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JONDSN STRUCTURS$ WITH -APPLICATIONS.VT"

J0RD*'N TRIPL$ $Y$TH'I$ *tND JORDAlV PAIR$ Itv At{itl,y$Is"

Radu IORD*I{S$CU.

'  The f  i r s t  th ree  sec t  ions  o f  th is  peper  d ,escr ibe  the  equ j .va :

lence o f  synuuet r i c  complex  Banach man i fo lds  w i th  l le rn r l t ian  Jordan

t r ip le  sys tems nnd tha t  o f  sy rnmet r ic  Hermi t lan  man i fc lds  w i th

H i l b e r t  t r i p l e  s y s t € $ i $ o  P r o p e r t i e s  o f  s i e g e l  d o m e i n s  i n v o l v i n g

J o r d . a n  a l g e b r a s  ( o r  p a i r s )  a r e  g i v e n  i n  s e c t i o n  4 .  F i n a l r y ,  g r i s

p B p e r  l n c l u d e s  t l i e  c o n s t r u c t i o n  o f  t h e t a - f u n c t i o n s  f o r  J o r d . a n  p a i r s ,

a n d .  g i v e s  r e s u l t s  o n  d l f f o r e n t i a l  e q u a t i o n s  i n  J o r d a n  t r i p l e

s y s t e m s ,  a n c l  t h e  F i c c a t i  e q u a t i o n  i n  J o r d a n ' p a i r s o

$ 1o  Jordan t r i .p le  sys tems and Banach man i f  o lds

U s i n g  t h e  c l a s s i f i c a t i o n  o f  s i m p l e  e o m p l e x  L i e  e l g e b r e s ,

CARTal i l  f loJ  gave the  c lass i f i ce t ion  o f  synunet r i c  Hern i i t ian  com*.

p l e x  n a n i f o l d s  o f  f  i n i t e  d i m e n s i o n .  I n  1 9 6 9  K O E C } I E R  f  Z g  b J  a n d ,

r r o r e  r e c e n t l y r  L 0 0 $  f  l l  b J g a v e  a  J o r d . a n  t h e o r o t i c  a p p r o a c h ,  t h e

' l ra in  resu l t  be ing  tha t  bounr led  syn imet r ic  domains  are  in  one- to -on .e

c o r r e s p o n d e n c e  w i t h  i i e r n i i t i e n  J o r o a n  t r i p l e  s y s t e m s  ( f o r  d e f . ' i n i t i o n ,

s e e  b e l o r q )  f o r  w h i c h  a  c e r t a i n  t r n c ' e .  f o r m  i s  p o s l t l v e  d e f i n l t e

Hermi t  ian .

,ri fot a"

-theorem

low).  Kr lUPrs resul t  f  Z f  cJon bounded,  symmetr : lc  donra ins ln  complex

t s a n a c h  s p a c e s  i s  a l s o  m e n t i o n e d  b e l c ' w  ( s e e  T h e o r e n ' r  I " 2  ) "

In 1977 KIUP l-  ZZ. rJ studied sl4nrnotr ic complox Banach ma*

(poss ib l l ,  o i  i n r i r , i i o

rqith l lernri t ian Jorci.an

- 1 " -

d i m e n s i o n )  a n d

t r i 'p le  'syst  ems

p r o v e d  a n  e q u i v a l e n c e

( s e e  T h e o r q a  1 ' . 1 - .  b e *



N_qlat_i_o-q o l,qt

* 2 -

E, F be two complex Banach spaces dnd denote

by t (E,F)  the Banach.space of  a l - l  bouncled operators  E *>F endowed.

wi t l r  the norm I l  l l *  ( ror  the def in i t ion of  l l  t lq  esee below).

We shal - l  wr j - te  l (E)  :=  l (ErE) ,  and Gt(E)  wj - l l  denote the group of

a l l  inver t ib le  e le inents  o f  L(E) .

Recal l  that  i f  
l t r l  ie  I  is  a  farn i ly  o f  rea l  (or  complex)

T r a n n a h s n ' n e s ,  t h e n  G ]  u i : = ] "  6 . T T u '  l f l  o l l ^ < *  1 , * n * " uv I J e v  v  v

i 4 I  T  L  i € I  P  J

r L/P

{  ( > * -  l [  " r l l  
n )  ,  1 ( p < N ,

l t " i l n : *  /  
i e  r

I  " " n  { l  " r l l  r  p  = @ ,
\  i 6  r

is  cal led the p-.gglq of  U-,

L*{iqiI iqg. A conplex i lanach space lJ toget}rer rvith a con*

t j - n u o u - s  m a p  U X U - - +  I ( U )  ,  ( x r P )  * + .  d E ( # ,  w h i c i r i - s  h - n e a r  i n

the f i rst  ar , 'uroent anic i  a:r t i l incar in the second, is cal led a I ]S-ru, ! . .,  . "

t j -a! . - {q.rc]a{r  iq lp le i .  s;r lstem (or J*- t r i r r - l .e-)  i f  ,  for  a l l  4,  p,  ' f  
,  Xr- t

y r  z  Q  U ,  t he  fo l l ow lng  cond i ' t i - ons  ho ld t

(  ^ *  I  + F .
1. the t r ip le prod.uct  {  d $" t r  |  ,= d,n13" (  t ' )  i r  sJrmnetr ic  ln the

t r t "
, . P

v a r i a ' o l e s  d r l  ;

t -r+ r x r I I r .* r +g ) f | - ++ 1.]F )'' I x-r t+ tz . 4 o t , b  { * y  r \ \  =  i { ( D x  {  y  z \  - { " J f t q v \  * l * J * y  f x p z J it  . \ -  I  J  J  (  (  r -  J  (  ( r .  )  )  . (  
. .  r  - J

5 c(n(,*€ i , (U) 1s a i {ermit ian operator on U;-

Bg1qa{!1.  An opera'bor I  uf  L(U) is cat led Herni t ian i f
\

e x p  ( i t . , l  ) e  c l l u ;  i s  a n  i s o m e t r y  o f  U  f o r  a l l  t  €  R .

Q-oql4lqglg.. KAIIP [Zl { aetined. t}:e noticn of Jo-trip}e systeia

in the fo] Iovr ing mannerl  let  1,2(P) nu the l lanach space of  a l l  con-

t inuous homogeneous polynomials E * 'F,E of  <legree 2.  For eYery



1 ^

?  . \  I  t  I  /  /  \q  * 1 " ( E ) ,  i  * q " ,  J  , =  f  
( q ( v r + z )  -  q ( w )  q ( z )  )  i s  b i l i n e a r  i n  ( * r r ) + n 2 ,. \

a n d  f o r  e v e r y  4 * \  a (  a  q  t =  
l * u * \  d e f i n e s  a n  o p e r a t o r  i n  L ( n ) "

Ti : 'en a J*- t r ip ie syutem (u,  jF 
)  is  a cornplex Banaeh space u together

wrth a ccnjugatc l inea::  (cont inuous) map .*  ( ro '  every (  c g,  {*
w i l l  be  wr i t ten  ins tead o f  ' x '  (d  ) )  such tha-b ,  fo r  a1 l  4 ,  F  r  ) r rx r  z  €  a ,

:  c o n d i t i o n s  ( 2 )  a n d  ( l )  h o l d .

l-efil it i"-qg" A contlnuous linear *up,fl: U *.p, V betmreen tvro
lfr ' - tr iples u and v such t irat 

/  l r  d'**J = 1,/,  V-)y 
-\  for at l

t - - - # ;
{ . ,  z ,  w  €Ur  i s  ca l led  a  J  -mo lph ign .

Rcraat lc .  f t  i s  obv ious  tha t  the  c l -ass  o f  a f l  J { - t r io les  i s  a:

c a t e g o r y .

Def i .Jr :Lt io}-s- .  Let  U be a J '*- t . r ip le.  I f  ,  for  every real  number te

v i l e  c l e f i n e ,  a  n e , r v - b r i p l e  p r o d u c t  * { * u * z \ ; = t \ * : r * r \  
o n  U  f o r  a l i

J  
- ( - - d  -  

J

xrYs  z*U,  then U is  aga in  a  J* - t r ip le  r ,v i th  respec t  to  th is  new t r lp le

n r n r i r r n l - .  i +  . i a  ; o r r n * o d  h r r  t n  T 1 ^ -  t / r :  r r  
' h ' -

p r . u u u u u i  l _ L  t -  v v r - v v v u  
- U .  

I ' o r  t f U t  U  a n d  
- U  

a f e  c a l f g f l  n r o l l o r t i o n a l  .
a

and  
- *U  

i - s  ca l l ed  the ' c lua l  o f  U"
.I

Rem?fic.  rn general ,  a J*- t r ip le u and j . ts r1ual  
- ' [J  

are noi

somcrph ic  "

Yfe novr conslder a comnlox manifofAl)  i \1.  f l re tanc,ent bundler l r l * r ! + r  v  ! q  ! r ,  U r r q ;  U a t t 6 g r r  !

functor Tr the corresponding tangent bu-ndle f i ' , { ,  and the canonica} t l ro-

iect ion T t  Ti l I  - - -> i t [ .  f f  V is an open subset of  a complex Banach

space E, then the tangent bundle TV can be ident i f ied in a.natural-  wav

r,v i th the direct  produc'b .VX n,  and" T :  TY

iec t - ion  on to  the ' f i rd t  fac to r "  Suppose tha t  t  : 'T i \ l  -F -  R is  a  lower

d sernicont inucus funct ion.  The funct ion V is cal le.d a norn on TI/ l  i f  i l re

res-br ic 'b ion of  9 to every tange_t ' r t  space Tx, x€ I \ ,1,  is  a norm on T* wi th

1) 3y a gg_nplgpg?If jgl; l. IftUP [27 a, p.43_7 mea]ls a Hausdorff
-  - /manl fo l -d  (poss ib ly  o f  ln f in i te  d imens ion)  i lode l led  loca l l y  over?  open

subsets  o f  complex  Bat iach  spaces 'Eg b j -ho lomorph lc  coord lna te
tra.nsf  orna'bions o



+

the fol lowing propelr ty:  there is a neighborhood V of  x € IVI  whlch can

/
b e  r e a r l z e o  \ i . e ;  b y  a  b i h o l o m o r p h i c  m a p )  t s  a  d o m a l n  o f  a  c o m p l e x

B a n a c h  s 1 : a c e  E  s u c h  t h a t  e l l  a  l l  4 t ( r , a ) (  C  l t  a l l  f o r  a l l  ( u , t ) e  V X n S

&  T ( V )  a r i d  s u - i t a . b l e  @ n s t a n t s  O  ( c  (  C  o

l*-i.i*.f.!i-g_]rls-. A conplex man:i-fold iI 'togetirer urith a fixed. norrc

t on Tl,{ is called a ggApJ-eI-JgggcS;'iAgffi*g. If every norm n 
\, is
{ x

a Hi lber" t  norm then i \ I  is  cal ler l  a (o:r ,

also, a Hermj.tial!--llgntlq-I$) .

Corye_Alg. ICAUP [Zl a*Jaoes not require tha'b the restric-bion

^ . \
or y t ro every tangent soace T.. ,  x € i ' r i ,  1s a l i i lbert  norn (other lv ise

he vrould exclud.e many interer*rn* examples such as the open uni t

bal l -  in the tsanach spac.e f ( l i )  of_al l  bounded. op'erators on a } I i lbert

o n n n o  H  v r i t l r  r l i r n  H  -  r c \ - r t l l r e t - i  s  v r h r r  K A U P t s  n o t i - o n  o f  H e r m i t i a n
n v 4 v 9  t r  r Y 4  u r r  u J l 1 l  r r  /  a  r r f L !  u  r - e

, T n r r l  . q . n  1 : r i n l e  s \ r 5 l t F l m  e a n n O - l  r : : l r r  o n  + . ' . A . e e  f O f l n S ,  -
u  u I  \ I a I I  U I  r P J - V  D J  D  U V r r r  V G i r r a v  v  r  v  * J

lef in i t ion.  Let  11[ be a connected. complex Banach manifo]d.  and

t  the l ie  group of  a l l  b lho lcraorphic  isouret r ies of .  l '1 .  Then M ls

n .e l l pd  s l " rm l ' r e t r i c  i f  t he re  e r i s t s  a  po in t  ac l \ [  such  tha t :
:J*=::-:---

( i )  there  is  an  lnvo lu t ion  s  e  I  rv i th  a  as  iso la ted  f i> led .

o o i n t '

/ ; ;  \  tho m.qyr T, ---b- It  clef ined. by $ -*-+ ga is a submcrsj.on".  \ f r . /  v r r u .  l r r * I J

De{jnj-t io+. L,et L{-., ancl i i i" be two symmetric comple:c manifolcls.
I L

A holn,aornhir ' :  map h : id-, *>- l , io i .s cal led a mo{ph.j jsjn of s:fm$e-tr" i-cr - l z

qran i lo l {s . . i f  h "s*  =  shx  o  h  fo r  a l l  x .6 i t l r .

Remark.  I t  is  obvious that t l ie c lass of  a l l  sJntunetr ic c.onplex

Banach-man i fo lds  1s  a  ca tegory"
- .

The main resul t  estal l l is :hecl  by 'h lAW

Theoqe l r_1 .1 , .  The ca tegory  o f  s in ip ly

complbx Bana-ch rnan. i fo lds vr i th base point  is

gory of  l {e: :mj- t ian Jorr lan t : : ip le systens.

Fc t  o  7 ; . ,
/  4  t  e  /  + v

n n n n a n  * o r lv v r u r v v  v v u  t

a n r r i r r n - l  a n t

-t- -. i ,-,
-  V J I U I I ( :  t / I  J V .

- F n  * h a  n n t c . -
u v  u r r v



nach space 1s biholonrorphical ly ecluivalerrb 'Lo

*
a C" - t r ip le "  Thusr  i r r  th j -s  v ray ,  the  ca tegory

domai-rrs rn; i th base point  is  equivalent to t l : 'e

open  u .n l t  ba l l s  o f

1 ^ - i  l . ' n l  z r y n n v , * h i  r '  
\

u-Larv t rurrrvr  ts , r r rv map )  
'

rea l i sa t ion  as  the

_ r. * - ) -

.X- -}t

The not ion of  J.* t l i -p l -o lea,C.s to a general izat ion of  C -al*

'X '  { '  / -  \

ge ' l l ras  as  fo l lov rs .  A  J^ - t r ip le  U is  c la l led  a  C" - t r ip . l .q  i f :  ( i - )  i t
s

i - s  p o s i t i v e  ( : - . e  .  t h e  s p e c t n : n  f ( < 4 4 " )  > t  0  f o r  a l l  " ( 4 - U ) ;  a - n d -

, .  J t t r  .  . t  -  
- X

f  i t ) l l  o( .u o{ ,"  i f  = l l  q i l '  for  a.11 (a U. I t  is  obvious that  every C *a}*
-)+

gebra is a C^-tr : ip l .e.For c le" 'ca. j - l -s,  see KAIIP [Zl  a,  pp'54'58-7.

The fol lovr ing resul t  has been recent l .y obta.Lned by KAUP

fzt c-7 z

?lreorein 1.2. Ever;t bounded synr'netric d.omaln in a compl-ex l3a.

the open uni t  bal l  of

of a.l l bounded syrumel;ric

ca tegor :y  o f  C* - t r i -p les .

Ccmments. tsRAUi, KW and UPi', idIER [g_7 proved that 't]re

f  .  ,  -  \  - - + F
\unr - ta r  )  Jb  -a lgebras  are  p l rec ise ly  ( i . c .  up  tc  a

those bound"ed synunetric C.omains vrhich. admlt a

upper i ra l f -p la. l le.  Ccnsequ.ent ly,  the Cn-- t r ip les

f  rom f  p l  n 7 ur"  cal led JB*-tr i .p l - r :s in [Zl  c-J.  The tr :a in resul 'U in
! & v u  L _  

- t  - ' J

/ ' l l  
"  

7  ;  s  a .s  fo l loyrs :  I lvery bou.r rc led.  syrmnetr ic  Ccrnain in  a cotnplex
L  r I  " J  

r u  . )  - - " -  - t

Banach space is biho)-cnrorphical l .y ecluiva. len' t  tc the open un. i t  bal l

*
of  a  J3^- . t r ip le ;  hence,  in  th is  \?ay ,  the  ca tegory  o f  e .11  bounded"  sym--

rnetr ic doniains wi th ba.se pcint  is  equiva" lent  to the categ;ory of

*.
J B  - t r i p l e s .  /  .

A problern energing from [Zl a] is to find uniier vrha.t colt-

a Jordan tr lp le system is isomorphic to a bounded sJnf inetr ic

In the f in i te-dimensional  case t00S f l l  b]  gave a neces-

sui f lc ient  coirai t lon 
-(a 

cei ta in i {e in11t ian - fornt  ha.s tb be
/

pos i t i ve  de f in i te ) .  For  the  in f ln i te -C j -mens iona l  case '  V IGUE [ fp ]

rr 2 1rp1 a cond i t ion  in  te . rms o f  a  cer ta l r ]  spec t ra l  p roper ty .

$  Z .  C l -ass i f i ca t j .o i t  o f  i le rmi t lan  Jordan. t r ip l .e  sys tems

, 
As is wel- l  kno' ,vn,  t ih.e '  not ion.  of  i< lempotent is of  mucb.

i l r l ror . tar l tcc in the structure 'bheory of  a1-gebraso The analogue not ion

d i t i o n s

donia in"
. - ' .

$?.f}r 2Y1E1
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f  o r  t r i r r l  e  svs te  m is  tha t  o f  'L r i l ro t ;en t :
t r v !  v r ! l r 4 v

D e f i n i t i o r r "  A n  e l e m e n t  c  / O  o t

, r * \
slrs betn U i s calJ-ed !B-po-t34!. if t ." c -f .=

f j - c i e n t  6  = C ( c )  i s  c a l l - e d  t h . e  s i f #  o f  c ;

/  ,  \ . f  i - -  , ' r  /  - l  \
\ negg-! r.,v..-a / It r ts sign i s +1 ( -f ) ,

B.ernark" The elernent d. ; = (. (c )c is

a FIe::mitlan Jord.an 'briJr1.e

6 c  w i t h  f  =  I  1 .  f h e  c o e f *

c is called pp_q:i.ig,g.

a . l so  a  t r ipo ten t '  I t  i s

ca l led  the  br iPoten t  asso

l e t c b e a t r i P o

potent.  One can clef ine oyl
r i(- ')

the product xY ; = , l  xd Y J

th is  product .  The corresp

u,=lJ- @ u- rn @ u^, whe"  " t  - L / ' 2  0 '

J  ^ . :  n  - l - , .  i  1 - .  r r  TT 
/  \

d e l r o ' 6 e o  0 Y  , t  !  -  u y  \ c  /  =

a comlrlex Jordan a.1.gebra

U "

l r a  U r _ ( c )  i s  a s s o c i a t i v e ,  t h e n  c

then c is cailed rniP:ggf, while

tripotent c is callerl IgIiIg]-. A

there do€S t'rot exlts 4 /ecr"-p"si'ila'n n^"4^
D e f i n j ' b i o n .  A  s e t  E  o f

u* f,

4 / p  r r o r n  E

system is  ca l led

F o r , a . 1 1  *  , B

are def ined.

U o<<

i s  ca l . l -eO p lp l j *+ , .  I f  Ur (c )  =  0  c '

i n  t h e  c a s e  w n e n  U o ( c )  =  0 ,  t h e

tripotent c is calleci pgfgl-rlr.3g ;f
+..y' *t&,t" € U, i eUcO'). | , .?.i ' ,

tripoten'bs ln II for vrhich 1( 
( 

P J 
==0

an oJtlg.lp.fgJ*SX,p.Le-g of tripotents '

i f  t loo = 0 (Por  
1oo,  

see belov" '  )

orthogonal syslen E, the fol- lowing

i t s  a s s o c i . a t e d  t r i -

r r r : t r l r e  t r r r  means  o fs v  u 4 ! v

n t  w i th  respec t  to

t i on  i s
tf

?-space .o f  c  u  c l  i s

The l -componerr" i ;  Ut is

ve-de f ined produ-c ' t  on

x + p

ti t, l,t

ebra

i  Ao rn

a nal 7n

c i .a te

'bent

U a

,  
a L L

ond in

r'e fo

( ,
l  x l
t r

viith

d r,orith c,

of U a.nd 1

Jordan a lg

d c i s a n

c r  P o i  r n o  d

\
r  every v

- Z T T ^ a r
A S V r r

r e s p e c t  t o

4 l R

= J x

*i-r a

h,a

s t r

n n  t o
l J V  

u v

po s].

the

l
l .
I

abo

Def in i t io r i$ .  Le t  c  be  a  t r ipo ten . t  o f  U . I f  the  Jordan '  a l -$e-1

f o r  a l l

bucn.  a

i s  c a l l e d

n n m n ' l  " a  t a
v v r r l v

f r o m ' a n

.  T T  ( ^ t \
v-.1 \ "1 /

L

u  . -
d.o

n u.,(
re  Z- lq ]  "

u * (,  t= uL/Z( < ) n uvz( F) when

u o ^

U
o o

uL/z(e )  n (

f l  r ,  / . r , - \
1 ^ ' |  " o t  |  "-{'eE

r ) )
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4

!  =  U,  l c t  us  Cenote  bY ?  the  se t  o f "  a l l
o o " \ a

red pai- rs (  (  ,  p)  vr i t l r  d,P€-?.  U io]  such that T T  _ T T"^P-  "  q  P '

un-orde-

t El i.s

r x r a  |  |  . , | a f - . l  n O a l
v t  v 4 g  u v !  4 r r v  e

fn r  F \ r t r r l r  (  , (
_ ,  * _ J  \

C€,
€  ( a n d

/-T*\) : =  W
(4,  p)  €

u oP

is  an algebrai-c direct  sum 1n U (cal led th 'e

Q

p e c t  t o  6  ) .

De*finj,l ipns 3:$-:pte.-tiS+- If a complete orthogonal s)'s1;em of
)9

mir r ima l  ( resp . rabe l ian)  t r ipo terL ts  ex is ts  in  the  J  - t r lp le ,  then U is

cal- led at .oplg- (r<;sp.9rgc{gte_).  The nr- i r i in ia l  card- inal i ty of  a cornplete

or thogona l  sys tem E o f  ra in in ra l  ( respn,a .be l ian)  t r ipo ten ts  in  U is

c a l t e d  t h e  I #  ( r e s p . , d , e g l q s - )  o f  U ;  i i  i t  i s  d e r r o t e d  U y  r ( U )  ( r e s p . ,
c{2'

d(U) ) . t ro r  a  cornp le te  o r thogona l  sJ 's tem o f  t r ipo ten , ts  G in  U one

de 1 ]-1]e s

,  d + p 3  )

r {

, C ?' t . ] t  P
l \ (4

C?
6

Pei-rce suln wi th res-

d i m  U " a  4

d i m  U  * ,

t l no( f (2 e

a i so  de f i ues

. G ,
a .  l ( e ) t

h  t  Q . t
"  , l a r y

e n  o n e  t a l < e  u  
" ( E  

)  = . 2 )  .

<A2
?

v/nere lo l runs over a.11 cornplete orthogonal

po ten ts  i -n  U.  I f  U  is  indecomposab le ,  then,

b, l iJe can d.eflne another i-rLvarla'irt, na:ne1y

g , z = 2 + ( r - f ) a + b .
)e

m L ^  ^ n n c * n r r r . { - . l  r , n  n f  : T  - i - r . i  n l  e s  O f  1 ; V n e S
r I I c  \ / v a l . \ /  v - u  * v  w I U I I  u I  u  -  v I  - L  l l * j J - i - * - - : , X - Y .  

-  f l
: - - J  ,  -

I  -  VI .  L,et  I { r .  I !  be

comp lex  H i l be r t  space .s  o f  a rb l t ra ry  d imens ions  I . r i l . r  r espec t i ve l y .

Ug-tgl ig-$. The ad. joir : t  of an operator tr  e f(n, f  )  wi l l  be dc-

\ .'r
noted b,r ,  , , { '^ .

( i f  n o  d ,

For:

.  -  i  n f

.  -  J - i 4

^ 1 1 *
i J U U

C?
? u"ri
\-a

mic U rv

u l  ; =  s

' ?  \

l t  |  .  -  a
w )  . -  I

b (

CP
\e

I
I
I

)

a
cX 14 br r  l - ,

\a

4 e  6
. - - i  -  + +1^
J L I  t t . t r  

J  
t r I I

(
,
t

i{
{.

th

up

nf

C{2

b )

Y.l

L ' C

ato

a (

b (

^ - - ^ + ^ . - ^  ^ f  - i  n l m a }  - b r i -
i f , J L r  ( / W l u D  V r  r l l + r

l 1 a 7  m a q n q  n f  ? .  -  . 2  -  p n d
u J  l l . c r r r D  v !  L ,
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. .Fo r  x  G  I ( ,  y€H,  by  z  * * -> \ -  ( ,  l y ) *  an  opera to r  x  A  yL t (F I ,K )

is  def i rrert .  \ ie have l l  "  & y* l l  ̂  = { l  "  l l  *  i /v ( l  &2 ayrd
-)f J( t(-

? e  v )  = y 8  x
9g-sy,gglrt-o-+" The llllbert spaces H and K are, in a n.atura.r way,

iden 'b i f ied r ,v i t i r  L(0,  H)  anc l  L(CI ,K)  o  re ;spect ive ly ;  the opera1or
* x .

:  x e9 y is vrr i t ten as xy o

,  T v p e . J  .  l e t  U  : =  L ( U r f ) .  l e f i n e

. l J + 1 l t " x , _ F l

l " y z J r = i  t * y z + z y  x J

f o r  a l l  x  t y c z  € :  u . T h e n  u  j - s  a  J * - t r i p l e  r , v i t h  r e o p " " i  t o  ( e . t ) .

t  i rot lowi.ng I{Ap.t i iS [ZZ h: /  (see also KAUP [Zl  br fJ) ,  i . t  is  cat ted

a Ca_T'te-Il-f.actor_ o,l .! l{pg. I, and it is denoted by f_^ *.
" [r lll

Re na.r ]c .  As f  . , .  *  and f . . . , . . ,  a l :e  isonetr ica. l ly  isonorphic  ,  j ,  bI I t . l . . t I  l ] - t t l l

i s  su f f i -c ien t  tc  cons ioer  the  cer$e  n  (  n  on1-3r .

Type j I - .  Le t  x  *$ -  f  le  a  con jugat ion .  ( i .e .  a r l  i somet r i . c ,

a l i t i l i neer r ,  i -nvo lu t j ve  enc lomo: :p l r i sm)  o f  thc  conp le .x  H i lber t  sp i i ce

i l .  le f ine  a  O- l inear  i ranspos i t i -o i r  z  * *  z ,  in  r (H)  bJ ,  z ,  (x )  l=
- r :  I  r  * / - - \  )  , ri =  z  ( f ) .  c o n s j . c l e r  u  : -  

l r \  z e T , ( t J ) ,  z t  *  - ,  
\ "  T h e n  u  i s  a  J * * t . r l p l . e :

vr i 'b l r  respect to the norn of  r , (Fl)  r -o.nd the tr ip le product (z.L) u r i re

J -tri-ple U is called a Car.t?.n_{-aq_t-ql: o.LlXpg*IJ., and it is clerioged

u J  r r -  o

T, rp .e , { f I .  U$ ing  the  no ta t lon  as  in  tLLe case o f  type  I I  above,

Af  }y r :e*JJ I ,  and i t  j . s  denoted  bv  I I f
,  

- t  - - - - " '  *  
.  

' J  * - ' * n . .

Tt  pe  fV- .  Cons ider  aga ln

s u p p o s e  n  ) . 3 ' T h e n  U  :  =  H  i s  a  J * - t r j . p l e  w i t h  r e s p e c t  t o  t h e  t r i p l e

p r o d u c t
t i ( 1 - 1 .

1 " y " ,  J  , =  i  ( ( "  I  y ) ,  +  ( ,  l v ) "  ( x  l Z ) f ) .
A s l tbse t  9^  o  f  U  i -s  a  eornn l  e te  o r i ;hogo.na l  s : \ i ,v  vJ -  -  -s  a  conp le te  o r thogo 'na l  sys tem o f  mi r r ima l  t r ipo-

ten ts  i  i "  9  = l  * .  -  n  
'  

r r 'n *nr<- -  u r i  *h4r  v  - ' l - . ,  
f  J  ,  r , vhe : :e  f  ,P  a re  un i ta ry  vc ;c to rs  l , r i th  t ^ t l r t  t  n\ \ l r / = u

( c  r  \
\ a . I /

v i / e  d e f i n e  u  , =  f  , l  * 6  r ( n ) ,  , z t  =  , \ . . T L - e  u  i s  c a l l e d .  a  c a r t a . n  f a c t o : :
L ' J .
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and 
f t  

=  c(  .  For  a l1  zeu there ex is ts  a  decomposi t j_on z=s ( l -

vr i th  sr t7ra, ,  and q ,P or thogon.a l  t r ipotents .  I3y tak ing l l  , l l  ^
:=  ma.x (s , t ) ,  v /e  def i .ne on u another  (eqr- r lva l "ent )  norm anc l  u  is

*
a J *triple . This ne.',v norrn has th.e follolvinE', expllcit formr

,  l l r i l ' ^  = t ( e l z )  +

u endorved v* i t i r  th is norn is cal lecl  a car l , ' !a.n faqtolof  lype*rJ (or

9-Ajlpf-e4--g.pf:L*!gg.rcg) , and it is cleno1;eC lrrr rli

Tr . -oq.*\ r  (geqp." , i rJ)"  r . ,et  u be the tr ip le sys'bem which corres*

ponds to  , the  excep 'b ioua i  bounded.  syn ine t r i c .domain  i -n  016 ( resp" ,
O n !

. f i 4 ,  \  f - - -  .  - 7  *
u- '  )  see  7-  11  bJ  ,  Then u  is  a  J  - t r ip le  w i th  respec t  to  the  spec-

l l  l l  r  r - -  ,  ' 7 r
t r a r  n o r m  l l  l l  p  ( s e e  7 .  1 1  b _ / )  a n . c l  i t  i s  d e n o t e r J  b y  v  ( r e s p . , v r ) .

The 'bypes  I -V I  nent ioned above occur  on ty  once i i r  the  fo l lo r ,v ing

f , a  C  U  .

+ A

4 *

. c lon i  n

r ( u l a . ( l l )  c ( u ) b  ( u )

I
1r f f i

I I n

I I I n

IVn

n

r ' l
I l ' ) |

l ^ l
l L l

a

A
T

' l

J-

I I - Z

n+m

2n-2

n+l-

n

'1 \
'  I i l - I l l '

(  C  r r  c? i ' ,T* l
J . r \ L j . r | 4

1 a

L'u o rner wa.ys

n  V n )  I

n z z  4

n 7 2

T T
v

VI B

z

3

1"2
t t 2

I V

n

"f

n

E v e r y J - t r i p l e U o f

o r C e r )  O e c o m p o s i t i o n

f in i te  d imens ion  admi ts  a

as  d i rec t  sun  U=Uo @ Ut  @ o .  .

c . .  @  u s ,  w h e r e  u o  l s  a  t r j - v i a l  i r i e a l  l n  u  a n d  u l ,  . o . ,  u "  r u n  o v e r

t h e  s i m n l e  i d e a l s  o f  U . T h e  s i m p l e  J * - t r l o l e s  o f  f j . n i t e  d j . m e n s i . o n
t

are (wi thout repet i t ion ancl  up to d J" - isc imorphisrn) exact ly the

"v{::T_
1)Ior n {  m, m-n. i -s the least  carcl in.al  n.umber o wl th n+c=rn.

2 ) l 2 ) .

n h  ^  € ^ ' 1  ' 1  ̂ , . , - i  - ,  -: rJre rorrol .vrng classi f icat ion theorem holds (see cARTAi{  [ to^7,

l1.urui1dK L zg aJ ,

Theorjeg-.lr]*-

r : n i  n u e  ( r : . t  t o  t h e4 r r !  ! i 4 v  \  " - l y  
u v

roo$ '[ t l  a,b_]) "
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- 1 / / '

r -  *  l v t r n  r - s n < m <  N  ;  I I -  w i t h  4 1 n 1  t x )  i-f l r f f i  '  Yl

I I I  w i t h l ( n (  N  ;  I V . ^ v , ' i t h 4 1 . n < q  ;* - *n  n

V and VI t

and. t l :e i r  dua l  sYs tems"
*

let  us recal l  t , ,vo re$ul ts on J - t r i -p les of  f in i te rank
a'  /  r u ^ T T - p  f - c l  h  f  7 \

\ S e e  A J { u r  L  4 t  v ,  L J  l .

JI

Theorem 2 .2 .  Every  a ton t ic  J  - t r ip le  U o f  f in i te  rank  adn i ts

a  un lque (up  to  the  order )  decompos i t io r r  U  =  U3.  @ oo.  @ Uu v ther :e

T T  . .  T T  s r e  s i m p l e  i d e a l s  o f  u .  \ ? e  h a v e  r ( u ) = r ( U l ) + . .  " +  r ( U * ) .
" l t  o o "  " s  

* .
The simp.;e atomic J"- t r ip les of  f in i te rank are ( tp to a.n ison:or:ptr isnr)

exa.ct ly the t r ip les of  types tr- \ r l  of  f in i te rank and thej . r  dua. l

t r ip les  "
J+

Rem-aqf, .  Ever:y J ' -a lgebra of  f j -n i te rank j -n the sense of

I IA6RIS (see IZZ a-J and,,  a1so, JSA.V, $ l )  iu isornorJrhic to a f in i te

d i rec t  sum o f  Car tan  fac to rs  o f  types  Ia IY"

To forrnulate the second- resul t  on J*-- t r ip les of  f in i te rank

lve need the fol lowing prel in i i : lar ies:

le t  l I  be  a  (no t  necessar i l y  s imp le)  a tomic  J* - t r ip l -e  o f  f i -

l i te  ra lk  r .  Then there  ex is ts  a  com'p le te  o r t t rogona l  sys ' tem

9 |  r  ^ l -  r-- . . i  *^.r-^* +^ . . i'Q  =  
i  " ,  I  i =L ,Z ,  . . ? ,  r  J  o f  rn in ima l  t r i po 'ben ts  j . n  U .  O1 t  t r i . po ten ts

a i  are pos j . t ive and have 
.norm 

1.  The corresponding Pei rce space$

. T T' u ru  
j  v r i l l  be  denoted  Ur j ,  v , rhere  eo :=0.  Then every  x  €U 'has  a  u 'n ique

dqcornpos i t i on  =  
i l  

* r_ l  w i th  
" r i _uur ;  _  

,_ . * *1@. : :  @_ lRe*  i s
o  < i ( i

a maximal tR-linear sr.tbspace of U vrith the propelty that

I  . , .  1 .  r  x ' .  )
1D(  E"  f .  |  = \ t l  o (  f  ?  fo r  a l  t  rJ  A  . )46 .F-  \Ye de f ine
{  [  t  )  ( t ' - -  n  J  

- - r r  - r l " t I s - t r

\ - *  f c  I  c .  1 -
\  : = {  d € r n n  ( u )  I  ) G \  *  n  ?
/  

' -  
l " - r r l r r '  

\ u /  I  ' t ' t  *  -  
)  

e

. | .
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.,rshere rnn(u) is the group of all inn.er automorphisns of u"' The

fol lor,vlng result  holds: There exists a on.e-to-one corlespondence

be.Lvueen the set of al l  norm. + of U vr i th respect to which U is a

* - 
the set of arr T* - invarj-ant norrnsJ - t r ipJ"e and the set or a- 

/

t ' t re now consi-der the case wh.en u is s i - rnple.  The

T  L ,
r r o r r n s q P o n F r v i t h 9 G ) = 1 c o ] ] r e s p o n ' c l t o t h e n o r m s

lvi th tHe fol lovring ProPert ies

( i)  l l  i l -"
( i i )  4 t t t l ) = f  ( t )  f o r  a t t  t ,  r v h e r e  I  t  I  : = ( l t 1 l  ,  , e  o '  l t r {  ) ;

( i i - i )  # ( " )  =  Q  { t )  i f  s  a n r l  t  c l i f f e r  o n l y  b y  a  p e r m u t a t i o n  o f

c o o r d i n a t e s .

T  Y .  / .  \  / . . .  \  .  a a

A norm *  o"  Rr  r ,v i th  the  proper t ies  ( i ) - ( i i i )  i s  ca l led .a  gJrumgJg lg

i iauge. fu+J:t i -oq (see SCIIATIEII  Iq l t  p;6t ] ] ,3y the above-ment ionerd'  col ' -
' T r

resporrc lence such a funct ion A on t t t 'y ie lds an rrur(u)* i -nvar ia.nt  com-

T  . l  ! 1 - -
plex uorm d on U. I f  rve consj-der U endovved vr i th the norm V t  t f ien

.  * .  +  ( ^ )
i t  i s  a g a i n  a  J ^ - t r i p l e ;  i t  v i i l l  b e  d e n o t e d  b y  U '  .  F o r  t  €  l R  -  

J 0 J  '

+ ,  *  . . - ! i - - ^ ^ r  - L ^  r r *
"U deirotes a J^-tr ' ip le proport ional  to L ?

*

Tl re_o:e_ lq  2" I "  Every  s imp le  J " -b r ip le  o f  f l r r i te  rank  r  i s  i so-

met r ica t ty  i sonorph i -c  to  a  J* - t r ip le  
tU# 

,  v there  t  €  lR  -  
{OJ,  f t ' u  *

symmetric gauge function on Rr and U i 's a Jo-trl-ple of type I;YI of

r a n k . r .  T h e  s e t  ( r r a , S r t ,  &  )  i s  a  c o m p l e t e  s y s t e m ' o f  j - n v a r i - a n t s  f o t :

the  se t  o f  a l l  l somet r ic  i somorph ism c lasses  o f  s lmp le  J* - t r lp : i -es  o f

a '

f in i te rank"

$ J. .Hi lbert  t r ip le systems and Hermi. t ian manifolds

o n  F .

Yz_ - invarlant

on Rr

\Te  f i rs t  reca l }  a  resu l t  [Z l  b r  I I -7  (see Thegren 5 .1  be low)

inf i i t j - te rgnk. fn. orderbo fcrnulate

ccns ide : l a t l ons  and , .o to t i on* ,  g i ven

on ator l ic ,  t r iPle sYstet ls of

th is resul t ,  some . ;orel i - rn i t tarY

!y  KAUP [z l  b ,  . r r r  PP.62-6"r*7,  are necessary '
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The spa.ce of  a l . t  real  sequences -b = ( t - ,  + \  " ' ;  +6 t .^=0
t r u 2 t  

c r t , /  Y v L t r )  
I I

for  a. lmos.t  a l l  n is a r :eal  a lgebra wi th respec-b to col t lpon.entrv j -se
n

m u l t i p l i . c a t i o n .  F o r  e v e r y  t  € 4 ,  p u t  l t l  : -  ( [ t . ,  I  , l t Z l  , , . . )
/  

. N

/)
.  a n d  6 ( t )  : -\ v/ 

(=-- 

-n 4u vr*'&4eu * S'I. l, l I lL-: 'J.i;.*.- ' :ff:5Y

... II _J- 
fugc:lj-o$ if

It l l*

i l  ( t )  =  f r  ( t t l ) ,  f o r  a l l  t ;
l)and  

f l  (s )  =  /  ( t ) ,  fo r  a l l  s r t  €  r ( -  w l r i ch  d . i f fe r  on ly  by  a  pernu-

t a t i o n  o f  c o o r d i . n a t e s o

Using / we define another symmet.ric gauge functton flr by

f i ' ( i l : =  s ' p  l  t r c r l  l ,  u { ,  / ( s )  =  r  }  ot

I r e t  E  b e  a  c o i n p i e x  i i i l b e r t  s p a c e .  T h e n  t ( t r )  i s  a r 1  a s s o c i a t i v e ,

*€ -algebra" T' /e d,enote by R t t . .  ic leal  of  a l l  operators of  f in i te ranlr

and b . - r  l .  (E)  t f re  idea l  o f  a l l  t race  opera tors .  le t  6  :1 "  (E)  - -+  E- l  \ "  t  e t l v  -  ' - - I  r - ,

b e  t h e  u s u a l  t r a c e  ( i , e .  6  G )  , =  )  ( x  o i  [  * i )  t o . r  e r r € r y  o r t i r o n o r -
L * J - - ^ ! - A

.  I  I  n \  : r  '  !  t l

m a l  b a s i s  i  " i  i  c  E ) "  L r o r . e v e r y . s y r r n e b r i c  g a r g e  f u n c ' t i o n  f i  o n  4  a n d

G  -  ^ / /  \  ^ / /  .
e v e l l y  x 4 f , ,  p u t ' i l ( x ) : =  f i ( t r r t r ,  e . "  t " r O r O r  . " . ) ,  r v h e r e  t l , t 2 !  e  o o r l i "

A
I

i l G ) : =  s n p  
|  

6 ( x r )

x [  = {  
" * * .  

l h e n  f r  c a n  b e . e x t e n d e t ] .  t o

U {  * }  r  &s  fo l lo rvs :

y * R  a n d  / r ( u ;  =  f  J "
' : -

d  - r a ' n n ? i m A n T , , "  I  t  - , f n )  
U ( u \ 1  

I
y  i s  a  c o m p l e " o  r r v r ' r  \ , i L , J d G ) : - i x f  x € r . , ( E ) ,  

{ ( x ) <  
*  - J .

I 'o r  l l  l ln  *u  shal1 a lso vr r i te  tp(E) ; ' in  par t icu- l -ar ,  TZ( l )  is  -bhe

j - dea l  o f  H i l be r t -Sch ra id t  ope ra to rs .

l e t  U  be  a  Car tan  fac to . r  o f  t ype  I ' I I  o r  I I I  ( see  KAUP

F ' ,n  t  r  7 \  Y /e  en rbed  u  i n  an  L (E ) ,  E  be ing  a  co inp lex  l l i l bc r t  $pace ,L  a l  u r L J  / .

are nonnul l  e i .gen values or

a func t:on / : I (E ) *+ lF.

as  fo l l - ows :
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TypJI ,  Choose HrK such tha . t  E  =  I {  @ K"  Then U:=L( l l rK)  ca .n

l ro  nn* r : rs l1v  ident i f ied  w i 'bh  the  spa.ce  o f  a l .L  x6 l ( I r )  such tha tv v  r I \ 4  v  u r l , * . * + J

x( lC)=g r : .nd,  x( f i )cf"  Suppose y/e have a conjuga'bion preserving I{  an. t i  K

def inec l  on  E.  The cor respon.d ing  t ranspos i t i .on  z  - . - -b  z t  o f  f (E)  tqcne-

rates t ] :en U.

rwc--I-L-q9gp=r L In tl i is ca$e vre have (see [zl b' r,

S a n ' i - " 1  n l ' 1  . t  /  |v v v  v J _ v r r  . / J  I

In
.F

J - ideal  in

\ r l '= - z  
J  

( r e s p .  U : = t z l  z e l ( E ) ,
x _ c i c s e d  

a n a  T : = U f l R  i u  u

gauge function fl on ,X , let

u i =  1 z

n t a a ( . \

F o r  e v

z  6 ,  L ( E )  ,  z l

uc  r , (E )  i s  v r

] . r r  a \TTnr ra f  r " - i  n

r r ' = z ] )  ,

al l

u.

1 s

'1
I '

Y T

Convention . Tn what fol lolvs lve shal-}

of  e i l l  con-

f ^

f u a n d

def ined. "

ins tead-  o f

called a Eil!.p:,! _LErple s:rsie4-

space U is a complex Hi lbe;: : t( o r  J H * - t r . i n t o )  i f  t h o  n o m p l s ; g  B a n a c h
\ u !  v r r  - - Y . j * J l * r  * !  v r r v  v v l r r l

s p a c e .

J  , I
Ul': =u n Ld@ ) ir* endorved rryith the nor:n * 6 

| oF 
,vrhere the factor

c )  o

U i s

def inecl  such tnat the norn of  every tn in j - rnal  t r ipotent i .n

Tlre norm ot t l  thus'obtained vr i l l  be also c lenoted by f l .

be the convex hul l  of  F i -n 
"rd,

-x-
Thspqgnl J-J, let 1iI be a sirnpl s a-bomic J -triple of infinite

l :ank.  Then'vT is p: :o,oorbional  to e Uol  ,  r , , rhe: :e IJ is of  type Ir I I r  or
w n

^ ^/
I I f  ,  and /  is  a s lnarnetr ic gauge funct ion on 4 ,  i f  and only i f  there

exists a complete ort i togonal  systern E a' l l  of  n in i rnal  t r ipoten' i ;s in

1T fo r  vu ,h ich  the  Pe i rce  sum l ( [ )  i s  dense in  \T '

0'ommenis;" fn the case i l  = I l l( * ive have U=lIg for every

Car - i ;an  fac io r  o f  t ype  I r f I r I I I ,  an .d  Ud ts  the  subt . r ip le

p b c t  o p e r a t o r s  i n  U " I n  t h e  c a s e  i l  =  (  l l  , r ' f o r  e v e r y  t
Jf

p w o r l r  , T '  - * r i n l ' t  T T  n f  * r r n e s  r '  I r - i -  + r ^ ^  + - i  D l e- . - - r I \ - ,  u  ( ,  I  t / J U C l )  - L - Y J . t  U I l " v  t r t f r u '  1s  v /e t r
t l\)-U-,

wr] . Ie  rJ

f t i l r l l l
t , ,  l [  l l z  N l t  t l  2.u  

,  and l l . lns tead o f  l I  c  
o

)(.
Defini t ion,  A J - t : : i i : le U i .s
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J+ )F
Remark" JH"-f , r ip1ss are gen.eral iza ' t : lons of  JI{"-algebras :

{-
A JH -al .gebra,  j .s a conple;x Hi lbert  space I{  together vr i th a coinolex

Jordan algebra st.ructure and a continuous involutior:r 'x **'tsFxlc sucil

tha'b the'Jorclan p: :or i .uct  is  cont j -nuous elnd t(a)x -L(a{-)  for  ever:y
. -* ,?{- .

a e l { ,  I  t re ing  le f t  mu l t ip l i ca t - iou .  I3y  de f in ing  qo  
F  :=  t r (  < f  )+

+  f  t ( " t ) ,  L (  P . ) I  ,  H  becomes  a  J l i * - t : : Lp l - e .

T a A  T I D  f  ^ -  t  - - t  n 7

rsvr t  27 b,  I IJ proved. the fo l lorv i -ng c lassi f ica. t iou theorer i t

f  or  i { j . lbe.r t  t r ip l -e systems "

3Ig.9:gIL-1&- Every Hilbe::t tr ipr'- '  systern U is isometr-Lc to
ff''Z

an orthogonal  sur i l  t l7_ U'  wi th 06In Uo j -s a t r iv ia l  i -deal  in U,
i € I  ' ,

r  r r  .  / . nancl  U- r  L f  0,  ru-n over the s imple c losecl  ideals of  U. The si inple

f f i f ter t  t : : ip!-e systetas are (up to an isometr ic isomorphisn) the
I t*

- l ^ r ' / a
tr iples ' i{ ,  vrhere t I  A are real nr.ulbersr and i"/ runs o'\rer the

t r - - i  n l e  s r r q t e m s  o f  t r u e  f - V I . T h e  s e t  ( " r a , g r t )  i s  a  c o m p l e t e  s ; ; r s 1 * l x
W L L I J L V

of j -nvar iants for  the c lasses of  i$ometr ical ly isoinorphic s i rnple

J { - i  
- l ' } r av . *  

* r  i  n ' l  n  c r r , r ' f - c , r nc r
r f  !  I  v v !  v  u r  r  

l J ! u  
r r J  , J  u v l r r u  t

The rnaj-n theoren provecl  by l i / tUP L 27 b'  ITJ ts

il lheqggn-_l-:.1,- Svery si-rnmetric Hernitj-an mani folci i '{ aclnits

a ' r : : r iqu-e  ieco :nros i t ion  as  or thogona l  p roduc t  l J  =  l , i . , . , ,X i i r  o f  sy lxmei r i c

i,, i^ is f lat and- i i i t is ,toitU***rrerate ancli iernrit j.ail nianifolds, rvhere i i i ,., is f}zt at

s inpl ; r  connected. The categoly uf  nor ldegenerate sJrnr letr ic l lerni . t ian

manifolds wi th base ooint  is  equivalei l t  to the category of  nor i -

** +f
degenera te  JH - t r ip les"

Recently, FRIIJ l l l{ i \I ancl RUSSA [Zt e-/ generalized. t lr.e ivell*

-in'Lown Gel-tf and-lleur.rark er.rbedding theorern for JB-algebras due to

AtFSttN, SIi lI lTZ,. and ST/Ri,nR [LJ, The nain result shows that everJi
!

JB"* t r ip le  can be  j -so ine t : : i ca11y  e inbedded in to the  d i rec \  sum o f  a
ta - /JC *tr ip le (of ,  l l i lbert  space operators,  vr i th t r ipJ-e p: :oduc'b

(  . . ,  \  /  .  !  \  / ^ \  ^ - - -  r - .  
t t

{  ao*c l=  { ,ao*c  +  cbxa) /2 )  and tv rc  e lccept iona l  JB - t r ip les  re la ied  to
I J

the  except iona l  Jordan t r lp le  sys tcms o f  16  and 27  t l imens ions .  In



of  t . r ipotents  j -n  Jordan "b: : ip le

n l  i  cat i  ons s iven are s t ruc iure
t /  +*  v  w

*
JBl' ' / -tr. i-pIes,

sys tems)  i -s  p resented" .  Among thc  a .p -

theor i .es for  l l i lbert  t r ip les and

* L 5

r

pa:: t lculdrn thereare only tvto except ional  JB - t r ip le factors.

Remalk" The above-men. 'b i -oned resul t  of  F.r iedman and Russo i .s

of fu:rd.amenta] i-mpo-rtance to the st.rr.rctu.re thcory o.f Jts**triples and

is 'a lsr :  of  inte: :est  ' to inf in i te*dimensioiral  holomorpiry,  f f i  the
' *

relationship between JB -triples anrl bounded. s;nnmetrlc doinalns {cf .

paper of F-AUP fzl o_7]"

l as 'b  bu t  no t  leas t ,  le t  us  nent ion  the  recent  research  mono-

. -:,

i i

{
i,,
i

t

i.'

:
I

i .

i
"q;

mpo*h /  zr '  / ry  i ' i l J lLER, rvhere a theory of  gr lds ( i ,e ,  specia l  fa .n j . l ies6 r @ I J r r  L  / l _ 1 t  t t ,

$ 4 .  Jordan a lgeb: :as  (o r  pa l rs )  anc l  S iege l  do ina j .ns

This sect iou deals rnainty r ,v i th bh,e resul ts of  DORFI\ , 'HISTER

[rc a", d_7 , l00S [ll b_7 , and SATA"re [+t] on Siegel d omains corl-

nec1;ed  w j . th  cer ta in  Jordan s t ruc tu res  (a lgeb. ra -s  o r  pa i rs ) .

Y{e shal l  f i : :s t ly  recal l  'b}r .e pr incipa} resul ts on horno"-

geneou$ S iege l  domains ,  &s  g iven tn  f  b  c*1"

i {ota 'Lr .on" Let X be a f ln i te-dinrensi-onal T , 3 t  I  l r a l . 1 t / \ 7 '  . i 1 1  ' l n ov v + v v

ff\

and le t  Y  be  a  regu la r  cone ln  X ,  As  usua l ly ;  X- ! . .  X  @ iX  c lenr : tes

* h o  o n m n l  o v i  { ' - i  n s t i  n t r  n f  X  R e  i S  t h e  f e a l  n a f t ^  I m  r e n r n r : r . n t s :  1 : ' , r eU I i v  V V r r M \ / 4 I . L  + \ / \ ,  V ! v r I  v !  / L  a  r L V  f ,  U  U r M  v s I  
! V @ A  

V ,  L t L !  r  V l J r  U  r l \ , r !  V p  U . L ! v

- i m a r v i ? " r t l a r r  n n r . f , i  a n d "  z  * # . 2 . i s  t . t r e  c o n j u g i l . ' b i O n .  l e t  U  b e  a  f i n i t e - "r t l l L . i j . L j ' l \ j l . ] y * -

dimensional cppple{" \ 'ector space and let S r U X U ----> XC be a

Y*Herrni t ian forn.

;  re-f rgj ! j ,p.+.D (Y-, s ), '  { (z,y) e

called a. $_Lqg-gl_ _{oit-: fq,

!_q f i :+ -L f_q_q.  le t  D(YrS)  be  a  S ie3e l  domain  and le t  Aut  D(Y,S) :=
I |  \

; = " J  r I r  :  D ( r , S ) - - >  D ( Y , s )  b i h o t o m o r ; o h i c  f .  I f
{ l - J

- l - z , o n q - i . f i r ; n ' l r r ,  h / r 7  ^ \  ' '  ^ '  '  ? i / ' -  ^ \
3 n  ! ( r r ) i ,  t n e  D ] . e g e l -  d o m a ] . r r . u ( r r i , /

I l e n e o u s ,

r r g  z  -  s ( u , v )  €  Y \  i s
J

r o x  u

A u t  j ) ( Y r S )  
' a c t s

i -s cal- led horno-
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Sg*q.Al1 $. iege} domains tha'b ehal l  be consj-dered ln th is

sec'bion. are assumed "bo b0 hor: iogeneousc

\ ie deir .ote by 5 = 0 Grs) the Lie algeb::a of  the l i -e 'group
/

A u t . D ( Y r S ) , I f  y  j - s ' a s s u m e d  t o  b e  i d e n - t i - f i e d ,  a s  u s u a l l y ,  r , v i t h  t h e

Lie algebra of  comple'be hol-oniorphic vector f j -e lc ls on D (y,  S )  ,  t i len
. f i

1ts  e lements  a re  ho lomorph ' i -c  maps o f  l (Y ,S)  in ' to  X-X U,  and are
\ /  r \ 1  r  ,  M . . ,

L h o r p f o r e  r e n r e s e n t e d  b y  a  p a i r  o f  m a p s ,  {  ( z r u )  =  ( \ ( z r u )  r t ) ( r r * ) )u r r v e  v + v &  v  +  - r , *  - d

-  Y  /  \  - o 0 , : n , r  ) f  ( r r u ) € u .
v J n e r e  n L \ r r a ) e  x  e r l { t  . / l  z \ r r u )  e u .

where

ancl

f 1
I  d < U  f  ,

J

I
d 0  U  I  T € L i e  A u t  Y ,

^ l
+  5 ( d . , i f w ) u  d , w e u  J ,

= 
{ ,o* (z)2, f  G) ( f  (*) , ,  1 "

{4
J t / z

'  * J -

r-/ -

vl,here

X  ( f o r

\
t
l e
I

l
L

U
I

€

( s  ( * , w )  ) u ) r x r 4 P' 1  / 2

\  1 )
D  I  * I
' l  I  t

)

[ rc e_7), rvh11e A*( z ) *r,rq Y & ) ar9 defined , as fol lows; let

/ t  \  / -  . u ^ ) )  * - 9 *  \  ( _ ( i / i l ( 2 . - 8 ,  \  e / , .  r ,  \ )  b e  t h e( ( z t r & 1 l r  \ r Z ,  ' 2 , .  I  1 t  
-  t r J \ u 1 t v 2 l t

Bergrnann kernel  fg" 
l (YrS),  

v ihere \  I  Y -> lR+ is some posi 'b i l re

func-b: ion which can be holornorphical ly and- con'binucusJ.y extencled to

X @ iY. Choose an element e of  Y and. keep l"b f ixed. Denote by 0- the

t)  A Oetni lecl  analysis of  t t re represer ' I tatrons of  th.e ' fcrrrnal l ; r  real

Jord.an algebras that ar ise f rorn the elements a-t  ! ,  can be found in

/'
ments of  y are polynornials and there e: i is ts a canonical  grading

As v,ras shor,'m by KAIIP, Li.AfSUSHII'tt a:nd OC}{IAI [ZA-7, the e]e-

9 =9- r& la tz@ 9,@ ?r t r@ t *
4r x y  2

\  "ex  ] ,

s ( u , a ) , 4 )

E*Qa X { En

A

T S  ( d r w )  =  $ ( f  d n w )

f r r 1
l L 4 q l / '
L J ) ,  / z u  J  -

q - ,  =  f (u . ,o )
t

9q/z = {r^
f ,  l 4
7  , =  1  ( t , t )  e

From [rc a] i t  fol lows that

( o q ( , ,  U ( i \ , , ' \  *  h { o ) r v  +  2
\ z . u \ t L ,  I  \ a / r Y l ,  a T  \ r / t Y  '  4

Pt /Z  is  a  conp lex  su-bspace 'o f  { I ,  P t  i s  a  rea l  subspace

a d.etai led descr ip. t icn 'of  Pr1r.anc1 P'  u?e DOR.Ir l i [EISTER

n { 3

L  ) 9 J .



* 1 7

secoRd" dif fer:ent ial  d! log I  at the point e i  th.en o. is a posit j .ve
e - ' L -

d.ef ined bi l inear form on X" The 0-bi l inear extens: ion of  s:  to X0

v?il l- also be denoted. by (- 
" Yle nolv compare the third dif ierent:i.al

7'  
, i )  l n n w  , r r i - l ' h  6 -

.  v - e  ! v 6  ' (  Y Y r  v r r

t  6 ( * y , r )  i = - * a l .  ] o g ) 1  ( x . ' ' , . n ) -
/ .  e  L r ^ l J e u t ,  x t  J t & 4 X ,

. '  fhe  produc t  (x ,y )  . - ]  xy  ;=  A(x )y  imnoses  on  X the  s t ruc ' tu re  o . { : '

a coptnuta. t ive*-g.1g9ff9 Q.= q ( t ,Sre) (wi th ident i ty e and lef t  nLr l*

t ip l i ca . t ions  A(x ) ) "  In  the  complex . i f j -ec l  a lgebra  qo  o f  q  v re  have

l f  /  \  r /  )  f ^ -  -  r r  o a f i E  m r ^ -u  l x r y r z )  = (  l > : r y z ,  ' - r r r -  -  L ( "  "  T h e  p a r a m e t e r  s p a c e  P - . ,  i s  a

subalgebra of 4 (o"" D0RFi'; ' i l l ISTlIi?" l:18 d, CorolJ-ary 5.2J) and has

a  r r n ' i  J -  r r r l r - i  n l , r  r ua  Aann f -o  h r rq  u r r l U t  Y t l l l v r t  r . v  p "  U

L- - (z )  in  t t re  express ion  fo r  t ,  d "enotes  a  new produc t  inx '  r

the  vec tor  $pace .X ,  de f in ing  the  muta t ton( -  o f  4 ,  namely

A _ - ( a ) l  : =  ( a x ) n  +  a ( > r b )  *  x ( a b ) "x

r f  r v e  s e t  $ ( u , * )  ; =  C - ( " r S ( u , v r ) ) ,  r v i t l  r , w 6 U r  t h e n  - f  i s  a  p o s i - t i v e

def in i te  l {e r rn i t ian  fo rm on U.  F : ina-L ly ,  w i tn  S  (1G)urw)  ;=

: =  6 -  ( z r S ( u r v r ) ) u  l v h b r e  z e  X U  a n d  1 , r w 6 u ,  c l ;  X t  +  E n d ^  U  - L s  a' t u

0- l inear  map.
/'

P u t b i - n g . P _ ,  : =  X ,  ? _ t / Z : =  U ,  a n d  P o  2 = 7 o ?  v t e  s e e  t h . a t

P t r  
j -s  a  'oaraneter  domaln,  tor '  f7 .  The e lernents of  91 are therefor :e

^ a

of ten vr r i t ten as t^  [ *J ,  v t  €  P] .

leg1ryr_-Ll-qj1 (Sara.rn f+t;11. A kionogeneous Siegel dorriain
!  .  f )  / r .

D(y,s)  i - *  ca l led wegsmgg- t r j . -q"  i f  the a lgebra u(=4 (Y,s ,e)  in  a

T ^ u , Q - . a  ^ ' l  ^ n l " . n n
l .  c r  L J I  L l d . I t  d _ L U ( z  v I  d . 6

Bcrcc i - .  F rom d* (ab rc )  =  C  (a ,bc ) ,  i t  f o l l ows  tha t  Q . iu  a

f n rma l  l  w  r r . a l  .Tn r * l n  a ' l  r r r , : b f& .
I V ! f r t s ! I y  r v s !

From DORIli ltISTjtR l:IB ard-l t ine follorving theorem i.s

l nned :La te :



4 l ' ! r a n r a . - n  A  1 ^  T n r  2_ L t l i , v . r .  w . , .  _ J - 1 3 . .  
4  v !

f n - l  
- l  

n r r r i  n r  r r y l r - r  r ' ^ r ' r i  r r q ' ' i  nn l :  r
l -  v  f  ! v  v Y  r i r t J  s r -  \ /  v  ! i  4 +  v  ( * - L v  r . 4  v  i

- l-8

homogeneous S iege l  r lomain  D(Y" rS)  t l ie

1)  l (YrS)  1s  oruas j - ,s ; ryune 'b r ic ;

"  i l  A ts  a  Jor :da in  a lgebra ;

3)  Y  is  se l fdu"a l  rv i th  respec t  to  6 -  ;

l  \  6  i c . r ' n r : ^ r r n l - i r r o '' t /  
J  6  

a u  r v u G v v r v v t

5 )  ,  
"  

i s  s e l f a d j o i n t  v r i t h  r e s p e c " b  t o  ( & S  ,

6 )  ( A ( x ) ,  t / z  K  ( x ) ) G  9 o  f o r  x  6 x .

For  a  qua.s isy rnnet r l c  S iege l  dona i rL  D(Y,S)  there  ex is t  subspaces

X,  cX an i l  UrcU (un i -o .ue ly  de ter r r i incd  up  to  the  order )  such tha . t  X  =

=  @  X . , ,  U  = @  U * ,  a n c i  S ( U . ' U * )  c X *  h o l d " T f  w e  d e n o ' L e  b y  Y u  t h e  p r o -
J  J '  J  J  J  J

j e c t i o n  o f  Y  o n  X .  a n . c l  b t '  S ,  t h e  . r e s t r i c t i o n  o f  S  t o  O j ,  t h e n  l ( Y , S ) =

f i \  ^  r * -  ^  \  ^  / . -  ^  \= € 9 D ( Y * r S * ) ,  r v l i e r e  D ( i : - , , S . )  a r e  i r : : e d u c i b l e .  T h e  c o n e s  Y .  a r e  a l s o' J '  
J ' '  . ' J '  J '  J

i r rec lu .c ib t -e  anC the  l lo r i : ru ra  I (  X  y . . )  = - fTnr* ( * . )  ho lds ,  v r i re ret  1  J '  |  '  ( J ' J

1*  i s  de . f l1nec1 v - l -q  the  .Be- rgr ra r rn  k 'e rne l  o f  l6Y. ,Su) "  I t  . fo l - lov is  tha t
[ J  J '  , . i

A $ , s , e )  = &  C r ,  ' r , , h e r e  Q j r =  Q t y , s j , " j )  a . n d  e A .t

$p_9.A.qi*U9_n.4:?. : .  ( loniui l tFjTl i f i  [ 'n a]) ,  e)  A Siegel  c lonain

i s  qua .s i . sy t :L rc t i : i c  i . f l  and  on l y  i f  a . l l  i t s  i r r cduc ib le  conponen ts  a l : e

^  l r n  c r  - - i  a r l r i l r l n  - i : r , - i  n
" J ' * " " '

b) rN ctruasi.sin:r i ; iet: i : ic Siegeri

a .nd .  on l ; r  f f  A  (Y rS ,e )  i s  s i rnp l -e "

P r o p o s i t i c i r  4 . 3 . (s.l.rrl.n:n [+U7. let n (Y, s ) be an irue du-

c j .b le  qu -as i . sym. r ' l e t r i c  S iege l  c l cma in .  Then  e i t he r  D (YrS)  i s  syn tme  t r i c

r /
u  q  - n

U I  |  -  / a  /  1  -  v .
J  L / t  v  r

.  Eg,rra4!:  Pqopoggt lo:r  ! ._3.  iF gt  in lnecl ia. te conser luence o l '

C o r o l l a r j - e s  5 . 2  a n d  5 . 9 - 7 .

t- l -B d9

No_[ : r l l .b l .  Lret  X be a f j -n i te-d imensional  rea l  vector  spacet

and  l e t  U  be  a  f i n i t e -d imens iona l  conp le : t  vec to r  space .  1 r?e  deno .be

-  n  1 - r  r ? \o y  r J \ r r u /  r n e  s e t  o f  a l l  t r i p l e s  ( Y , S , e ) ,  t v h e r e  e . €  Y ,  a n c l  I ) ( Y " , S )  i s
f'l ,fr, -.) -- \

a c luars isynmet r ic  S iege l  c iomain  i l  X ' {  U .  \ " , ie  de i ro te  by  q(XrU)  t i ro

se t .o f  a l l  t r i .p le ,  (  4 ,  CP ,  (  )  sa t i s - fy ing  the  fo l lo rv ing  four' t )

r .  / r r  n  \

dor , ra i iL  l l  (Y,  S )  is  i r reducib l -e

A I



l )  a is a forrnal- ly :rea.} Jor-clan algebra on X (vr i th unj-t  .) ;

Z) g is a posit ive definr-Le t ler inj . t ia.n form on l ] i

/ )  t t . r ,  \  [ ' u  -  -  |  
?  1

3 ) y : q  * : ' > '  D y n ( u ' 5  ) r - 1 d € u n c t o u  I  X ' = X J i s  a

honor:or 'phism of Jo;rc ian a. lgebras ;

4 )  9 ( " )  = I c 1 ,

Theorg:p-A-A- (Sft,tfn [+tJ) " There is ei canoaica'l biject]j"orr

f rom Q (x ,  u)  onto L  t " iu)  .

x5. DORFI,IIIISTEF garre [rc b-J an a-d" hoc 'oroof for

' lheor ,em 4.4. .  &rLc1 expl ic i t ly  s ta tec.  the canonica l  b j - jec t ion*

i' lql?-t-rgg. ConsiderLhe rati"onal naps T 'rla fr of X0 X U

/fl
' i n *o  - I u  V  U  de f i r : cd  byI r r  u v  r !  , \  

' -  t )

f i ( r , u )  i -  ( ( z - t e )  ( z + t " ) - 1  ,  d q ( z + . , e ) - r u - )  ,

i ,  '  o ) - 1 -  A @ ( c - r ) - f  u ) ,' J t  ( z , u ) : =  ( i ( e + z ) ( e - n )  ^ t  
/ r Y { , c '

'  I  h  i  n  r a t i  s f r . '  4 .  B =  2 ! .

&CSJ*qjf--4"5. t"t l l(Y,S) a qua'sis;rmr:retric Sie3el" t iornaivr*

Then j i  naps D(YlS) biholo*o: :ph: i .ca11y onto a hornogen.eous boundeci

Conarn ,  

'

negg'5-L. l00S [lZ A-] developecS- a theor;r of bor.rnde6. ';ym'Iie*

tric donra,i ls u-si-ngr irr particul-i l ,r, (Herrnl'bian) Jorc1a.n triptr-e slrs Lents "

' IIe also mcniioncd the maps f ettd' f '

EqngiE 2.  I ls i "n.g.  the'abcve-ment ioned resul 'Ls,  the theor l r  ef

z 
representat ions of  . r . tarn alsgbras agcl  the thgory of  Cl i f ford ar l -

.  gebras,  i t  i .s  possi-ble to descr ibe expl- ic i t ly  a l l  c luasisymrne' t r j 'c

Siegel  r tonains.  This has been carr j -ed r :u ' t  by DORFI ' IEIS1'EIt  [ rc bJ '

!9l1gi$ql, ' A Si-egel clomain D(Y'S) is called S;1lggjei-g'

i f  fo r  each x€ l (YrS)  there  er , ' c is ts  a  b iho lonror :ph ic  map

.3. .  :  l (YrS )  *- ; " ' l (YrS) sat isfy l - t rg g- o 8x = Id and having x as



i s o l a t e d

s r r m r l c t r i c  i f  a . n dp J  r l ! : r v  u J -  I  v

n l ' l l - \ r  . i T

m o  * v , i  n
I t l v  u r  - L v  I

P:r:opositlo4 _4--7*.-" A synxnetric Siegel A n r n c t - i v r  - i  , r  n t t n c r - i  c l T n n *
u v . r r f  w 4 J . !  4  u  \ t v - L q L , r  1 . , . j /  r t l

tsgrcIL"?.ropcsi 'L iorr '  4n'7. ,  s+;a ' ted Ln L' t lL- / ,  a-1so fo1lovrs

from t lT.e f i reorem 4"6 abo*. /e and f :18 dr Theor- 'en 7.L2-7"

9-on4rSp_!g. A characterlzetio:n of slrmnetric SiegeI domaj-ns

in te::rns of quasi syrirnetric Sie,"gel cloniains l'ras gi-'ven by DORFi'irIiiTllIt

. . 4

L  L U  c '  \  ) J .

l l s rpg  n  cons t ruc i ion  wh ich  assoc la tes  Jorc lan  pa i rs  to  c le l : -

e l.ba in l ie  a l -gebrasr / ,  :DOR} ' :Tf5 l ' I tF .  [ rc  c- /  const ructcd : for  evc] : 'J i

Siegel dcrnaitr a Jo:: '<lan pai::" Thi.s Jolcian pa"ir j .nduces ancther Jo::cl-eLn

t r  1 F  p !  Y  p -  , ^ \  ̂ ' , i e  s h e ; . I l  r e c a l lpa i r  -  d .e i i o ted  be3 -ow by  l / .  -  on  (X "  X  U ,  
" t  

A  ,Ly2 , .  i l e  sha1 l  rec&  
, r

he: :e  lORl i i , l i i IS 'J IRfs resul ts  ILB c,  *  n-7 co] ]cern i .ng"  bhe Jordan pai r  V"

l )  A Siegel  dcnai . i r  l (YrS) is synmc-Lr j .c.  j - f  a.nd orr l -y i f  i 'b  is hctr to*

gerreouc aLnc. I  GrS) is, ;  sei i r j -s inple.Tlhusrby a resr. i l t  o. f  VEY [Al ,
p ropos i t i .on  6 .2 l r t l te  assu- r . rp t i c r r  tha t  l (Y ,S)  i -s  homogeneou$ qay

b c  o n i t t e d "  
D  O

2) I f  iT is;  a rera. l  or  con1l l -e: :  vcc"or space ahd J = J-  ( ' ' ,L is 'uhe set

of poly-nonial nlaps frorn \T to \i i , then i"e cenote by '4 = J' (v)

the  snbse 'b  o f  ?  o f  po l } 'nor l ia ls  o f  dcgree f  +  1 .  Ic : :  XrY <-  ? ,

.  w e . d e f i . n e  a  p r o d u c t  b ; r  [ X , "  ] f " ) ' : = - d " * Y ( t q ) f  
-  d - x ( Y ( " ) ) " r h u s

?bu"oru* a Lie algebra and rve have L ?r, f l  J -  ?r**" I f  .

D(Y 'S)  is  a  S iegel  domain,  tnen I  $rS)  is  , .  u , , t t rg"d"L or

? Ac V u). The fol i -owing t l :eor.em hr-olds: iet 9-^ t  ?-,  ,-  \ r L  n  " /

io. n, it . ?tbe subspaces, and assume that | '=V-r-@ 7, O 7 t

is : i ;  subargebra of P. ,**n ( 7-r, 7 ,) together with the

tr- 'Ll inear niairs

20

, t  ),  f i  vor i  zrn i  n  +, -  t  -r . i - r l v u  y v * r !  v  o

S gggg*.!".9-". A Sj.egel ,1ep.i rI I (Y'S ) is

/  r , .  ^ t  .y (Y ,S ) i  s semi si- :nPl-e .

ry a ; , E c * " f- \r - I fr-, q 'l

{  l '  ? r t  5_rn 9r+ 3 t  ,  t  = !  r  ,  1 t .  " * " r 'uJ :=-Lfx ,  
,  t - r j ' ru j

is a Jord.ari.  pair.
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i 'Totat iorL ,  Givelr a hor: logeneous Siegel.  dornain D(YrS)r t l :e

e x p r - i c i t  e ; K p r : e s ; s i o n s  f o r  X X €  h ,  )  J U z ,  |  1 ,  $ h o \ o l  t h a t

r A  r  l Q ^  O  r 6 p  r C t  r  Q r r s s ,  r 8 ^  ? l  \ y e . , r t - 7  - - T ( ' r s i ) : =

9 "  
-  (  t " ' n  f _ 1  r V  \ 7  t i  t o ! * \ 7  n  t L ) ' \ c e  p " u t = d . ' r , ' r r ' *

:=  (J* ,  J - ) ,  *nu t .  S€  r=  f ; tn  ? r t ,

Frc;nL the th.eoren reca. l le C in the footnote i t  fo l lovrs t lLat
f - - - l

V ,  t o g e t l r e . r i t n { x , ,  Y - e u  z u \ t =  -  
L [ t t , t - r ] ,  

' , )  '  i s - &
V  '  ' ' r ,  a  

'  v  ,  , . r L
Jo ' r lan pa i r  o . . ,er  0 .  I f  Xe I  o  then rve deno" te  t 'y  X*  ( resp ' ,  - { * ,

. A  - , : - \  
z r t

Xn)  t t r . .  cor ls  te .n t  ( res1 : , , l i t rea t ,  c luadra t , i c )  component  o f  J f  tn  J -  "

r t  i s  obv ious  tha tX=XL to " {ng* l - ,X=X l  fo r  X  e  go ,  a 'nd  X=X '
t f  f  l

f o r  " {  €  7 r .
, [ \ f ]

i ? e  s e 1 ;  Y +  : =  x u ( D  u ,  v  , =  P l  @  P t / 2 ,  a n d  i n t p o s e  o n

V+ the canoir ical  g-struciure,  lvhi1e on V*,r ie inpose the dua'1 conipl-ex

s t r u c t u : : e  ( i . e .  o ( ( z + v t ) : =  & '  z  @  i  
" v ,  

d . ' € Q : ,  z  e  P \  t  Y { e P U Z

vihe::e ? is the comple: ;  con' jugatc of  . (  ancr 7 ' '  resp'  ? uio i ; ;

sca la r  mu. l - t ip l i ca t ion  in  l l  ,  rcsp .  y r /z ) ,  l ,e  t  l f  ,=  ! "  (y rs ,e )  :=

: =  ( Y * ,  Y - ) n  r L n d

€  . €  € = !
i E  :  V  * *  ' J  t  

v =  E  t

r , /  *1 .  r /  -  -  t

n ( a . s  d )  , = x _ r [ " J *  + t * t / Z  L d l "

i - ( x o w ) , = X i  t f J  
q  *  X  { z l - ' v l  

q  .

P::oposr- ! ig- l - : - - - -4*9.  The map j€  I  v r* -+ '  J t ,  €=!  o  i$  an"
G - o * -

i so rno rph i sm o f  co i i i p l e> l  vec to r  spacesc

c . q ! q . l J . p d 1 . P u t t i n g \ 1 ' v t X v - t x v € * - - + '  v t '  
'

I  e  c  - - t  )  . - r  l "  .  , ,  € \  - i  ( . , - t ) .  - ,  f r - t  l \  bhe  s t ruc tu 'e
1 " f  " ,  " ; J r = i s *  t i c ( v t / '  J - r i v ' r  ) t  J s  t v 5  t )

of  a  Jorc lan  pa i rs  i s  c le f ined-on f ;  (V ' * ' ,  V- )

R,e]n'?rI. Using .b}re de scr.ip.l"ior.r. or g aS reca]-}ecl at the

begirri1i.ng of bh.is sectiol, 1l0RFl'xTIS,rER l:1S c-l gave arr'expllcit

formulat ion for  the t r ip le. .orod1rct  {  i  or  I f  i -n terns of  e '



As an appl icat iorr  of

ducible cor i rponents,  recal l -ed.

fo.l lor,ving DroPo s j. ' t ion .
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the  d .ecornpos l t ion  o f  D(YrS)  i .n to  j , r re*

be  fo re  as  Pro i los l t ion  4- ,2 ,  we g ; ive  the

f  def ined as

si t io:n of  th.e SiegeJ-

I  l "  rr- , lVT h e n  V = @ V i  h o l d s '

cons"bructecL for  I  (Y.

Theorem 4""
-  l F '  , - I  ^

\ ive have Rad U = (Pt @

nen-b  o f  Pr r  I  *  1 '  l /2 "

I t
, i t *  O)u ' ,v l tere Pi is the orthogonal  conlpo*

b) set \I :  := r l  @ Pr7, and endor,v

conplex structu: :e I  Put
.L

l /  .  -  \ /
Y  . -  I  6

. l r+
l ,v s

, +(v^
'  r l '

slnple subDair  of  V r

c )  the Jordan n n ' i r  n f  a  s l r r n r l e l ; r i c  S i e n e l  d o n a i n  i s  s ; c n " r i -
\ ) c L ) - L  

v l  u  u J r t a r \ /  v r  r v

s i i t o l e .

. For a given hor;rogerreous Siegel donai-n :D (Y, S ) r ])0ltFl,:r-i:Sfi i l i

f l a  e  7  ano l ied  t l :e  above-nent ioned resr - r - l - i s  to  .p roYe exp l l c i . t ;
k r

ey i l r ess ions  fo r  1 -pa ra . l ne te . r  g rouos  o f  e l -e : r i en ts  o f  J |  .  Th i s  y i c lds
v r r J J !

a d-escr ip t ion  o f  the  co l r i .ec1eC conpcnent  o f  Aut  l (y rS)  tha t  co ' ] *

'  - ba . i ns  th .e  i den t i t y  ( see  [ tA  c ,  Theorems  6 .3 ,  6 ,4 ,  and  6 .7J ) ,

$ 5 .  Theta  func t ions  fo r  Jordan pa i rs

R}IS1'{ IK0FT' [ '57 l - /  aef ined theta funci ions associated

rvi th conipJ-ex f i r i i te*d. i .mdnsional  Jordi in pa. i rs adn' i i t t ing a posi t ive

I{ernr i t lan inrrol-ut ion" using an abstract  of  h is ta lk (see [ l l  hJ),

be low we  ske tch  th i s  cons t ruc t l on "

/ r r *  i r * )  ho a conplcx : f j -n i te-d imensional  Jo: :da.n.  ca i : :l - re t  (v  r  v  /  ue L l  conp-Lcx :L l r l l

aclruitt in.g a posit ive l lermit ian i trvgl.ut iol.  x : V- ---)F- V-'.

r l-,
I ' G

M "  l , e t  ] ) ( Y , s )  =  4 ) ' l ( Y i ,  s , )  b e  t h e  d e c o t i t p o *
- . J . )

d o n p . i n  l ( Y r $ )  i n t o

vrhere \E = ll", (ty

,  t j )  a r , d  e r .

1 0 .  a . ) w i t h  R a c l

i r redncible

* j u  u j )  i s

components  "

the Jorclan 'naix

i n f f S A " f ,  $ , 1 ' ,

with the ca.ncnical

r r -  \  - :  ^

"  \ /  I  r -s  a  cer l l -. S
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. tr* r | \t- V V+ *--*- V+ vuill be

deno-"ff#;,'::,'T' ;"Ti:,]*].' 
o'?'* 6:v-' and we vrrj te

u.rw iri 
.bhe procLuc'u ir-:stea'd- of ux' w*n 

o^ i* nax-inals

and,.-'il =fi:'.:J".:"l'-T# 
I1':';il"itio1'? $re

have v i r0  V iz  @ 
, {6 .2= a&t , r . ,ne ,ye  

Q is  a  fo rmal ly  rea l  Jo : : *an

a l g e b r a .  - - o  . -  n . . f ,  o  f o r  1  (  i 4  1 (  2 'a*o 

ffif_;;::. 1,;t';::f d,o.,io ,_o* e'_enenr h

such tha 'u  0  (h  6  A t t 'and  le t  % =  %22gu 'oev iz$v io  
be1-ong to

0 , 1 u , [ : h ) :  
=  

. . \

) n + t  l " r ) r o I  r o ]  
* \ " u x \

. - *  ^ v n  i  [ C  ( q (  ] ) n  +  t  t " t ^ . t u  
r ' w '  r

,  = '  
)  

wr 'Lr

La'FD

l e d  \
tr=1{.@A'10 

narogues of all usual

gqorineprp" rtris serie- '":::::"- 
1* 

"*u,rr** 
to *1" theta

functionar 
and c.j.fferentia'1' 

ecluati-ons" 
"" r""" t;, = \I ^ = oo

ciated with "' 
lo"a"' il1"Y"--Tl"t;t 

= v2o * vc

f  r . rnct ion asso 
anr l  a lso $SA'Y r  )  |  t  '

(.see RIJSNII(OII| [il 
aJ

!
ii

f
F l
i

I
il
i
I
!
I

I
t
}i

the Siegel  donain of  t ) r !e 2 

I
-  ) Y . .  ^  

]  
o

,  -.d rr\rr- \ '-gP - t t  ,zo, 7'2e' uz\ 7 w 
)

\ 'r) 
"zo 

€ \ zzw 
' 'o 

l  
t 'r  - 

,  \ . . . .  *D t=  
1  

, zzw 'oz0 -  " z ' t  - "  
I  rhe re  D(u rv ) rv : *

r,et u€'izsvi.o. sei c i '*, ') '= 
:;:-1t-" i;* 

"?\")-*' 
o

:= i** J 
; tbe constant c is u""::."r:; 

Q(x)r, 
1 | --*, \

concides "'rith. 
tlre reii*ced trace" irinallvl n*: nt:':"ff"*{:t 

.ui';

r*e#i;lroa'?'T'*"::T- #:::J*" i s
the  la t t iee  / ' ' - -  { "s  ^1o  d 'Lv

I.

;.i:

i

I

i

['
f
i
i

l
I'
t.
:

h ) '
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$ 6.  Di f ferent ia. l  equat ions in Jorclan tr ip le

r  - r  - - - 1 - - -

$ysterus and" Jordan Pai:rs

iet T be a (qua.dratic ) f ir:r ite-dimensiona.l- Jorclan .tri"ple

sys 'bem over  a  f ie lc l  lK  o f  charac ter j . s t i c  f  2 .  le f iner  3$  usua l ly ,

t h e  t r i t i n e a r  c o n p o s i t i o n  b y  { " r r } t =  F ( x ' + z ) y  *  p ( x ) y  *  P ( z ) V

( s e e  J ' S A ' r '  $  : )  '  l , e t  B ( x , y ) z  i =  z  |  " n ,  ) n  n ( x ) p  ( v ) ' .  l e t

rn '  
fT) be t i re sul lgroup of  the group of  b i rat ional  t ransfo:rnla-

t - f  \  * l  

1  r 1 - ,  . - - r - ^ . - ^ r . - - , .  - r - r  ( +  +  )
t ions of  T I  T genera. tecl  by the structure group ancl  at t  l ta,  Tn.)  t

i +  +  \ , ' i t : ? r  n  e . T -  |  ( x )  l =  X - l - B . r
\  U a t  u a ,  Y Y r  u r r  q  L  ! ,  v A \ "  t

has been studied by KOECHER [Zg

and

al

ft
, f \ - a'b,, (x ) : = x-*, The group 5-1 (r )

(see a l -so fzg b-7) '  Th is

1-
a.

group is the group of K-ratiorLal poirrts of an affine al-gebrai-c

[i*group,

riiuri [-ial defined the gto*n 'O

ancl g are birational naps of T witi l  the

ts ( r (x ) ,  e(y) ,  =  
+P R(x ,v)  nr , *  (v ) ,

I r ( s ( x ) ,  r ( y ) )  =  
* { * -  

B ( * , y )  H i , e  ( { ) ,

sr-r i table rat lonal  naPs Hf 
,g 

t*d

fn general v,re have
, H ,

Tl  (n)  =  @ (r )  in  case char  lK = 0 or  T has.n,o ext reme rad, j -ca l "
, H . ,  

\ f  /  
-  

\ -  
.  

- - * - - -

For charq.cter j .zat ions gf  thgs-e 8;r9! .ps j -nvolv in.g a ' l1orm on T the
a l  -

reader i-s referred to I(UHI'I / 3OJ o'

Concernlng the Riccat i  d i f ferent ia l  equat ion in Jorcla.n

pairs, BRAUItr [ l-7 proved a rcjslu]t recalled belor, 'u' (see Theorern

6.1 ) .  l inear i  za'bion of  the rnatr ix Riccat i  d i f feren.t ia l  eclua' t i -on

@ (r ).  She provcrl  that

( t )  o f  a l l  ( t , g ) ,  v r i : c r e  f

property that

and

f o r
1 J l
f , l  

f  6  
'

r t 6

/ m  \
\ - L l  u

derived .frorn (t, X n)-rnatrices (see LIIVIN IIZJ) and 'bhe Ricca'-bi
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d"ifferent. 'a.L equatiol for operators in a Banach $pace (see [AR'1A1>'

fa"a 7\ a.re assu-it led. to be knowt, totre read-er"
L ' l ' - ' J  

{  +

Iret V be a Jordan pair l ' , ; j-th V-, 6- = I , l3anach $pacest ancl

]et  D and. Q be the der ivat ion a.nc1 the quad"rat ic representat ion def i -

ned.  as  usua l ly  (see  JSA. I ,  $  +) "  I - re t  I  be  an  lR* in te rva ' ! ,  le t  ) i  be

an in. i t ia l  poi i r . t  in f ,  and le 'c k be a giverr  in i t ia l  value, kGY*'

t ' 7  \  /  '  \  r  n n n * - i r , r l r r r t q  f t l t r e l ; ' i O n s .  V  :  I  - - " +  v  e
J J e r  v  \  j t t  v r ( . ) /  C I e g l v e n c o n t i n u o u s f l l n c t i o n s ,  Y :  I - - P  V * " '

. +
w : I  **  V*,  anr l  let  D a.nd- Q be ecnt inuous. ' l 'he Riccat i  d- l f fe len*

t j^a1 equat ion- ( i " ' i thou' t  l i r rear tcrm) iu def ined by

) . ,  ^ /  \
r . : : = t J ( x / y * v y ' a
d 3  r

solut ion x ;  I  X I  *: tsV' with

b e  c l e n o t e d  b y  
" (  \  '  1  ) '

t ' l o t a t i o n .  B ( u r t )  : =  I d

ini.t ial value k at the Point t l

-  l ( u , : t )  +  a ( u ) q ( t ) ,  r t  : =

0 at  yL = 0.  .Put

-r  r . r  . ,u1rr ' - (z)
r  r r  |  \ 4 ! /-1'

T V T - - - iD-  V-  Snl  r re J ;he l ' i  r roar"  svs-bem
+  / \  

.  a  L J ( J I V I  ( / l l s  l I r L U s *  
" , ) ' "  

" " ^ -

h

"f "*d ,

=  -  l ( v r x o ) h -  ,

z(  I  , \ )  =  b .  t ' t r "en  i ( !  ' \ )

-l

r =  B ( r r t ) - 1  ( u - Q ( u ) t ) ,  f o r  u  e . V + r  t e \ r - ,  i f  t h e  i n v e r s e  o f  B ( u r t )

e x i s t s ,
a

T i i e o r e n  b 1 r^+ * '  ' ; ra  
the so l -ut ion of  the Ri -ccat i  equa-

I - . -  I I U U  r l r , \  I J U  U f , r w  D v : 4 v r v ! '

I h e

wi l l

d n

l-h o

t ion v'ri.th irr. it ial- value ft =

x ( ]  '  \ )  
' =  * o

h r T x T - - > A u t V a r zt t f  '

. \
d v r

J-. = Tr l '* ..)h
\  ,  

' P \ i ' O t v  / t t +  t

0 t

t ha t  
V=n- r (v )  

, , v i t h

I

t r o - ( 1 , I  )  =
?Id

=

t.

so lu t ion v a l u e  x ( I '  I ) | -r 'l'l neighborhoo c1 of '1 )
t ion r ,vr th  i r r i t ia l  va lue x( I r IJ  = 1(  \ l -n  a nelg l ruor l luuLr  \ r I  ' l  /  "

Recently, \ IAL,C1IER [>t u-J g^rr" a charac'beri zat ' ,  ovt of 'regular

appl l .cat iorr  to the Ricca' t i  c l i f f ,erent ia l  equa' t ion'

a  f in i te -d imens j -ona l  vec tor  space over  fRr

a  quadra t ic  napr  GcV oPen (g  /  i l ) ,  and

a\

Jordatr  pairs anc1 i ts

as fo l lovrs.  I ,et  V be

p : V **-ts l lon (VrV)
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1
rQ €.  C'(G,V).  Suppos.;e thra, t  for  a"11

I

=-a  whenever  z ( t )cc  i s  a ,  so lu t ion  o f

i  =  P(x )  a ,  By  c l i f fe ren t ia t ion  D f

cher 'showed tha t  th .e  id .en t i -by  P(x ,

f ied  fo r  a l l .  x rY tz  6 .  Y .  Thus  there

( P r Q - )  o n  Y =  ( ' { , v )  a n d  b y  f h e o r e m

a  I  I * >  V - ,  e :  I - - +  T * ,  ( t s + ,

nuous"  f f  z l t )  so lves

& € v one has (a/at) ,{ (z( ir)

"bhe Riccat i  d i f ferent ia l  eo,uat-Lon

(x).  p(x)  = - Ic1" l / loreover,  t r i , 'a. l*

P ( x ) z ) y  =  P ( x , 1 ' ( x ) y ) z  1 s  s a t i s *

ex' i -sts a Jordan pair  struc ' ;ure

6 .1  the  fo l low ing  i ;  t rue :  le t

B ) : I -*-F- Ier I be conti- \

x . = F ( x ) u " + B * x + c
\

a n d "  P ( z ( t ) )  i s  i n ' , r e r t i b l e r  t h e n  P ( z ( t )  ) - 1  z f t )  s o t v e s

- Q _ ( x ) c + B * x - & q

r . ,et  us recal l -  t l ra ' t  a systen of  orc l inar;r  d i f ferent ia l  equa-

t ions; i  = F(trx_) is ,salc l  to ha- ' ' re a funt larnenta- l -  systern of  solu- l , lons

i f  -Lhere exj-s 'b i ie |  beIy.  many sol  i ; - t ions t i rat  c1eternine (ahnos-b) alJ.

other solutlonsl it is ca}led i+ sysbeiit of pgl-f*p:ri-a.],.-Sit$gg5l5l-1]'

egruf l  i f ,  fc . r  a"11 valnce oj l  t ,  F(t ,x)  is  a polyr iornial  j -n lc"  A

theorein cf  L, ie lnpl ies 'bhat a systera of  polynonial  c l i f - ferent j .a l

equat ions i ias a funclarner: ta l  sJ 's ie i l  of  solu 'b:Lcns i f  I . ( t rx)  =

\ ,
=

1  J - '  l - -

di-merrsional. subalgebra of the l, ie algebra Pol Y, tvhere '/ is the

vec tor  space on  lvh ich  the  sys ten i  i s  de f ined 'o

Recently, \YALCHER. [5I U^7 tuternined. t]rese subalgebras in the

case di ln \ r  -  l  and shotred to they correspond tg the l i iccat i -  ( i : rc l -u-

di-rrg l inea::) ancl the Rernoul.l i  
".1rt 'tt l-o,l"

Fcr clirn Y ) 1, -{/alcher inrrestj-gatecl ' t}re f:Lnite:.dimensiolta}, gr:ar)-ed-

suba lgebras  t  o f  Po l  V"  Deuof ing  by  Po l 'V  t i re  subs"uace o f  a l l

pol- ;mor:r ia ls of  degree. i+1, i t  is  shorvn tha"b the s 'emisirnpl ic i ty of



I  =  l - l  @  L o &  " . o  @  r *

vul tn  l .  c  Pol .  V,  inPl ies m = 1*
1 ; l -

I  is  said to be tran.s i . t j - r re i f  l_.1 = vo By a resul t  of

Kaltor, it is Lirown that a fini 'Le*d-imensionalrgrad"eil, trernsi-t j-ve

suba lgebra .  v i i th  m >  l .  i s  reduc ib le ;  tha t  i sn  there  ex is -bs 'a  sub*

s l r a c c  U o f  l - 1  , r r i t h  a  / U  / V  s u c h  t h a t  f o r  a l l  k l v i i t i  0  / ! ; {  m

and al ] -  p e Lrrr  p(V, ce or VrU) g Un This al-- lows one to red'uce Lhe-

discussiol .  of  t ransi t ive subalgebras to those rvhose degree eq.uals l*

The la1trlr a.r,e sholvn to arj-se from finite*dirnensj-onal Jo::d"an pairs.

In case dirn ' , I  *  2,  th j -s perrni ts a conplete ennuf lera-bj-oir .  of  a l l '

f in i te-dinens,Lonal ,  rnaxi i le. l ,  t : r :a.nsi t i 've subalge'bras of  Pol  Y of

f i -nort  r looree m" 'yYalcher:  a lso d" iscussed holv 'Lhese resul ts can be
! 4 4 v s  s v o a v ! .

used. to f i -nd al- l  sol i , : - 'b ions of  ce: : ta: ln types of  systei i rs of  poly-

nornial  d i f ferent ia l  ecluat ions'
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