cs l l .od tho longth of  co

and" 6.L frow f n T :I and Sheoreers ? rB and g from f So bJ ,
the proof of the th.eoredro

Sff iE" In. the .css€ (H ) ,  Inv
t

o ( d r J  i  l s  a  m . o d . e l  o f

d r e  d e n o t e d  b y  ( I )

t h e  f o u r  m a i n  c l a s s e s

tI,q
( f f )

of

i to 8s
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4" li 'eflqtton" In ths real.

produot 0f  any f ,$s el-ements a r b

rt
vector  spaoe Jf  tve def lno € SgS

3 r

€ J t  t  d . e n o t e  i t  b y  e  *  b r

as  fo l lo f fs t

; : t a  *  b )  ! : *  a ' b " r e ( U { u t i +  b (  J ( r t } }  [ ( n r , ; o
end'  ths reel  a lgebre aof j "ned.  by rneans of  *  in the vector  un*oe. ,F
wi l l  be denol ;od,  by 4J c

Bgggqk" rr 4 rs a Jord.srn argebra, then the argebre 
"4,j . s  e r l so  s  Jo rd ,en  a l gob ra ,  J  e  au t  ( 13  ) ,  ( J l ) J  = / ,  and  ) J  ;

the  t r&cs  fo : : rn  o f * ro  
*

U

By fheoreia !"2 d.ue to i lEl i f rc {  go al,  a real semi-

slrnpJ-e Jord.an algebra ,* n^* an tnvolut lon i l  such that )3 r* po-

s l t  i ve  d .e f  i n i t o  { i . e .  t he  Jo rdan  a lgobra  4 l  \ "  f o rme l l y  rea r  ) "
$uppose that  J  *  rd  and tha 'b  t *  is  not  formatry  reat ,  r f  #  i ,

€lgplg, then i t  belongs to ono of the fol lorr lng classes ( see

esl: ln f 80 a*/ ] :

ao f r  ls  not  red.ueec. ,  Then 4o is  srnrple e*d zr  = ss
where  r  end.  s  q re  the  degrees  o f  A ,  and + ,  respec t lveJ-yn_  

" t 1

Bo f r  ts  reduoed ana l f  o  
ls  s l rnp le .  Then r  -  s  and 6very

pr tunJ- t lve ldenrpotent  o f  4  n  ls  absorutoLy pr i r i l t ive tn  . r4  "
Co  J  1s  the  Pe i r ce  re f l ec t i on  w l th  rospec t  to  an  lde rnpo-

t e n t  c  #  6 o

t!"gqq.g+ 2*1"* The cut loc,,s of a polnt p 6trnvn(1, Jt con*

s l s t s  o f  a l l  po tn ts  q€ rnvo f f r . r f , I ,  f o r  r r yh i ch  p fq . i s  no t  i nve r t i b le .

$g!S. For the definttions of g!}-t*pgtrlt and cuj*Lggg^g. s6s,

for  lns tnnce,  KOBAY.ASHI 'and hT0r i IZU f  ,1L ,  vo1,TI ,  pp.9G-1007.

*Spqfl$ l" .The (Rtenanntan) g+I, lggqgr ser Ao of s polnr
I

p6  rnvo  t J f  , J )  ,  1 ,e .  t he  se t  nn  o f  a l r  po in t , s  o f  rnvo t r4  r J  )  e t  rn r ' r x i . -

na l  R ienann laa  d i s tance  f rom p ,  1s  con ta inec l  i n  the  cu t  l ocus  o f  po

SgLq.T.E.-er. Invo(#rl)  has rank one only vrhen An colncides

w l th  the  cu t  l oc r i s  o f  po
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T&"-g"qrs*.?rlQ overy rnaxtmal torus of rnv
contn lns exaetJ"y  ona ant lpodnl  potnt  o f  p*

otd,l l  t i r : :ougir B

sgI".Lt-ts.g" senote by Ko the brrggest connecterl  s*bgroup of K,&s d 'e ter rn l *ed ln  car t&nss co ' jugecy thecrem for  maxinerr  c ' rnpact
subgroups {see } i l i t0*i$OW f +7 r F.o. AL4_.Z.LB_Vl,

fheororn 2,10 hes two i .mpor tant  cor i : l la r ies l
gq-€g}leryjs Ko is transj.ttve on.rtr*o

9gol f j ry  A" Disr lnct  polnts of  rnv
t l p o d a l  s e t s .

o# rJ t  heve  d i s t i nc t  an -

Xfgtql ig$' Donote by Fix J the set of alr  eloments ofl

l l t ' vo t f r rd)  whlch are lnvar iant  wl th  respect  to  J  .
Qg+yegl lpg" rn ths fol l0wing theorom the rength of sn idem_

po ten t  c  i s  c leno 'bed  by  L  t " \  c=  0  i s  rega rded  as  an  ldenpo ten t
of  length zeror  f i r ld  t  d .eaotes the renk of  rnvo(#r t  )  (see l {Er ,$rs
/ :  8  O  c ,  e ,3 lg ]  1 ,

tbgqggg-zr l ln  Ko ts  t ransLt tve
and "A*  is  a  component  o f  F lx  J  "  i {ore

( a )  I f  t +  i s  n o t  r e d u c e d ,  t h e n
. { r -* e = i - s i l

(nr)  r f  f r  -  is  reduced ,  A n ls  s iurple ancl  s oven,  t i ien rrx J
e o n s i s t s  o f  t h e  e l c m e n t s  o f  t h e  f o r m  2  c * ' r  w h e r e  c  1 s  a n  a r b i t r a r y
l dempo ten t  o t l *  w i t h  - ( t r l  even r  de . . d  {  -  *  ] ,  end  rnv  ( J i ,  J  )  has
exactJ-y two conponentso Tire d. is t inct  cornponents of  rnvot* . r i l )  ; "_
incid"e wnlt ir rnvo 

^.(dt,Jr),. 
f  *= ?*:*r gtd c ls 1n_gg,! j . tr_gqg i,dqmpo_

te r r t  a t J l o  w i t h  4 . t " I  oddo

(Ba)  r r  4  t "  red .uced ,  f r  u  ts  s lmp le ,  and.  s  odd. ,  t ' e '  r , , *  J
cons is t .s  o f  tho  e fements  o f  tho  fo rm 2  0-€r  whe: :e  c  l s  an  arb l *
t re rv  idenpoten t  o r  .4*  s i i th  /  t * l  odq  $  rnv  t# rJ  )  hs ;  two d is t lnc r
compon€nts ,  narnery ,  rnvo  t { l ru  anc l  - rnvo  ( / . . JJ ,  

" , ,u  n ,  cons ts ts .  o f

on esch co:nponerlt of Fix il ,
s p e c t f i c a l l y r

t

rnv  (# rJ )  i s  connec red .  and



ths  e lemgnts of  the form 2c-no where c  ls  en arb l t rsry  pr ln t t lve
11

ldempotont  o f  f+ .

tC )  - t l ' i l  t s  t i r e  Fe t rce  r s f l ec t l on  w i1 ;h  respec t  to  su

tdLernpoteni  s  o f  longth I  
<  [u /  2)  ,  t ] ren Inv i4rJ ]  ] i r :s  exact ly

s+l  conponentnt r  Au consts ts  a f  t l re  e lenents  of  the fo :nr  2  d*e,
r  4 . n l  *  sehere  d  i s  an  a rb t t ra ry  l . dempo*on t  o f  l o t * i  w l th

fhe  e l -emen ts  o f  I ' i x  f  a re  exac t l y  those  o f  t h .o  fo rm Z {ao  +  a "  ) -  s

where l  o t  an r l  c " ,  a re  l d .empo t  en ts  o f  4 r l "  )  and  #o t *  ) ,  respec t l ve l y ,

w i t h  , ( . ( r " )  s  s  2 q +  / ( o u ) .

De f tn i t i o4s "  Le t  p  be  a  po in t of  rnvot* ,  J  ) ,  le t

f , :  t  *>  ' f r t t  t ,  t  €  lR ,  be  & geod.es lc  o f  rnvn($ ,J )  rv i th

f  t o )  =  p  an6  l e t  i t o )  be  o f  t ong t l r  r .  r f  t l r e re  ox i s t s  an  4  >a

sucr r  tha t  f , ( t *  ! . ]  =  f , t t t  fo r  a l t  teR,  then ) f  i s  ca l led  g t9gg$,

I f ,  i r r a d d i t l o n r f , t t t  *  f  ( u )  f o r a t l t r $ w l t h 0 ( t ( s  ( (  '
0 r f.-

then t ls called S.1g!"1.g.*g.lq-g3.g, / ls cal-led the lsgglb of )*,and
.N /l rlt-

]- 1 //at is catred the *i"*go::,L of I , rh* g}{gglglf-.ngoq" a;

of  p  i s  the  se t  o f  m id .po in ts  o f  a l l  s i rnp le  c losed geodes i .cs  u r i th

mtni inal  length o

E  3 2 *

Thgg.Lqg-fu] 'g, a ) The midpotnt lscus Af coinci '1es

set  o f  a l l  cut  po ln ts  o f  p  wi th  n ln j -mal -  d is t *o.*  f rom p"

every maxj-nal torus T of Invo $rh rvi th P € T, the set

con ta ins  exac t l y  !  Po ln ts "

b ) K u  J ( K o )  i s  t r a n s i t l v e  o n  t h e  s e t  o f  a t l  s l i t p l o  c L ' o s e d

geodeslcs of  mlnt rna l  S,ength and s tar t tng f rom p;  Ko is  t ranst -

- t l ve  on-  S ! "

c )  Any two d. is t inc t  po ln t  s  o f  Invo( / rJ  )  have < l is t inc 'b  n fd-

potnt  loeus i f  and.  on ly  l tg  *  2  or  s  *  4 'o  Tn tho aase f  =  2  and

s  =  4 t  t he  an t tpod .a l  ( -p )  o f  p  t s  the  un ique  po tn t  &  p  whose  m id -

po ln t  l ocus  co inc ldes  w l th  tha t  n f  p .  ,  
'

Egg!.g.g.Igg.e-2"13-. rr  4 irbs d.egroe 2 then Invo( #,1) ls a

Euc l i dean  sph€r8 r

wl th  the

I'or

T f l " q ! p



?.:,

Irseg,l$.Igf_fuJ3* rf th,e nnttpodnt ee.u a*.of e ie et tenst
one  c l i i ne [s iona ] ,  t hen  rnvo ( r+ ,  J )  i s  s i i r i p l y  connec .bed  l f  and  on lv
i f  a e  i g .  

.  ,rnh*^.*?*_l,r l l "  i f  d t* centrel nirnpl.e t  I7t 3t encL neith,sl :  oo.f i*
_  r  i . 1 ( ,  \ J l " t

artiorrlnTn**"** 2"6 lrolr i ,s, iher: Inv*(l lrJ) ts syauietrfc l lerrn"i.t j .nn
l f  and  o ' ry  l f  onCI  o f  the  fo r - l0 rv tng  c&s*s  hr : lds

n
( : r1 Jf  ts  nst  st rnpl-eu d *  Zg
( r r ) 4 t u  r e d . u c e d  o  * *  i s  s i m p t e o  d  *  4  v
{ r r : }  i4  i *  cen t ra r ,  bu t  no t  reduced,  end.  d"  *  1o

sgggi.rg" Denote by n the drrnension of .f, ana }et sn*l bo
the  so t  o f  a l r  q  e  r+  .s t th  / ( ruo , I  3  n ,  rvhereT .=  )J  "

$uppoee t iret srl- l  1s end.orved wlth the Riem.anni,an st:ruature
given byh '  Then rnvo l i rJ  )  ts  a Riemannran subnanl fo ld of  sn^ru
rdent l f y  the  tangent  space T l  o f  sn- l  a t  po in t  11  w l th  the  spase o f
aL l  &  €  +  fo r  wh lch  f  {o l ru )  =  0o  fhern  t } ie  norma}  s t )sce  T- r  o f

, 1 1  1 . r qrnvo( l l  '  J  )  u t  Q g  rnvo(s rJ )  cons is ts  o f  a l l  e lements  o f  r l  wh ieh
q

au€ tnva: : ient  wl th  respect  to  j  
qo

t jg !+Uog"  For  e lL  Q e rn ' ro{ / r ] }  denote by.  
l , l  

t l *  norrnn}  'CI f

the ruean curv&ture, end by \ the ggg**ggtLg3gg.€--*ggggl (for defi*
ni ' t icns, see i t0]JAy.-t$HI and iSOj" l I ' f , IJ f  % r 1,ol. I I ,  pp. l l_3 4J ),

[ [gq:erg ?r ]6*  a)  r r  4*  1 ,  s t ro .p le ,  t r ren l  s  0o
b)  r f  J  is  the Fei rce re f leet ion wi 'bh respect  to  en i r j+ur*

patent  c  o f  ,+  wt th  Length t ,  then

1 l*n

only t r  . {  nas

8.q$qr,E-.

rnvo {"'$,il )

degree  2o

Theorem 2 .16  g i ves  a  conpre te  answer  fo r  t he  c , t se
ls  a  min lmal  subment fo ld  o f  Sn- l "

Ir*  -  * ,n" . - t  - ]  ,  where m = * tml*  and K, -S (*  -  *  ) "
- h - t

)  rnvo t t t ' J )  i s  a  to ta r ly  geod.esrc  subspace o f  sn* r  r f  and

when



" l l
JU-

t{p!q}{eg" Let At be rJ t +

In what follorvsr 116 will wrlt

Svery element & of ,4

( i  6  F ,  w i r e r e  a l ,  c e o ,  o r  i s

n l " t t ve  l dempo ten ts  o f  4 . ,  and" '  + '

5o i {ow we gtve HELWISTs c lesst f lcs t ion (see Hgt}VIS
pp.343-3t+gJ l ,

gptyegt",{go [ie C, or Fi w11] be denoted by F" a
Fo:: r  2z 2.,  Iot \(rn)* be the resl Jord.an elgebra of al l

r ) -nat r ices wt th  er .eraents  f rom. .@o fhe Jord.e i r  prod.uct  xy  of
€  \ (  l F  1 +  l s  t h e n ,  g i v e n  b y  x y  =  $  ( x " y  +  y a x  ) ,  w h o r e  x . y  t s
matr lx prod.uct o

2 4 *

. 4t o Ler * !S-_g1slJ-q*_,ltL.ggl_qenrrair_-*ig ter I O )0"
gqiqlcr elgebra , A {u;;,ffi;;; lon or rh* rorme}ry
Jo::clan a]-gebrn l*, J ts t lre c'rv€sp*ndin& conJugatr"onr snd
L / f * ,

A s a

reel

he  spec6  o f  e l l

6  y |#  fnstead of

has the form Bel

ou t * *  w r th  I t n t  E  o *
r A ' o  o

o *  ] ,

pl i -

{j *CI

{ ( r c r +  o o .  *  d r

I  complete orthogonal syst
,!6

e cr+"^ l f  end only i f

em of
3

j;}*
iqq!^gg:".o-A" Let M be glven by M 3= expr4s c
se*grE" The total"ry 8eod.eslc subspace }rr of rnvo (irJt

pact  and of  rank I -1.  as & tota lJ.y geodesto subspace, *{  *s
wl th respect  to a l r -  Jq,  q 6 i ! I "  This 

" lnpl ies thet  M clopends
on  t he  se t  o f  mu ta t l ons  (An ,  

Jn ) ,  q€  M"

IL"ggrgig*fu-Li" M ls slnply oonneoted"

ls oorn*

Lnvarten. i

onLy

t 8 a  e ,

( "

x r F

t h e

F,gmalh; fhe elendnts of %( tr ' l t  u*i oo tn-l.uf; ' ; ;
s ld .ered es r ight  v .ector  spaoe over  f f , ) .

Nplat ! .gg.  Let  o-  be e nondegenerate (and. .a  non
def ln t to)  Hermi t lan for ra  on F" ,  and r -e t  H(  m. . " ,  o  )  ue

$'r (aon*

r ,negat ive

the Jordan
a lgebra  o f  a l1  l ie rn r l t len  na t r l ces  o f  M"  (  W)+.



& 2 5 *

Sgggfi$" The set I ,  of at i-  ldonrpotents of H( S*, fr)  wi. th
- , 1  

|  I
l€ngtht;oincides with tho set .t  - I  oe H (r3'r, c- ) ' ,  fr s * 'b 

] "

al-}"  t*ei i raensl$:rel-  *ubspac*s of  IFr on whtet i  the

is nond.egeneratr l ,  3or al" l  c 6 [ t ,  ) -et  Vn be the

subspf ice of  $ ' r  of  a l l  v  d Sr wl th cy x vo

&gg*I lg" f i ro subspnee Y* belongs to Gr( Wr, r  )

Bletely cletermtned. b]t  Yc" Conve::sely, j . f  V € S* (trr ,

e lenront  c  o f  %(p. )*  sh leh ls  ldent i ty  on Y and zers

or thogcnal  complement  o f  V wl th  respoct  i ;o  c lu  ls  an

lilat E* i; io " i{or f ix*$- * * 
[$l , derr*te by G*( tFr,  o.. ;  t l rs net sf

yes t r fa t l on  * f  a -

t*cl imon,$1enal.

end o ls cofi t-

o-  ) r  then the
I- * & r , ,o n  v  t I n e

elenent  o f

I t  ( f o r  t t r o  d e f i n l t t o n  o f  I t ,  s e e  t h e  e b o v e  r e m a r k  ) ,  f h e  l d e n t i *

f icet lon of I t  and G* ( t$'r ,  r  j  vrhich fol lows from t lre above

considerat tons ls  conpat tb le  wl th  the s ln 'nmotr ic  s t ructures g iven

o n  I t  a n d  G r ( m ' r ,  f  ) "

Two spec le l  cac€s sre eons*d"ered"  t_

e )  6  i s .  t he  usuaL  fo r rn  ( vnw)  - * *  T$s lo  Tn  th l s  csso

Cr(mr)  e= c*{n"r ,  c  }  Ls t } re  vre l l -known Grassm&nn mani fo ld  o f  s l -L

t*d. imonsion.n l  subspaeos s f  tFr  end g(m' r )  I  *  H(Fr ,o  )  ls  fornaal ly

r e e l 3

b) let et be t tre unlt  slement of i 'd=(l l i r)

"  
t " r t - f  .  

-

Igryg&, The space$f,t( trr)  of al l  elenrents of G*(ff i ' "u o'  )  on

whlch  the  res t r i c t lon  c r f
. ,

q - '  l s  n o s l t l v o  d e f l n l t e  l s  t h e  n C I n -

compso t  space  as$CIa ic ted  w l th  G t ( t r r ) "

Nqtq"  Throughor^ t  the re ida ind.er  o f  th ls  sect ton,

l e o
t '

4 .. l ; F  I' \ 0

Io t  g ' t  r  (vrw)  * .>

0

-sr-t

and

use i IELG,tSONts notat lon f  ?+ ,  ohapter  IX. ,  $  47"

w€ shal"l



?6

lX,gJLgS.$-l,'-ggjLI-g" ,11.:1. non*ompact spsces of type ESg ars

contelned ln 'bhe form sf , t i f f i r ) ,  ml l  of  tvpo AE{$ sy€ eontainecl  fn

thc form Ffrb(Sr) ,  and.  at l  of  type t r  Fg ers contained j "n f i re fons
t . - - l i "  .  14  .

Sgi t t f i - ; "  In  per " t l cuLev ,  & l t ( { ) ' )  g i r res  thb  bcu t rdo* .  sy 'n rne t r l c  dorbc i fns

of $i-t l .get type i of al l  compJ-ex t x {r*t }*mi:trfeee a wtth

6r_t*  f r t  r  > S,  ane $$.r(mr) ,  T 21 5s gtves tho bounded symmetr lc

d.or ia ln  o f  S lege l  type  W o f  complex  d imens lon  r -2o

Let fr be n S"lggtg*tgg$"q}lf_3gg} rordan al-sebra ?_f ggis5pg

2, g,ggggeg slg[*gn3lgglti}Ag$ J . Then, for J 4 rd, rnvoq"4g,J )
ls & spltere and. any sphere cen be obtslned in thi .s mann&r, by rf l ,eans,

isf  a  Pel rce re f lect i .on,

ffSAgg!!-lg,q Aj_Lg, All Grassmnnn manlfoldsr &s welt a,s stl

compect  symmetr ic  spscos of  rank one,  sre cont* l tned.  ln  the form
t h '1 \ - h

Inv^ l l to ,  .J  ) ,  where f i  ls  & s i rnp le  formal ly  rea l  Jord.en a lgobre
v a l ^

and,  J  is  & Fei . rce re f lect ion of  J+ *  f l re  noncompaet  spaces

essoe la t ,ed  w l th  the  above-nen t toned  spscss  have  the  fo rn  Tnvo l / f r J  j .

gSlggg*Ig. In f 44 e7, BARBILI*$ ls mailtt concsrneet rryltlr

the rea l  G.rassmenn rusnl fo ld  G ,*2n+1 )  o f  a l l  n*c i , tnens lonaL vector,  - a  s 4 *  r + - - u & r 4 u t

subspscs$  o f  612n+ ]n  f i o ,  a f te r  os tab l i sh lng  I  ce r ta in  g roup  t so*

morp i : . ism,  Barb l l l r in  uses th ts  lsomorphisra to  g lve geornet r ice l

s.r i ter ia for t l re dlrect ldentl" f icet ion A6 rr 1,r:2n+1 'r  of the subsetsv r r  v l l  \ r r r  I

eCIr rs$poncl lng to  th€ a lgebras wl th  min imal  r€pr6$entat lon ln  a

gtven complete nat r lx .  r ing,  ss  weLl  &$ cr l ter ie  for  f lnd lng the

order  o f  the ch.arecter is t io  equat lon,  and the rsn lcs of  the eentre

a n d  t h e  r a d . i c a l o

9p:*. p*9lgg" To reeonslder ln the Jordan algebra sott lng

BAHBILTANTs result  a { a4 e 7. coneernlng Gu{tRzn+l )"

Qg*ngg}gj" ** ts nell knovrn, the sirapltses fornr a natiu-.

r a L  o l a s e  o f  p o l y h e d r a  l n  t h e  ( r e e l )  p r o J e e t l v e  s p a c e s . . G S L i *

1 l

FAND and MacFHER$0I{ f  643 general lzed thern to polyhedra ln



1 7 *

reaL  Cressmann  man l fo l c l * "  Thes ry  new ohJec ts ,  wh tch  f i re  ea l l ed .

sres-qgfing1"gt1*p j,ntrt.[gg-8"] r]re then studlcd r"n temrs of tholr, combi*
nator :1a}  s t r i ic turo"  -<- - -  I {ext ,  thoy ostabLtsh r l  re}nt ron

betwoen these obje c tu  anr l  harxron ic  d l f ferent i ,e l  for rns on rea i

Grassmnnn meni fo lds,  fh f  n  re la t ion ts  subsequent ly  usCId,  to  obta j .n

resu l - te  about  $om€ new d . f f fe ren t fs i -  fo rms {one o f  whtch  is  the
I

c lsss ica l  d l logar i " thra ln-  Holovsr"  &s v{&$ ment i .oned i *  f  6 , (  ,yga}  ,
l t  l s  s t l l l  en  open queet lon  to  re ra te  the  €orn ' rs  $nrm to  the

Grassmann ian  geornet ry  c leve loped ln  f  64  3  "  r l s  the  $u thor

suggested .  to  i , lacPhsrson in  1980,  l t  wouf< I  be  f ru l t fu l  to  r *ake  u$€

of  t i re  Jord"an  a lgebrc  descr lp t lon  fo r  Srassm&nn man i fo lds  |n  the

s t ,udy  und.er teker  i *  f  64  3 .

9 p S * , p l : b f : g .  { s u g g e s t e d  t o  G e l t f ' e n d  o n  t } r e  o e c e s t o n  o f

OAGR Conference,  I {ep tun  *  Boroan la ,  1980.  )  f s  s*udy  the  $o  es l le6

Y 'd"oub le  f  ib ra t iongt t  o f  Ge l  r f 'and  e t  01 .  (see  ,  fo r  ins tancer f  f  3  3

u s l n g  t h e  e b o v e - n e n t l o n e d  , f o r d a n  a l g e b r e l c  d e s c r l p t l o n  o f  p : : o J e c -

t l v e  $ p a c e s  a n d  G r a s s m a n n  n r s n i f o l d . s "

Qpqt4ie! . ls* lg $olut ions of  Yang-Hl l" ls equat lons were inter-

mannians snd.  f lcg supersps* : " ,  The ground s t ructures of  these nev{
'  g€om6t r l ca l  obJec ts  a re  so*ca l l ed  r t superspace$ t ro  In  the  sec t , i on

dea l i ng  w l th  f l eg  $up€r$psces  o f  c lass l ce l  t ype  end  the  exo t . l c

[ t inkowski sup€rsp&ce, l i fanin dof i .nss 1T -- syumetylc GressrnannLans

a n d .  l s o t r o p i c  G r a s s m a n n l a n s ' ( s e e  f  4 0 8 ,  $  l O  J ) .  F s r  d e t a i l s u

sup€rgeomet ry  i s  J* r .e topea"  l i  ! cou l r l  be  in te res i ing  to  recons l<1er

iv lan in rs  concepts  ln  a  Jordan a i -gcbra  se t t ing  in  o rder  to  g ive  e

further development of  Yang-t , [ i t ]s  theory ln qunnturr i  mechenlcs .as

w e l l  a s  l n  n n t h o m a t i c s o

pretec l  by I { *NIN f  4  0g 3 ln  t6rms of  so*ca l }ed.  super-Srsss-

-the read.or ls refer.red. to l i* l l { I}Yts pap€r f  , f  oS 3, j"n w}r ieh. s
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Cornmernts 2" It woul-d eiso be vrorth whil"s to use the

Jo::dnn. elgebra sett i .ng for the results of Bff inUIN lJ / Z t, J on

lnstantans and. { i re$$m&nn manifoJ"d.s"

EqlperL" "tnother spen problen of related lnterest ts th*t

pointed out  to $eto ln 1983 and reported, ln,  $ I  of  d$A I ' f rn

ggg.$j.I*r- (Cn*f.ovsJilw f 36 3I, I t  ls posnibte to stm*

pl . i fy  the dt f f icu l t  ca lcu la t lon of  the cohomology of  Grassmann

manl fo l< ls  by us ing tho f ,ord.an a lgebre descr ip t lon gtven by Fro*

p o s i t i o n  2 , 1 9  ?

The Gressmann manifold,s epp€ared lu physice gn f l .eld. t l ioore*

t ica l  models  (see,  for  inet&nc€ '  BIRIZIN C-  - /3  
" '  J  | ,  s is  i rye l l  &s in

lnstanton theory (see, f  or trrstance, Ff iR]3LOMOY 7| /3 f ,^-J, and

reeent ly ,  they ar€ mi? in ly  lnvo lved,  in  KP h iorarchy Bnd s t r ing

theor les  { see  $ec t lon  B  o f  J$ .A"V  end  Soe t ion  ?  o f  i l -SA"V I I I ) ,  I n

o the r  phys ica l  s i t ue t i ons ,  more  genera l  ob jec ta ,  wh ich  geneya l l xo

the Grsssmann nsni fo lds,  ere cons ldered.  For  example,  BI tRCg. iNU

and GI{ I I0RGI{U,  us ing group- t } reoret ica l  met} rods,  oonst ruated.  1u

46a- J perfect Morse funct ions (see idt0RSIl f  /2 4 J,BfrI I( ;SANU
' / f  J ) rn  compact  mani fo ld .  o f  cohorent  s ta tes (see FERILCi ,1 'JV

, tXf  & J  admi t lng a Kl lh l -e : : ian C-space s t ructure (see nTAIdG

Zao  3 l ,  cons id "e r ing  l l nea r  Han l l t on lans  1n  the  genera to rs

the group of slrmmetryo

In 1989, BSnCSTtrI tTU a'nd GI{EORGIIT { 464J restr lcted

themselves to  the complex Grassrnann 'mani fo l&s snd showed that

l inear l lanj- l toniarrs 1n htfermton'operatore lerad -to energy func-

t i ons  wh ich  sa t l s f y  the  $ lo rse -Bo t t  l negur i l l t l es  as  equa l l t i q *s *

In  re fo 46 o -/ 
BSItCxlaNU and OHII0FGHE'studied the

not ion  prob lem on the  complex  Grassmann men l fo" l -d .  The equat lons
. .

o f  mo t ion  o re  a  f l r s t  o rde r  sys tem o f  d l f f e ren t la l -  equa t lons '  t he

{

r
L

{

t
of



r lght  hand s ide be ing & **e*n* .  r legree polynomt* lo  These equat ions

cen be put  I 'n  the for rn  of  matr lx  F. fceat i  equ* t ion*"  The soJ.ut ton
ln * rglven char' l - , ,  is v,r l t ten e;;- i r) . i* i teJ-3r for t tre ca$6 CIf ens:ygy
furret: i"cln assosia'becr to ths 3. inef ir  l larni l tonl.nn J.n blf  ernrf on CIpsyn*
torso Tl ie globa)" irat ior i  proLrl-ern. of t i re solui j .on (see scgj{g:Ti l : ln

{  4  6  8  " , f f  i " s  d l scussedu  no t ing  tha t  t } re  rne t r l x  R lece tL  equ* t i . on

Ls & flow on the Grsnsmann mnnlfold {see H};}?lft{l{i\T d{, MAaTfrl}I r 8/ J,
sHnx|I,,li{ r 4 70 *l 16

0pgl-1-p.r.gFleg" T*iking lrr to accou-ntr er1 one hand, of the
ro la t i onsh lp  be tween  the  mat r i x  H iaca t l  equa t ton  end .  the

Gras$rnann manlfolds (see HltrRI,t/rNXI and MAftTII{ f 8 4 3 ,
srIAYi[.4N { 4+0 3, B}in0nArru & Gr-rEORGrin f /6. */}rerndrori the
o t h e r r  h a n d ,  o f  t h e  J o r d e n  d e s c r i p t i o n  o f  G r a s s m a n n  m a n l f o L d s  { s e e

I IELVf IG {  lo .3  )  and tho  re la t lonsh ip  be tv reen tho  rne t r l x  Rtceet i

e qust lon and Jord"an pai rs  isee BRdUis f  z  3 .  .J ,  WALef iF?, f  , /?ga,&J I  ,
g i -ve  t :  un i f ted  t rea tnont  in  Jordsn s t ruc tu re  te rmg"

I f imr  f  2  oz  J  used the  prod .uc ts  o f  par t l c lo l l ke  repr€ : .

sentei lcns of  the i r r : rnogen€ous Lorentz group iy1 c l rd.er to const:"uct

the degrees sf  sp{.n anguln: :  moraentun of  e compos$.te system of

pro tons  snd ncnt rons ,  'G ' rounc l *s te i te  enCI rgy  1eve ls  s r6  *a leu la i ;cd

for  e l l  the  e l 'en*even nuc le i  by  us t r rg  a  d l f fe t ren t lab le  men l fo l -d

t i r e t  i s  s p i n - g r a d e d .  a n d  g a u g e * i n v q r l a n t  b y . c o n s t r u c t l o n "  I t  i s

shown tha t  th is  man i fo ld .  1s  &  Gressx jenn man j " fo ld . .  I {enceo l t

wou ld  be  use fu l  to  reeCIns ldor  l . ,Y i t rTes  resu l ts  ln  e  Jorc l .an  e lgeb: :a

so t  t  1  ng .

fn ord.er t o

con t ro l l ab l l l t y  o f
/ -

a n d .  I , i l ^ i t T I N /  J f

i q h l c h  l s  I  g e n e r a l i z a t l o n  o f  t h e  G r a s s m a n n i a n ,  c a l l e d  t h e  s p l i t t l n g

se!
t h o

quan t i t e r t i vo  resu l t s  l n  the  s tudy  o f  t he

l lnear system i ;  Ax + Br ,  DnAGItrR, tr 'O0Tg

dof ined th e geomet r lc o]:  j  e ct )  ( fR" ) ,,/*n
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spfl_9g, by

f t  t s  ensy  to  se6

o f  S L  t H " - )  "  T h i s  s p a c e

ffin

spf i  ce

tn  the

I
I

l .

s&ln6 way tbet  *O(  rnn )  dor ives i ts  geonetry  f ron

>*. (  rnn )  in tne s&me wey rhet
@ i ( 0 {f f i*  }  induces & Rlemannlen
s t r u e t u r e  o n  e  / * r l r  '

r g t { n  J e

0pon problem.To d.oscr tbo tn  the

above-ment ioned sp l i t t lng spsces and.
qua l l t * : t l ve  georue t r l c  cond i t i ons  fo r

s y b t e m  f  = " & x + B u glven by Drager *  Foote _ L{sr t tn In f  4f  J .
f t  ie  wel l -known that  the cont rot lab i l i ty  o f  the system

i  s  -Ax + Bu ls  re la ted.  to  the one -  parameter  fan i ly  o f  opera-
l J -

tors  e*uB" Drager- t r 'oot* r , {ar t i r r  usod.  th i *s  to  g tve s  proof  o f  the
c lass iea l  con t ro l l ab i l i t y  cond l t i ons  i n  te r rns  o f  t hs  d l f f e rsn t i n t
geometry  o f  eer ta in  curves ln  l l i t r .  Then they cons ldered

f t t  t : *  I n  ( *d tg )  as  a  cu rv€  in  an  epprop r la te  Grassmang ian  and
proved  tha t ,  l n  roca l  coo rd lne tes ,  r  l s  an  i n teg ra l  eu rve  o f
the  f l ow  lnd .uced  by  a  ma t r i x  H ieca t t  equa t lon "

Q,oql lql l ts"- solving the above-mentl .oned gpen p::oblem, ufe
the connect ions between , rordan pal rs  and the *et r ix  Ri .acat l
eque'bi"on {see BRIiU}r l :  ?1 c Jand l i {$tCHIR f{gg4ff }ff ) ta the-

eo"uat ion  appear i r rg  in  the

7  J ,
EgggIE. Let Qs mentlon that Grassmannlans aro

I  reduat lve  honoge] teous  speCIe

)  lnduees e  pseudo*Rtemenn ian

Jord.an .algebra tenrrs the

met r t x  F i cca t l

approe ch f  4

ce l l v ,  
I *  i rnn)  i s
L**k

spec ia l  g ro f ip  g t t tnn

thn t 5*
4@ k"

der l l res l t i "

- n ,

G n _ k { R * }  
|  

u  @ *  *

(  rno)  ls  a  homcgensous

geometry  f rom Gt  ( tHn )

0 trn * ' ) t echrii.*

o f  sL (  mo )u The

st ructure on

to  rewr t to  e lgebra l caL ly  tho

t l re  cont ro l lnb i l . l ty  o f  tho

Drager*Iioot e-Mart in

ma lnly

r  e laJtnvo lved in  tho theory of  c l rcu i ts .  as ' } IELTol l  f  
"  

g
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emphaslzed,  nphi losophlca l ly  f , ronn 'an englneor f^ng potnt  9 f  v i .ew,

Grassrnannians actr. le}J.y &re more nsturar than lnput*output

.cpereto?$a rnr leed,  t i rc re is  I  sen lor  leve l  e f reu i - ts  bosk by

KUI-I E:nd f iOHEB f gg J which takes this potnt of viewnpr,f tct i*sl-

enginoers dont t  use the Grassm.nnnten et  s l l  a1d pay the pr ieo of
hev lng to  change coord" j .nsts* l  vovy of tenoiv tany senlor  c lyeui t  books

have & fu1 l  chapter  on thess changes of  coord lne l tes{ ro

DABfiOI?SKI arrd ?RAUT]:-1dI{ T 3 B J stud. led sp lnor  s t ructures

on proJect lve space-q.  The naturn l  sp lnor  conn€ct ione on theee

space$  may  be  in te rp re ted .  as  s imp le  geuge  con f lgu ra t i ons ,  bu t

they  pos tponed .  the l r  d .ese r ip t l on  to  ano the r  work ,  Tn  f  z  g  J
they  res t r i c t  t hense lvos  to  tho  cons t ruc t l on  o f  t he  sp lno r  s t ruc*

tu res .  The i r  app roach  l s  d i f f e ren t la l  geomet r l c  and  L ie -g roup

theore t l c .  I t  y le lds  en  expL ic i t  cons t ruc t i on  o f  a l t  spac€s  and

maps  occu r lng  l n  the  desc r ip t i on  o f  sp ino r  s t ruc tu res  on  p roJec -

t l ve  spaceso  I t  can  be  ex tended  to  o the r  honogeneous  spaces ,  sneh .

us  the  Grassmann l . sns ,  es  we l " l  8s  to  pseudo-R lemann len  man i fo lds .

9ryI_pJ."o_l*g= ro roconstd.er in the Jordan aLgebra sett lng

the  absve-men t ionea  s tudy  o f  D . ,b rowsk l  and  T rau tnan  ( l nc1ud ing  i t s ;

p o s s i b l e  e x t e n s l o n ) .

c i raracter lzetL the Gressmenn spac6 retatedTitT,tIlfI { 4 Z L 3
t o  a  p ro iec t i ve  space  as  s  pa r t i a l  J inee r ' spscs  wh ich  fu l f l l l s

some sutteble axioms. Mrs!'sLD3 T*ILLINI .and z"{I$Etta t 4/7 3
\

def ined topologtca l  G: :assmann sFacss anc l  showod" thst  every sp{rc .e

of  th ls  l c lnd  is  ' i somorph ic  
to  tho  Grassmann sp f ie  e -  re la ted-  to  -&  ,

t o p o l o g l c a l -  p l o j  e c t l v e  s p s c s o

NrcOl.u$cu and FRrP0Ag f ,tz| J, f  . ,14Y J stud"ied .$ome

algebra lc  s t ruc tu res  de f lned by  cer ta ln  geomot r ' i ca l  p roper t les ,

Jo::d.en algebras bolng i .nvolvedo



s::e,gsmenn mantfolds ohtainerl by vs$itK*l$ and lv$vlT$Iff$ r. ..t4r ].:  Worthy of  re*sssesstng ln tsrrn.s of  Jordt ln Elgobras &re s l -so the
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gglgg$I}-gs- It wquld fiLsu br.c tntorestlng to reeonstd.or irr
terns c f  Jore len a lgebree ,  the goonetr tesr  conetruct ions CIorrs$pon*
c lng to  erperret tons of  the a lg*bre of  m*p] .en*s in  praJeet t .ye
(a m + l)*spa*e, gl"ven by R0zHi{},jff,rs, }ffZ};ar$Ova, H*N?unrN"$

t  4 t r f  3 ,  &s welL s$ the reeuLts  on l lne mant fo lc ls  io

reslrJ-ts d.ue to TEtErvtd,t{ f 48q^- J, nsr*ne and $zcz.aRBA f gJ J,
IiAl'{G"Ai'{ /:V4 eobJn and. r$i{ri{*Ra [" gt J, s$ we]-r as the
resul ts  on Gras,sman?, ians or  rank on6 synunetr lc  Rlernennlan spsce$
con ta lned .  tn  the  psper  co r . l ec ted  in  6 ib t i og rap [y .

'  
4qqa::k, Otl ier op€n prob)"eus have been fornulated on psges4-8.

I{ow, let A be I  slnpre fornal-ry real .rord.CIn argebra
endowed wtth an involut ion J ,  J 4 Id.,  for rvhich ln ls sfuupl(3"

&gqaJE"  rnvn ( f r J r l  )  *6 r (m4) ,  and ,  the re fo : :e r  rnvo t j r J  ] *
*  H l ( m 4 ) ,

&olg l lg . ! *  For  r  7r  Zr  le t  Jn ' ,bo g lven by

' { . F

' r  t  -
( '  "")

\-u= o /

Sonote by s  the d.egree of  4  and Bssume that  2z ) .

S  3  ( s i e e e t  t y p e  B  E f  ) .  r c  4 =  H {  R s  } ,  
. s  

*  o ( a } r .  r e *  $ ,
- - - - '  and  ! :  x  ' - : i J r *  J i l - - , - t h -en  rnvod r i l  )  i s  t he  space  o f  . s y r rue t r i a

erements  or  $p(r ,  R) ,  and.  rnvo(Jr ,  J  )  *  $p(" ) /u( r ) "

r " ( r  7  3 ) "  r f  A =  n ( o . * ) ,  o ( a ) r  r r *  $ ,  a n d  J z x  
* * - b

*'F J* * '  i i r  ,  then Invo tA rJ ) 1s t:re spac€ of sSriamef,r ic eLe,c:e nts

o f  $p { r ,  0 I  T } re re fo re , rnvo t f , l  i  =  $p( r :0 ) /sp(=)  a i ra  rnvo(*1 ,J  ) *
= .$P(r )  "
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lr, /*(r

rnv*C.4' , ; I
rnvot*; ,  J )

r :  Ls lZ)  | ,  T f  f r  *  u  {  C Is }  and J  r  x  *&xr  r  then

l s  t i re  ,$p€lc ,B of  sy innet r tc l  eJ.ernents  of  $St  sr0) ,  enr l

=  S 0 ( s ) ,

P 33f f i  t$ iegot  type S 6 )"

gebra  o f  a r t  x  e  H (c ;Zn)  w i t i r

x  *b  x t  .  Then  I nvo ( r+ ,  J  )

e l -e rnents  o f  $ f f  
#  (2s  ) ,  ancL he

f,

r n v o ( J I 1 , 1 )  =  S S  ( ? s j / U  ( s ) ,

l{ ( Hs } ivLtl: the et-

te t  3  
be g iven b5,

the space of syninet: : l t :

tzs) /  &/  (s  ) .  
vJe hr ivo

n
ld.eut l f  y/  ra

v { - { ' , r f/ r  d S  d S  " '  o

co incld,es rvl th

nce  w i th  $&*u

FinaS-ly, let l4- oa of the forra 
"4 

= $ @ E , where 8*

s imple formal ly  ree l  Jor"den a lgebra "  Let  J  Ue t i ie  pr inc lpa l

vo lu " t ron  o f  ; *  "  Thsn  Invo { , t ,  J  }  can  be  t c len t i f l ed "  w t th  t rnvo , .  A } "

t rVe have rnvo19;  = t l l+  X Y,  where g :  =  exp T ' r rnd '  h '  consts ts  o f

a l l  e lements of  t  on rv i r loh the t r t tce fcvm of  E vanLsl reso

-e f i .  rc  ,B= n (Rs) ,  t l ten Y is  the space of  sy i i rmetr ic  e l ,e*

m e n t s  o f  S € r ( 2 ,  R ) .

%* f "  I f  3 .  T I (  Os  ) ,  t hen  Y  i s  the  space  o f  sy rnmot r i c  e ie *

n i e n t s  o f  $ $ t ( 2 r C I ) "

A 3g.  I f  B *  I i (  Hs )o  t i ren Y j .s  the spece of  sy l r rnet r lc  e1$*"

m e n t s  o f  S W x  ( 2 s ) o

rf J\= n ( 03 ), then Y is noncoropact of type ff i  EW"

us presqnt  .succ fn t l y  $ome o f  t i i o  resu l " te  ob ta ined by

ta

1n*

.  6 ,  Le t

1{ARTli'iXLLI {

' - .  -  -  ' l

44L 3, i,{AilciJTA}rAY-{ {'-to7 aPJ ' IiIARciJT4tr'*v$ anrl

Rg;tANI f ,tl O -pJ , qppgfg f /l.t a:f J ancl IgIiDAi{ufiAV f 3+ e,8 nb7

concer l ing quatorn i .on i "c  s t : :uctures in  or r ler  to  shovr  the i r  connec*

t ton wi t i r  the above-ment ioned Jord.an a lgebra resul tso ,
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+tl lrT ,
Le t  L *  [ resp . ,U i ^ ' ,  ]  b t l  t he  homogencous  I j - nea : : '  ( resp "  o

II 
' 

iL d@tu@

unl" 'bary)  quotern lon ic  group aat ing on the to f t  in  the r ight  que. .

ternfonlc veetor space fI In of d.trnenston !1o Denote by f , t  
n

i  r  (  }n)  
.  the m*t r t : (  o f  a  'qector  

9

o f  lHn ,  end .  by  s  I  =  t * f  )  an  (n  x  n ) *mat r i x  ove r  [ {  (1 ,e " . * f ,

Thc+n I  t ransfor inet : .onT * f  i j *  ( resp, ,  q  )  ts  g lven by

EtH )* i

( 2 , 3  )

( 2 , 4 )

r-----'i
!  

' r ' . r '  * -*  i i  d  t
r | (----J

where A ls  en lnver t ib le  ( respo run i tary)  n ts t l : ix

Ug.!!nlti.S-*" $ real dlfferentlebi-e manlfoLd V4n ls enclowed.

with I (risht ) Sl$g€!. ( resp, , ermgg-!*_Hgtgf!.!gg) g.g,$!9_fg!-U$S

st ructure i f  i ts  s t ructure group is  l f r  ( resp. ,  4  )  "

Ng!g.  Fgcal l  that  a  G-st ructurs  on a rea l  d i f ferent iab le  '

m*d. imensional  mantfold V* ts def lned by a subbundle v i l th structure

group  G o f  t he  i angen t  bund le  T (Vm,  lRmr t * ) ,  where  G  l s  a  cev ta ln  i

subgroup o f  the  homoge l leous  l inear  g roup L* "  The spaces  lR4n and.

f f i n  B r e  a s s u r n e d  t o t b e  c a n o n l c a l l y  l d e n t i f i e d  a s  r e a l  v e c t o r  s p a o e s ,

( resp,  ra1- lnost  Herrn i . t lan)  quatern iontc  s t ructure on I  ree l  d i f feren*

t iab le  mani fo ld  Vr*r ,  as a s t ructure wl th  s t ructure gIQun.  i , f r  ( respup

,vIJ f f i  -^ r  --  - . -  1^--

T{ ) "  The  la t te r  cous is t s  o f  a l l  t r ans f  o r roa t ' i ons  T  g tven  by

r-l-1
I Q

L *

uiAnfINnLLI def ined /* t lL J a Sgrerai. ; l3gg (r ight) nlmost

( - 1 ,

where  r {  l s  an  l nve r t i b le  ma t r i x  and  be  'H  *  f "O  t  ( resp . rA  l s  a
\ ( )

un l ta ry  rna t r i x  and.  bb  5  1 ) .

Renark" An impci i ' f ;ant  e ia inpf e .of  menifotds endpwed wit l t  an

f f ! ,uql : l lq 'generaLlzed alvtost-qusternionlc struoture ts gtven

b y  q u e t e r n i o n l c  p r o j e c t l v e  s p 6 c € o  T h t s  e x e m p l e  s . u g g € s t e d  t h e

above-ment ioned.  genera l i za t ion  to  i ' [e r t lno l l l "



* J 9 *

'oianc*ra'ilva provecl , { 4 o ? aJ , tirnt in c*s}o ths structure
(2 '4)  ts  in tograble the coord innto t ransfor rnet ions srs  o f  qr : .a ter*
n l .n i c  p roJec t t ve  t ype  { r - "e "  r - l nea r  f rac t l on* r  ruaps  )n  OpR0ru
hes stu<110d", f-  l1 ' t  buc-7g i lhs s*rue p,r: ,obrern ln t6r ia$ of t tro
gsneral theory of G*stnrctureg (see also {I I I j fCAGIIEBU ancl.  0pnOITJ
{ 6 z* *f  l ' r  l ie prorrecl t i rat 'hhe l f t togratr i" l i ty ls equival-ent to
qua te rn lon ic  p ro jec t i vo  {q *p roJec t i ve  )  f l a tnessa

Fg{**,liAg*go 'rwo vectors froin sln are calleri eclu!.va:lent
l f  they dlf for b), a factor tr  , ,1 6tH * io j  "  .&n *nu*i l i l**r**u
of  vectors  f rom Hn 1s-caf .Led a * i rgq- l rgg ln  Htr "  Tho *nege r .n
lR4n of  a  d i rsc t ion f rom fJn b1,  *ur root** f  ldent l f lss t ion is  ca l led
e gT.*9:gg$c churecter: i*Lc j3, :* .  (q"c*f .  )n

3":ry*t*o-i" ?9-' -{ gcnerallzed a}rneist queternlonic struc-
tu r€  d .e 'bermines ,  fo r  evsry  pcr in t  o f  the  man l fo ld  v , , r .  o*  wh l *h  i . t
l s  d 'e f ined.o  s  sys te in  o f  esco f "  tn  t l re  tangent  uo** l t  o f  v4n  a t
t i rat  point ,  o

Fropcsit i .cn 2, ?Ll A genoral lzod. almc.rst*I lormlt lnn
nion ic  s t rueture d.s termf .nes on the nanl fo ld  Vrr '  on whtch
d-ef ined e i {ernr i t rnn c luaternton le metr ic"

rORDrt l{ l lscu f  8 + a} conslderer1 t tre o*uaternlol ic Grassmann
manl fo ld  G*(ru{F+Q} of  n l l  p*dLnensional  r ig} r t  vector  subspso*"e' v
of l i {P+Q, endovied' with Fontryagin coordlnates tsee p0lf l rgf-tGrrv

f /+z J j ,  and proverd.  that  1ts sta-ucture group $ consrst .s of  sr l
t ransf  or rnet ton T g iv€ in  by

l.q

, Q t  T A -  \  c - - l
(y .r"r .e^,f  (B Qf Id

!l t--J

qua te rn ion ie  n ra t r l ces  o f

un l t  nat r tses and, .  E

quat er-

i.t i.s

{ a ; 5  )

where

r  o s p a

coloun

A  a n d

er ruu

l*Ir' a
I .

' t -  l -  -  . -  L  . - . 1 - t

. H .  
* : F  

t J I
l----{

' i '

n l  t
.v

o r d e r  p ,

l s a

B  a r e  i n v e r t l b l e

a n d  I d _  a r s  t h o
p

v  o c t  o r o
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Ds"fiqr,!:.9n" Let v4oo be ft c * pfireconpaot re$-L manrfblrl
o f  d i r n e n s l o n  a p q  ( g t e ? r L t  l n t e g e r s ) "  I f ,  w l t i r  r e s p e c t  t o  &
eul t r :b le  open cover lng,  there ex ls t  s ; rs tems of  adntes ib l_e q.unter*

n ion ic  eoord lnetes tvansforn lng each in to  enother ,  ln  CIomrnon

doms ins ,  i : y  t rans fo rmat tons  o f  t he  g roun  6  "  t hen  I r .  i s  ca l l ed .' L =  r ,  v . a v r r  u 4 b , ,

a local ly Grassmfinn c1u*tnr:nionj-c nenj" fo ld."

nLqRCHrgytvA f 40 J 4 J prorrod thet atr tocalJ.y srassmann
quetern lon ie  meni f  o lds and only  theso are quatern ion le  rgeni fc , lds

.  ad. rs l . t lng an in tegrable tensor  prod.uct  s t ructure (seo {  4og#-  ,
p"84J  ) "

.opql p{9b,1q9" To f, ind. t}re kind of di f ferentlable rnsnifold.s

that  are endowed wl th  s t ructures whoee s t ructur6 groups are s ln l -

ra r  ro  ,  bu t  l n  r r yh i ch  the  fae to rs  ( *  @ Idq ) ,  (n  &  ru r r )  8 re
replacer i  by other  { rnore genera l ,  €o g r  un l tary ,  lnver t  ib le  }  :ne*
t r j -ceso ,9 tud,y  the i r  {eventual  )  descr tp t lon ln  terms of  Jord.an

a l g e b r a s e

Cornments, Before IORDANESCU /-

i :  ( resp '  ,  T f ,  )  was  cons tdered.  onry  as  I  genere t - tza t ion

of the grCIup tr l '  ( resp" , '  VX I

By oonslder ing the groon i# ( respo ,  i :  )  as e i

3/ t  eJ ,  the group

subgroup of 'ri'1"{ncHrAFAv"e ald R0i'it*{l{r { 4,to b., pB"l3l-fizJ

-  
ob ta lned topo log ica l  theorerns  re le ted .  to  r fgenera l i zed .  quatern j .on tc

f  ib re  bur id . res t t  and t i re l r  s t le feF i "& i tney  c rssseso

9pqn_plobl-em o To und,ertaks a topological research l tke

thst  g iven to  f  440 bJ by cons ider lng,  lns tea i i  o f  the group

14 N .:, lll
t ; '  ( resp. ,  U; '  ) ,  t l re  group . f  or  groups f rom i l ro  above-nent io-

ned. open problen.
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quatsrnlonlc menifold.$ &16
fund.arnental vector bund,leo

qpqq. ptgklsg !
quat ornlcln j.c Grassiuenn

alge,bra set  t  1ng )  "

poruorn of  tbe pontryegin o laes of  the

e., b-/o

of  the tangent

f  / b 4  e , c J h a s

sp&c€s s i ro l l "er  to

for coraplex end.

us lng  a  Jo rden '

!SItq*}o**s- Two vectors
*na t r i cos ,  s re  ca1 led  oqu lva l tu t

1  w ? l t t e n  e e  { q  X  p ) *

c l t f fe r  by  a  t? fac torn

rfu%

quqtgll t-13l:**traracreristrgjb:qt 
{s, q, co f o )o

Propsq! ! , lsg ,? '?3g The subspeces D,-  are lnvar ient  under\y
t h o g r o u p  9 ,  o n d

0pn0m l:* /14 a,fJ has proved. t lrat pontrSragin cr.asses of

0pen problemo To ob te tn  resu l t s s lml1ar t o
r  4 \4 : * ; ;  

' q r ' .  r ' t t i tu r t /s  ' s rmt "Lar  to  thoss  o f  OPROru
L t ' r ' t  o r r  * f  fo r  ths  genera l l zed .  qumtern lon ic  vec tor  bund les  co l r *
sldorect by M*{H0HIAtrdVA end n0i,,,t*Nf 1| 4l O

8y us lng the tensor  prod.uct  s t ructure
bundle of a real Grassrnann rnanLfold, OFAOIU
obta ined nonenbeddtng theo: :erns ln  Eucl ldean
those  fo r  p roJee t l ve  spaoes .

To  ob ta ln  s lm i la r  resu l t s

nen l fo lds  ( l y  even tue l l y

from ffiFQ

i " f  they

A (
.1 I - T

l J  \  ^
A 1  r  r  / \  ' e rng  an  inve 'b ib re  c lua tern ton ic  rqa t r l x  o f  c rd .e r

Fn an oqulvarenee class of vectors frorn ff iPQ ls carr.ed a ff iu*gl*g*
9.ue"c!-iqq- rn 'HFQ" rf (D 4 0 is I vestor representi.ng I genere*
l i zed  d . i rec t lon ,  then t t re  subspq0e

?
n - \ n ^ l' @ t = { 9 / \ | 1 \ a n e r b 1 t r a r y q u a t e r n t o n i o { p x F ) - n g s t * * {

of f f iFQ ls carled the assoc.igte-Ls.r lbg*esq of *rq general. ized 
-ur"**-

I

t lon under  cons lders t lon.  The funage of  D6 in  m4pq und,er  the
canonfce l  tdent l f icet lon mFQ = R4pq.  .  ts -ae1l€d s-eeneref lzod

dlq'n n@= 
"n ,



where r, i. <
the nrex fuuum

l8  ""

r  (  mln(p,  q.  ) ,  ls  the renk of  the (q x p)_hat"h0( i "o €e !
nunber. of l lnear

SgmgrH" rf p >z q

of  [ IPq"

Ef,S-Pec$.ig!.ji-a5. conslder rirQ wlth p

the mep C : mPQ *-€e )r 161P{ ) dafined by O
every Grassmann rnenifold Gn(mP+q.) from U{p+q

Grossnann rnanlf old.s { o* ( ui Pa ) ?-*., 2
.  I  a  

) * - * t e t G o .

subspeces S@ r }Srtn*

manner  the r tcharaeter is*

a q 
-; 

Bt mesn,E of

(  @  ) : o  D @ ,  t o

the  se t  oFoorrospond,s

r p frora,lHPq.

neatr Lndependent rows on the r ight ) .

t l ien, ln general ,  @ htrs the ranle er anrL
t i l i t * {  P  GJ*  pq$ the : 'e fo re  in  tha t  c&se the  s*bspece Dg co lnc tdes
wl t i r  the  who le  tangent  sp l rceo

9g.rypentg. Tektng into ao*ount tho
CHL{F"{V,A and R0iif,{t{I doflned ln I natu::et

t l c  enbspaces r t  o f  a  qua te rn lon lo  s t ruc tu ro  l * z / 4 0  b ,  p " 1 3 4 3 ,
These  subepaeee  were  use fuL  ln  l a te r  topo log ica l  cons t ruc t l ons

{ 44 0 b, pp"t4 a-L4zJ e

The group I wlt l r  lnvsrt ibr e { resp " ,  uir l t  sry ) natr ice s
A'  B has red"  to  the fo l lowlng geners l tzat ion of  L t {Rr l tgp iT, t rs
rosu l t s  f  / 4 . / z - r  PF.356-3r f  J  (here in  rece l lod.  ss  prono*
sl t ions 2.2a and 2,2r) as folrows (eee r0RDAr,,r l lscu r  g+ s..r  )  r

Iru,!s.fl.t!"Ls. ?ro.3l-", Let o*nn nn e manlfold. end.owecL wltlr &
tensor  p rod .uc t  qu : te rn ron ia  s t ruc t [T6 .  Thenr  o f  eve ry  po rn t  o f
v r . , * ^  th l s  s t ruc tn re  de te r rn inee  &  sys tem 'o f  goe .co f  o  rn  the  tangen tT p q  

.  
- - -  4  u J u u s r 4  w J .  b o L l r U o l o

space o f  V+r ,n  a t  tha t  po tn to  -_- ryq

8lg,f f . f i l !3gry._?#1+, a tensor prad.uot queternionlc Ftructurs
wl th  un i tary  matv ices srB r re termines on the uanl foru uunn on
whLeh l t  i .s  def lned a He:ra i t ian quatern ion lc  metrJ .c .

Sglgl io.qg Denote by )/  16irQ) t i re. set of.alL subspaces
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Cornrnentso I t  would bs lsteresttng to f lnd relatLons between

the map + end vur$ous c$rrespondsnCIes between Grsesmt*nn

msntfalde studled "uy GHLtTT&l. l i i  et 41" ieee tS. i l l '

$ros the conslr leret9on-e gltren fn subseetiotr $ ebove anrL

Fropos f t l on  2 ,291  s€  ob ta ln .

Sglge*3:gg 3*3 i "  t re t  nn{Ft  }+ ,  p  >/  3 . ,  be t } ro  Jord-en

elgeb: :a  o f  a l l  l le rmi t len (p  K p ) -matr tces over  l I { ,  tsee fheorem

Lo8  f ronn  , ISA . I ) ,  and .  Le t  q  be  a  na tu ra l  nu rnber  g ra te r , than .p*

Then,  to  €vory set  In  o f  a l l  ldenipotents  o f  Hp+q(H)  wl th  ler rg th

1' "p  J  x=r ,z ,
Hpq(ti ' i  ) with

p  com€sponds ,  Uy  &  {see  F ropos t t i on  2 ,29 } r  t he  se t

i
o f

.  o , ,  U r  
where  I "n  1s  the  se t ' o f  a l l -  t de rapo tsn te

length rpo
i

9 s g s g s I e " T a l c 1 r , g 1 n t o a c c o u n t t t r a t r n ( r e g p o , I r F ) 1 n F r o -

pos l t  Lan 2,26 co inc ldes wi th  the set  o f  e l l ,  Henul t lqn tp+q)  X :

X  ( p + q . ) - r n a t r i c e s  o f  t r a c e  p  ( r e s p " r ( p q  X  B q ) - m a t r l o e s  o f  t r e c e  r F ) ,

t t  woul "d.  be ln terest lng tc  f  lnd a lgeb: :a lc  proper t les of  &.

?,  3 ina11yr l -e t  us urent ton the use of  Jovdan a lgebra s t l :uc*

^ ' * : r r . r *  dns rc r in t ton  o f  t he  o rb i t  s t rue tu re  o f  a l ltures ln  tho ex 'p l ic i t  descr lp t lon of  the orb i t  s t ruc

irrecluclbLe compact l{ermlt len synunet:: lc sp.aces XO * ColK urtd-er

the sct loa of  the correspondtng noncompact  form Go of  the compact

Lie group Gc" DRUCKEfi ts monograPh {
, / . ^ -
4 9  b 7  c o n t a l r i s  a  u n i f l e d '

detalLed €xposit ion of the results of i [0LI.  f  z-nfJ, for t ]re-

c lasstca l  spaces X,"  and DRUCIKIR f  49 a]  for  the two except lonal
U

s B a c e s  o
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$ 3"  f iymmetr tc  specs of  lCempotente J 'n  a

renl fordsn *lgot 'rn

In thls ssct ion ws sh{iL. l-  dcla} wlth s0ls€ of the resu}ts

esterbt ished bY I$i l l IEn d" lzf  3'

$g!g!,r$*. Let 4 be & LgtI Jorc'l'rln alEeb.rla with unlt eLe*

nent sn Csneider tire Lq#S"g*fgSlSS$gS acting on Idenrp t'4) X

X lc lenp tA ln  vr i th  vatue$ 1-n lderap t l t ,  a ld  denote 1t  by o 's

J . "6 .  6 - (o rd . )  =  p (2c*e )  d * :  cud . ,  wbero  c rd  € .  I 4en ip  (4 ) '  T i ra t  f r  i s

wel l  def lned cetn be eas l ly  proveu by mAking u$s of  Proposi t i *n

! , 2 ,  I . T S S . I  
"

RS9-r.9g-J*-I-:- a) Let d be &n ldenpoteint' of '{ end" let

d  =  o o ( c )  +  d 1 7 2 ( c )  +  d r ( o )
,/l

be t l re  deconpos l t ion  o f  d  g lven  by  the  Fe i rce  d-ecompeis i t j ' on  a f  f f

w l th  resPect  to  co  T i ren

s * d  s  d o ( c ) * d r / r ( c )  +  a r ( c ) '

b)  Id^emp ( '+  )  is  n  g ,SW ( in  tne ssnse of  L00$

{ , ( 0 6  b J )  w i t h  r e s p e c t  t o  t h e  m u l t l p l l e s t i o n  g l v e n  b y  0 - '  l - ' s u

f o r  o ,  c l 6 l d e n p  l f i ) ,  t t r e  f o l l o r v i n g  t d e n t t t l e s  h o l d t

C . ' C  
. t  

C

c . , o ( c . , o o 2 )  =  a ? ,
I 1 6 -

c ,  "  
(  cn"  c ,  )  =  (  c l "  c2  ) "  {  o r " ' c ,  ) "

$ggf fs  Thoorem 3 ' lo  ho lds ln  b  more"genera l  set t tnsr

n e m e i - y f o r J o : : d e a " g l g e b r a s w l t h u n i t e l e m e n . b o v o l - 1 f l e ] . d o f

charac,ter l ,qt ic dl f f 'erent frorT two ( ses l 'Tl i ;HAE ;f  /2f '  '  Chaptc::  Is

Theoren t  2 "LJ  I , n

As a  rea l  voe tor  space,  the  
"Jor< lan  

a ] .gebra  #  l s  f i  d i f f ,e ran .

t  i a b l o  n a n l f  o l d "



/l

l J f  I  i "s  & s l 'mmstr lc  sp&cs

$ 2)  s i i th  respsct  to  the

tf  wlth gtven

vrelL ss r the set of

are s

conn€

i.nd.uc
' 

wo ptl

x e  , | u t - l  3 ,  i *  o ,  1 / 2 , 1 "

u b s p a e e s  s f  l d e m p  t i  I "

,  For ever l r  e oF ldomP

nent  o f  c  in  Inv  ( "4 r t * i

y fron.f .  3or a regulrir

tJ Y,, and'
c l r

{ t * , * )  f t * , * ) e r  x A ,

(# ) cle rJ.enot e

)  w i t h  r e s p e c t

subutanifold. I

by Y* i;he

to  the

o f  l demp ( * )

theorenr 3 '3 " o,  UzE 1 ,  the  rnap pr t  3  $ r ( r )  *a ry  r 'S'or i -

? =  C ,  1 S I  resu l -e r  subbunc l le  o f  the  t r l v l& l '  vec*o

"*+

t- -ch r r

X o

!Eggsg*-:.,L tet r

t h a t  a ( I , I )  c I . T h o n  t ( I )

be I  symmet r lc  subsPace

:  X (  I ) . * + - I . l s  n  f i b i e

of Tdem$ t$t such

bunrl le and X( I )

Thecren 3"-?-e $uppoee thatt  ldemp t"4l ls endovrecl vr l th the
n

lnc luced topology f rom 4- .  fhen ldenp

( In  t t re  sense of  the r le f  tn i t i "on f rom

rnul t lp l lcat lon g iven b3r  0-  u  *qs a manl fo ld ' ,  Idornp { ,+}  ls 's

::egular subrianlfoi-cl of * .

Hernark. 3s w'€rs proved by l iSiI lIF {  , / z { ,  C h e i p t e r  I o

Theorem 3,5J,  the set  o f  n l l  ider*potents  o f

r e d u c e d  t r a c e  t  t O  <  t

a l l  i dempo ten 'bs  o f  g i ven  leng t i r  s  (0  (  s  (  p r i u r l t l ve  degreo  a t r f  ) ,

]mrmotrtc s

SsI"e3"!sle
c ted  compo

e d  t o p o l o g

t  ) l ( I )  :  , r

E r ( I )  : =

g lven by  pr t  {  c  rx  )

roy  bund le  p r r  !  T  Y  n  *+"  I ,  and.  I  /  A=Eot I )  @$: l / r ( f  )  @ Ht t l ) "
' A

lEggggL.fu-to tet I be ft spnrnetrlc subspece of ldemp (#)

t 1  1

s u c h  t h a t '  d ( r , r ) c r "  F u t  r ' ( r l i *  { ( c , x } f  
( c ; x ) € E r ( r ) t  *  <  Y * J  "

Then pr l  s  f ( I )  - - -e  I  ls  & f lbre bunr l le  ana T( I )  ls  en open sub-

nan i fo ld  o f  E t  (  I  ) .

Notet iggs Denote 
-b1 '  - / [ f i

- I f f t )  (x)  ;=c,  v , ihore e ls  the

t i re mnp- r t ( r  )  I  x(  r )
'  , o F
fuidex tho contPonent

I  d e f i n e d

cont a in ing
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is r r  subnnnl f - 'oJ.d of  t "  The mup prz t  F( t )  * -+X(f  ) ,  g lven by

pra (e rx ) i *  x r  l s  I  f i b : :e  bund lc l  l somorph lsm ( fo r  the  de f in l t 1 .on

o f  $ ( I i  s € 6  t l r . e o r e m  3 " 4 ) o

&gg1g&u 3or the crrse ulron f is fonnally roel, N$i{}ffi Sims

given / *  , fz f  ,  Chapter  11,  $  2 .3 & dotat led dc lser lp t lons of  t l re

f ibres from X t lOenp *l)* '  $sr/eirsl  r€sult$ eibtained by I{ I}1ZABRUO}i

I  bZ_ brIV,+J ror slmpler for.melly real Jord.sn slgebras Yrere

rediscovered,  !y  t$ehor  but  by us lng d l f ferer i t  rnethod.s"

ryg3.sl }.rom no$ on \r'e li l l l &ssume ttrat I is en open sub*

m a n i f o l d  o f  r d e m p  ( / ) ,  s o  t h a t  0 - ( r , r l c I  a n d  e  & n  e l e m e n t  o f  I

r o r  n h i c i r  * y t z ( c )  4 l u ]  6

T.BW:p* SrEs tr f  Y18 denote by Sxp the exponentlsl  naB of the

syrometr j .c  spsce I  e t  the po int  cr  thern,  for  evory v  o f  J [Va(c)

(canon ica t l y  i den t l f l ec l  w l th  the  tangen t  b t l nd le  T^ I )  we  hc j ve
e

, \ 9 1
E X n t V ,  F  ? {  *  *- c 2 s in  V { ,

ena I sin zv e "lr1a( e )"

Iy  rea l  Jorden a lgebrn end

I  = Id .enrpr($ ) ,  t i re  resu l ts  g iven by HI f tZEBI1UCH 1n f  B Z bJ
j

( see  e l so  $  1 )  s re  ob ta lned- .  
.

Thggfg*Js?3- Lot trrvrw be threa nonzero elements of
n

t t / z { e } ( = T " r ) '  T h e n

,  ,  2  o 2  ^ - , 2  o 2 ,  I  t  .  ^ ,  \
a )  E x p ( t v ) = t c - c v *  +  2  )  +  ( c o s  2 t ) ( * o ' -  i  )  +  z  ( s l n  Z t l v

i s  oc lu i va len t  to  v3  =  vo - In  th l s  ceso .  the  geodes lc  th rough  c  i n

the  r l i r ec t i on  o . f  v  has  ths  shape  o f  an  e l " l l pseo  ^

b )  f t p ( t u )
A

t s  ec lu lve len t  to  oJ  =  -  11 ,  In  th ls  case the  geodes lc  t 'h rough c  ln

t h e  c l l r e c t l o n  o f  u  h s s  t h o  s h a p e  o f  I  h y p e r b o l e .

c )  $ x p ( t r v )  =  c  +  t 7 t r o 7 - Z  r o u 2 )  +  t r v  i s  e q u l v a l e n t  1 e  $ i ) = p .

where
q - *
I

Renr

(e -2c lcos  2v  +  h
n l l

2 v  € ! f o ( c ) @ { ( c }

s a s l n p } e f o r m a l

o s

i

e - 2 c  ) c

. If .t+

l l
2 \
ar!e
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In  t l r t s  cas$1 iho  geoC.es le  th rough  c  *n  the  d l rec t j . on  o f  w  has  the
4

ek iape o f  a  pa : :nboJ ,e  ( ln  the  ca* ;e l  w t  ' *  0  i t  i s  &  j_ ine) ;

pg{Hi}"i9gg-s" * seodeslc of .i is cai.lerd q}LLpI}g, 4[p.qf!t*}g,
or gHg*!&IA- l f  ,  by a l lnear trensfovnatlon of,  the p*r:smeter, i" ts

sh*pe  become*  E ls  i n  a  ) ,  b  )  r  o r  e  ) ,  Theorem j ,?  n  respec t l ve l yu  A

geadeslc  Ls ea l led.  e lenonter .y  i f  l t  1s  e lJ- ip t . ieo hyperbol icu or

p  a rabo l  1  c .

Thoor gII"2-. .S*_ tot f  be I  geocl.eslc of Is.Thon f,

l f  and  on l . y  i f  t he  d i rnens j .on  o f  t he  a lgebra  ,4  t { t o t ,

t ed .  by  f (o t  and .  i t o t  1s  e t  mos t  fou ro

peg3l- l l l -gpsr-  tet  (  be f in lnvolut tve eutomorphism of a
a

a l g e b : : a C { "  I f  t h e  b l J - i r i e e r  f o r m  { u r v } a *  R  S - ' i u u d . ( v ) ) ,  u r v 6 A

posit lve oeftnl te, then ( ls ce, l led € C-ag!-qp_tr1yqlq,t lgn of q-)-

ts ea:.ted & Legp.e+*$eggli.A,gqj-!.Log q{'

Ih-eq3g:tt ,2n-9r- tet f  be an eleraentary geodesic of ln I f  ws.
r l ' r  ^  r  

'  I  n
w r i t e  l - (  O )  = r  c ,  ) * ( O ) * r  v ,  a n d  r L e n o t e  b y  # ( c , v )  t h e  e l g o b r a  g € n e -

r a t e d  b y  e  a n d .  v r .  t h e n :

,  r r -  
t  

, *  n n A  n n . r r r  i  -  - - f r t n r y )
a )  I  l s  e l l i p t i c  i f  e n d  o n l y  l f  t h e  r o d u c e d  t r a c e  I t $  i v

t\
o f  . }  ( c r v )  l s  p o s l t t v e  d e f l n i t e  t i " e  "  . - * ( c r v )  t s  f o r m a S - ] - y  r e a t ) $

.  b )  J - i s  hyperbo l l c  l f  end  on ly  l f  p (  2c *e )
A

t an  l nvo l "u l ; l on  o f  #  ( * r v  ) t
4( * r r )  

1o  e r  ca r *

c)  1 -  i s  paranot ic  t ;  and on l f  l s  . f i ( c rv )  has  nonzero  ra -
I

d  i  c a l .

Be.gggk"  In  o t rs€ c)  o f  Theorom 3,g,  un l - lke t i re  eases e)  nnd
I

b) ,  t l r e  a lgebra  /L (c rv )  1s  no t  se rn ts i * rp le .
--. ;*-

- /'1

1) Rs'L denote s the lg9!S34*!fqge (wrecluzlerte $purtt)  of A.,  e. ge-

ne ra i l za t l on  o f  t he  1 lnos r  t race  fo rm o t  A  ( see .B I1AUN and
K0s0lrrn t  Z+ , F,BZJ )"

.l

*
ra
ri

i

r
*,t
t

i s  e)"ementery
\ A r - r r

/  \ u ) J  g e n o r €

Jord an
' i <

t  ^ *

I

*

If "(

v;r i.t

en I'Ie

t h a t

A .
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thsofqg":slg. Let p( bo {r Cay.ban, invol-ut j"on of .r{ ,*.i*f, ft*_
xes & polnt* c of Iu Fut

- n' l \  
G ' -  { f f ,  \ A  / 1  l 1  o  

, n , A  AJ J * t =  r , b ( * ) n  / / *  )  @  ( f f  
f  , t * ) n / * )  @ 6 y (  c )  f l  l * l  ,

, ^wl ler€ | fy  8rs  as in  ths def tn t t icns ebove"  T i ren,  ths geod.osf  cs  * f
I  a re  e l " l i p t l c  o r  hyperbo lS .ou  nu rne ly t  e lL tp t l e  { respo  r i r ype rbo l l c i
v rhen  the  d . lmens ion  o f  t he  sSanrae t r t c  sp&cs  rn  hL resp"  , xn  E  )  -a t
t l re  po ln t  c  ls  not  zeTa

99{g11a-r [ '  r f  +  i .s  senis lnp le ,  then the geodesics of  r
& re  e l l l p t i e  o r  hyperbo l i cq  ,

ryCIggs.1!"rgl1-fu;j"s rr f is formalty resrl, then overlr geod,e*
s ic  o f  fAerupr( .z t i  is  e l l ip t lc"

sgt*9" ! ' rom now on we &ssuue thet ,+ le sernisimpl.e and. thus
n  f r  ^ 1  i  q  h h  / t  .  - ,

Ji= f i t *  l fa tL ooe \ . t /  J /kr  where "41 f t  I  1(  k)  sre s iurple tdeals
o f  ,+ '  i {ence,  fo r  every  *  o t - * ,  we have x rx r@ . ,o  o : ro  ,  u re ,z f r ,
rn  ac ld i t ion  ne  w i l l  assurns  

. tha t  
r  l s  connected ,o

f l le.9le. tn--J- :L2* The sp^nmetr ie space i  1s the dlrect  p; :od. ieet
o f  i t s ' s u b s p s c . s  I n * f  f = l  2 Z e o n o r k ,  i . o "  I  =  f i n # r ) X . . o X f t n / r r 1
e s  m a n L f o l d . s ,  a n d .  c . d .  r  ( 1 1 , C . l )  . . o  ( c n " c 1 6 ) "

fhgs::g$l,t-?". rc,4 ls stmpte, rhen

e)  f  i s  a  sp tmet r lc  I l i en ionn lan  spece on ly  l f  a t  leas$ ons
of  the  fo l lowtng cond i t ions  ls  fu l f i l l ed*

tl( i I Jf Ls f oriaelly real tr -

(  f  f  1  t i r e  mu ta t i on  4  , r - *  t s  fo rma l l y  ree l -  |
( r r r )  f i  *  no t  con t re l  s fuapte ,  d inh  ,4 . *ao  end . i ;he  pr l *

rn i t lve degre 
"  

of  t f  ls  tvrog

( iv ;  4  *  cen t ra l -s i }n le r  b I t  no t  reduced,  d i rR :4  * ra ,and the  pq l4 i t l ve  degree o f  
"+  

i s  t l v .o r  n  .
D  j  L  t -s  conpnct  i f  and  on ly  i t  

,4  j s  fo rn ia l l y  rea lo



$.prqllgryo $rpposo that fr ts semlsfmple and thar r ls
syruaetrtc l l ient*nnian speteen Then I is of renk sne l f  and. or: ly
i f  sn l  geodeslcs of  I  f i re  e lonent f l rys

Qqrnng.4!q*- 0onnld.er on the Grrissmnnn nreniforrr oo{Hp+a;e
polnt  g iven by t ts  toas l -  pont ryagin coorc lLnstes"  ,$uppose t l rn t
t i r is  po in t  c lescr ibes & geod.os lc  pass ing through i . t "  sn ln*
terest ing problenr  is  to  charactor lzo the i ' inge of  n  curront
G J . *  ( a z  k rt ) ! =  \ o ,  i l o  i - l B 2 ,  o " . r p ,  k * l r Z r  . o o r q  u n d . e r  t h e  n q p  A
(de f lned  la  P ropos i t l on  .2 "25 )  i n  te r rns  o f  t he  rank  o f  @"

In the oplnlsn of ci i l* :pr\ I  f 7 z '  J ,  the  cons t rue*
t ion of  symmetr lc  Rieraannlen spsces over  t rovd.an a lgebras c{ !n
-be extended $o es to  def lne end.  rear ize sup€rsyru i le t r lo  $peces
over  Jordan supera lgebras,  As he mer i t ioned ln  t l re  In t roduct  j .on
to  {  VZ*  3 ,  *we  a re  p resen t l y  work lng  on  the  rea } l ze t f *n
o f  tF r i s  p ros rem and .  the l r  p t r ys l ce r  epp l rea t ionsn .

s 4o centrar s lmple reel  , ro: :d.an algebras and.

speces  w l th  cons ten t  e f f lne  cCInnec t lon .

a  s funp le  method fo r  essoe la t ing  & $p f fce  w l th  cons tan t  a f f j .ne
cc ln lec t lon  to  ev6ry  rea l  f in i te*d i rnens tone l  a16ebra  by  tak i .ng
t h e  s t r u c t u r e  c o n s t a n t s  r i s .  c o e f f  l c i e n t s  o f  t h e  c o n n e c i t o n  r r & $
g'iven by i, iOl$fl. and, VAJINCEAjIU in l95S (for deta j-I_e, $ee

f '/ I3 dJ a.nd r.u-as subsequentl.y deveroped" by vR$i{crus}iu {*
l9 I  eJ "  Th is  method has been extensr"ve ly  used by vrance*nu

and hts  fo11o 'uvers.  rn  1966,  vrance 'anu suggestedr .  independen. t ly
of  KOj lc l 'un r  f  3  e ]  (see 

" j *o  s  z ,  Tr re orem a.a) ,  to  some of
h i s  co -so rke rs  the  s tudy  o f  space5v , r i t h  cons tan t  a f f i ne  connec t lon
assoc ia ted '  t o  f l n l t e -d inens iona l  r : ea1  Jo rdan  a lgebras .  l l ence ,



spucos  r , r l t h  cons tan t  a f f i ne  connec t lon  ( fo r  de f i n t t l on  snd

/ g 3 b, oh*pt er vr, g 4 , end -r-d!,f 3 ,

c o r r e s p o n d ^ l n g  t 0  t t r e  s p $ c e s
r- J"
,  ; , -  e t s s o c l a t e d  w i t h  J o r d a n
I  J r \

wlth constnnt

a lgebras  o f

!g{*-g$"!.o-g' ; i spece .4,r, wlt}r affine connection 1s calred.

|Ir*-sgS;}lg. (ggg*S.i!. lg) at n poinr ? if rhe systern of operarore

x * o  a  c t  i n g  o n  t i r e  t  e n g e n t  s p s l c e  o f  , q *  a t  p  i s  i r r e d u c i b l o  t r e *t l L  - "n

d r r c i b l , e  ) "  r f  A n  i s  l r r e t l u c i b l " e  a t  a l l  i t s  p o l n t s ,  i t  i s  c * l l e c i

i r red .uc  lb le ,

T h e o r e m  4 o 1 o

[ : l s s o c t e r t e {  t o  r e a l

duc  ib l  e ,  bu t  ndr ; r i t

T l te  $pseeu A '  w l th  cons tan t  e f f tne

, f o r d a n  a l g e b r e s  o f  t y p e s  " & e B r C  o r  i l

dts t r i "but lons of  renk n- l  whlch ars

connect  ton

ere re i

lnys:rl 'ant

.. i i?rp

a n d  l r r e d u c l b l e - w i t h  r e s p e c t  t o  X O g  €

Remark .  The  d l s t r i bu t tons f rom Theoren 4"1  hgve & pure ly -

a l g e b r a i c  c o n s t r u c t i o n o

Q.p,npi.SA!.-t" AII consld.eratlons rnade in ,| i 44

of l .qcg.!  type, ancl  so I  g l"obqrL tveatdment need. to be peqformed. l

The second.  ob j  ec t i ve  o f  th is  s tu ,d .y  v , ,as  to  f ind .  lqh ich  sp€ lcc :

w l t h  c o n s t a n t  a f f l n e  c o n n e c t l o n  & s s o c i a t e d  t o  r e a l  J o r d , a n

a l g e b r a s  o f  t y p e s  a - D  a d r n i t  F  ( p s e u d o - )  R l e , m a n n l e n  m e t r l c "

.411 cons idere t lons  made w€re .  o f  a  lg . .o i l  na ture  end the

e lgob. ra lc  too i .s 'e l rp loye t l  (  f  o r  types  e-C )  were  r , ra r : i ina l  g rec lL :19s

d.ertails, , $*e VH,ANCHiI,I-LI f

& $ s o c i a t e d .  t o  r e a l

hsve been s t ' , rc1 iad

Jord .ar i  a l ,gebre is  o f  types  " t l *S  (see s .TS j , " I ,S  I )

by TURT0I { 4 3 5 sJ, p0pOvICI and. fr.r11T0T

{  / 4 {  3  a n d I 0 j f t D " r i d t r s * U l :  g q  a * a * } " i * i t t t h e s e

resu l t s  havo  besn  p reson ted  noye  $ I r s ten* t l ca l l y  tn  l r  , 44q  _Z) .
The f l rs t  ob ject lve of  th j .s  s t r , rc l ; ,  v ras to  tnvest lgate rcd.us i*

b l l i ty  o f  the systern of  in f  in i tes j .meL ope: :a tors

-r xj ?*\*a '= J iot Dx,
a f f i ne  connec t lon

type  a -D t  ) ,

1 )  A s  u s u a l , f * , - ,  r l e n o t o  f i h n  n n ' , ' ' ^ ^ - o - + ^  ^ $  ! r -



* 4 ?  

i(1 ,  oo wi t l r  one*d i inens lonal  surnands ) "  "pOpOVIcI  has ru i  *o1s j .de l :es

the not lon of  spaoo wi th  constant  a f f ine conncot ton tn  a  n lg l ra l
set t lng and h.as senora l " izec i  { *  .44b a}  the : resu l ts  f : :om
t*  , rhh * t
L  n  11  i  conc€ i :n ing  t i r e  ex i s tenee  o f  {pseuda* )  R le r i *nn tnn

metr lcs"  In  par tJ .cu ler ,  he pravec l

fbqgfgl,}"4'2* tet g he a nonnul l-  sylamet:r ' ie tensor of tyBe

{ 0 r 2 )  w h i c h  i s  p a r a l l e l  w t t } r  r e s p e c t ' b o  t } r e  c o n s t a n t  & f f i n e  e C I n -

nect ion &ssoel ,e ted.  to  a  roa l  Jord.en u lgebra V of  type * t - f i ,

Then  ]  i s  o f  t ype  D 'and .  g  i s  f i  { pse r r rLo* }a ie rnann lsn  me t r l co

Daf in i t - i .ono  J l ( p s e u d o *  ) n t o n a n n t e n  s p e o o  l v h o e e  r n s t r l c  h e s

the for:ra k
n  A '  X ' -

d s ?  =  * - l * - -  c l J  d x l  d * i ,  ( l r J r h  =  r r 2 a  o . o ,  n l u

*kr* i .  being consitants, is cal led. s Y3gggt"._gp3l-gg.
Hecal l  the fc, l lcwin6 resurt {see vrt ; t i . { f i i t rnl{u f  4 ? 3

or  by

a /  )  o

Let  o (  be  a  nonzr ro : :ea l -  numbe: :  and l -e t  vn  bo  a  vagner  space whose

v e c t o r  ( 8 1  o  . a o ,  * n )  i s  *  0 o  T h e n  t i t + l : : e  e x i s t  I  r e a l  n u - m b e r p

a n d  I  l l n e a r  t r a n s i o r n a t i o n  y l =  * t * i  s i r c h  t h a t  t l r e  m e t r l c  o f

V '  i s  g i v e n  b y

d a ( . t y l ) z  n  t 2 { d . y ? - } 2  *  o c o  +  a n t c r n ) a

l - ,  L = ? r 3  1  o n o s  f l e

ttr edY
t -

t r

(
I
L

+

J,, ,

e  *  e n ( d y n ) a ]  ,

-
L r  +" l  - :  i .  1 ,  I  *  3 r l l s  " . c . 3 .  I l s .

accord ing to  whet i ror  the vec 'Lor  (s l ,  oo e ? ur r )  ls  } ion lgg l rgg lg  sr

t fgt.q,gp,1q" rsl t l r  : :eslreot to the metr ic d. oZ = c* od.xld*J,.  r J

T$gg*gl*jl*1"-s The class of all. tensors g frorn Theorera 4,2

1s  in  one* to -ono  co r responc ience  rs i t h  the  c lass  o f  non iso t : : op i c

2 ^.r.r1 r-
dsz= p*" t *  |  

zoy lay2 u 63 (dy '  )2  *  ; .
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Vugner  $peces"  I , ' ' lo reoveru g Xs deter rn iRer l r  ap to  & oon$tarr t  facf r : ru

by the corresponr i ing cc lnstant  connect ic  ' *1) n  l j r s

&g1igg[" Foi:  f i  tg.gg.t  dcscrl l l t ion {niot ion g::oups, geodos:Lcs*

e tc ,  )  o f  non iso t rop le  Vagner  $pac6s  see  [  444

ggL , icsc: : ip t ion see FOpt lYICI  f  /4?S hJ.

J, and for n elg*

QSInC[Lf"r_ V]l.,iI{Cn.4i\rU f 49 & 6 7 proued. the follorving

t .heorern*  I f  . t  l? ie :nann lan  epa lce  1s  i r reduc lb le  then l t s  met r ie  i s

r le te rmlnec l ,  up  to  f l  cons 'Lar : " t  fac to r ,  b ) ,  the  eonnect :  n*1
L o n  I  j k .

TliI,rit,{,tlf {
. ^  |  3  *

4 [  41r  J  p : :o r red  tha t ,  und.orbhe same hypot ) :es ls ,  the

i n e t r l c  1 s  d e t e r n i n e d . ,  u p  b o  f i  c o n s t a n t  f a c t o r ,  b y  t h e  c u r v a t u r e
'-it e n s o r  I  l v o  o  T h e  n o t t J . s o t r o p i c  V a g n e r  $ p u q o s  a r e  r e d u e l b l e  ; : r r d
,  J I ! L

wi th  r i te t r i cs (whtch  i l rny  o r  i :ay .  no t  be  pos i t l ve  de f ln l t * )  d .e te : :mi *
.t

ner l . ,  up to  I  oonstant  factor ,  by the connect ion l " t r - ,  T i rus they
t  J t \

a r e  e x a n p l e s  o f  ( p s o u d o -  ) n i e r a a n n l e n  $ . p a c c $  s a t  i s f  y i n g  t l r e  a b o ' v o *
ard-t'QYE 1-1 g 61,

*mon' f  ioned theo.r 'e ins of  lTf .NiqCi lAiW \ 'but  und.or weaker hl lpothosos,

-Qpgu-.pJg} lgg-r-  To rect :nsider the above-nnenLioned resul ts 1n

v i e v r  o f  T h e o r e n  2 o Z t  a n d ,  t o  s u b s e q u e n t l y  g e n e : : a l l z e  V r a n c e ,  n u

and Te lenants  theor€ i r l s  on  the  un ic lueness  o f  the  me 'br ico

T. - ra , r r , rs ) .  i  ^  i l ' I I  ( : -m . {  c - {TT i rT  f *  /Z
r . rc , - i r *J .  i !  o  . t rd )  * . i r * t r .J I i i J  I j rL  I  

t  f J hf t  s  r lgh tecus ly  r ro t t ; c l ,

u s e f u l  i n  s o l v i n g  t h eKULKARidIfs resul ts / :  490 cou ld .  be

second.  par t  o f  the  open prob lenr ,  f ibove.

Cominents.  $one authsrs hr:vo deterni ined the aut omorplr is ln

o f  t ypes  A*H
*l (1T)irT {\Tn.}llt

J  t  v &  r \ " & r ' Y V

g loups  o f  s l inp le  and.  c luas i *s i rnp le  Jor r lan  e lgebras

over psrt icul-ar f. ie id"s { see ,FFdLTDENTI{AL r6
and vI]-,llKil{} l* 

'l++ 
J, R0zitl\T}'fiLrp Ernr} KaRpoV,A ,r {/t J u

Pnnsrrs r 4 \  6 ^PJ I  aore- general  resuLts for sim.pl-e Jo::dan aI-

f:rorn Bndui{ ancl

been provec l  by

g e b r a s  o v e r  f i e . l " c l s  o f  z e r o  c h a r o c . N e r i s t i c  f o l l o w

pp "282*2s6J ) ,  * s  i r asK0itrCl ir jRrs boolc / :  2-4 ,
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ROz:l3II}'lJLtn srnd zAi,,f.tN0vsKr f 4{-C J, the orblts of the

automo::phlsrn groups of sinrplo and. qus$i.-simple troyri^,sn algebrr: ls of

types i , lJe c  $  o: :  i l  g lvo rnor lers  o f  non.* l iuc l ld"esn,  quast*non*

Bucl l .deanr  pro jeat iver  n t rnp leet ic ,  anel  quas i -synr t r : Iec. r : lc  sp* ;  e f i f i  *

zAi,{,1,$0vfii ir }ras considered f 2.oS .3 Jordern a).geb::as of thr.r.

re*]air tder type I) ,  l :as proved bhet t l re orbits of the nLrborno:i :pir iem

grc lups g ive rnod.e ls  o f  non*Sucl idean spacesr  *nc1 t t ra t  the sp in"or

representat ion of  the group of  rnot ions of  the non* l l r - rc l idean r i l reces

obta lned.  in  th is  way co: r responcl*e to  the reprecentat j .on of  e  Jor t lan

a lgebra  o f  t ype  D  in  a  C l i f f o rd  a lgebra lo

gggg_qfg!.l.e.Ig Conne;ct the abovo-rnenti onocl results of

Zarnanovs lc l  to  those of  Iordcrnescu*Popovie i *?ur to f  in  th is  soct lon"

geb^ra ic  bund les  i rav lng  a  cent ra l  s i rnp le  , fo rden a lgebra  o f  i ; ypo  D &s

s tand* rd  f lb : :e "  Then she s tud . ied  i r lompotent  sec t lons  o f  t t r . i s  k lnd

of  bunt l les  s :nd ,  n : .ak ing  us6  o f  &  doco lnpos i t ion  theorern  o f  Pe i . : :ee  l

t ype  ,  iden t i f  ied  *  d . i f fe ren t ia l  d . l s t r ibu t ion  o .n  the  grounr t

rnan i fo lC.s  "

.  bund le  fo r  a  g iven loca t ly  t r l v la l  Jordnn i rundLe in  wh leh  e i l *h

f  lb re  has  a  un i t  e lemento  Then,  they  proved.  tho  r ig i< i l t y  thoorem

for  Jord .en  e lgebras ,  wh j .eh  is  o f  lndependent  in te res t ,  to  e ,s 'ha*

b l i sh  the  loca l  t r i v iu l - i t y  o . f  a  se in ls i r r i .p lo  Jordan bund. le*The;g

.aLso 1 : roved,  the  un ic lue .  decompo$ l t ion  theorer r r  fo r  a  ser i t s t rnp ln

Jord" r :n  bund le  us iag  en  idea l  UunOfe  o f  the  L ie  bund le  cons 'L ruc ted .

and th is  generb l i zos  the  A lber t?s  t . l reore ;n  on  semis lmp l -e  Jord .nn

a l g e b r a  s .

I  d  mo: :e  gene: i :a l  case o f  nodo l l i .ng  sy : runet : : i c  spaces  &s  orb l t  s

o f  e r b i t r a r y  g r o u p s  o f  t r a i l s f o r ; n a t i o n s  o f  J o r d a n  a l g e b r a s  w a s

consldered. by sE:, I faNISf I I  lJ  " /6I  J,

Cgl€gg:Lg" TURI'OI {* /  Xg bJ}ras recentty eonsidered el-*

?P.II , IA and KIRAI,TASI 1] 44V J construeted a Lie algeura



5 s *
Jlfnal ly,  let us mention tha'b FICCIl\ l i$I d* /bg aJ e>rten*

ded.  the  Chern* i ' , le i l -  t l teorern  on  the  vspresenta t ion  o f  c l in rec tey : is t l c

c lesses to  f f  i iy  tneans af  curvatur r  fornr ,g ,  ?h is  extens j -on ls

be rssd  on  a lge i : r * i *  resu l t s  p rev fou* l y  es te 'b l i shed  f l  l b&
' whero & kj"nd of Dienclonn& dete::ruin*nt is clef i .ned, Using solrre

of tire infr:rrnatlon furrri:schred. by 10"ftD/ii{It$CU {* Bq f J e

F ICOINNT {  /b .9 ,  c l  i l l un ina ted  an  in to res t i ng  connec t ion

botv ree t :  I t i s  de ter in lnan 'b  and.  t i re  ceut ra l  s inp le  ( f in i to* r l i i r ren .s iona l )

J o r d a n  * l g e b r e s "

$  5 ,  D o n a i n s  o f  p c i s i t i v l t y  e n d .  a p p t i c a t l o n s

t o  r e l a t i v i t y

I$or .v  1 '1s  survey  the  pr inc lpa l  fac ts  aboL l t  domoins  o f  pas i I i . v i t y

and th .o i r  re la t io i ts  to  Jo : :c lan  a lgebras  (seo BI1AUI \ i  ; | *  2*3  bJ

anc l  KOIJC} IER 4*  43  brc ,  uJ  j  and w€ cons ider  so{ns  &pp l ica t ions  'bc r

0 i {$Riq ,d l$ f l ' {8s  resu l ts  o I1  cause l  sy rarae t r l c  spaces  (see f  3L  ,u r#  }

s r e  a l s o  p r e s e n t e d o

H e c Q l l t h a t d o n t n l . n s o f p o s t t j - v 1 t y v f o ] : e 1 n . f , r o d . t . l c e d b y

KOHCi{ I ln  l *  93  a}  tn  a  genera l l za t ion  o f  t } re  cone o f ' ,pos i . t i ve

def in i te  met r ices  s tuc l led .  by  S IESST { *  174 J  end.  o thsrs+

. r t r n o t l r e r  i m p o r t a n t  c l a s s  o f  s u c h  d o m a i n s  1 s  g l v e n . b y  t l r e  c o n e  o f

pos i t l -ve  de f in i te  Hermi 'L isn  mat r ice* '  (u**  BR, {UN 1 ]  2  g  a }  ) .

l t e  b e g l n  w i t h  e ' b r i e f  s u l ? v e y  o f  t i r e  p r i n c i p a l  f a c t s  s b o u ' b

s ion I  and by t  a  nond.egenerate syrnrnet r ic  b l l lne ar  form on l t .

' 
!e.Iiq1li-g*"" A subset T of X is. sald to tre c-qn}leJ. if x ,Y 4, Y

and,  4 ,a  lR,  0  (  4  *< .1 ,  i r r ip ly  th .a t  p(x  + ( f -X)y  e Y"

'L- 
I

I i i in lcowski  sp, tce (see TI IGI ' IER f*  48f  3 j "  gome of

domf i i ns  o f  pos i t i v i t y  an< l  t i r e l r  re la t i ons . to  Jo rdan  a lgebras ,  . . . . . -

re  so: : t ing to  $on6 of  TTLGIJI iRts  formulat ions f  4  3{  J  ,

Ko ts t i ono  Deno te  by .  X  a  rea l  vec to r  $poce  o f  f l n i t e  d in ten*



Def i "n i t l ^on .  A

6 ffiu, o( > 0, funply

i iot,niJ.on" For

q 1

sub$et  Y  o f  X  is  c f i l . l ed  $ l  cono

t h a t  o ( X  6  f "

a  I  H"  co i l s ider  the m&p A *-*>F g i r e n  i : y

"l 
.al

l .T x 6Y and"
o\

Y t r \

I  [ x )  3  =  t  t u r x ) .
\

Ik#S-Tg" The rnup s *>
q6

d u n l -  s p s c e  X  .

i tn  l scmorph lsm a f  
'X  

on to  l t s

a  d o m n l n  o f

J
i3 '  is

D e f  i n i - ' h l o n " Let  f  be &r i  open convex cone tn  X"  Then
5i

5;r
&

d e f i n e d  b y

x l r  l t
Y  r = { f  I f € X  r f ( : x ]  ) 0 f o : : a L 1 x € ? r x #*ru 

un opon ,oLo** ,onu in x* ,  carled the $!r-ql ,-ggrig of

we  deno to  ' b i re  c rosu re  o f  y  i n  the  g i ven  topo io6gy  on  x ,  )

Igglpfj.ig*" ?he funago of ys in X by tire Invorso

i j f r
a  * > s  i s  

"  
=  

t x  I  x c X ,  V ( x r y )  )  0  f o r  e l l  y 6 V  t  y  *
ceLled the f  -qqgl  ccne of  yo

Io J  r
' d

Y* (BI '  Y

ls omo:"ph lsm

oJ" m rs

t
f lggaqko Obviously, y ls calted g.-q}L:+gg] j" f  y * T o l lowever,

not  for  every open cot }vex con$ the: .e  ex is te  a b i ] . inear  form wl fh
respect  to  rErh lch i t  J .s  se l f *due]"

!S.{.1"l1f lr-q!,o an open convex coi}e x with t ts * f i  is cst led
& gq4.gl3.-9.{ -P,9.gfliyi.t'v Ll K gllg*Ig$pggi_Ig j rr tr is setr*,rual*

Sg lg l " i gg .  a  dons in  o f  pos i t i v l t y  rn  x  r v l t h ' respec t  to  t

wt l - l  be d.enoted.  by nos(Xr t  )  "

Ib.ggfgg"_5**-L- ,l* open nonerapty subset y ^of X is
pos i t l v i t y  w l th  respec t  to  j  i f  and .  on ly  i f

( a )  x r y 6 Y  i r n p l i e s  t h a t  !  t x . , ] r )  >  0 f

and
( b )  ,  ( x , y )  ) 0  fo r  a l - l  y  €  ?  r  n  " . { ,  0 ,  imp l ie  s  the t  x6  yp

f f  Y  is  a  c lomain  o f  pos l . t l v i t y  then

a n d  o r r l y  l f  {  ( z , x ) ) O  f o r  a l L  z € T  ,  a  *  0 6

T!eo ren  5 "2 "

( a )  x G Y  i f

( b )  x e ?  i f s n d  o n l y  i f  t  l z r x )  7 r g  f p r  a l 1  z  € y o
and.
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Ng- ! -g l - [gg-  Let  Y be an open conrrex cone tn  X u l t ] r  y3+# ' f r  
"

A pr : r 'b ta l  ordor  re la t ion i .n  X is  ln t rod.usec l  Ets  fo lLowsr  x  d  ; r  t f
q n d  o n l - ; r  f f  y - x e  ? . r

Sgiggl:K, ?he rel-at ion 4 i* *Xreh.imeclean, and. ts *crmpettbLe

wi th  t l ie  vector  $peee s t : ructure of  X6 eny f  on X !s  rnon^oto] tes

pg$Lnl_t isl t ,  Two polnts xrye ? &r€ cal led equivi : Ient i . f

t hc re  ex l s t  ,< rP  €  1P , ,  d la ,  p  >  0 ,  w l tF r  x  ( f v  anc l  y {  4x "

S$If l IK" fhe Archime<lean property of the relat io*f i"*p1-les

tha t  Y  i t se l f  i s  a  fu l l  ec lu i va rence  e lesso  rn  gene : :n I ,  l t s

boundary  c leeo raposes  in l  t o  seve ra l  c lasses .

D.gl iryrt igg" l-or &n opeR convex con$ y in xu I  transfo:,m&*

t ion a€Gt(x , tn)  ls  ee l led an e.g lg$.3f$$g of  g  i f  * (y ' )=y,  T i re  ser

of  a l l  . ru tornor :ph isrns of  X is  r lenoted by Aut  yo

BgggrK" aut Y 1s I  closed subgroup of GT,{x,f f i )  and :t*t  7+
= ,tut T, 

,
D e f i r r i " t i q t "  F o r  A 6 G t ( x r F )  t f r e  e d j o i n t  t r a n s f o r m e t l o n  a

o f

l n

33

N l i

ex

L s

, r ,  9  .  \y  v  ( A  [ x  ) , y ]  =  v  ( x , d { y  }  ) "

l \ )
t  Au t  ( y  )  *  ( *u t  y )  o  l {enee

(Xr t )  1mp3"1es  tha t  "

r *a tn of  posX. t iv t ty  wi th  l *es*

or , rn  6  i f  and only  i f  there
^  . 7 t

I  A  a n d  G ( x , y ) : = t ( $ ( x l u x ) .

bi l i "near forms for whlc i r  Y
: - -

h e  b i l l n e a r  f o r m  T  { x  r y  }  t *

r i c  a n d .  n o n d e g e n e r a t e " T h e  s u
- 1

)  >  0  t  o f  ] ,  is  open and not
)

&  b a s i s  l n  X  t n  w h l c h  t h e

a

l1

?

t s

u

rJ

1r{_

A
ll

&

€

+

b

n

c-

+ .
v

pec t  to  t  i s  r l e f i ned  b
\

\ q /

"  
( Y n  ) '  =  Y  i m p l i e s  t h a

f  pos  t t  i v  i  by  A  € : ru t  Pos

( x , f 1 .

r$  5&2e-  Fos (Xr9 )  i s  I  do

o n d e g e n e r a t e  b i l i n e a r  f

i  Aut l ,os (X, f  )  vr l th At

," Therql rfiey b^* !evorel
f  p o s i t i v i t y -

t C X  w i t h t ( t , t )  =  1 r  t

( t , Y ) - ,  ( x r v )  i s  s y m m e t

y €  X r  i ( t r y )  )  o ,  i ( y , y

t  c o n t a l n s  t .  C h o o s i n g

s e

eln

I

+

p



2.1

rnat r t rx  o f  I  ls  d . lagonal ,  t t  is e a s y  t o  $ e e  t h a t  s i . g n t  * t n I , n A )  : L f

and  on ty  i f  s ign  Z  * (n r+ tn  n r - I  ) "  ' I hus  -6  
Ls  pon i t i ve  de f ln f te  l f

end  on ly  i f . ' t  hns  Lo ren t : r  s igna t l r re i  i n  th i s  c&se  T  i . s . ths  i r r t * *

r ic r  o f  the fornrerd.  l i6ht  eonf i  and Y ie  a  d.ornaln of  pos l t tv t ty

for  i  end.?.  tThe bound.ary  of  Y ls  the forward.  l lght  cor*"  )

ReSqqr[."4ut T ls exaetJ"y tho group wlrtch pr€serves the ord.er

r e l s t i o n  4  "  T h $ . s  i s  Z e e m a n t s

wl i l ch  expressss  tF ts  tdea o f
A

Let  4 ,  be & f  ormal ly  reaL

Denste by e i ts  un i t  e len ient

resul t { f t f ,  p.LALJ."{  /7 2 oF- ?Jo

eeusa)" i ty  tn  f i f i r rnowski  $pscse

,ford.an algebra o1' f lni te d" j .m.ensi,on"

end  by  I  i t s  t rnce  fo rs  { see  $  tu

dsd. r " )

Tl leo l -eg 9+1* fnvo( :4)  ls  & honr :geneous opon convex cone that

se l f -dual  r , i l t t r  respect  to  ) - l  )

Ihosrep-L5.nr :s( f  ,  )  )={*"0 n I  *  r iJ= 
{ . t  lx  €rnv t#f l=

I  r  n  " 1=  
1 u  I  v e  / ,  l ( r )  p o s i t i v e  c l e f t n : i t e  w l t h . ' r e s p e c t  t o  l J =

=compor i€r r t  o f  e  
" t  {Ol  y td ,P(} r }  po,s i t ive Cef tn l te  wl th  respect  to

f f #  , \ -  t

and  r "  ( * , t i  =  { * n  I " * , { } *
{  I  h  ,  r J= J y l v e " t , L ( } ' ) p o s 1 - t 1 v e s e r r 1 d ^ e f 1 n i t e w i t } r r e s p e c t t o r L J ,
I

3lbq_ggerFr_"?."9" I f  Y is a honogeneous dor ia ln of  posl t lv l ty ln

& rea l  vec tor  sp .ace  X,  then there  ex is ts  &  fo rmal ly  rea l  Jordan

n3-gebra  66  ln  X  such tha t  Y  *  Invo  tC6)  o  .

.  Cqns ic le r  aga ln  $  rea l  veo tor  spsc .€  X  o f  f  ln t te  d . lmens lon

endowed. rr i i th.  er  nondegenerste synmotr ic bt l inear form f  
"

ggtlg*j. igg. lhg ve_etor: sp-ace X end.ovled with !!q product

x y 3 =  I  ( x r t  ) y +  i  ( v , t  ) x

e r r o f y  t  e  X ,  A s s u n i n g  t h e t  f  ( t r t  )  =  1 ,  t  i s  t h e  u . n i t  e l e m o n t

o f  t h l s  J o r d a n  a l g e b : : a  w h i c h  i s  d e n o t e  b y * t x ,  t ' ,  t ) "

1) I f  Y * fr  ls sn open eonvex coner. t l ren Y ls cal led }tgggegl.g.ggg
l f  i i u t  Y  ac ts .  t rans l t i ve l y  on  T .

t s

r ) ,



wlrich ctppeers i 'n FP,;\UN & K0Jlci{ui3 { 24 ,  O}rapter vlo $ 5'  p'1'93*7

ts  cen t rs l  s lmP le "

Lugg4l*4, I f  t  hers Lorentz: signatur€p t i ren (ancl c 'nly

t l r ,en)  t i re  in te l r ior  o f  the fonvarc l  l ight  o6ns ts  the coraponen'h of

t  i r i  t t r .1s Bprdce s t rd .  hence the (hanrogCIneous)  r loneln of  pos i t f " r i ty

of the Jo::cLan al6ebr:a . t4 tX, t  ,  t  )"

Henarrk 3,  I tQECi{Eftrs construct lon of  r r  forrnal ' ]y reel l  i lo: :*

den & lgebra  fo r  eve l ry  d"omer in  o f  pos i t i v i t y  can  be  { rpp l ies  to

coJ  -0ggg!g*  (a  genera l i za t ion  o f  d .cmains  o f  po* l t i v i t y l  )  ) '  Tho

f  esu l t ing  , fo : r :dan * l lgehrn  ts  semi*s lmp1o.  Conve: 'se1y ,  Inv  o l  A  1  n

A & ser l i *s i r i ip l .e  Jordan a lgebye t l i th  un j ' t  e le tnent  e t  Ls  such

w -&omaino / *n  r tJ  *cor ia j -n  i s  &  d-ons l ln  o f  pcs i t i v i t y  1 f  enr l  on ly  i f

l t  J .s  conv€x ,  App ly lng  th ls  cons t rue t ion  to  the  component  o f  sc rne

t  in  X  (en .c lowed u i . t t r  f  )  w l tL r  I  ( t , t ) *1  j -n  the  ln to : : io r :  o f  the  nu l l

ob te in  t t re  J -o rdan  a lgeb"u  d  (X r t ' ,  t  ) "

sn example of  aIL ld *d.ort ' t in,

P  h a s  t h e  L o : : e n t z -  s i g n n $ u r e "

S.es*rb-J-s-
re  a l  i f  a t tc l  on l l r

5t4 6

{ : t , t ' ,  t i  :1"r ;  serr l *st rnPl-e r inr l '

f  has  Loran iz  s ig r ra tu ro"  In

al so f orlrral.Iy

f a c t , r {  t x , Y  , t } e

fl
7f

i s
J - I

-  (  I  . ,  \  ^  I
c o n e  j v l v e x ,  Y ( Y ' Y l  =  u J ,  w e

co ;werse l . y ,  I nvo (  $  ( "u : ,  I  , t  ) )  Ls

r{hich is convox l f  anrl  onlY . l f

In 1966, RgTndU$ 4* a{3 a} used VINBItrRGts resul-ts { /04 Jf

on le f t *symmet r j -c  a lgebres  to  sho$ ths t  ev€ry  l ro r togeneous convex

'cone 
can be  cons t ruc toc l  f rom su ,ch  cones  o f  lower  r l imens ion ' i iowever

n o  c L e s c r i p t t o n  t s  g i . v e n  f o r  t h e  l n f l n l t e  s l m a l  a u t o n o r p i r i s m  o f  t h e
' 14 "t'

cons  n i th  respe c t  to .  i t s  low c l inons iona l  cons t i tuent  s  l l  4 f  3  a ]

and,  on the other hand, thts const1u1f , i | * r1-  not  uniqu€r rn 1 '979r
--  - -  ;  44 I  ? usei .  Rotr i .Au$tr  and'  i (o$cl tuR'u i 'eooi t  *  t9 | i l : *

DOnFl .mISTBIt  /  -J  ' r l ru  r \vJrvr la+\

d*- - . . . . . -  t i rose obta ined by htmsel f  and KgSci I fH ; ]  4 ;^  e 'bJ

nnc l  i r l s  o r i n  resu l t s  f  44  aJ  to  show how to  bu i l d  up  a  honro*  
n rd . l

(eneoUs i  convex  cone  f rO tn  l oue r^ r l i i nens iOna l  OneS in '  I  Un lqUo  l ' l& ) r  o

;) *. t t ."tt t  -nd KollcHnn f* 24 ,. chnpt.er vln $ 'BJ:

2 )  i { e  s h c w e d  h o w  t o  b o u s t r u c t  e a c h  h o l n o g o n e o u s  c o n e  l n d u c t t v e l ' y t

.  u s i n g  d o r u a i n s  o f  p o s l t i ' v i t y  a s  b u i l d l n g  b l o c k s '  T h l s  c o n s t r u c -

r r n {  r r t ! c
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Tho ln f in t tes imn l  au ton io : : ; rh isms o f  such f i  con6 and l t s  6s$oo la tec l

te f t *oymmet : :1c  a lgebra  cern  be  c lo rc r fbec l  i .n  t i re  lo r ryer -d imonsJ .anE? l

c o n s t l t u - e n t s  o f  t h e  c o n € ,  $ e v o : : a l  e g u t v * 1 e n ' h  c o n d i t i o n s  f o r  f r

con€ to be sel f*r iual  have been gi ,ver i*  n0nleir i is l$Tl iF I  s inr . re$t ig; : t  ions

on lror iogencorls eonvex eones &ye sunmed. up ir :  f-  44 $, in

whleh n lso a c lsss i f f *e t ion of ,  hernogen€ous oonvex con€s is

lTo ta t iono Le t  V  be  I  f in i te*d . imens io r ia l  res l  vee tor

a n c l  L e t  $  b o  a  J o r d a n  a l g e b r a  o n  i t ,

Dof i -n i t ion .  The Jord .an  a lB :ebra  A

s l -ve  nG

$ p e  c s

on a regula: :  sons (1 ;e,  e  nonempty open

Bn  en t i re  s t ra ig i r t  l l ne )  C  in  V  i f  a l l

A Bre ln f in l tes i rna l  eutomorphisns of  C"

ln f  4€i  
"J,  

f iOTI{AU$ sl iowed that A d.ef lnes a Jorclan struc-

tu re  on  C 1 f  nnd on ly  t f  t l re  quad. ra t l c  vec tor  f ie ld^  g iven by  A

is  an  in f tn i tes lmaL automorp i r : ' . sm o f  the  tube dona ln  assoc ia l ;ed

w l t h  C  "

D_e_f lnJ-t lqn.  A Jorclan * lgebra is eal led q: :dered.,  l f  the

in te r lo : :  C  o f  the  cone genera ted  by  squ{ i l :es  l s  e  regu l& t r  conen

ROTi IAUS f  4q1 eJ  es terb l i shed f i  c lose  connect ion  be twoen

regu lar  eones  w l th  €  Jord .an  s t ruc tu : :e  and ordered.  Jord .sn  a lge t r : :as

nameJ.y.

ILggIS**5r?*-  The cone C of  Etn ordered.fordan al-gebra A has

the  i fo rd .en  s t ruc tu re  g iven by  ,1 ,  and,  converse ly ,  in  ossenc€ e l - l

regular con€s vr i t l t  d Jord,an structu: :e er is* f "o* ord.ered, . ford.an

ci .1 r t ,=t \a-n q ,\ r  *L )  v  U J  q  v  t

*,e.fi:re,q *s -{gu"*.q g*elr* p3sqs,

convex con€ not  conte ln lng

l e f t  m u l t l p l i c a t l o n s  o f

(

-Another  resu l - t  f  l f7  c : f  ls  t i la t  ee ich homogeneous reguLar

cone ls  the  co ] re  o f  an  ordered Jo : :dRn a lgebra"

fe_q ie rk"  *s  was observed by  Rothaus ,  J . t  must  be  poss . lb le

g e n e r a l j . z e  h l s  r e s u l - t s  t o  S i e g e S -  d o n t s i n s  o f  . t h e  s s c o n d .  k i n d

-  r L  o ?usrng some resul ts of  K*\UP f-  b7 J,

t o

by
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I n  a  s tudy  o f  t he  re la t i ons  be tween  muL t i l a t t i ce  theo ; : ; r "

and space-tirue ge olr:.etryo CIili iR$i'nT$Iti 4* 3 Z el ::elat*C purr*

t lei l - ty c,r:der.eci.  J 'o:rclan *3-gebrus (for a d.oncrS.pt ion, ses, CI" i ,{F'1i i ' l I$I i ' {

]
f.
x
t
lj

f  7s2* c 7  |  
' L o  s p a c e * t i n i e  g e r : n e t r Y o

4 i

" t \t  I  Let  us ruent ton th.e 'b

r  t / ,
F11NADO proved f /tf J tirat tbe l,{lnkr:wski qrCIr}d ie n mul*

-  t S . l s t t l e e '  .

Def in t t i cnn  Le t  X  be  t :  topo log lce l -  $pnce in  v , 'h tch  nc l  one

el .e1rerr t  sLlbs-st  ts open, ancl  st iFposs that t t re set  X 1s endowett i .

w* i t i r  s  per t ia l  o rc le r  re la t ion  4  "  I f ,  fo r  eYory  x  o f  i i ,  the  so ts

t l

&nr

I

8 :

I s

t l  \
= J y l v e " ' i ,  x ( Y  i  a n d .

t r J

i n s ,  t l r e n  X  L s  c a l l e d

De f  in l t  ion.  i1 csl ls I

doma

cJ"o *q c

rde: :e

{ . }  a

a r b i a 1 1

e t

' l c

c e

I I

1T

w

a
!

I

I
:

n .

1r

1Ir

(
I

I

I

n l

c m p

T E

y ' o

r e a l  v e c t o r  s p * r e e  o f  f  i n i t e  d l m e n s i o n  a n d  w j " t h  t ) : e  s t m p l i c i n l

topology as lts topologv ls cnlled I 9g*3-3i-YL*9I-.9!3:9'

gg{II i I !9g*_ ,t causal space i i  endoted with I ml.r l t ipl 'rcatlsn *

s a t i s f l z l n 6  t h e  c o n d i t i c r n s

( i )  x o x  =  x r

t i i )  x "  ( x " Y )  5  v r

( i i j . )  x ' { y . z }  3  t x . Y ) " I x " z ]

( i v )  x o X ,  =  \ " y ,  * . X l  =  * 1 " u ,

'  fo r  a l - l  x tY tz  f rom ) ; ,  u 'here '  Xr r ,=  X |  u  X ]  f ind  XX :=  ' t  *  Xy '  I ' s

\  . y  
y  l r  .  J

calLed I [e{tr'-,9!i9.g-g"egp-?Lg.!.9g.tu-

Ng!g!51g" Consic.er the Jord,an algebra 4 tU, f  , t  ) ,  l i 'here

V  i s  s  cause l  vec to r  space  o f  d i rnens lon  n2 r  3  ?nd  t  h *s  Lov 'en tz

sS"gna tu re ,  and  deno te  l t  n l , *o  De f ine  l n  V  I  (non re f tex i ve )  o rdc* r

re ta t i on4  by :  x {  y  i f  r i nd .  on3 -y  i f  y  6  In t  (V i  ) ,  where  In t  (V l  )

L  )  By space- t i rae geometry ,  chenenis ln  und.ers tsnds t i re  geometry  o f

t l i e  g round .  $pace  o f  gener .n l  re la t i v i t y  and  i t s  genera l l ze t i ons

t o  a r b i t r a r y  d i n e n s i o n g '  '
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donotes t i re  Lnter ior  o f  Y lo  . /ss  a  topotogtca l "  s ; rnce,  I

, a  o

of  the  par t te t l "y  o : :d "ered  (w i th  res l lec t  to  mar : i rna I  c rd 'e rs )  fo : :nn-

t l y  r e e l  J o r d e n  a l g e b r a e  o f  f  i n i t e  d i u r e n s l o n  s n c l  t h o  c o r r e s p o n c l i n g

eausa l  s l 'n1met r ic  *p** *Sf  o"  I  de f in i t ionrs is0  be l .o rv ) .  $uc l t  a l f iuhras

sre  f in l te  d l rec t  su ln f :  o f  fo rmsat ly  rea l  a lgebras  f r  and"  ' fo rc lan .

e ] -gebras  o f  J ' -  symmet : : i c  mat r ices ,  f ,  be ing  the  s tandard '  invc*

l u t i c . r n ,  H n ( r r  ) + ,  I I n (  s  ) + ,  n r ( f i {  ) + ,  I i 3 ( $ ) + "

P,g{.1}}3}gg" A ceuse} space X which ts elso * sSrmmetri'e

s p f i c s  ( t h e  m u l t i p l i c e i t i o n  o f  t ' h i c h is  d .o r :o ted .  hy .o  )  so  t i ra t

x c y  4 ' X ,  v r h o : : e  X U I =  X $= x*oy  and '

X * X.,, ls eelled" a qgl+S$l*gyrgg-e-,tggq*.g!-Ag.gr-

Theorem 5n9 , 'Tho  conn€c ted  Ce lUsa l  s l rmmet r i . c  $pec€s  g i ven

by the  par t la l l y -o : :d .e red  f r : rna l }y  rea l .  Jordon n lg 'ebra .s  o f  f  in i te

d i m e n s i o n  q r e  f i n i t e  c a y t e s i a n  p : : o d u c t s  o f  c o n n e c t e d -  c o m p o n e n t s

o f  t h s  s e t s  o f  i n v e r t i b l e  e l e m e n t s  o f  n l g e b r a s  # , H n { t r f  r i { n (  i l f  '

i i r r ( n r f ,  I i l (  o )+  "

nvt#) h

f o1J. ovr s
' \

x,4 f")Ja

t] el

wlr 1.

1
n )

A
rr,fr

T*"
.!

thyee

. *"t,
I

connect ed colryPonerit r,

a { i
t l $ t  i  =  \ x l x a " f  ,  o {

I '

r o ( # )  :  *

3be9_sse*5-*g* r+ ts),

ch wil"l- b e

e r*(  dr)
-Y*'*

(r:*trt  )

t  f  ) ,  * r rd

Cenot od. 8s

f t n
r = { x i  x € 1 1 ,( [

'Tffi).
To t8  )  are

ancl

r e f l e e t  l o n

with :: espoct, to l i0il0i{f i[t t s mstrj"c

2  ebe ive ,  wh l le  rn (S)  l s  a  sym-rne t r te

not  a  re f le  c ' i  ion  e  susa l  space '

h a s  g i v e n  a  d e s c r i P t j " q : n

x o x

* . u '
4 v

I J X ; ,

causa t  sp r l csse  
'X  f r  *  o f  rank  4 t  t hen  T* ( f t  )  and  I " (#  )  s ; :e

symmet: : ic  f f iennnnlar r  speces

t  {  g  3  e }  a n d ,  a l s o ,  $

pseuclo*It iemann.ian sPs ce "
n

Eg4gIF." Inv (J'o) is

RecentlY, CH$nii iISIt{

* " " ;  =  
" l "u  

f  or  n l l
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Conunents" I 'h vior.r l i l  be Interestlng to usG resu]-ts of ] i i l l - ' - t f IG

I {E i {HI l  or }  g€odss lcs (see { h o  c ]  * n d  {  / 2 {  3 ,

5S 213 ebove ) in order tc obtain n$r,s ge om.etr: len1 proper: ' t ' f t*s

ceusnl  synunetr ic  spacen fy 'o t*  Clhe: :emis ln f  s  r tud" ie*  ; ]  
'bZ 

ry

SS.*SIS-L rn { V Z dJ, Clf,tHmltl$ili i '  has girren a complete

c le  ser i r r t  tan  o f  t rJorc len  lc lnernab 1c${ 'u

$ 6" i l  chava ct  er izr i t  io l t

do$ieins in ter ins

*?

-7

t t 4

quesl*symrlet  11c

curva ture

netoi 'Jf, 244 b has ci :*ract .er ized t l re qu*si .*symitetr i "s

rLr :na ins ( i "  e ,  d  onains b iho loruorphic  to  quas i -syr runet r ic  $ iegel

dornalns in the sense of $: iTrtrKn { ' /6V J I  arnong the bounc"ec'

hc,nogeneCIus d.ornaiuso For this he used. pyATliT$l(I I-SI{"4PII{0r 's

r  / 49 J d e s c r l p t i o n  o f  b o u n d e d .  h o n r o g e n e o u s  d o m g i n s  i n  t e n n s

,  o f  so-ca l led  r t j *a lgeb l :&s ' t "  In  f  Z , l ' t  aJ  the  J*a igebra  conc i . i ' b iqns

a r e  t r * n . s l a t e d  i n t o  m o r , s  g e o n e t r i c  c o n d t t i o n s  t l n v o l ' r i n g  t l t *  c u r v s * '

t u r e  o f  t h e  B e r g n a n  m e t r i c ) "

t {e  f  i r s t  reca l l t 2 4 4  s t (  s e e  a l s 0 t .'14 g J onc.

Z 44 e
'7

i s o n r e  n o t a t i o r :  a n d .  r e $ u l t $  c o n n e c t e d  w i t i r  j * e l g e b : : a s t

a n d  t h e  a s s o c i a t e d  d e s c r i p t l o n  o f  b o u n d e d  h o n o g e n € o u s  d o m a i n s "

.  Let  D be a bound.ed. h.orno6eneous dot i ia j -n* roihich is nssuff i . f id

t o  b e  i n d . e c o n p o s a b l . e  ( i " e o  r o t  t { O *  a ; : r o d . u c t  o f  o t h e r  h o u n d e d  h o s l r '

S e n c o u s  d . o m a i n s ) '  T h e r e  e x l s t s  a  s i n p l y  c o n n e  c t e d  s r - l b g r o u p  3  o t

. {u t  D ,  v1 i t i r  L ie  a lgebra  Q r  rc t ing  s inp ly  t ra t rs l t l ve ly  o r t  D  by

ho lorno : rp i r i c  au tomorph isms.  choose a  base po in t  tn  D and 'denote

i t  b ) ,  d l  t h e  B e r $ m s n  m e t : : i c  o n  D  g ; i v e s  a t l  i n v a r i a n t  n t e t r i c  o ^ 9 '

.  and. ,  1 l1  par r t l cu la rn  we have e  met r ic  on  f ]  *a t  can  be  r 'q r j " t ten  in

the forrn

{ x r v )  = F e h ( x , Y )  s 0 )  [ l r , r Y ]  '
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wireye ir .  ls the Bergrnan metr j"e nt d ,  j  ts

on  t l re  tangcn t  $p*ce  T* .  D  { l den i ; i f l c r i  i s i t } r

Tl re  fo l lov r ing  r lecornpos i t lon

the coruplex stru*ture

i s  an e lenent  o f  q /

r o  t  d e n c i t s s  t h e

f  t 4 eJ l *

fpl , ilnd. ^) ls s

I  j .near f  orm an ry {see ,* 44 s _J j ,

The lnvar : i *n t  metr i .c  on 9 ( t : :an.s l r * -b ion of  1  ,  2  t iy  ie  f t

act j.oiis) deflne,s a $},ggg$lligg*.gg:ggg.!.tgn V on 3 (iaentlf lerd

wiL i r  ry  )u  and by eenr j ic le , r lng o lc inents  o f  t /  a ,s  Ie f t  tnv*r : r : r l 'b

ve* tor  f ie lds on V o et  the po i : r t  d  r . {e  h*vs

. / '
riren vx Y =t| lrr,n;
( t d o n t i f i e d  w i t h  T " , D )  f o r  e v e r y  X r Y G

t: :anspose v ' r t th  respect  to

v ) / x  ]
ry t n'he

h o l d s  ( s e e

l s t l s{ o . t  ) lc
d<

f f ] ] ,  [ n , ; i ]  *  d

l inear  forn on l '  ,

3

{

I
&
L

t iere -!,r* [ry
ana [_,AJ,t /  J

,kx = 
{rt

where  the  roo

I

- - L
| n l l n r 4 - i r o g o t t l t } c o r - r p 1 e r a e n t r , ; i t } r r e s p e e t t o <

,  -  )  |  \  v r  v r d
-  I J  I

x6 r q,
- u

d, is €)

f r+ )  ' ! a  f np
\ r r ,  4 . ,  

.  
r - !

T, ' t r  r th  en  i  f

any li af !,

d1 o n n o *

@ ; k d F  p

I

L
) $

l/

of the f r : rm

, """5  P o  l d e  n i l v e

0

0
" *  bk ' *  t ' l  ^ z  ,

i ; (

a k

are  a l l  roo ts  d ,  w i th  j  t c *  c&  n  then  i ^=  
J  l e  *n@,  "  "

d i rn{ ,  =  p i  us ing & propcr  enunrerat ion,  s l l -  roots  &re

r . l r r

l n ,  E  du  w i th  r  (  r  (  p  ana  |  ( / r . 1  &^ )  r v j . t h  r " ( t<  dm

j & , . , .  = & ,  a n d  j & r '  - - & ,-  
b (  d n + d n ) '  * ( l k - o ( m )  & / o  t * n

I f  q 'e put

0 g 0 . , ! ,' h . 8 , = 6 u r r ,  k ( k , l  o )  t =  u  
U  (  p ( , - +  d . _  )  a n d .  U
2  '  " '  k '  

- . u l '

t h e n  t h e  s e c o n d  d e c o n p o s i t i o n  i n  ( 6 " 1 )  l s  g i v e n  b y

o3 = N" Y*
@ )



nv
rFF

i l . *  \
\ ' -  / _

k=l

l?e have

A
A I '
U t , { n

4 'a  r  ' ^P

p
t r

\  l / l
/  Y \  t -  o

, / x
k=1

a + R  l s  n o  r o o t ) r

1. and there exi-;- i 'hs

,  i t  a sub*

{ oJ'
n-,

ra , /  ,  one

2 . 4 f  A  J ,

6 n_ t /  F

0

4 , .  .  BDd"
l K r r t r l& n @  X

\ /
y  \ .  q -

.t
s

t
$
l
f
I
t

I
i

I
, $

1(  k lm(p

l&^,&p7 c &oou ( = {o}

fon ( * (b , l^ f &A, dim lr*

$k,  s* ]  -

ideal  ot  ry

l{,, l/ J-
t he  J -a lgeb

Z"EL1:F {

s unlque non-zero element ,* 'ku wtttr [ i
l s  en  abeJ . lan  suba lgebra  ,  , ( .  an  abe l - tsn

l - r , r  r  r  r  r ' 0  1 t ] | r l la l g e b r a , l  X ,  t / t  J . t ,  l _ ' l L ,  v r  ) c v t ,  n n d

i f

;

sk "  * t sa ,  { "

c a n  p r o v e

DlaTnr r

b y " (  
( H )

Mak lng  use  o f  t he  P roPer t l es  o f

t h e  f o l l o u i n g  p r o p o s i t i o n s  ( s e e

7  g  a , c J  ) .

Prg3o.g tt j.on_6rl=t The act ion of  V on f ]  sat ts f tes

1 )  V s  =  o  t o r  n  e &  f

VsY = l Yl2 $4 e l^' ror

(u, H,r.) for eny n of N'

0 0 | -
i  )Vy  H =  -  a (  (n )v  e  tn ' fo r  v  1 I1a ,  He t \  t

(  o  t r k  *
+ )Vs*Ex = 

i ,uo rr k =
t

The curvature 1s  then  g i ven

Beqg{Er- Tf x ,Y e fI , then,
a

- A-l(J - *  Z .  e tc .  a ro  s lso  e le rnents  o f  U- )  o .  I lence one csn  u$e l ropo*
v  X  

- t  ' -  -  u

s t t i on  6 "1  repea ted ly  when  ca lcu la t l ng  the  cu rve tu reo

Fropos i t i . qn - ,p "2 .  n (X ,H)  *  o ( (g )  V "  as  o 'pe ra to rs  on

0
T €I\n,

,

2 I where  I {  a  1s  de f ined

I& t

L .

by the  usua l  f o r rnu la  a (X ,x ) *

by  the  i nva r iance  o f  V  ,:

,

wlrere x 6 &n, xefn "/Y{
" [ ,
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aoJ$n be sn elereont ,t N, n and writo

% L r r *  l J % 1 2  *  l E f  { 2  "  t h e n  F r o p p s l t i " o u  6 , 2  t m p L l a s  t h n t

R ( Y ,  i Y )- t

where  / * (X )  p  uk  and ,  by  P ropos i t l on  6 "1  - r  VS ; foe i fri, r

f

rvhere b, -o  is  the Kronecker  symbol"  I t  fo l lows
I ! l

1
n { Y , i Y l i $ = *  )  a - n  J E k ,

L_* 
'L

end.  hence the ho lonorphie sect funalcur ,vat t - l ' re  S iven by Y ts

( 6 . e )  r ( r )  , * ( n ( s , i s ) i s  '  Y >  s  d
n

4
r  . t  I  \

w h e r e  t  =  l f l  
-  =

l"

V  
d e n o t e s  t h o  g r a d i e n t  w i t h  r € $ p € c t  t o  I a ] r ' r o . t

Lagrang;e rnu l t lP l ler "  One get  s

p4u - l  =Xt*  uk  ' l -  ' l  *
t t = l l  o o o t ' ! i o

'  
Then  )=  2  r f  f o r  a l l  u f  *  0 ;  and .  the  co r respond , lng  { *k  I t  

s
\ -

aTe  the re fo re  equa l  a t  f f  s ta t i ona ry  po in t "  The  convs rse  i s  a l so

t r u e ,  h e n c e  ( a l r ' . 5 e t  * b )  l s  a  s t a t i o n a r y  p o l n t  { t l n d e f  t h e  ' $ ' ? r i e  c o n *

s t : : a i n t )  l f  a n d .  o n l y  l f  F l l  n o n - z e r o  l u f  f t u  
a l i e  e c 1 u a l "

C o n s i d e r  a  s . t P t i o n a r y  p o i n t  ( * r ,  o ' c t  u p )  r ' v i t h

l r *  |  =  o o n  =  l . r . l = t  a  #  0  f o r  s o n l e  $ e q u e n c e  i 1 (  " ' o  { i t  o f
I  t l  |  1 . .  * t l

l n d l c € s ,  q h l L e  t h e  o t h , e : ' " k t *  8 r e  o q u a l  t o  z e T C I r  ' s n d  
l e t

n  - - !  I  -

L e t Y =

' - J

u L *

t ha t

nv
f * a
)  T ( v  a ;  ,

"L 

tL

1 ;
t:

a k '  o

n
o f  K  ( Y )  o n h  u n d . e r  t h e  c o n s t r a i n tThe  s ta t i one ry  Po ln ts

1 are obtatned f rom V ( X t u  - i l  )  =  I V ( X t u  - A  ) ,
I

a *  ) n  a n d .  A
,U

l r l  *

where

l s a
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o o a r  r n \ ,  t h o n
(

nnin {X1rX;=

max I  r ( r )  |  = 71*1 uha mtn f  KtYt t*  tzr+ o.  o * 'n)- t .

t e f l , l x l ' 1  
'  

Y e ? n , l g l = r

rrr  /)z ' f4e -3 I  cond' i t lon for quesl-syiumetry ls

( c )  i l 5 .  =  o . c  * k p  ( = X ) "

SgI igS.  Condl t lon (C)  ts  sat ts f led l f  ond '  onLy t f

f X = X t * o . r * N p . T h e r e f o r e c o n d . l t t o n ( c ) t s e c t r u t v a l e n t t o . b h e

fo l lowtng condi t lon '  
,

( c , )  m a x . l r ( v ) l  = a i m &  r y i 1  . l r c ( v l l "
Y e A , ' i Y l = l ' - - ' - ' '  T e  f i n  l Y l = r

O n e  c a n  s o e  t h a t
. \

{,u,0, = f" l" 'o}, R(x,r'r.)iE{ = t 
-Y- 

"l. l; i ' l"u' ' '  J r
L 1

t6 ,31  f  (  ' ' f . / 4  i f  l c= l ' =a ,  L
i l u = \ - l * r f /  , R ( x , r s k ) i r  =  

t  0  o t h e : : w i s e  ) ,
L

a n d .  s o  l f  ( C t  )  l s  s a t t s f l e d  a  m e t h o d '  c a n  b e  f o u n d '  t o  f i n d  t h e

=  t L , n ' n  % = l ^ o l q , ' l l  \
:

{see f  za4e r  P.  5J\  
d '

l ' I n t z , t , t e J ' S E L 0 n i F l o v e d t h a t a n e c e s s a r y c o n d l t i o n f o r
o  IY  rea l  Jo rdan  a lgebra

. quasl-symrnetry. ls that K ls a fo::nal '
- , '

wi th  the  Produc t  
t  {

")

XY r= T-*!- = TyXr where Ty t= b i 
uu JY + ( ad iY) | J

(  ' >  '  I t  h s s  a l s o  b e e n
t h e  t r a n s p o s e  t  b e i n g  w t t h  r e s p e c t  t o

e s t ' a b l i s h e d  t h a t  t h l s  l s  t h e  c a s e  t f  a n d  o n l y  i f  ( u n d e r  c o n d i -

t  ton  (C )  )  the  f  o l low ing  cond" i t  ions  ho ld ;
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' . ' .
( *  )  3o r  e lemen ts  connec ted  as  we  have  (XY)Z=X(YZ i  I

X Y Z

)c
(B) I 'or  e leuents connGeted" f is  d->-a--o we have

v h

r
&r
I*.
*+;
it.

fi
t
t

I
I
I'
t

t
F
I
t

s. 1.
n l i
l L  l : .

I
t
$
i
$
t!
I

1 o

X , Z

t e d

f +

oup

t

t

o

r

/ r * e r \ r y
\.f! 'L J z-,

t h a t  X

conne

a  s e t

.A subg

x(xz)  +  Y(xz

( f f re  d iagrarns sh

s tancen  X  and .  Y

f n a

l K , n r l ,  n J  b e l

De f ln i t  t o

l * so xtvz) + x(xz) = +x (x,s )  n"

s - 0
e

r ( k < m < P '  
o  t

8 s  
T a i l  

l f  X ' k t k , m )  a n d  x ' k l l ,

h r e e  d i f f e r : e n t  I e t t e r s ,  )

I  o f  A u t  D  (  1 . e .  t h e  g r o u p  o f

o'!v

al l

r r6

I}r

b j -ho lomorph ic  au to inorph ls tns  o f  D)  v ;h ich  is  a  s i rnp ly  connected

s o l v a b r e  g r C I u p  a c t l n g  s l n r p l y  t r a n s i t l v e l y  o n  D ,  e n d  s u c h  t h a t

a / X  h e r s  o n l y  r e a l  c h a r a c t e : : i s t l c  r o o t s  f o r  X  t n  t i r e  L i e  n l g e b r a
,o

o f  7  ,  l s  ca l Ied .  e  t : : iaBgq lgg  subgroup o f  Aut  Do

By  t : : ans la t  i ng  h i s  resu l t s &l l  z  ]  ln to  curvaturo corr*

.  domain ,  and le t  I  be  a  t r iangu lar  subgroup o f  r tu t  D  w i th  L ie  a l *

g e i r a  
Q  "  C h o o s e  a  b a s e  p o i n t  d  o f  D  a n d  s p e c  L t y  o n  f f a

i - a lgeb ra  s t ruc tu r :e  i ny  t i r e  l den t i f i ca t l on  f f  =  T "  D) ,  I  conp le r

s t ruc tu re  on  T6  D ,  Eqd  a .  Be rgnan  ne t r l c  on  Tu ,O,  Then  D  i s  quas l -

s y r m n e t r i c  i f  a n c l  o n l y  l f  t h e  c o n c l i t i o n s  ( c t  ) ,  ( $ t  ) ,  ( B t  ) ,  ( i t  ) ,
F

( D ) ,  ( p
^t

D  )  b e l o w  h o l c l "

d i t l ons ,  Z fLO i ' f  ob ta ins  ( see  f  Z , (4  A  r  pp . l 4 - t  f  J  I

S l1gotgg 9"?"_ Let  D be an lnd.ecompos: :b le  bouncled horuogeneou$

( D ) r  ( t  )  b e l o w  h o l c l "

( c ' )  J n a x  l r c ( v ) J  =  a r n l nr n a x  l r c ( v ) ]  = a r n l n  ^ n i n  l r i ( r )  l , w l r e r o
Y e l ,  , l Y f  = r  y e  4  n  l t r f  = : .

T

I i ( Y )  i s  t l r e  i r o l c i e o r p i r i c  s e c t i o n i a l -  c u r v a t u r e  d e f i n e d .  b y  ( 6 "  2 )
v

0
( a ' )  n ( 1 i , 7 , ] Y  *  0  f o r  x r ' t , z  €  )  t { "  n ,  c o n n e c t e d  a $  rL  _  \ o r u t  

X T ,  
t

R  i : e i n g  t h e  c u r v a t u : ' e  t e n s o r ,



0
x r z e K (  * , u )

,  & t a , b ) ,

<  b ) .

f o r( B ' )  K ( x ,  z  )

connected.

- 6 4

lx lz(z lz  tnar  ln(r )  |'  
YGf l  o  [Yf  =1

1- - 6

A$ o*-o
x 7 " G t "  , z ) z , x  )  ",  r h e r e  K ( X r Z )  : =

vrithX
. ,  r t  - - -  l lf o r  u € l l * r o *  / h ,

r e s t r i c t  t o  s  *

/ r r  .  \  .f r  t A r J u r J v

s u f f i a e s  t o

( a ' )  n ( x ,  u  ) v  =  e

u r  #  & o  ( r t

0
0lIIt h

, 0
( n )  )  d i m {

,*-*T It "-  r  z

\ t

d im l  .
t(

,  t  ,  .  l s  l n d e p e n d e n t  o f  k ,
t ^ ! +  ̂k )

l s  independ.en t  o f  k ,{ p  )

qua$i*synmetr l '  cond, l t lons are ( }qu i r ra lent  to  t l re  vanlsh ing 01 '

R  o n  c e r t a l n  s u b s p a c e s  ( s e e  { z A 4  F  , F p o l 0 * l f  ) ,

Com.nents .  Let  us recaLl  in  th ls  respect  thet  SACTE an.d

v

In f za4 F J; whlch ls a sequet- ot f z"rt4 J.reJ, zrt.oi?

t r ans la tes  ( some o f  )  t he  cond i t i ons  se t  rn  f  2a4  e  J  i n to  cu rv&-

ture condi t lons;  syraraet : :1c d.onains a16 1n per t lcu lar  quas i -

sy inmet r lc ,  and.  they  &re  charac ter iaed among quas i -synnre t r l c  doro .a i .ns j

b y  t h e  v a n i s h i n g  o f .  V  n ,  t l r e  c o v a r i a n t  d e r j . v a t l v e  o f  c u . r v a t u r e "  I

Now quas l -symnie t r i c  domains  are  ' ra lmostn  symmet r ic ,  and so  Zy :LqW

focusses on sJ n"  I t  turns out 244  e  ]  t ha t  so rne  o f  t he

SCHUI/ff shov,red f , t 58  Jnow rea l  non i i s$oc ia t i ve  a lgebras  ay tse

f r o n  n u l i l p l i c a l ; i o n s  o n  c o r t a i n  h o m o g 6 n e o u s  s p a c e s .  S u b s e c l u e n t l y ,

t h e s e  a l g e b r a s  a r e  u s e d  t o  o b t a i n  a n  i n v e r i a n t  c o n n e c t l c l n  o n . t h o

homog-eneous space and.  son le  app l l ca t ions  o f  nonaf isoc ia t t r re  e l . *
'  ' -  1 - . - -  - -

gebras  to  these  top lcs  d re  g i ven"Converse ly ,  evp ry  rea l  f l n i t e -

-d lmensiot ra l  nonsssoc lat lve .a lgebra ar lses f rorn an invar iant

c o n n e c t i o n  s n d  a . l o c a l  i n u l t i p l i c a t i o n  o n  a  i r o n i o g e n € o u s  s p a c e  c

i { e n c e ,  m u c h  o f  t i r . e  b a s l c  t h e o r y  o f  n o n a s s o c r a t i v e  e l g e b r a s  c a n  b e

f  o r m u l a t e d .  i n  t q r x t s  o f  m t r l t l p l t c a t l o n s  a n d  c o n n e c i l o n s ,  * n d .  e o n v e r -

s e l y .  L e t  i l  b e  a  c l o s e d  ( L i e ) s u b g r o u p  o f  €  c e n r r e i t e d  L i e  / r o u p  6 ,
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MaKtng use of  the qorrespondonco between G-j"nvarLant connect lons

on tho red"uet lve homog"*8ot  spsce G/H and eer ta ln  nona$sQciat lve

algebras, $SGLE cornputeA ; |  , l  f  + ^- J pseudo-Rlemanniari  con*

nestlons 1n te1ms of s .Tordan algebre I  of end'omorphlsra. rc G

and H are semis lmple L ie  groups,  thenr  ss was.proved by $aGL$,  u

1s a senis lnPle Jordan a lgebra '

SaCtS 4 l  45Va ]  lnc l icated how a G* lnvar iant  mechanics l

system lnvotv ing the equat ions of  mot lon ln  covar ient  form may be

expressed ln  terms of  ,Tord.an aLgebras and '  reduct ive a lgebras whieh

gensra l izo L ie-afun lss lb le  a lgebrasq fhe connect tons on the hono*

geneous  con f lgu ra t l on  spece  a re  g l ven  by  the  ' reduc t i ve  a lgebras '

Consequen t l y ,  t he  nechan ica l  sys tem,  geod '€s1es t  consorved  que" t l -

t l es ,  e t c . ,  may  be  ana lyzed  ln  te r r l i s  o f  d ' l f f o ron t la l  ' equa t lons

wr i t ton 1n those argebras.  Thus,  th€ i  f reo n-d lmenslonal  r ig ld  body

mot ion ts  extencLed.  to  f roe G-r lg id  rnot lon by ustng the Nambu

mechan ics  exp ressed  jn  te rms  o f  t ho  redUc t t ve  e lgebras "  In  re f '

f  , f 5T /  J ,  S$GLTS used  t i re  nonassoc ia t i ve  a lgebras  to  deser ibe

the in ter re la ted nature of  sn invar iant  Lagrangian mechanlca l

.  system and l ts  d i f feyent la l  geonetry '  I {e  aLso d lscussed '  pseuclo-

nret r io  connect ion a lgebras in  terms of  Jord.an a lgebrab,  'and '  noted

that  the pseudo- l l lemannian connoct lon a lgebra sat is f ies  I  par t l - -

cu la r  lden t i tY '

gpgJfg$"eg:- $s $aGLE

a  g e o m e t r i c a l  q l a s s i f i c a t l o n

b e  i n t e r e s t i n g  t o  b o  g l v e n '

sugges t€d ' f  45+a  r  PP '4BFa f8€ ' ] ,

of  a lgebras  us lng  geodes lcs  won ld
. :
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J8 ,  DABRO!{SKI ,  L . ,  TRAUTi , ' IANr$ . ,  Sp lnor  s t ruc tUres  on  *spheres  and '

p r o j e  c t i v e  s p a c e s r  J ' i , t s t h " P h y s  "  U  ( : - g g e  ) ;  I ' I o ' 8 n  '

2Q22-2028,

3 g ,  O A T R I l J . X o r  a )  H o l o m o r p h i c  s o c t l o n a l  c u r v a ' L u r e s  o f  b o u n d e d '

hornogeneous d"omai l i s  anc l  re la te t l  ques t lOns,  Tr i ins i '

Amer"  i r ia tho$oc,?X ( f9?9) '  4A5-4L3 '  (nr ta tum in

Trans "  Aniet : " I ; ic th  o  5oc , ru-  ( Igga )  ,  I r lo . l  ,  349)  .

b )  The  cu rva tu re  o f  . homogeneous  SLege t  dona ins ,

J ,D i f  f  e ren t la l  G 'eom. ! f  t rgeo  ) r " .No '  1 ,  61*?0"

c )  Sect ional  curvatures and quasi -symmotr ic  domnlns

i . D i f  f e r e n t  j . a l  G e o m "  1 q  ( r 9 s r  ) ,  l $ o . 1 r '  1 1 - 1 8 '

J . E o ,  l \ { I A T l l L L O r .  I n D o A . l  a  C h a r a c t e r i z a t i o n  o f  b o u u r l e d '

symmet r i c  d r :mr i i ns  by  cu : : va tu re ,  T rang . .Amer . l ' ' i f i t h "  $Oc .

re ( r9E3 ), 53t-540"
1  s o l u t l c n s  o f,+1 .  DICKTR, ,  Loca l l y  syn i lnOt r lc  R iennnn ian  sp f iCes  anc

.  Y ' a n g - i i { l t } s  e q u s t l o n s ,  L e t t . i ' i a t i r ' P h y s " ! !  ( t 9 E ? ) '

l r lo - ' l  ̂ 63*68"

, r / \  n f  , C m T ) T
t v ,  l J  J l r l \ r t
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4 i , ,  van  D IJK ,G. ,  I nva r i -an t  e igend" i s t r l bu t tons  on

.$pece of  r r  rank one sern ls lmPlo

i , r is th , -Ann.  26$,  ( r9e+ ) ,  405*416 '

tho  tangen f i

symmet r l c  sp$ce t

4 S , D O i i t l 0 , A " , T 0 L l l D 0 , D " , , T h e G r o m o v n o r n i o f t i r e K a e h l o r c l a n g i

of nynrmetr ic domn ins, i ' , , , Iath,. ,{nn. Zff i  (rgaz )r ldo"3t

429-432"

44. D0AytdEISTf RrJ. I  s )  Pelvce-zerlogung und' Jord'an-s'bruktt ' tven ,ru

homogenen  Kege ln ,  l , f a th ,z '  ,  ] gg  Og f  g )  'No '  2 '

1?9-1.94 "

b ) I n d u c t i v e c o n s t r u c t j . o n o f h o m o g e n e o u s c o n e s l

Trans "  Arrero l ' ia t i rn  $oc,?X,  lyg?g) ,  32L-349 "

c )  A lgebra i c  c lesc r lp t i on  o f  homogeneous  cones '

T ransnA ine r . l " . [ a th "soc  "  ?22  ( I979 ) !  61*89 '

d )  $ imp ly  t runs i t l ve  g roups  and  K i i h le r  s t ruc*

t u r e s o n h o n t o g e n € o l l s s i e g e l d o n t a i n s ' t r e t r s u A a e r o

i , J l e t h . s o c ,  m  ( r 9 e 5 ) ,  1 '  2 ' 9 3 * 3 A 6 '

e )  Homogeneous  K i i h le r  n ran l ' f o lds '  C 'BnAcac l "Sc i "

P a r i s , $ e r i e  r ,  2 - $  ( 1 9 8 5  ) ,  4 ,  9 7 ; 9 8 '

t ) I l o n o g e n e o u s l ( ? i h l e r u r a n i f o l - d ' s n d r r i l t t t n g n

t rnns l t tve so] -vgble grot lp  o f  autc lmorphisms,  * \nn '

'  
\  - -  ^ n  l r z r c c \  1 / r ?  

' I R f )

$c i .  t coLe 1{ormo f iup .  !$  (  r985 )  ,  14J*1"80*

g)  Tho rad ' i ca l  con j .e .c tu : :e  fo r  homogeneous K l ih le r

m a n l f o l d s , l n R L i e a l g . e i l r a s s l l d : : e l a t e d ' t o p l C Q * q c

C o n f e r e n c e ? r o c e e d t n g s , t r o l o 5 , - C a n a d . 1 a n . ] i t f l t h n $ o c n
.  

j r i r e r " i i i a t h o  s o - c " , P ] : o v i d e n c e '  I 9 8 5 | - l l e p r i n t e &  1 9 8 7 1

189-208

h )  Autonorplr lsms of  homogcn€ous K: ih l"er manl*

f  o l .ds,  l l re1iml.nary : :eport '  ,  .  $?W i i ieet  lng of  f iner '

i ; ia th  ,  Soc  .  Un iv  '  o f  f  iebra  ske  t  1987 "
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4f.  D0l ig,{nI$TgR}J, ,  KOUCI{SRFI}1" F B )  Rel-at lve Invrrr l*nten uncl

nlcht-assozi .et  ive,  .&lgebren, I ' i leth" Annu eeg (s-gw I  n

1/r?*186 "
b )  Regut l i re Kegel ,  Jehre sbsr.  Deutsch" l ' f la tho*Veroln,  gI

( r 9 ? A * ? 9 ) ,  3 , 1 0 9 - 1 5 1 -

46. D0Rfi"imI$TIi}1r J*, lf.r iK,AJX'JA,K., fhe fundamsntnl

t
! :

I

conJec tu re  fo r

,Xcnd" "$c1 .  Fa r l s
homogenbous K i ih le r  n lan i f  o lds t  Co&o

3-Q:]_ (1946 ) ,  No" 8,  335*334"

4 ? , D n , { G i l R l L n D n r I 0 0 T n r } l ' L . ' 1 ' { A l l T I N l C ' F o ' C o n t r o l t a b i J " i t l '

o f l i n e a r s y s t e m ' d i f f e r e n t i a l p i e o n e t r y o f c u r v e s l n

Grassnann ians  and.  genera l i zed  Grassr rann lens ,  and '

f i t c c a t i  e q u a t i o n s ,  t *  R  D i f f e r e n t i a l  0 e o n e t r y l  t h e

l n t e : : f a c e  b e t w o € n  p u r e  a n d  a p p } l e d  r u a t h e m a t i c s R , .

NI "LuPs ic ,  C" l i la : : t ino  iT"$hadrv j ' ck  (ec1s"  ) '  Contempol 'n ry

' i i i a t h . r v o 1 n 6 8 ,  A r n e r ' i { a t h o s o c o '  I 9 B B '  
, r

48 .  Dn]NFELDs v"Go,  Iv iA l l l i { ,  Juo Io  I  Ins tan tons  and sheaves  on  cp '

( i n  R u s s i a n ) ,  S u n k c i o n a l  - A n a l " t  F r i l o z e n " l J  ( I 9 7 9 ) '

2, 59-740
. | o l a ) 0 r b i t s t r u c t u r e o f t h e e x c e p t i o n a l } I e r m i t j . a n

49, DnuclilIR, D

s y m m e t r l c  s p a c e s  I ,  I I ,  B u l - I o , A m e r o i v i a t h . $ o c " Q Q  1 1 9 t a  ) r

285^2Bg , :225-L22g '

b ) ) f i i c e p t i o n a l L i e a l g e b r a s a n d . t h e s t r u c t u r e o f H e r *

mi t ian  synr rae t r i c  ' sp f i ces? i l {em"  "Anero ; ia th '  soc  ,1 .6  ( r9?e ) ,

Ido ' 2.08 '
- - ' e c t r a ' f ' } u r e

50.  i fL I0St {D0I i l i ' ,A .0 . ,  The C iassnann ian  geomet ry  o f  sp

Appl,  * ! lge bra 23. (  rg8s )  '  No "  L ,  37*94 '

9 ] . . j j ] s c 0 B d l , l i $ , J r " ; F . " H . , R i e m a t r n i e n f o l i a t i o n s o f t h e r a n K C I n e

sy ; r i r re t r i c  sp i i ce  s ,  I rccn ; i i l l e l : . i , i a l ih .$oc  "  22  (1985 ) t3  t

49r*498-
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52,  S 'A IBU$0V' ICH2 L 'Eo,  Genera l l zed Toda  f l ows ,  R lcca t l  equ$ t lon

Q f f  -a lgor l thvn (  tn  Ausstan ) .

P: :11-oahen"a  (19s?) ,  No.2 ,  88 ' *
on Srassmanniar i ,  and

Funkts ional - "  .Ana}"  1

6 Y .

53,  r$VArTo,  $u l Ie  vay ie tb pseud.o-r ieman.n lane '& conness lone co*

stante d l  .genere unCI  e  d 'ue,  *$ .T i i ;e ica and D"Pom-

pel lu t ! ,  Symposium of  Geometry  and '  Global  Analys j "s '

Buc i rare s t ,  L973 o

54,  Dt  f ' IgngrL '  r  t r 'R1l l f f i ,  $ ' ,  Su l le  Grassmannisne 'contenute in

una Grassman.n iana assegnata,  Rlcerche l ' . ta t .  2-9 (1981 ) ,

ido;  I  ,  14 5-L52 "

, , . F n E g D ; D . s " l t r . l a g m a n l f o l d s a n d ' , I ( ? i h l e r g e o n r e t r y , l F P r o c o

I n f l n i t e - d . l m e n s i o n a l  L i e  g r o u p s  ( B e r k e l e y ,  f  9 8 9 )  -  t t :

a  p p e a r o

5 6 . F n $ u ] ] } 1 ] . { T H ' A L , H o , O k t a v e n , . & u s n a h m e n g T u p p e n u n d , O k t a v e n 8 e o n € *

t r i e ,  M a t h .  I n s t  " l l i j t c s u n l v e r s i t e ' l t  
U t r e c h t ' t T t r e c i r t t

L g t L  [ l , T e r , v  r e v i s e d  e d l t 1 o n ,  1 9 6 0 ) "

5?. rULTOls ' l , ' ' t r .  '  KLSLriAl{ ,$",  pIEi .Tu,B. u TAI,} I .  '  
.$ome lntr :1n$tc aqc|

e x t r l n s i c  c h e r a c t e r l s a t t o n s  o f  t h e  p r o i e c t i v a  ' s p a c e t

p u l r " s o c " i i l i a t h " s s a n c e ,  u l  ( 1 9 8 5  ) ,  2 r '  2 A 5 - 2 L Q "

58.  Gr \LBUR,{ ,G. ,  $ormes d i f f6 ren t le } .1es  ox t6 : : ieures  sur  t ra  Ia r i6 t6

de Gra ssmann qu*: t  ernlonic lue,  Traveux" du lvh'gg 
'  Con*

g r 6 s d e p . m r r t h e m a t i c i e n s r o u n l s i n s l B u c a r e s t , l 9 S p .

S g . G l i L t F J i m l I ' i . ' [ . , G I N D l K I i { ' $ n s . ' G } 1 4 I t r v ' j l T ' T " } I n t : 8 r a r e | ] n t e t r y

.  i n  a f f l n e ' a n d .  p " o ; e c t i v u  u p u . * u  ( i n  n u s s i a n ) '  I t o g l

Nautci  I  Telrnik i  '  VINITI,  Sovrem, Srob' i i lat '  lg t

(1980)  '  93*226o

60.  c ' t r l l , ' l i * l j l l ,  Io l , '1 . ,  G0t {c11AF '0Vr  AoB '1  0n  a  chat rac ter iza t lon  o f

G ' r e s s t n a n n n ; J n i f o l d s ( i n n u s s i a n ) , D o l t 1 " " d k a 1 1 . i ' I t ' t u } c

.  $$sn ?Ag*  ( l -9s6  ) ,  Ido '  5 ,  1047-1052 '
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61. GHL tr' '1l' i i]r J'i '{" e i 'vlacFiiEF$0J{rn*oo , r}oometry ln Gressm.annlnns
and'  a  generer iznt ion of  the e i i logar ibhm, Frepr in t
fti l i$, J.une l981o .

62 '  Gl iH0l lGi lr ' i rTVsso r CIFl i0rulv. r  Reme::kable G*structures and. str*c-
tures of  h igher  oL"c lor  ( in  Rome- in ian) ,  iJemoirs  o f ,  t l ie r
$c len t i f  i o  Soc t ions ,  l l oman in in  ; t cad"o ruy  ( fV  1 ,  l ,  ( f  9eO 1 ,
l, 5L*L2L"

63, Gi{1i} t"dnDHLLr, ro o Yariet$ co.rnplesse t l  struttura grassiu*n*iana,
/ r t t i  / i c e u L i n c e i ,  R o n d . " f j . s o & 8 t o  n a t u r o  r e -  ( f g g q ) u  j g
1g2-18g,.

64' Gi ' .aZEI{tsn00K, JoF',  e) un isotfoplc harnronic rraps to : :eal an6
quatern ion ic  orsssmannians,  i *  r lco inp lex Di f ferent la l
Georoet ry  and '  i {on l inear  Di f ferent ia l  squat i 'ns{q.  xd.
fuToSin ,  Cc ,n temporary  r r la th ,vo l  49 t  * t rnero  r l la th"$ocu,
F r o v i d e n c e ,  1 9 S 6 r  p F . ) 1 * 6 J e

b)  Ha: :mon ic  ruaps  o f  F iemann sur faces  to  quete : :n ion ic

; : r o j e c t i v e  s p a c e s  a n d  G r s s s n r a n n i a n s ,  l n  r , T h e

L o f s c h e t z  0 e n t e n r i a l  C o n f e r e n c e n ,  p a r t  I I I ,  g d .

4"ver j  ovsk l ,  con tenpor . ry  rda th"  vo ] ,Sg r j r * tmero iv is th ,
Soc  o  ,  F rov id .e  nce ,  l -gg |

65, GtOvERl i{ r i lo rr IO. i , { lJR, r f ,Do, $TOI{Gr.Bortr , ,  spr i t t ing thei  tangent
bund le  o f  p r .o jec t i r re  space,  fnd iana i , , ia t i ro  J "  i J -
( r 9ea ; ,  161 *166

66'  GLUCKTi . ' "  r  car ibrated,  gec:net r ies and.  n in funa}  sur faces.  i r r
Grg+yr1_a11 ,1" nif olds, _ABS1R, CTS *taier.ii iath o $oc o 6
( r 9 e 5 1 ,  6 ,  4 l  ,

67, GRArI"Aivi ,  p, J" '  Li lDGlin, i {n Jo ,  s- l iegular manif  o1ds, in rrDif  f  e_
rent ie l  Ge omet fy ' r r  i '  honour  o f  Kentat 'o  yano,  Torcyo,
L972r  pp , I33 -144o
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68 .  GRf lCU,  So ,  $u r  l os  e$pr l ces  de  Grassmann  r6€1sn  oo rnp lexes  e t

qua te rn ion lques ,  Pu i : l "  I ns t "h i { r th ,  (B6ogrsa )  ( t l "S "  )

n u7]  ( : "9e3 ) ,  73^8a,
69.  G0tDFI i l lGrV.  'Vo ,  6 lmost  Srassu iann j .aah le  and a l inos t  a lgebrn i *

zable webs *nd wet ls of  maximum L rerrk,  t r lber: . ; r

Iv ieet  ings,  August B-11, 1983 ( t tof  f  Cns .Amer,r , {sr ' f  hn

S o c n ; l u g , 1 9 8 1 ,  F . 5 1 8 ) ,

70 .  G0I {Z ,1L I I$ ,  t r 'n8" ,  R{ id .on  t rans f  o lns  on  Gras$mann mnn l fo ld"s ,  Jn

Funct .  Anal"  ?L tL987 )  ,  i fo"  2 ,  339*362"

7L,  GUP$Tol {o ;1" ,  Geomet ry  o f  n&ps be tv , reer  genera l i zed  f lag  man i *

fold.s,  J.  n i f  f  erent ia l  t leom. ! )  ( f  987 )  l  i ' r io,  2 ,  223-24?,

^ i " .  "  .72, GUiVt iYDII ' [ r i { . ,  { iuadrat ic Jordar i  for inulat ion of  quantum

m e  c h a n i c s  a n c l  c ' o n s t r u c t i o n  o f  L i e  ( s u p e r )  a l g g e b r m s

f r o m  J o r d e n  ( s u p e r )  e l g e b r a s ,  r l n n . I s l : a e l  P h 1 ' 5 o $ o c *

Z ( rgso ) ,  279-296 ,

?3 .  GUYOTrHu ,  Carac t6 r i se t i on  pa r  I  run i fo rn i t6  des  f i b r6s  un ive r *

sels sur }a Gre ssnrr:nnlenn€ , i . iath .  Artn, ?JA (f  gA5 ) o I ,

47-62a .

74 ' ,  l iA l ' iG , t Id  ,  Tn  ,  e  )  G6om6t r le  d i f  f  6 ron t io l lo  
'gyassmann lenne,  

Rev"

Rounalne i i ia tho Pur.e .,tpp}" LL ( 1966 ) , 5 , 5I9*53l. *,

b  )  Tensor  p roc iuc t  tangent  bund. les ,  4 reh , l {a th"  {Bnso1.  }

?5. fiARvry,u",Tolll l, i.,-;.: '::::"", rhe Grassrnannlan of rhe
th ros- :p lanes  io  f f i  7  (oa t  ib r :a t  ed .  geonre t r les  on  u ,  ?  

)  ,

invetr t  " , i iath "  93* {  }965 }  ,  2,  I9L-228.

76 ,  i { } l1 t } l z rAo,  . f i {0 i iuprA. ,  Ref lex iv i ty  o f  G: :ass inenn ians  and i iegre

.  v a r i e t i e s ,  c o n T R .  ; i l g e b r a  t g  ( f  9 A ?  ) ,  i ' { s - 6 r 1 0 9 5 *

1 1  0 8 .

?? .  i i i i l ,G i i$0 i , i rS , ,  D l f fe ren t ia l  geornet ry  and.  symmet r ic  sp&ce$,

A c e d e m i e  1 ' r e s s ,  i i o w  Y o r k ,  1 9 6 2 .



78, .Y,l:LilfKitr, U,, SIIAYivii l i \T, iffoAo, The blflag mfinifold. end the f lxed

po ln ts  o f  I  un iBoten t  t rans format ion  on  the  f teg

rnen l f  01d. ,  t lnenr  . , ,419"4pp l  "  re ,  { rgez  ) ,  .125*160.

?g ,  i {EL1 'O l f  ,  J ,  } i i ;  ,  0pera tor  th€}o t :y ,  ane}y t i c  f  unc t ions ,  mat r icss ,

and.  e lec t r i ce l  eng lneor ing ,  i leg lono l  con ference

s e r i e s  i n  m a t h e n a t l c s ,  i { o . 6 8 ,  A m e r . l r t a t h o s o c o  I

P r o v i d o n c e ,  1 9 8 ? "

80. HAI, , r { IGeK"*H" r  I  }  } ta}beinfache reet}€ Jord.an-Algebrenr i r iath" Z.

t -99. (1959),  I*28'

b )  invo lu t lonen von Jord .an-A lgebre t r r i r lanuser ip ta

Math." t  (1969 ),  zrr-22g,

c )  Jordan-Algebren und symrnetr lsche Fi iume, i [ .

i r l s th "  Z"  t ] :  (19?o) ,  3L5-349,  -

81. HHHlLtNblrR", i i , iSRTI i { rC.,  L ie and Liorse theory for  por iodic

e r b l t s  o f  v e c t o r  f  i e l r l s  a n d  m a t r i x  F . i c c a t l

equat ions ,  I  Genera l  L ie* theore t ic  methoc ls r iu ia t  t r "

s y s t e m s  T h e o r y  ! f  ( 1 9 8 2 ) ,  I { o . 3 ,  2 X 7 * 2 8 4 ,

82, i i IRZIJBl iUCl i rU",a )  i la lbr&iuiuo und i l t re holomorphen Automor*

ph i smen, i i iath "*tr lrr. l : j .  (1964) ,  395-4L7.

b )  Uber iordan-.di lgebron und. korapaktq l i ierrn*rnnsshe

.  s y m n e t r l s c h e n  R H u m e  v o n  R a n g  t l  i i i s t h o z .  9 g  ( 1 9 6 5 ) *

339-354 "
a .

.  o ) Uner Jo4dan*Alg"ebren und boschr6nkte synrmetr i*

sche  Geb ie te , i l i a th "  ' ao  
93 .  (1966) ,  38719A,

83. ri$I;lrriGrtr{'.c.., SZQZAE]3;LrIi"1I., 0n the tangent bylcile 9f u

rass lnann  rnan i f  o ld , ' * lmernJ " i , { i : t h .EQ (1964  ) ,  698 - .

704 "

84.  I0nDAt{nSCUrR. ,  a  )  L td tude d.es op6rateurs in f  in i t6s i rnaux ssso*

s i6s aux atgbbres de Jordai r  s i rnp les,  .Ann 'Ut t iv .

i jucuregt i  ; . , ia t .  ]^?.  (1970i ,  83-90.

b )  G6oraet r ie  d i f  f6ren. t ie l le  sur '1es f  ormes r r6e l les

de Jordan c la  t  vue A* -  I iu l  f  .  i l t t "  iJet  .  I t  a l .  .  t l  ( f f iVA|
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c)  i r le t r iques $ur  le$ fornes r6 ,e l les  de Jr : rd* :n ,

I tev ulterurnaine $[at]r ."  Jiures 6pp1, m (1970 ],  1"437^

14ri4

d )  Sur  1e  s  g rad .ua t ions  sp6c ia l .es  116e l l : es  s imp le* ,

Fev, I toumn lno iv ia th ,  ?ures dppl "  Ig  (1971 ) ,  69] , *700.

e ) gu:" le strut-, ture quaternlonal i  grassmanni.an.*,

Bo l l ounn i ' j a t . I t a1 "  . l g  (L9?4}  ,  406*4 }1*

f )  Jo rdan  e l "gebras  w i th  epp l i ca t l onso  Prep r in t

INCf i IS iT,  Jruc l rarest ,  Na ,79/L979,  I$SN 0250*363 8"

g)  Gras$rot lnn mani fo t rds and"  Jordan a lge i : ras:  ( in

Ronianian ) I I ' , rC.iXST, Bucharest,  1980'

h ) $yriunetr i  c sp& ces inv e st ignted. b]r meen.s of

Jordan a lge bras,  I i {CI } l i t$T,  Bucharest ,  1981,
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194.  V I I , i j j l iRGr l t .Bo ,  The theor l '  o f  hOmogeneoUs Consx  COnesr .Trudy

i f ioskov , i ia t ,0b$co r5 ,  (1961 ) ,  3A34 !8 i? rans  " i r {oscow

i iath o $0c. Le (  1963 )  ,  340-4oJ .

.  
Ig5,  VASl i i ( r i$,  P.  n I 'JAVIT$KISr l i .  ,  Ge oroetry of  l ine mi in l fo lc ls end.

n e t s  t h e o r y ,  L i e t , t n a t € I o o T i n K ,  ? a  ( f 9 a O ) ,  3 ,  7 7 ' B L '

1g6. Vj i$IL t l t rVrVo A" ,  GEL t I ' , r r l ' iD 1 Io^, i "  ,  z l l l l f \ r l i igKu 1 '  Aovo ,  General izod

hypergeornet : :1c  func t i "ons  on  conp lex  Grassnann i . *ns

( in  i luss  ia r i  )  ,  I ' unc t  . .4n41"  i  p r i lozh"  3L  t  f  gAZ )  l ' Io '  1 ,

23-38"

L g ? ,  V l l o v l t i ,  V  " V ; ,  a  )  S i ; n p l e  p r o i  e  c t i v e  p l a n e s ,  A r c h . . l J a t h .  ( B a s e l  )

g -  ( r 9 s 5 ) ,  i { o ' } ,  . 1 t 6 9 .

b )  i i o r n o m o r p h i s m s  o f  f r e e l y  B e n e r a t e d  p r o i e c t i v e

198,  Vnn i t0 i lA i , iu rG, ,  e  )  $ur  1a  repr6senta t " i .on  96od6e ic lue  des  €spece$

de } l ie i ; re inr i ,  I lev. l louma ine i i lath.  fure$ Appl"  I  ( f .950 )  t

7 .47-L6ro  .

b  )  L e q o n s  d e  g 6 o m e t r i e  d i f f 6 r e n t i e l _ l o ,  I I ,  B d j . t "

r \c i : ld .  i i J : i i r  i l uc t t le , : t  i  ,  L9r? ,



93

c)  $paz i  e  c f inness i .one af f i .ne e le  ar .gebre d i

n [n ier i  ipercomploss l ,  Snn"  $c"  i {br .m.  Supu p isa la
( r9Fs ) ,  5 *zo^
d)  P rop r i6 'b6  g roba l .es  de  espaces  $  co r inex ion

af f ln.e n BrrJ.l- o ii ' i*tho $o c o $c1, i; ' iath. pirys 
" npli. ' a ( 1 9Fg ) c

475*478

e)  sop ra  E l i  $paz l  d i  F i .enann  a  oonne ,ss ione

cons tan te ,  Ann . i r i a t "Pura  $pp} "  {4 )  : , g  i 1g6A) .
L99"  i?Al0 l f f tn ,  $o,  a  )  a  character izat ion of  reguler  Jo: :dan pal rs

and .  l t s  epp l i ca t i on  to  l t i cca t l  d i f f e ren t ia r

equat  i .ons,  Conrn. : l lgebro l t  ( f  9AO;,  No,10 ,  Lg6?*

L97 B.

b  )  i i l e r  po ryaon ia re ,  l nsbesondere  R icca t  i eche ,

Di . f fc rent la lg le ichungen ml t  Fund.aurentar l6sungen. ,

i* iat lr  "Ann,?75-- (1986 ),  I ' loo 2, 169*480.

2 0 0 .  ' l l i d l i G r i { . C o ,  
; \ m e r . J . i ; i o t h . Z 6  ( f  9 5 4 ) ,  1 * 3 1

ZAL,  i ' dA i inz" f i iEZ ' f f i ,  * . ,  Spe c ' [ ra l  anr i l ys is  and syn thes is  on  synu 'e t r i c

s p a c e s ,  J " , . i a t h . A n a l .  , l p p l  .  L ? r Z  ( l 9 S Z ) ,  r , l b , 1 3

1 - 1  ? "

202.  i ' dgGRzYl {OiJsKr rs , ,  i tepresent : : t ion  o f  g€ne r :a l i zed  a f f lne  $} rm*

m e t r i c  s p a c c s  b 5 r  S * s t r u c ' b u r e s ,  D e m o n s t r a t i o  i { a t , h "

g  (1976 ) ,  i ' t oo  4 , ' ?o? *?a? ,

20) '  i le l ' *Tf I1 Jo*{n e i i r rc lear structure on & Grassmann manifotdo tr 'ound"

] : i rys. ! f  ( rge7 1,  I {o"10,  gg3_}slso

204. vfll_______________:0BXiisllt, !:iui" ,_GI:tp -a_9t iols _on the _ conplex prg j eclive ,
p l r r ie I  T  r i lns  o ; lmer . ; , ia th"  $oc"3  Qa ( f  ggZ )o i : { , : .2 ,  ?A?_

732 '

?a5.  ' ' - ' i 0LFr  
JoAo,  $yr iunet r i c  spaces  (shor t  Courses ,  lVash ing ton  Un ivo ,

$ t .  Lor " r i s ,  1959- ]970 )  ,  pp .  AZ l *3DT. t  Fure  and , tpp l .

i ' , i a t h " .  [ ] ,  O e k k e r l  I g T Z o



9t+ -

?06. YIOLF$OI\T' troG" e i{ intm*rt two*spheres in Grassmannlanst

/ fBSTI t " tCf$ Arne: : . i i ia th ,$oe '  g  (1985 ) ,  6 ,  434"

2Q?" W$LTSAe So*Hon Dlst, lnce funct ion nnd" rcut locj" on I  eonplel;o

Riemannisn mani f  o1d. ,  * rch- i l Ia th"  (Basel )  13

( 1979 ) ,  9? *96 .

2 0 8 . t Y R I G H t . . l P . s u 9 l J a r b o u x t r * n s f o r n r a t l o n s , a l g e b r e l o s u b v a r t e t t e s

of Grassmann mantfo}t ls,  oosiaut ing f lows and

b i s p e c t r e t l t y  p h . D . T h e e l s ,  U n l v *  o f  c a l l . f o r R i e r -

B e r k e l e y r  1 9 8 8 .

?Ag. ZA|; i {HQVSKI,  l ' t "Pn o Models of  non-Eucl ldean ancl  qu&s!*non*

E u c l l d e a n  s p q o e s  l n  t h e  f o r n  o f  o r b l t s  a n d  o f

quss i *s i rnp te  Jord 'an  a lgebras  o f  c lsss  D ( in

Russ ian  ) ,  Geomet ry  end topo logy ,  l rJo '  2  (  tn  nus*

s t a n ) ,  p p . 9 4 - 9 8 ,  t o n t n g r e d ,  G o s n P e d o I n s t " ,

Len.lngrad,, L974 c ,

210, Z/r l , [AI i0vsKII ,  i ; [ ,P",  OILLOV$KAYal ToG" ,  BiroductLve spac€s, Jor*

c lan  a lgebres  qnd,  sp lnor  representa t iOns o f  non*

Eucl ldoan and quasi-non- l3ucl td.ean not lons (  J"g

.  Russ ian  ) ,  Grav i i ; ,a ts iya  t  Teoro  0 tnos  j . te i  f  nog l t l

i r lo .B  (19?1 ) ,  loo* toB.

211,  Z I f , ,Qf i r l i " ,  a )  0n  the  geo l rne t ry  o f  soae S iege l -  d 'omains tNngoya

Ivlailr, [,23_ 1T979] , r?'s*L95o

b ) . C u r . , r a t u r e o f q u a s t - s y i n : u e t r l c s i e g e l d o m g i n s ,

. , J : D l | r 3 r e 1 t t a 1 . G 1 o m " l g 1 L 9 7 9 ) , 6 2 9 . : 6 5 5 ,
c)  l {o lo iuorph ic  ,s .oc t lonu1 curva ture  o f  quas l -

synmetr ic  < lomalns,  ProeoAner" i i la tho Soc " re  tA979)

l {o .  2 ,  299;3 0}  "



q r
r ? '

. ,  d ) Quasi*s;ruTrnotr lc d.omatns and curveturer lnst '"  of

I t ' lath. ,  Univ " 0s1o, ?reprlnt No " 12, 1980.
\

e ) e;,uast*syralretrtc doras j . t is snd. J-elgpbres, Inst.
'  '4 :  

o f  Hath,Univ ,0s lo ,  Frepr in t  l {on L4,  ,  1980r

I f  )  Quasl-s;pnrnotr ic d.onatns end dorivat j .ve of

' 5

a .

Lgg0 .
n  r  4  i  d ' ? + r r , t ^  r a  t t ^ - * ^ . ^ J  ^  f  * + ^  , . a - - . - ^ ^ ,cLZ. ^ ZI{EIVGIYo 1 ,Harmonlc meps' lnto Grassmann m,enlfo}ds, Fh,D"fhesin

Washlngton Unlv,nl9Bg o

2L3 ZILLERT?J., Hornogeneorrs Sinstein net,r tcs on spheres an$ p"o-

jec t l v ,e  spaces ,  i , {a th .ann , f f i  ( f  9Ae1 ,  
.3 ,  

35 I -358 .
/'  ?I4 T.}VrYrltori ' I lnlrnal lnmersions of rank I cornpaot synnmetrlc spacefi

" r . n t o ' sphe res ,  Sc lon t l a  s i n i ca  A  2P  ( f 9g5 ) ,  3 ,

263-27 2"

5 .

t



{QFlJ.lj$ STlg-C,1'UIiji*i .l,ilril rtFpi,T C,AII Oi{s IV "J OiiD/ri\i Txrp],rl s f5r;t*ts" 
-Ji{ - 

il fi;it jiltri,,j rr*L GE ol,fii?R.f ,
Itri d.u I Oiin;i1'$:[,SCU

Tlr is  peper  d"eals  r ry i t r r , the connect ion bet lveen . Iordnn

t : : lp le  systems and.  $yr {unet r ic  R*sprrccs,  and g ivos spplJ"cat iqps

o f ' Jo rdan  t r i p le  sys tems  to  hypersu r faces  in  spheres ,  l , s t  us
rner i t lon ln  th is  respect  that  sorre of  Car t f tn  rs  reeul ts  { i re  nov/*
i le ing successfu l ly  re-ex€i i1 l ined against  the background.  o f  t l . re

t h e o r y  o f  J o r d a n  a l g e b r a s "

s  1 .  Jord .an  t r lp le  sys ter r rs  anc i  sy runet r i c  R-space$r

f i -spaces  eons t  i tue  a  n  i inpor l ,an i  c lass  o f  i romog*neous *ub_

r t a n l f o l d s  i n  t h e  E u c l i d e a n  s p h e t e s .  T i r i s  c l a s s  l r i c l u d r e s  r n i l n y

exarnp les  appear ing  in  d i l fe : :en t  1a I  geo; le t ry  o f  subr i ran i f  o lc js ,  I ro r

e x e m p l e ,  n l }  h o r n o g e n e c r u s  h y p e r s u r f i r c e s  a r i r l  a l l  p a r u l l e l  s u b -

r r a n i f o l d s  i n  s p h e r e s  & r €  r e e l  t - r , e d .  a s  R - s p s c e s g
I i ! r r ' a * : / *  t  4  t  I

"uJlr{Ub L 
' /  

J hi :s c}raract  er iaed t l - ro R-spaces as coir iperct  s;yt i r*

ne t r i c  subr i rErn i f  o lds  o f  l luc l ideen spacss6

The connect ion  be t . , reen Jord"an a lgebras  and.  synunet r i c

R*spaces w8s f i : :st  i l lurninated by K,xI l {TCRr.  $I I iOTri  and $0L0D.0vi i }n: ;o:"r

f  . t+J, KOEOirEri t  L6J end L00s { )?. ,J o

DelJ,:rlt4*og (see T*iKHUCi{l {lA aJ )" ,rl s}nurrotllc knggqg i$

a compact syrninetr ic splcs o-n rwhj .ch ther_e exists 
1 

group_of

t rans f  oun is t io r rs  con. ta  ln i r rg  the  s roup b f  n ro t , ions  as  €r .  p ropcr

subgr otrp o

There  ex is ts  I  one- to -one cor respondence b .e tween conpt - rc t

Jor :dan t r ip le  sys l ,d i i i s  end sy ianet r i c  R*spnce 's ,  i i s  yJas  es t€r i i l i shed
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by L0o$ {V  u j  see  Theorer ( l  l , . lo  be lowo *  s i r r rp l -e  geornet : : ia

p"5593I ,  The noncon ip i rc t  Cu-a l  o f  a  s l in : , re t r io  p , *spnce c r in  be

ree l i zee l  as  a  bomnded dcrmai i r  D  In  l l  rea ' l  vee tor  cpr * ( ]s "  L00S

f  l y  a ]  p roved.  bhat  there  is  a  one- tCI -one co l : r€$pond"ence

between boundr" ' r r5r  cor l lponent of  D and. ic lernpc' tents of  t l re cor?e$pol t*

d i n g  J o r c L a n  t : : i p l e  s y s t e r , r  ( s e e  T h e o r e m  1 " j  b e l o w ) .
' ! ' fe  

f i r s t  reca} l  sorne  o f  the  resu i ts  g iven  by  L00s

fv  
a ]  ,  und i re  t i ien deal  wi t ] i  resu l ts  o f  t (A i i roR {  l :J ,

d co inpac t  Jo : ' c lan  t r " ip lo  sys tem T becornes  a  Euc l i c lean

v e c t o l  s p a c e  v , , i t h  t i r e  s c a i l a r  p r . o t l u c t  ( x r ) r )  : *  T : : t ( ) { r ; r ) .  D y  t t t e

s e  c o n c l  e c l u a l i t y  i r t  t h e  c i e f  i n i ' L i o n  o f  a  J o r d a n  t r i p l o  s y s t e '  ( s e e

$ 1  o f  c l$$ . t  ) tho  ve  c to r  s f , i rce  f f  ,ponr ru , t  oU 
l i , ( * ,y ) l  " , y  6  T  1  

j . s  e i
L i e  a l g e b r e  o f  l i n e a r  t r a n s f o r n a t i o n s  o f  T ,  v ; h i . c h  i s  c l o s e d  i r r 6 e "

t i i k ing  t r r ' ;nsposes  v ; i th  respec t  t ,o  (  ,  ) ,  The cont r "agrar i ien t  
-J4-

-  r ; r o d u l s  T ' ?  o f  T  c a n  t i r u s  b e  i r i e . n t i f i e d  a i t h  T  a s  a  v e c t o : :  s p n e e

.  and  . r ; nv l=  - t ; , ( v t  )  f c r  ; i  € -T ( r , rn .a . ' / r  €  T , f  .  t , he  l i i i r p  c  s  n  *>  t ;  
,

x  1 ' 7 4 " ,  v  * - *  v t  r  v t  * +  v ,  j - s  a  C u : : t r r n  i r i v o l u t i o n  o f . t h e  L i e
' a t5 ;cb ra  / -  r .  T  o '1 (O r , ,  an r l  o  I  F  I  1 ,  . l  r  * l

l k 6  ^  l T o T '
def ine  s  r in  invo lu"b  ive  au ton io r .ph isn  c -  o f

I te  ce l l  b l t t i t  by  &  re  su l t  o f  i i0J0 i i r i t  ,  t  =  T  @?4 @f ' ,  be  co*es  a  semi*

| : , - u . l " * . , - 1 - . ; . r _ - . 1 r , 1^  1 - , ' . r  JJ  t : :  r ' . r  i . i "e  [_ . * i rv j  ,= .  Lvr ;J  :  =  . r ,n  v

io r  r " ,  i  e ' l (  und v6  T  u  T , t

f r , t ' ] r  =  f  t ' ,  T ' J : = ' o  f u , r ' J ; =  ? L  ( u , v )
J 'of  U 6 ' i  anr l  vr  €  ' i '?  .  * lso Kceci re l :  ?  $ : :esui t  s t i i tes i l ra*  ' l . - - r -d

s  i . r i r  c l e , i c r : t  r - r f  
' W  

. ,  ( i r c  ' l y )  : .  * 0  2 , ,  { ) r r .  , r r ; " - ; : :  ; - ; " * ; - - ' - t

cha::ectetr isat lon of  thar syrrrrnetr ie R*spaces {?rnong corr ipact  $yr i l *

n r .e i ; r ' i c  $percss  is  e lso  g iven i *  f ,  L r  aJ  (see,  fheorem 3  t r t  f \ f l  *o

iyr*l(AitiiYlll f LB a rcJ r Firid RIVILI$ f eAJ "
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?  , e  4 1 2  r j r i  r . ^ + -  t: *€1 " [ j e . ] Jspaces ,oF  gdZ  i i l : c  T r  ] v ,  . L  o  L . , { /  L r  be  the  cen tyc  f reB  con -

l.
_.0

nb-cted L ie Sr ioup i rv j " t l r  
'L te  

r t l ; ;eb. r . "a  
'A ' t  

le t  i {  be the eent : :a l lzey

of  '7 '  in  L ,  i 'e t  U be a ; i l i r i . i i ' ]1r l -  coutD:rc t  sub1l : ro t - rp  of  . i ,  C ieterr i r incd

\ 7l ry G ,  , : - rnd.  let  K ; ; r  U f i . iL"  f l i ren K l ies 
'betr , leen 

the fu- l , l  set  oI '

f  i - r icr- ' r  nrr i  r r tsr  of  6-  in u ; : r1 i t  the ic lcnt i i ; )z coixponer l t  of  u" I f  ' ' . , ;e
!  + 2 \  v  L i

i l e ; ro 'be  by  P"b i re  no :n la l i r . ,e r  o f  ' J . '  in  t ,  tnen  
'F  

i s  p* rabo l i c  anc i .

\ i /  , .  N L/  T" t t  f 'o l lor :s th; ; i  r ; i  t= '  Ul  o i*  l  syr , r i ; retr ic l : r -gtr i ice"
fi. J.' .fr

! f irgc::e:"1*L"-1.."- T'he i ' i i jp T *--***i  e stablishes a one*to-one 9or*
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: i f  G <ierrotes t l re oonncctecl .  coinfro;Ler i t

o f  f  U  i g . L ,  t h e n , , ; X  t  = G / r  i s  t h e

ex j. st s .!l i i l:rbe ddlvrX
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i l  r , o l f  c I ' t t  i  t '  :gd l.; ll.1 c

a \ - f 5 , , 1  |  )
v :  r r a - I  + o  ( - o

'f- ir I
U U  I

" i  r r  r .

- r . .  
i

.:-- I

C .

!  ;  !1, .  / .
i .  i . l  t :

e i "6e  nS l t : - . r  Ce Of' t l i Z (  
" ) 0

r r0 i - i . i i i - l ' L - i  t or  l . l : J

' r r b ( ? ,  0 / t <

r i  ' i  r r  
' f ; ' "  

i  t r  6 
' )  '

t  ' ' - *  ' -  /  L i O

o i i c  c r r l l  th , ' :  t  j i t i

. ?  + v ,  -

J  l r t ;

l r l -  - -  n + -
\ . /  u  i :  . l i  { ,

r i ) t'i':.cre e v, i st s i i  l ' c i r c e  C c c o r j l p c s J  i t  i r : t i

0 ' ' l o ( c ) ,  l r h € i r €  T t ( c )  i s  t : .

t n c  c i - . ; c : l v u l t t e  i  ;

' r  t  ' \  / \  /  \' l . r i " , . r [ J v i : I  
I  I t r  A j  )

16
? , r - -o  .  o l l o . . ' i i l 5  J ' ' r ' . ' r ' L ' i ' - i l I I -

i . r " i l l ,  U  L  + J  ,  t r . ' r o  p o i l r 1 , s  r t y  e  D  ( .  t i r e  c l o : ; u : : e  o f  D  i n  i : )

' i l . ' e  c ' i - ' l - 1e  r i  u . i , r l r . i : : f , : t t l .  i f  b i t e  : re  e> : i s t  qe ' - rue  nc .es  ( " , ,  ) ,  ( yn  )  i n  i )

cc i r ve  r . . _ ; i n .  t o  x  r l ' ,  : r j cF ; l ) cc i i ' v€ l y r  su .c i i  t i r ; r t  t he  R ie i : r  r nn i r i n  d i s ' b . ' i i t ce
. a

r r f  - .  . , .  , iv r , ! ^ , J i r u  J n . f c , i : - : i r i . g  b o t r ] i u e c 1  ,  t i l e  € c i u i v i : l ' : l i c e  c i ; r s g g s ; : , i l : e  t h e

, , , , r t l . .  t rour r . , , r ro  c { ) ienor ren 'bs  o f  D"  A  subset  l - - 'o f  i l  i s  c* r } f6d"  an
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b )  p u t t i n g x  o y  !  =  { r ,  .  v } ,  r r ( c )  i s  * r  r ' 6 i r r  s o m : i s i r n p l e

Jorclan argeb::a v, l th rrni t  elei ;rerLt co Trre rnap x **-& ;  
{  *** }

is  a  ca: : t r :n  in . ro lu t : lon or  r r - (c)a in i  n ; ' iT t ic r - r l r ; r ,  r j "  (  *  )  i  : :
( l ' )

=  1x e r . ,  (c )  /  x  =  x  t iu  r i  for i r i * r - i -y  re i : l  Jor r l ln  r : rgebr . r i(  l .  I  )  
- - r  * (

c )  r ' r i th t t re indrrced. i rur l t ip l i -cr . i1; io l r ,  ' l )o(c )  _rn i r  conpact J-or.

d* t r  t : : ip le  s i rs t  e rno

Iqt,i:I, ' iL" J:'Hrli of this i;heot:ein is rlue to .,: l l f i : j l l lG l* un -

put , f  ishec i  7  se e LOLr$ f  t '7  { }  t  p .160 7 ,

i {e  can no lY  d .e  scr ibe  t } re  re la t  ion  be twe en  bounc iaLy  co j r lpo . *

ne  n t  s  n  no  i r le inpot  e  n t ,$ .

Ti teoig. l  L- t l -* : . ietr ic ; r r td.  , ' : i ' f ine 'ncundrrr ; r  col iponer i ts c,r inci-

d e ;  t h e y  u r e  r t T e c i s e l ; ,  t n r  s e t s  l i ' c  z  =  c  @  ( p  n  I ' o ( c ) )  , ; i [ c r e  c  i s

i i I I  iCr .enp,obe n t .  Dr ,=  D n  To(c  )  i *  t j re  bounde r j  s ; , r r : i r r ie t r i c  do i r r i i i r r

i : e l . o n g i n c  t o  t h e  c c , i r p , . : r c t  J o : " d i i n  t r i p l e  s y s t e i l  , l o ( c ) "

. l -n  i9 . :c ;  Kn l+r '011 f t :3 : :e l - ; r tec i  Jo : : i l i l r r  r : lger : : r i : s  and

3; r ] i i ] i i *1 : :  j . c  l l - s j ; , i ce  s j  i i s  f  i t l l c t ' ; s :  1e  t  
"+  

be  r ; i the  : :  a  sc t i t i s ipp le  J  o : r -
a l  n'  ' i , , 1 ' I  i i i ; e b r i l  o l : : i  s L t b f l i l - ; . - b r , , r  J +  C J t '  i o i j s e s s i " n 5 : " c 1 u 1 : . , r , i c . e , : L ; r J t r ; r : f s ,

. : , i id  le t  i ,  i ' re  ' [ i i  e  ; . : -oup r : f  (1qc, , : l  )  t r : ' r , rnsf  or , : r ia t io l rs  of  I  , , , t13 j .1€*-

r : r t e c 1  b ) , ' b i l e  s t : " u r ; t u r c  l l l , o u p r ' b i r e  t : : r : i i s , L a ' [ i o ; i s : j l 1 d  t i r e  i n v e : : . , : j . o n
'  

J .  ' f i re  t r r - ' ig i r i lo : : l iooc i  o f  zero in  ,1  is  t i r r . .  l -o* i l  hor : :ogcncoui j  ,e l : , i rce

o f  i , .  1 , ' h€  i ; 1 louJ , ' L  i s  i : j  sc ! r - . r i s i i n1 :1e  i , i €  g11ou i  o f  nonco inpac t  t ; r I e

r ;o5 \sc r r s in i '  , r  p r : : i ; ' r o l . i c  s t l t i on r r r y  su "u i ; : r ou in  I ' ,  i : nd  t i L t t s  i . : .  =  l , / *  i t- . r

i 1  s j z i u r l € t r i c  i ' i * sp i i ce  .  ' ' l i 1e .  s i r sce  i , i  c i r l l .  ne  l oca l . l y  re ; l 1 i z ,ec1  f i s  i j
tl

1e i1: lr 'no: 'hoor1 ot Ve,r? i* d__, oi lc -r""1 i ts 9lqqr11. gcnst: 'gct1ori  r ie
l l ' / ,

r , r L l s t  co ; . rp le te  7 f  . ; , i ' b i r  i oe i , r i  r : o in t s ;  i n .  t i t r . :  - L : r s t  c i i se  , t  i s  ope t : i

- r1d e very ' , , ihr : : i :e  de; . ise in  . ,1  (s ;ee , . , : r , i l , t l l i iY lOi l  1 ] f8  bJ .

'  r i ' l - l  lec l t tc t ive : rc i . r r )s ;  i r lv ing oIF l r i  s i ) /n^ l r lc t : ' ic  o : 'b i tF in

syrnrr ie t : : ic  l - , - .sn*ces iJ€ l 'e  c iesc: . i i ;cC b; r  i . . . i l i . . , ; , i - . * , : I ,J . i  / * lE i l7  i : j td



nrvrt i is  {  zaJ 8s fo l - loT, ' | ,s i  . l -c ' { ;  A l ;c i ,  seiaj-s inpre Jo:r :c lsn * , igeb::nr
r ' ind  le t  B  i re  i i  $e l f * ; r r i . jo in . -b  t : : r ;ns fo r i i in t ion  f rom the  s r t r r rc tu : re
8ro11p l ' ; r th  r :espec t ' t c  t i : c  r " ' r *c  f i ; : r i i i  o f  I ,  f i r r :n  i ; l . . rs  j ; j ,e  ; , , j .geb : :a
of '  *11" reduct iv.e L:Le g: :ou.ps h; , rs:  t i ie f<-;r rn G. t t  ,  B )  e =

l , l
=  

{  
n  s r  r :  +  I i ( i : ' )  

1 '  r  f ihere  k  i : ;  an  e}e :nent  o i , . t i re  s .b : :uc tu : :e  { ; r :ou ,po , -  
corn inu t i 'g  t ; r i th  b ,  * r 'd "  u  e  - * .  ; ,1 .1 -  gnoups C(  v f  ,  B  ) ,  up  to  con_
jug' : : t  lorr  in syrul i .etr '1c 11*sirr . ice.s,  !1ei :e c lesc:r ibe d by l . ; r i {* l i i i i lVIc] i  in
i*  l t  a ]  .  F: : 'o;n the c ie ncr ipt ion of  th€ groups hir iv in i i ;  o,ocn s)/r1l r iet : r : ic
o : : b i t s  1 i : '  t h e  s i i a c e s : : e . ! - a t e d  t o . l : l o n s e ; i l i s i l l y r l " e  J o y r l i i r : .  r f g e b ' a s ,  i t
f r : lJoi ' ts  t i i * t  i f  t i re srr ic€ is r i i f f  erent f : rorn coi : ip l r :x cr :  r€r : i1 F'o-
j  e ct  i 've 's c: i  ce,  t l i  en l l1 : :er luc 'b ive Li  e groups . i : i l .  so h:rve t j re f  o-r : , ,*

d

" ' ; (J l  ,  B  ) .  1 [  th - is  cdse lc  : ; r .d  l j  s . , . c  e lc r ,cn ts  o f  the  s .L ruc t r . i : :e
Ct "cu ' t ) : :  o f '  t i re  .s6r j i i . s i . ; r rp le  ;11*€ j r t ; ,  . "  f i  )  r+ ,  k  B  =  B lc r .  L i  ! ,1 ,€s ;e l re  s

J+ ,  ; i r lc i  B t r ; r i ts fo:-" : , r ing . . f ,  into i i4 ,  , ; ; ' i i r : r .e l i  iL;  t5e i . r r r r , lut i .n
i i t l  j - c l - r "  igo la tes  l ;  i i i h ) ;  i j i i ' 11  c r i r , ip . i c 'b  i , ' u 'D ; , ; - l i r cb- i r  o f  #  , , rc "  s r , i c l t  t , - r , , t

i . (  B u ) b  € " +  i o r . , , , , b < . 4 *  o
i i ' " i i : i . , 1 ' i l r /  r c i i  . f  r 8  c7  i n t : : oc iuce  c .  r11  , r l i t i ; r . r . t i c  i nv : , , i , i . : r i i .  ,

c i : r ] ] ed ' f r , l i r : uch i  i - n< i j . ce  ,  i . : . r ) . o ,  i r t  t c r i r i r _ . r  o f  1 ;he  . i o : . t i , . i t i ; r L i : c i . r : . i r  jA
l i l c i  t h e  t : ' . , n s i l o a t r l : i t i o n  i ,  , - l , o v e ( 1 . . [ i r , ; t  t t , o ; - , c l r : i ; : r  c f  i . t  s \ r ] i i r i < , i " : " i c
l i * s :n ' : ' ce  i - ' e ronE  to  t j i c  sF j ; i i e  o : ' b : ' - t  o j ' t he  | ; r oup  G( l rB )  i f  ; : i l c l  on -1 -y
i f  t h c i : -  ' i ' i , l t e  u c i r i  i r : r t i c e s  c o i i i c i t i e  ( . s e e  i ' i i e o t , € r : ;  1 " 4  i l i , t  o : . r ) ,

: i ' i l : rg Isr l l r !  
" .  ? i ' ;o  i ro in ts  in  i j .sy lu , : re t l i i .c  : , i - , rnr ;c€ r i  r r t ; i .or ,3

.  t o . . *  o : : b i t  o f  i i n  i r ' e d u c i b r , e  g r : o * l  G ( l . r B )  i r . . . r : r . i r . d  o r i . L ; r  i f  - b i r . . : i : . ,

T ' "1 ;euch i  i r i t i i ce  s  I ) r  r l  r  s  co i . l - c i r i e  i l  t i r e  c ; i s i c  o . i l  ; i .  , ; e  j . l  i , r o l r : r  t  f
t - r ' l r e  u  ; , r l r i  i l r r ;  ' . i " i : , i ; - e u c h i . i l i c i c e  

s  1 r ; i i r , : ; : r n - -  c i : i : i c i i i e  : - r f , t [ c  u , : ; c -

of  : , r  , le i1  i j l , rup r . ' , f  t . , ,1 'e  . , ! "  , r :  t i re  c . , . jse of  
'n ,  

, , t r . r_ l  i , , : , i , ,u1. r  c ; i  i ; . , . , i , i :  jJ  , , :_ . i

o . : : l ;  j  t ,s :  i 'o : '  r : . :h i r ; i r  s  (  T ( : , : l i i  l -  j t  t [ r :  c , : ;s€]  0  , . ,1-so t j re  _. . ;e .L g1, .  .1 ;sr i -n . t  
s

' ; - i  ' r , i i  
i ; l c t , L t r : i r L  i . i - i r i i c i l  s t  :  j .  )  c , . ; i i : , . t ; ; t ; ;  c . r i ,  t : , o  { i ( _ ) : : : i a , c , r i : i  c i . l . . : . :  , . r i . , . : ; . . } . i ; t r

e  r c i L  o r '  r , , i r i c i r  i . s  : . l i  o : i : c l t  o f  t ; ( # , B ) . '
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Cog$en,!S." ; l  theore;n

: :ed .uced . t ype  i s  . : r l so  g i ve  n
.  F - -  ^i n  {  i A  e ,  L , , L ? q " j  ) "

ccnce: :n ing i l re  orb, i ts  e f
' h . ,  

. '  , , i f  ; . T ' i i t t r T / \ ' r  } -  .  ^  q ,  tvJ t;rdrl \ , f , t . t i . [ / tUIj .  
L J-g CJ t

t he  g roup  o f

see; Tireo::em z

F,qni={S '  rn  th€ spcc i . * l  c&ss * . } ren the c ,ua i  $p,*ce is  one
of the.  o: :b ' i ts ,  th j .s pr:obl€r i i  i r , r f is .  solved by Tr l l i r lucHr {sr : , .bJ " ; in,othc:
s p e  c i r r l  c e s e  i s  t h e  o n e  d " i s c o v e r e d  b y  l i r g T , F  { l t J ,

!grs!s.n!g-L"- ;, i , [ i ; i i f ivrcj{ 's irs aJ resurts nre exhaustlve
' , ' , i th  one er '  cep t  ion :  he  does  no t  cor :u i l * " *e  horno6 leneous s .0 { ice$
{ :s$oc ia ted  r , ' ; i t i t  spec i r . i l  Jo : :dun a lgebras .

Oqiggep!.F 3-. i,., i i i ; iFiiv'tci l r"errirrkbd rrt the end or ;*te cj t irr:t
I io i ; ie f  o] ' ; , iu l i rs cst ; lb l is i reci  i t i  i t  i -me l ' l  so vul io for  Gra$snl l , .n.o
r l i ' i i i f o l d s "  I t  l r o u l c ' i : e  i u t e r e s i i n g .  t o  : : e l r r t e  t h e s e  r e s u l t s  t o
: "e  : :u l ts  cn  Cr : : r351;1n l i J l  i ; i , : r l t i l . ' o l - r j s  ;  j - ver t  bJ i  i l , : ,L r i " , r r ; f )  r ind .  i . . r , - rc  i r { . r r ' ,S t , l , i

/- 9_/ r r: jrd b:i I0i,,D.i i i ,:;)CU f ft ,,,rbJ.

i;..ilt'ct{ f .t ,,]/ jr:is Ce f ine tj. g.l!ito,lggj.i}.- {gr!.!g trllle_!;5!-gigg
.:ind iri;s cons,tructeci rsturrio:lrigrl!-*413L_g_yl*3q!_il"g._L:-q.i:"Qg,! f::orn

o:t : t i to;oir ; , ,1 . fu.r :c i ; l i  i : i ; , le syste; . rs.rr , i i l l  r , r  ce: : t i . r in r ;cnci i t io: : r .  Tl te l ,

, , ; l ' €  e ; :  t : : i t : : io t ' . s  o i '  cu | t r r r ,c t  Jo : r i r r t r  t r ip i .e  sys tens  $nd.  i i iCr ,ann i rn

s; ' ; : r i : iet , i ' i ,c  l i *sr ,  '1ces o

i \ e  c , i i 1  . r r o l i  t i r e  r ' € : i i l t s  g i v e r i  b y  , , , r i ' O i i  : r i  f  z L  a J .  L c t  r . :  b e
, ' j  coirr .n le te coi inccie d p*r ' r i i le l  s 'nb; : i : ln i l 'o lo of  a p*auao-*ar id e * i r r

; , ! "r ' - ic( :1 -vj  $rr t  is i ; ' i115 i i : , i t ,  f  or t : i i ; r  poir i t  p f  i , i  t  ( l  )  the i i l ) r i : ls l  ,<j ! )r . ic€.

a t  p  i s  l i ] . r e a : : l y  s p ; : t r t i e c l  i : ; r  t i r e ' i i t : r g e  o f  t h e  s e c o n c l  f u t r d ; . r r , r e n t r i l -
r .  r

l o : : i i  : , ; i 1d  ( " ,  )  t he r "o  e , i i s t s  r r  . no r i : r r j l  ve  c to t '  t i t  p  such  t i i l j t  i t s

r i i : i1-e o i ; t . : ' ; :1 ;or  is :  l i , i r . . r -  r in . t - i t ] .  i ; i : rp" - : i , i re  n,  - ( , r )  , ; l_1 s i :c ; r  s l . jgc js  i , l  , l :

. l ' - ;  t : : i l ; . .  i . r J t , ; u  t r ;  '  : ; e  U fO- . ' . i q  i , . , : ^ i t : i , , , n  r t l r ; , 1 . . , r r , r ' t "  1 r - sp  ;CF t$  o

MofeoVr: :  r: 'sjsLl, i le t i :  , t  J is ..r i)se.ucic.,-.r ie :: , :r i t  i l ; : t  spi jce r.: ;rci . , , i  is

I  t , i i , . ' , i . "1 , ,  : " : 'C;; i  l -  ; : ,  l . r - i , , i , i iJ i - i i . :L ' i l  . l  i i  C: l  - ," j  : ;UCit  i j j i ; r i  ? r i i ; r t  ; . ,  = t l i r , i  i : l  " .  ! i1Cn,

( ; , J . , i l i  s u c j t  i - l i )  r c f  r i  . ,  l l r e  r . : " ) . i r i j L i s t . ; r i  L , J '  p s r ; i . r . r ' i o - l - ; i . c i l t . . : n n i . r n  s l , r , l , , . . c t : , i c



'/ *

R-sp. : ;ces const : :uctec l  f ron o: : thogonr l -  Jo: :d-*n- t : : ipr .e  sys.bercn sucJr
t i i t t  the t tvrc ie: :L) i l r r l j  Jo: :oan t : " ip l .e sy.r te j i rs ar€ l r$oci* ; tec1 r , i , i th
Jordp ln  eJ_ge"b : :as  l l i th  un i ty "

i i 'ext ,  (c)  pseur io-r : i ien, innj .qn r : j ] /nme tr lc i i^spr ices .dT:e i . rn i ;e cd.e c i
as i : r in i ' i t r i i ] -  subi i tani fo l r is  of  sono pseuclo-] i j -ernirnnlrn )ryperspr.re: :es in
l  i f '  ; rnd" oi l r ; '  i f '  thc:  i r$; jociatccl  o: : thof ;or . r r : r  Jc.rrccrn t r i  pre systr ; rns
r j re  nor i *degenera te  Jordan t : : i .p le  sys teras  y r i th  t le  t race  r lo r r ' s "
Las t l y ,  j ' r " . l l l l 0 t i t s  

I l r j i l e r  {Z t  b7 list$ up pse uclo.- l-t  iei. l t inniar: s;, j f l f i ie_
t r i c  F ; -sp 'ces  w i th  s i r i ip le  Jo : rd*^ rn  t : " i ' te  sys ternso

g.fug$r*J.g ris j(*i i iT0}r. :roinarked ir r, lath"Rev ,- d* g1 e rlZ0rJSJ,
the  i l I l iZ l r *Ut r r l  t s  co*s t ruc t ion  r -  L IJ  r * r$ ide  f : :o rn  a lge  b : :a ic  i * te*
r e s ' U ,  i s  o f  i n t e r e s t  f o r  t i r e  s t u d y  o f  s ) , i i : i n e t r i c  i i _ s p : l c e s u u .

g.qirfggg!:*L" ,$,,i,r,.r.f i- jts i,retirod { ;rTJ crin be npplied to the
de te  : ' r ' i ! : i t  ion  o f  i ;  -  i ' o t ' ; r . s  o f  l c , : r  se l l i s inpre  L ie  l lge i : : : *s  cor : r€s*
p o n r l . i n i ' ' b o  s ; , : ; l . i e t r i c  l - s l r j C € s o

- i ie  ee : r t ly ,  I ' t_ . , : . ,  : :  cc_ i r i tpr . ;c t  (conrrected.  )  s j / r l j , ie . l , l t ic s I l F i c e  . . , O i i ; r j

i rtv a ? i,'.i i:1; ,
in t : :odu ce  d  a  i - l i i . - : r t i i i l t f l i :u t  Ue o ;ue t : : i  c

c ' : : l1e c  !Jg* !g**r rgs:  t  ( , ' - )1  ; rs  fc ' - ' r -or ' ,s :  'o : i . . t .s  i j r r r  €  i , j  i , i r "e  s i i id
t o  i - r r ;  ' t i , n t i p o r j ; r ] , '  " b o .  e  , : i c i r  o t h 1 3 1 ,  i f  p = t r  o r  t h e r e  e ; l i s t s  a  c l c s e c l -
gcod"es i c  o f  , ' i  on  r . : i r i c i r  p .L . r r rd  q  r r r c  r : ; l t i pod : , r1  to  6 i . : c l i  o .b r re r : . ,  , y
s r rbse t  r r  o f  , . i  i r . ;  c i : l l r : c l  i l . n  r i a rn t i noC.n l -  sL rbsc t , {  i i r  €v€ t : } r  1 : i : i : ,  o . f
i ' o i i : t s  o f  r t  ' ' i l : e  i " t i t i - poc ia l  t o  e i r ch  o the : r i  no1 . r  t i r e  t t . l o -n r l , r be : :  . n  { r , r }
i : ;  c re f  incd- '  ' : :s  the ; ; t , ;x i i lu : i r  I rossrb le c i r : : i l  inr , l r ty  o f  , , in  i rn t ipoc l i . i l_
s r i b s * t  . i i  o f  . 1 , i "

_ ++lls 
. ' .L' f t .e 1,r,: ;9-1111111|6y is f,r.nite.

r n , .  r , t  '  1 -  , / -  r , .' I ' , i j .^ 
__,U j-- L I . j  \) rl

-3 - ':"" --
n- l ' f )1/  r : ;  f l  t l r  , - '  . f r . r  j  ' l  

nr  , . i  r r ,  "r ? i v v u l t  v t r q .  . L U 4 4 \ / t , " ! _ J i ( l

Ji t .gr : : r : .e i r_1r 5.  f  i '  . , .  l i .s  i . i  s-r i . , . : ic t r ic  j r_spr:rc€,  t l :e,

9  ( , , .  )  =  r1 i ;n  - , i  ( . : ,  2 , ,  )  ,
l r ' f r / \ 1 r - .  

' ; /  r ,  \  - :f i l l - I e . ' r [ ' ' t  r u ; t )  c i c r l o t c ; s  t i l e  i r o ] -onon) /  g roup  o f  . " i  r v : ' i t i r  coe f f l c i s ' . i j  s  Z l i n

; , . ' l  C -  . i r t u r i ; i 0  . /  r .
L _ /



B

3 i n u l } y , l e t u s l n e r i i i o n t h a t B A c K l $ { t S g n d , b l i 0 i i i l s a n d .
t*

F.] jCKZI i i  U! i l '  L 2 '3 appl iecl  Jo: 'u: :n t : : ip l€ syEite:ns to the c l  assi f  i *

c a t i o t r o f p s e l - r d . o u r n b i } i c n t s y ; ' , u l t e t r i c s u l ] n f i n i f o l i | s o f h y p e r i : o 1 j - c

$ p a c e , a n d . . b o t } r e c l s s s i f i c a t i o n " c l t * r } l i . s o r r i e t r i c i i n r n e r s i o n s r : l i t l l

p a r a } J ^ e } s e c o n d " f u r r c l a n r e r i t l r l f . o r r r r i n t o s t r i n < l i r r d , s p i ] c e S ' r e s p c c t i - .

v  e l y .

S ,  ? .  I s o p u r a t n e t r i c  t r i p t e  s y s t e i n s

' *

.  several  rece^t  peipers of  DtJl i r i ' r$ISTI i i  and l i l i i { " fR {6 iz ' ,Lt ' ,c1

r ] . e a } p r : i n c l p a l } y l ' l i t } r i s o p a r a i l i e t r i c h y p e r s u r f a c e s i n s p h e r e s a n d

s i . t o t l t h a i h o m o g e t r e o u s € z f u l ] l p l e s v ; i t h f o u r c . i s t i r r c t i r i n c i p a } c u ] ] v a ] -

t u r e s  a r e  c l o s e l y  r e } : : t e r l  i o  c e r t : i i n  J o r d . a n  t r i p } e  s y s t e m s  ( s e  q

, l n s s r s ; n  2 . 1  
- o e l o ' l ; ) .  ' i ' i 1 E n  i s o p a r a l n e t r i c  t r i p l e  s y s t e i ' t ' s  ( s e e  s g l o w

f  o r  o e f  i n i t  i o n  )  o f  c e r t  a i n  t y p e  s  ' ' i : : e  ' s t u d i e d '

, i i e  f i r s t  reca l l  $o lne  fac ts  abou t  i so l . ' i i : : r r ne t r i c  ny |e rsu ] . ] . ? jU | .

r - /  ,  - 7  . . , 1 r  i  n [  o , r j u  one  o f  t i r e  t h ree  i : npo : ' i l r u t  c l i t sses  o f  o r i en t  e  d

L b a ' J  t  l r i l r v

sub i , l : ; r i i f  o los  o f  coc i  i r l i € r i s i on  I  o f  a  sp i re re '

Let  V be a l i t rc l  id '€ : : i l  ve c tor  s  oace t ; l ic i  le t  S 
'pe i ts  un j - t

s1: i rere .  ' ' - l 'hen t i re  inner :  p :ot3uc 'b

us  o11  eve ry  h ; rpe rsu ' : : f * ce  ' ' i  o f l  $ '  a  l t i e l a * i t r n ian  i f l e t : l i c  (  '  )Sn

T e s p
'  

ra 
: ' ' i

v l i t i v e  V s  ,  T e s p .  V ' u ' o  
I f  5  l s  F l  l l u ' ' " r i l d r  v v v s

i u  i 2 ,  t h  e n

l " '  { =  V "  f  -  6 t r x ) }
'x i \

f  o : :  ; :11 ve c t  o : :  f  ie lc ls 1..;rrrcl f  of i : i ,  ' ' i ' ' i ters (;L1Y) is r ' l  syri i l : i let l : ic

fo r  e r . ; i t i  po ln t  p  o f  | 1  v to  ge t  i l  se l f r i c l j o i t t t

t i r .e  t i tn i re  nt '  '< ; l1 i : rc€ t 'o  i " i  a t  i ,he poinb !  €  - ' ' rbi l  in e a:: f 'ori i l '  l l ' i tus t

en io t t t o : " i : i t i r ' n  s (P  )  o f

: i u c r ;  i l r , i L  
t . , - . , . \
\ , t ,  t  j  

p

i r ypersu i f la rces

= (s t i , ) ; r . , rp ) ; l



ho lds"  fhe  end.onorPh lsm S(P )  i s

fo rm o f  l r i  in  $"  A  hypersur faco  o f  S  is  un i -c ;ue ly  de te : : re ined.  (up  to

a .  r ig id  mot ion)  by  the  l i i emann ian  ne t r i c  * :nd .  t t re  second func l * rnen-

t a l  f o : : n  ( s e e  [ t J  ) .  I t  f o l l o v i s  t h u t  v a r i o u s  c l e i s s e s  o f  h y p e r ' -

s u r f a c e s  o f  l j  c a n  b e  d . e t e r r n i n e d  b y  s p e c i . a l  p r o p e r t i e s  o f  $ { p ) t

p 6 i f i "  Thus, the tg- t j -gylggc9.e. ig hypersurfaces 8re chi ' t : :acter j -zed

by  t i re  cond i t ion  S(p)  =  0 ,  p  €  i r i ,  the  g t ! . l l l ga l  hypersur f i l ces  by

the  conc l i t ion  s (p)  =  ) , tp t  Id ,  F  €  r , i ,  and" ,  f ina l l y ,  the  t l s -P . l l ' j l - -

l t e t r l _ q  h , . r p e r s u : : f l c e s  b y  t h e  c o l r d i t i o n  t h a t  f o r  s l l  p o i n t s  p  o f

i ; l  the  er1c io ;ac : :ph ism S(p)  has  the  ssne e igenvr : lues  v ; i th  the  s& i i le

n i u l t  i p l i c i t  i e s ,  r i € r : c e ,  i s o p ; : r a r n e t r i c  h y p e : : s u r f E : c e  ' 1 r e  h y p e r s u r f  i : c e s

l ,  i t h  cons t : rn t  p r i  nc  i p : i l  cu rva t  u r€  s  o

t h e  e a r l i e s t  r e $ e n r c i r  i r i t o  i s o i , i . i r j J i . t e t r i . c  h y p e : : s u : : f a c e s  i s

due to C, inTni , l  1]4 t , rbJ" . i1- .parent ly t i t r :y hi ivo been for i ' ;ot ten d.or. ' in

tc t l re peFers f  ZZ aJ sn6 f  2?:  bJ of  ; ' i tJ i , . IZU. tn f igJ l ' , i ; i ' , i i l

i . :nd"  TaK* , i , ;$ i i l  Save the  cS.nss i f  i ca t ion  o f  a l l  honogeneous hypersu : : -

f p t e t ' s  i n  s n h e r e s ,  t ; h i c h  j . n c l u d e s  t i r e  d e s C r i p t i o n  o f  r : l - 1  i s O p l r r a -
I r . v v

l * e t r i c  h ; r p e r s u r f r : c e s ' , ; j . - u h  a t  n o s t  3  d l s t i n c t ' p : : i n c i p l r l  c t l l " v i : t u r e $ t

s i r l ce  C . , i t " i t , * i l . i  haa  shov in  tha t  i l 11  such  l l ype : : su : : f l c€s 'a ro  l r o rno i ; c -

ne ous. , , i i j i ' rZ l ' t 'n l r toveA 4*I  9J tnat  the nuraber I  of  c l is i inct  p: : inci-

p a l  c u r v a t u r i e s  o f  a n  l s o p a r i : l n e t r " i . c  h - r p e r s u r f a c e  i n  a  s p h e r e  i s

1 ,  Z ,  3 ,  4  o r  6o  i , t c r€ove r ,  . , i i i nzne r  sho r ' i ed .  t i r r r t  eac i r  such  hy l :e r -

sr l f r f  i jce is  i l r ]  open subi l ian i f  o lc i  o f  a  ler re l  sur : f t rce of  a  ho; lo l ;cneoufs

po lynon i . i : l  o f  de3 ree  E ,  i i l i o  c i ra r i r c t t i r i zecL  these  po l yno in i , " - ' r 1s  by

t r , ; o  d i f  f  e : re t l t i r r i  e i i u r l l ; i ons ;  i t - : : e l : i , ' ; i nS  tg  cons ide : :  t he  
-  
c i lS ( r  s

E  -  4  r : ; i d  g  . -  5 . , , t i l o .  t o  c iass i f y  t l i i c  co l : i esnonC i .n i ;  po l . ynon i ' r l s '

T , l r e  f i : : s t  i ; ] i i : r ^ . i : ; 1e .5  c l - ' non ' i o , : i uJ { j i i tOUs  i sOpr ; f ' . ; i ue t : : iC  i r ypCI ' l j L i I ' l ' i i oCS

: ; i t i r  I  =  4  r 0 l l € , - . i v e l : i ' " J " '  t ' : , ' . , . , . I tr: il.(i LI itt,t g

ca l led  the  second fundr : r r i .e r i t r t l

Ie  Ce: : tJ -y  be  en  i -e  I i r : : : : . r i  iZe  c1  
-oy  j - ' i l , l . . l " i ,  rL  ' , , i0 . i r : i l ,  t : i l c1  

" ' t t i  
j ' iZ l ' l i i i t ,L
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i t d o p t i n g  t h e  d e s c r i p t i o n  o f  i s o p a r a r r r e t r i c  h y p e r s u r f a c e s

in terms of hotnogen€,ous polynornials given by i l rui" iZi l 'Ut I lgJ ,

.DCrRlirilil$Tltti ano i'iriiiEF. f 6 bJ

' a n m c . t - r . i n  n h i e c t  t t i e o n , . r r n n c , t r " i e  l t r r n e r . s l l r ' f r r n a  i n  o  o D i l e f e  r V i t h
r r v v | r v  - _ - . r r E U l J  I J v i \ / L l + u r t l E U I ' L v  l l J l / v f , 9 u _ _ r ' l v v  t  

" l

g = 4tt is qquiv,rlent to i; ire theory of t ire gl$qblr.gig-9.U-99.!"

t? isopgra i r re t : : i c  t r ip le  sys t  e lc r t .

T p  u n C . e r s t u n d .  t i i e  n e a n i n g  o f  T h e o : : e r n  2 , L  ( s e e  b e l o v i ) ,

r e c a l l  t h e  f o t l o w i n g

ue f 1 ni t-i g,1b, A co rn;o'r gb, rl-o:q gLlt]"p 1 S s ' ys te in  o f  : l ea l  Tank  ?

i s  {  r e a l  f i n i t e - d " i n e r r s i o n a l  J o r d t i n  t r i p l e  s y s t e r n

r . e c l u c e d ,  t r s c  s  C  i s  p o s i t  i v e  c i e f  l n i t  e  r n d  i f  € v € r y

or thogona l  t r ipo ten ts  cont i : ins  a t  r r tos t  two e le inentso  F ,eca I1  / : IgJ

t h r i t  a n  i s o p ; - , r a l r t e t : : i c  h y p e r s u r f ' a c e  r i

v e c t o r  s ! E r c e  ( U

I  s u b g r o u p ' o f  A ( 1 r 7  )  r v i r i c h  l e a v e s

s i t i ve ly  o11 . . i '

T h e o r e l t  2 . I o  l ' h e r e  e x i s t s  a  o n € - t O - o n e  c o l l r e s p o n d e n c e

between t i re  conJ- r iue l l ce  c l : rsses  o f  i ro r i roSg i lgggs ,  i ' sop t " r re ,n€ t : r : i c  i r ; rper -

su . r faces  i l i t l r  g  =  4  r r : rd -  t i re  i so : rc ; : 'p i r : . sn  c l l j sses  o f  co : , rp : ' : c t  Jo : " ' ra r l

t r ip le s)rst  ur t  = 3- of  real  l rar ik ; :  f  or  - ' " ; i r ic i r  r f  in '  Tt")

*  I d  f o r  evcTy  ; i i i - r i n : - r l  t r i po ten t  c  o f r
v i d y s ,  f ( t  )  t l - e n o t e s ' L i t e  c t r u a d r z : t i c  r e i r e s e r i t a t i o n

i r l p l e  s Y s t  e ; n  ) '
\ ,

l l e f j _ * i . L i o n "  L e t  V  b e  i t  f i n i t e - ' c 1 : ' r r i e n s i o n a l  J i u c l i d e n i t  v e c t o : r

- *1,nr"o 
r , ' r i t i r  i lnet :  p . i :od1ct-denloted 

-b; r  ' {  ;7- ,  a i rd  s ' t lppose i i l " : t  i l

is  er t t lo i :e  d i ; i t l ' r  ; r -  t r i l ine : : r  nHp Y x Vx V - - )  ' iu i '  r f  e : to i t : i i  i : } t

( x , y , z )  - * .  
{ : r v z \  

= :  T ( > : , Y ) 2 ,

s L ; . c h  t h i ] t  l r l ' , . . : j ' i l  * i r  x r  : i  € .  V  ( i = t  r ? - 1 3 )  t i r c ;  : f o l - ] o " i l t ' ' ;  c o l r r : ' j ' + ; r o t t l i

r o l c L :

showed.  i ;ha 'b  the  theorY o f  the

1 'o r  wh ich  the

sys te tn  o f

o f  t i t e  s p h e r o

hornol ieue ous

i* i  inv;i : : i l rnt

i .n  a  Euc l id .ean

i f  t r t e : : e  e : ; i s t s

r , :nd acts t r i ln-

2  i i n C

o  ( r iS  i l - ! - *r ( c ) l r ; r . ,
^ {1 4. ' . r  a Tnv'r i  ' - r  n
L , l f  U i r C  v  v f  u ' r ! r



- 1 1

{ * ,  *  z " j b  = l " c ( r )  * c (  a ) " c ( r , }  r o r  a n v  p e r r n u t o t i o n

{ { r r " r ' } ,  v  )  =  1 u  { * ,  x 2  Y J  >  ;
(  ( , - - r l  o ( r . , x ) { * r r \  - t ( { x x * } ,  x ) x  +
{ " *  l * ' J J -  ,

o  *  L B  { x r x ) '  x  =  o  i

t h e r e  a r e  p o s l t i v e  i n t e g e : r s  i i l l r m Z s u c h  t n e i t  T r  T  t * r y )

=  2 ( 3 + 2  m r + r n r )  1 " r x )  a n d '  d i m  V  =  2 ( I + m ,  +  r i r 2 ) '

v f( r  )

( 2 )

( 3 )

( +  )

,i.iren'v i s cal-reci an l'jg!'i,:q:3g!gig*-t-riQlg-u-X.tgg'

I i e ' a l k ,  Co4d i t i on  ( f  )  rne  ans  t1 , i t  t he  t r i l i ne  a r  ' i l l , p  . i s  t o ta l l y

s l / r , im€ t r i c ,  r , l h i l e  conc l r t i on  (2  )  neans  t i r a t  t i r e  e r i dono : :ph i s tn

t ( x , y )  i s  s e l f a d j o i l t  ' ' ' r i t i r  i e s p e c t  t o

A s  t i r e y e  i s  n o  c l a s s i f i c i : t i o r i  o f  r i l l  i s o p r - l : : l r r e t r i c  ) t y i r c r -

su : : f l . : ces  i n  spheres  av i ' . , i 1 : i l 1e  Ye t ,  s i , r eC ia l  t y i : es  c f  hy1 , ,€ ; l " s lu : : ' i ' " ces '

i . e . s I ; e c i , ' - : l t y ; ; e s o f i s c l l ' r i - ' l : : : . : r l ' i e t r i c t : : i p l e l ; ; ' l t e i ; i " i i t i T € l n v s s f i *

g : r t €d .  Thus r  DOl i f i , ; IST i i i  anc l  ' ; j " i i n  c l : r ss i f i ca  / -6  L t J

t r ic  t11 ip le  i lys te. , rs  of  i l *g  c .T:  t i - ! -?"  ; jur :h  t r ip les i  Qof ' re  s j Io l I ' l  i ' lnL-

l u e l l t o t ; r e i s o l : ' ' i r i r l i c t r i c h y l ' t ' i : n t i l ' f ' ' c € r ; s i r t i s f ; r i ' 1 ; c o i t c i i ' b L o l i

( , i )  o t  f  a a , T 3  b u t  t : ' o t  n c c e s s : i r i l y  t : , r e  i : d S i t i r l i t ' , i ]  c r : n ; t t t : - o l l

, F . 1 "  ' r ]  i n n t h o r  s u i : c l - a s s  o f  i s o p l : l i ; ; r : . e t : i : i c  t : " : L p 3 - e ,  g y s t e : i l ' s ; ,
( r )  o f  L  

c L l ' r L  I  o r - l l r u u " r t r r  - u r J v i -  - r J r /  * ' - !  -  -

c lose l y  re la tec l '  
'Uo  Jo : :d 'a i i

t h e  c l : r s s  o f  ' b r i P l e s  
" i i t h

. ta-a

c l a s s . o f  { O - * t g )  i s  c o n s i o ' c : : e C  i n ' l  b  o J  "

t A

( s e e  f 6  d , p " - l - B J

h o: r :c ;  e  , .e  ous

i i o - : ro3ene  ous  )
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H e f e r e n c e s

E A C K I S ,  E o ,  G € o n e t r l c  a p p l i c a t i o n s  o f  E u c l i d e a n  J o r d a n  t r l p l e

s y s t e r n s ,  i r i a n u s c : r i p t a  i ' i a t h , $ P  ( f  g a :  ) , l { q . 2 - 3 ,

265_27 2"

l lACKitS, 8.,  Fi lCKZIl lGELri i . ,  0r l  synrnetr ic subrnenifol-d.s of speces
'  

o f  constant .  curvature,  i r i r i tho Anno W- ( f  gA:  ) r1 ' ; lo ,

4  r4 rg -433 .

ts IS; {0} ,  R. ,  Ci i ITTEi \ iDEidr I l . ,  Ge onetry  of  rnani f  o ldFr  r ic r ' rd .6 i r1 ic

Fress;,  l r ;e l  lork ; tnd London, 1964, ,
a l

Cr iF f i i l i ,O . ,  a  )  Su r  des  fa rn i l l es  re , ' r i a l quab les  d  thype rsu l : f nces

i s o p i r r a  r 6 t r i q u e s  c 1 : . i l s  l e s  € s l s c e s  s p i r 6 r i q u e s ,  , , r r , f ] 1 .

2 . 4 , 2  ( L % 9 ) ,  ) 3 5 - 3 6 7 .

b  )  Su r  c lue l c lues  f  n ra i l l es  re ln r i rq r - t : ' r b1e  s  C  t l i l ' pe r$L i r f  aces

C . l i l ,  0 o n i 1 : " E s , . , r t i r " L i b i ; e ,  3 o - q 1 ,  I  9 i 9 .

Oii ts i \ i18.-Y. , i i ; iG, ' i idOrTo ,  a l i ie l r l : lnni  ' 'Jn { ;eoi : letr ic inrra: : i i :nt  ; :nt1 i t  s

al tp i l t ; ; r t  ions to a 1 ' : :oblen of  .uo:cel-  r : i i rJ,  ; je : : rerr l l i : , I ts .

Aner i  j ; ; r . i tho  Soc"zgg- (1985 )  ,  
' / .73-?9?.

DC.TiFJI I ;5 ' I i !R,  i ,  ,  I ' i r r , i l i t ru.  ,  a )  lsop: i : ' ; : ; te t : : ic  t r ip le 
.systerts 

of

a lgeb: :a  ty1 :e ,  Us . tLc ; i  Jo ' i . , ' bho  ?-9-  ( f  993 ) ,  i i o .1 ,  14  5 ' I7 r .
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