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I0RD6N STRUCrunsg WITH 4ppLICAfroNSnvo
JORDAN ALGEBRT1S IN "AN"A],Y$I$"

Redu I0nDANS$CU,

The pr l loLpel  t :esu l " .bs 1o Jorden-Ba$sch sg6bras er€ d ls_
cussod in  th ls  p€p€r ,  gect lon 1 an i t  2o Soci ion I  doals  wl th  s
o less of  par t la- I ly  ord€r€d Jordan a i -gebr :as whlch aro non-
assoolat l "s  genera l iza i ;1ons of  ooml f ie ld .s ,  whl lo  conpL€t6 nor-
ued Jorden ergobras over  the coraprox f le1d srs  t roated fn  $oe_
t lon 4.  Soc i lou !  ls  conosrnsd wl th  two k lnds of  s t ructurgs r
cer ta ln  tn f ln l t  o-d tnons 10ua1 Jordan e lgebras odn1t t1n6 Qn lnn€T
produot ,  and cer ta lE Bensch space$ whoso open unl t  ba l " l '  aro
bounded synuetrlc horaogoneous domalns" ;Iord,an ergebres aaai
pos l t ivo.  proJect lons oa operator  a lgebras B16 oxentn6d.  1n 8ee_
t lon 6,  whl le  theta- funct rons for  Jordqn argebras aro con.s t ruc-
ted in  S6ct ion ?.  Sect i .on B g lvos s6vo!a l_  appl lcat lons of  Jo"_
dan a lgobras ' to  th€ Rlccat l  equet  ion,  so l l tod equat ions and
Hua equet ions,  as wel_ l  as to  Szegi i  kenel ,  End to  tho ( rep lo*

duc lng)  k  or r re l "  funct l0ns.  a  large b i .b l togr€phy suppl 'nents  th€
t  ext .

$ 1" . IB - and JBs-algebrBs

The re le t ionshlp botqeen formal ly  re :1 l  . rordsn a l "gebras,
se l f *dual  hooogeneous cones and syrnmotr to  upper  ha l f_p lanes ia
f ln i to  r l j -uens lons duo to  KOECII IR f  a7 arVr{  ls  t i re  backgyouqd.
for  the s t i rd 'y  o f  i l re  tn f in l te-d i rnons ionar  cBsso The obJect*
here are J ts ls fg651ss enc l  the l r  roa l  analoguuu i i l ru  so_cs l_ lcd
JB-e lgebras)"  Us iag the resul ts  repo?1,6d by l idUp gA+ a7



togotber wlth moro

thls .oapor wa shall

t  op l  e .

- e -

Tooont  resu l_b.s ,  tn  the f l rs t  two seat lons of
d iscuss the pr lnc ipaL dov€lopnents  of  th ls

A genore l lzat ion of  f  or raat ly  sesL Jorden a lge l r ras to  th6
inflnlto-d1&onslo' 'a1 sas€ wQs lnis0ducad enrl studied by 4LFI3S1{,
sHutTZ ano stfmrin f OJ as followsr

Do f l n l t i on ,  A

ment  e  whlc t r  ls  e lso

the norio sat lsfy

(1 lnear  )  rea l  Jordar  e lgebra

a Banech spece anc l  ln  whlch

/  wi tb uni t  ete-

the product end

(1)  l l  *y  l l
( 1 1 )  I l  ' 2  l l
( 111 )  l l  x2  l l

f o r  e l I  x ry  e  1  1s

, IB-olgebre ).

4 I I " l l  l t  v l l  ,
= 1 lx  l l2  u
4 l l ' 2  +  y z i l ,

oel led e Jordan Benach a lgsbra (or ,  br te f ly ,  a

r

&&el lc"  In  the f ln l te-d i l rens lonal  caso;  cond. l t lon ( l i i  J .  1s
equ l va l on t  t o  t ho  f ac t  t ha t  ]  1s  a fo rmeL ly  ree l  Jora ia  n  a l5ebra"

Co_n4gntg L", The tern trB*elgobra &rose os tho Jorclen ana_
l ogue o f  Bs*s lgobre ,  much tho  $aao es  JC-a lgobras  and f l l j -e  r ;qobras
wero t ernod afi ;  er Ch -  anr l  F f -e1g6brqs,  respoct lve ly ;

aqlqlqggts__L Nonunlt a1 .rE*elg ebras hav e s1 so . b€en coust a6_
red,  but  a  nonunl to l  , rB-a lgebra can arways be e l "gebre ica l ly  anc l
lsoraet r ica l ly  onb^oddod ln  e  un l te l  .#-a lgobra (soe SMIIU I tZg J
and Youi\IcsoN /-i41 dJ ). aaattton
gobras as deflned abovo by BEHI,ICKE

qb:geglg,. One of t lre nrost important oxorrplos of ,IB*algobraa
ls  tho se l fad jo tnt  par t  o f  a  rea l  or  conplex C*_olgebra ogulpped
wlth th€ Jordan pror luct  xy

ISS{"U" Ono can prove
the

t  <lrrnined by-Y-Jordan product

, = l
th at

tn /t

unlt

2 3 a

provod for JE*e1-
-/

( x " y  +  n o  x ) . '

tho.no la on ]  1s conplete ly  de. .

whlch was,  d .onotsd 1n th6 oxsmplo
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abovo by Juxt.apostt ton of elenxents"
gq4ragqts-" ifINci{E*0IsON and sTdRhmR Introduasct (AS} Ute

concept of JB-sJ"gebrs ss follorrs." 4 gggl€lt_Bgnqcjl.-q1-&$.plg 
is Ire€ l  Jordsn a lgebro A (not  necossar iJ .y  un l ta l )  equlpped.  wi th  eoonplero uonn setlsfytns / l  "  

ul{ 4 l [ui l  Jl  b//  ,  e,b 4 rr,  a ru:Fg*
sgbqq 's  e  'ordan Banach a lgebra a 'n  d l lch tbo notm set lsSies thefo lLowing two sddl t ional_ cour l i t lons for  arb€4i

' o  t t  2  ' ,  , t  , . Dr . Il a- // = ll a ll -, ana zo . ll ̂ 2 ll < ll ,2 o vzll,
Thgg,'eq rrr-. 4 r€ar Jor.sn algebra of flarte_d1m€n810n lsa JB-albogra lf aad only tf lt ls fornally roal"
Tho algebres t tn(  Fy '*)  (uu" dsAf,  S1) oen bo extencled to arbl ,trery eardluality p os follows. Let lI = Ee 0, or gtr, and l.st l l

l ; , , : , t : . t *ot ]  
F-ur luert  space of  d lmeaslon p ov€r F.  Denoto byr- (H) the ar-gebra of arl bounded 'F-' 'noar operetors on I{. rlr 6n

i ) " : " . " * r " r : , "  
ne tu ra l  l t r vo lu r ton  ( rho  adJo ln t  n  )o r  / (u t  u r ro-* t ,n ln) t  

=-y ' [ (u)  :  = {)r{ tnr  }  f i , f  ]  r "  o , rn_urs"o"u , r ro
rg8poot  to  the oper€tor  norm,

RgmqTE._ Iior every compact topologlcal speoo s and. evorv
J t s -e l gcb ra  

/  ,  t ne  s l geb ra  , € (S rV )  
o f  a ] 1  , on r l nooou  ; " ; " ; r " " "

s  - - ->  
/  is  e lso a JB-atgebrs.  rn  pa l . t lcu lar ,  V G,  n)  ls  an

assocfat  ivo Jn-a lgebra.

Bfgpgs-Ltfql 1-"?,- tvery assocletlve Jfi_algobra 1s lsoo.etri-
ca l ly  lsonorphlc  to  €(5,  n) . for  sone conpact  topolog lce l  spsc6 j3"
. dtFsEl\ie sHUtTz ana sfg{niunn (aJ shoyrod thet H-,(o) f*
essent laLry tho only *..slgebra wrrrcn oennot ue reall 'zea es en
algebre of

prov lng the

1 "3  bo .Low) "

se l fadJolnt  opor .a tors  on € couplex HLlber t  space,  by
Oel  fs  nd- l leunark thooren for  , IB_algebres (soe Thooren

?heog_en 1.3.._ Let ] be e JB_algebra. There exLsts B con-
a con l )Bet  topo log lce l  space S such

^o lex  sp8co H Bnd
that /  ls
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lsonetrlcatLy isomorphlc to s cl_osed suba!.gebra of 7( (H) @
@

o  ? ( s , H 2 ( 0 ) ) "

IVg.!-q!Lqn. Lot o1 be o .fB^algebre and d€note by
)  |  . l  1 l

t r ' r=7  x ' I  x  €  d  J  * .u  pos i t l vo  cone  1nJ  .
Re4elg" f ts a closod convex cone eRd tho interior JL of

- .2
J 

ls 8n oFen c orlv ex cone whlch ls not enpty (ona can shos thet
I  ls  tho connocted ldent l ty  component  o f  Inv( / )  ) .

Def ln l t ion.  Tho e lenents  of  -JL Br€ ca]L6d pq-sit iyq : l_ofl-
n l te ,  end  an  o rde r lng  1  onJ  i s  a io f l ned  by  r  x4y  fo r  x ry€J  l f
and only lf y-x e SL o

De 4lt igg" .A subcone Il ot J 
2 ls satd. be a €g99 ot 72 tt *l

con ta l ns  e l l  e l emen ts  Bo f72  sucn  t ha t  a  I  b  f o r  some  b  € ; ,
, l reL ln l lLon.  "A JB_subelgebra B of  ]  1s sa ld  to  be heredl !_ary

l f  1 t e  pos l t l ve  cone  82  l s  a  f aco  o t  J2 .

of a .IB-elgo-

B o f J r a n d t h o

of  such subel -

a  face  a t  f , z  t s  a  face

Jord&n a  16ebra

They conflned.

s l tuat lon b j '  appro-

themselves to  speata l .

the  a lgebr€  o f  a1 l
{.

A  c , [ ,  c L ( A )  : =  . ]
' ) (

bounded operat  ors .

ee{q)f e rno"'-

$DWdADS f ,+g uJ provocl tho follovtng resutrts (see olso

f +eil Iz
Theolgm L.{*. f lre nonn-closed quedratlc ld.eals

bre f  co lnc lde wl th  the heredl tery  JB-subalg€brss

norm-c l -osed faces of  f ,z  uru tho pos l t tve cones B2
gebras  B.

Proposl ! ign.J,"F- Tbe nonn c losure of

o t  z 2 '
PIITT$B and Y00D ftreJgeneralized a numbsr of wolL_known

Banach s lgebra resul ts  to  the

p r t e t e l y  nod l f y l ng  t h€  p roo f s "

JB*e lgebras.
' / )

N o t a t i o n .  L o t  d ( J )  r e

,o 7 "ffi]ror ev€ry subset
t l b l o e n d e ( a )  = e J .

)
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f 'or  every t  of  jL the quadrat lc  representst lon p( t )  le tn
Gt (  - tL )  and  sends  e  to  t2 ,  i . e .  F (s r - ) cc l ( s r - )  gonera tes  q  t rans l -
t ive Linear transformatlon group onJr-; in purt!.cuJ.ar -5L 1" ,
(J.inear!-y ) homogeneous cone.

The lsot ropy subgroup of  GL( fe)  a t

g roup  o f  g  €  GL (SL )  w l t h  g (e )  =  e r  l s  t he

algqbra autonorphisns of ] .

e  €  -CL 1 L.  € .  the sub-

group AutA,  o f  a} l

ry  a lgebra automorphlsm ot  ]  Ls

homeonorphisn. fherefore GL(-CL ) =

orJ
x- 1yo

] r "

lnvo lu t1on
I  n l

|  " . J ' I

algebra wl th

.  =  D ( - f L )  : =

( x+ l y ) x  : =

Im(z )  e  5L ca11od
the tubq do$a-lg (ggergllz-od upperer_Bal f -p ] ,ang)  essoc lated wl th  - the

g6ng -rL .

Lot  us nent lon here that  T 'SAO f ]J ] -Jproved that  und€r  c6r_

FenaIE. The unlquen6s6 of the JB*nomn on J furplleg that eve_

Cons ide r  now the  comp lex l f i ca t l on  
/0 :=  Z  @ l J

is e cornplex tordan
' 

leflnl ' ! i .oIr,, D

ta ln  condl t lons the lour ler  coef f lc lents  o f  the r t r lsenste ln  ser l .ee
for  en er l thnet lc  group ect lng on B tube domaln are ra t ioner
aullbers" he proof lnvolves a nlxt ure of Lte groups, Jord.an aL-
gobras,  f 'our ier  analys ls ,  exponei r t ie l  suns,  and L- funct ions"

I'yoa the results reported. by dLFSEN, HANCHI_0IS$I{" $tiIJL?Z
snd. STPRi\ErIi.f 6J, f +Jtt follows thet for oaclr JB-elg aura ./
thoro exlet a canonlcel C1elgobre [6 ana a horaornorphlsm

Y t J 
-> [(, such that Y f Jl gonoratos "[6, rne kernel ,rf p

. ls  t l re except lonaL . ldee] .  J  n 06,  Uslng Takosbkl  and Tomiyanars
methods, BIHN0KE ana s6s showod ft.+J tttat J *uy be described qs

an I i , (@)- f lbre bundlo over  l ts  pr inr t t ive ldoql  spaceo

go{xne,rr:!.g. "{s was observed by UPlltiltln f B3 bJra promlslng

appl lcat lon of  JB-a l -gobras ls  to  bo found in  conplex sn€Lys is ,

an  l some t r y  and ,  i n  pe r t l cu l a r r a

P(- t -  )  au ' t ] ,
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besod on the one- to-one oo?respond.once bet 'een JBTslgobras and.

ln  complex Bonach spaces wl th  tubo res_

end BR.tUlr, KAUp and UrxEIXn fn tj1.
ln a natural way with a subgroup of

c  ornp l  cx  af f ine i ; ransformat ions

bound.ed syinmetrlc doruains

l tzatton(Koroii itn f s? dJ,

I f  we ldontr fy c l " ( l )
. n 1

GL\  Z "  ) ,  t hen  th€  g roup  o f

d f f ( D )  , = { r - +  } u * r l
l s  t r ans i t l ve  on  D  and ,  i n  pa r t i cuLa r ,  D

honogeneous

l Ja rn r r . k  T f  - 7  *  lD  +v,  -  q , .  v . l e n J n = E  a n d D =  { z e a l * f " l  t o J
1s the c lasslcal  upper:  hBU!-glFlg.  The Cayley.  t : :anslorma! iot

1z ' ->  L ( z -L )  ( z+ i ) - ' naps  D  b l ho l omorph i ca l l y  on to  t i r e  open  un l t
, t ld l s k  L . = l " e a l t z l < r ] ,
Eve ry  z  6  D . i s  l n ve r : t i b l e  and  z  * ->  I  ( z -1e )  ( z+ i e ) -

a bltroloraorplrlc rnap fron D onto the bounded balanced

vthete I  fo-  , ienotes the spect ra l r sd l us .  The ro fo re ,

( r " " r )  1 l  z  l l  t  = [ )  z l l  
" -  

:= In(r )p(u*)  ] r1 la
cloftnes a corup16x norm on ]0 such thet A ts ttro open untt bal. l .

o f  
70.  

f f r is  norru extends the J13-nona on ]

l r  ( z ) p  ( r s l l o -d o m a l n  A . l o "  A c t u a r r y  A ,  =  
{  r ,  V o

1 duf lno.

nvox

1
) ,

) a c r ( - t r  ) ,  t . . .  ]
i s  (ho loroorphtca l ly )

DgJi4tl lgq" Tho abovo
t f i l

d i s l r & n d  \  3 = 1 z e J "  i1 _  r

th o ggne::al 1 z gq _qnl!-_guglg.

A . "  f "  c a l l e d

z lnv er t  1b le ,

i t  /5 t1  6? . t r ' l  {  r6A ! !  h  i  +

nd co

< L

_ 1  )
z  *  

f .  l s  c a l l o d
J

. .. , !ropgs-i!toh_L.E._ *n eleioent z

only  1 f  P(z  )  1s a surJ  ec.bJ.ve tso i r :e t ly

One can siroiv that tho extreme

o r  J 0  t s

o f  J 0 .
boundary $

1n 
f 

l f  and. :

l s  a1).

c losed rea l  analy t lc  subrnani " fo ld  o f  J0,  nnd that  
>-

un lon of  cer te in  connected componsnts  of  $ .  dctue l ly ,  s .  e  $  is  1n



and onl.y lf

The set exp (

7 -

tsngent space to 5 1n

) ts  a conneoted subs€t

s 1s a r.eal fot:ln

o r  
[ , a n o

(or ,  moro goneraLly ,

>  l f
/ _

o r  J o ^o

tho

L A

for  every conneotod compobent  T of

( 1 ) l l  " v l l  ( i { * l l  / lv l/
=  1 l z l l 3( r r  )  l l  P(z )z t r  l l

for  a l l  x ryrz  e  f ,  .

of $)  A ts tho ctosed convex t ruf f  tT of  T in 7A, tn a
norrr .  or1 Zu to rvhich t ;he unl t  bat l  * ("xpl lJ l l ,  , "o"rouuu,
IdRIGIIT f t lVJ showed ilrat Z0 f . a JBtslgsbre (= Jordan C*_alge-
bra).  I {owevor,  the nortn (1,1)  ts  equtvalent  to the. IBts-no:ro of
Wrlght.

I ) a f i n { + r ^ - 1  )  ^  - - ; f-r r ,rrr !_ruu . ,  a ,Jb _Blqgbra ts e complox Jordan algebra 7
with ua l t  e le iaent  o ,  (conJugate l lnear)  tnvo lut lon x  ,  and oos_
plete norrn such that

Co&Tents.. Y0UIIGS0N f t+t aJ studled. JBE*algebras ln the
nonuni ta l  case,  Ho s tated. ,  among other  resu l ts ,  thst  nonunl t€ l
JBx-e lgobres are C** t r lp le  systens ln  tho sense.of  KdU? f  a+ ,oJ
(soe , r lso,  JgA VI ,  S I  ) ,

gspjfg. Every unital Cs_slgebra endored w.Lth a J.o3rinn ,.,.,,.,
ouct  1s o JB"_s 1g e bra "

l i l .ote"Thore exist JB*-elg€brss rchroh cannot bo enbedded rn
any Cs-a lgobra"

IlerngES" c losed. e sso o 1at  tv6

,

t
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c omplox nore on A0

J o l n t p e r t / " t n e

WRIGI{I f DgJ proved. the conversot

Ttr_egr_ep*l.3" For every 'B-a1gob::a J thero exists € unlque

such th.at Zo f . a .IBs*elgebre slth selfad-

corfospondence J <---+ 7" deflnes en equlvalan_

ce of  the cetogory of  . rB-a1g6bras onto the category of  JB*-a l -geb: :es

IiUSS0 and D\!. ffL2J proved thet the closod. unlt bol, l  of

a  C*-a lgebra wi th  tc ient i ty  ls  the conv€x hu l l  o f  L ts  un l tarv

elernents. Tho same rosult was proved by wBrGItr and yOuNGfiON n4097
for JBx-al-gebras "

Using tbe fact  that  the ext reme polnts  o f  the pos l t lve un l i ;

ball- 1n e JB-aigebr8 aro projectlons, $RIGHT end yoUNG$ON f:irst

showed f t+O AJ that  a  surJect ivo unf t .e l  l inoar  lsonetry  between

tyo JB-a lgebras ls  a  Jordan lsonorphism,  snd th .en used th is  to

obta in  the same resul t  for  t r ts* -a lgsbras"

BONSALL {33J showed that  l f  B ts  a  ree l  o l .os€d Jordan

subalgobra of  a  co lp lex un1ta1 Banach € lgebrs .4 ,  conta ln lng t i re

u n i t  a n d  s u c h  t h e t  B  n  i B  =  { o J  a n d  B c f l ( B )  6  t n ( n ) ,  w h e r e  H ( " A )

donotes the set  o f  I {ermi t lan e l  emonts of  .A,  then B @ iB J .s

homeor. iorphicul ly x- lsoraorphlc to a JBtr-algebra. Uslng I i 'RfGt{T rs

8nd youlics0\T's re sults f-t3g-7tf t+o aJ, f tut a,uJi,trnco pa*/

gsvo a JB*-enalogue of a Cs-algebra result sT/nMin ftZT aJ, as

fo l l  ows

T i - ^ - ^ - , . r + n  ^ -  1  . r  . , . . * - ^ - -  - t i  ^ .  - - - - - - -r r g p o s ; . L c l o n _ r - . 9 "  S u p p o s e  4 l s  a  J B . ' - B l g e b r a  a n d  B  l s  a  r e a l

s e l f a d j o l n t  s u b a l g e b r a  n l t h  u n l t  s u e b  t h a t  B " o i B  = { 0 1 .  f n . n

. B  @  i B  l s  I  J B ' : - o l g e b r o .

.  L i ingo  used.  Propos l t ion  1 . !  to  p rove  the  ebova- raent loned re -

e u l t  o f  B o n s e l l  ,  d i s p e n s t n g  v r l t h  t h e  a s s u n t p t l o n  B  n  1 8  =  {  O } ,

and a ts$ f t rove  the t  tho  isornor .ph ic rn  i s  Bn lsom€t ry "

D_ef f  r i l i o j ] .  i  bounded.  done ln  B  1n  a  conp lcx  Dcnach spece 1s

ce l l€d  pyr j ' j  e ! l1 j  i f  f  o r  €very  a  o f  3  there  e :  i s ts  a  ho lomorph lc

r0ep sa :  l J  * - - *B  
w i th  u3  =  rd ' ,  and I  sn  lso la tec .  f l xed  po1nt .

}J
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(su 1s un lquoly  detern lned i f  i t  ex ls ts  end ls  ca l_1ed the gg*
gelrx l t  r" )

.  ne i ierk"  The genera l ized un l t  d isk  L is  (ho lomorphi .ca l ly )
ho rnogoneous  and  so  ( z !  =  - z  l s  t he  sy&ne t r y  e t  0 ,  i . e ,  A  l s
syrmot rl c o

Qg€!tl i . !on" Tor every op6n cons c 1n a real Banech space
x, the donaln r  := {  r .  e x@ix I  rra(z)e c }  rs cat_led e EJItsg_
t r lc  tube domaj- t  l f  T  is  b lho lornorphlca l ly  oqulva lent  to  a
bounded s;rmrnot rl c domaln.

Theorem L!0"  te t  J  be a JB_algebra and Ie t  ZA= Z O I&
be the correspondlng JBx-s lgebra"  Then 

I  n  I  JD  : = | " r l "  l t m ( z ) e a J
Is  a  synrnet r lc  tube donain.  TLro symetry  a t  the po lnt  1e e D ls
g l ven  by  s ( z )  =  - z -1 ,  end  z  - ->  1 ( z - l e ) ( z+1e ) -1  l nup "  D  b .1ho lo_
no rph l ca l l y  on  t he  open  un l t  ba l l  A  o f  JC .  , n  pa t r t l cu l a r ,  A  1s
a nonoBeneous dona in .

BIl,tUN, KrlUp and UPI{EIER f3B aJprovea

!!-ggeg&U. rf B ls a reel Banach space end D 1s tho
syrrunetr lc  tubo donreln tot  . f i$  .= B @I B ,  then for  every
e e (L  there ex is ts  a  un ique Jordan product  on B such that  -B ts
e JB-a lgebrs wi th  un i t  e ,  end D is  the upper  ha l f_pJ.a i re .

Rg4ql:k.. It fol lows thst ,IB-algebras, as uell as JBx*al_
gebras,  are ln  one_to_one correspondence wl th  syrunetr ic  tube

-  doma tns.

I n  t he . t heo ry  o f  f o rma l l y_  r ea l  Jo l r dBn  a l geb :es  o f  f i n i t e
d lnens ion en lmpor tant  fact  1s te  n ln lnra l  docoraposi t ion of  e le*

.  nents  o f  such an a lgebre wl th .  respect  to  a  cornplete or thogonsl
ys te ra  o f  p r i r o i t ' ve  l dempo ten t s  

{  . a ,  . . . ,  e k  }  .  t nu  l npo r t snce
of  the n ln l 'nar  deconiposr t ion fo ] rorvs f rom the fact  that



t ^
l  

o 1  '  "  0 1

uh1oh,  for

a l s o  p ( x  ) "

_ 1 0 _

,l

ekJ deter ra ine a pe l rce

lnst  ance,  d  lagonal izos

decomposl t ton of

t he  ope ra to r  t { x ) ,

tho al .gebra

end hence

The analogue for  an arb i t rary  JB_algebra ] l s  t he  f ac t
that  for  every <€ ]  the un l ta l  c losed subateel ia c ( <  )
by d ls  lsomorphic  to  sone

log i ceL  spaceo  Howeve r ,  l n
nontr lv iaL idornpotent  in  C(
not  be appl " led.

SHULTZ /jtZOJ proved that the bidual of JB_elgebra wj.th
the drens product  1s i r l_so a , IB_e1gebra"  Hence,  6very . IB_ElgcbTa
ls  q  v lsnn*s l0sed subalgebra ot* rB-a lgobra whlch is  a  dual  tsanach
space.  AJ.gobras of  th is  typo.  adni t  not  on ly  a  cont inuous.  but  a lso
an L** f  unct  ionel  ca lcu lus"

Rernal-k IDly4RDs f +S cJ shorved how some of the rosulrs on
murt lp l " ters  and quasi -nu l t lp l iers  o f  c* -a lgebras cqn bo extended
t  o JB-a 1g 6bl1a s.

$ 2.  JBt?-€ lgebras

4ef t l i - ! r ,pn.  A JB-a lgebra 
]  ts  cat l -ed a JBW_slgeprq i f  A is

-l
C)

q u u l  r l 8 n a c n  s p a c e  ( i " e .  t h e r e  e x l s t s  e  B a n a c h  u p u a "  , 7  
* i t h/ ' -  /  v  - -

= 
'-f, '  

as dua l Benact /- v
r  sp€ce i  I  i s  un l que l y  de tenn lned  by  /(see SAK, I I  f  JJ3J )  and is  cat led the predual  o t  A ) .

5 c u r d  r z I K  /  g € n e X A t e d
/'/)'%  (S ,  m ) ,  whe ro  S  i s  a  conpec t  t ooo_
cas6 s  ls  connected. ,  e  ls  the on ly
o(  , )  and re pe l rce decomposLt  ion can_

ELamp,J.g. The

e ,IBl'f*elgebr€. . .'

s e l f a d j o l n t  p a r t  o f a von l{eumann algebra is

8€rnalb. T'or every c{ ln the fl3if_algebra J_ the w#.eLosed uni_
ta l "  subal ,gebr .e  W( d )  o f  7  generoter i  by o< 1s 

"  
.oo*Ltut lve von

Neu raann  a l geb ra ,  1 . e .  l T (  d )  x  tG ,  n )  r o r .  s  hype rs ton i an  o : , ,
equ l va l en t l y r  }V (  {  )  

.N  
t *  ( f  ) ,  wbe ra  . t  t u  a . l oca l i zab le  neasu re
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(see srrKAI fttl J ).

ggg-!.llg a b-g!'g g!*?n al 9il[sE"*9u94*u9.rqggg-s]ge bqg.s_!a -r_hg _{qlgel}
c B S O "

sHULl'Z f tnlproved tho Gelf and-NeumarK thoor6m for
JBi{.-a1g ebra s :

lLeo-pgS e,!" gv6ry tBtry-algobra J ts a unlclue direct sum
( a s  e l n e b r a  s l  1 = a  6 )  1  I  J -  ,,  a  -  

t  sD v  / "1  r  woero  / "B  1"  l soraor l :h ic  to  a
weak ly  c losed Jorden suba, lgebra  o t  

' *6 (H)  
fo r  sone complex

H11be . t  spaco  H ,  and  7u*o  ZG,  aa  (D)  ) ,  where  s  a  1s  a  com-
pac t  hypers ton lan  spsce .

Cor.nents .  1  
-1

dsp anq 
t " *  are ca l lod.  the pt res ia l  per t  and

thc elqgp!r_ogg]. part ot Z , r€spectlvel5,. Every JW_algebra
(r "  e .  a  weakly  c losod subalgobre of  v6w),  H I  co i rBrex Hi rber t
spece)  ls  a  JBl f -e lgobra wl th  2  = tsn.  r ,o t  r rs  nent lon in  th ls
respect  Syup0vts  recont  s tuay f t6  h_y ' ,  whlch s tar ts  f rom resul ts
g iven by I IFROS and sTfRt , IER f+e a,  b ,  LZ? brdJ.  Tho pr inctpa l
a ln  o f  f  rc  nJ*  to  complete the research of  .connect ions t re tween

'propor t  res of  J IJ-a lgebras and the l r  envel .p ing von Neumanu e l*
geb ras  i n  t he  gene re l  case .  eyu lov  ob ta i ned  t he  t ypes  c r i t e r i a
for  JTt r -€ lgebras 1n terns s f  the ex ls tence of  normer-  t racos"These
resur ts  are s in l lBT to  thoss for  'on Neunann a lgebras"  rn  par t r .eu*
lar ,  he cons i .der€d the p: :o .b lera of  tho extons ion of  t races f rom
s J l?-a lgebra to  1 ts  enveropi lng von Neumann Bl8eble.  Th is  prob len
is  o f  in terest .  in  1 ts  ovn r ight  and ls  a lso used in  tho above_rnen-
t ioned.  : :esu l ts .  nddi t ionalLy,  i t  ga ins ln  l inpo: : tunce by appl ica-
t i o n s  i n  t h e  t h e o r y  o f  l n t e g r a t i o n  o n  J o r d a n  a l g e b r a s  ( s e e

.AYUPOV CIO "1 , tho detalls belng glvon by ,rwpov 1n f tO tJ
Defi.n:Ltlgn" n JBl{*algebra } ls ca1led e legtgr lf i lre

c e n t r e  o t 7  ,  d e f l n e r t  r v  z ( H , = \ * e - l  |  [ r r * l  r f  - l - r -  n  +- ' 6 ^ t  
(  o  I  L & t , . / r  l , t Y J J  =  u  I O 1 '

e t l  y  6  J  t  ,  I ' e d u c e s  t o  f i i e  o r ' ,  e c u i v a l e n t l y ,  i f  t h e r e  d o c s  n o t( ) )
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ex l s t s  a  d l r ec t

subal .gebras "  
'

r * tc l r c l e  
) _  

= l " . Z o

i -  - JB!11-algebra,

) "

J t "  Z " = J

th€ mlnimal de conipos l t  lorr

L  - funcb lona l  caLcu lus  i .n

then th€.  unl t

r" d- l.s con-

sum deconposlt lon J = 1, @ ],  tnto'  propor

ne&e{E-" "{ good substitute for

o f  t h e  f l n l t e - d i m e n s i o n a l  c a s e  i s  t h e

trB' l l ' -algebras.

9ropsSt j.ot-r_2.3r-T f l' " 6

n e c t e d .  A c t u a l " I y ,  
)  

=  e x ! ( r J ) ,  a n o G t (  A  ) = p  ( : )  a u t ] ,

A be lng the open uni t  ba l l  ln  J0"

neqglE.  The group Aut  Zt  is  e  ree l  Benach L lo  group"  I ts

correspondlng Banech L1e a lgebra wi l l -  be denoted by aut  ] .
Note t i : .a t  aut  l -  is  the set  o f  a I I  der lvat ion of  tho a lgebra ] .

F o r  e v e r y  x t  !  €  7 ,  t h o  c o n m u t s t o r  f  f , ( x ) ,  t ( f  ) ]  f  s

conte lned ln  aut  ) -  l ,  everV f ln i te  l inear  comblnat lon of  such

eonmutators  ls  caI led an ln ler  der lgat io .g .  o t  J ,  The set  1 .n tJ_

of  e l l  lnner  der l r 'a t ions of  ]  ls  an ldeal  o f  aut  J  .  In  t f re

f  in l te*d lnens ional  case ve hr . rve uut  ]  =  ln t  1 ,  vrh l1e in  genera l

t h i s  1s  no t  t r ue "

TTnrn l , \T r rD  , r  1?2  L  ?  - .
L_L./ J uJ oioved.

Tlsore4_2.2. , .  I f  I  is  a  JD-e1gebra,  then aut  J  is  thc

c l  n s r r r n e  n f .  i  n t  I  ; .  f  ( Z )  v  j . t f r  r e s p e c t  t o  t h e  . s t r o n g  c p e r j r t o r

topology (  i  .  e"  the topology of  s i ,np le  conve.rg€nce on Z ) .  I f  A
l s  a  JBU- fac to r  t h l t  l s  no t  l sono r l h l c  t o  l  f r i c t o r  o f  t n f i n i t c

d1 ; r , ens i on ,  t ] , bn  au t  ]  t s  t he  no rm  c l osu re  t n  ; (  ( 7 )  o t  l n t .  ]  .

l l_e: r rJ :b .  The methods snd : 'esu l ts  g ivon f i  f8 j  bJ : re

app l ied  by  UI i . :L I l l  f  t l }  aJ to  deduce fundarnenta l .  r r lgebr r t  c

n . . ' ^ n - - + i a o  a r  r h ^  r i e  , i f  C e b r a  s u t l  o f  a  J B - a l g e b l o  7 oo - 4
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Recently, U!i.{EIIR f t l l  cJ shoued that for a JBl{_algebra

]  
tne connected ldent i ty  component  o f  . {u t  /  is  a lgebra ic , l l l y

gene ra tec l  by  l nvo l u t i ons  o f  t he  f o rm  ! ( s ) ,  nhe re  seJ  r s2=  e  qnd .
F  deno tos  t he  guad ra t l c  r ep resen ta t i on  ( see  A  S  h . I ,  $  l ) .  f he
on l y  excep t l on  t o  t h l s : : esu r t  a re  sp l .  f a c to r s  o f  i n f i n l t e  d l ne ' *
s lonsg 1n-  th1.s  case,  .o ,u t  ]  is  onJ"y topologtca l l -y  genereted by
the  t r ans fo rna t l ons  p ( s ) "  App f i ca t l ons . t o  seve ra l  a l geb ra l e .  end .
geomotr r -c  obJects  assoc iated vr i th  a  JB-a lgebra ]  -  r l te  t i ro
p o s l ' c l v e  c o n e  o f  ] r t n e  J o r d a n  p a i r  ( Z  r J  ) ,  e t c ,  _  a s  w e l l  a s
to dynanlca l  systens are : :1so g lven in  f  t lS cJ.

D e f l n i . t i o n . . 4 JBl{-factor J- is catled of t jpg I" tt Z_
conta ins a pr lml t ive lCempot  ent  "

^ m , . ( - . - . - -  f - -  ^ ^  .  - r

Dlyr i i i { r lh  L  ) . t /  oJ  gav€.  a  co iap le t  e  c lass l f i ca t lon  o f

JBiv- fectors  o f  type

rTr!" ^Theo ren  2 .4

fo l low lng  a lgebras ,  wh ere

t rB i f - factors  o f  typo I  are prec lseJ-y  the

p 1s an arb l t rary  card ina l  numbe: , ,

Iu.p.e
r1

r.,
z:,

rn t to(mf+), or = [F , o, lH, o, and p> j

( ! =3  r r  m  *  o ;1 ) "

Le l f  in i t lons  "  Le t  f , t  be  the  duaL Bandch space o f  a  JB*a l -

i ;ebra  ]  end.  denote  vv  q3) t  ,= { ) ,n \ ' l  } t l? - l  >  o  1  the  duar
o ' )

cone  o r  72 .  
, rn .n  K ,=  t2  €V i  I  1 , . ,  =  t  

]  
i s  cn11er1  the

ol 7, the elerrrents of K belng c,:l-1e,1 g!.!.JS"_ qg 7 "
.  Rgn ia : :k .  K  1s  a  o : rx -co .mpact ,  ccnvex  subset  aod /  can  bo

l l e n t l f  i e  d  ( r s  , . , r  l l l n l c h  s p l i c e  )  u l t h  t i r e  s p a c e  o f  a r  1  a l c o n t l n u o u s

1J  V.  r  c r r l1er1  the  sp l . . r r - ._ f  t i c -bo i  o f  d inens lon  ! ,  cor responds to

J (  q)  
' - l ron 

. ISAI,  S 1.

IR

t  9  2 ; , 3
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af f ine functLons on K.  Th€ b ld .ua l  o f  
Z co lnc id .es wl th  tho set .

o f  aL l  bounded  s f f i ne  f unc t l ons  on  K "

tn  a conprehensive s tudy of  s ta te  speces of  e  JB_olgobra
.eLfSX'N a,nd SHUTTZ $J gave necossary anil suff lclent condit ioq,s
fo r  a  co iapac t  convox  se t  to  bo  a  s ta te  spaco o f  a  , fB_a l_gebra .
dRAKI  1 | l l J tmprovec l  the  charac ter lza t ion  o f  s ta to  spaces  o f
JB-o l -gebras g lven in  f  SJto a forn wl th  more
the s  i rnp l  l f  ied f in i te-d lnens lonol  case"

ALtr'sS{, H.AifCIn0-0LSIjt{ and SIIIILTZ f +J cnaracterized the
steto spaces of  Cx-a lgebras anong the s ta te spaces of  a I I  , IB-
-e lgebres,  Togetherr f5J ana faJglve a conplete cheracr errza_
t ion  o f  the  s ta te  spaces  o f  Cx_a l -gebras .As  1s  shown ln  C+J ,
a JB-e lgebra  

]  t ,  the  se l fad jo ln t  par t  o f  e  C*_e lgebra  1 f  an t l
on ly  1 f  ] -  i s  o t  conp lex  type  and i l r .e  s ta to  spac6 o f  ]  l s  o r len_
tab10" sr4c 'y fv-a cJ showed thst  the stste spsce o-r  a ruw-sr-
gebra  o f  eomprex  t ype  1s  o r len tab re  l f  end  on ry  t f  t t  l s  r -oca r l y
o r i on t sb l e .  ! ' o r  l o cB I  and  g l oba I  sp l l t t l ngs  1n  t he  s t a te  spece  o i
e JB-ai-gebra see STACI.' ft26 bJ. hecently, IOCHU&I end SHTTLTZ
/-  z l  3  .character rzed nornar  s ta te spcces of  JBr ,J-a lgebras emona

lef lg l t iog 2,  A s ta te,  )  or ,  u  JBly_at -gobra
J ls  ca l - led

,lorrqgl 1f l i ;n )- (**) = \ (x ) for: every

*  =  s r p  * n e  7 ,

phys lcaL appeal  ln

convex  se t s  by  p rov i ng

.  Ivery  s ia te  )  e

inner  r r roduct  on J  nna
--7

norm on ,ko

t ha t  t hey  a }one

K  de f i ncs  by  ( x

l n  pa r t l cu l a r ,

,I

no r,1

.  De{ !n_ i t lgn. l - .  }  s ta t  e

f o i t r gu t  1 f  I  l ^ ac tua l l l  1 s

that  x  -  0 .

a re  spec t r s l  end  e1 I i p t 1c "
l - - \  \ t
l Y f  : =  ^ t x ] ' J  a  p o s l t i v e

\  ) . 1  / .Dy  l x l ^ : =  / , l ' ( x - J - ,  -  a  se rn i _
A

on o , IB-a lge l ra  J  is  caLled

o n ] ,  1 . e .  i f  t r  ( " t )  =  o  i m p l l o s

lncreas ing net  xc{  fn  /  w l th
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Dgfl:tlt loS_3*" .A normal state ) on a JBrt-elgebra
a 4gi . re  - t lage l f  1 t  ls  sssoctat lvo ln  the sense

( x y ) z )  = . 1  ( * ( y z ) )  f o r  a i L  x , y , z € ] ,

] t
t ha  t

s  oa-

Bg[a lb""  The condl t i  on f  rom Def  in1t ion j  above s tates i l ra t
eve ry  L ( y )  ,  y  67 ,  t s  se r - f adJo ln t  v r i t t r  r espec t  t o  t ho  r nne r  p ro -
d u c t  (  I  ) .  "' '/'

a complete s tudy of  JB11i - . r lgebras vr l th  a  fa i .bhfur  f ln l te
t rsce was under taken by JAN,SSEI I  Cf  e  n1 .  0n the bas ls  o f  rh ls
paper ,  J* } i ISSf l \ I  f?A " , IJ  

s tud led.  the proper t les of  the la t t l "c€
of  ldenpotents  ln  a  f ln l te  weakly  c losed JordBn a lgebra.  i l6  pro-
ved that  such an e lgebra ad:nr ts  a  un ique decoi [pos l t lon rn to a
d i rect  sum of  a  d lscrote Jordsn ar .gebra €nd e cont inuous Jordan
algebra.  Jr ' i i {SSnt I  f  ?B c ,  f IJ  gave a conpleteLy desc: , lp t1on of
the d iscrete f in l te  woakry c losed t rorden argebras by f ln l te- ,1 i -
n€ns lonal  s fuaple fonaal ly  rea l  Jordan a lgebras and by s !np1e
fon[a l ly  roa l  Jordan ergebras of  quadret lc  forms of  rea l  Hl lber t
spae€s.  A JBi i -a l_g,ebra .o f  type I ,  is  a  d i rect  sun of  weekly

ST4OET f tZA aJgave a

bros of  type I r .  The case n 27 3
F . ^ -  - - t

I  r c o  Q J o

structure theorem for .IB1,T-a19e_

vras t reated.  a lso by STJCfy

c] -os€d f  in i te  Jordan a lgebres in  i l re  sense of  ,Tr tNssEN f?a r rc j  "

!DIFSII{ and. S?lni, i I I i  f  IOSJ stroired that the dl. f  fe:rent

do f in i t ions  o f  t race  on  e  Jord 'n  b lgebra  are .  a r r .  equ lv ' r€n t  fo r

JB l?-a lgebras ,  Bnd.  tha t  con< l i t1ons  tha t  ao  no t  invo lve  .p ro jec_

t ions  are  equtva len t .  fo r  JB-a lgebres"  They  have cons lderec .  on ly

f i n i t e  t r c c e s .  I O C l r u t I  f A g  o J  e x t e n d e d  t h e  r € s u l t s  t o  s e n j . -

f i n l t o  t r a c e s n . I J y  a  s u r t e b l o  r l e f l n l t i o n  o f  b e m l f l n l t e n e s s ,  h e

shov.r€d that for .rny 'r8' , ' i -algebla ve have a unique centyel cecom*

p o s l t l o n  1 n  f i n i t e  ( s e n l f i n l t e )  a n d  p r o p e r - i n f i n r t e  ( p u r e * i n f l -
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n l te)  par ts  €xect ly  as tn  the caso of  von * leurnann a.gebres {see
Tl i€orem V, I .6  f  69 aJ) .  IocH.un proved a lso ( for  the ,genf f in j . ie
cese )  the equlva lence bet r . rosn the category of  fac i .e l ly  horno_
genoous se l f_dual  cones qnd.  the oategory of  f iBW_algobras of
se l fadJo ln t  de r l va t lons  (soe  fe  9  a ,  Theorom V .5 , f J  ) ,  ana{ fe  9  e
chapter  vr rJ)  h ls  roa in  bheoro io ,  whlch estab l ishes ' re  eqr . r lva*
1el lco betwoen the catcgory of  fac ia) . Iy  horno8en€ous se l f -dual
oones ln  l { l lber t  spaces and the category of  JBW_algebras (see
atso f2, aJ ).

A$,sume now tirat / is a ,IBif_slgebrs lyith e fatthful f lnl*
t e  t r ace  )  .  t f r " n  I  1u  n " " " r . t i a1 l y  un l que l y  de te rm lned  (eve ry
o the r  f e l t h f u l  f i n l t e  t r ace  1s  o f  t he  f o rn  J "p (h )  = ) . r , ( r r 2 )  r o r
sono h)  0  ln  i l re  cent re of  ]  ) ,  and ]a  t "  u  conplex pre- I . r lber t
s p a c e  w i t h  r e s p e c t  t o  t h 6  l n n e r .  p r o d u c t  { z  l w )  : =  ( z  l * ) i l  , =
=  . l  1 r , o * ; ,  r he re  )  l s  ex t cnaed  C - l l nea r l y  t o  Ac "

l fo t r r !1 .gn.  Denote bV 
lA the ccnplet ion of  ]0  v i th  rospectu  

1 r ^

t,r the norn l l  z l l  ̂  
-t - -/ t

A N
c losur€s 7 ana -12 . , t  J  " , . , r  12 :^  -7C

u  -  t r  d .

The  ope ro to r s  L ( z )  and  p (  z ) s  . zCZO,  can  be  con t . l nuous l y
A

ex tended  t o  bounded .  ope ra to r s  . on  1A  se t i s f y l ng  L ( z )e  =  L ( z . x )n
rnd P(  z )x  =  p lze) "  Tno cona 2 '2  l s  se l t -cuar  i ,  ? ,  sa t is f ies  a
c€ r t a l n  geo rne t r i ca l ' ho rnogene r t y  cond i t t on ,  and  has  e  as  t r ace

r ' rector  ' (1 ,  e .  as : t1uas1- in ter ior :  po. in t  o f  ]2  , t ixea by every con-  .

nec ted  se t  o f  l sone t r  j . e s  i n  GL (7 )  ) .  0n  t ne  o the r  hsnd ,  eve ry
conc  o f  t h l s  t ype  1n  : r  r ea l  l { 11be r t  space  1s  ob ta l ned  i n  t h l s
'r 'ray fron a .IIJ-slgebra ulth fa1ilrfu1 f lnlte trace (soo BELI,IStj j lFtD
and IOClru iJ  f25 aJ) .  Th is  resuLt  can .be v i r : rved,  as a gone: :a112, .a_



t i -on to  the ln f ln l te-drnensional  caso of  i l re  fo l1orv1 ng thoorem
of  KOrcHul :  The s€1f -duar-  cones ' r l th  homo8eneous rnter ior  in
roa l -  H l l be r t  spaces  o f  f i n i t e  d l nens ton  a re  p rec l se l y  ( up  t o
l inear  eo_ulva lence )  the cones of  squa: :es ln  formalLy rea l  Jord.an
a lgeb ras .

The connect ion between forna l ly  rea l  Jord.an a lgebras r , - r : t .bh . l
t r ece  o r : d  cones  1n  on  l n f i r l t e *d lmens lona l  H l r be rb  space  n r s  g l -

"en 
ln 1971 by &ulssnri l  r7B aJ" He found o cJ-ass of dornains of

pos l t lv i ty  ln  pro- l l l1 i :er t  spaces that  are 1n one- to*on6 coxres*
po ' 'dence wi th  the formar l "y  rea l  Jordan ' rgebras that  hsve one-
d lmenslons l .  cer r t fes.  s lnce Bel l lssard and Iochurn he ld the op i_
u lon that  f r . :c1a l  honogenel ty l  )  1u o ve"y c lucLal  proper ty  ln
the category of  cones,  they have re_conslde: :ec l  th ls  prob l -ora 1n
1978 ,  by  g i v i ng  e  se l f - cons l s t en t  expos l t l on  o f  i l r e  r esu r t s

fZS aJ"  te ter  on,  they shovred.  fz> rJ  that  a  JBw-atgebre can
be  assoc ia ted .  canon i ca r r y  ' r l t h  a  f s c ra l r y  honogeneous  s6 r f *due l
cone.  Thls  const ruct lon genera l izes t } :e  case wher€ thoL:e 1s e
t r rBce  vcc to r  l n  t he  cone .

PJ-op-os tllqn-.?._5*.- the JBx

l l tl a < Il il oo on]o, e,nd A =

Propgsi t l ,o l  2"6" I f  7 Ls

c ondi . t  i  ons are equlvalsnt  :

( 1 )  t he re  ex i s t s -a  r asx im$ l  assoc i a t i v c  suba lg r : b ra  o f  
-

f i r r i t e  d i r n e n s l o n  l n Z  i
, - :-'1

l i i )  6  1s  1oca11y  f l n l t e  ( 1 . s .  eve r y  f l n l t e l y  gene ra ted .

suba lgebr . r  has  f in l te  d ! -oons lon)6

-norn ( l  l l  *  on 70 sat isf  les

(  , l  - ,  )
1 = . - X  / r  -  r ( z ) p ( z ) *  > o J ,

n ' )  /  ? 1 , .  .  )u n i t a r y  o n  Z ' J  = f z e A  
l { l z l i r = r J "

a trB-elgebra, t iren i lre fol-Iorving

X =  exp  ( i  p  =1 , r l u  | r t , t

1) nocalL thz:t a cone tn e reol- l l l lber:t space is {ec1a1ly_jioj{oflg_
ngstuq i f  for  any face I ,  the operator  p I , ,_?Fr  is  a  AerGat ion
i lere pn ( r_e sp"rPUr )  is  t i r .e  r - ro  ject jor  cnfo the cLosed l inear  sub_
s p c c e  g e n o r a t  e C  b y .  F  ( r e s p . , f ' 1 ,  t h e  o r t h o g o n a l  f a c e  o f  F ) .
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T \  { l

1B

rr3 (o)

' 2  Y \  n l! ,  *; t  Brbltrsry cardlna]-Lty )z 3

p  ,  3 1 p 4 o e  a n d ,  F  =  t l 1 r 0 ,  o : l '  U l .

a  l  o o h r . n a  n f  f l n { l - a  r. r . L ( ,av rqa  i ank ,  excop t  f o r  sp ln  fac to rs ,

r rp t  u  /

Remq rk " Jll-

( l l i )  f o r  o v e r y  s  a ]  t n e  o p e r s t o r  L ( a ) €  { f  t r l  s a t l s f i e !  a
po lynomla l  equet ion  over  lR  t

( tv)  t i rere exists a nqtural  nunber r  such the.b every aeJ
adnl ts I  representat  lon a = o(rer+. .  n+,{ror ,  where
f r

} uL ,  o . o ;  € " J  i s  a  se t  o f  o r t hogona l  l dempo ten t s  and

d I ,  " " . r o ( r 6 [ R  I
(v)  thore exlsts a fa i thfu l  f in t te t race t r  on J su. ,c l r . . thnt

the correspond. lng l l iLbert  norn l l  x l l  2 = t r (*2)*"on 
I

ls  equlvalent  to the JB-norm I \  x l lo. ,
( v r )  7 l s  r e f l e x l v e ,

Deiinl.t lg4. A JB-algebra ] 1s ca11ed of f lnlLe- Iank if one
of  the condl t lons f rom Proposi t ion l_"LG is  sat ls f ied.  Tho nunber

r  : : I  r ( / )  mon  cond l t l on  ( l v )  t s  un l que l - y  de te rm i -ned ,  and  i s
ca l l ed  t he  r ank  o t  7  o  

'

The  c l as , s l f i ca t l on  o f  JB I { - f ac to r s  o f  t ype  I  ( see  Thoo rem 2 ,4 )

tmp l t es

theoie-g;?_"7"  Svery , I8*Blgebra ]  o f  f tn l te  rsnk is  a  un lqus

d l r ec t  , *  ]  =V r@ 
: "  "  6  Vu  o f  JB iT - f  ac r  o r s  7 ,  w l r h  r  (  T )  =

| "-1=  r ( ' t t )  +  . " "+  r (  7x ) .  The  JB [ t r - f ec to r s  o f  f i n i t e  r ank  q re  p rec l -

.  so l y  t he  f o l l ow ing  c l g j eb ras :

are  fo r ina l l y  rea l  . Jordun a lgebras .
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r{ruP r84 aJsives

Thgor.ep,a!_9."- S"very sy:u'netrlc tubo d.omaln D ln a roflexlvs
Bensch space ls  l inear ly  equlva lent  to  a  d l roct  product .

( 2 . 1  ) D ( a )  X  D ( V z )  X  . . .  X D ( Z k ) ,

v rhe re  / r ,  . o . . r ] *  
a ra  un l que l y  de te rm lned  (up  t o  o rde r )  a l ge_

brnb f rorn the l - ts t  In  Theorenr  1 ,1/  and D(ZJ)  1s tho upper  ha l f_
p lane-assoc lated wl th  7 i "  On the other  hand,  every donain of
the form (2.1")  ls  L lnear ly  equiva l0nt  to  a  synmetr tc  tubo domaln
ln  a complex Hi lber t  space,

CL]]u f 4I a] studled tbe nadon-Nlkodfm prope::ty (for defl '
n i t lon see below) 1n the context  o f  JBi r l_a J-g ebra s .

De{ in1! .1o1"  .6  ( reaI  or  coraplex)  Banech spaco X is  se id  to
p o s s e s s  t h e  R a d  o n - N l k o d i r oFe r l y  1 f  f o r  eny  f l n i t e  meesu re

space (-n-, 2 , 7 ) end 7& -cont)-nu-ous vector neasure

L r )  - - - > X o f  b o u n d e d

Bochner  in tegrable funct  ion

r-Ior aII  .d.;  }n ) .
/--

Using Theorem 2"1,  due to SHtr lTZ f  lZ3J,  Crr0 f  4 l  eJ esta-

gebxa s  :

(1)  Jordsn (n X n)  - .  rn&tr lx  er l -gebras over  [R,  0 ,  or

( 11  )  sp i n  f ac to r s  I

( f t t )  t t re  exbept iona l  t ro rd .1n  s l6 ,ebra

m a t r l c e s  o v e r  0 "

t o t u l  va r l e t i on ,  t he re  ex l s t s  a

b l lshed the  fo l loy r ing  resu l t "

" L e t J b o €- U

the Radon-irj lkodin property 1f

sum of  Jordan a lgebras,  each

t

'o f  l le rml t lsn (3  Y 3 )

g: 5L --+ X such that L(I)  = J uy

.IBtl-a1.gebra. Then'

o n , l  n n l  
" ' {  

+  J  - {  -v r l u v r . 4 J r r d . -

of  v ;h lch  1s  one o f

l ts dual f, l nas

a  f1n l te  d l rec t

tho fo l lovr lng a1-
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the Radon-Nlkodjnu proper ty  l f  and only  t f  tho s ta te

, r  " t  n f  l { : n  n r r z , o  < i o { "l s  t ho  d *  convex  hu l l  o f  l t s  pu re  s t a tes .  Name l y ,  he

I o o
l v : - \K = 1  /  A
t ;;r-

kn "-n l
( i l  )  J  has the I lsdon- l t r ikod$ra pr r :per ty l

a

'Recently, CffiJ f 4I bJ provcd. that the duaL of a ,TB-al-gebro .

]  Fossesses

space  o f  7

pr ov ed,

USS:Sg_-aj"!_9., H > 1s a ,Ill-al6ebra rglth state space K, then

tho foL lo l ing cond, l 'b lons are equlva lent t

( 1 )  K  l s  6 - c o n v e x  h u l t  o f  t h o  p u r e  s t a t e s  ( 1 . e .

O'

\ - r

)  i ,  =  1 ,  ) y r ) 70 t  kn  -  Pu re  s t a te  s
GT

tl
( i t t ] , '1  ls  a  d l rect  sum of  type I  J -8, . l -u lgeb: :as (1 .e.  t rs :V-

-a lgebras * - i r : . .n  
"ontu lns 

a (non-zero )  mln io la l  ldenpotent  ) .

A .genera l lzat lon of  the conmutant  o f  a  von Neuniann a lgebra

{  n  f  h  a  mny 'e  o6 r .1^y ,n r  se t t l ng  o f  , IB . i : J_e  19  eb  ra  s  r ] as  l nves t  l ga ted .  b . ;

I ( ING l :  85 aJ,  f lngrs  for t ru l .s t ion seemsto be of  advsntage in

t he  s t udy  o f  t he  f ounda t i ons  o f  t he  quan tum theo ry ,  os  1 t  on l y

l nvo l ves  obJoc t s .  and  ope ra t i ons  t ha t  have  a  phys l ca l  l n t e rp re -

t a t t o n .
'  In  genera l ,  a  JBl1-s lgebra does not  have a concrete rea l lze-

t l ou  as  an  ope ra to r  a l geb re  ac t i ng  on  som€  H i l be r t  s lBce i  henco

th€ not ion of  cornmutant  should be rev lsed f rom the s tar t "

K lng d ld ,  th ls  us fo l lorss ,  Let  ]  be a ld t t -a lgeb: :a  and , I  a

no rma l  u t r t " g  he  s t ud l ed  t he  o rde r  t l " o r  g *ne t " t " a  t y  I  t n  t n "

du€1 of  ]  "  nr is  order  ldeal  ras denoted by v . ,  .  fnren J  is  the
L

sel fa-a jo ln t  par t  o f  a  von. I {eumann a lg€braI ,  then Vl  can be

ldenb i f  1ed in  a  natura l  manner  r ry1th the ,3€I fad.J  o ln t  pr r rb  
'o f  

t i ro

con j cc tu re  l s  t hg t  r qhen l  l s  c  f : r l t h f u

an order  isoraorp i r lsn '  o f  ]  onto V1 .
4 A

commutant  o i  t l re  G ldS repr€senta l i ion  o f  /  n l r t in  rospec t  to  I

n r ^ + ^  r , . T v n  t ^  / . . A 6  ^ - 7
.L:.::!go I! r r\v n L Qw <1 J

n ^ ? r m ^ ' l  c t a t o .  t h n r . a  a e ' J  - *  -



In f  a6_a, Chapter I IJ  Lt  was ehovn that  th is conJecture ls
.a+o-,, i c J B W - aI 2 e L ras

t rue for l (see Theore in  2.11 ) "  iC lng proved the conJecture to  b ,e

- t rue for  a  fa l th fu l  normal  t rcce,  and,  as an appl lcabion,  prover l  , r

Rad.on*Nlkod. f t r  tbeorem for  norroa l  t races (see Theorens Z,L?-  qnd 2.

L l  ) .  F o y

c o n c e p t s ,

an ln te : :prets  t ion of  these resul ts  in  tems of  phys lca l_

see lili{Cl{ and I(IIIG f fO7

lel| l .ryLtiqns-s *ln iderapotent p in a l8l?-*J-gebra I ls called

an gtgg l f  1 t  1s rn ln lnre l  ( i .e .  1 f  O - (  q  (p  r l th  q2=c1 1m,o l ies that
^  -  n  ^ '  ^  -  - \  - f
. r .  -  v  - i  t  -  y  t .  4  ls  sa id .  to  be ut  oq lg .  1 f  evory ldenpotont  1s

the least  upper  bounded of  cr thogonaL ato l r rs .
1 . r ^ +  ̂ + . i  ^ -j . ,1orarLon.  I r  ,L  i s  a  s t . r te  oh  ro  t rB , , ' i l -a lgebre  ]  ,  tnun

I  r  |  -  . ly r : _ - l f  / f  1 1 ' . 7 a - , -  . - ' + , .  ̂ \  / ^ , . '
/ -  L  r  ( r - -  € l : l +  l t l t j l  - e , t < f  < q l J '

f!.g.gg3l2-rU. Let ] be . in ato,"nic JB.rrl-nlgebra snd. Iet ,L be a

fa l t h f u l  no rna l  s t o t e  on  ] .  
- t f r cn  

t he re  ex l s t s  an  o r c l e r  l somorp -

h lsn  f  I  Y1  -+ /uL th  q  (  l )  =  e "

Theo: :e . , ! !  2 "J2 .  Suppose tha t  a  JB i?-e lgebr :a  /  adml ts  a  f  l l th fu t
\

noruel  ! -13gg.  A (1 .o"  for  a l l  ldenpotents  prq vre havo
\ ,  )
A(Upq .  -  Uqp)  =  0 r  qhere  Ure  :=  (pq )q  -  (qp )q  +  q 'p ) .  Then  t i i e re

exlsts an order lsoraorptrlsrn f , V,f -> 
J witfr f (I) = e .,\,!ore-

ove r  fo r  eve ry  pos l t  i ve f  ( i "u . l €qz f  )  f ro i r r  V1  r  i l i e re  e r i s t s  a
n n - l t J r r o  c l  a - r o n f  

"  
I  '  t '  t

The ore ::r 2,1J "_ Let ] be u J|iY-:rl-Gcbra sat isfying the qg:IJltq-

t - ic  Fad.on- l , I i lcoL i ! ; ; r  .o : :ope: ' ty  ( i .e .  for  any f  ,6  €  l  u | th ,  O <f  (x2)<

1S$2 )  f o r  eve - r y  
" r ' / ,  

t i r e re  ex i sbs  r - tDos i t l ve - y  t n  J  such  t ha t .

f ( : : )  =  s (u . , x ;  f o r  e ' r e l y  xe l )  and  t e t l  and  )  be  f a i . t t r f r r l  no r r i n r
J - 4 /

s tu tes  on  
- *  

"  Thcn - I2 .  ahd V9 l re  o rder  l sornorph ic "
O , / '

Coro l la ry ,  Le t  
-1  

bc  as  1n  Theore : r  2 "1J  and suDposc  thq t  
- -7

-.---,r---..r-- -- a 6

admi ts  a  f . l i th fu l  nor l ra l  t r r :ce.  Let  I  le  a  fa i th fu l  nornal  s to te
^ * J ,  1oo  

d  .  Then  Y "  l s  o l de r  i so rao rph i c  t c ,  "
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BecentLyr ILAAGXRUP And II:U,TCHS*OLSilI\T l:61J atternptel to
geners l izo the Tonl ta*Tskesakl  theory to  JBI?-o lgebras.  ds r ras no*

- t iced by I l , tNCI t t -OtSEN 15 62 o_f  :  h ,Then t ry lng to  extend i l re ,no l ; lons

of  ron i te- !akessk l  ts  theory to  Jo: :dan a l -geb: :as,  one innredia ie ly

runs  Ln to  a  r . a l  o r  obs tac l e :  one  canno t ,  i n  g . ene ra l ,  assoc i a te  a
nGNs-representrat ionn n l th  a  s ta te,  so,  there 1s no I l i lber t  spaco

on * Ih1ch to  def ine the operators  o f  roml ta-Takesakt  theory"  i r io 'e-
over ,  l f  the .Drod.uct  ln  e  von } : t reumann a lgebra Ls reversed. ,  then
the rnoduler  automorphls la  g l loup ls  a lso reversed;  l ience i t  cannot
bo detor rn lned 1n terms of  Jord-an s t ructure a lone.  Tb.e rspunet : : i -

zat ionr  € ,  =  (or+ o-_r)  , /2 ,  ho lvover ,  is  le f |  unharmed.  by th ls

reversal of p::od.uct'r. r ln onalo6ue of 0t can be d.efined or: any ,rBl,f*

aLgeb r "o  v r l t h  a  f a i t h f u l  noma l  s t a t e .T I l o  r l e f  i n l t  i on  o f  0 *e  0 i ven
by.  I laeger :up and Hanche-01sen,  uses the s t ructure theory o,  ,U*
-e l geb ros t  howove r ,  t he  ch r r r ac te r l za t l on  o f  € ,  does  no t  depend .  on

th l s  s t : : uc tu re .  r n  pa r t l cu l e r ,  t h l s  y1e l - d . s  a  nev r  cha rac te r i 2 ra t l on

of  a t  +  {1  1n the von Neumann.  case.

In  o i : r ler  to . reca l l  be lop the ina ln  resu l t  o f  I - Iaagoyup and

uanche -01sen ,  1o t  us  f i r s t  g l ve  t he  f o l Lo r v tng  two  de f i n i . t i . ons .

Opt iUl l i .gn.  i  farn l ly  (o t  ) t *  m of  1 inear  operato is  on a l t_

near  s lace 1,1 set  is f  y i ; rs  vo =I  end the cos ino ld .ent  1 ty

.  
2 o a u t  = V s + t  +  v s - t

c a L l e d  a

Rena::k

{  o n e - n a r n , r p t a t  l  a n . i  n 6  f  n a r ' 1  * ,  ^ n "1,1"

"  I f .  (u r )  1s  e  one-parane to r  B roup ,  then  ( (u r+u_* )  / r )
' I  , . -  o  n n c i  n o  f  o m J ' 1  : ': , r ! r r r J .

D o f i n l t l o n .  L e t

A b iJ . lnear ,  synmetr ic ,

1ng

J be a JB'r'l-algebra and

p o s l t l v e  s e n i d e f i n l t e

,/. a nori al

fonn s on

- + ^ +  ^  ^ -  - 7
D  v c r  u ( J  v . i l , + -

-'l

d sEr ] .s l ' y -



( i )

( i t  ;

( 1 1 r  )  r r

s ( t r e  )

a  2 7 a ,

a € 7 ,

0 < b < 1

b 2 7  Q e

so theij

_ 2 3 -

7z Q,

=  )  t a) ,

l G )  = ' s ( a , b ) o  a € & t

Remsrk '  There ex is ts  8 t  nost  one se l f -po lar  for '  sssoc ie ted. \
with zt .

fbeolen 2.I4., Let ] be a ,IBW_algcbra and Let I be a
fa l th fu l  normal  s ta te on ]  .  Then there ex is ts  a  un lque ces lne
fern i ly  (€ t  )  o f  pos l t lve,  un i tar"  r rnear  mapplngs or  l  ln to  l tso l " f ,
hav ing the fo l lov lng proper t les:

'  
( 1 )  f o r  e a c h  a  e Z  ,  t  - +  € t ( a )  l s  u e a k l y  c o n t l n u o u s 6

. \( 1 1 )  ^ ( € t ( a ) "  b ) . =  . l  ( u " o r ( b ) ) r

( i 1 i  )  s ( a r b )  , =  J  ) t a " e n ( b - )  )  c o s h  (  z  t  ) - t a t  d e f i n e s  a
s61f_po1ar  form assoc iated r i l th  . \ .  "

.  I ' lna11y,  1et .us nent lon the fo lLov; lng. resul t  o f  STlFt {nR
f  12? gJ,  r "e l "e ted to  J t?_ulgebr :as.

Let  L{  be a von Neumann a lgebra and lo t  o< be a cent ra l  lnvo_
lu t i on  o f ,  i v l ,  i " e "  o<  i s  a  r+ -an t l au tono rph l sm  o f  o rde r . 2  l _eav l ng
the  cen t re  o f  M  e l emen tv r l se  f l xed .  Then  t he  se t  m t r=  { x  e  m  i x  *

' t  ' 1  L
=  ) i  =  d  ( r )  

J  l s  a  J l ? -e l geb ro  r i t h  Jo rdan  p roduc t  x y :=

' r= I12 (4q + Vrx)r .ETl" ! j , j ! ] l  g!qd1ed_t_lre re le_t ionshtp bet$een r , { l  .  _
t )

and i ' i ' '  fo l  . tuo contTel  tnvo lut ions o(  apd P .  The mqln resul t
s t a t es  t ha t  c<  end  p  e re  ( cen t r a l l y )  eon juga te ,  1 . e .  t l i e r e  ex i s t s  o
*  -  au. t  omo: :p i r l  sn f  o f  l , {  leav lng the cent re e lementvr lse f . txed,  such

| . _.t ./ (\r l rB l  p  =?  {  +  
*  l f  nnd  on ly  i f  f I  

-  
anc l  l j l ,  a rc  l somorphtc  as

Jordan a lgcb ias  ' r1g  an  lsor lo lph isn  r ;h ich  leaves  the  cent re  e l -e i ten t_
v ; J s p  f  { w c . l  n ^ . -  " "  

dJ . ^Eu .  r \ o?  i , I  gcne rs te  s  l ,T  as  a  von  . * l eunenn  i i l gcb r l  ( excep t

o l f l l ,  r he re  r s

l .s oallod a splf-oola.I_forn.j-gsoclaleg rl i tn I .



l n  a  f ew  s lmp le  cases )

nany conJu6ate c lasses

T h t t s  t h o r . , :  m o *  h a! r . r J  u l ,

4 r .e + -

and there &re von l leunann

of  cent ra l  lnvo lu t ions.

rnany,  even en unc ount  ab l_e

isomorphlc  J l?-c lgebras whlch generate tne same von

algebras nt th

of non*

a16e-Neuna nn
bra.  Such exanples nay be found in  f tZ? e,  Sect ion ! - f ,

$  J "  0 J - a l g e b r a s

3,  c less  o f  par t ia l l y  o rdered Jorc l€n  a l6ebras ,  ca l lod  OJ_a l .
g e b r a s  ( s e e  b e l o w  f o r  d e f i n i t i o n ) ,  w e s  i n t r o d u c o d  1 n  I 9 Z 9  ( s e e

dYUPoV f rc aJ, sj,nlT,isii(ov and nTuloV f naj) and studlod
by "{ tuPOv frc v-1}  "  These al8ebres aro nonsssoclat lve genera*
l i z a t l ons  o f  se i a i f  i e l ds  and  caa  be  used  f o r  sn  a l geb ra l c  ap *
p roach  t o  quan tum p robab l l i t y  t heo ry  ( f o r  t he  no t i on  o f  sem l f  J . e1c l
see s,ln1l. is.. iKw f LLSJ). Thts section desLs rrlth the resulrs
g iven by aYUFOV Ln f  16 a-JJ.

De f j , n i t i cn .  r !  pa r t i e l  o rde r  )  on  A  1s  sa i d  t o  be  cons l s_
t r . n f  r l f  h  + h ^  4 1  - ^ l , r . e i  n  ^ n ^ n i + l  ^ h 6  { f: u , ,  v_ l l 1 ! l l  v ' lE  c l J i Jc  r r :  . r ! v  uL ,u_d  u r \ . / r rU  J " l

Notat ior ! .  Let  : i  be a Jordan o]gebra over  IR"

De  f i n l t  1on " Tuo e l -e :nents  arb € ,4  A: t^e.  ca l led

)  ,  1 f  the Jorden subr : lgebra .A (  e  ,  b

s t r ong l y  assoc l s t  l ve  ( 1 "e .  ( x y ) z

€ . 1 ) "

2tb  1np l1es  t l rs t  a  +  c  )7b  +

v  7 . C A

b y e  4 . } b

e l  ements 1s

{ a r b )  , a n d  y

cor,rj j ! , t iUtg (ae-

J  Sener f t reo  i r  l f

-  * ( " - \  ? ^ s  ^ r 1r  . , \ J p t  r v '  c t , l _ l

c  f ^ a '  ^ 1  I  a 4  a  .( i )

( i . i  )

( 1 1 1  )

(  r v ;
qhere  €  l s  the

a 7 / 9 ,  b > / € ,  a

a->/ .O f or e1l

null eleloont of

arl" ).e tR, I>, oi2zb lrnpl-Ios that ) 'a >, )t for

<*> b lmpltes that

a € .d"

It"

a b  ) O  1
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D.elinJ.Ltoq" A rofil trordan algobre .{ rvith unlt elensnt e
l s  ca lLod eh OJ-a lAel lq  l f  l t  i .s  equtpped wi th  a  pa: : t le l  order

cons i s t en t  w l t h  t he  . r l geb ra i c  ope ra t l ons  r l nd  such  t ha t  :  1 )  i f  ( xa )

1s an arb l t r lary  nonotoae lncreas lng net  ln .  , {  bound.ed f rom Bbove,

t l ien x  = rJup x" (  ex is ts  and x  <-> y  for  a lL  ye A conpat ib lo

w l t h  ove ry  4 * ;  2 )  eve ry  nax1 : i l a l  s t r ong l y  assoc ta t l ve  subaLgeb re

of  .a  1s e Lat t ice ordered.  r ' r l th  respect  to  t i le  induced orcrer .

Ir]ot g_. 0J-*13ebras vere 1nt::od"uced. f or the salte of an

e) i lornat lc  approach tc i  c luantun probabl l - l ty  theory.  The e1 ements

of  an OJ-a lgcbra can be ln terpreted as observabLes,  l ts  l r lempo_

tents  forn a conplete or thomoclu lar  Lat t ice ' r :nd.  can be l r terp"eted

as events .  ThLs oJ-e lgebre cpproach 1s a synthas is  o f  6*1nl ' i i$ ; l (0v rs

Bpp roach  L r iSJ  t o  c l ass i ca r  p rob : i b i l i t y  t heo ry  and  t he  c rgeb la i c

approach to  qurr turu rnechanlcs suggested bJ.  JOpDnj{  feO ar t : rc l

end. J0liD.lrii, von lIIU.t{.,$trN cnri |/IGIDII f etJ" The c1:ss of 0J_e1_

;eb ias  1s  su f f i c J ^en t1y  f  i i 1g6  and  con t r i ns  as  pa r t i cu l a r  cases

s e n l f l e l d s  ( t h e  o s s o c l a t i v e  c a s e ) ,  s e l f r d J o t r n t  n u r t s  o f  v o n

l le  unann a lgebras,  and.  , ro : : . f ,sn l lge bras;  these ;ppeur  tn  re  for r r ia-

l ls l !1  o i i  the quanturn l rec i ren ios"  , idd. i t lo i ia lLy,  OJ-a lge i t ras i : l :e

endor , re  d  u l th  e  s tTucture : : ich euoufh to  obta ln  analogues of
'  

t he  o : : e ras  o f  c l - ass l ca l  p robab l l i t y  t heo l y  1n  OJ -a l geb rus "

n: : r rgp les of  OJ: lJ , l ;cb: ls .  1"  Every a lgebre of  n ieasureble

func t l ons  on  a  i xeasu re  spoce  i s  an  assoc ia t l ve  OJ - r . : l gob ra "

2.  le t  A-  be a von l leumunn a lgeb: :a  on a HlLber t  spece V(
' 1  ̂ +  \ r / / ? \  L ^  r - 1 .  -  - -  -! € r ,  ; l l t 4 J  o e  r l r e  x - i l S e b r a  o f  i a c a s u l i r b l e  o p c r r r t o r s  a f f  i I  j - r t c d .

i . r i th  4"  Th€n t l le  femi ly  o f  l l1  se l f rd jo ie t  ope i : : to : rs  f ro rn  I { (4 )

fonr rs  an  OJ-e lgebra  r i i th  rcspec t  to  the  na tu : :a l  o rd .e  r  anc l  le

sym: re  t r l ze  d .  i : roduc t  ,  t ,  t=  *  (a "b  +  b"  a  ) ,  v ihere  € t .b  i s  th6c
n r A . t  n , , -  , ,  . , ^ . . . ^ ^ 1 .  t -  i '  . ^  - - ^ . 1 . . ^ r

J  u i , . v v r . ; v r v e  p r o d u c t  t l f ,  . :  A n d .  b "
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?  T F - ,  ̂ - - -J.  L t jvery  ,J  IJ-s lgebra is  an 0J-e lgebr :u .  In  par t lcuLar ,  the

sel fad jo ln t  par t  o f  a  von l leurnann a lgebra 1s an 0t r_a l_gebra.

4.  An arb i t rary  JBi f -a lgebra B ls  an OJ-e l -gebra j " f  the or*
r l e t  d a f { n c d  , h r r  f h o  

(  )
' r e \ r  ? v J  r , r r s  C O . D €  B *  : =  

l b -

d c m n o t c n t c ( i n ^ 2 - - t ^ + ,w _ v  r t  v iT4S91ejLf_-1," 'fhe set af all' 1

an OJ-algebra, endoyled fi l th the ind.uced order and !r1th orthogonaL

conplenront  d .e f ined.  as c*  i=  €-c ,  ls  a  corapl "e t  e  or  lomodula: :  la t t t

Dgf ULlt:.o_3. .{n elernent a 6 .4 ls said. to be (ord.er ) bouno.ed

{ + t  1 ^ , /  ^  , z \ ^  o ^ -r r  -    e  s  a  s , , ( e  r o r  so rne  pos l t i ve  l - 6  I n ,

D-e4ni ! ion,  A fa : r11y J  " r  \  . , .  .  rn  o f  ld .enpotents  o f  .A lsr  . / _  . /  ^ e j K
c s l L e d  a  s J , e c t t : r l  f a m i l v  i f

( i )  u l ( y "  r o r  \ / t

( 1 i )  t n r [ o , I  =  ̂  |  )
.  ^  J  P '  s u P  t e l J  =  

"  ;

( i r r ;  
" r  

= 
i l i  J  " ,  ]  

tor  erery 7e[R ,
)- </4

Theo: "ern  J .2 .  G iven an  e le raent  a  ln  an  OJ_e lgebra  ,1 ,  there
' @

e x l s t s  a  u n l q u e  s p e c t r a l  f a n 1 l y  , {  
" . , }  

s u c h  t h o t  a  =  |  ) u " , ,
.  (  ^ . )  _ - *

and f or b 6.{ i .re hsve b €-> a i f  and only i f  b €-> e- f  or

a l l  I e R  
-

Dgf in l t ion"  Jn  0J-o lgebra  conta in lng  on ly  bounded e le : , ren l ,  s

r  1s  cs l led  an  0JB- r lgg l iq

Theorg :L3  , l  "  l f v  e r ; i  OJB- . : lgcbre  ls  a  JB-s ] -ge  br r  u t ' th  rcspec t

t o t h e n o r m f l  * l l  ,  = r n r  J ) t o l  - ) -  c  < * < ) u \ .t I

Ti l l :  orerJ .  a ._  Ivery  nonotone conplete J i ) -a l5ebra 1s an OJI I -

r l ; sb ra  r v l t l t  r espec t  t c  t i i e  o rde r  dc f i ned  by  t ho  cone  o f  g l l

so^u3] 'cs .
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Rema rk . I rom Theorern.  3  .4 . ,  i t  f  o l l .ovrs  that  the c less of  OJB_

a lgebras  co inc ides  w i th  the  c1as .s  o f  €11 nonotone comple te  JB- r i l_
g e b r e s . r n  p a r t l c u l B r ,  i t  c o n t a i n s  t h e  c l a s s  . o f  e r r  J B i { - a l g ' b r a s "

' l n e o r e m  J " 5 . F o r  e v e r y  O J B _ s l g e b r e  A  t h e r e  e x i s t s  a  c e n t : : a I

ide f i lpo ten t  c  6  r r  such tha t  the  oJB-a lgebra  cA admi ts  a  separa t  ing

s € t  o f  n o m i ' l  s t a t e s  a n d  f o r  t h e  o J B - e l g e b : : a  ( o - c ) . a  t h e r e  e x i s t s  n o
n o r m a l  s t a t e  o n  i t .

R .€mgrk- t . r in  OJB-a l -gebra  is  a  JB i?_a lgebre  i f  an i l  on ly  i f  1 t

admi ts  a  sepata t ing  se t  o f  nor i l le l  s te tes"

nemglk  3 .  rvery  OJB-a lgebra  is  the  d i rec t  sum o f  t  i i ro  idea ls ,

one o f  v : ;h ich  is  a  J r r i? -a1gebra ,  v rh i le  the  o ther  has  no  nonna l  s ta tes .

The fo l lov r lng  nonassoc ia t i ve  anaLosue o f  the  v  i t  a1 i - i iahn-$ak  s

t h  e  o r e i l  h o l - d s :

Let  I  be an 0, IB-a1eebra,  1et  {  ?-  }  lu  u(  |  r r  J

s t s t e s  o n  A  p o i n t v r i s e  c o n v e r g i n g .  t o  ?  ( i . e .

)  f o r  a l l  a  6  X ) "  T h e n  f  i s  r i l s o  a  n o r ; u n l  s b a t e

s6o_uenc€ o f  nc)Tma1

I i rn  f , r (a )  =  q  (a

o n  J 1 .

t i s  uas  nent icned in  the  . i i i o te  on  l )€ i5e  z f  ,  tne  € le ixen ts  o f  a

; i v e n  0 J - u l g e b r o  a r e  i n t e r p r e t e d  e s  o b s e r v a b l e s ,  a n d  i t s  i d e n p o _

t e n t s ,  w h i c h  f o r r a  a  l o g i c ,  c o r r e s p o n d  t o  t h e  q u a n t u n  m e c h a n i c a l  e v e n t s "

Iu r thermore ,  the  o : :cer  bound.ed  e lenents  in  the  g iven oJ-a lgebra  cor*

r e s p o n d  t o  t h e  p h y s i c a l  s t a t e s .  T h e r e f o r e ,  T h e o r e r o  2 . I  c a n  b e . c o n s i -

dored .  as  q  represents t ion  theorem fo r  t l i e  a lgebra  o f  bounded obser -

vables.  aYUPovrst l6  jJ '  mein resul t  1s a represents t ion the.oxern

f  or arbitrary 0J-Blgeb,ras _of g!q9-1vabt 9 s, co4t aini4g_ _u-n!oqnegd qlgl

r n e n t s  s S  w e l l .

rn  o rder  to  fo rmula l re  the .  above-ment loned representa t ion  theorenr

o f  Ayupov,  v re  g ive  sorue  de f in i t ions .

i r .e j f in i t jog .  L€ t  A  be  a  J t ' { -a l -gebra  ln  a  H i iber t  space

^ n ^ i ^ ^ + i ^ *  *  . lp r u J e c r t o n  p  t n  a  r s  s a i d  t o  b e  n c d u l a r  i f  t h e  D r o j e c t l o n
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l - a t t l c e  f  o , e ]  ,  =  
{

( f  u e ) a h  =  f  v ( g n h )

Def ln l t ion.  A.  se l f -edJol r t

,I iT-algebra A ls cri l led:

( 1 . e "

?  /  h  t  q a o

operator  T af f l l la ted vr t th  a

al- I

')

f 4 p  ?  1 s  m o d u l a r
i r

f r g r h  € L 0 r B J  ,

r  noJ ).

r "  ' r ' l  I  . l n  t h e  l l i l b c r . t

Jii l-algebra 4 tf al l

@

, I
r e s o l u t l " O n ' I  =  I

J

De f i n - l t i on .  A  se l f ad j o i n t  ope ra to r  T (no t  bounde< l  ,  t n  gene -
nt .space J{o is sald to bo g!4f.l1g!9,* with the

i t s  spec t r a l  p ro i ec t t ons  P ,  ( l n  t he  spec t r a l

\ :  r .  r  r r -  { -  ^
,/1! * rI J .rrv rrr J|.

q \  m a q c t t ' r ' q h 1  a  l f t he  p roJec t l ons

cs l led a - l fg-oJ-sub8l&ebrq 1f  i t  1s

n a  a *  *  A  + h  ^  i  n A r r  n a i  n o r ^ +  i  r ) ' l  n r A  a r  o r A
L q r  v f s r

.L
P 1

/ \ O
Bnd^

m n d r i t  a ?  f n l .  s o " n e  n o s l t i v e  I ^  6  l B  I

b )  t oc r l l v  neasu rcb l e  l f  t he re  ex l s t s  &  sequence  (< r - )  o f

cen t r a l  p roJec t i ons  1n  .A  mono ton l co l l y  l n c reas i ng  t o  e  o r i d .

s u c h  t h a t  q - T  i s  a  m e a s u r o b l e  o p e r a t o r  f o r  c l l  1 1  =  1 r 2 t  . . .

D e f l n i t l o n " . A  J o r d c n  s u b B  l - G e b r aA. ln rrn 0J-el l tebra ,I  1s
I -

: r n  O T - r r 1 r r . h r . A  r E i f  h  v ^ -
s A r  v e - q 4 t ) L v

l f f o r x t y € A r

0  {  x (  y  6  i }  lmpL les  t ha t  x  € . 4 r .

I
I

J

Def in l t  i  on. 3n OJ-€lgebra . i l  ls satd to be unlye'r,sgl t f  ,  g1-

a n y  s p e c t r a l  f a r n l l y  {  " ,  }  r t

" \ .  -
  O C I  e  x  r . s t r s  o

D c f i n l t i o n  o f  t h e  c : r c c p t i o n a t O J - c l s e b r a  7  ( s , t t " (  O ) ) .' ' )

r  + l - ^  { e l - ^ - * ^ l
J r ,  u l r v  r r : u s 6 . r - . ) J

T  a *  C  h n  - ,  l " " n a r n f  n ' r c r ' ! . r  e h . i a n  r r r ' n  1 a J -{ i E v  r . ,  v ( - :  . , /  r r J l / e r  l r } i J v ( ; ,  q r . u  r e r / i i = i : r ( @ t  J { ; }

be tha  on€-po1nt  cornpac t i f l ca t ion  o f  the  f i  n1 t  e -d inens  l  onn l

r r ) i - r  . . , ' r  , " . r . - . ,  1 r  r  n ,  )  Cons ider  the  se t  7  t : .  , -  f  61  )  )  o f  " : ' t  f'  r " r . . 1u l J u - c i - I i 5 ( , u r € r  r r J  \  \ ,  ,

continuous r i i trps f :  S ---+ i I  such th.t t  f--  (  F ) is nol;hele
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denso in  S.  Tho a lgebra lc  operat ions and a par t le l  ord€r  on th ls .

sot  a re  de f lned as  fo l l -ov rs .  Le t t , a e  f l s ,  l r : (  o  ) ) ;  t h e n  y  :  =
l r 1 )

s  -  
\  t - L l e  )  u  e - t  (  * )  J  l s  un  open  Cense  subse t  l n  S ,  r nd

xe!  .  Def ine bhe rnap f+g f rom Y to  ' I {  by

S l n c e  H 3 ( o )  1 s  a  J o r d B n  a l { j e b r a ,  /  ( 5 ,  i l l ( 0 ) )  a l s o  b e c o m e s  a

. TnY 'd  r l  n  e l : : bh r "n

Renat:k.

ttxt,X{x1eir,r( S ) for

( f + e ) ( x )  : =  f ( x )  +  g ( x ) ,  x  €  T .  S l n c e  y  l s  a  h y p e r s t o n e a n  s p a c e ,

i t  co lnc ides r ; i th  the Stone-Chech conpoct l f icat ion of  6very donse

subse t  Tc5 .  The re fo re  f +4  c t n  be  un lque l y  ex tended  t o  a  con t i -

nuous nap f+g l  $  * ;  f i  anc1,  obv ious ly ,  f . r .g  4  /  (sr  I { r (  0  ) ) .

s lm i l c r l y  \ i ; e  c sn  r Le  f  1ne  o t l r e : :  e l geb :a i c  ope ra t l ons  on  f  $ r \ (O ) ) .

I f  one  cons lde r s  on  71s ,  i I 3  (O )  )  t he  po ln tn , l so  pq r -

t i a l  o r d e r  4  ( 1 . e .  f  4  g  m e a n s  L L r a t  f ( x )  1  e G )  f o r  a l l  x €  S  -
( ' t r l

-  I  r - r  (  a \  U  . c - J  I o o )  t  )  t l r e n  t h o  . T o ? . t . r n  r r ' l  , , n t r l n
I -  t )  , ,  v ' - v ^ !  ! . ! . r u u r  H

c - / , -
J  (S ,  l I1  [  0 , )  J  bcco in€s  a  un lversa l -  OJ-a15ebru ,  unC l ts  suba lge  br r

/'/,
o f  bounCed  e l emen ts  1s  l sono rph l c  t o  t he  t rD ' ,Fo l geb r r  %  (S ,  : t . .  (O )  )

(s 'e  e  f  ro  j ,  Theorem !_/ .
r F h  ̂ ^ - ^ m  ?  . ,  r  ^ +  ^  h ^  , : n  ^ 1 1 - i  # u ^ r , '  A T  . i 1  J : . a h r . o  

' l  
. +  R  h -r r r L - u r  s , r ' o  i / .  ! c u  ] . t  u u  i l l " t  c I U J - l r J  - . t . v  v r J - a r I L s u . r  { f ,  l c v  D  u a

the  , IBT-a lgebra  o f  bounded e l  cncnts  ln  A .  Then,  there  ex ls ts  a

u n l q u e  c e n t r a l  i d e n p o t e n t  c  €  A  s u c h  t h a t

( f )  tne  lEebra  cB o f  bound.ed  e le i len ts  1n  the  0J-o1-

gebra  c  i l  l s  l sonorph lc  to  a  J ' , ' I -a lge  b" "  J ,  
'and .  the  Ot r - : lgebra

- - . -_  _ .  q  J  1p  iso ; :o : rph ic  to  a  so l ld  0 . f -sub . r lgebra  o f  the  CJ-a lgcbra

-  c l  
- 7  

\- , , . ,  ,  o f  a f  f  f  o ca f f  y  * " n "u "un f  .  se f t aeJo tn t  ope ra to r s  a f f  l l t i i t e r l

:  , , , ; l  +r , ,  rl l l . r " I I  U  ;

( i 1 )  t h e  a l g e b r a  ( e - c )  e  o f  b o u n d e d .  e l e m e n t s  1 n  t h e  0 t r - a 1 -
n

Gebra  (e -c  )  *  1s  i so inorp lc  bo  i i re  J l7 -o lgebTa V 15 ,  i ta (  O)  )  ,  "n r i

the  0J- r lgeb: ra  (e -c )  A  1s  isonorph ic  to  a i  so l - ld  OJ-su-ba13ebr :a  o f

t i r  p  f r * r { 1 r a ? ' c , ' } 1  l . T - r l- . - * * ; c b : a  7  ( s ,  r I 3  ( 0 )  ) .



-  i n

ved  i n

t o  t h e

Hausdor f f  topol -ogy

space .  Then  ( .S ,  6  )

L,et rl be

on * su ch

i s  ca l l ed

sa id .  to  Le an B. - t  or ,o1o6X,

sat  is  f l  ed :

l .  I ror  every ne ighbo urh ood.

f l r o r n e ' l  t l  f  n r .  e n ' l  i A  \  h ^ J r " h h n r r r h n ^ A
\  v r  e \ / + a s /  r : e  r i r r v v q : l r v v t r

1 u ,  €  1 x (  y  e t |  1 m p I 1 e s

)  , . 2  T I  { - h l { - a  + l a - +  t 1- g .  J e  v  r r u l r J _ r t _ D  u r r r ,  t ( p )

s]'jliretry p 1n .A ;

,  t . + cd J  1s an i r rb i t rery  net  o f  ic ler r rpotents  nonotonl*

^ a i  l  r r  d . a ' r l : q < {  n c '  { - n  
' /

vq *J  uev ,  vc ,D ruu  , . . ,  € ,  t hen  c " ,  - : *  €  ;

r \
l .  l f  { .  x  j  l s  an  a : : b l t r e i : 1 r  6s t r  o f  l denpo ten t s  6  * conve r -

l lng to  € ,  ther  fo : .  e 'very  net  {  *n  }  f rou A net  - {  z ,  cnJ atso

7 ^  - n n t r v : z , o c c  t n  c

D€f lu l t ion.  Let  i  be

of  ldenpoter t  s  o f  . i \ ,  :nd.

)z ai

func'rion cl : V

] )  
a { c )

l f  . e

c € v t
,:

2 )  d  (  c l  )  =  e(  c ,  )  l f  c l  and a2 are et iu lvaLent  1)  
;

- t  6

!  ? u o  i i c n p c t  J l i s  c I  i : i d  c 2  c l  . i  : l r e  s r . : i d  b o  b r

there  ex is is  . r  f  h i te  f r im i ly  o f  s ) ' l : re ' ; r i : s  s . ' , ,
^

( 1 . e . s i  =  i ,  1  =  f  r  . . . ,  n )  s u c i r  t h i t  f ( s 1 )  . .

vhe ie ? is  ihe qu i ; . r : r t  ic  icpre se i i . ,  i i cn 'o f  A (

a n

1e t

: 3 e
f .o l  a l l

. .  o .  S . ^- 1 1

n f  - .  \  -
.  r , - \ > n i  t l _ =  t 2 t

1 .  A  -g e €  d J / t .  1 ,  . '

'Ng!,g" .As was notlced b]r A:LtPOV f ta UJ, Theoren 3.9 was

1 n  / - 1 1 7 7  o n l v  f o r ^  n  n a r ' J : . t r r r r ' l  ! t . r r  ̂ o a a* . -  ( _  - * t  J  v ,  <  ^ . i _  _ , _ _ ,  b e c a u s e  l t  w a s  p r o _

the gene: :a l  cDse only  u f tor  the rnanuscr ip t  hnd been sent
: r r r t r ' l  I  ah  e r . o

De f i n l t  i on . sn OJ-a lgcbre cnd le t  Z be

1 f

t ha t  ( , t r  Z  )  t s  o  t opo log l ca l  vec to : .

e tooofogl.cal- 0J-jiliig,!gg, and.6 is

the fo l lou ing conCi t ions at?e

U of  zero ln  A there exLsts  a

V  c U  1 . e "  s u c h  t h e t

that x e 1f ',

Y  e ' {  f o r  eve ry  l den rpo ten t .  o r

O J - s r l g e b r a ,  l e t  V  b e  t t r e  l o g l c

f  be  a  topo log lc r r l  se i ,11 f ie1d. .  " i

c all e d. a mejlj; ut e-. 1f

110 o(-c) : It
i  f  r n d  n t r ' ]  . .



' r l

3  )  d  i s  c o . - n h l . t 6 1  1 r  . , . l , l i +  1 , , ^v v J 4 I / r s s v r J  G .  L .  \ . r ,  r  r . ,  r  v  v  o

oo4st:l:u.ct1on_99*L[g-j.gfglggs Zd. Let A ba an oJ_etgsbre!
le t  B bo the JB-q lgobra of  bouud6d.  e loruents  of  A,  le t  V b€
the log ic  o f  idenpotents  in  e ,  cnd le t  d  be a neasure i  on !  n l th
va l uos  i n  e r  t opo log i ca l  aen i f i e l d  l l .  Cons ide r  t ho  t opo lo5y  ZA
of  convergence j .n  the neasure d in  uh ich the bnse neighborhoocls
of  zeTo cons is j ,  o f  sets  o f  the form.

u ( s , v  ) , = { " e e

Here 0O ls  the nu l l  e lenent  o f  n"  
.

inhere 6 is a poct t lve nu l rb  e r a n d V i s a n e i g h b o r h o o d .

* l l o  j  ,
. o f  ze ro  l n

and  Za  un6  Z ,  a : : o

I  p e  V  , , l ( p a ) * Y ,  r ( p )  * .  B ,  j l  r t r l

Theorgg 3 .8 .  Le t  A  be  an  OJ_s lgebra  Bnd l6 t

a topo.1qgica l  Jordan

produci  ure cont  tnuous

topo logy  Za ) ,

Thqorgn 3"9. -  T i re  above-r je f ined topol_ogy

TLe.o len 3.1Q.  Let  A be an

t  lons are equiv .n lent  :

1)  A cdr , l i ts  an lP- topology;

2 )  i l  i s  a  f l n l t e  OJ_a lgeb ra  ( i . e "

of .  mut  u€.1_1y equlvuLent  ld .empote nts  .1s

a topolog lce l  senrr l f ie l r i ;

3  )  the  la t t i ce  o f .  l de4pg ten ts  9 {  r  l q
Boole tn  a lgebr :a  o f  i t s  cen i r :81  idempbtents

Tlre.oren 3Jj.".

t  r io l l l - t  opol ogl es on

as  above .  Th6n  ( . { ,  CU)  t s

11nea r  ope ra t  i ons  and  t he

b les  s l nu l t aneous l y  1n  t he

Booleen a19 ebra.

I f  r1 is : , : tr  OJ-i l_gebre r
.7 .t

A ,  t r n e n  b .  =  ( 2  a . q' - L .

7 ^  | a  a h  l r )  + , \ ^ ^
" d - - * . ' ' l l - U v ! v -

O,f *a lgebra .  The fo l lo r i lng  co i . rd i_

€very  o r thogona l  fonr  l l y

f { . n { t ^ \  . - , 1  { + ^  ^ ^ -
t ,  . < L t s  r " -  - , - , l t r e  i s

4ori.ul_-_g_r, and !-!e
i s  a  t o p o l o g i c a l

6  U  Ae .d .e f  l ned

a l g e b r a  ( 1 . e .  t h e

1n both va: '1a-



{ l h a n r . a m  ?  1 a  . t t r r ^ r , '  r r )  + ^ ^ ^ i  ^ ^s:::.: j : :-r:*L. Ivery fr_topology on an 0,I_slgebra j l  ls the

topol -ogy of  conv€rgence ln  measure l , ;1  r  ve lues ln  t i re  cent re of

Tireo:Sg I j_!:. fo:: every topological Otr_al€;eb:,a (A, G J
'bhere ex ls ts  a  un ique (up to  lsono: :ph lsn)  un iversa l -  toporogics l

./\ /\
0J -a l geb : : a  (A ra  )  such  t he t  A  l s  l so rao rph i c  t o  u  sub rLgeb ra  o f
" A
4,  and such.  t l ra t  the , rB- . , lgebras of  bound ed.  erements 1n r !  and a

a re  l sono rph l c .

Egq-grlc. tr 'urther results d*e to AyUpOV
)."

g e b r a s  r r n v - i ? o r r n , l  a n  f  1 A  A  
- ?

r 4 r L r v u J o

T le  no r  recg l l  some rosu l t s  cOncern in { r  seve?n ]  asnca t$  o f

probablL l ty  theory on JB' ,?-e l -gebras.

Glven a t rBTI-  u  1 .6 e bra A l r l i l r  o  f  in i te  f  a l th fur  normar t race.

. r iwPo\r  t rc gJ constructed the oJ-elgetra d '  of  nreasurable er-e-
rnents  for  i l  end def ined the space of  l .n tegrable end square- ln te-
grabre e lerents  i ror , r  f "  Then analogues of  sonverEence in  measu: :e

and e l ruost  every ' ;he: :e  converJence (1.  e  ,  convergences 1n pr r :bebi_

1 l t1 '  6v16 a lnost  sure convergence )  er :e  in t ro ' l .uced.  l / le  an and polnt -
1 ' , J  d a  d F f ; ^ i {  ^  + } r ^ ^ - ^ -' , r rDv  - r i ruuru  , , ' cu r .b r i l s  fo r  i i s rkov  opera tors  on  t ro rc lan  probab i l l t y

s p B c €  i r r e  n l s o  g i v e . n .

In f 16 fJ ; l5.r. lpey gave some results on na::t iugr:Le conve:._
gence and s t rong . laws of  large nunbers in  a  JEl r_e lgebra . r i  "  Let
us  r nen t l on  t ' a t  so r re  o f  t hese  re  su r - t s  a re  ncnassoc la t i ve  gene ra -
1 iz r1 l  ien5  0 f  e lnos t  sure  convergence theore i l l s  fo r  rner t inge- les
'nd,  ln  the psr t lcu lar  case when f l re  JBi f  -a lgebra . , t r  is  isomorphic
to  the  se l fad jo in i  par t  o f  a  von j \ i€Lr l tenn r . ; lgebra ,  the  ; ,  co inc l t le
n l th  the  re  su l ts  ob ta l r ied .  b ; r  CUCUJ, ;SCV f  $J  "

lo t  us f lnr1 ly  : rent ion that  the recent  n i , IJ IOi r  r  s  book

on .t  opologl c'al 0J-a1r

f to  rJ  nay be cors1.4.ered r ls  ; :  good.sup; ler rent  to  the v ieu--knora



-  ? 1
.  l r  -

monogreph of i{ANCi{E_OISIN und ST/tU,,Un

$ 4.  JV-aLEebras

fr 'e f lrst Tecall s ome

Dgf ln l . t io l lg"  r t r  nonassoclat ive rea l  or
wlth unit elenent e ln .,.rhlch. a norn l l  / / fs
i l  a t l l  t  I (a l l  l lu / /  ano l l  e  l l  =  1 , ,  fo3 011 e,b

g1!!: -gglgga alegbl.gg rf a ls €in elelxent of
t l ten the nU4gr l rs l  , ranf le  o f  a ,  denoted by V{

ny :e l l ca l  : : adLus  o f  e ,

such an algebra 4

Q,  a ) ,  i s  d .e f i ne r ) .

a ) ,  1s  r l e f i ned  by

l- az1

complex a lgebra

d.ef ined and sat ls f les
- /'tt  e  ,  l s  ca l led .  a

T(4 . ,  a ,  ' =  { r { * )  |  r  r rom the  c ruar -  o t  e  ,  / l r  t l  =  r (e )= r  
l ;

(
v ( a )  r =  s u p  J  1 c 1

L

deno ted  by  v (

v ( Q ,  u )  \  t
anC.  the ng ' re  : : lc i rL_ lndex ot  Q ,  denoted.  n{  q)  , d e f i n e d  b y

n ( A ) : = i n r  
{ " , - ,  I n e A , , l l a l l  = t

De{j .n} ! ion.  a conplex unl t : r1 cor lp lete nor ined algebra a-
s e t l s f ; ' l n g  A = t t ( A )  A  I  r  ( e ) ,  o \ " r u  r I ( 4 )  d e n o t e s  r h e  s e t  o f
Lts  i le rn l t l ln  e  leae n ts  {1 .  e . .  e lenents  lThose nuner lcu l  ran6es
e r e  s u b s c t s  o i  t F  ) l s  c e 1 l c d  , . r  ( V i d u v )  r / _ : l i l c ] , r g .

De f1 r l t1o l "  A  y -a lgebra  l :h lch  ls  e r_so  a  Jord .an  a t -gebra  .1s  . ,
^ - 1 t  ^ - l  ^  n rvcrr ! -u {  , j  v -q:Lce Dl  a o

l /un?f l i lz  f  SS'a3 found.ed a ge neraL t i reory  of  conBl_e te
. ' ror r red JorCi :n  , :L jeb: : is .  s i l r i l_ i r  i  < . ,  t i iu t  o f  Bsn.ech a lgebrss"  ' I , l r  e

comp lex  cd r l e  r r as ,  cons i de red  r n  ce t r i l .  r i  i i a s  been  p roved  t hc t
the sot  o f  i&ver t ib le  e lcraeaLs of  i r  co i , rp le te  no l led Jordan nr-
eebxa A-  over  0  i s  open,  tha t  the  ;aap I  . - )  u r - l  i "  c l i f f .e  ren t  iac le  ,
1",1"{ETIi ;JZ f gZ aJ si io., .rel thrt the 'e:ol-, ,rent fr lnct ion

1 s

l .



, -*4- (a-za

a €  A  ( t . e .  l z

v 1 A . ,  a 2 )  €  R + ,

Theor€m 1+

- 3 4 -

l /  1 "  ano t y t i c ,  t ha t  t he

z  € A ,  z e  -  a  * T , n y ( e )

and so  aze  i lA ) .
2. Ler, A. be

n F  ^ s  ^ r ^ , - ^ * r ]v r  c . r r t  q J - u I l - 1 t r 1 1 u

o s t  abL l  s l r  e4 a nspec*

,S 67.  A theoren for

)
t  l 4 \

Lls  a  (nonenpty)  cornpa c t  subse .b  o f  0  and.

t ra l -  roapplng theore iaR f  9 j  a ,  Chapter  I I ,
. F ' a  ^  r .  - . iLrre un lqueness o l  rne no l ' ' '1  on seml-s  1  p le  Jord.an u lgebras of  typc

A@, Abelng a t :ea1 or  co*pLex assoc lat lve { : lgebra,  has s lso been
given (colrpare wlth BALACIIAI{DI.I1{ snd R?i,l irs results f aZJ ,)
0 t l rer  resu l ts  f rom f  s l  aJ sre the fcrLorr ing tuo theorens.

The orem ,4_qJ*- Let 4 bc o W-algebra irnd. let a be an eleinent

o f  I l ( 4 )  such  t ha t  Q2  =  b  { -  l c ,  whe re  b ,  c  6  f r (A  ) .

a  W-: : lgebra"  Then the mapplng

a  +  l b  - - *  I  -  l b ,  a ,  b  €  H (  Q1 ,  t s  an  i r l geb ra  i nvo l u t l on  on  4
r : rh tch conver ts  l t  inbo a t rBr-c lgcbra.

i l ]enqlE- .  Ior  Theorens 4. I  and 4.2,  s€e a1so i ,L l I?T INEZ

{st ci,
I iy  anol -ogy u l th  the assoc i , : t l . re  case. ,  LT.AI?TINaZ fg  lJ  ae_

'f lned the notlon of g-g,rf i '?sg elernents in o iornplete norrned. Jorclan

algebra.  i le  proved thet  ihe set  o f  cc i rpact  e ler ,nents  o f  such en

€r lgebra 1s quadr .a t ic  ldeal  .  Ior  the pr inctpr : l  resuLts .  o f  l i iesz_
Q  n h  r ,  r r , l  c  r ,  i h a , l * "  /r r , . : r q . * r re r .  u i , ! cv . r . J  t conce l :n lng  conpac t  ope ra to rs )  fOr  t i r i s  C r ; se  ,
c a ^  r ' l  e r ' \  /  O ?  l .  , t

RcDBrGuiz f LLtaJ contlnuerr i lre study of nonco*ii lutotrve
'  J t / -s1,geb: :os f  l rs t  undcr! r r ren by _l . IOJT. i t  I : .4IDI  f tCt l "  The brs lc

tool ls a theo::eir l  of Vidav-pl lner type t lue to i , l . lFTIItEZ ( l l  
" j

nYrd  . fo lT \ r r l s ro l r  f  r l r  r  L  ?: . .  (_  -  , -  J ,  bJ .  T t  sho l ' rs  thn t  the  c l  , : ss  o f  (corn :au-

ta t l ve  )  J . t r -0 l ;cbras  co1: :c ldes  r ' ;1 th  r  a - t  o f  the  JDx-a lgebras .  In

p s r t  i c r i l s r ,  t h e  f  o 1 ' l  o u l n c  t l i e  o r 0 n s  v i e r e  e s t a b r l s h e d  ( s e e  T h c o : e l a s

B r n d l c j n f ] - L r u J ) :



Re centl; ' ,  RODRIGUEZ f ttt tJ proved.

Th eor

Pe$e l k .  f ne  equ t i o l ence  o f  a )  and  b )  has  been  p roved .

trnrGi{T

Subsec luent ly  I IC) l fCL: , ; ;Z  C: . f l : rJ  shor , ;cc l  th r r t  tho  b i r r .u :1  o f  a

g lven nonco*nut r t i ve  JV-e1geb:a  1s  t :ga1n a  nonc  o j : tnu t  e t  i ve .  J - t r -c l -  .

;eb:"::  : t t l i  i l rc . i rc.ns I: :r :cCuct in ' , t l l  1ch : l : : ;r  rrr!_t j .1irr: : .rr  iC.crt i ty

f  lon  the  g lvcn  a lgeb: " r  ho1ds .  Co: rse  i ;ucn tJ .y ,  . ; l i e  t  1du;1  o f  a  Jn* - : : l

3cb ' :a  i s  , :1so  i  J l * - r lgebr , r .  T i rc  nu :ncr lce1  Lndex o f  c  noncc i ; r r . ru -

end Y0Ul IGl iO$ l :141 VJ in  i l :e .conmutat1ve case.  
'

Theorep 4-2,  t t  A 7s a
n t  r r  a n t r l r r o l  a n * .

.  a)  A ls  s  noncoinmutqt ive

b)  the natut :a l  invo lu t  1on

( a b ) x  =  b E  e s  f o r  e l l  a r t € A 1 .

c)  t l r .e  nature1 1nvolut1on

netsglE. Tor a co;nplete and

see t95J.

e rn  4 ,4 .  The nBtura l  invo lu t lon of  B V-81gebra ls

a l roeys mul t  ip l lcat  lvo.

Cornnents .  I t  fo l lows ths: t  the c lsss of  geners l_  nonasso_

e la t l v c  v -a l 5eb r . r s  co i nc i des  l r l t h  t ho  c l ass  o f  un i t a l  nonconmu-

tat ive JB--aI i ;ebras.  In  par t icu le : ' ,  every  V-r lgebra is  i t  nc l_1con-

rnut  a t  iv  e  Jordan a lgebr ! .

Th,e !rgL3.j:- Let Qr, i=l,2, be tvro noncoxrrnutative J'f-aI-

geb ros  v r i t h  un l t  e l enen t s  e r ,  unc l  l e t  I ' be  a  l l neu r  b i Jec t l on
+-^-  f l  ^ -+ ^  l lr ' : ' o ; t  L  1  on to  42 ;  ' Ihc  foL lou inJ  s ta te : re  n ts  a re 'e  qu lv r r len t :

a  )  F  1 s  s  s y : : u e e t r l c  (  i .  e .  F ( . r E  )  =  ( I ( e  ) ) * )  h o r n o n o r l h i s u

+-^^ .7G) ^ -+ ̂  ^t ' ir r v u r  L _ . l  u l l u I  ( , 1 . - , ,  i

b )  l '  t s  l s o u € t r l c  u n d  I ( e  . ,  )  =  e r l

c)  the nurrer ica l  range of  anf l if r t"  A, colncid.es ul th the
n t r r n p r . i  n r , l  r . , r n . . . n  n f  T f  r ,  I  ;  -  AI  t ( r r  i /  f a r  r . / \  ^ o. r z

V-sJ-gebra,  the foLLowing s ta ternents

,ford an a 1ge bra;

x  o t  q  i s  nL i L t i p t t ce t l ve  ( i . e .

x  o f  ( l  i s  l some t r i c .

s l np l l f i ed  p roo f "o f  Theo re rn  4 . J .



t a t l v e  W - a l g e b r a  i s  s h o v n  t o  b e  1  ' . l h e n  t h l s  a l c e b l a  l s  e s s o -

clat 1ve and co!,mut at,tve ail '1-/ 2 vhen it is not so"

A s  a  g e n e r u l l z a t l o n  o f  C E - a l g e b r a s  ( l n c l u t i l r r g  J B F - e l g o i . : : n s ) ,

nn ' " {  l . f a fT  qhd  . nnnnT f : t l ' ?7  f  I  nU  ,  
- /  

ao f  l  nc r l  l - . ha  nn r roon l -  n f.  *  ' 1 I . 1 ,

nonconunut at ive Jl l ;-algebta :

n ^ a {  h i  +  i  ^ n  I  a n n r l  c { - n  n n ? n r a AJ , / r  U  ! J - . r 1 I  u I t  J I o  5  r - ( r r l r l / l 9

-
r , 1 ^ ^ L y ^  / l  

" i t l ,  
r  n r r l * J n ]  i n o f  i r r ai l l b U L . r J  c i  ( / L  t , I L , r l  u  l r u  J  u  I  I r J  r  u  < r  u  t  v  s

ggg,!cq!-g," Tire cluss of n" c.
T

^ 1  . ^ ^  / . 4  T E ' "  . .  1  : . , . : . - - . - ^  {  F + ' ^ , l F ^ ^ , t  l a i 't  - L . 1 ! i r  U I  O L  - ! i - l L . ) C U . !  c r i  ' l .  l  r  l J  i  | . , ,  u  t - .  u  q  u  u J

I l ( a ) b  : =  a ( a b  +  b a )  -  r . 2 ' 0 ,  a r o 4 Q ,  l s  c a l l e d  a

fg*-gJeglgi i  (or, br ' iof l trr  !n lgg:. JE4-aldegqs).

un t ta l  cuse (se  e  JS. iJ  ,  $  1 )  ,  3nd s iud ied  by  T0I " I ITG;OI I  f  f  41  dJ

1n the non-unl ta l  c i isc .  In  f  to+ aJ a i l l l r1g{  : l3cbre 4 ls

unc l e  r s t ood  t o  nean res  1n  t he  de f l n i t i on  a t  t he  beg lnn i ng  o f  t h l s

se c t ion,  rn  r lgebra A '  r , I t t  cor : tp t t  lb l€  nom l {  ) l  suc i r  t i : r i : t

l l  , . 'o  l l  (  l i  :  l l  i {  t  l l  fo : '  c r l  ; r ,b  in  Q.  ,  so thr t  th l .s  r : : to : r

1s  no  l ong€n  l equ l r : ed  by  t he  abcve  de f i n l t i on .  , 1  cha r : ac te i : i za *

t ion ( ln  ierns of  the nu i : ie  r ic  j : ) l -  r tn3e )  o f  un l ta l  11oc"  JX;- r i ] -
/

5ebras i f i .s rece nt ly Glven bl '  l , : ;Ml ' l l tz, l1l l l . l ,  P'rLi 
"rnd' 

RODI1IGUXZ

, /  a +  / o

t l ve  i l x - : lgeb : ra .  l lence r , tany  resu l ts  fo : : ' t l re  ne , I  concept  can

bo reduceC.  to  the  r ,e  11-kno i ' in  con: r t t ta t i ve  case.

c ornpL ex nonconmutatlva Jor:dan

lnvolut lon *  sat ls fy lng

,  a e Q ,

nonc oiituu--

Jn"-:. ,15e brs s corrt iLins Lhe

l -  a a  1  t .Ii;ILii;Sr-f L e;j ln tlie

' f ' l c : : . : : ' k .  
I f  LL  i ,  i r  I 1 . c .

v  ^ / t . l
J3" -: :1;cbru, the n U' 

' '  is a corr l- : lut 1-

rn /-t a4 ,.t 
-/ 

"-.1-)-r 
lltillil Dnd nCDII:'UIZ de ::l . r,rl'bh those

re  su l tc  f  o r  I1 "  c .  t rD" -a lge  bras  ' r :h i "ch  cahn 'o t  bc  e ; - rs11y  l :€duccA

t i re  cc r : : ru t : ; t l ve  c ; :se .  Le t  t t s  ; ren t ion  so iae  o f  these:

i l-c-q-.*=j. : .9. Tr-.  bi lu:r1 oi r  r '1. : : .c. 'JE*-,,1;;cbt" Q l  t  -

. t -  ^1  h  ^  r . -  , :1  - . -h 'F1  g1 ;N ls fy1n3 r r1 . ) -  1 l t i l t  i l - ine  ar  1de n t t t l .es
U  r !  L r o

/,1
a r i  ^ , 1  ] ' . ,  L t
. j  r=u  L  /  \ , /L  .

s a t l s '
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i l leorera 4.  / " The  p roduc t  o f  an  n "  c .  l f - n l geb : : a  ( on  n .  c .
* - a I geb ra , , , r h i ch  

1s

ench var i .  ab le  .

1s

a  duo l  Bansch  sp i r c€  ) 1s ' [1x-cont inuou-s in

Tl t  en  er re r . r r  I  qnmnr .nh  I  . -  + -^ , "  /7y u r l l r  r r v l | r  (  
1

Theot "e t r  r t .10 .  The c losed.

^ ^ F + " 1  - " ^ , , -- u u r l ' u l - . t l L L v ! t i .

i d e a l -  s  o f  B n  n - c "

onto Q2 Is

t  wo- s 1ded.

li'tv

est abl-lshed by B1?riUttr f lZ aJ, r,e 
"f 

irsi girre sorne

T : r e ^ h A ^  i  + : l  ^ h  , i  oi  r  v l , v r l _ r / r v r r  . 1  . ( ) o Svcry  de : : i va t ion  on  en  no  c"  J ' [?*_s lgebrs

vl*-cont lnuous.

Theo r . en  4 .9 *  Le t  Q l ,  t  =  L r2 ,  be  t l yo  n . c .  J f f * s l geb ras .

-  ^  t lt rE- ' -o I ;ebra (1 ,  are exact ly  i l re  l , I - ldealsr  J  1n the under ly i .ng

Banach sptco of  A

Thegren 5* I1 . - ;1  pr imi t ive i . I - l r lea l  ln  an n.c .  JBa-a l -gebra

A  s - "  t n "  ke rne l  o f  a  f i n l t e  r ep resen ta t i on  o f  Q . I l ence ,  Q les  a
f a i t h f u l  f a n l l y  o f  f a c t o r  r e p r e s e n t  a t i o n s  ( a  f a , c ! o l  1 s  a n  n . c .

J l l ' - - : r 1 - g e b  r a  t r i  t h  o u t  c e : i t r a l ; r o J e c t i o n s ) .

Recent ly ,  Bn,1Ul :  CIZ oJ pr -oved

T h e o r e n  4 . 1 2 . f f  A.  is  a  un l ta l  n .c .  JB*-s lgebrar .  tben Q
h a s  e  f , : i l t h f u l  f a n l l y  o f  t y p e  I  f o c i o r  r e p r e s e n t a t l o n s ,  n a ; n e I y

+ 1 r  - +  ^ . 6 ,  n ( + )  t  ^  , - - ^ ^r n a !  o l  A '  
'  l a  t y t r , e  I  f  l g t o r  i s  r r  f s c t o r  i ' r l t h . r , : l n l r r I  p r c j c c _

t l o u s )

Egr fg$.  The oren 4. I2  red.uces the s tudy of  n .c .  JRx-s l *
'6ebras to  thot  o f  f : , rc tors .

l -n  cr t ler  ' r ,o  f  or ; ; ru la te  (see The o: :e : : r  r t  . l i  )  the nu in  : :esu l t

1)  Thc concept  o f  I . I - ideal  was ln t roducecl  by; iLFi i i I  and i l f lOs

f  l J  a t  f o l l o r . ' ; s : .
. ' ,  c l  o r r r : r i  s l ; ' b q n r c o  r l  o f  r '  r F ' e l  l A n a . h  c r ' r , a a  Y  {  J  .r c l q w s; i  c losed subs lace  T  o f  a  reu l  !6nsch space X.  1s :  s . : : id  ' c  o  be  ln

t - i s lgq} .  J . f  thc : :e  e : i i s ts  r r  c lcse . f ,  su l i space Yr  sqrch  th r t
i i  =  ;  @.  f r  ,  . - 'nd  f  o :  respe c t i ve  e le r : ien tg  y  € iqd  y  t t ' lnd Tr

r i e  h : v e  l l  . r + v r  l l  -  I  "  t t  r l  - '  I  l l  1  ^ 1  r s e r ' l  r r r h s , " ' n  e e  7 ,  o -  l-  
U , r ' u  I -  r : t l l  

- r  
U  J  l t  '  r r  \ ' ! v ' v u  e u v J l q v \ -

reaL B:n , :ch  : . ;ace  l l  l s  : : r  ld  tc  bo  ln  l l ' l -  14c . iL  j - t  Z -  i s  sn
L - I d c e l  1 n  t h e  C u a l  o f  X .  t h e s e  c c n c e p t s  ' n € r e  e x t € n d e d  i n  a
n t r tu ra l  ' l ! r j y  to  co i l l l -ex  ] la i r i r  c i r  spaces  i : ; r  t r : k ing  the  re , r1

r e s t : ' 1 c t i o r i .
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D e 1 ' { n { t {  o n s ^  T . c t  f }  h ' e  n n  n l h i  t r " o r r r  n n n ' , . a n n {  n f  . t r ' ^  r ' .  . . 1
- : - : : =g  , , " "  t t \  v . i { r r  c t r  J  . r r v r - ( dn i ruu  1 . ,  U t -V  C  t i . , *U I_

o,f

1

i j€bra and l-et )- e ff " Then fire

ve c tor  spece.  /  end"ovror l  ' , , r i - th

+  ( 1 - I ) y x ,  x , y € A D

) -  - l ru te t ion

l - h  a  n r . n r l r r  n *

( L )
n - A  1 s  t h e

xy + '

&)

*rB-

are 1s otne*

- f ec to r

7 ) a
4 ) q

! / z \ .

B-- i1 ;e  
'u r : r  

Q 
' , : re  

c / . l :e t I i  t iL r ,  p : ' i - . i i t . i vc  iCe l l s  (  ln  t i r c  ' : I ;e  I .  r : . :1c
/1

s e n c  )  o f  L t  .

C o ' , - : . : n t s .  r 0 D : I C U I Z T s  s t u r ' j v  F ' 1 1  s  7 l - . " . .  f  r o ' n  t h c

ln tcrcct  1 : r  C+-- r1 tcr : . : t lve r lgcbrrs .  ly  t lc f in t f : .cn,  a  C*-gI1, -EI i

t i v c  111 ; cb r r  . 1  i - s  ?  u l l i t : 1  non : : s soc iE t i ve  co r rp l ex  i r l - 5cb ra  . {  r , ; l t h

c n n i r r . ' i t c  l J n c s r  J  n v c l u t i - o n .  x  :  . A  - - . - #  , t r  s u c h  t h a t  t h e  a l t  € l n a -

LA compl -ex  co ; i i i : l e  te  nor r red  no l t i l ssoc l f i t l ve  x -a lgebya Q.  Is
'|a. .\

called a !qa9,1 C"-f,rg3"r::r j . f  there exists a reel nuinber / lr l th

o  1 \ (  1  and  a  Cx-a l .6 ;eb ra  3  such  th l t  A  ana  3

tr lca11y x- lsornorphl  c anA 3 ls  a factor .  , ln  n.c.

forrn

z -

r n t r  ̂  ^ r - , ^  , r  1  2r r r g v r .  ( J : !  _ r  o  l -  .

trnSz

t i o n

n  t q X Q  - * +  t

2 t  l z ) z + n { z r z ) l : 0 .

{  -  n - ' l  1 ^ / i  " . , , , i n n + i  ^  i f  t h e  f  e  e X l s t  . i  C O : n . t  t r )  I  J r c r , -  f o 1 . *j:::::::-:: v E u u-rr/r Lr.

t : {J. -+ 0 e:nd a syrnnetric O-blf, inear

such thr t  for  e l l -  e1c: ient  s  z  In  A.  . ; :e  have

I iA -  7s  an  n . c .  JBx - f ac to r  t hen  e i t he r :

=  0 1  ;  2 )  Q  I "  c - u a d r c t i c ;  3 )  Q t s : i  q u a s i  C * - f r c t o r ;  o r

1s a  co . r : ru t , t t  i ve  J I - - f i r c to : . '

99,!g! i  sg l : iore ou t l lc sc;ee topic can be f r :ui id. in P.tY^ ,

iend  I jo i . ; r . JGU:L  L  La4 bJ ,  i rL  l , /h ich  d l -so  a  concr 'e1 ,e  cons t rue-

n f  ' '  ^  T x ' :  . 1 - . h - ^ . q  m h i n h  ; r r p  ^ t r i , A t  r , t J a  l r ' l  r n h - r r . c  i c  r r {  r r e nv r  r l .  \ , .  , _ / ,  - c z J 6 \ j U I o D  r r r a r v f r  ( J r ( j  q L 4 u \ r - L  u  u l  v  q f < . ] u L r q r  , r . r  t l t v ! . r .

T -  . . -  -  ^  t - o n  t  - . -- L L r .  c r r r  - . o  \ , .  u !  - ' r L c b r i  D  1 s  1 n  f o c t  a l t e r t t a t l v e ,  t h e n  t h e  r .

xrom l l  u(a  )a*  l l  =  l la  113 ts  e , iu ivetenr  to  f [  aru  f l  =  t l  ,2  l l  ,
r .  n. l  .n : - , ' i  t * - ' t11i .7 . -  h ? ' l  rn l lDTnT' :17 f - t  ot '  ^  

'7
! : .u  ra . .v i ,  -J , : , . r i Jd  < t r r^ \ r  c t r l l  E  lnd  

' J l te r ' . l j t  
i vc

t t r  . . r . . . . * ^  F - . -  , . i + . - - - - - L ! -  - 7 'D -  g l i i l l l l .  ! u :  ! l LeTna t i ve  R  -c I ;eb r , l s  t heJ  l roved

T h e o r e n  4 . 1 4 .  ; i n  a r l - L r , r n a t i v e  f a c t o r  1 s  e l t h e r  a s s o c l a ;

t i r r c '  n . r '  t h a  I l - - , " 1  c < . h r . r  n f  ^ ^ - F I  ^ v  a a t . r q { n ' r es r r u  r  - . i r t r u u l .  c :  v r  v v _ r l } . - !  \ : , / '

4rl-,  r :rr. 'at l r  1 r;  .nh r. - T ; a i t i v r .  l 1 - - i r l p r : l  s  O f  : ] n  r l t C t  n . i . L i V €



' ^

t l v e  l a w s  o e b  *  s ( o b ) ,  u u 2  =  ( B b ) b ,  a , b  6  A

such that  t r  ls  a  cr :mpJ.ex Banach epaco wl th
sat  ls fy lng the Ce -  norn condt t ton 1 l  axe / f  =

ore sat  1sf  ler l  ,  and

respect  to  I  norn

t !  n  l l  a  +^*  6 ' t  r  . .  r . ^
l r  -  r l  r  v  J .  q r r  o  . , . r r  1 "

Becently, BAdUN flf UJ proved a Gel-fand._i, ieunark theoren f,or
such a lgebrasnr .e t  us ment ion ' in  f l r ts  res-oect  t i la t  c i . - : i r_ ternet i .qe
algebras apBear  a lso ln  conplex analyg is  as lnducer l  subst rucruros
assocr-aLe c .  wi th  synnetr ic  s legel  donalns of  the s6cond krnd i .n
Banach spaces (see BF"1UI[, Kj{Up rrnd UptinIXR fn nJ, and K,1Up
aad UH,iErnB f aSJ I

o n  l f l r r  1 - r  n r  ?  * . ^ ^ . . ^ - - .v, / . r i ! ra L rv_rJ focussed prtnclpal ly on t l r ro problens for

a J t f -e lgeb: :a  end.oved ts i th  the we*k topo1ogl , ,  nanely :  the cont l_
n u l b y  o f  i h e  l n v o l u t t o n  ( 1 n  C h s p t e r  I f ) ,  a n d  t i r e  s e p r r a t e d
coni inu i ty  o f  t t re  product  ( ln  Chi . rp te  r .  I I I ) .  Ue gave en af f iy rnat lve
ans l ve r  t o  bo th  p rob l - ens  ( see  f l 03 ,  Theo rem J .4 . ,  Chap te r  T I  and
Theoier,r 3,2, Chupllr IUJ). e1so,0oiff.a /-l,ol 7 est  ab l  l shed
t heo re r cs  i o r  t he  s t ab r l l t y  o f  t he  s t r uc tu "e  a ' d  a  cha rac te r l za -
t l on  o f  v re l k l y  c l osed  i c l e . r l g ,  t hc  se t  o f  p ' oJec t i cns  o f  a  x , . f - a l -
geb: ra be lng ,orer r lous ly  s tud lod.  The estab l ishrnent  o f  the : :bcve_
nei t loncd : :e  su1 { ;s ,  1ea OC;f r . t  develop sonc espeets  of  the theory
o f  JV -a l geb ras .  I n  p t : : t l cu l ay ,  he  ob ta i ned  a  cha r l c t e : : t za t i on  o f
t he ;os i i i ve  1 i : r c i i : :  f unc t l on r r s ,  t he  ez i s t ence  i nd  un i c l . b ; ,  o - f  f l i e
pos l t i ve  r oo t s  o f  o r Je r  n  f o r  pos l t l r , e  e l * r en t s ,  l nd r  hence r t he
or tho30ni l  c1e co: ' r l0s i t lon of  . r ler l i l t l rn  e lcrcnt .s  (sec - , - la3 rc) , , rp ter
T T  ' I  ?  7 \L , ,  r  . , J  t o

- 1 r i : . - ,  1 - r  v  v n  h  " , v g  i u f  , . I l T T  t  -  l l = 1 l . '  a  r r . o e n t  - r , , - . o , , . r  +  ^ ^ , . ^r \ v r . r r r J _ r  .  L L ) J  _ _ - . v C I _

ning the r:  t i i r  J. ' r ' . ' ,  -r- e : :ce of c.; l : l i r le ie t :o:ns in serni-sl inp1e Jrs-.rJ_;cbri : . :s,
. - - r  s  iL ;c11"  ' rs  ihc  ch l . r : t . i c tc . ]? tz i . , t ions  o f  : , ssoc i r t i vc  6_ : r1 ;ebr ; . : s  ind
o 1"  t  - i  i r . : r  ' 1  ,  ' .T ln ' r ' r  l : :  . i1 , i  T . .  r in r  f r  c  7, r v .  J : . 1 .  - t - r , r  z - . - . ; t J _ ! 1 "  L  l - , J  "
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L. VIOLJ DIVtP.ri.ii.iIAl{ and R&\{A f tl+J, f DSJ stuclied

D e i i n i t i o n

) u r r c l e r

L ' - r 1 ; cb : : i s  f  t Z : 7 (o : . i : I iC : : t s  i I * - 1 I ; eb ras  f  9J ) .
:-

D e f i n i t i o n "  . 1  : - l - - c L . ' : e b r s  7 1 s  c a I I e d  s e  : : . 1 s i : - r l - e  1 f---_- \J \J

(  - - |
. ,  { u e t l  I  r i i  =  Q  f o r : 1 1 -  x e t l ' l  =  C  i , n d  ! i i } - C  l f  l t  l s  s e r n i : i : . r p l e

(  " r  v t t  
, - : - -

r  a : rd  j r is  no c losed ider : ls  o- i ; j rer  th tn  l0  J  "
Def iS i t lon .  .1  c ' l  os€d Jo t 'd r rn  subr lgeb: 'a  o f

i 3  . i l c o  c l o c c , l  : c r  t : ' e  : r 1 ; o l l b ,  i s  c ; ) . l c c 1

the s t ructure of  cer ta ln  ln f  in l te*d. i r r rens lonal  Jord,en a lgebras ad. -

: r l t f  J n o  : - r  n  ' l  n n c r .  n ? ' . . r r r ^ +  m r r a ^ ^  - 1  - ^ \ r s -  '  - - l ir ! r v u . r - r t 1 ;  u '  r r r ! r q _ L  ! r u o u u r / o  r - r e s e  a r g € o r a s ,  c B 1 l e d  l - - - t r l g e b r a s ,

h : . d  n l  r ' , c r r r ' t  r z  h p a n  a n - - r i n  ^ * ^ ^  r a - .  D t r  ^ ^ r r  I I { ) R A I T  C n C  R I ; U  f  Z Z J  i n. r - L :  s q \  J  v s q r r  v v r t r  J r i s :  ( ' u  u J  ) t 1 J , J i r v _ L t

connect ton  r . i i . th  the  noun un iqueness  p t 'ob lc iu  fo r  nonassoc i . i t i ve

a l g e b x a s .

. .  - - t
. . '  r rJr . ,cr r  ( ,  vr  L4!r r r  . r - rge bra LJ ovcr  the co: , ip lex

f  ie  I r l  0  i s  ca l lec )  a  .7  
r - ; r l - ; : chr .a  

i f
t)

"1 .( i )  d  i s  e  r l u i p l c d  l r i t h  a n  i n n c r  p r o d u c t  (  ,

i,li i ch

. . . , ^ -+

,.1 I I

i t  i s  "  H i L l c r t  s i ) : r c e ,

( i i )  f o r  c a c h  e  l e , ' l c ; t l

r . - ' , .  c a I l € i .  t J r c  i d , j o i n i

y ,z  J .n  !  "
I lenark "

x  e  J  t h e r e  e x i s t s  a n  a s s o c i . i e c i  e l _ e -

o f  x  ,  s u c h  t h i t  ( * y r z ) -  ( y r x s ; - : )  f  o r :

-.":
! - ' -a l i ,ebr :s  ; ie  t l ie  JorC.an €n , iLcgues o f  JC;UI I  f  s

- 4 t : c n Y " l  , t. , - . J " ' - . .  U

\: I I
-;rh L ch

o f J

P,. i i i iTa lT,  rnd C.anote the: r r  by Jx-a16ebr :s ,  r ih i lo  ln  the seconC par t

ue sh al l  
.

t l ren by - r l . g e p l a s o

the  sense o f  IL IFRIS,  end.  d .e  noLe

.3(
B  ) .  . J  - 3 1 9  e  o l a s

. iig!.g, The::e. are trn/o

dsn  s  b ruc tu res  rs f€ r red  to

th ls  sec t lon  we dea l  iq l th

t : :er i ;  t ' -a l ;ebres in

d1f fe : :ent  not ions ye la tec l  to  the Jor-

- aLgeb rss "  I n  t he  f l r s t  pa r t  o f

! - '  - 1 n r i r r o -  i n  F L ^  F  t t ' r ^ T  1  n r : ' r t  1u  - . a r i j s r / r a -  r . r r  v l ! s  ; J t r i l i j u  u J  v  l - v t J . _ t  L i r v . l _
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3ny I tx-a lg6bra gt ' res r ise to a f l * -e l6ebra I I^r ,  the

an 1d e;r-

r  a  pa i r
I
i  X  6 {  =

- - xbe r  se: r l_s i : . ip le  |  -a lJ€bra 
"For

( - | 1
: =  { . " - 6  d  I  x  e ,  =  x  |  ,  u n d  f o

o n t c  o  ^  b , . t  , lv - ^ v v  v l  ,  v l ,  I  v r . : = J x 6 1 f,  L !  
L  "

p o t c n t  e ,  o f  l l , f h t r l . .-  r  - 1 1

Rerrerk.

- r r r ' 1  * i  r r l  I n n * { n n  {  h  t r +  L ^ . t h ^  + 1 " ^  , r ^ t r ^ ' r  . r. . ! . , r v r l r r r u L r  ! . r - v l r  . r _ r r  . t :  u . : . r * e  v r r u  ! ^ ! L r Q r  , r ' o : ' l d a n  ; n u 1 t i ! r l l c a t 1 o n

't
' t r r r . -  : !  ( w  . r r . . t  - \  + )

2  . - . ' v  , , , / . - . , ,  , . 1e  x  - opc ru t i on  anc  t nno r  B rod .uc .b  
' be  

l ng  t i t e

sarr le  as ln  i I "  
I  

x -subt lgebras 
of  i {+  e i r l .s lng f l :orx  a  s€mls i r jp le

l f - - i l l gob t 'a  I I  a re  ca l1ed s , re  c j j }  ,  J l . re ry  s . i rec ie l  l - l - * , : tgcbre  is  $eru l -w
s tnpl- e ,

l : : o p o s l i i o n  5 . ' " Irrett  t tn1te-C.i i letrsl .onal s en i  sl i rpl e Jor-

d . r :n  a lgebra  ts  a  |  
* -a lgebre .

m : , . ^ F . -  I i  i  f  J e  d d e . ' " b U i n  S i T u C , t U . r e  f l r c o l c l r ^  )  E v . r " v  * o4 - r 1 u r  r : !  
" , r L .  

.  \  j  _  .  ' r r u v r  u , : 1 9 1  - ; '  v  e r . y  o v l l ] - -

s in rp le  1 * -61 , i e  b l ; i  i 1  r  -  + r  ^  ^ {+ ' l ^ ^  ' ^ - . . r_  r J  _  J  _ L S  L t l e  o : - c n o J o a a ]  s u m  ( = c l o s u t . e  o f  t h e  3 1 0 e _

br : . : lc  d i rect  sun wi th  pr l r . . r lse or  togon. . l  compon€nts  )  o f  i ts
o i : n n ]  ^  I A c c " t c  . , ' r A  + r 1 , + L ^ ,  ^ h , ,  { a ^ ^ 1  ^v r - . r ! + L  t s . . q r J r . . . * ,  i u r t h c t r ,  o n ] /  j . d e a l  o f  g f  i s  t h e  o r t h o g o n a l  s u m

o f  e  s u b c o l l e c i i o n  o f  t h e s e  s 1 n p 1 e  1 d e a l  s "

lTot : r t l "on.  Ie t  J
\J

n f  n r . t h n r n n r l  {  A c r , r n r- . - -_  -  * , . . -1 ,  J t r
' l l

- = a a - . r a V-  2  "  -  ^  - 1

Theo:cn L l *  { ie i rc . :  ,1e jo . : l .c :  j . iJc !* )  Lct  J  be : l  sern1. : l i , i ;1c

I  
* - : r1 lebra.  T i ren f  or  a  r r ' r . ' ;x  i rc l  f r ,n i iy  

{  . r l ,  t  a  I ,  o f
a y l l r n r ^ r . , 1  - ^ 1 f - n { ^ " t , . +  . l , i ^ - * ^ l  ^ - . r - ^  

- 1
u r . ' i / r r u 6 e f l u :  s d r l r . o J o l l t t  t d e : l F o L e n I s ,  d  1 s  t h e  o x b h o s o D i l l  s u n .

I  =  @ J1. i  ,  
- r , i r " ro  sL l :  n . , t  j .on 1s over  a l l  C is t lnc i  .subspace s

U v r-,J

1  4  t  a - r
r l  l i r  - r d  \  r .

TIU-!-:er-2g:!.  , tny scnlsi:nple 
I 

*-, , tCeb::u.J 
t" the clorure

o f  t h e  u n l o r r  o i  o  n e L  o f  - - l  - - s u b l l X c b : o s  
: l l t i r .  l n  i d e n t l t y .

I ro ;gs i t i ' cn ' : " "2 !  " I  spe  b i . : r1  l l= .1 ;e t ru  f , -1 , '  f ln l t c  C i1 ron . ;  '

s l o n a l  1 f  i ; n d  o n l y  1 f  i t  h r s  a n  l d c n i l t y  e  l " e r l e n t

U s 1 n 6 . i l ) O o C i i l A ' s  r e ; u l t  f I O ,  T l r c o r c r n  t Z , 5 J ,  V f 0 i , 1

) ] I / , t i - ' J : : : I . : i i  ' , , r c : : r : .1  l :  l i )_7  p :ovs<t  th . i t  1 f  i tn (0 f r j  r t c ro tcs  Lhe

Jor , j cn  : I3eb: : i  o f  : :11  conp le . . ;  ( r i  X  r i  )  -  , . ,u t r l fes  ana f  i s  a '
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Jordan iso. ro :ph is ;a  of  I { , , (0  f+)  onto r  sFec ler l  
I  

x - l ; lccbra 
I  , , rh .n

l [  f  i l ] l  l c  n r . r  ' , J a  - r - ^ },u t1 \ , r . / , /  rb  uu  r .1  -a rd€or r r  sUch tha t  f  i s  g  i *  -p feso IV lng  lsomo: : *
phi .sn of  %{01+}  onto J  "  T} i ls  l :esu:Lt  pe: . ie l ts  i l re  e : lp11c l t  con_
st ruct  ion of  canonlcer  brse.s  fov spe c l *1 .  s l *pJ-e f  J .n i te-d i i rens ionn:

lx-a lgebras iso: i ro : :ph i -c  to  Jordan a lgebrr . : ts  o f  types , t ruX,  .nd C
f r cm  .d l _be r t  f s  c l ass l f  l ca t : ' r on  ( sce  f 5J ,T ,  5  l )  r  cons l de red  ove r  0 .

$otgligg.. Let iI be a co;apIez it i lbert spacd uli lr ( , ) as
lnner  product .  Denote f :y  / {  me (s i : rp l -e  )  H*_algebre of  f i l_ l  t { l . l_
ber t -Schnldt  operators  on t i .  i  conJugate l_ tneer  nap K on l i  is
cs l l ed  a  conJugu t l on  o r  en t i _conJuga t i on  acco : : d i ng  t o  uhe t j r e r
K *  =  Td  o r  K '  =  -  TC ,  I d .  deno t i ng  t he  i den tL t y  oBe t : e r t o r  on  I I .

fhe fo l -1o: r1rg threc t rvpes of  ! *_ . .1geb: : , . ,s  have been shoi , rn  to
be  s l i rp le  ( see  f  t 35 ,  p ,s ,3 I3_3 I4J  ) , :

1.  f l re  Jo: : r lun r : lgebrc lL"  o t  r , r11 I I i lbe r t_Fchni .dL operetors
^ n  I J

TI .  f i re  Jor i ln  r r l3ebie of

T on II such that ?*ti = fT for e

I I I .  ! h . e  Jc r , l : : r n : 1 ; eb re  o f

a l l  i i 1 lbe  r t -Schn1d. t  o i ;e ra t  o r ,s

f i x e d  c o n j u g a t l o n  K  o n  i I ,

a I l  - l i l - t . , : r t - f  ch ; r ld t  opcr i r to rs  T
/ \  n ; '  . ' rr  ^ ' . ,  +'- , .+ rnfrr\ r . '  r a  , rL rn . . i  u r i r r ,  i  r , .  =  l i T  f c r  i  f i l l e  d  l n t l con ;u ;a t l o i l  i i  on  I I .

TIOL.i D:r l- i l . i ; : I i l i i l ;  end ?n:Ti,  f  t . . ,5J co:tslCe re C lnf irr i . te _

_  
-11 i r : re  ns lone l  ' se  : , - . . . . l " , ' rb1e (1 .e" r ' the  unde : '1y i r r5  I i i l ' cc : t  sp : rce  is  se*
p ' : : " : b I e  i i r  t i : c  i c ; c ' t  o ; i c r 1  s c r r c C  j I e c 1 . . , l  

l x _ r 1 ; c i r : : s  a n d  s h o l ; c C .

th r t  uny  ( ln f in l t c -dh ie r . i s ion . r l_ )  s i r r rp le  sepa: :abJ_c  spcc la l  J  1^ t_
6cb: : r  i . s  o f  t ype ,  i r ,  i I ,  o r .  I - t I "

: .  lL , : : I ;  f  
' -o  

uJ  ro : . : . I i c :cC r ,  l - - r_c  c1 , . ,ss  o f  p ; :u_ ,ch  s r ; j ce  s
t. . ,u:,c t- , i  e,n 1.,. ,r-t  l11s ]r" 'u.rur,; .1 

sy--, : : :cir ic ); , : .- , , ;u:roous d.r.r,r ; .airr; ,

r ' !1es . ,  ! ' r i i i l ch  spece s ,  io  ' rh ich  I Iu ' r i s  re f  e r rec  is  f+ -e lgebras ,  a r€

i in;: ; : '  i i  j !"oe$ of t ; ;er ' ,  i ;o::s : ,r . :1,pin6 one i l i l . ic l . i ;  sirce i :r to'  4rir j , i ; i i€r

r l : c1  ;  k i - l r ' ,  o f  Jc l i . : :n  ' c . " i . : r r  - :  ' : i r r iuc t  s ' r ruc iu -_ .c  ( io r  cc f in l t ioa  se€



_ 4 3 _

y . - 1 n - " \  T n  n o n # . t  n , . 1  
" . -  

^ ' l  1  ! r . 1  1 L ^ - +  - - -  -uv-L \ . /  r .1  / .  r *  l_ ' i r r ' ! .LULLrur ,  a l l  i I i l be  r t  spr . !ces  8nd.  s l "1  p"_c lgebres  l re

f -a1;e brss"  i i io reov€r ,  i t l l  fou1.  t i rpes of  cLass lca l -  Car tana

.d .one lns  ; , inc l  ihe  i r  lu f  in i t  e  -d i i l i ens i -ona l  an i i logues  nre  .bhe opeu
, r B . i +  L - . r ' t  -  ^ r o  . a X  ^ t -  r .  -un l l  Da l l s  01 '  l - -  - l ]_gcbr ; :s ,  end the  s i r . : re  ho lds  fo r  any  f ln l te  o r

l n f i n L t e  i l o d u c i  o f  t h e s e  d o m i t l n s .  T h u s ,  t h i s  i s  a  s e i i i n g  l n

yh ich  s  la rge  nunbcr  o f  bounCe d  sy ;ue t r l  c  ho t i tos€ .1 le  ous  c lo : r : ius

r : ] i r y  b e  s t u d l e d  s i n u l t a n e o u s l y "  , l  p : r t i c u l a : :  r d v e n t e ; e  o f  t h i s

s e t t l n g  i s  t h e  l n t e r c o n n e c t l c n  e x l s t t n g  b e t l r e e n  f u n c i  i  o n * t t r  e  o r e *

t i c  p rob l -ens  end prob tens  o f  func t io : ra l  ana lys ls .

Sotat ig4.  Let  i I  r rnd.  I i  be cor , rp lex HiLber t  s leces and 1et
J  ( ' ,  w \  . l e h . l o  + h .  - . .  r n c  o f  . t l  I  l j ^ ) r F . t ^ . J  . l  

i  r c . . r r .  A n n r . , . . i - ^ - F o  1 a , ^ -  r : ra \  \ - r r r ! /  ! r s r r v ( / i :  r / 1 r | J  , - / r v s  u r  J I J  u u L t  j - u i L

)-

U.>rl

r l " , +  t ' , ' -  \  -  / !  . . . \ ^ , .  ̂ - . ^ -  \  , / '' / r L  i  l ,  J 1 . 1  / l  e -  9 (  l . . t ( : ; i t :  \ r  L i  ^  e 4 1 s  c i l - l e d  i : t'

-+,t 't--i;*.r.i, ----* €*effi --zt- ---i.s--estl-e-€-+i- -fu*=*

Co:gre i !s"  I { ;U i  1 ]  94 bJ g i ,ve e l :  :bst r rc t  ' re  ts ion of

-n lgebrns,  cr - ;1- t -e  d  C-- t r i .p le  s ; isber i ts  b l ,  h1a (see a l -sc
\ I T N l \

. v  L ,  a t  L  l .

D l r D - 1
i : , ! r y l _ c s "  T h e  s e t s  {  ( : ; , i t ) ,  

{ *  |  ; e  { 1 ; : ; ,  i "  =  I  
J ,  

r n d
I  t  t ) .  J -  1  

t  -
l ^  I  , - l l a i  a , \

1 ;  |  " i € ( { , l i rK l  I  . . 1  
-  =  -  . , t  

I ,  r l : c : "e  x  - - ->  T  i s .a  g l r re : r  con ju5 r t i on
+ '---

on  i l  i l nd .  Jux  :  = . i I  f o r  "11  x  €  I { ,  r rTe  f -q lpcb : : cs .  T } r  e ; ,  i 1 ' g

c r11e r1  C ! {L : : n  1 : r c t o r$  oJ  ! f bc  T ,  I I ;  hnd  f I I ,  r espec t l ve1y .  , 11so ,

an) '  c losed conplc : .1  subrp: :ce A o i  { ( : : ) ,  such thr t  . r5e 4: ,nd
. 1 ,  

-  
/ ' f .  ' r  

" , t r a n . r , . -  
1  

'  
s r .  -  / a .  ̂ + , , -  , - +  + . , * -i .  c  w -  - ,  , ,e  4 ,  1s  c ;11er1 .  u  C. , : ! :n  i : c { :o l j f  i . ' . ' i e  fT ,

: uo l l  i l r ; t  (  c cn t : 1ns  ; : ' c . ; uc t s  ( r esp , squ ; : : es )

io  J(  v i th  the opcrator  nor i l .

: t r l  n  r t  n ' l  r r  r 1  c t n r . : r ' i  n c A o] ,c l "a Io : "

f c r  a l L L  x €  I l  i i n d  y € K .

D e f l n l t l o n " . i  c l c e e d

To: ,  escb  a  e  {  1x r6 ;  the re  ex te i s  e

f  e  t (K , i i )  such  iha t  ( ; ' i x r y )= ( : t r , i ey )

c o. ' ; ipI ez subr: l .rce 4 or  /  (n , r ;  sucr r
-: : l lc i :gtr,

I 
(Yesf. Acn- al5ab.{a.) -

f  I :  r  C I a , J C U  c o : : j r : c : :
^ D

sutr i - : rc€ (A ct  L C:)
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and sd io i -n ts  o f  each of  i ts  e l -ements"  A ler lg lS_s lgebrn-  is  a

c losed complex subspace ot  A ot  d  {u , t t  }  su.ch tnat  .anFc € 4-

and ternary a l -gebras are / -e lgebrus"

Qqlrrqeqt-q-. +o-"te"b";u ar€ not algebras ln the ordlnary sen-

se.  I ionever ,  they conta in  cer ta in  s ] ' i r - rnot r ica l ly  formed products

o f  t he i r  e l e rnen t s .  8 . 9 . ,  i f  A rB ,  Bnd  C  a ro  e l enen t s  o f  a  f ' - e l -

geora ca ano p rs  ao { i l :b i tTsry  po l : r 'nonln l ,  taon eU*C + Cn*.1,

a (Bxe )n  -  ( l nn ) "4 ,  p ( rB * ) c  +  c ! (BxA ) ,  , r nd  p (aB* ) cp (Bx . i | )  be rong
. / )
t o  * .

l r o p o s i t i o n  5 . 5 . T i r e  o p e n  u n i t  b a l l  o f  a n y  f - o l g e b r a  i s  a

bounded.  synmet l : i c  homogeneous r lome in "

HAFRIS f64  aJ  gsve an  erp l i c i t  a lgebre ic  fo rnu la  fo : :

i { i j b ius  t  r : s  ns fo rna t  ions  o f  these ba l l s  and shoved.  -bhc t  the

g i n  c a n  b e  r n a p p e d  t o  a n y  d e s l r e d  o p e r a t o r  l n  t h e  b a l l  b y

j , l i j b ius  t r !ns f  o : :na t ion"  i le  has  a lso  proved the t  t i re  open un i t

ba l l s  o f  t i ' ro  J : " -e lgebras  are  ho) -o rno : :p i t i ca l l y  equ iva len t  i f  and

on l  ) r  i f  t : re  ; / ' -41 ;ebras  are  iso :ne t r i ca l l y  i so ioorph ic  t rnd .e : r  .e

- n -- _-t( -^1t
v rhenever  ArB,  C e  t , t  

"  l l ve ry  O- - -a1geb"a  is  a  JC- ' -e l€ lebra  and s

te rnary  a lgebra ,  and f ro ro  {O+ UJ i t  fo l lovs  tha t  JCK-a lgebras

t h e

f -a tsebro  is  ho l  o loorph icu l l -y  e ( iu ivn len t  l ro

i f  onc ]  on ly  i f  the  ]1 - r lgebra  is  i sor t to -

t o  a  p r o d u c t  o i  J x - e t g e b r a s  (  s e e  f 6 4 ,  a' 4

b n l l  o f  a

o f  b e 1 1 s

i s orao::pir i c

h o l o ; n o r p h i c a l l y  e r l u i : r u l e n t  t o  u  C a r t a n  d o r r a i i r  o f  t y p e  1 * I V ,

\nen OL is  ca l1ed a  f ig l ! s -d inens igne l  9a I !an- fag [gg .  i?e  de-

n o t e  b y  0 ( S )  t h € . : l p a c e  o f  : r l - I  c o n t  j . n t r o u s  c o n , n l e a - v a l u e d  . f  u n c -

^ ggislr;^1at'it^fi'LtJ'
t  j -ons  on  a  1 -ocn l l y  cc : lpuc t  } lausdor f f  space S andr . ' i  n t ip  L

betneen two 7r- : Isebras A ,na B j .5  sa id  to  i )€  a

rno roh i sn  1 f  l t  j 5a ' aounded  l i aoa1 l  b i j e  c t i o r t  . f  d  on to

r - r ^  ^ - r -  r f  , . X r \  -  t / . r \ r l r \ * r l ^ \  ' " ^ -  . , 1 i  ^ € A

k -:-::9*

J3 su ch

r n a p p i n g  p r e s e r v i n g  t h e  ; f - s t r u c t u r e . I n o t h e r  r e s u l t  i s  t h ' r t  t h e

open un i l ,

a  p rod l rc  t

E  3 J ) .
'  Conver l t lon . I f  tne  ope!  t tn i t  b ; :11  o f  a / -s l -gebra  Q iu
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. :  . .  , : *&- - t . ; ._

J!_gorg,!_r_. 7. r!ve::y f ini te-ct irnensioni i l  
/*-: : igeb:r:r:  

j -s : iso_

: : r e t ] ' i c e J - l y  J " - i s o r n o : r p h i c  t o  u  n r : o d u c t  o { '  f  i n i t e - d i r n e n s i o n t : }  c a r -- o

tan  f i . , cLo t ' s .  111 par : i i c r l " . ^ , - r ,  e i :c rJ  ?* - , . ,11-u : r , r_  o f  ,1 i i i c ; i s ion  less

than l -6  rs  i soroe t r : i ce l1y  ]x - i soraorph i .c  
. i ;  o  i i  p r :oduc 'b  o f  f in i te -d . i -

nens io r .La l  0 { . r r : tan  f  ac to t :s  o f  t ypes  I_ f [ .

T i l€or :ee_! .  B .  The ope n  un i  b  b ; . i l l s  o f  the  fo l low ing  j !_ " t -

g e b r : s  : r r e  n o t  i i o l o n i o r p h i c : . r l 1 y  e  c l u i v a l e  n t  t o . a  p r o < l u c t  o f  b n 1 1 s :

a l l -  C s r t r - r n  f ; : c t o r s  o f  t y p e s  I - I V ,  e x c e n t  t h e  2 _ d i n e n s i o n a i  o n e

of  type  IV ;  a l l  i i l ' - s1-ge  br : r . : s  v ih ich  a : :e  fac to rs  in  the  ord inary

s e n s e  i  a l l  s p a c e s  C ( S ) ,  l i l e r e  S  i s  c o n p a c t  a n d  c o n n e c t e d .

H, rnRI$  f  6u  cJ  
" ro , . "L  

th , r t  tLe  in f  in i te -dr rner . rs ion . , j l

a n a l o g u e s  o f  t h €  c 1 : r  s s j - c a 1  C a r . t a n  d , o r a a i n s  o f  d i f f e r e n t  t y p e s

: r re  no t  i ro lo : ! lo rph ica lLy  e  qu iv : r le r l t  and  in t : :oduced an  inv .a r i rn t

i l e r r n i t i a n  r [ e t r i c  o n  a  c l & s s  o f  b o u n d e d  s y r n : r e t r i c  d o m a i n s  j . n

!anach spEjces  ( inc luc l ing  a l l  c l : : ss ic r :1  bounder l  .  sy r r r : le  t : : i c  dona ins  )

nh ich  y ie lds  t i re  bcs t  consr i l t l t  in  t i re  Sc i r r ' rd t1z-p j .c tc  j .neL1ua l i t y .

T l r e  r l o r r a i n s  c o r r s i d e r e d  r v e r c  j  u s t  t I e  o p e n  u n i t  b r i l I s  o f  f  
- u t -

g e L r a s .

Dcf  in . i i . i .ons .  . in  opc t ' i r to r  3  o f  a  7  
t r I * , r i r tu  4 -  i s  c r . , . I I t . r i  a

mi i i i ra : . : . -  e l -e ; r :e [L_gf  (  i f  fo r  e i ]ch  " .1  €  A . i ' te re  ex i .s ts  a  )eC;  x i t l .
i ; -

L . i * . b  =  ) . ! .  ' . 1 ' ; : o  ope  r - { J to rs  a ru€A ,  r r re  c i j l - l - c11  o : th ,o . :on i r l  i f  , i : t i  =

i j - ; l  :  O. The rank of  u ] l -" ' - : . r I ; ;cr ' ; r : i  i ;  t i re l , l , t l i  i : i iun nrrrr ibei  of  nt i_^.
Q -

tua111 '  o r thogon+: l  non-zero  rn in i r r r r f  e  1e ;oent  s  vh lch  cgn be  f  ound
- xrn r; i l  e J. 

-rrgasra

The 3chr.r-arz-I ' ic i ;  inequal j- t ie s nre Dlrcv.ec-t- i : .y i i , i l l l i lS

f  6 t )  c7  to r  t i re  open un i t  b r - l - l s  o t  ; f - r : l ; r ;ebr*s  h : rv in6  f  in i - ts
u

r i ink"  The r i ln i (  o f  a  f in i te - rL incns iona l  
/a - :1SeUr : ;  

co inc ides  r r i th

t h e  l  r . . i  n k  o f  i t s  o f c n  u . 1 i . t  i , ' , 1 1  r s  ; ' :  : l c : : : r i  t i - : n  s y ; r n e t r i c  s l l c c .

Cn cac l r  - -1 - i - . :1 . - .b r " r  o f  I  j .1 i t€  Tan i (  :1  ,  : i i j l r i J  t l c f  incd  An innor
4 -

' - - - ; , . ^ r  i - .  ' . . - . . ^  ^ f  t h e  l : j - : r i l r i a l  e l e ; l c n t s ,  , j n d  s i t o l j e d  b : r ; : t  . i t
t  . J - i I  r J !  u L r U  . : I . L . l l , 1 . r - L  \ - - L r - , . l L l

i nc luces  : :n  invar i l r - r t  in f in i tes i : ra1  l ' Ie l ; l i t : . . : ,n  - r re t r i c  on  t i re  cpcn
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, . h i+  ' I a . , r  r  ^ r  +L^  r - x - ,? leeb rb  n i t h  Schwarz  cons tan lt l l l - L '  r J I  ( J I  l r t l t t  
d  

-  - L t > t e t

a l - s o  s h o y r e d  t h r t  a n y  o t i l e r  i n f i n i t e s i m a l _  I n e L r i c  h a r v i n g  t h e s e

p € r t i e s  - n u s t  b e  o h e  o f  i t s  s c a l a r  m u i t i p l e s .  T h i s  c o n t r a d i c L s + i .  ^

rcsu l ts  cb ta ina1 by  Look  und t i c : :6ny i  fo r  t l re  Dergm n  x lo t r i c " ] ' i -

n o l  l  r r  u c } r . i  o  o ' 1 ?  . , h ^  d r \ f  f  i  ^ i c n t  c o n d i t i o n s  . f o 1 '  € n c hr + q 4 r  
J  ,

o f  K o 1 6 n v i  r s  i n e n t : r . r l l t i e s  t o  h o l d  f  o r  a  c l - a s s i c a l  b o u n d e d  i \ n n r n r " -

t i : i c  d o r a g i n  a n d  o b t r i n e d .  a n  c r p i e s s i o n  f o r  t r e  i n t e g r a t e d  f o r m  o f

an .  a rb l . t : ra ry  in f in i te  s i iaa l  l {e rn ib ian  i i te t r i c  on  such a  domain .

i ( e  cen l ; J -y ,  l l . r i r l l ( - L l j  L  a4  d  /  exp loTed  an  a -L8eDrD lc  tneo ry

n n ? . n l I  e l  t o  t h a t  o f  C x - a l 6 e c r a s  f o r  / x - c l g e b r a s .  I n  p a r t i c u l a r  h e* * l : ) v  - r '

e s t c b l i s h e d  t h e  f o l I o l r j . n g  s p e c t r a l  t h e o r e r n s .
/'> + . /'t

Theo rgn  2 .9 . ,  Le ' [  C t  be  a  J - ^ - s l eeb ra  end  l e t  A  eL { ,  A  *  a .
L

I ' i ren  the  s !€c t ru ix  o f  i - 'a  has  no  nonze ' r :o  l im i t  po i r r t  i f  and  on ly

i f  t h e r e  e x i s t s  B  s e t  {  V -  i  o f  r n u t u e l l y  o : : t } r o g o n a l .  n o n z e r o  p u r *
r n l

t i s l  i so rne t r Les  i n  Q

nurnbe rs  ,  such that  a

r r n i n r r a  l r r n  t n  i l ) a  ^ r " d o y ,  n . 8  t a a , : : 1 c )  , . h o n  . i +  ^ v i . 1 - d  . , h . 1
\ r r I I  r u u  \  q I J  u v  u t ,  I  t u l r  /  l / r r e r l  I  U  c , / ! I D l / D r  - r r l \ - r .

i s  t i r e  s e b  o f  s q u a r c  r o o t s  o f  t h e  n o n z e r o  e i i ; e n v a l u e s

TL oren 5.10.  Let  A b"  , ,  F  
-o tc .v te  uh ich is  supposct l

i  -  - a ,
to  be  . l - *c rosed.  Le t  A  e  L (  : rnd  le t  )  be  tho  se t  o f  squ ; r re

: o o b s  o f  t h e  n o n z e r o  e I e ; l e n t s  o f  t h e  s p e c t r u m  o f  A x J . .  t h e n  b h e : ' q

a t -
€xis ts  a  .un ique f ( -  ' , 'u luer i  .spe c t ra l  i r€asure "O - -> V(q-  )  on

- ; . ; . t  6 n  i s  a  P r . r : : t i t i o n  o f

c o n s i s t i n g  o f  l j o r € l  s e

l 1
a n d  a  s e t  j  (  -  t  o f  d i s t i n c t  p o s i t i v e

I  r r  J

>  e , -  V - .  j , ; o r e o v e r ,  t h i s  r e p r e s e n t a b i o n
/-* rr rr

n

o : f  A  i s

1 , 1
1 0 (  . r
'  n J

v J- .1,1 Jl d

L '

d n u C o  f o : : ' k = l  1  r o o l

n
l ,  S--

l l  , -  )  l . , v (
| I  l -__ "

L

<.t  s  anc l  so t  i s f  y ing  Oio ,o  C*

n ,  the  n

r l

l l  "  
.  . i o reov t ' r ' ,  V (6 . )

r,: nC1

coruut € s r.vi ih A
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for  each Bore l  su.bset  o-  o f  f  and V(  f  )  convers ; i "^a_ /
Tlreorq i ! - } - l -L  t  cu A,  be a 7x-u l ;ebra,  suppose that  A-  nu.

se la i f  in i te  rank  ( i .  e .  the  spec t ru ln  o f  A* .4  has  no  nonzero  - l - i .m i t
. n ,  r  / ' )

" . ^ . !  h +  . r . ^ v  ^ t , ^ t -  i  a -  t )! v ' r v  . r v r  -  - (  ) ,  a : r c1  l e t  A  6  t / t  n i . t h  A  .+  O .  Thcn  the : :e

r r {,Il-nr
e x i s t s  a  s e t  {  V " .  \  c f  n u t u a l l y  o t r t h o c o m l  n o n z e r r . r ' p n r t i : i l

(  I ] -
' i  s o i r e t r i  e s  i n  A .  4 n d .  a ,  p o s s i b i y  f i n i t e ,  s e q u c n c e  {  . . i

(  i r J

o f  pos r t i ve  r l unb€ rs ,  such  t i l a t  a  =  F *  s -  V - .  Tn  f ac t ,  t l r e' / n n

- " ^  ^ ^ ^ , , . . ^ - .  J  ^  L  . ^ ^  . - i " i ^ ^ 1 - ,  + , -u e r m s  o l  r , r r €  s c r i u e r l c e  1  n n  J  u r c  p r e c i s o l y  t h e  s q u a r e  r o o t s  o f

a l l -  nonzero  e igenvr lues  o f  Ax ; \  v i i th  a t  :aos i  f in i te ly  nany  uepe-

t i t  i o n s .

I i , l i R f s  f  6 4  d J  a l s o  d i s c u s s e d  i n d e  c o j r p o s a b i l j . t y ,

t i v i t y  i r n d  l r r e d u c i b i l i t y  ( s e e  f  O +  d ,  S S  4  a n d .  5 J  ) .

t  ra  ns i -

n n  e r t  e l l o e d

t i -
n o t i o n  o f  . i r r e d u c i b i l i t y  i s  u s e d ,  s i t t c e  t l r e  r e  n : : e  n ' s n y  7 k - 3 ) . ; e -u

bras  i :nd  e i r ;e r r  JC" - r l3cbrus  i :h ich  c ;nnot  be  f  n i th f  u l : l - y  repr r l s€n t  ed
7) 

-al-se-

b y  o n y  t r r r L s i t i v e  ] t  
- a 7 t e b ' c a .  A  i h e o r y  o f  i d e u l s  f o r  f # - n l c e -

b r a s  i  s  1 : h e n  n r e s e n l ; e d .  A  n u : r b e r  o f  e q u i v a l e r l t  c o . n d i t i o n s  f o r  a

7 x - a l 3 e b r a  
t o  l r a v e  I ' i n i t e  r a n k  a r e  r r l s o  g i v € n  f  6 4  d ,  3  6 J .

' r 'hese inc luCe rc f le :a iv i t y ,  a  v r r i . i :1 t  o f  von  I .eL l r1 :111]1  re  CuIa i ] , i t J

aru l  t l re  cx is tcnce o f  t in i te ly  nany  ; i tu tu i j l l y  o r tho6bnr : l -  r , t in i rna l -

e  le inent  s  l zhose sun.  i s  an  e  x t re iae l  e lene n t  .  r ' i ecessarJ '  and su f  f  j ' -

c ie l l t  cond i t ions  fo r  a  ]x - r lgebra  to  be  / - i "o ,oo : ,ph ic  to  a  JC l ' -

- a I g € b r a ,  t o  a n  a d  j  o i n t  c l o s e d  
/ - a l g e b r a ,  

c 2 r  t o  a  c o r n p l e : l i f  i e d

s p i n  f a c t o r  a r e  a l s o  g i v e n .  t r ' i n a l l y ,  l l a : : r i s  l i s t e d  e i g h t  o p e n

n r n h  l  a ' r , .  r , h  i  n h
P r  v i l ! v L , t e  r r r ^ J - v r +

the st rLrct.ure

s i rg : je  s t  
"o , t t . '  

a i rec t  ions  f  o l :  f  uT t i re r  c Ieve IoJ : i , c r t t  b f

. -  ^ - *
l l i r €  O f Y  O 1  y '  - J L : , C o r ' l : . j 6- u
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$  6 .  J o y d a n  a l g e b r : a s  a n d  p o s i t i v e  p r o j e c t l c n s

on opere tor  a  lg  eb : :as

Lot  i i  be  a  un i te l  Cx-e lge  b i :a  and I€ t  P  :  B  *>-  13  be  a  un i l rsL

p o s i . t i v e . p r o j e c t i o n ,  i " o "  l > z O ,  P ( 1 )  =  1 ,  a n d  P ' -  P "  . q s  i s

known(ci iol  and i tr , I i ' l -n0s f +oJ and T0Ir i IyAitA f L29J ) the tunage of
!.

i J  1s  a  C ' . -a lgebr :a  uuder  the  pror l r : rc t  a .b :=  P(ab )  i f  and .  on ly  i f  P

i s  c o r n p l e t e l y  p c s i t i v e .  T h u s ,  w h e n  B  a c t s  o n  a  i l i l b e r t  s p a c e  i { ,

rn p t 'nrr V of

on K su ch

( 6 . 1  )

f o r  B l l  x

v
x - r e p r e s e n t a t i o n  /  o f  ] J

'l

a

r : l ; e b T i : s .

I f  i ;  : =  {

f  i lgrr  rnd I

)
0 t

)

.i+ii

a  6 l i , P ( e

c t c d

2 ,

t o

. .--=P ( L )  i s  a  C - - * e l g e b r a  i f  a n d  o n l y  j - f  t h e r e  e x i s t s  a  f i n e a r  i s o -

P(x )=V*  T  (xJ  - { ,

l es ; t : ' i

i {  on  a  i { i lbe  r t  space K and a

t  h a t

,  then A+ i i  i s  a  JC-sub; :1 , *

i  s ; :  Jord;:n ho nornorphi sn

ex is t  l "os ts  o f  exar i tp les  in

,  . - , - . 1 ^  , . - , -  t -  , ,  ^  t  - ' t  t
El 'FnOS and $ ' ipR. i i iR  f  aB bJshorsed t lLn t  v r i t i r  the  p :oduc t  a  x  b  :=

: =P(a  "  b  ) ,  l l he re  ,q  "  b a l ' : + b r r  ) .  i n  t h c  i n : n n 4  a  o f  t h e  s e l f -

n i  i n i  n r '  h ' s +  r - ?  ̂ f  B  U n d e r  P ,  i  h r r s  a  f  a i t h f u l  u e p r e s e n t i t t i o n, ' * -  -  " h  ' r  '

a s  a  J C - e l a e b r a  ( i . e "  a  n o r r ; r  c l o s e d  J o : d r r n  ; r l 6 e b r a  o f  s e l f a d j o i n t

ope: :aL<. : rs  on  a  j l i l ber t  sp i rco  I  "  f  4  8  bJ  r : rey  be  re6 ; i rc lcd  as  ; rn

,  r " ^ - ' '
At  t  C- tp t  tO ! lAce  i l . i i ; ,ZX i inO I  r i -L i i r . ; r l l  s  : . tOn06: ' ; . jp t7  /  L l  /  Ln  A

Senera l  se t  b ing"  1 'he  la t te r  ; . :u t i ro rs  have chatac ter ized  t -he  ranges

n f  n n n J  r . 1 , . f . i r r F  ^ r ' n i c n i i o n q  i n  t h c  4 1 o r - h ] " l  O f  c o , n n : t c i :  o n F t  a t O I S  O np f , v J u v  q  v *  v v r . ' l r \ r v

a  s e p a r l i J b l e  . i t i L b e r t  s p a c e .  I  c i o s e r  i n s p e c t i o t r  o f  t i l e i T  r e s u . l t s

: le€ns  t  o  i r - ld ica t  e  th r , t  uhr ' : t  t11e  y  a re  do inE is  to  c lass i f  y  c  e ' : : -

tain Jo::dan i lni i  Lie a16,ebras of operctors. l l t r ' t r 'R 0S and STfR.. i l tR I s

n 1 . , p ' e 3 9 6  / - t ) S  b , /  : 1 i J i ' I t  e  r p l r : i t t  t h e  u n e ; p e c i c d  o c c u ] . r e  : t c c  o f

Jord a 11

5ebr . r  o

of A+ i.l on io  a  l ' ; i t h  ke rne l
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yrh ich l r  is  not .  the se l f  ad j  o in t  par t  o f  a  Cs-a lgeb: :a  (sc]e f iA f iJ  t ro

i n  g e n e r a l  u e  c a n n o t  e x p e c t  t h e t  P  i s  c o r n p l e t e l y  p t o s i t i v e " i 1 c w e v e r t

l ve  ;n ighb eapect  tn .a t  i f  one  symnet r izes  i i te  c le f  in i t  ion  o f  7  in

(6 .1 )  to  be  a  Jordan homoncrph is ra ,  then a  d 'ecor tpos i t ion  1 lke

( 6 . 1 )  r , r i g h t  h o l d . .  I n  t h i s  c a s e ,  I )  i s  d e c o m p o s a b l e  i n  t h e  s e n s e  o f

sTfni,irR [v-7 eJ, narnel-v:

!g-{.urf j . i9!.  Let ts be a 0*-:r lgebra ancl let I{  be a (cornp}ex)

i { l1 -ber t  space.  a  pos i t i ve  l - ine : r r  ^ap  l  
o f  l J  in to  t } re  bounded.

opera tors  g ( i l  )  on  , ' i  i s  ca l l -ed  d"eco iaSesab le  i f  there  ex is t  a

i i i l ber i ;  space K,  a  bounc led  l ine i r  opera tor  V  o f  i I  in to  1 ( r  and a

Jord€n * -nononorp i l  ie i t  T  o f  i l  i n to  B(K)  such tha t  f  (x  )  =

= .{* Ji (x )Y, fo:: a1l x tr B.

Bg3g: .E"  .  or  such rnr rps t l re  ter r r i t ' Jordanlan type map" ie  a1-

so  use r l  ( se  e  , iO l10 l i 0 ' , nCZ  f  DeJ  ) .
I  F . . , n  a  - r - ^ ^ ^  . * ^ i ^ ^ + i ^ h -  1 :  r r

Sf  y 'n i , ; : , l  c : . i l rac ie r izes  f  12? eJ  i l i ose  pro icc t ions  F  v r lL ich

a r e  d e c o n p o s a b l e ,  t h e  c h ; l r a c t e r i z ' q t i o n  b e  i n g  i n - b e r m s  o f  t h e

JC-a  Lgebra  A+ l i  "

l l .e  f  i  n : - t ion"  . .1  JC- r lScbra  is  ca l led  reYe : :s lb l 'e .  i f  i t  1s

c losed.  u t rd .e r  sy i ruaet r i c  p roc luc ts  oLoZ"  "on  +  an '  ' . "  a2uL,  lu l l cn  b i le

a  .  t  s  l i e  i n  b i r e  . j 1 6 e  b r a  "l_

' ihe r ; r r i i r  resu l t  g iven by JTf I  ' :Ln I  tz7 c  J  is  . the f  o l lou-

i n6  t i l e  o l : e ; l  (  S ' , i r r - r l e r r s  e  i : t r a  csu l ' t l t i ons  on  , l  o r  P  l cad  to  i , he

" I e s s  t e c h n i c e l r t  f o m  g i v e n  b e l o w )  '
t&

r ' he  o r€ i l l  t  .  l .  Lo t  I  b  e  i l  un i t  a l  C^ -a l5eb ra  and  l e t  F  be

e  u n i t u l  I . ' o s i t i v e  i ' r ' o i e  c t ' i o i i  o i  B  r n t ' - r  i t s e I f "  L e t  a  =  P ( I 6 )  a n d

2)  :  o  
J  "  I f  ; i  is  a  J0-subr . r11;ebra of  ts5

1 ^ t -

l e  i f  a n d  o n l y *  i f  , r \  i s  r e v e r s i b l e '  I f  t h e  r e s -

. ) r -u l ' ;ebr i :  3ene ra ie  ' J  b ] t  ' i  i s  f : ' r i t l r fu l  t  then

nnd on l7  i f  . , r+ i i  .  i s  a  rev i rs i .b le  .JO-sub.e  lge : '

t l
i i : =  

{  
a  e  B h  

l ! ( a
I is de c or:rP os a b

i o n  o f  P  t o  t i l i :

ce  conpos: r i ; le  i . f. l  l )

b r a  o f  ; ) 6 .
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tsepgl5* f . "  / i  un i ta l  pos i t lve pro iect ion onto a sp ln  factor

v rhose  ree l  d i r nens ion  excee r l s  s i x  i s  nevo r  deconposab le  ( f o r

, .  ,  - J t
e  x u m p j -  e s ,  s c a  I  4 d  o  /  l  "

ESpgIE.  2 : -  I f  a  is  the set  o f  f ixed po ints  in  Bh under  a

fan i l y  o f  Jo rdan  au tono rp i r i s : ns  o f  B ,  t hen  a  pos i t i ve  p ro j ec t i on

ont  o  . i  is  autornat i -cBl Iy  decor0poseble.

tsgggfE*l.- Let ? be a nornaj- unital posit ive l lneer map

a  von  l i eu i nann  a l geb ra  1 i I  on to  i t se l f  and  l e t  , i  :  =  { a4 l t h  } f | (

As  was  no l ; ed  by  Connes  ( see  l :  z+B  b  ,  Co : : o l l a r y  L "6J  )  t he re  ex i s t s

a pos i t i ve  p ro i  ec t ion  o f  i i  i n to  i t se l f  v r i th  ? ( i r15)  =  r l ,  honce " {  has

a  f a i b h f u l  r o p r e  s e n t ; l t i o n  a s  a  I ' i e a k l y  c l o s e d  J C - e I g e b r a .  f t  c a n

b e  e a s i l y  s e e n  t h a t  i f  c f  i s  d e c o n i p o s r j b l e  t h e n  s o  i s  P ,  h e n o e  t l l e

r c p r e s e n t a t i o n  i s  o n t o  a  r e v e r s i b l e  J 0 - a l i ; e b r a .  S i n c e  A  i s  t l i e

e igensp€ lco  in  i r i t r  fo r  the  e igenva lu€  1 . ,  r . :n  a lgebra ic  cond i t io l l  on

o n e  o f  t h e  e i g e n s p a c e s t  n e c e s s r : r y  i n  o r d e r  t h a t  f l  b e  c l e c o n p o s s - .

b l e  w a s  r u s  c l b t a i n e d .  T h i s  r e s u l t ,  w h i c h  r J a s  f  o r  a  l o n g  t i t n e  a t r

open c lues t ! .o  ,  shovrs  tha t  a  fu tu ' re  theo l l y  o f  spec t ra l  subspuces

o f  p o s i t i v e  I o R p s  m i r ; i r t  b e  e x t r e n e l y  f r u i t f u l "

p l o v e d  t h s t  e v e r y  u n i t a l  n . c .  J f l F - s l -

o f

o i  u n j  t  p r e s e  : : v -  n g  p o s i l i v e

and J ts -a lgebras ,  re  s f  e  c t i ' /e -

i  s  r r n  r i r t i  r : ' ] l t t o r l o r - n t t i S i i l

--: , ,  . f  or;n a i , ie algebra

]

j- lUUrtIiJ U-tjZ L LII O /

r:;,i 1:i103 and :'Jfl:i,,;li;i 4 8  bJ
r r ' , r i a c i , i  o n s  i  n  a s s o c i a t  j _ v e

'  
S t a r i i n 3  f r o n  t h e

t - i r n n  l - h d  s l  a . . , d h +  e  n r "  i t

l )  - L r t t ) r i U !  ( ] D

r a i r r L -  + h ' . f  i f

^ l  I
s e l r s 1 J ' 1 n ;  c \ l  x

a(

t -

g e L r : : u  c l n  b e  l i n e z r l y  u n d  i s o n e ' u r i  c a f  l y  e r n b e d e c l  i n t o  t l r e  a 1 , j e -

bra  o f  bounded l i r iea l i  opera io rs  cn  o  su i tab le  corap lex  l l i l ber t

q n , ' o a  I m ^ t  r : , _ \ 1 / a v .  r  i t h  n r , c c a r l r r \ r ' i  ^ h  ^ f  + '. t 1 e  u n i t  ) .  i f r o l o  t i r i s  1 t  i s

d e  d u c c d  t h r r t  u n i t - p r e s e  r v i n g  p o s : i . t i v e  l i n e a r  i a : a p s  b c t i : e e n  n .  c .

J L i - ' - l r l ; e b r r i s  h i ; v  c  l i o r : : l  o n c "  T h i s ,  t o l e  t i r e  r  v i i t h  ' I h e  o r e m  4 . l l  .  r i s

used to  gene io l i ze  t l iC- - resL i l t  s  o f  e l io I  rnd  ; l t r ' - f ' ; lUS f   OJ  ,  anA



-  q r

. r i i t h  r espec t  t o  t ho  na tu . r a l  L i e  p rod .uc t  f r ,V  ] : =  xy . -Vx r

R0BIlfS0l{ and $li l i1i, l l lR f ttOT explore relati-ons bet,,vee n this Lie
^ + h r 1 A +  

" - ^  
+ l ^  ^  " . ^ - ;.  s r , f u o u u r e ,  r n c  , J  o r d a n  s t r u c i u r 6  0 f  i h e  f i x c d  p o i n t s ,  a l o  n o s i *

t i ve  p : :o  jec t lons  essoc ia l :ed_.  w i th  an t l -au ,comorph i .s t i t s ,  They  s l rovr

t h € t  t h e r e  e x i s t s  a  p a i r i n g  b c t * e e n  t h e  c l a s s i c a l  L i e  a l g e b r a s
a

and  t he i r  i n f i n i t e *d i r nens iona r  ana logues ,  and  re  i r r educd -b l e

reve rs i b l e  Jo rdan  a l geb ras  o f  sa l f ac i j o i n t  ope ra to r s  o : :  t he

s c a l a r s .

A s  l L a s  a l r e a d y  b e e n  n o t e d on puge ' l  8 ,  ARAZY and l-nI j lD-

n f  no r r rn r  n t  n  ! r l =  Y 'n  t . t  ? ' .v y e r . J U v r D

t i ve  cornp le ;nents  (  seo

I ? c n a n t l  \ '  I '  r  ) - F  l l i l ' n  q  ^  l ' T
,  : r v ! ! : ! r v v i r

t . : . : o i  i r r c  n Y ' r \ i o . ' L  i  ^ h dv  f r  v J

r l g e b r e  s .

R e  r i a ? ( .  l t

+ ^ ^  + ! . ^  ! , - i +  I  ^ -u ( ' -  i / r r € ;  L l r r r u  /  u l I

c o n t r a  c t  i v e "

on  a  s€ t r )a rab le  j { l lbe : r t

t r ] 12 ,  l : : opos i t i on  7 "7

o h . a  a  r r i  * h  n n n + - o ^v 1 / u v v  v r r

; , i . { l ' i  charac ter ized  the  cont rac t ive  pro ;ec t ions  on  tho  C*_a19;eb : ,a

nd f0U; :GS0l ' l  f  LOgJ c tud ied  !gs i t  r - rF . -  co ;1-

v i i th  cont rac t ive  conp leraents  on  un i t i i l  J I I -

r ! h i + ' 1  ^ n ^ i - ^ t ; ^ h  D  ( i . e .  P ( I )  =  l ,  w l t e r e  I d . e n o -

a  J E - a 1 6 e b r a  i s  p o s i t i v e  i f  e n d  o n l y  l f  i . t  i _ s

of RObliRTS0l{ ernd

t h e o l e m  9 . 2 .  L e t  !  b e  a  u n i t a l  p o s i t i v e  p r o j e c t i o n  o n  i ,

J l . . j - s ls€br r  t r .  
' Inen  Id  -  F  i s  con t t " rc t i ve  i f  and  on ly  i f

I l  n t * 2 r  I l  -  I  - 2  l l  - , ; - , \ ^ r ? ^ n  r / -  \  -  . '  7
i l  * \ , .  / ,  -  r {  r .  ,  ,  r r J n c l t e v e r  i ( x )  =  0 ,  x € t ' "

EC,g , j -LL .  Th is  p rob le ia  has  been.s tud ied  ex te ls ive ly ,  anC.

- r  r r  r r n i t r ,  l  r ' n c i {  i u r .. .  t

p r o j e c t i o n . P  :  . . , i  - - - > d  i e  o f  t h e  f o r r 0  P  =  +  ( f d  +  €  ) ,  €  I  J ' o : : *

C. : rn  i :u t  ono: :ph i : ,n  o f  o rdcr  2 ,  i f  end  on l -y  i f  Id  -  F  i s  ContT i l c -

t i ve"  Th is  r€su l . t  r ias  ex tended bv  l ' r ieo , r l i i n  cnC Russo to  Jo : :dan

s n d  C o r : D l l a T V  ? " A J ) ,

Le t  us  xeca l ' l  the  f  o l lo rv in3  tv io  theo: :e ins

0 U l ; G S C I ;  f  t a l J :

f ^ *
L / -  /  |  I  S i l q l t g q  I n i i t ,  1 O T  n  U  - i l I . ; e  O ] . i - J
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t r ip le  sys te ias ,  the i r  p roo f  be ing  ra ther  i .nvo lved.  A  ve l :y  shor t

proof ylas given by KAU! f 84 cJ ,

T h e o r e m  6 . l  
" Le i  /  bo  a  nont r i v ia l  JB\ ! ; f : j c to : :  and le r

f  z l  *> /  bo  a  un i t a l  pos i t i v6  p ro j ec t i on  w l t h  con t rac t i ve

cornplernent .  i iuppose thet  p(7)  is  corrnutat ive and ator , r ic  (  ra t  is .
+ l - r ^  . i . 1  ̂ , . r i + - -  r ^  r r -r , l r c  r u e u l r " t r y  t s  0 n e  s u a  o f  m i n i m a l  i d e m p o t e n t s  i n  ? ( Z  )  ) "  f n e n  7
i s  a  s p i n  f a c t o r  a n c l  P (  7 )  i s  a t  m o s t  t w o - d i n e n s i o n a l "

99ry1gnts.i ' i t ldu..;I{ rnd lrL*StjO (sec fj71 ) shovred that Jo rC.arr

t r i p l e  s y s t e r n s  a p p e r i ?  n a t u r a r l l y  a s  t h e  f i x e d  p o i n t  s e t  o f  a

cont rac t io r :  on  i tn  op€ra tor  e lgebra .  i iane ly ,  they  proved tha t  i f
^'t

l  i r ; ; r  c o r r t r r c t i v e  ! r , o j e c b i o n  o n  u  C  - t l s e b r a ,  t h e n  t h c  r e n g e

of  F  is  a  Jordan t r ip le  sys tem.  The fa  c t  t l ra t  the  renge o f  e

u n i t a l  p o E i t i v e  p r o j e c t i o n  o n  a  C x - a l g e b r e  i s  a  J o r d e n  a l 6 c b r a

f ol-1ovrs f rorn th i  s re suf t  .

;s, vi€ hirve seen (The orera 6. l-  ) ,  Sff i ' . t , ; ln f tZf ,J t inke d

t h p  r i c c o n n o n r r h i  l  i i : i r  ^ f  r ^ e i t i r r o  n r . n i a a + i n r c  + ^  + h ^  * t - , a n - . ,u J  - -  t . - - - , * . -  !  " . . , ,  
, , , ' " - _ .  J  o r

JC- : r lgebr i , i s .  R0 l j I i iTSOi i  l :  10e  B7 f  u r ther  e lobora i t  ed .  th is  con-

L ^  ' ^ ' r o i r r . 1 ' a . ' l  . : r , +  ̂- , , \ n l . h  i  - f i r s  O J '  a  6 - d i t r e n s i O l l a l  s r ) i n: r s \ ,  r /  r v . r r o  ! . t / . ,  r r E  u v . r r i > J _ \ { L . :  r } u  . r u v u . r r u i l r r r - l | t i j  u J  i j  o - u  - L  l  : . t  c  t  i  $  l  u  I  l  -  - -  _ 1 _ - .

f a c t o : : .  e n b e d . d e d  i n  t h e  C x - a r l g e b : : a  o f  c o n p l e x  ( 4  X  4 ) - n a t r i c e  s .

I n  f a c t  h e  1 : r o v e d  t i r r t  a : u l  o m o : p l r i s n s  n o t  l y i n g  i n  t . h e .  c o n n e  c t e c

a ^ " h h ^ 1 1 - h t  a 4  l \ , t  i n n n + - i { , r  i n  n n f  , c ' r i c r r  c " 1  l -  c n e i  + n  A a a n , n n n c r } rU U I I I p U I L { r I l L  O - L  U I I e  t C L , . " - . " "  i J s r r u  u v  . , l . \ , " . , , u 1 , . , , - - . ' r 1 e  p O -

s i t i v e  l i n e : r  r n : 1 p s  ( i n  t h e  s e n s e  o f  f  V f  a J  ) .  t h e  s i n  o f  : i n o -

t i , c ' n  r . n n o r r i  n r r r ' c r .  h r r  l ) r l '  ; :  ; r r ' - . { l ; .  / -  l . l n  1 '  ? '
r r e s r r u  1 - , , . ' I , ! . - !  v J  r ' . \ , - - | , r J v |  

L  - L U O  U _ /  I S  1 ; 9  S I I O \ !  t l l A t  t r l l l S

: : e s u l ' u  c . i n  b e  g e t r e  r a l i z e d .  t o  s p l . n  f e c t o r s  o f  d i n r e n s i o r r  4 k  + . 2 ,
-  . .  :

k = l r 2 l r . . " ,  b u t  n o t  t o  L h o s e  o f  i r n y  o t h e r  d i n e n s i o n .

S  7 .  T n e t a  f u n c t i o n s  f o r  J o r d a n  a l X e b r a s

In  19?5 l l . t : j i i tKOi , i ' I '  f  1 t )? 'DJ in t r :oduced the ta  func t : ions . ;  in -

+  y ' i  . o i . , , r  r  r ,  . , 6c^n i  . t e  C  r r i t i r  f o : . r ; i : i l l J '  r e ; : l  f  i n i ' l e -d i t re  ns io i l ; : I
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tho Jor< lan a lgebra cons is ts  o f  the rea l  syn i_

ce r t& i n  o rd .e r ,  t hen  t he  t he t * r  f unc t i ons  i n -6

t : :od .uced by  g I i iC ' jL  f  tZ+J  : r re  the  i inu l_ I r .e r teo f  o f  .bhe the t r  l ,unc_

t ion .s  assoc ia ted .  u i 'bh  ths t  a lgebra ,  r ihereas  i f  the  s lgebra

cono is ts  o f  the  i ie rmi t i€n  conp lex  ina t : : i ces  o f  a  cer ta in  o rd€r ' ,

t h e n  t h e  t i n n l l v l e r t e ' (  o f  t h e  a s s o c i a t e i .  t h e t e  f u n c t i o n s  a r e  r e

theta furict j .ons int: 'oduced bi/  tsl lAUIi f  3JJ ana used by f 'nl IT-lG

L  2AJ

I s  l , ras  cbserved by  PISI i IKOIT L  IO7 bJ  the ta  func t ions  ca t l

b e  c o n s i d e r e d .  s s  f u n c t i o n s  o f  v a r i a b l e s  o f  t r o  t y p e s :  t h e  f i r s t ,

cs l led  t f to ro ios l i i  ver iab l -e  by  l lesn lko f  f  ,  i s  an  e le r i ien t  o f  0n  fo r

s o i t e  n l  t h e  s e c c n d ,  c a l _ l _ e d  r . ; : r o d u l u s . r ,  c h a r o c t e r i z e s  a  g i v e n

l e t t i c e  i n  0 n .  T h e  a b o v e - i n e n t i o r : e c i i t n u l l - v i e r t e n  a r e  t h e  f u n c -

t ions  o f  the  r ro r lu las  r , I t i c i r  resu l t  i ' i hen  the  to ro ld . . : r l -  ver iabLe is

O .  I o I  t h e t a  J ' u n c t i o n s  a s s o c i a t e d  n i t h  J o : r d a n  a l g e b r a s  a s  d e f i -

ncd  be lo ' .s ,  t i re  to :o id .a l  v r r r iob l .e  and thc  nod i i lus  a l :e  e le rncn ts  o f

t h e  e l g c b r e ,  v r i t h  t h e  c o n s e q u e n c e  t h a t  t h r e  r a o d u l u s  c a n  b e  n a C r e

t o  a c t  o n  t h e  t o : r o i C : : l  v a r i a b l e .  F o r  t h e  " - o r d a n  a l g e b r a  o f  r e a l

s y : ; 1 , ; e t r i c  n r e t r i c e s .  c f  a  c e r t l i n  o t ' d e r ,  t h i s  a c t i o n  i s  t h e  c i  t : s -

c i  a q r  r  r r  r r n n - r r  . , ^ + i  ̂ ' i  o f  t i r e  n o d u l u s  o n  t h e  t o r o i d a l  v a r i e  b l e  f o r

r ' a b e l - i a n  t h e t a  f u n c t i o n s ' o  ( i . e .  t h e  t h e t a  f u i : c t i o n s  s t u c l i e d .  b y

R i e i : r i " n n .  T h e s e  s u f f i c e  t o  r € l r e s e n t  a r b i t r a r y  a b c l i a n  f u n c t i c n s ) "

fn  1976 Lu i? f . , . ' l ] l sT l i i t  f  + t+J  g :ave  another  approach,  nh ich  is

) . ro re  gene  r€ j l  s  i nc  e  i : l 1 ,e  b ra  s  o f  de  g ree  ?  c  r . e  - i nc lud  od  "
r ' ^ "  + r ' ^  ^ ' r  ' | -  '  " . - - ^ * t i e s  o f  t h e t a  f u n c b  j  o n s .  n r n v c i  h 'r r v | l J  v r r 9  r ' - . r r , r r  l J r \ , r p c l  r , - L E J  u J _  l , t l , t ' u < 1  r L t l l u L _ _ , - ! ,

f  f 07  bJ ,  ca r r l r  ove r  t o  t he  no re  gene ra l  s i t ua t i - on .

l n  o r lcc r  to  r 'ec t i l - I  t l r c  n i , in  resu f ts  es t rb l i s i reC bv  I l ; : ; .  i I i ' .0 - l r ' i '

| IOT bJ,  r ' :c  f i rs t  g ive so,ne

i ' io t  l r t  1o n. . a  ( : . ' i n i t c -C . ; - r . ' . cn : i onu l -  ) f  o r : ra  l 1y  : ' c r : l

e le;r :eai"  e.  ' , i te Cel iote by .o- the : :ar i  u-

l T c  . : h  n l a A

n:ilSiilIK0li'f'

Lo!  o*  , "



t r / l- ) ' f *

c e d  t r a c e  f  o r n i  e s s o c i . q t e d  u i t h  o l  ^  r r , ,  I
o - i .  ' /c put Z(Jf) -L= J l  +

Jr  i -  cxp r {  a  /  R 0,  the : }  Z( r+ )  is  b iho l .ornor .p t r i .ca l ly  equlv i i lent  to

e bounded s3 ' r runet r ic  domain of  tube bype (see K0ICi l ; jR f  AZ nJ )  ,
, l l i 7 5 o 7 .Set  Z  (  f l t / z l  , " - *  4Uz  f l  0J ,  i rhe : ' c  f i 1y2 :Lu  the  t , / 2_pe  i yce

coiaponent of # vri th t1e spe c1r t  o an idempot ent c. j)enoi; o UV {^ ,  ̂,  '  - r / 2
a  l a t t i c e  i n  t t t Z  ( i , e . . a  f r o e  Z - m o d u l e  o f  n a x i n a l  r a n k  i n t h e

IR-li-nea:: st ::uct ure

#. , , ,  ,y
4

{r1r '= 
\A 

e

_9

r l .2 )  .  De f  ine  the  dua l -
I

t  v )  1  /

I
I

v 2  I
'+

1n

d( 0,n)  € z 'E tor  aL: '
]

7 r / ,
t i o n

Def  in i t  j .on" ie  t  c  be  an  idempot  en .b
A

-  J T t / >  b e  a  l a t i , i c e ,  u n c l  l e t  v

o f  o rde ry  assoc ia  [ed  r , i i t h  c  a i l d

, t  * ,  
"  4

€ exp ;[o,

{y2 i "

o ,  e .  L e t

T i r  o  theta fonc-

I

) : = ( v o 1  {  r l r ) '

- (  i .  )  I  s. . . .r- ,  ^-.^ |^  -  - l  .  i ,  * ' i " ' Y  I

l  s e : r i s i n p l e  a t l e t r r a  f

l l  oeno tes  the  : :e r luc  e  s

-  r , '  i 1 :  h  1 ; ) t p  d e n o n r r r o c i -

id
., -r*-1-

l - - l J .
| - r I

( i

t i .o

q (
L '

n i n  c i r n l  cn 1

n
J t l

su iunands os .  de f to ted  above.  l le  ln t roduce e  vec tor

' I  ' _

X 
.tn 7 Tc 1P1n1rr+zttzrl 2tv )

n"dt/ z

r , r l re: :e (  zr,rr / ;  ez{Ar) X zt ,Lrr11 cnd vot {rr ,  uunores the vorume

of  a  f  undar :e  n ta l  dorca i  n  tu r  { . . ,7  
"  

re la t  i - re  to  a  l la . i r  rneasure  on,  r /  z
. t

I I I €  t i t - . ! r neA I  Souce  u l  
I /  2 "

l i  ,  r '
/  [  r )

.  A  f , D A "  , / L
Le t  1 ; .  =  \U  J l  be  th€  Crecompos i t  i on  o f  JT  i n ta  s iu ip le

s u m n r r n a l s "  r f  x 4 # ,  t h n n  x .  = @  x ( i )  w i t i r  * ( t ) *  A f t )  "  r f  s  4 ' 0 i { ,

, - r i * a  l v

'  
x - 1  /  2 \ . r 1  t  u 1  /  ) .  v

. r i o r : i i l  o f  n  
( i  )  i n  t hc  s i r , t i r l c  r t 6 . i r u  

" {  

(  i

b y  , r i  ( l  ) .  : -  r i i r n  3 f  
( r  ) 7 r s n k  r +  ( i )  ,
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' . [ h e o r c m  ? " I .  ? u t  c  I  : = e - c .  T h e n

* i ,
" ' v  

- J  =*  1 , r ' - " "

, , q ( J ) - q ( 4 ) ,  q l / t - q t , f ^ t
- i z r + c a  |  

-  "  1 ' f  v + c l  
' '  o ' e x p  t . T a ( p ( z t / )  z r r , v )  X

X  4  
{ V z  

( z r ' 2 r 1 ,  :  v ) ,

lheo: 'em 7-"2. Let ' iJ e l l rd,f f ^ ^ + . i  - n - -  Y r /  : r ^  \  r +  h /  
0 -

s 8 r l s l y  ! t , l e )  - , 1  l t  a ) ! i /  f o r

if rr-
/ -t1-

a e  J l  ,  lehe  re  ' i i |  oenotes  the  0- -ad  jo in t  o f  iV .  Fur t l re r  essurne tha t

i s  an autornorphisrn or  " fo ,  a i i r ifil € uoa .4 . , that ',? I
tk * lit"

f  ina l l y  tha t  i ' {a  p reser :ves  /  y2 .  
' tn "n

D e f i n i t  i  o n s

* 
/ t / ,  

( i tz,  \ IzYl 2 :  i {v) = 
"  1rr ,  

( '1 '  'v72 '  vI"

' A
.  , i  l a t t i c e  I  C J t  i s  c c l l - e d  : . r  J o r d a n  . L a t t i c e  i f

, ? . /
t l i e : : e  e x i s t s  r i  g 6  i f  s u c i r  t i r r : t  n € d  i m p l i " e s  t i i a t  3 ' n ' e * .

(see  . i i i i l , i ; i lG  f .  A f  n ,  f f  ,  ! . ) -??J l .  U '  {  i s :  a  J 'o r : r lan  le t t i ce  , . then
o l ) D' ^ "/'

.  3  - (  i s  a  Jo l :dan l -a t t i ce  such t i ra t  n  €  f  / -  i "np l i cs  ' ;ha t  n -  e  lL
a  l -  i ' i  t  t i ce  hav ing  t i re  l r , t te  r  p l 'opcr t ; ,  i s  * , f  le  d  a .  s i ,anoarc i - , lo rd ; ,n

lg l t i cc  (see i i - s i l ldu ! ' i r  f  10 ' /  b ,  p .90J) .

I l€ngr i ( .  l i IL : i IG (see f  6 l  a ,  
' IL ,  

i t  3J  )  . showe d  the  ex : is tence

r : f  Jo : :d .an  la t t i ces  fo r  f  o rn , - r l - l y  rea l  Jordon , t6u i r to " "

. ! !S.S-Iold.J. Le t / .Ctr l  ' \ ;e r i  standriLd-Jordun--1et. l ice" 1'ut
a 1

J  ) ^ A  f  f z r  , r t  - ,  A  1Z r : = X  / l  
" 4 ' r " s " t  { =  1  n e t l " 6 {  i n p l i e s  s (  f i , n ) < 2 2  J .  t t

J  

- ' , , ' '  

I  
t  t  

A
- - a . /.  v . 4 o ,  t i :  c l  n . , € ( ,  i . , r 1 ' l i e . s  N i a t  b ( 1  

t . ,  
l " I * r , I t z . r 1  2 - r v l  =

. - ' l
'  4  z L  \ " t / z u l

= 4!t/  
z 

\r :u,zr, :  ' t  )  "
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The follo' l irrg f l-reorem gi-ves tlre functional erluat ions,
desc r i b i ng  t he  pe r i od i c i t y  o f  t he  t o : : o i da1  va r i ab l e "

TnegIgrlSlt" Tt /-ct is e stsn(iard Jor:cian Laitica., t.=

- ! " . L  -  J=  l r  r  t J i , ,  g r l d  V e { o ,  t h e n

z \

. . \  d  l -  , . ^ , \  . /u l  o { t / z \ ^ r ' " r / zon r / r : v )  =  o l t / z (zL ' z r /2 t ! )  i t  n t /  z '  k  t / z  i

o)  * / r r r (z1 tz71 2+2 z1  n1y2:v )  =

= exp i  v a- (P(n1y 2)zr+2 n1y 2zr l  2, .{  ls1/ 
z(z1,zry 2:v )

- - p
"  " r / z t  A t / z '

39.g"t5* r t  / r= / t r t l r )  )  denotes the r ing of  l . ro lomorphic

funct ions on z{J f  . , )  anduf t  de n.ote s  t i re  set  o f  horonoi rh ic  f  ur . rc*L  v -  '

t i ons  on .z ( r4 r )  X  z t * r r r )  ' , r ' h i ch  sa t i s f l ,  t he  func t iona l  equa t ions
e)and b)  in  Theo: r 'en  ?"4g  the^  u / f i  i s  an  0  -nor ia ] . .  i , io r  eov  e  r ,  the

f  o11or , r  ing  theore in  i ro lds .

Theorern  ! - ! .  yor  /  C*  o  s tandard  Jor :dan la t t i ce ,  pu i ,
, t n p

A  t = / . 0 ! f ,  z n o  s u F F o s s e  v 6 { o .  T i r e n

a iw r /6 -  ( vo1  z r l y r ) / ( vo r l  y ) t

l rhere  2v  l1z= { r t t  In .  { r r rJ "  ; I  be  s is  toxu , (o  o r " "  U  is  g iven  b ; , .

the  f  unc t  i .ons

exp i l i  0 : (o r / r )o1r r r (21 ;zy /z  +  +  v - l  1z ln )  :  v ) ,

. , i 'h ere n rurls through tt te d. i , trb e leiaent s of a funda.:16nt;r l  r iornain

t ,
f o r  2  v l t / ,  1 n  { , / r .



A  n  r .  r r ' 1  T  , n r r  
' r f

: o  - .  v

//7 n
t i on  l r  e  A  U ( . # - ) )  such-  

- L '

- \ ,

Def l l l t iog" I ]€note bv q ,  zd)  *-+ a
possesslng a ] 'oul : ler  expansion of  the.  form

{ t z )  
=  

[  
a ( n ) e x p  i T o - ( n )  ,

and,  t {e  I  ,  therr  ihere ox is ts  . j  1 .unc.

t h o t  f ( ^ t , " t / 2 ) = h ( z ,
\ , .  -  t  |  ,

l A - /  \ 2 1  , 2 1  / . i  C ^  )  "< I l  2  
L  L /  L -

a h  o l  o l lo rph i  c  fu r rc t ion

t rhere  the  argunent  n  t l kes  nc , rnnegat ive  va lues  and be longs  . [o  a

I a t t i c e .  S u p D o s e  f u r t i l e r  t h a t  f  s a . l i s f i e s  t h e  e q u a t i o n

- t .

T G " - ' )  =  k  i z 1 ' 1  t y ( z )  ,

u l re re  k  l s  a  cons ta . r r t  a ld  w I  y ; {anka* .  I f  a  (n )  *o  i ;ap ] . ies  t tL i r t

In  |  =0 ,  thcn  f  i r  s . . . , iC  to  Le  i :  g f  n r :u f  , r r  fo rn  o { .  i . : c ! ;h !  v ; "
' l i re  o rern  7 .9 - .  Suppose tha t  "4  i s  a  s i ; :np1e Jordan a lgebra . r ,e i ;

I  be  a  s tanda ld  Jo rdan  te r t t i ce  i n ; f  
"no  ru t , / r= /nL lu r i i r e r+

- / . ! n
i r s s u ' i r c  t h : r t  {  r / 2  = e r / p - "  T \ c n  7 ( J \ )  ) ' f  - >  * / r / r ( z r , o : c f  

)

is  r :  s ingul ; r r  i 'o t : r r  o f  r ie ight  q( / )  -  ,114. ,  1  i f  rnr l  on1; .  i f  Z . r tn t i .4r )
A

a  s i n g u l a : :  f  o r i a )  a s s o c i a t e d . r . i i t h  l  a ,  , t r n " "  e x i s t s  a  s i n g u l a r :

th  e ta  f  unc t  i .on  o l '  th i r t  i ;e ig l r t  "

1 - ^ . 6  '  . - li r  r ! ; ;  l l r -  U I ' . f  '  
L  LA ' /  oJ  i i l so  I r l oved  t l , r ; t ,  

"  
pu : : t  f r onL  the 'L r ,

l ' u l rc t ions  in  one to ro ida l  . var i tb le ,  t r lo  t l ie ta  func t inns  co ln*

c ide  a f to r  a  l in t ;a r .  t  r  i i  ns  f  o r l , ra  t  i  on  o f  the i r  o rgu . t ; ie  r i t s  i f  f i .nd  on : l -y

i f  t l re  cor : :e  spord ing  J 'o t 'C , rn  ' i l fgcbras .c re  
i s ;onogph ic . I ' i ns l f  ; , r ,  i re

s i ro t " led  ho l r  the  '1 ; i ie i l  func t  i . cns  i t sscc i . : t cC r , l i th  ( f  o r : la I1y  : :e  r , :1 )

J o : : d . a n  : r 1 1 3 e  b r r s  c a n  l e  i . e  : i 1 i : l e d  a s  r e s t : ' i c t i o l s  o f  a b e l i a u  t h c t a

I ' u : . c L i c r : t j  t o  : : i t L : ; - : , t : i f  r ; l l t 1  s  o i ' ,  i ; r  i l t : : . c : , : l l . i  I : r : . ; c  c o r j  t r  r e  n r ; i o : r  j - r r

t hc  s i ) i r cc  o i  bnc  : : : oa : i f  i l s  ' r a i i " ' ; i ; l . e  .
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I.n 1973, RUSi{I](O}'I f rc7 aJ shoyied that singular fol:r i1s

have s ingular  wei6;hts .  f ivo years 1ater ,  i re  proved f rcZ c_/ t t re

converse,  v i i r l  ch is  substant ia l ly  raore d i f f icu l t  and r6qui res

the  i n t r oduc t i on  o f  t he  en t i r e  appa ra tus  o f  t ho  t l l co r y  o f  t i r e t a .

funct  ions assocrated wi ih  - f  ormt l - ly  rea l -  Jordan a lgebras.

nq]qgJh.  i lesn iho f f  de f j "ned a  the ta  funot ion  foy  eecb

formal ly  rea l  Jordan a l -gebra  wh i .ch  is  a  ?e i rce- l -space o f  nnothe : :

f  o rm: - :1 ly  rea l  Jo : : t lan  s lgebra ,  Th is  cond i t ion  is  no t  sa t is f ied  -

i . j_oar t  f ro f l  some exc€pt ions  -  fo r  a lgebras  o f  degree two,

r e s t r i c b i o n  c a n  b e  t e m o v e c l .  i l e  c h a n g e d  t h e  s e t t i n g ,  e n d ,  i n s t e a d

o f  d e a l i n g  w i t h  a  P e i r c e - 1 - s o r i c e  o f  a  f o n n c l l y  r e B l  J o r d a n  a l _

geb ' ra ,  he  cons i r ie  rec l  a  fo r rna l l y  rca l  Jordr rn  i lCebr "s .  toget f r r : r

v ; i t i r  c  r c p r e s c n t a t i o n  o f  t h a t  a l ! e b r € .  s o ,  i r o r f r n e i s b e r r s  s e I t i n g

i s  v e : : y  c l o s e  t o  t h a t  o f  t h e  c - l a s s i c a l  t h e o r l r  o f  t h ' e t a  f  u i i c t  i o n s .
' l ' /e 

shBll  reca1l nori  bhe results given by D 0RI; i i .r l IST, j lR

f 'rqJ "
llotr:_Liog. If U

a n d  G  i s  , t  p o s  i t  i v e
r ,

s y n  ( U , Z )  z = 1  . { l . a e
( /

, . . :  dj  oint endorrrorphisie

lle iaark . : is is urol l  knor. in (se e l3RAUii and i i .Oltcj l ] ln t l6,
- . -  ' f  \

Una p t l :  ) J  /  ) ,  L j / n  (U ,  6  )  i s  f  f o : r r ; n i , l . l y  reu l - . Jo r r l an  s lgeL r r  i l i t h

h ^ ^ ^ ^ ^ +  t ^  . - r . ^  t ^ * t ,  1 ,l ' , s l u u  r ,  r , u  L A e  J o r o : r n  1 : r o d u c t  , i b : = i ( . A . b  +  ! " , \ ) ,  , i r b e  C y ; : ( U ,  Z -  ) ,

' . ' ;he re the dct t ic;tote s t l ie o:-d. innrl /  . l r .o( luct ir i  i ini i*t j .  .

) e f j - r i t , l o r i ,  L c t r + ,  G , ; t t d .  I  v ,  c s  f o l l o r v s ,  J r , ,  u

( f  in i te -c i i rne  : tc iour rJ )  f  o r : r r . i I11 '  rca l  Jo i .d rn  r i l6ebra  ,  G i "  a  pos ib iv r

Cef i : i te  sy : * leb : r i c  b i l in r :a r  f  cy ; :  on  a  f  in i te -d i iae  ns  j ,on t I  l l l *vec tor

s ! : t c e  U ,  \ y  i s  a n  i r j c c t i v e  h o r n o r l o r ; l r i s : r  o f  J o T d a n  , : l . 6 e b r e s ,
I

In I) lB, D0nF.,, i l t ISTIR f ,++J sjrovred how the above-mentioned.

is ar : :e a1

c l e f i . n i t e
7.

l l \h . l  TT \  
-

t  o A lvi th

f i n i t e - c l i r n e n s i o n s l

syrir lr le tr ic tr  i i -  ine ar
1 7

=  A i .  r ' ; l r e r e  d  "
J

r e s p e c t  t o  6  "

' \ l . J  a r t  a . l '  <  / \ .  n  at  v v w v J  \ J i J u v v

r v i r r r  v , r  w ,  L , t t r r t l

d e n o t e s  t l r e

f
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Q  z J l  - ,  S y n ( U , 6  ) ,  r i h i c h  s r r t i s f i e s  9 ( " )  =  I d  ( e  i s  t h e  u n i t
, l

^ i  J J '  - . 1 ^ , r  ̂ \ ^  ^ - , i  ^ +  ^  '
oT r t  ,  vJn lcn  exrs rs  0y  L  Jc '  .L ' i ' r .  s  o r  em J . r f  ,  unapte ] '  L IJ  , l .  ' I ' nen

t *  , 1  , G  )  i s  c a l l e d  a

-/j-
P r o p o s j . i ; i - o n  7 . 7 "  I f  J '  i s  a s n e c i  r l  f o r r n i i ' 1  1 v  r " e l l  J o l l d : , i n

r ' l  l " ^h r . r r  t h i . r r  f  l rF?a  r . r r i  * t  C /  : ' nA
t " * * , z  )  i s  : :

@ -  t " ip r " .
i

Ugj ,gg iSg. ' Ihe set  o f  a l l  lnver t . ib le  e lenents  of  rT.w1I I  be
A n

, { ^ , , ^ + ^ , r  1 - . - . -  ' r ^ . ,  l l l  \  - L . i 1 ^  r ' h t r  /  / / -  \  , - l ru E r r v u o . ' r  u J  , . ' v  \ - t  t  ,  6 r  - ,  i  r r r _ : - I  d e n o t e  t h e  
' c o n n e c t c d .  

c o r n -
A

p o n e n t  o f  I n v ( t / t )  c o n t a i n i n g  e .

{ i l , f)e cL*l X Ghru such th€t 1
T h e n  i . l r n u o ( 4 ) -  r n v o (

D e f i n i t i o n "  L e t

i i  6  Endr iu  be  a  pos i i i vo  de f in i te  se l f -ad jo in t  endornorph is in  
" , i i t l t .

- 7 ,

r e  spec t  t o  6  such  t h : t  A  f  ( x )  =  Y  ( t ) , t  f o r  u l I  x€ r f  .  Then  , {  i s

a : r ]  1 a d  r  r : ' D i . / . ' h t  f  , - , .  
' i  t n  ' '  \

"  "  -  - ! l : : - :  - - -  t J l  : ' { t @  ) "

. A

9 q g y s g t i o g g : -  I f  ( n , Y , 6 )  i s  n  A  *  t r i p l e ,  t , h e n  6  i s  e x -

t enc led  , ' r , o  a  C-b i l i nea : :  f o r ;n  on  t l r e  co i i l l l - e l i i f  i ca i i on  U"  o f  U"Th is
i

e v . t e n s i o n  1 s  i r g a i n  c a l l e d  C  .  l ' u r t h e r  r  f  i s  e l i b e  J l d e d  t o  ; t  i i i c !

' 4'. C //^
o f  7 t "  t o  i n d 0  U "  b y  l i n e a r i b y .  t i t i s  i n . . r c  i s  a g a i n  t i v r i L t e  n  . . , "  

Y ' .
,  I  A  / ^  , l i , '

,?c  pu t  Z \J t  )  t=  r r f  S /  i  Invo [ / f ) .

Dqt rU l igg .Le t  ( /  , f  ,A) be : :  @ - t r ip t .  and le t  a  be a

1 ^ + + ! ^ ^  i h  l I  * L , . n  { - n r  a l ' 1
I d  U  t /  J - U C j  l r l  U ,  U . t . l l , l r  t  r  \ J r  s . i - J .i : ; c i g h t  r o "  ( #  , Y  , 7 "  ) .  r r  {  i s  a

a  ez tJ I  )  rnc i  a l t : u  6 -U0 , -  1 re  de  f i ne

@ , L )  - 7  + l l z r u r a ) : =  ( v o r / ) 2
\ J '  r  J  ,  e  r . <  /

"/)
r , , ' i r e re  vo1 {  deno tcs  t i l e  - ro }u i1€  o f

t i . r re  to  a  l i aa i  l ac t su l te  o l r  U .  The

f  e x p  i v 6 ( e t z ) N +  z v , ; , N ) ,
L _ l
< c <

t
. l  fundi inental Ioiaain fb::  { ,  relr:*

fu i rc . t ion  (z ru)  - - ->

@ -  t r lp re"

Propos l t i on  ? .8 .  Le t
, t '

t J l G1 b e  n  @ -  t r i p l e  s n d  l e t

?(* ) f i  
G rov  3r r  xe{ ,

-  t r . i  n l r r  a n d  l  r r t

-6  
such  th6 t  (#  rT

_ i i l . '

q ,
(]tu )

. * t .

( l  , q , 6 )  t e  u  @

. 1
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+  @ t . + , @  . - r  . !  \  
( r , o J  )  i s  c a l - l e d .  a

\ v r  , Y  r  b  r o !  J
@ *rr-rnct ion for 4

t /  - . .1 +u .,r^ :  - .r^+ r \
\  w r  u r r  t x t t r i r r r u  . i { , / .

l ropos i l ;  ion

The ore in  7 .9"

/ .  f  imp l i es

Io r  each  spec io l  f o r r oa l l y  r ea l - l 'n r"r1 ;rn i ]  l , rr-.1r 'n*

b ,  l e f

A  - A,t.,, - -I

- t l
* = o 1/'
l ' r i th Do

f t * t r. (x )

1 i . . ^ . ^  + t -  ̂  * - ^ - ^ b +  r  ^ ^  o f  a  P e i : :!  !  v r r  r , i r  s  ! - L  u l r s r  u  r c  -

n - -
( J I  , 1 , 7 " 1  i s  

"  
( 9  -  t r i p t e ,

t o y  ( #  , f  ,  G  )  f o r  a l l  y  c l n r r

+  2  n z r y 2 t v )  =  L l ?  ( " t ) n  +  2

ni l to f

t e : : ' s

. _  )

" t / ? - e  
u 0 ,  n d u r  v  €  r n v o t B )  r , i n d  , r  =  L ( v )

\2

I
ur-i

i o

x  e u ;  6 \ t , ' ( l  n , :n lor atT n' t] .
A "

I rono: j .L r ich  ? . .1  o"  Le t  (11 , ; , ' )  € r - l t - , - , , f  ) (c i -UU s ; . i t i s fy  
f  

( , ; x )  =

cn "Cons ide : r  u  f i xed  6Q  * t r i p l e  \ J t rY  rGJ ,  e  r , r e i g ) r t

A  f o r and e  la t  b i  
"o / .  

in  u"  i ' ' u t) ,

f o i  u l - l -  x  e4 .  T i ren  fo r  a l l  z  e  7 '?+  ) ,  u  e  u

t h c i a  f

- f u n c t

1  S  d e i l n l r , 1 O l l

def i rL i t  ion  o f

- ,  E e s

Ii'ot r:t i

( 4 , , T

t h e r e  e x i s t s  a  l ? /  -  f u n c t i o n .

"-)
Bgtj lg; t .  Leb J) 'ue a f  or;rr l ly  real  Jordan Bl-de br€ vi th unl t

. r -  - , , - r + i ^ r  i  a - . r - i  ̂- -  r  { x ) ,  a n d .  r e d u c ; : d .  t r a c e  f o r n  p  .  i , . e tr r  r i ! { _ L U . r P . L r  v . l  u r v r l . o  . r J \ ^  |  t  , 2 : ) \ t  . r  t J u L 1 v l : u  u f  c

a)
b e  a n  i d e ; : ; p o t e  n t  i n  r )  "  C o n s i d e  r  t h o  ! e i r c e  d e c o i 4 o s i t  j , o n

- a
A ,  ,  x c J ) 1 t
" r /  2

to  c ,  anc l  d .e  f  ine

v r=  3112 ,  z :=  (

@ 3U,  @ 8o o t  B  ver ts t i ve

ce c1e cor r ,pos  i t  ion

t h c t  l 1  : =  L t y )

o ( 4 ) ,  a n c  t i r a t

2112 ,  an  )  f o r

i t  fo l lo ' rss  that

. ,  i s  a  we ieh t
Jtt /  2

c  ( r ( n ) z r ' r

, A
a l l  z t 6  Z \ r t l ,

2 . i'io r',r f or .-t/ Z

c  t  i o n s  c o i n c i d . c s

n s o

,  ; ' "

I
I t >  o

I D i l  ?

4
.-7
,<., 3 =

Y
{ , .
( ^

=  i i ' p ( x )
. l

ir ilv 6

@71;tt ,  ,1u'o, i i )  = ( i .et  X;t /a @i,r ,
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Theole in  f  .11"-  Ior  a l t  z  e  'Z(4 
)  . ind a l l -  u< U0 r , ,e  have

@4-" 'L  ,  zye- t )Ao,  + a-1)  .

= ( a , r t  a r ) 1 / 2  ( o u t  f  ( * i z ) ) 1 / 2  
" r p  

i T c t  !  ( " - 1 ) u ,  * i l "  @ o ( z , u , e | "
p ro !g1 l ! ion_?"12" .  Le t  zez le t1 ,  u  €  U0 r lnd  ne" {0  such

t h a t  Z  g r n ) ! - ,  s l  ) e  z  z  f o r  a l t  l " e I  "  T h e n  0 1 ,  ( z * r , , u , . i ) =

= @7 (z  runa)  ,

l r opos i . t l on  ? .L3 "  Le t  z  e  Z (4 )  ana  neU0 .  Then

o l  @ X ( z , u + n , r i )  =  @ t  ( z , u , A )  f o r  a l l  n  €  |  o - t { "  a .

h )  e L ( z , u  + !  ( z ) r a , r i )  =  e x p  -  i T G ( f  l z ) n + z u , . r o t  @ Z (  z , u , i \ )
. / )

Ior aI I  n1 el .  .
^ - t

] : { g t  e . .  i s s u : r e  n o n  t i r i  t  2 I L C L  .
^ ./1

l . i o t x t i o n "  D c n o t e  b y  A : =  U ( Z t - l  ) )  t h e  r i n g  o f  h o l o c r o : p i r i c

. f  u n c t  i o t r s  o n  Z ( + )  r r n c l  b y  W  m u  f - v e  c t o r  s p s c e  o f  h o l o r n o T l h i c

f  u n . c t i o n s  o n  Z ( 4  )  X  u 0  r v l r i c h  e i i t  i s f  y  t l r e  r u n c t  i o r i n l  e q u a t  i o n s

in  } ropos i t i .on  f " l l  fo r  e I I  zeZ(4) ,  \ t  €  U.0 ,  n  eLz ,  un ,J  o : I I

' m € / -

D n r i " Z " T
:e i j ! - : k "  Fron  2a  {  C{ ,  L t  fo t to rvs  tna t  

|  
: r - t  /  >  . {  " , , cncer

b)  d in ,^ ryn  =  (vo l  z ;  {  )  luor l ) - l i
lv

.  c  )  a  ba .s is  J 'o . : :  M o ,  
" r '  

0  i s  i ; i ve  n  by  the  func t icxs

b ] ,  ? ropos i t ion  7 .11  ,  the  func t ion  @1 is  an  e le iee  , r t ,  o i  7 ) / ( .

'j-!sgrnrn-L!r1 
" o)){ is a free A -:todu]rei

c x p  i 7  e  ( o - , u . )  @  {  ( z , t t + ! . ^ - ' q  ( z ) o - , , i ) ,  u h e r c  q  r u i r s

througlr  t . ;Le d, in 

"  

7)4 eler ie nts of  rr  fu i ldaixc. i i ta l  doirain for

^ "  - ,  J
l . l  A  l "n  ^ -  .
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and TR.tV.iGl,I i{I 7| 5lJstr"rcl ied Bessel func;
t ions on the syn ' 'e t  r i  c  cone issoc ia ted wi th  a  spec ia l  for i ' : ; r . f  y

r ec l  J c r r l ; : n  a l geb ra .  They  ex tenC .e  d .  t he  c l ass i cs l _  r esu l t s  o I
rad ia l  rou: : ier  analys is  nnd proved an ersynptot ic  f  ormu. l_a.

uirlal- ly! 1et us montior: s crassical result of $.4url"{idl,r

t h <  r . a e r r ' l + -

c  oncern ing

f  TOZJ:  Le t  Pn be  the  Legenc l re  po lynorn ia l  o f  r legree  k ;  t } :e  Cro*

. ! i r i  in  o f  conr /e rgence o f  the

i s  b o u n d e d  b y  a n  e l l i p s e .

l " e 6 c n d r e  s e r i e s  f ( z ) : =  ) _  a , - T , - l z )
/ '. M

a - -  r ^ -  - 7 ,  .  
- R : a

l r r r D r f l r r . !  L  y V  A J  n i r s  ; t v e n  A  E U O U n _

- t heo re t i c  i n t e rp re ta t i on  o f  t h i s  r e  su r t . F , i F r i u r  f  s t 7  p resen ted

ob ta i ned  i n  co l t abo r t i t i on  w i t h  KOFJ i l f i  \ see  f 5Z  aJ )

expans ions  i n  se r i es  t hu t  gene ra l i ze  Legend . re  ss r i es ,

$  B .  D i f f € r e n t i a l  e q u r i t i o n s ,  k e r n e l _  f u n c t i o n s ,  a n d

Jordan h l€ je  b ra  s

T1- r  !s  sec t i .on  is  ccncerned r ' ' 1 th  app l i c r : t ions  o f  Jo : :dan c1*
g e b r a s  t o  t h e  R i c c i . : t i  d i , f  f e : : e _ r r t i a l  e r i u a i  i o n  ( s e e  1 ) ,  t o  s o l i _

t o n  e q u s t i o n s  ( s e e  Z ) ,  t ?  i { u a  e q u B t i o n s  a n d .  S z e g i ;  k e r n e l  ( s e e  3 . )  r
r i n c l  t o  t h e  ( r : e  p r o r l u c i n g  )  k e r r i e l  f u n c t  i o n s  ( s e e  4 ) "

l - "  T l re  R j .cca t i  c l i f f  e re i i t i .a l  equat ion

( 8 . 1 ) *  =  p ( x ) ,

r  6  Rn i rnd  p  :  in  ->  t l tn  ho ixoge nr - jous  r i r rd  r luadra t ic ,  p lays  ?rn

.  
t r o p o r t a n t  r o l . e  i n  b i o l o g y r ' g e n e t i c s ,  e c o l o g S , r .  a n d . c h e n t i s t r y .

i ;O;O; i j i t  Ia?  " rd ,g /  
and i , i : y ; : . lG  f  9?Js tvd iec l  the  re la t ions  o f

. : -

:  .  .  th is  e  < iu : . r t i cn  .u i th  non i l i soc i ; i t  i v -o '  b f . r - lebras ,  in  psr i i cu la r  i , r i i l r

Jo  rd ; :  n  a lggb l i : s .

, ; 'e  c . ins ider  a  co, : r i i l lb r t ive a lgeb: ,s /  over  lRn rv i th  f  ro , , luc t
_ _ r ti : y  z -  - ,  ( p ( v + y )  -  l ( x )  -  p ( y ) ) ,  a n d  : . e t  , t f  

u  b c  t i r e  m u i a i  j . o n

o f  . f  r , r i t h  r espec t  t o  a  ( see J s A .  f ,  : j  1 ) .
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f'1

l {oLgt ign,  Denoto fV X-  the ve c tor
n '

m..  conve: :g ing  in  B  ne ighborhooc l  o f  ze t ro .
- - q

. I 'cr p, q. e Krt re ccf inc p. r i  e "(. ly

( - ' r

[ ( r " a ) ( * )  J t  '  =

spece  o f  powe : :  se r i es  l n

( u ) "

f h a  n z n . r , , ^ +  / -  ^ \L r r e  ! l  u u r j U  u  t F r Q l  _ - >  p . q

\-

z_
J =J-

d  P i ( u )
\ *  Q i

d  t J .  ' )
J

I iena : :L .  The ve  c to r  s !e ,ce  .R '  w i th

be cornes  I  non i l ssoc ie r t  i v€  a l6cbra  ov6r  U i

iJos/ def ine e4ft)e Rn b7 g,4 (u ) :=

e  o ( u ) : =  u ,

€ is  f  o l - lows: .

ig l l t ro lz  Let  J  ( r4)  aenote the subs l :ace of  a l t -

f y i n g  2 u ( u ( u a ) ) +  u 3 a  =  a v . ( u z a )  u .  u 2 ( u a J  f o r  a l l  u e

Theo : ' e i r  8 .1 " .  I f
JJ /  n a s  a  r r n i t  c f  e n , e n t ,  t h € n  a

\-)
,/_

( t  o l i i€ I  s

I ,
T I  8 l n t u r ,  1 l n e r e

n
zt 6 l i { ' "  sat is-
n

s d  i -

- I t + l  . -  6 n . t 1 r a n d  p ( u ) r =  u 2 .
A

I n  v /  c r e  d e  f i n e d

t- t l  := u, uln+l .  = uum")

e l e r , r e r r t s  t u R n  s ; u c h  t h a t  f ( x ( J ) )  i s  a  s o l u : i ; i o n  o f
t l r e  R i c c e t i  e r ; u a t i o n  ( B . l )  v ; h c n e ' e  r  . x  ( j )  i s  r , . ,  s o l u t : i o n ,  f  o r r n  a
gror rp  S(* ;  under  conpos i i j i o l r ,  the  so lu t ion-preserv ing  g l :ou !  o f
(  8 . 1 ) .

on  isor ro : :ph is rn  o f

The ore ie  8 .2"

the ac ld i t  ive group J  ( .4)  to  s(4)  .

I {  - / t '  Ls  a  cor i rnu ta t l ve  ErLCebra  ove  r  Rn,  ih .en

6 l  ( l / )  i s  6  Jo idan subt : lgebra  o t  J+  ,

i io l :eover ,  the  f  o11o ' , , ing  the  o : :e ra  ho f  d  s  "

Thgoren 8rl .  I f  r f  1s ::  f  ini te-di l-aensional coir i i : :u.b:: t  ive a1*

gcbrs  ove t :  e  f ie Id  o f  ch ; i i i r c te : : i s t i c  r l i f fe ren t  f_ , : :o r : i  t r . ;o  o r
, ' ( '  

b r s  o t J t .l n r e e ,  t i l 6 n  L J  ( / i  )  1 s  a  J o r d : n  s u b r r l ; e b r a  o f  . +  .

2 .  fn  the  l , r in te r  o f  19S0- l -9e1 ,  i j . iTO p l ,oved tha t  the  ro ta_
l i t y  o i  i c i r i ' ' , i o l i j i  o f  t : r €  K i - i o . r r i c v - F e  t v i : s i r v i r - i  ( K i r  )  c r . u ; : r i o i 1 . ,
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3uuy n (-4 ut  *  t r r*x + 12 uu" ) ,  = 0,

f  ovrns an in f  in i te-d i :nens i .onar  Grassmann rnani fo fd ,  GM (see f ' t tg  i l ) .

}J -gt  e .  Let  us recal l  ihat  the Kp ec;uer t  ion wos c i iscovere 11
1970 i .n  sn ef for t  to  unc lers tand the propugat ion of  rong,  s i ra l . ron

waves in plasina (see B.K.riDOx'irstqv and v,FiJTVrrsfivrl, l ,  )od.l.r ikad.
i t -auk sssl t  lg? (1970) ,  No.4,  ?53).

T t r e  e v o l u t i o n  o f  u  i n  t i r e  v e r . i a b l e s  x r y r t  i s  i n t e r p i : e t e d .

as  e  dynarn ica l  i r ro t ion  o f  e ;  po in i ;  on  Gl . i  by  the  ac t ion  o f  .e  t iL ree*
(or  more  )  pararao ie r  subgroup o f  the  group o f  au t  o r r io rph l  s rns  o f  G; ,1 .

Gener ic  po lJ i ts  o f  G i l i  g ive  gener ic  so l r - i t ions  to  the  l i }  equat ion ,

iqhereas  po in ts  on  Dar t i cu la r  subrarn i fo lds  o f  G i i i  g ive  so lu t i .ons

o f  p a r t l c u l a r  t y p e .  I . g .  ,  r e t i o l ; j l  s o l u t i o n s  c o r r e s p o n d  t . o

po in ts  on  f  in i te -c1 ine !s i_q !s l  Grsss iuann sub i l ian i f  o lds  
-o f  

G i r i . . r , l so ,

c ' l i f f  e ren t  k inds  o f  subuan i . f  o ld .s  o f  G l i  c ive  r i se  to  cer re r : i c  sor .u -

i i o n s  o f  o i h e r  s o l i t o n  e q u a t i o n s ,  s u c i r  c s . t h e  K o r t e r i e g  _  c 1 e

v r i ' e s  { K d v )  e q u a t i o n ,  t h e  m o d i f i e d  K d v  e l u e t i o n ,  t h e  B o u s s l , n e s r l  .

e  c iua t ion ,  ihe  g€vads- j io te ra  equr : t  ion ,  the  non_1 inea: :  Sc l t r6d  inge : :

e c u r i b i o n ,  t h e  T o d r . r  l a t t i c e ,  t h e  e q u a t i o n  o f  s c 1 f - i r . d u c e d  t r - a n s -

p . . i rency ,  th .e  Ben jamin-Ono equat i ,on ,  as  i ie  11  as  to  so lu .b ions  o f

p a r i i c u l a r  t y p e .  o f  t h e s e  s o l i t o n  e  c , u a t i o n s "

i i{oreover, a mult iconiponent gene:: ir l . i .zr i i ion of tho reo::1r

sho i ' rs  tha t  so l -u t lo r - rs  o f  o ther  so l - i ton  eqr , ra t io ls  
' (such 

as  re

equation for three-r ' ia.ve interaction , t i ie nrult i  -  c onipone nt non-

l  i n c : r '  i i . l h ? A . l i  n r - 6 y '  6 ^ r r  r +  i  ^ h  + h ^  - i  h ^  . ! . . - . ! ; - *  ^ : , . - r - . ! ^ -€q.ua t ion ,  the  s lne-Gordbn equa l ; ion ,  t t re  i ,unr i_

l ie  36e ecuot i -on ,  and the  er :u . ' r t  ion  fo i '  in t .e  r i : rc r l  ie te  1on5 uuve )

also consi i tut e eubirr: . ini f  oIr ls of Gl, i .

s r l T o  / -  I r 9  a J  c o n j e c t u : : e d  t i r i r t  r n y  s o l . i t o n  e c u a t i o n ,  o r

co InFIe t€ l -y  in te i : : i : t r le  sys tem,  i s  oh t : : ined  in  i ; l r i s  r . ray .  . f t  fo l l .ov , /s .
. l h a t  t i r e  c l l s s i . f i c a t i o n  o f  s o l i t i o n  e  c u : t t i o l s  r o u l d  b e  _ r . € d . u c e d  1 i o



of  GM whlch

de scr  tb  ing

6 re  s t ab l e  unde r .

space- f  lme ovolu-

* 6 5 -

the c lass i f lcet ion of  submani fo lds

the subgroup of outornorphisns of GIvl

t  ton"

(A t leet rn  e nt

Cons ider

v€ c t  ors

speces of  on+n

-  t l  \

3 : =  1  3  
t ' t

( 1 )

-  l o J
( 1 )

t u "  
" paa *

on (''frn) '

l f n > 0 ) ,

and honce

e upper  l  tne

a n m-f rarne

A ' t { o t n t ;

I
I G L\r

pr:oJ € ct

d inens1

n^A r. \r .\.------->

, ^  ^ \  
f l 1 t r

\  o o  c  I  I
|  ^ r ' . / 1 \
|  \ r ! \ r ,

.t,
t ,

^0  / '
t, \_-->- 9 t n

l {here  t i re  e rubedd ing  o f  th

= ^ c
9 eC-  , " r  r€prese l r ted  by
. ,  L t r ,  !

ng

( r n ) t
t ,

1 s

Let  us r :eca l l  the const ruct ion of  Gi i {  g iven by SA: [0  f " I Ig  aJ"

using a Youne diqgl:an can be founcl tn f VaJ, j

t i ro  Grassrnann mani f  o ld  G0*,  n  o f  m-d imensionaJ-  sub*

" 
gj-nce such a subspaco is spannod. by an m-frarue

( r n  l  .
o . ,  3 ' * ' ) ,  c o n s i s t i n g  o f  n  l i n e a r l y  i n d e p o n d . e n t

'  ( m )
,  o . o r  3 6 on+n ,  we havo

whero Gl (mrn)  denotes tha subgroup of  GI_, (m+n)  cons is t  lng of  6 l€-

nents of tho form u = f l ' S 1  €  G L ( r n ) r  8 4 € G L ( n ) "
l ) r .*  I  r r i f  h

Y,fo elso set

i f l ,o ,= ( 
{ m-rra:nes } X Gr,(t))/cl ,(h) (- Im-rraraes } /si ,  (*) t

{n{om+n1 t= m-th Bxt6r lor  proc luct  spsc€ of  om+n,

w6 have the  fo11oy / ing  s i tua t lon :

.  1 -

d e f l n e d  b y  1 e t t 1

t  1 \ L t
\  )  ,  o . o ,  ' 1

-2

. . .  n  ! , ' )  =  , t  ( o * * o )  -  { o  j "
l 1 \

n . r r . r i . 5 c h , 1 Y r A  t n  1 \ r ,  A
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. Bqnar.{.. The dlagran
F.

d  I  n l t  f i -  {  n+  n  ^ - ^ .l , . .  _ j o c t i v e
p 'tl

I l c { ' i  n ' i  t i n n .  f l v  J c' I d  
n  _ *

^ 0
f l r t r  

-

{8"  2  )  g ives the s tanc iard way of  enbod*

s p a c o .

c a 1 1 ed ttr e s t n n4a_r gJln-q. . b.g!..91. e*9g9g

D o n o t l n g  b y  \ y . ,  , . " ,  o  t r " a  m l n o r s  o f  !  t i . " "- ^ 1  { m
deterninants of  (n (  ra)*natr ic€s consis.b tng of  , l - r - t t r ,  

"  ,

rov ls  o f  the  (m+n )  {  m- :aa  br ix  }  )  ,  we have

\ " ' A  . . .   

9 1  r  . . u ,  € m + n

Tlnf i  rr i  l -  i  nrr Z

t < t r < ' " ' t { c t * * n

d€l : ro to  the un i t  co lunn vectors  ln  04+n.

I  r  a re  ca l led  the  p l i i cker  coo: :d inn_
/ \ 1  ,  ! . . ,  , t r 6

t l ro  f ; l i i cker  ident i t les

3  * r . "  " ? r . . . k * * r  =  o n

c o i n c l d e s  r , r i t h  t h e t  i n t e r r ; e c t - i o n  o f

t h o

" ,  N^- th

wh ere

t  e s  o f 7
) "

They sat  is fy

n+1
t-.( e . r  )  )
F:T

\ o ^

D;p1 ic i t l y ,  G i i {

C.,f := 
{

P a r s q  ? . 1 -  T h  ( a  t \  ^ 0
n n' l )

t h o  r l u a d r i c s  d e f r n e d  b y  ( e " l )  i n  p r o j e c t l v o  s p a c e .

Ilg_l_n{llitq-9]iner}slonaf G.Iassnc-nn. msinifolq GI,n g+gj-t-si,.e!34*

dgrd l:Ine_-b[gd.lg Giri l  tneeiie{ to Dsranetrize the solutions of

Katlorntsev-tetvlashvil i  hierarc5') are ci l t.air led. as_!.g_g !.gpglq,5]g.Ff

-q lgqq: 'e  o f  the i .nduct lve t ln l -L  a l  C j  -  anO t l  -  o"  rn  i )nd nt€nd-mrn - flrfl -.:,-i. "- -::::: "" -.--

\ - . r  /  5 l  0  v- /  4L '  6 ' { ra - l " i

l1!

.de f ined by

)-f rarues J /cl(ri i;. )
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ar

shere by an lNu- f rame IVe mesn an in f in l te-s1zed metr ix

a

f l ,  le i i$ "

iqhose :rolvs snd colunns qre laboled by integers Z and' str ict l-y ne*

gat ive  in togers  Nc :=  Z  -  lN ,  respec t ivs ly r  sa . t i s fy ing  the  cond i -

t ion that  r . ,here exists an n € [d such t t rat :  (L\  3 l r ,  = 
f i ,  

f?"

I  < - i l l ] t  and  ( i l  ) n r  co lu inn  vec to rs  fo r  i  =  -n ,  -n+1  ,  ' " ' ,  - l  e re
/

l i nea r l y  l ndependen t "  GL (Nc  )  cons l s t s  o f  t ho  na t r l ces

h : =  ( h z , Y )  n
/ / i€ tN-

sat  l s fy ing  a  cond i t  lon  s i in iLar  ta  t r le  ab  ov  e .

' , )

l e

] ,e t  us rocr : I l  th8 l ,  GERB3R f  yg 
"J  

c lar i f ied a Jordan

alge 'ora s t ruc iure ln  the s tu ' ly  o f  so l i tary wa es. As is icno: ' ,rn, a

Rena. : : lc .  SATO l : i - f  9  bJ def  ined t l re  not ion of  gn iverqal -

Grgssmann man i fo l r l  (  UGl , l )  ,  iqh lch  is .  a  canon ice l  fo rm.o f  GM"

Ogen,g :g l lgg  (suggested  tQ sa to  on  the  ocoas ion  o f  the

0ATI  conference,  BuEten l  -  Rornan l  a ,  I9B3 ) "  To  { ind '  an  a lgebra ic

dese: : ip t lon  o f  G i ' , i  (as  wo l l  as  o f  Gf i  and UGI{ )  ana logous to  tho

Jordan a lgebra  descr ip t ion  o f  f  in i - t  e -  d .  in rens i  ona l  Grass l0ann man i ;

fo lds  g iven by  l ln ] . , i? Ic  f  6 ,  bJ  and rec8 l led  in  ' ISA '1 I I , t i  2  '  Th is

l s  a n  o p e n  p t o b l e m  o f  n a t h e m a b  i . c a l  i n t e r e s t r  b u t  b y  s o l v i n S  : t

o n e o b t a i n s a n a l g e b r a i c d e s c r i p t i o n f o r t h e s o l u t i o n s o f s o l i t o n

equat ions r,rhi-ch could be usef ul in r ' luant u-11 nechanlcs'

g g r y + - R a t i o n a l s o l u t i o h s o f t h e K P e q u a t i o n c s n b e '

d.escr ibbd ln  te rns  o f  Jordan a) .geb: ras .  I t  wou ld  be  ln te  es t ing  tc

m a k e  u s e  o f  t h L s  d e s c l : i p t i o n  i n  s o l i t o n  t h e o i y "

- I ' l o t e . a s w e h a v o p r e d l c t e d t n l g 8 3 ( t a : . t c p g i v e n a l ' t h e '

Un ivers i t ies  o f  T i in ) -goBra  and laq i  ) ,  S 'NTOr  s  resu l t  f f t l  aJ  t "

a n  o u t s t a n d i n g  c o j t t r l b u t i o n  w i t h  6  d e e p  i m p o c t  i n  p h y s i c s - . ( l ' o r

d e t a l l s ,  s e e  c T S , { . V I I T r  $  7 ) "
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I  t l ' r r a  n r r h h 6 -  ' ' 1 f  h h \ r . : i  ^ ! r 1  1 i r  r . c r l  c r / l l n t4 q f , | j v , r q r ' r v v

bi t ing so l l ts ry  wave behavlour  hsve

h ' r  . i : h a  i n r r o z . . r n  . : . r n i * a r i  n +  ' " ^ i i r  n . l  i
.  v y  u r r g  J . r r v  s r i r \ :  i ) v . - , r r J  u r r l  , l l t )  r r l 9 r J u v u o  4 l

o f  t h i s  r l e t i r o d  v a s  t h €  f i n d . i n g  t h u t

maps the  nod i f ied  KdVec lua t ion

di f ferent ie l  er luat ions oxhl*

been successfu l ly  snalysed.

L r o r r  . r t o n  i n  t h o  r l o r r i : 1  n n n r p n f

i ;he t: :ansf orl lat i  on v:u--+u2
JL

syst ens ( equet ions in m.n ) ,

such  t ha t

t o

H

rnSps

( 8 . 5  )

i n t o
( 8 " 6 )

, i 4 + ^ r  . . i r r i  h . rr r - L  u e r  6 l - v r r r t )

pToved a  theoren

par t  i  c i  pa t  es .

)
U- - bU tL- - U------=U

u -{ j!i!.JI.

i n to  the  KdY e  quat ion

vt - 6ou*t=utx"

In  o rder  to  ex tend.  th is  method

( l e r b e r  s e t  c o n d i t i o n s  o f  f ,  I I ,  a n d

( a . + ; v = f  ( u ,  u .  )

ut=t r*x*  + I { (u)  u*

A
r t  - r r  - r -  H i r r  l r r' t - - x x x T I r \ Y / v x .

p r e c i s e  e s s u r . r r p t i o n s  o n  ( 8 . 4 ) ,  ( 8 . 5 ) ,  ( 8 . 6 ) ,  h e

i n  r v h i e h  B  t o l d a n  a l g e b r a  s t r u c t u r e  b a s i e a l t y

l . ] f  r i l  =  G/ r (  i s  a  bounded syra ; }e t r i c  do ,nr : l t t  f ind  S =  K/L  ls

i t s  S i r i lov  bound"ary ,  then on6 can d .g f ine  a  Po j .sson lcerne l  on

i ' i  X  S  and the  lo isson in tegra l  fo r  sny 'hyper f - fnc t ion  on  -9"  / : ln

o p e n _ p r o b l e : n ,  f o r u u l a t e d  t o n  y € a r s ' a g o  b y  S t e l n ,  i s  t o  c h a r a c l ; e r : i -

ze  those in tegr r : l s  as  so lu t ioJ ls  o f  a  sys ten t  o f  d i f fe ren t ia l  e r lua-

t i o n s ,  e s t e b l l s h e d .  f  o r  c e r t r t i n  c a s e s  b y  l { U A  ( s e e  f 6 B J ) .

In f  90 aJ, L-tss.tt  l ,E dealt vr i th bouncled syunetr ic doirsins ol

t r r l ro  t r r r - re  -  ?o i  sson l r t tegrar ls  ovon the  Sh i lov  boundary  o re  then::-:a-:Lr.:"

charac te l '1z -ed  by  t .he  sys tem o f  d i f fe rcn t ia ) -  equat ions  g iven i ry
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aF B ER L I /Y 
| "" 

a V el e U E fz zJ f.r tl, e,lmlx ft )o,;,t+la
JofittSot'i and KoilAltrII t" 79J. Resultsl/of I(ORAl\l-fI end l4,ilLLIdVIiJ

' - ^ ^ . . 7

L  89J  f o r  t he  S j . ege l  d i s c  o f  d i .mens ion  two  p rovc  t hu t  t he

JOI INSoLt* I i0n i l i t tY l  systern f  ZgJ hcs,  for  i i rese par t icu l€r  cases,

too many equst  j .ons.  Lassai le  provsd t l ra t  t l i i s  is  a  genera l  pro-

perr ty .  In  pnr t icu la : : ,  he estab l tshed that  anong the " l imK A*-

feront ia l  equat ions of  th6 Johnson-Kbr6ny i  system, a subsystem

of  d im S equat ions is  suf f ic ient  to  character ize the bouncled

funct ions on i , I  y , ih  i  ch are ?o isson in tegra ls  o f  a  funct ion o i l  Sn

This  new characLer iz€t ion has a v€ry  natura l  in te : :pretat ion ln

terns of  Jorden afgebras (see LASSAI,L$ f9o a,  pp"326-32?J)"

As LASSALL1i  f  SO A3 proved. ,  such an in terpretat ior t  is

a l so  poss l b l e  i f  i l  i s  a  synme t r i c  I l e rm i t l an  space  o f  t ube  t ype

wi th  5h11ov boundary S snd can bo rea l lzed as a boundecl  s l4nrr ro t r ic

d.omaln.  T i re  main idea is  to  fornu late the i {ua d i f ferent ia l  equa-

t i ons  f  90  cJ  i n  t e  : : ns  o f  ' r po l a r  coo rd . i na tes ' r  w l t h  r espec t

t o  S .

C o n s i d e l ' ,  a g a i n ,  a  b o u n d e d  s y a r o e t r i c  d o m a i n  D r  S  i t s  S h l l o v

bounc.a: :y  and le t  s(zru)  be the Szeg0 ko: :ne l  on D X S .  HUA IFB-Z

v r a s  t h e  f i r s t  t o  c e l c u l a t €  e x f t i c i t l y  t h o  e x p r e s s i o n  o f  S ( z r u )

fo r  each o f  the  four  sor ios  o f  i . r reduc ib le  d .omains 'La ter

Kot5ny i  gave a  geuote l  p roo f  t i ra t  made Huars  caso- [y -case ce lcu*

l a t i o n s  u n n c c e s s a r y .  r i o u e v e r ,  K o r l n y i  t s  p r o o f  i s  n o t  d i r e c t l  i t

uses  t l r6  unbound.ed .  rea l i za t ion  o f  D as  a  i rgenera l i zed  hn l f -

p lane i !1  1n  unbounded ree l i z : r t ion  the  Szeg6 f to rne l  i s  g iven  by

an ih t , . ; ; r 'u l ,  v jh ich  cou ld  be  ca lcu la te r l  by  rne thods  o f  Boch-nor  and

Gind ik in .  Ln  bounded rea l i za t ion ,  on  t l re  o ther  hand,  t l re  $zeg6

[ e r n e l  i s  g i v 6 n  b y  a  F o u r i e r  s e r i e s ,  o n d  f o l  t h i s  n o  n o t i r o d s  o f

c a l c u l a t i o n  h e d  b e o n  d e v i s e d .
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T, ,A5S.{LLErs resul t  f  gO nJ of fers  a  so lu t ion to  th ls  pro*
b l e rn :  he  manages  t o  ca r cu . r a te  t he  l i ou : : i e r  se r i . es  de f i n l ng  ss ( z ru )
d i : :ecb ly ,  ic l thout  4 ;o ing i ; i r r :ougi r  t i re  unbounded rear izet ion of  D.
In  f r :c i ;  Lsssc l le  1s in  pos i t ion to  so lve the fo l lov ing rnu c . i l  morc
d i f f icu l t  prob lem: For  overy pos i t ive rea l  number  )_ ,  wha,c  1s
the  t r ' ou r i o r  se r i s s  expans ion  o t  (Se ro i ) ^  t  Th i s  d  j , f f  i cu l t  p ro *
b lem had been open for  near ly  t i i i r ty  y€arp i  the on ly  knorsp s61p_
t lon l rad been g lven lnp l ic i t ly  by 1IU4 f6A,  p"z jJ  in  the par t l *
cu lar  case of  an i r r .duc ib le  do ina in of  typo In1; , "  )3ut  the so lu_
t i on  was  unknovJn  i n  n l l  t he  o the r  cases ,  i n c l ud l ng  each  o f  t he
three other  ser ies of  i r : :ec iuc ib lo  dornains,

fu ISSALLI Is  goal  tn  f9O t rJ  is  to  present  a  genera l  { tnswer
t o  t h i s  p r o b l e n : ,  o n o  i . n d e p e n d e n t  o f  a n y  c l a s s i f i c s b i o n  B r g u r x . n t .

Hhat  i s  no tovror th l '  1n  fgo  t rJ  1s  tha t  the  f ramevrork  qnd too ls

o f  Lassa l lo  rs  p roo f  a r€  p rov ided by  Jord .an  ,a lgebra  , reor :y .  in

p8r t i -cu lBT,  l r i s  cen t ra l  resu l t  i s  a  nb lnomia l  fo rnu la*  in  the  coro*
p lex i f l cs t ion  o f  a  fo rmal ]1 ,  res l  Jorden a lg€bra"  T I le  so lu t ion

t i lus  ob ta ined is  per t l c .u la r ly  s i iup le  and na tura l .

4 .  IVherees  ure  s tudy  o f  l f  oep l i t z  opera tors  fo r :  t t re  s i rong ly

p s e u d o c o n v e x  d o n a i n s  u s e s  m e t h o r l s  o f  p B r t i € I  d i f f e r e n t i a l  ' o { t u { t _

'L ions ,  the  j - r  s t ruc tu re  Bnd Toop l i t z  C* -  a lSa6ros  ove , r  sy  ,nyn  e ty ic .
d o r r r u i n s  i s  c l o s e l y  r e l a t e d  t o  r e  J c - r r d a n  a l 6 e b r a i c  s t : . u c t u : : e

under ly lng  thesc  domr : ins  (seo i ] ] ] ' i r r r jR  f  r i i  f  ,  s€c t ion  2J) ;  Bera-

t  ion  bo tv reon boun. r i .ed  roep l i t z  operu tors  anc i  Jey l  oporu tors  o f

boson quantum nechnn ics-  was .  exeru inod by- I l rRGEl?  erno .  c t i ;u t i i l  i n
f-t t 

-7
I  2 t  /  a

.  is  U!* i r I IR po lnted out  in  f  t l l  t ,  p"4AJ.  even though

f in i te-d inens ions l  bounded sy iarnet r ic  do i 's ins have been c l -ass i -

f i ed  and  t he i r  l l eome t r y  i s  t c t s l i - y  unde rs tood ,  t he : , e  a re  s , c i l l
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man: /  opon problems conceunlng tho i r  anal } ,s ts  (1 .e . . ,  the s t ruc*
ture of  funct ion s ,o&ces def inod over  these donains ) ,s inee s  'ar -
metr ie  domolns ere homo6eneoue undor  a  {sern ls imple )  i ie  grou! ,
these problems are ro fated to  harrnonic  analys i .s  and.  the t r roory  of
group represent€t icns"  on the other  hand,  the occurr lng furet ion
sp 'ces ere of ten i i t r -bor t  sp.qc€$ of  hor"onorphic  func-b ions whieh
glve r ise to  ( reprod.uc ing)  kornel  funct ions.These f<erneJ_ func_
t ions can be def lned in  terns of  cer ta in  l2as lc  *norm funct ionsn
der lved f ronr  re  Jord.an a lgebra lc  s t rucrure"

ION and scUTiRU fTrJ,  and ION f?+ a, t3 int roctuced. new
sca t t o r l ng  t heo r l es  v i 3  0p t i na l  s t a t es ,  Thesg  s t a tes  a re  r €p ro -
duc i ng  ke rne rs  i n  t ho  l i i l be r t  spBces  o f  s ca t t e r i ng  me t r i ces ,  i u s t
es the coherent  s ta tes are reproducing kernels  ln  the i l i r "be: : t
speces  o f  waye  f unc t i ons

Using reproducing kernels ,  Upr , {EIER Ct l3  . t ,  Sect lon 6 7
out l lnod  a  'quat lza t ion  procedure  fo r  cer ta in  curved phese spaces
of  poss ib ly  in f in i te -  d i ruens i -bn ,  nanre ly  t r re  , rsynunet r l c  i { r tber t
do i ra lns" "  fn  tho  f in j . te -d imens ions l  se t t lng ,  BERIZU{  f3O arb}

hes  cons idered.  quat iza t  lons  fo r  moro  genera l  complex  (K i i i r le r )

r n n n i f o l d s ,

The genera l  fo rmel ts rn  fo r  quantun  f ie lds  on  any  r€produc lng
kerne l  H i lber t  spr :ce  1s  presented  by  SCi I i IOICK f  ta lJ ,  p long v r i th
a  d i s c u s s i o n  o f  t h o  o p e r a t o r  a n d  .  d i s t r i b u t l o n . p r o p e r t l e s  o f
t h o s o  f i . e l d s .  G g l i r e o n  e n d  p o i n c s r 6  e x a m p l e s  a r e  g i v e n  a l o n g  v r i t h
c o n s i d e r a t i o n s  o f  r e  g e n e r e l  . r e l a t i v l s t i c  c a s e s 6  _ .
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