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. J0IiDhlI STI?UC?IIRES IYITII AP?IICATIONS.vII.

AtGtsRAIC VAR.Urtmls (oR I,,L\IJTFOTDS) DEIiTMJI

BY JONIA]iI PAINS

Radu- fORDA].D3CU.

fhe descript ion of the al-^ebraj.c . , ,ar iet ies defined b;i  s. i  lnpt s

f rni te *dirrrens;iona I ( qriaclrati c ) Jor'de.n pa.irs over a.n a.]gebraica.-Lr y.

closec f i-c ' l  c is g1ven. in sec' i ;1on 1. The next t l .ro sectior.r.s focu.s on

local arid globai- Jorda.n r lanifol i is, a. l . . incl of nal i fold fo.r vr l-r i  ch the

ur rdcr : ty i r ,g  a lgebr :e :c  r . t ruc t r r re  ccn l i s .bs  o f  ( l ince , r )  Jorda '  po i rs .

\Yorth ne.t iorrr 'g is th*t marny fari i i l i : rr .rnanifolcrs e.re Jordarr

na,ni-fc ]d s .

$ l- .  i {onogeneou,s algebra.ic \rari  et ies defined

by Jorcl a.n pairs

L}OS E4eJ sholred thai every (qua.dra.t ic) Jorde.n pair defi_

nes an affrne algebraic g.roup, the pro jec,cirre. Arouo of. the J.ord.e,.n

pai:: .  on. the other hanci, he observc:cr pe{ tnat erre ry Jordan pr. lr

defines an algebrai-c va.r ie,cy, r elatecl v,, i  th the pro joct ive group of

the Jo.r'dan pair i.n a na-bura.t orlrle r;

.  , . 'e gi-ve a brief revict, ,  of the. r-,bove-nen j ; ioired cons truc ,r, i  o:rs .
' Ihe a. lgebrai c variet- ies defined bJ, simpfe f inr te -di-tnensi onal clor,-

clan pairs ovet: a.n. e. lgebral ical ly closed. f ield are l isted. The'

cor,ments on the re s;ul-ts 
'

are rnade.

let lli be an arbi- trari, ( corlniuia.t j-ve )

G be a separa'bed ll(-g::o up sheaf .

of PE'JJi}?S30I[ [3
L.
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Defini_tjon. An action p of the multipl icatlve g::oup lK_
lK on G b;r automorphisms is called e]enenjary, and the p"i" (G:
is cal l_ed an elenentary svsten, 1f there exist subgro up sheaves
," ,,+nt u s u generating G, such that H 1s fixed under V , U+ ..rrd
u- are yector  groups on r . rh ich p acts v ia V*{u) ,=t t lu,  and 1.Z:=
: =  U - . H . U +  i s  o p e n  i n  G .

Rernark' The cnndit ions 1n the above Definit ion determine
. I r u r a l ) d U u n i q u e f y .

The l ie algebra yI of U! is a f lni tely generated and pro_
jective lK-+odule, and there exist unique isomorphi"** 

""p,Vf 
_-> Ul

rqi 'bh l ie (exp ) = f  d such that U. (ex,, r ._ ) .  
+- e'

.  +  r  t . - - - r ,  ' , , ' 7  )  =  exp( t - r rx )  fo r  a l l

o f

v / )

tf lKo, and x € V.- (see l00S E+d , 3.7-Z)
There exists a uni c,ue Jorclan pair structure on V =

vrith the folloviing proper.tyl for alt- (",y) e V* X V; ,  R  be ing  a

( conmutatlve associa.t ive
. 1 / . \e J 4_ (-y,)  i f  and on:1 v i  I

unrr,er ) y!-algebra, we have exp(x)exp(y)€

( * ry )  lu  quas i  - inver -b i  b le .  fn  th is  case,

exp (x) exp (y) = exp (yx)l  (x, y)exp (xy), vr i .  trr  a norphisn b:r i , i  _). H,
vihere I l  is the subschehe of quasi_invert ibf e pairs. AIso, H r lor.rna_
fizes U+ and U- and acts on V by autoniorphisns r ia the a.djoint re_

asscc ia . tq l  v r i th  (G,  t { /  ) .

I n  gene ra l ,  (C ,  I  )  i "
given a Jo::dan pair y rvith yt

no t uni que 1;. de terrnirre c1 by V .IJovrever ,
f i  n i  te ly  gene: :a tcd  and pr :  jec ,u i le ,

presenta. t ion (see Laos G4/ ,  4 . r_7 ) .  v  is  ca l - fec l  the Jordan nai r

t h e r e  e x i s L s  a n  ( e s s e  : , t i : 1 " 1 y  u r r r q u e )  [ ( _ g r o u p  s h e a f  T  =  ? G ( / ) ,  t h e
p.rgi-a_c Ji-yg_ss.ollp of v, a.nd an el-enenta_ry actron V o" E vrb.o se as_
soclatecl Joi,dan pair is V, and_ such thai the hol iomorphism E- _-+* Aut (V
_ i  r r d t t n - . 1  l - , , "  + ! . ^rr luc{uuu uy rrt .e ao.Sornt rerrre s errtat ion is a. i .r  ispruqrrhisn. f f  f  :  f(__>
-> ? c Au.i(V) is the u. i t ique hoiaoniorph{sn sruch thzJ: oo Tfl ,  I  I  _

+ t  +  
_ ' - i \ r ' '  J q e : r  u J l d '  t r  - o  

,  r  v , t . r .  -

= t - '  .  x  fo r  t  (1 r i  .  - .  z t r -  l l ,.-m, -a < va , 1,hcn f i l  given by ccn ju.gati .on r. ; :  th



z

. f  ( see  l00S D+1 ,  5 .14  and  5 , I5J  ) .

let V = (Vt', V-) be a f 1ni te -dirnensiona.l Jordan pair over
an algebraically closed fj-eld {f and let X = X(f) be the quotlent

^ --+
01 v X V by the eqnivalence relat j_on

( x , y ) . -  ( x ' ,  X ' ) i f  a n a  o n l y  i f  ( x , y - y , )  i s  q u a s i  - i n v e : : t i b t e  a . n d

*t = 1I-Xr. (As usual-,  xX denotes the quasi- inverse ln the Jordan

oalr V). l00S tt+,gl oroved thai X is a qu.asi-_pro ject ive va.r iety

contaltr ing V-F as an open dense subset, and tha-b X is pro jec,r ive i f
V is senisirople. Lloreover, looq sholved. f l rat under the project lve

group of V the space X is hotlogeneous in a natural uray, ancl that

this prcject ive group is i-sonrorphlc to the gro u.p of automorphisns

of x i f  v  is  senis imple.This is  essent ia l ly  due to cr{ow f  e l  in
fcur cla.ssical cases. For a geonetr j .c cha::aLc'uer:-zation of 

. the 
prc_

jective grorrp see crJ)'I /:9 J, \.!\rJL,friER [4o9, FR.BLDEIITHAI [.tJ,
HUj\ C6qJl, SpnIt icER FtJ, and, al_so, JSA.If  .

Renarl l .  The assunptiorL that [r  be an a]_ge brzri  c e, l ly closed

field is nct e.ssenti  a.r :  in f  a-ct,  F na-y be an arbitrary r ing of

sca le . rs 'p ro ' r ided  v+  anc l  r / -  a re  f i , r r i ' bc1y  ge i re ra ted  and pro jec t i ve

F-noclu'Le s. Therr X is a snooth. ouasi" -pro j  ec i lve {F-scheme, seni-

sinplJ-city has to be replaced by 6epa.::abi l i ty (a f ini te. ly genera_
'ted and pro ject ive JorC.a;t pair V ovet: a r ing l ! .  is cal led, ser:q_g?ble

if  V I f t .  k is seni sinple f or al l  f-Lelds k , ,vi i  ch are b,-algebr:as ) ,

I f  V  i s  separa i : le  r  then X ;s  a  o ro jcc t i ve  f i -scheme and t ] re  p r :o jec_

tive group V 1s a. senisimple lF-group schene, isornor:phic to the

autonorphisr g"oup 
""frutou 

of X.

For each of the Jorclan pairs froni the

simple f ini  te -diraensi onaf JorCari pairs over

'c 
l-as sif  i  c at i  on of

z n  t - l  . " a l - \ r ' i - i . ' 1 - l  . ,

+ 1 a 6  - ' - - . i  ^ . 1 . , .  v  . : . ,  ^ -
rJJ ./\ r i.j cl ij

c losed f ie l -d  I I  g iven  by  L)OS E4b ,  p .2AL_J
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f o l l - ov rs : ' /

- -+TyPe Ip ,q .v  =  o -  -  *n ,n (m) ,  ( f  X  q ) -ma t r i ces  ove r  [ r (p  (  q ) ,

-  vd  i ;h  Q(x)y :=xyrx ,  v rhere  y r  denotes  the  l rsnsp6se o f  y .  fn  .L i r i s  case
x is 1so:lorpir ic to the Grac snc'ni e.n G. (Fp+s) of p_dirnensiona.L sub_
s l a c c $  o f  t s  p + e .  P

Type TIrr. V+ = V- = An(F), alternating @ X n)-rnatrices
r u l t h  Q ( x ) y  i =  x y r x .  I n  t h i s

. c -
of  Grr ( lF" ' )  cons is t ing of  a . l l

f ixed parity lr i th respect to

case X is isomorphic to f lr .e subvariety

to ta . l l y  i so i ; rop lc  subspaces  o f  F , ,2n  o f
'uhe  quadra t ic  fo rm q(x1 ,  . . .1  x r r )  :=

xixnr-i '
I -.L

TYPe IJ I  .  "+,,  u = v = i l rr(H,), sJ,mnetr ic (n X n)_natr j .ces vri th

Q(x)y  :  =  xy !x .  f  n  th is  case l {  i s  i sor lo roh ic  to  the  subva. r j_e ty  o f
Gn(l i-") cons: '-st ing of al l  maxir:ra.r- isotr.pic subspaces of tF2n \, , , i  th

q

re  s : )ec  t  to  the  a l .bcrna . t ing

q ( x o ,  . -  l . -.  .  )  ^2 f . . /  .  -

dype IVrr .  V+ = V-  = l t rn  l r - i . th  Q(x)y := a(xry)x  -  q(x)y ,  r . rhere
is the ste,nda.rd quaclratic fcrn of 1i ln, given by

q (xl, .,. . , xrn, ) : = 
/  x. i  x_* i  i f  n = Zms/._ -L lll-rl

i  - t

' m

2 r **o * 
) - _ 

xixnr+l- if n =. 2m t' 1

T r  * ] 1 - i  ̂  ^ ^ ^ ^  v  : -
u < r - J g  . \  l >

J - 1 , .  ' ^  1 1 - l a  + 1 . \ ^  ^ h !  ^ . . i -
u l l r  v  e- i j r r  ur ic  \Jr_LbrtL

-L =_L

L sonorphi c

i n llir - " ,

to the quadric of.  al l  lsotropi,c l i_nes

- \  - ,r/ l  -Lnese . i  orcan pairs

Jordan pairs o-rei

the  pr i rne  f j .e ld  to

al ise irL a fair. ly obvious vray fron scparable
Z by rerluction riro {q*o char {F and extending
lF. Thus, r. /e are deal irrg vri th .bhe f ibres of a,

snooth p:ro j  e ct ive Z*schene.
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Type  V .  V '

tonion (Cayley)

i  an  * i  r r o  nn *n r r i  ny r

) / ^  . t , \  \  ,  !(1  X 2 ) -matr ices over  the oc-

Hor ,o  Y  i  s  ' i  qnmn? .nh i  n  f n  *ho  n r ^n -

' / J  r  n ' :  -  ^ .J '  \U  )  de f ined by  the  except iona l  Jordan
. . ^ / .

algebra H" , ( [  )  (see FAUIKtrER Pl  1J and, ,  a lso,  JSA. ] I ,  $$ 1,2) .

, ,  t  t Y "=  v  =n= (u  / ,  ne r ru - t i an  3X  J ) - r na t r i ces  ove r  t he
)
i-afgebra  /  over .F .  I i l  th is  case X is  i sorno lph ic  to

iFu, vrhere u is an el-enent of ranlc one in the 56-

o f  a l t  n a t r i c e s  f (  :  ) ,  d , F € F ,  a , t  e u r ( d , E )
\ r  p /

plane

|  - ,  , r : ,  . 1(see FAUI1J\ER L'lty ).

fn 1984 the fu:rdalental paper fSrJ UV PEtIRSSON.appearecl .  I t

-  1 / /A f feld extension .( / / t i i  is  cal l -ecl  a reducirr . ,q f ie l - t l  of  V in

is redu-ced, anid such an extension isvrr

./=  v -  =  t \ , 2  (  A  ) ,
Al a.'rar lll
u  v Y v 4  F !

Type VI .  V '

\  v e J  + v J  /

* l e a  c n o n a  n l i  1 ' i  n o e

A i  m a r r  < i  n ' i r a l  q n q n r '

n r n l / i  d o q  . a  t r n - i  f o r m  f  F r n r o u r n r l r  f n r  o a n a r . , i  n  c n l - j - J - t ' i  r r . '  f i a l d c  n f  ^ ^ ^ ^ ^ i ^
i rP-L-L  lJ  u - l l l t j  . ! -L ( , r -uU ( . ' / I  o - i J : iUUIcL-

t ive algebras stuclied bJ'i iEuslj l t  f fJ, (0VACS G.J, SAT,TI, 'AII [.J ,

ATIITSUR L ?J Dnd l i0?tET',-E /)aa1/ ,  encl gelcric zero f ields of

.:ra.r lr : t i  n fnrr.rs i  nvostigatecl by i l lEBUS CA GO. This is achievedr byt-- -J .

f j r s t  o h s o - r r i r r . r  t h a . t  h n t h -  n e r r t r a l  s i r e n l e  r s s n n i : t i w e  : l . . c h f a S  O V e I

a f ie fd  [ i  o f  a rb i t ra ry  c ) ra rac ic ] : i s t i c  a rLd  abso l -u te  l y  nondetcnera . te

a r r a . t r o { - i  -  f ^ e ' , ^  ^ \ . ^ n  V -  a r o  o x i l r n n l  p s  n . F  a h r n l r r l : a l . r  s . i r n 1  o  . T g 3 6 l  € l 1 1

pa i r r :  over  lK ,  a r rd  then cons t ruc t ing  gene '^ ic  r ( jduc i r ig  f i c lds  o f  Jor -

, i : l r r  nr ' i  r .s  i  n  r  r ' '  p  q s i f i  c  at ion- f ] 'ee t reatnent .

. +
Let  V = (V ,  V )  be an absol_utc l -y  s inp le

,A  r r onze ro  iCempo tcn t  c  o f  V  i s  ca l f ed . r educsd ,

5 -
v r ( c ) ' = l K c t ,  e = 1  , a n d

ta ins a reduced iCenpo tent .

v  l T S e _ 1 1  1 S  C a l _ L e d

.
q r r ' l ' i  f l r  i c  o  m ^ - ^  - ^ ^.  - ' , i r i  c t i veR er,ra.rlc. For Jorda.n structures rr

n o n r . ] p n t  - l - h ' ' n  l l ) . ^ d r ) n a A  l t

. T r r t r i t r n  h o i  r . ,  . d a ^ ^ i  a + ^ ^y o r f ,  c - ' L D i r v u r c l  u s u

^ . . 6  + l a ^  6 1 . . 1 - ^ n ^ ^ , {  T ^ r , r ' l n r n  n n i  r .s j _  u s : r : , i c  r  ( , v - L v r - !  ! r ( ! t a

ho' . ' revei  rrspl- i t ' t  :  r r l : t :ducedrr i f  V is the

+ ^  e  , - ^ r l + i ' n l  c i  n r n - l o assoc ia t i ve  a fgcbra .

. T n r - F o n  n n i  r .  n r r o v '  l K

' i  f  t - h a  - : ) a i  r - n a  a r r n n o

.  reduc*€ j - f  
. i t  con-



r

cal led a fqeneri-c Le ducr-ng f ield i f  an arbi tra.ry r ieta extension
/ u -4/l l(  redu-ces V i f  an.d only i f  there is a lK_pLace tron k,to ,{"

Petersson has constructed two, i .  general not rK-isonrorphic,

gener ic  reduc i rg  f ie lds .  Both  are  lK- re  t iona ]  func t ion  f ie lds  o f

l r reduc ib le  p rc jec t i ve  K-var : iab les  assoc ia ted  tc  V ,  A  de ta i led

d iscuss ion  o f  exanp les ,  rLos t  na tab ly  Brauer -Sever i  var . ie t ies ,  and.

vri th an applicatioh to excentional sirnple Jorclan algebras ari- si- ng

from the f ir :st Tits coir.str.uct ion is also given by pnlERSSOt[ 
IZoJ.

'  In 1985, JACOBS)\I f- /{ /  considered tvro cl-a.sses of pro jec.bive

V P f  i  a f  i  a s  -  r r  r r r i a ' 1  1 r  y \ n r n r  h r r n o r . e r r r  P a nv u ! _  u , / ! u u ,  , ! d , ! c . r J  r , e _ . +  r - J l v ! u  * , ' . i  v a r i e t i e s  o f  r e d u c e d

el-enents deflned by f ini  te -cimensional centre. l  s-Lmp1e Jorclan alge-

bre.s. JACOBS0]I 's psp"r f l  \J overLaps substantial ly rr i th .bhe pa.per

[SC ty P]j 'JIIF.SSON. I lor.rever, the methods anct points of vievr are

d i " f f  e ren t ,  supp lement ing  each o ther .

$ 2. local- iorCan nanj-fol_ds

i?ATSCll [42a,Cl^ptrr I- l_/ definecl a cla.ss of manifolds, ca]led

local Jorca.n rnl: l i  f  o'1 ds, ivlrere the ground algebr:aic structuxe . c)on--

s is ts  o f  ( l lnear )  Jordan pc . i rs .  For  the  sake b f  r lmp l ic i t y  rve  sha l l

onit  the vrord. rr l inearrr.  As one can see from the exanples given

irelovr, nany fal i i l iar nanifclds are l-ocal- Jo.rdan nanifolcls.

l{ote. Al l  JorCan pairs coqsidered in the fol- lovring wil l

be f inj ,  te--drnens icnaf vector 'spaces over R a.nd. the vector spe.ecjs.

I+ enQ V- of a , f .ordq1 pal l  V qlt  bg 
Sssuled to have the ordina.ry

real- to po 1o [v

,e f j .n i : ! ion .  A  JoJ . .Oan chr rb  on  a  topo log ica l
. , t .

a pa i r  (Q,  V)  cons is t ing  o f  a  Jordan pa i r  V  =(VJ- ,

+ : lJ ------ v+, vrhere U y' /  is open in I{,  arrd

honeonorph is r : r  o f  U  on to  an  open subset  o f  V+.

a

space i{

v , /  a n o

I

' 1 S

rta.p
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Def in l t io3 .  A  Jo : :dan a t fa_g on  a  topo log ica l  space M is  a

set Q of Jordan charts on iir saf,isSying the f o lrov.ring tvro condi-

t i . o n s :

(a) t tre dcnains of the Jcrclair charts 1n 4. conver i ,{ ;

/ r - \  ; ' e  . b  . 1 1  -  . , +  L  r(b, it: .f 
{ 

, 
t 

-_- vi and * z, Uz ____-v; (rvhere U, is

open in lr l  and V, is a Jordan pair) are elements of Q and i f
Y T  ^  |  I
U 

lrt  U 2 I P , then in a neigirbor;r,hood of each point in

res t r i c t ion  o l  a  map f rou t

4r( u. n u ),  4r 4r '
I

* , -  (u  tnU z)c-  v l  - -u  y ;  i .s  the
n  / r /  \ r )- +  \ ' I ,  t 2 / '

i  = 1r 2, be tvro Jorda,"r charts in a
l l  ^ l l  ,  rt n r t  u f - , t V 2  f  p  .  T h e n  f o r  e v c . r y

. -'t

S  r f r '

k t  6 .r l _

Jordan atlas (

:  U t  - ->V i ,

on i , t .  Su.plo se

l l  , l  Iu e  V r 0  ( J ,  i n  a  n e i 3 h b o u r l r o o d  o f  f r { r * ) ,

tr ict ion of a u.ni oue l inear fract j_oria1 nap,

$Uu:n-iea 
ancl delo.bed by Ci,+,

negf&_L i iote ' ihat u --+ 
C1 ^ i, 1ocalJ-y consLa.nt.
"p.p/

L)(crr : r r l ;  2.  L 'c t  f  . ,  , .  -*o Vf  ,  I  = LrZrJ be an elernent

Q ana ret u.e Urn U, n \)r. rn", C*;t. ' Ci.+,= q;""u,

nL<.  /  "  . -4  u
partictrrar' ttr+; (C+,*.) a,d C +^4n= 

to.

leIlAlEg!, rc+ I be a Jorcan atlas on a topolosicatf

4

liott ]ret C-

conpatible v/_'bn C .

s o t ,  i f  f t r a  h  ,

be the class of al l  JorCar char.bs on l l

f t  can  eas i l y  be  chec t .ed  t j ra t  i f .  Q,  iu  o

ai-rd i f  t l re t lol lairrs ol Lhe chelr. ts in 0- cov,:y' - L

cal l-ed the

i s  the re  s*

co o rd.ira.te

o f

1 n

()
space i r l .  lhen  a  sc t  - r3  o f  Jo :dan char ts  on . , l  i s  sa id  bo  be  cor : r r :a -

/1
+ - i  } \ 1 ^  , , , . ' i . l - 1 ^  I /

i s r  r r l l  v \  _La Q u E is a Jorclan attas on i,{.

il{,
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. . . t 1 , ' , .tb.en (,1 -, is a Jo::dan atl-as on LI, a.nd d_ =fl rho n.r-,.. /n .^- \  I  Y \ l  -  L / \  .  r r r L -  U a u s i s  w \  1 5

".U"d 
the Jo:cQg.n str rrc tu.l?_e of l,I.

Definition* A ]gggllSJle!_m3]rifolg is a pair (1x,. A )
where If is a topological Hau.sdorff space and 6 ,, u Jordan struc_

= ture on 1,1 deternined by a Jorriair atlas A. on r-,,4.

&IAr.b. l lote that i ' {  is not assuned to be comrected, nor
rnust arr- components of j ,{  ha.ve ihe same dir.rension. However, every

coinponent of i l i  is a rea.l  analyt ic mamfold.

J e I  l n a  t t  o n,e f in i t io4.  Let  ( : I . , ,  0rt ( l i ' i l ,  0rr) ana (N2, A) be t-ocat Jcrdan
4 a

r r : n - i  f a  l  d c  d  r n r ' , 1 " ;  -- -  . . . . , - . . , . . - . ) r ' r  f rcm l . t -  to  
-  

-  . i  c  rrx rai..]1/r !,rL co r.!2 1s a co nt,Lnu-o1]s lnap f I i{. *_}- irf^
J - Z

s;uch tha, i ,  for  ever ; r  pa i r  o f  chr . r .bs 
f  f  ,Uf  ___ Ui  lnet  and

?^

rI], Il --+ /.r( l z ,  , z  - - . v ;  i n  Q" ,  r . r i re  U ,  n  r -1  I  u )  /  g ,  i n  a  ne igh_
bourhood of each ooint in its (-ro:rairr tf.e nap f , , t it ,

|  - t  , ,  .: fa(ut fl r- '( U2)) *-ts vf is tle restrictioil of a map frorn

L  F *  ( V r ,  ' t  
2 ) ,

le na.: l i .  fhe co,r lposite of t ivo norphisns (as rnaps) bc.1;ve elt .

rocaf Jor,fan nanifofds is again a norph.rsn, and in this 'ray the

. r-oca.l  Jold,an nanifofds and t i le ,norpir i  srcs between theix forn a cate-,
gory, denotod by Uli l .  Ive::y norphisn i-n lJl , : i  be-bween con:eecieci j-ocal

Jordan manlfofds is a norphisrn j-n the catego::y of rear a:ralyt ic
-r nla_ni fo ld s .

l e f in rd ion .  Le t -  V  be  a  Jordan pa . i r  and- le t  l , i  be  a  topo_

logical spa-ce. A Jordan chart on r i{  of the f o r; i r  ({ ,  v) fu caf -1- e t j .

a. Jo.qdan t/-cbdrt .  A J-qrdan v-a"'blas o' r I  is a JortLb.n atras

o i-r i i  consis t i-rrg of Jorr lan V-char,. ,us.

u4-
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lef,_lJit ion. let

fol-3 is a topologlcal
a1c o.rcan r/ _at.Las K .

The standard local Jorclan, V_nanifold is
Re:lqrk 1. nvery 1oca1 Jordati  V_tnanlfold

dan marui fo ld .

Rcmqll! 2.. l.,et (iif , & ) ae a connected r-ocar_ Jordan. nani-
One can see tha.b 64 l .{  Lre can spec i f  y a Jordan V_etlas icn_
in 4 , r , ihere V is any Jo::dan pair occuring in a Jordan

' 
:rn. A. ?he. varrou.s Jorclan palrs V generated by a Jordan

A.  on  i . I  need no t  be  isomorpe ic .

Renarlr J. A norphi.sm f : Ii., -*> I,,{, bet,,veen trlo loca]
JorCar l : iat i folds ., i . . ,  a.r.d 

' . . , .2 
cen bc a d. i  [ f lco;rorphisn but can rrevcr

be an i  sonorphi sn in LJIr i .

Thcorer : r  2 . l - let f r lil ->. irl, be a rnor.phi sro be.1;wr:en

v oe a ,J orcian pair .

I{ausdorff  space L{

A -Lo Cal  .J  ordan

w r i  * r z r  o  - . , - . : * ^  l
lrr<r-4,-L 1J.l,l

a _Lo c a l  d  oI -

Jocal- Jo::dan ln€-nifcld flf X i,t, harq the expe_q,ced ptri_

.requir ing that vihenevcr l , l  is a local jordan tnnnL_.

*  l ! ,  i  =  f  12  ,  a re  morph isns ,  . there  
ex is ts  a

cra
J/ . :  p  = pr ,  \ r ' /ne la'  J _  - - L '

V '

i s

f c l d .

tai ne d

chart

at l  a.s .

u.ni- que incrirhtsnt p : i,i --y l,fl X U2 sl.lch that

rnorphi sn, for i  = 1: 2 .

' t ryo 1ocal Jorclan manlfofds l , la and i . l r .  Sulrpose that i{ ,  is a 16921
iordan V-n:rnifo lC ,

lJl l i  i f  and only i f  
'
l rhere Racl Vr- = O. Then f j_s an isono-r:phisn in

it  is a honeo no::phi srn.
,\ _1

r,e t ( lr i l ,  6r) ana (iJr,, Q; r" locar Jordan nanifr l_ds.

Since any ( r r  t r )  €  m*{vr ,  \71)  X r , . r+  (v2,  . r i r r )  can be ident - f lec i

ir 'r.. a natu'al, I 'ray v,, i th a_n elenent of . lF+ (Vf @ VZ-, i , t I@ 
\;.1 

?_), i t  i .s

cfear i ;hat , \  X tt ,  possesses a natural- Jordarl struc,,-ure. lhe (d. i  _
r ' o n *  r n n A r r ^ +  \

versal property

fd ld  and n .  :  LT

f i4  z  .J , ! : ' . ,  - * -> l t .  is  f l r t  pr :o j :c .u ion



1 n

I\{oreovcr, any other rocar Jordan manifor-d },rr having this propertSr

( for  a  pa i r  o f  morphisns l ! ,  w '  - -+-  Mj . r  i  =  1r2)  is  j -sonorphic

en LiriJ to 111 X ir{2.

Remallc . If lrli is a focal Jo::dan V, _nanifo 3-d , i = ItZ t

f horr ll./i V I',i i ^ - -r -urlurr r,r1   r fr2 r.s a rocal Jordan V, @ Vr+nanifotd.

Def ini 'Lj_o.q le t  ( .",4, d" ) be a local Jordan manif old ,  A non_

-empty subset N of l , [  1s cal]-ed a local d'ordan subna of i l I

i f  tbere  ex j .s ts  a  se j ;  A  -  ( '  A  o , , ^ ,^rtr q 
l_ a Ll- such that for every n e; ll

t l re re  ex is ts  a  Jor r la r r  char t  Q:  U -+-  y+  in  Q,  rv i th  n  6  U
I

and su-c ] ' r  that  P tv  n  I i )  is  an opcn subset  o f  a  vec ior  subspace
+ - L

\ ' i  o f  V ' .

0pe i r  lubsc  bc  o f  }ocar -  Jord i ln  maa i f  r rds  a i rd  a f  f . i -ne  subcpaces

of  V '  ,  v rhere  Y =  (V- ,  V- )  i s  a  Jo . rda .n-pa i r ,  a re  s imp le  exanp les

of l-ocal Jordan subrnani fo lds .

.Prcpos i . t ion  2 .2 .  le t  i l . ,  and  I , I ,  be  loca l_  Jordan sub_

nanif6fgs of ir i ,  and l l rr  res,cec,r; ive1y, a.nd }et. f  . :  i , la _1- I i2

b,e a no::phi srn. Then : i1tr, -)- l,l, i.s a norlhism. If f($1) ._ tf2

Defj-niLion._ let f  : . i , [r  --+- ]1, be a inorphisn betvreen

Jordan rnanifolds.. Then f is cal led a loca1 isoinorphi_s4 i f

point p € I '1.,  has 
'a 

nei3hbourhood U such that f  (U ) is-L

open in 1\t, and f : U ---)- f (U) is an isomorphisrn in lJi,( (rvhere

u and f (U) are Local- Jordan submc'i folds of 1I. . ,  and IJ'  respecti_

r r o - 1  r r  It v L J  r  '  

7 , .

Pronos i t ion  2 .  J ' .  te t  (1 ,4 ,  / t . )  bu

le t  X  be  a  topo lcg ica l  I - lausdor f f  space.

I'I _
.L

anand f : -{., ---> N^ i

no rphi sn .

open mapping, then f :  N, + NZ is a

T  ̂ ^ ^  l

. -

a loca1 Jordan

T . , e t p : X  - - >

manifold and

I{ be a



loca1 homeoilorphism. Then X h.e,s a u' i  clue Jordan struc iure such
that p is a loca1 isonorphi_sn.

^,2'  
let I{  be a covering space of a r-ocar Jordan manifcld L{

atrd let p. : L[ ---5- ivi. be the covering map.$rpro po si tion 2.7 it
,\J

fol lows brrat ir '  has a ,nio,ue Jordan structure such -brrat p is
a l-ocal lsomorphi-sm; rf l i{ i-s a local Jo.rdan v-nanifold, then
:is al-so a loca.l Jordan v-manifold. ret ? , f i  ---* f i  be a cont.-
nuous nap v,'hich l ies oirer a cor.i.binuous map f : l ,{ _-_+ fif (pi = fp);
then f is an lJl,t morphisn if and only if f is a.n lJLf mornhi sr,,r -

I f  l , t  is a connected local Jordan. manifofd and G is a
group of lJi i  autonorphisns acting freely and lroperly disconti_

../ 
f\,nuously on I:{ ,  then the orbit  space L:I = i6/g possesses a unique

Jo.rdan s'b.ructure such that the natulal pro ject ion p ,. fr  ** lr t  is
a 1oca1 isoinorphisn. A Jo::dan atlas fcr l tr  is coas.bructed by

t a l c i n g  c i r a r t s  o f  t h e  r o " r $ =  *  n - t ,  p ( U ) ;  V + ,  v r h e r e
p:  U-5  p(U)  i s  a  honeonorphrsn  anc l  4  ,  u  -> -  V-F  is  a  Jordan

62

char: t on ]'.1. If U. an rl b -i - r , ,1  l l ru  Y i  ,  t  =  l t l s  c le te rmine  1r .vo  such char ts

o n  l l  a n d  i f ' x € o  ( U r )  n  p ( ' , J r )  r  . b h c n  f l r o r e  c x j . s t  x 1 c  U 4  x  e l ) -r  4 ,  __2,  "z

7 : d , ^ 3 - 6 G  
s u c i r  t h a t  p ( x r )  =  p ( x r )  =  x  a r a  e ( x r )  =  x ,  .  I l e n c e

- | .  r - l  '  , - 1  1 1
Yz? l  =  

tZ  SQt  1 : r  a  ne iq ) rcour :hood  
" t  + i ( r )  ,  and  hcnce

loca l ly  i t  is  the rest r ic t icn of  a  f inear  f ract i_onal  map.

As an exarnpl-. of an o:,bi t spe_ce , let i l  = V+, vrhere

t , ' *  r , -  \  
- .

v = (v ,  v /  is a Jo.rdan pair,  ar-rd let G be a group of tra.11sl-a..

t rons  o f  V '  ac t ing  f rce ly  and prcper ly  d - i . : con t inuous ly .  Then

M = i[/c is a r-ocar- Jordan'v-na:.rif o r-d . This shov,rs that a torus,

fo r  ins tance,  poss€sses  many 1oca l  Jordan rnan i  f  o  ld^  s t : :uc tu res .

td



Examples of l .cca]_ Jorda.n roanifql jg. 1. Aff ine quadrics. .

let X be an n-dimensiona.l_ real vec.bo:: space er;uipped with a

syrnmet r ic  b i l inear  fo rm 1* ry  )  .  Cons ider  the  Jordan pa iy

x  =  ( x , x )  w i t h  Q ( x ) y : =  2  < x , I )  x  -  1 * , *  )  X  ( s e e

Exanp le  (b )  o r  $  4  o r  , ISA. '  ) .  Suppose tha t  M ,=  J*  e  x  11" , * )  = r . |
(  t -  )

is not empty. Then i ,{  is a local Jordan submanifcld of X+ "

le t  X  be  a  rea l  vec tor  space

. 1
( * , y )  =  0  J .  t e t  p (X )  be  t he  nan i_

'n [ -re \
l \  x .  Suprose tha t  i ' t z=  f  xn€  p(X)  

I  ( " , " )  =  o
( r

enpty .  Le t  f  be  the  se t  o f  a l -1  o rderec l  pa i rs

p a r ,  r T e  l i i  a n d  l p r r )  I  O

n r ' d  x r  
t  

t \  i s  n o t
( p r r ) e X t x ,  u ' h e r e

Io.r
. -L l -

t i c n

.  , n , r ,  
\ * # n l r  f  ( * , r ) , /  

" ]  " " b r +  n l ^ r {  a n c l  i t s  i n v e r s c

^.-1 / \ /^ / \ ./ ,+o p r "  \ t . ,  =  ( z  ( p r r  >  ( u + p )  -  (  u r u )  r )  
'  

_ f o r  
u

S^  -  i s  a  ( i - i rd  o f  s t " ' reograph ic  p :o jec t ion  c f  : . j
I t L

te t - Ip , "  be f l re  subpai i :  ( * i . r ,  J { - . r )  o f  J  ,  r , ihere
i : t -  l J t r '

l l
Z n ^ n  n +\ r

, IOntO D n

iienc e

I

2.  Prg jec t i ve  quat l_ r ic  s .

v;ith the symrnetrlc blr-inear forn 1 *ry ) as in above examDr-e. ,,or

x ( X ,  1 c t  * I , =  
{ u n t

fo ld  o f  one-d lnens icna l  subspaces  o f  X . F n z '  v  1 - t  -  J  a  r ^ ?^  r  v ,  L U v

x r  
t le i"Lo te the soace

I ' o r  every  (p r r )  e  I  a  Jordan char t  j s  cons t ruc ted  on  j i i .
--lJ- t I . / /

x " 6  i \ i ,  x  "  +  : : o ,  t h e  p r o j e c t r v e  l i n e  t l r o u g h  r F  a n d
, J!- JJ

, l . 1 f  1 r  - J L

m e c t s  ( p * )  "  i n  r ( "  )  =  (  1 r , p > x  -  1 * , p 7  t ) - t / -  .  r h c  p r r J c c _
r + l

o f  I ( x " )  on to  the  r rec to r  
"p r " "  "  

-  
. u

sD,"(- '#) = -(n.. ' )  r( t ,*) f  (r(x#1""21 - (o"t ' ) r : .  ̂ 1^d-r=-(:r+)q
j J ' L  

1 r ( x * )  ,  , )  ( * , " ) .

. f o t  t # e  L I  v , i t h .  1 * r i )  /  o "  I t  i s  e a s ; ,  t o  e s t a b l i s h  t h a t



-  1 1  -

- I r  l i  )Y '  . - - ^ - . ,  x l  , " , = j x e  x l q ( x i ' ' ) x c x : -  t" p r r ' -  
"  

t , , -  o . l r e  
l r r  (  

-  
t  y r *  y r t  )

)ef lnlng convenient isometries of X and. performing sone

c a l c u l a t i o n ,  o n e  c a n  s t a t e  t h a t  i f  ( p ' r ) ,  ( p 2 , r )  6  I ,  t h e n

s *-1 -  T.  r i  lv  w \  ^-^- rop2 , t  t 11 , "  €  !  I ' t  ( I p t , " '  
I pz r r )  a : rd  i f  (p , r r ) ,  (p r r r )  e  I  ,

then

s - -  s l I *  € r , r .  f t  Y  )P r r ,  
- P r r 1  -  - -  -  

+  
' ' i p r r r t  l p r r ,

Since l , i  /  /  ,  one. can sph-t the argument into tvro cases:
I

( i )  .a in  x  +  21  6 . inx
I

( i i )  d im  X  ' r  2  =  d i n  X

( l  )  f  
"  

t l r is case, ] ,1 rs connec ted and for al- l  p+4 I i I ,  trre

"ut  l "  
#e : t  \  tn, r )  a r  ]  is  a cte^se Zar isk i  open subset  oI  i , r .t

t . ' , e t ' ( p , r )  €  r .  Then

Q(u.) : := Z (u. ,>:)  u -  ( , r , r . )  x ,  yr 'e car see . that  Xir"  = Xf , r ,  t ro" ,

an e len  '  '  - '+
"na  

o  n  ^pr ,  i s  inver t ib le  i f  and  on ly  i f  Q(u)  i s  in r re r t ib le "

. But this holds i f  and o:r1y i f  (  u_,u) y'  O. He,rce Inr, is a u:r i .bal '
( JJ- l 'Jordan pa i r .  rhe Jo: :dan char ts  rn , " ,  
lx#e 

l . r  
i ( " , r )  Z  oJ_+ 

1 i , "  ,

:  
for (p, 

" 
)  € f  ,  form a Jordan atlas on l , i .

.  assLunption tha.t \ t  /  /  ) ,  Ll ,  and t i ,  and (prr) e I  i f  aird only
' -]t- J+

i f  p r  a. i ic l  r  r  belong to drf ferent components.  L: loreover,

l J L l  ) bt r , " ,  
\ *#€  

; . i  
l ( r . , ' )  /  " J  

= r { i  . } , , i , .  ,  , , h " " "  p+e  ; r  .



_ 1 4 _

ltrote that X: - = X and tirat X* - is
l J r r .  - P t r

(p rr) € T, forn a Jorclan. at l-a.s on l i l .

, no t unital-. The rnapsS

. k .

l r  space and fet X be 1ts dual_ space. The
*

and ths.t of X on X vri l l  be deno te d by

\ I A

y  )  f o r  x C X  a n d  y  6  X " .  F o : :  > : ( X  \ e

l ' ) "
I  (*  t  v /  > = o f  ,  and,  s imi . lar ly  fcr  y (X,we

l . \
l l y l . i ) = o t .
I J

a-nd x r be as in nxe-rnple 2 above. let I  be .bire

X X x* such that  ( r ,  lv) /  o.  s iven (v,w) € r ,

char t  on  ?(X)  as  fo l lov rs .  Def ine

, |  )  . \  , , .r- . \  |
L :  

1 :  
\ . t ^ \  

J  - J v \ s 1 / - L  
a y, )

1;O

x

i
I

{-
X

X

x )
€

an

c t

x

x

X

('[

d a

)n

€

I

P

O

{

e

o l

1

1 w
t
I

t
! e I

( -'-

t

-rr

{

I

L

a

-r|-

I

(n  2 t  l )  r '

aet ion of

, / l \
\ v l x , /

I
s e t  x  :  =

. I
seT  y  : =

set cf, a.i l

co i.rstruc t

t
" v ,  v / '  I  

^

Therefore l i i  is a" local Jordan nanifold.

J .  l ro jec t i r re  soace.  Le t  X be an (n+1 ) -dirnenslonaL

p { Y  )

4
S  ( x - )  : =

v r l v '

(.r I . .)" - (" |  * ) ,,
( , ,  I  i r )

i n - rc rse  o f  S  is  S.  1'117 V, \" '

-'r -l+ |--i. / \. / \ -fr

, , , , . \ u /  =  ( u F v /  ,  u € v , , - .  Consicle r n.or,:

I I
Jorc ian  pa l r  ! y r ' :=  ( t ' r * ,  v * )  v r i th  Q(x)  y  :=</  |  \  . -

( x  I  ) r 2 x  .  - l e n c e ,

Irr,  r .r  i"  isononphic to Ea,r, ( iR ).  (eee 1Jx:,r inp1e (c) ir ,  $ 4. or,rsA,i)

The Jordan charts Svrlv, (trru) 4 f  ,  fo r l i r  a Jordan atlas for p ( l(  )  "
fndeed,  one can p : :ove  tha t :  i f  ( r ' r v ;a )  , .  (v rv t , )  €  T ,  then

"  
* - f  a  T .  : ; r .  l {  wuvrvr ,  "v  

r t } r=  "  u  
+ 

\ jv r iv r t  : rv rwr)  i  . l . f  (varr . l )  ,  (v r r r t )  6 l  I ,  then

s s- ]  € l  F  .  (x  
r . r ,  I r r - . ru)  ;  i f  (v - ,  , rvr )  ,  (v r ,wr)  (  r ,  thcnY2rw vl i i  f  

' -vf 
,r / '  -v2rvr ' .  L,

S  s - ]  6 l  I .  ( 7  T  \  - - 4  S . , ,  , , ( u # )  =  0  .  6 l - c e r l y-v 
2tvt2-vlr\ ' t  I  1' .  

t3varvlrt  2vpr*,2, '"" '"

i i ;  fo- l- lovs ' t i :at P(X) iu l '  lcc,r l  .Tr:cl l :rL Ef r r .r{f* )- i .rrr, i fo1c1



'1 t:_ r ) _

Qc1g1e4ts. I t  v,ro ul-d be j ,ntere:st ing to r.econsider I ,{ART f }EILI t  s

geiLeral sett in3 of JorCa.n parr i i  o -{n cl]en prob}crjr  is ' to lrnd e.n i ' l --

ge i , r : :a ic  ch : r . rac te r  j . : za t ro r r  o f  i r legrab i l i t ) ,  o f  a  geor , rcbr ic  s 'u ruc ln rc .

{. One*clis-qrs1o.na-.]- locarl {,rlclan ran Lfo_lgq: c.) [P.+ (n" is the +

spa.ce of the Jo: dan pe.ir  l?. o 3 - (R, o ) ,  a. ir  11 as such i t  is a loca.l-

Jor 'clatr So-r.enifor 5.,  derLoteci b;.  
Sj) ;

| )  r ? +  / r l  ; .  . r . n  * L a  r -  d . r ^ ^  ^-,  pL *". * ' j  a:Lso the r- spa.ce of the unj- tal .  Jorclan pair

F - '  : =  ( R ,  R  )  t ' ; L t h  Q ( : . ) y : =  * 2 y .  l l c n c c  i t  i s  a  l o c a f  J o r r l n n
r- _L

I
e 1 ^ t

- ! t

)

l z  2  z

I abc ve iind the

a lo c a-f  "To::dan

er:aLin p.Lc s 1n s rr

' J

results f27 
'arbl on qus.ternj-orLic projec'uive planes in thj.s i,rore

II l f -:r ' . .nrf c1 i, Ceno terJ bV Fl I ;

c  )  s l  ( r . - ,  lxa l rp ie  a ,  s t ,  =  
{  

{ r , r , " r )e  n2

is r lccel Jo-: ' i "r  P., - :r ' , .r ' . i  iolr i  )  ;
1 l

d)  S-  (  J rn : r i .e : '  t l re  ccvr : r ' i r ' J  r . r -o  p : t r -  - - )  S-  dc f  incd  by

l f  ( t )  =  (cos .  t ,  s i r r  t ) .  lhev i  by  v r : : iue  o f  the  c  cn .s idere- t i  ons  na t le  on

pege 44 ,  lP .  cc : ; l csses  a  Lur i ( j ' . /e  , jo : : i rn  l t r ' r t c tu . re  cuch th l . t  p  i s r  a

loc:. ' l  isc:r, : : :111,: i"s:;r  .  lhi :  Iocal Jo.::darL l i i .  - : ; l '  ; : i fol i  r :111 b? dcnotc

n.rF) ,
. ' t

e  )  I , c  t  ] r - ,  bc  the  ; roup  o i  r r ' t e t i o t , s  o f  3 *  ; enc : :a t cd  b7  r ' c t l ' -

o i
t io rL over '  +  . ,  (  n= J- r  2 ,  1 . , )  .  tnen S] /c , ' .  ls  a  loca l  Jorc lan

{ l?r-rrair i f  olC, tcpclogi.cal l ;r  i  selorprr ic tc Sf .

! . .Tr','o -cli;:erslgl-.,ii]._hj!.!_J_eigei]_ll-3-+l-.f!_]J_F-: a ) the torus
T ]

S ' X  S '  i  s  a  l . c a l  J o r c l r n  [ r @  P r - n , : : r i f c 1 i ,  ;

u)  t t re  sphere  a ' ,=  
|  

( -1 ,  "2 ,  
, r )  4 .  p .3

is  a focal  Jorda.tL U)-. ' '  ( [ )  +ra-rr i f . r f i  (sec E- l :a^irple' - r

c l : t " l l i o_Lc3  l _11  s  +  o l  J ) l ! . - r l ;
a'\

c  )  thc  rea l  p ro  j cc t rve  -o le : re  J i (n l )

l f ' .  ^(F)-n:-rLifol-r1 (see l l : :an'rfe J above ald

J S . \ . I ) ;

o f
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d, by , izarf lpf  e f  the cl / l inder C
\

1 ( -  v  . .  \ , -
i  \ ^ l  r ^ 2  r ' \ 7 , t  c : {Rrl"i*t.-r J

j .s  a  loca l  Jorc lan.Er  @ p( t ) - rna.n i fo1d,  t r t  (z ) ,  t2= o,
q  l  o c h r r  n f  r l r r r l  r . i r r n l, ^__ . .Jers .

BJ- constructirrg the u,niver.sal coverit ig rnanifolds of 
.  
the exe.r

ples a.),  c ) a.r id d), the fol lowlng l_oca1 Jordan na.nifol-Cs are

o  Dtar  neo :

' )  the plane F..2 has a l-ocaf Jordan [.a.rO$a-naaifold

o t ruc 'uu . . r 'e  Cer ived  f ron  the  covcr i r ,g  p :R2 ->  Sf  X  51 ,  p  (c ,  t )  :  =

: =  ( ( c o s  s ,  s i n  s ) ,  ( c o s  t ,  s i n  t ) )  ;

c '  )  the sphere 52 has a lccaf Jor:dan Et, 2 
(R ) -, .arfoid

O ^
s t r 'uc tu re  de : ' i ved  f i :o ro  i ;he  cover ing  p :  S ' * - )  J ' (Rr ) ,  p (x ) :  =  f  ;

d '  )  the r larLc R2 has a. lccal Jorrta.n .Bf E fn ( e )-nar; i fo1d

s ' ; r :  r c t u r : e  d c r i v e c l  f r : r r  t h e  c o v c r i n g  p , F . 2  * > .  C ,  p ( s , 1 )  =  ( c c s  s ,

s i n  s ,  i ) .

3i '  te. lcir t .g or 'o1 b spaces, i ;he foJ-lolr ing Local_ Jo::dan ntani*

io 1C. c .r.re obtalr:ed

a ' r )  t i te  tc ru .s  S IX S l  l s  a ' l  cca l -  jo rc la i r  V- ; re - r l i fo1d . ,  I

V bcing any Jcrdan pa:r r i i 'ch tr,r 'o *Cii : te: isi  o iral V-, si .nce i t  ca.rt  be

iclenti f  ied r ' ; i th the orbits bf a 3rou.p of tr ,arrs tat ior.s of r/+ (see

paee .14 ) ;

c "  )  thc rea l  u i :o  jcc t ive .o lane is  a  foca l -  Jordal r  Br i f ;  ) -

-  r -n i fo l -d ,  s ince i t  is . t l : -e  orb i t  space .o f  the group 
I Ia ,  

- i , f  
Jt

a c  t a r 1 5  o n  )  ;

d' ' )  the cyi- ind.er 0 is a 1oca.l- Jord.an V*nra-nif  o I ,  V

being a Jor'dair pair ' ' r . i  th two dinens1onal V+, since , ] ike the torus

. i t  i s  the  o i ' r i  t  space o i  a  g roup o f  t rans l ,a t io r rs  ac i ; i rg  on  \ , ' l ' .

.  Dc i i i r i t ion .  Le t  V  bc  a  un i ta l -  , Jordan pa i r ,  a .nd  ]e t  
1=

=  ( n  . h  I  <  I - f v .  u o l ' ;  l c  E n  i r : v o l u t i o i r  o f  V  ( i . e .  1 1  " ? _ , . I c t , /  ,' t + ' ( -  ( _ o  L o

c- = I  ; .  t j re set Lfo (V, 
|  )  of  or ' l j l .o, . , ;cnal-  e_leuelrLts .Lyt .  t la

h a i  r .  + ' ^ ^v v r r r . )  u r r s



j -s  def ined by Crfv,  1 I

.  
Renark. i{o te bhat

inver t ib le .

-  1 7  -

I '  - l
I  u l

r = { *  e v  f  i _ ( x )
r l

i 6 -  1s  de f lned a t  x  i f

=  
\ - ( - )  ]  

:

and only  i f  x  is

1',"t

Proposi l ; lon- 2. .  { .  Let V a.nd 
1 

be as in the
. _ l

Thert r 6 Lrd(V, | ) i f  and onf1 if r- '  C ()-a$, \
Def-init ipr.]r_ let \r be a unital Jor.dan pair,

invo lu t lon of  V.  The . i ;angent_Srace.  61 Oo{u,  1  )

p  e  C" - (v , \  )  i *  Tp  Cd- (v ,  \ . ) := rn  Or :=  { * .u t  l

_ Theorelr_ 2.5_. l ,et V be a uni ie. l-  Joldan pair and 1et \  be

an involut ion of V. ' jhen Cn$,) l  )  is '  a loca-f Jcrdan submanifold, (

of  V ,  6 -  = :  ,

.  l l : :a r rn l -es .  a )  A : f f rne  quac l r rcs .  le t  X ,
&!"

I:raltple l-r Tne Jordan pa.ir i  is; unital_. Let

I = ( )*, h _) is tr ivial ly arr ir:vol-u.t ion or (

def in i - t lon  above.

) .

a.nd 1ei )4 be an
t

at the poi i : t

d i o -  ( p ; u ) =

I '
vl '-

t ;
f X

and Li be as fu.

Id " .  Then

. Obviously, i : i  =

= C*{r.,1 ) '
b) QSltqplo-!,_!. l t i !ar. j , ,  si16 e.,4rpl-ect i .c ,qlouus. l ,e,;  F be

I l  ,  C , -  o l  H , ,  anc l  le t  X  be  a  : : j_3 ;h t  vec ,co l .  space ovcr .  F  , l i th .a  pos i ,u r -

ve  de f i r , i  j ;e  l ie r . in i  t i  a i t  fo r 'n  /x ry ) .  ie t  V+ =  V-  be  the  rea l  assoc j .a " -

t ive algebra. of [ '  - l in"ar enclorlorphisns of X. let V= (V*, V-) be -br.-;

rea] JorCan pai.r:  -vrr th Q(u)v := uvu,, fol u eV 
o 

and v6 V-4. Tiren v

ic  j -sor r i c : ' :h ic  to  F ' . (  F  ) ,  v ,herq  r .  i s  tho  f r  -C i :ner ,s io rL  oJ  X ( fo :  t?  ( f r )

an t i  o thc : :  sLe . r r ia r ( l  Jo- -dan pa i rs ,  see  $  4 . ,  :<arnp ies  o f  JSA . I  )  . l :o reovcr . .

V  is  u r i ta l  and i  o -  (u )  =  u -1 ,  ' ro i . " t "  , - l  i s  thc  i r : verse  o f  u  i r i  , ;he

cs loc ia t i ve  3 ] : ' .11 ;y i l  V '  =  V-  c -  
.  

' , , ' e  
nory  c ie f  . i  r -e  an  i rLvo lu t io tL

I  =  (  h_ , ,  I  _ )  o r  V  bJ  t  _ (u) : -  oo ,  , . . , ,Lu" "  . , * '  i s  the  ad jo i r^ t  o f  ur  t - r '  {  -  -  .  ( c - '

i ; i  i ,h r:  c pcc';  tc

thc  o l thoEor l . l  ,  L r rL i  Lary ,  a . rd  i lmr : Iec t i c  S ] ,o I? .p ,  respec t ive ly .  : ro r

rt l t  ?,.  Cn{,, ' ,  \  )  in a l-ccal ior:clen !g" ( l  )-rrar.Lifo1C.
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. p) Gras sma.nn rnqlr i fcldg. let tr ,  X be as in n:ca;nple.b) above,

let I i  be the real vector space of i lerrni t ian lr- l inear endomorphisms

of  X .  Thus  ue l l  i " f  and on ly  i f  u  =  u* ,  where  u*  i s  the  ad jo in t

o i  u "  le t  11  3= ( l ' i ,n )  be  the  Jordan pa i r  i v i th  Q(u)  v :=  u l ru .  Then j !

' is a unj- ta.1 Jor.cial palr rvi  th i .  (u) I  =o-1r where u-I 1s .the inverse

of u in the e,ssocia-t ive afgebra- of f t ' -Line a.r endomorphisns of X " i{ote

tha t H is isomorphio to $r, (&' )  ,  ivherc n is 'bkLe lF-di inension

of  X .  Def r r -c  no \ ' ! '  e .n  invo l -ub ion  I  
=  (11 . ,  ) , i  _ )  o f  I I  bJ ,  ! i  

o_( " ) r=
.=  y - ,  x€  iJ .  G ivcn  an  [ r -subsrace Y o f  X ,  de f ine  p(y )=pe O*{ ]1 ,  [  )  t f ,

p ( x ) : =  x  f o r  x  €  - I  a . n d  p ( x ) : =  - x  f o r  *  e  y I .  T h e n  t h e  m a p

Y ->p( f )  de t ' j .nes  a  b i jec t ion  be tv reen t i re  lF -subspaces  o f  X  and

/ \  r p  h  )  - h o  a n , . ,  ' \  ' ' -
\_./  + \ ; :  ,  (  / .  -  --- --. . ,ronents of (J.,_ (; . ,  {  /  are the Grassnarrn mali folol.s

of l , ' -subspaces of X of a f ixed dinensj-on.

gglu:cnjs .  At thc OACI Coufcrencc, l ie.otun-p.omania, Scptcnbcr

1980, Gel-rfand gave a fec'uure on rrInteg4a.l  geolncr,-ryrr,  rnenti .onir ig

the re s,.r1ts ci l tained by hi"nself and sone of his col ' , 'cr l , ;ers on 
,trans-

fo lna t ions  be t l ieen .Grassnann man i fo lcs .  rn  a  d iscuss ion  v r i th  Gc l - ' f  i . .nc

af te r that 1.:c ture, IAl iDhi. lSCU f? J su3i;ested hinl to ; :eccr:sidcr

' c l r cse  r cs i t l t s  i n  a  Jo l {an  a fgeb ra  (pa i r )  se t t i ng .

Fernar l t  .Let V be a ui l i ta l  Jorclar i  t ra ir .  e i ,c l  1e,r ;  4 be an' l

j -nvo lu t ion  o f  V .  Then each conpc i ren t  o f  the  se t  o f . inver t lb le  e l -e - -
J

ncnts ir .  V' becores a s;rrrtre ir i  c spa.ce i  i"r  the sense.of IOOS with

l - h d  c  - , n , r a  l . r r r  r : r n r r n Av , u  J r , . . r . r v  v - J  ( 1 r . u - ! ! r  t h . c  p o : n t  p  g : v c n  b 7  ! . x :  = Q . r _ ( p ) * - 1  ( s e e  L O O J

l za  aJ u\d,  eJ.eo /3?b ,  Cni .p ter  fT ,  5  2 l ) . i ru l t ] :er : , rore1 cac, r) '
r \ ,co: rpor 'Jn t  o t  (_ /a ( i ,  |  )  l s  a  sy :ne t r i c  .s : -oAce,  Thc  s1 'nue t r i  c ;  t ' ;uces

ar rs i r :6  i iL th is  j : lP .cner  h i r .v^  fp^ r1  s tu .d led  by  IMI IG (scc  [ /$ ] ,  i - '

v ' r r i c h  i t  i s  , : h n r ' , r .  i ; -  - : ' r ' f i n : r ' l : -  i - ' r ' r ' -  ' r r n r r  q , n r ' o - l  - i  n  . , ^ : . r ' a . :  h l ! e

th is  fo rn ;  cee ,  : . I r 'o ,  [ , ,17b  ,  { - lhap ter  I I  $  ? ] ) ,S j .n r r . r fy r  e rch

, . - . lcor rponcnt  o f  ( . /_  (V ,  )  )  t "  a  r ;nmrc t r ib  sprce  r . ,  - th  p .x  :  =  Q_(p)x - t .(
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Corurents 1. IOIDALESCIITs

na.nn manifoLds [ l7 a.re]

r : - l  qo t l : i  r r  r r  -  \ r r  nnon nr -nh l  an  i  < :

results on quaternj-onic

can be  devc lopec l  i rL  bh is  no l . 'e  6en(
T

to study th.e ma,p f (s"e P::opo-

'  a ,  I  is  'con-

I [p(r{) .---> v^f ,

' ;;:

Tp( l \ i )  i s  .1  . t .oca l -  , to rdan man i f  : t -d  . "U 
{ f  

- /  
?

talned in i ts Jordan st.ruc tur.e. l ,{oreover, f  
*

l 

for  f  C C^,  is  a  LJ i , i . iso inor l r l is l r .
t - f ,

s i t j -on  7 .25  ) .n  [ /7  e ] )  in  tenns  o f  Jordan -oa i rs .

Colynents 2. Results rcportecl by GErlt lA}i l  and tr iac?Hli l iSOl{

orr polyhcdra rn r 'eal Grassmar,n r:rarr- i folcls I  l3 J couf <] be

r :econs idered in  a  JordarL  pa i r  se t t i r rg ,  as  IORIAI 'EJCU nT dJ

su;ge sted to . . .acPhcrsor*tgoo.

l rooos i ' r , ion  2 .6 .  I i  V  i s  a  u ,4 ._L  t  a l -  Jordan pa i r . ,  a rLd  l

i s  an  i r rvo t l r t -on  o f  V ,  tner  thc  map i * ,  C* (V, r l  )  - ->  C_tu ,  ?  )

(see  Propos j -b ion  2 .4 )  induces  lJ l {  i sonorph isms and symi l re t r j -c

space i -so : "Lo lph is rcs  be tv , 'een  cor respond ing  conponents .

I ,/\
Def in r t . io i '1 .  J - ,e t  (1 i : , ,  ^ )  be  a  1oca l  Jordan inan i foLC and le t

p 6 I ' ,1. Deiio te by F'^ ( l ' i )  (or I-  )  the. re'al algebra of gerrrrs at pp p

of f ,eal- C 
a 

functions clef j-ned in a. neighbourhood of p. The

r r ^ ^ + ^ } "

11

of  11  a t  p  and is  de i - io tcd  by  t ' , ( l ; i ) "

l lei lal lr .  Let Ap Ae the class of af l  Jordari charts
,. zny

( ( . A u i t h  p 6 D o m  y  .  r t  q €  a r ,  ( ! , U  - 1 -  y + ,  t h e n  f

ina iuces a l inear  isonorphisn q"  6)  I  rn  ( l ; )  - ->  V+,  ab l , re-

v i a t e d  a s  (  t  a n d  d e f i n e d  t y  v ( r )  =  u , t f - t ,  ( f  G ) ;  f * ( i , ) ) ,
/\

ta r  re  tn  a : rd  v€  rp ( r : ) .  r f  ,  
? r rd f  ,  f ,  I  U .  - - -p .y l  ,  i  =

, n x  ^ ^  x - I  ^ t '=  1 r 2 ' ;  t h e n  
1  ,  T  I  

=  u L f r f  t t f  r ( n )  )  € ;  ( v ' v r ) .  s o
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!.ef1gr-!fg]}.A map o( r tI -tT*(M); r,vhere U is open in the

local  Jordan rnani . lo ld  i , l ,  is  ca l ler ]  I  tan lenr ,  Jor-dan char t  i f

c{ ( U ) is open in Tp(M) and c( , U ** d. ( U) is an tJt,{ iso-

morplrlsra. ( l{e.::e U anct d (U ) arc loca} Jordan submanifords of

L[  and T-  ( l r l ) ,  respcct ive]y .  )

"* 
l'.,et A ne the Jorclan structure of L{. If F 

U frf ,

q ,  U ** v+, then q--,q ,  U _._> T^(M) is a tangentt l  p
Jordan c'na.yt.  

.r ' \ .
Deff l l l jgg. let ( l ' , { ,  A") ue a local Jordan rnanj-fot_d. the set

o f  tangent  Jo 'dan char ts  on  l , i  i s  ca l l_ed the  tanxe i l t  Jc rdm s t ruc-

ture of  i { t  and 1s denoted by T Ao,A) (or  s impl  v av f  ) .
Le t o( r U -> T- ( l i l )  be a tanscnt Jol.clan c hart,  arrcl let

',"\ :) -

q€ Ap. men a/"(n)  *  is  a Jordan chart .  I lorv tet  <- .  U.-- ) .T ( r : , { )
r r  t -

1  =  f r 7 ,  be  t angen t  Jo rda r  cha r l s  r v i t h  U ,0  V  Z l  
p  . : hen  f o r  any

- .  - l l  ^ l l  - - lu €  v ]  t t  u2 ,  in  a  ne ighbcurhoor i  o f  o ( r (u )  ,  &  rx ,  f ,  ,  t t  u  rcs t : . , j . c_

t ron  o f  a  un icue ra t ionr l  r , r , rp  C j  ^ ,  ,  T" -  ( i , l )  - ->  T-  (1 , { ) .  Thc^ 2 x  L  i J l  1 , 2

rational- map C';
. "*'2 

o< 1

I =v(hf ),.lor " a tor(*tr_) .a,ncl h n, 
or(orr) .

.  The

C:  ̂  *- have the sarjre ;oropert ies as . those girren i-n l iei la_pks* 2  * l

.on pai;e 7 for the coord:-nate translt ion maps belonging

tl  orclan structure.

D"f-lI i l- lgn. .A cuirsei 7 o: T ,u"n trrat thd domai.ns oi t ire
- / 2

char ts  1n  7  co  ver  i ' l  i s  c r l red  a  t . l r r . : c r r t  , Jordan i l r r . lq  o*  i , i .

. let f t ta *^,,t, be a norphi srn be-b'rveeir. local Jordan meinifoldsl

(u \L ,  A l  and ( l { r ,  &; .  r ,o t . !1  ,4  i r ia  ant i  set  pe=f(p i ) .  Thcn f  in- .  ;

duces a rnap df (p,  ) ,  nnr(t*r)  ->rp2(1![2) def iner i  by farf i . l , rJ fr , l ,=

1 a n d 2

to .the

F.ot f ie 
q 

r,pi t f  n t  U .  - - ->  v ] ,  : .  =  1 ,2 , ,ve have
|  - L  r  I ,

is ca1]ed a coo::ci ina.te iran,. i i t ion nla.
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r n *  t  r  . n *

I  ,  G) ar(nr)  {  i {nr)- l= e( yzt  q; t )  (  cf1(nr)  ,  a (o(v 'vr) .

Hence df (pf ) :  tp.,  ( t i {r) -_> T-^(1,12) is a morphj.snt.

The l inear inap df (p. ) is cal led ttre Oi"f. ferentfa.t- of f  a_t pa.

$  f ,  Jordanrnan i fo l t i s

fn this section lve shal- l  focus on the inportant subca.begoly
'll\'{ of IJI'I co'nsi,sting of the gfobar- Jord.an rnanifor ds (or slrnp 1.y r fire
Jordan manifol-ds) (see t?ATS'i I  [42 a, Chap.ber I I IJ).  Eve::;r  + space
of a Jorcran palr v 'F can be embedded in a J o-rdan rnanifold

such that ever;r f  € IF+(V'V,) adl i i ts an extension to a

A (vn)

A ( t )  ' A , - - + ' ^ . J - .L l  (v fJ  ->  f \ (Vr ) .  The Jor r lan  man i fo ld A ( t r '  )  i s  ca l r  e r l
the compl-et ion of V+, and plays a central role in .bhe theory of
Jo::dan nanil lolds 

" In part. i ,cu.t ar, 1e completicin i .s used to exarni 'e
the  ina3c  o i  a  moroh i r rn  be t rvecr .  Jordan nan i fo lds .  Thc  cornpre t . .on  has
been co i ts t ruc ted  fo r ' va . r ious  spec ia l  cases  by  de  tsRUIJ i {  [T  _7 ,
l , t i i iAR0yICH fzt_7, F.OzE:i! ' j t ])  et a.L.f i{ ,  and for nore gene.ral

morphi sm

iorda-n pa-Lrs by LO)S [24bJ. iror a cletai lecl study of A(Vf) rrnA

l- inear fract ional group

t/Arsoii &2"-7.
f  * ,u ,  

ihe rerdet '  is  re fer red to

i ' iotat iorl  arr l-rens-Flc-LL9 n. re t  1,4 be a connected locar Jorcan
V-rnanlfo ld and Let Oc be the naxi.nal Jordan V_a.bla$ on 1,,1. Ior

q  €  Q,  1e t  Dorn  /  =  Uo< ,  a r rd  thus  o( :  Uo - ->-  v+ .  le t  G( , I )  (o : : ,

brief 1y, G ) be. the groi irr  of .au.b,rrnc r ph:i  srns of V+ in the o,uasi_cate_

gory lrr* ( see JSA "Y, $. 1) .  nnaow G rvrth the di screte to,ool-og;v..Fo.r,
g ' , F  €  Q ,  t h " . " "  i s  a  n a p  c  

U * ,  
u {  n  U p - +  c ,  a e f i n e d  n y

, " e *  ( n o t e  t h a . t  U n  h l l p  m a y  b e  e n p t y )  "  I t  X r ( , y 6 - q ,

* h n n  f n  -  r ^ V  -  a 4rncn LrU" C[x = Ci* , .f ler all ue un n ua n u,". The meps Cp* ,
for 1,,  g, e O, ,  ca' therefo::e bc used to defi i re a pr:,1ncipal f lbre

bund]e ',vith st::uciure grolr.p G a.ncl bn.se space. lrl in lrhlch they r_re

the burr<1le coordinate trarisforrnntions. (see srJtFlrf i toD fl t ,s 1;t1.
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. w e
tselor,v\5re sent YIATSOIi rs ada.o.bed version. (see

S T n i J , ' I l - i O D  r s  c o n s - U r u c t i o n  [ 3  8 , i . ! .

!
i

:
I

I
j

I
- - l
i t l

/  / l  o  -  ^ - 7 \
L a ^  a t p . 6 L /  )  o T

l e t  X  be  the  se t  M X 6X;7  .  lndo lv  6 -  v i t t t

lbgy  and X w i th  t I rQ produc t  to  po  logy .  Co ls i  der  X !  :

u  €  Ux !  anO endow Xr  v r i  bh  the  subsoace topo logy .J
equival:nce rel-ai io n - &rIt  by

the  c l i sc re ' , ie
(

= { (u .a"  q '  )  r .
L '  ' " '

lr7e de f irp an

i ro r  h  eG,  de f ine  Rn :  E  -

:=  q (urg  o  h ,  o<  ) .  Then Rn is  a  homeonorph is rn

--_>

of E a rrc'i p R,^ = p.
' l L

(u . r ,81,  o(a)  r -  (u2,82,  (2)  i . f  and only  i f  ur=u,  and

u .

3 1  - L ) '

&z 4t

l e t  t h e  e q u i v a . r  e n c e  c l a s s  o f  ( u r g r d  )  <  X r  b e  d e n o t e d  b y  q ( u r g , o <  )
and l -e t  E(1 , [ ,  ̂)  (o : : ,  b r .J -e f l y ,  E)  b r :  the  se t  o f  cqu iva lence c l i_ ]sses .

Thu.s ,  o  :X '  - - *  E .  Thc  tono logy  o f  E  is  Cbter , r t j . rc r j  by  the  renu i re_

nent that 1' I  < E is open i f  a.nd only i f  n- '1 1i i  )  j .s opeir in Xr .There.-

fo::e, q is coni inu.ous. i ' lotv, defi .ne p : ) i  -->- l . , i  b1. po,(urg, d )r= u.

ler:ma J.1. f , i re nap p : n .->- t ' r l  is a coi. i t inuous surjec.bion.

L?n ia"  3 .2 .  le t  u  €  Uoq ld€  Q.  tnen the  f ib re  over  u  i s
- r , ,  (  I  lp ' ( t l ) =  j o ( u , l x ; 1 s € c J

! , e ! ! l n?J r3 - -  1 ' he  se t s  q (U /Sxc< ) ,  f c r  U /  AX4  cX r  anc l  U

o,oen in i i l ,  fcrn a basis fcr the topclogy of i t. (I lere UX g Xr( v;as
w r i t t e n  i n s t e a d  o f  U X  {  g }  x t " J . )

Le:.',Ll:r- 3 i\ E is a Ilausdorff space ,

.  I . , e r m a  J . 5 *  F o r  U  X  g . d  c X r  a r r d .  U  o p e n  i n  L I ,  p : o . ( U r S  x x  ) - ,

->-  U is  a  ho iaeomornnr" r r .  The.  open sets  q(UXg(< ) , f f *pa i r r r ise
d i s j o i i r t .



S i r r n a  -  i c  o  l  n n r ]  1 r

X has a unique Jordan struc'l,ure such that p is a local- isomor.jrhisn

(see Prcposi t ion 2.3 ,5  z) .S ince l , i  is  a_ loca l -  Jorr lan V-ma-n i fo1c1,

X is also a locaf Jordan V-rnanifold.

l i f t inf l  of cuncs. Let t t)  t  f  arVJ --> ir [  be a curve and lot

q ( . u ( a ) ,  8 , 4  )  b e l o , r g  t o  t i r e  f i b r c  o v c r  d  ( u ) . l , c t  a = t o  < t ] <

Z t n -  b  a n  i n c r e a s s i n g  s e q u . e n c e  i n  f  a , U - ] ,  a n A  d  = X o ,  A ,  , . . .

&n_I u sequence in 4- ,  such that  u)  fa ' t . , * . ' ,1-  u*.  fc : :' i

n - l  .  S e t  u i =  a  ( t i ) ,  i  =  1 r  . . . . l n .  l e f i n e  t p : f  a , t J *

u e  [ t o , t f  u n d 6 ( t ) , =

s,  d i )  for  te  Fr ,ar* r ]  ,

i  = ]r .  .  . ,  n-1. Lnen tr l  is rvel- l  defined ancl contr l-nuorls. I t .  is the

r r r r iq r rc  curvc  ly l r :g  over  u )  (p  J  =  c ' ' ;  )  v : i tn  in i t ie l -  po  i r i t  x .

P r o p o s . L t i o n  3 . 7  .  L e  i

The Jor :dan s t ruc tu re  o f  E .

---->

o r l r  . . . ,

3 b Y  0 J . \( t ) : =  o l H  \ t ) . . r ,  o ( ^ )  f o r
U

^ u |  n  4 l
l o o ( o

v  01 .  o /* r - c _ 4  - t . o: , =  q (  d ( t ) ,

x ir .  !"  ' ihen r:  :  E. X

Re aa:: lr  _. iLhe Jordan

in,q p : I-_ __> .,. is ihe

nif ol-cl  of - l i .

x 6 ! .  and l - : t  E hr .  t  l^n cnm l l r r '  r  t  n  f- - x " -

I ; l  is a regul ar converi.nE of i ' i .

s Lr,rrr ' :  tur.o n f ; l  nr i . . i : , .- l  -Cro:,-r t lLt,  coVer-

sa:i le as that gi-rcn to l fx as a local- s;u.bma-

lef ini ' ; ion. I- ,e t  l r i  be a conirected- loca1 Jordan V-nanlfol-d" f f

thc oowerinrr rna.n n : E-- --* i{  i  s an in jectron, thei"r , ' ,4 is cal-. , , * ,  ; .  -  _ x

led a 3;iobal Jorda4 V-nenifr]d, or sinrply a {Sfqgg_-L:.lian1-i9-l-d"

i lei-,ra.r l i .  
.13;z 

lern:ras 3.2. a\d. 
. ' t .5, 

i , t  fol- lbws that this con*

c e o t  i s  i i ' d e o e n d e : r t  o f  t h e  c ? i p o r l e i l L  o l  j j  c h o s c n . S i : r c e  p  i s  a  T o -

nor i  cnmnznhi om "r  is a Jordar l  V- inani f  c l -d i f  and only 1f  p :  E*--> l i l

i s  a - i r  i soncp? l i i sn .A iL  a lb i t ra ry  . l oca l  . I o ' l : c l a r I  V -nan i fo l -o  i , I  i s  cc l l ed .

a Jordan V-nanifold i f  -  each coropoirent of  ; ' .1 is a Jord.au V-nanlfold.

lef in i  ! . !  oq. \ - 'et  CL b'e a Jo::dan ablas on a topological  spl lce

, , .  , nu^  4  r * c t  t r  be  ' ; r : . , 1 . . . 1 , j . ve  i f  v .hen ' r vc r  CO ,  f . a ,UJ  * -> - -  t , -



where  u .  = .  d  ( "1_ i  ) ,

-1

i

,

1 s  a  c l o s e d  c u r ' v e ,  ,  =  t o  ( \ 1  . . .  1 t n  =

s e q u e i : r c e  i n  I u , o J ,  a n d  { o , X 1 ,  , . " , 4 n

cirsr';c i, A. , such tho.t , far,arna] a 'rUr-,

-  . . 6 \  ^  ( o _ 4  
o  . . .  o  C n n * ,have L *o *n_, 

o ann_.*n-. *urn" idvj

,(o
- i - 1
,  -  J t  . . .  t  1 I .

- 21" -

is an increasing

is  a  sequence o f

-  w ,  L ,  . . . t  l ] - . L t  l v e

lS-o s o_Ugo_n_LL let IiI be a ccnnected l-ocal- Jordan V-ni:;ni-

Jordan roanif o f  d

1*10 , g e, ri

V

a

used in A'.  t lort

{qS-{qt:lrqqt f,o1{,

is a Jo;:dan Y-nanlfo ld .

}: iemarl i  1..  13y ?rolcsitron J.B, . . i  is a Jordan man1fcld i f  al i .r1
,,'t - 

'\

on ly  i - f  0 (  i s  t :ans i t i ve ,  in  wh ich  case a l l  io : :dan a t l r ' ses  Q1C A-

on lJ are trai ' is i t j -ve. An arb:L brary 1.ocal Jordan mauifold i ,{  is cal led

a Jordan nranifofd i . f  eve::y ccnponetib cf i , I  1s a Jordan manifolcl  .  I 'c

i s  easy  t r  scc  tha t  Lh is  i . s  e  q - r i va l r :n t  t ' r  . . i  hav . i : rg  a  t r :a l rs i t i vo

Jo : :dan a t las  (co l ta ' ined  l r i  th is  Jordan s t ruc tu re  ) .

SgUSLg_er- Jordan nanifolcls possess ma.ny proper: i , j -cs r,rhir:h 1o-

ca . l  Jordan me.n j . f c lds  need no t  possess

P::orrosi-br-on 1.9. l- 'et LI be a l-ocal- Jorcian manifo l i l

fold vrith ma-xirxal Jorda.n l '-atias A . rct A'C A be a Jordan atias

on I '1. Then i ' i  is a Jolcan V-manifcf d i f  and only i f  QI is t ,ransit ive "/\
.ue{ in i  b i  on .  I f  (11 ,  A" )  i s  a  connec be 'd  foca f

by  . r i r tue  o f  t l :e  cons iCera t ions  nnde on  pp .

local Jo::dan Y-nari i fold for any Jordan pair

. - ' :
c . . 1 . i - e d  a  A i o  - b r 1 -  J o : C a l  q a n r f o l d ,  o r  s i n p l y ,

i s  a

l l  i . s

if i,i

conponent  o f  i i i  i s  s r r ' r l l y  cor rnec ted ,  thcn  l ; l  i s 'a  Joz . r lan

n  . , .- : ' r r r ro . r ; i - t i .on  7 . f0 i  Ie t  I l i  be 'a  Jord .an  man i foLd. . I f  1 {

lfo_:efa_U_q A_1_. 11. le t
/') .

t l lc  . ro i rdar  nt . t - rs  t - {  has thc

T f  a r r o  r . '

nanifol-d..

i s  a  fo -

( * t ,  6 )  be .  a  loca l  io rdan n lan i fo ld . f  f

t r t  per i i  e  s  l

cal Jordan subnanifolr l  of i . i ,  then N rs a Jordan na"nifcld.

Defin' j . i j -on" In the above sltuation, i , tr  is cal led., a Jor'c1an

s Lrbr lani  f  o ld of  l r l .



a )

b )

3
I t

. i  - l

f n r  o r r o r ' r r  * h r . o a

- 2 q -

char ts  d ]  ,  (  o ,  N , ,  i n  q  
, u x .  / f i  i

' t_

for al l-the map u -*a?'*,t is constan.b or OUr_ n U^,

J  ^ 1  C O-  
" . ] - v \ 2  

L  t - l r ,

then  lv l  i9  a  zordan tn  an  i f  o1 ,L .
Propos i t ion  J . l - -?*  I f  1 ,1 i ,  i .  =  1 ,2 ,  a re  l -oca l  Jordan man i foJ_dse

tlren I '1, f , lJ, is a Jorda.n manifol-d i f  and only i f  Li i ,  i  = Ir2 ,  are

Jo::dan rnanifol-ds.

l lo 'bp-t ion" let J :  X ---> I! ,1 be a local isomorphi-srn between

focal Jo::dan iiia.nif o 1ds t{ aird 1,1. l,,ei A, be ar. Jorclan atlas on X such

i n a t ,  f o r e v e r t f  :  U n  - - - *  
" +  

i n Q ,  L h e n a p  t  t  u l - - + - 3  ( U ? )

i s  an isonorp l r isn.  For  yeA. . ,  ccnst ruct  the.  Jorc la .n  cnar t  (=  f  \ - : " ,

, I (u,o ) -> vl" i .n the Jo:dan strLr.c.Lure of i ,I. select a Joratan- T T
a1 /1

at las L{1 : -n , , ,  such that  q  €  L{ ,  tor  a1r  T€ 
L{ .  r :o te  that  i f

1 t ' 1 r € Q , then

!-!-:2J-:::-::::-::--2:-:2 !

l l j a . : 1 1 1 . . O 1 d  a i l c i  ? :  L  - - >

Ezannfes  c f  Jo : :Can

? t
n Q
\Qn

be a" Jor'c1:,rn iiiani f c 1d , X

1o  c : ; l  i sono . rph i sn .  Then  X

U e U " -  I t  l J . ^ .

\ r  1 ' z

a l -oc al  Jorclan

i s  a  Jo  rdan

suace o f  a  Jor -

l -s  a ISo s lnpry

since aff i f le

U ( 1 r l  D ,

. r  r iF ?r1r  nn mi\ r . \ r r , . r r i  nJ '

the  ccnd i t ious  o f

nYre)=  L f  
,F ,  

ro r  a r_ I

n r  i 1 1 1 O . L o  s  .  a ,
_,+
v , t j le -F

a ' ! ras  (andd a n  r a i  r "  V -  e i r i  d c r t l r r  ' n r e  a  l : r . r , - i t ! r r nI  
t  u  Y l v v - :

c c  n n e  c  t e d  ) ;

'  b )  a f f lne  qua.dr ics  (see Exarnp le '1  ,  $  Z) . ;

nu ladr i  r :  e i  r ' -e  I . rca l  .Torda l l  suc :ne  n i fo fds  o  f ]  +  oneocs

they are Jor:dan n:.g..rifo 1ds ;

c )  p ro , jec i i ve  quadr ics  (see lxarnp le  2 r5  2 ) ;

a i : lc je ct j .rrc t luarlr ic has a ,Io: 'Can a];- l-as sati t f ;r in3

?ropos i t : lon  1 .11 ,  hence is  a  Jordan nar : ' - fo ld ;

d )  p r o  j e  c t i y e  s p a c e  ( s e e  E x a r n l  l  e ' 7 r | '  2 ) ;  a s  i n  c )  ,  : : e a 1  t r n o  j e c -

t i . ve  s1ace has  a  J rordan e . t las  sa t is fy i t rg  i ; l i e  cor id i  L ions  c f  ? ro , ros i t : ro , .

J. ' l  1, f isr 'rcc is n Jrr. 'da11 lnnifc, l-d ;



- 2 6 -

^ \  ^ - ^  A . i F ^ L d . i o n a l  J o r d a . n  n a l r . i f o l _ d . s ;c , /  u  t  ! u  - t 4  r - : f , s  I  r '  )  I

1 Ap^ ' r  Ao  / r?  a  lR -  S - .  "nd  S '  ( see  E ;<a f l p le  . { . ,- LU_LV ; t r  ho r  p f  r  "  r  - ,

nanifo l-d s ;

whenever: \: r -+' l , i  is

na.ni fold ){  '  ihe::e e:<1staj

t b a t p V = 1 .

a-l: e

su.ch

l-ocal- Jolc'l.a.n :,rr'-i-Lifold i,i, tiretL l.i is

i f  p is i l 'L ject-Lve ,  in vrhi-ch case. p

tl'le local Jordan rna.n.i-

$2) a.re al l  Jordan

)

a

of o rt irogo -

Jo rdan

a. local- isot i to::phism of a connectecl Jolci: lL

a-  Lcca l  i so : lo rph is rn  l :  X ' -+ -  Q gr rch
,/

\ .t u . . o .  / .  r -'  a "  a "
i  c n n r n  v ' , r h - i  c n r

) r

of i,l

--r>F c^

tcf j - ;n- i .  - t i  cqr T't io'cr: l .n s i . ' i : ive c lo sure s

cal led i .s-ontcrlhrc i- f  th.ere exists an

t l l a t  p 2 9  =  p r . '

trr ioredl. l+-.- Sverj '  ccni ' iecied local i lorcia'r r ;rair i fold i ' I  hes

a unique (u.p to isoi i iorphisnt) tral:s: i t ive cfosuie'

f  )  t l ro -dime nsional Jo::clan manifo}Cs; the torus S'X S-, the

sphere s2,  the pro iect ive l lane ? g3 l ,  ar rd  the cy l inder 'c  (sce

nxample 5 a) ,  t ) ,  c )  anc l  d) ,  respec 'L ive1y,  $  2)  are a l - l  Jordarr '

rnanifclds, ,." ntu their universal co'tering mani-folds;

g )  se 'bs of  or thogons. l  e lenents ;  the set  Cn{V,  1

naf el-eroeirts in Y o (""u 'r;he lefinit ion nrpf'{[- l !$ 2) is

subnanifol-cl  o.t  V.

Comjrents*" Te,king into account ilxanple d) above , it vrouJ-d be

i r : te res t ing  to  recons ider  i ,1 i ' -RTf l ' iE lL I ts  resu l t '  f  ZT arb l  on

quatern ion lc  p : :o  jec t i ve  p la , .nes  in  ih is  nore  Senera l  se t t ing  o f

Jordan pa_irs .  An ope:t problen vrould be to f  lnd an al.gebraic ch.alac -

lexi.za.I i-on of i i ' i tegrair i  l i  ty of a'  . ' leoi le t : : ic struc'bure '

])ef ln:-t1on. Ire t  i ; i  be a connec ted local Jordan nanifold. i j l i ien

a  t r a n s l t i v e  c l c s ' : r e  o f  : r i  i s  a  p a i - : : ' ( C , p ) ,  w h e r e  C  i s  a  c o n n e c t e d

iordan :lt;ti lo l-d. ar:.d p : c --+ i,i j-s a local isoinorohj-snt, sucl: tha.t t

Co !q. ' l - : l , j : ' . ry. i f  (Crp ) rs'  the trarLsl i i -ve cl.osure of a'  connec'LeCr

a Jorrlan iaarLifol-d if airri cnly

is air i l iotrcr l th-. srr.



.)|"7

.  . 2
Exarno l-es,. a.) l 'he snircre S* is :r .

I l xann le  5  b ,S  2  a r ,d  l J r -anp le  f .  abovc) ,
( ' ) D

f l roup I  Id ,  -  Id  \  ac  L ing  or i  S ' -  feac is
L J ^

( see  exane le  c " ,  $  2 ) ;  t hcn  7 ( f . ' - 1  )  , "

anc1- (S'r p ) is 1-Ls ' i ;rans i 'bive c J_o sure ;
' ,  \  ^b) lcur examples of tra.nsit ive closures of local_ Jordan r.:ra-

n i fo lds  hor : teon io rph i -c  to  a  to rus  are  f i s ted  be low:

i . )  t h e  t o : - u - s  S I X  S 1  ( " " "  s n n r r p l e  5 a , $  Z )  i s  a  J o  l c i a . n

Ff @ li l f  
-r. ia-:nfo1c1, hence i is or,rn trans1iive ci-osur:e I

i i )  the  cy l inde: r  C is  a  jo : :dan 
Bf  8  R(  €  ) -man i fo ld  (see exam*

ple 5d., $ 2 arrt l  exp.xlp] e f  above), anr: l  the orbit  space of the group

^ +  1 1 r r ' l - ^ r ) , , r } . n h _ i  c n o  n fu - L  s a L , v : i r J . r . . ' , , . L i . i , r b  u r  C  G c r . e l a ' . e d  b y  T  ( x . ,  r x r  r x r ) : =  ( x r r t : r r x r + L )  l c ; r 1 1 s

to a coveri irg p : C --+- i , i ,  r ' rhere i : I  is a_ 1ocEL1 Jordern Rr@ R(e )-rna_

nifol-d ho i leo nic L:ph.i  c tr  t i re to:r-us I the pair (C, p ) is the transi Lirre

c lc r ;u re  o i  f v l  ;

i i i )  ccrr i ; : .der th.e Jorctal [r@ [,.o-r:reir i fold S1 X I j  ,  and tai. .e

thc  c rb i t  l cacc  c - f  the  ; r ' : :L r  o f  : , , . r t - . : , . c r 'ph i .s r , rs  o f  S l  X  E j  ECn. , r . l , t .d

b y  T ( x , ; ' )  : =  ( : < , y + l ) ,  x €  5 1 ,  y 6 l l J  ;  
' L t r i e  p r o d u c e s  a  c o v e r . i i r g

'  
i :rorphrc to .Lh.e torr-rs I  the Da.ir t t t  X $j ,  p ) is the iransi. . t ive cl,o-

sure  o i  i . l ;

iv) let V be f lre rarl ical Jordan pe.j .r  (R2., O ) arrd take f l :c

, orbi. t  space of the grc u.p of au-tonorphisns of V+ g"norot"d by

T r ( x ' x r ) :  - -  ( x r + 1 , x r )  r r . c  T ,  ( x , L : ^ )  :  =  ( r 1 ,  x r + l ) ;  v i e  t i r e n  o b t : i r l

. .  . .  a coveri lg .p :  V+.:->- l i ,  rvirer:e ,-: i  is ,a I  ocal- Jcldan. V-inanifo l- i .  :

horueonc l :-ol: l i  c to ihe torusi t ,he pair (Vn,p) is the trarLs i  t i . . ,re clo-

sure of i l i .

Lr oo r le.nt-:e:. :r .r l : .  The Jo.rden : ' l , lni foId-, r :rci  t lLc norphi l : t .rs

(in lJi,:) be.tr,'e en birern, forirr 1," su.bcatcgory o.f l-,Ji,i, .clenoteci by Jiii" lhe

cr. ir :gor;,  Ji . l  i l  c losccL r:. ' i  t i r  -rki : . i l ) \ jct ' i ;o cl j-rcc1; L:: :ot luc' 'cs, co vel.1ni l  ! ; l lacor;

a.rLd local- "Tcldarr s:rbrla,ni- i 'c l-cl .s. '1, ' lorcove r, a local" J'or.clan ina.nifold rs :

Jo  r 'd  a .n  R. ,  (0 ) -ne .n i fo ld  (sce
e L -
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covered by a Jor:clan inanifold

le f i r i t io rL .  Lc t  V  =  (V* ,  V- )  bc  a  Jor r lan  pa . i r  and ce f i r ,e  on

V+ X G (V) an equiYa.lence rela'clon ..-  by

(xr, !r) n'  (xz,f  )  tr  t , , tr ,  x16Dor1( Y z' t i t)  and' (f  2"tp!1)(x,)=x. '

The eclu,ivalence cfa.ss of (x, f ) 4'-v* X G(Y) i 'r1l- l  be denoted" b1'

[ " la f ] ,  the set  o f  ec lu . lva. ler tce c lasses of  I  v r i l l  be ca l red -c l ie

9!g! l9 t i9-S of  V+ andwi l l  be denoied ny A (V*) '

f i r1 .e ( r r ) ,  te t  uo:= \ f " f  
. f l  

I  " .V.  J  a: rd der i 'ne

! - ,  u T - - - - + -  v +  l y , f l b l f ] = t . I o r x € V +  a n d  v 6 V - ,  l ' e t  l " l v ] t

,=[" [r; ir!  .  , ihus, 
[,- |  u.] = f *, I  ur] t ancr onlv ir

(x,J'l - 12) is quersi-tnverbibre and *r]--y z = x' let uu: =

r r )
' = J [ . I t J / " n ' *  Jt l

I f  t r r  =  (V* ,  y * ;  i s  a  Jo : :c la i r .pa i r ,

ccnrplet ion A ( l '*) of V-F has a ul] j -  que Jo.r 'dart structu-re

a- r l  q  ' :  l J ,o  - -z  V1 ' ,  cge  O(V) ,  fo rn  a  Jondan V-c t la 's
-,1-- Y

(conta- ined in  tha t  Jordan s  L ru-c tu le )  o  i r io reover  A  (V* )

,rordan struciu::e is a con'"rected Joldan V*nanifo' l  d '

The rnap r,1+ : v+ ---> 
A(v+) defj-ned ly r-u+ (x)

then tire;

such ihat

ot '  A (v*)

vlr th thts

F r ' l; = L x i o J

i n t o  a  ( v+ ) .

&1€.rI- r  ,rote that fU+ ; V+ * Uo is an isotiorphisn of V+

onto. the Jorcla-n. subnLanif old Uo of A (f '* )  '  the l lverse norphisr:t

a s J-c l , ,+- v

The most i ; i rportant proper:ty of bhe cornplet ion i-s expressed

T h e o l e n  3 . 1 6 . let V e:rd \T be Jol-'dan parrs; 'and let

there exlsts a- unique col l t i t rrrous 'nt lp A(f ) '

is an ir- iocirve Irorphisrn, called the car;r ryice-l- 9I$SlS;rg o: v*

by

f  €  L i i+ (v r ' i f ) .  Then
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I{oreover, A (f ) lu a Jit rnorphisn.

1 in  extens j -on of  Theoren 1.16 is

on .Dom f  .

gp-a3e11_fJ-, Let V., and V, be Jorctarr pairs" Lei U be.a

nonempty colr ' rect ,ecl  op"r  
" r rb, . " t  " i  A ru i l  and let  f :u *+,  A (v;)

be a morphism (U i-s a. Jorclan submanifold of A (xi) ). fnen tLcre
n r . i  s f  -  i f ^ - - L i s n  F  , A (Yi) *+A(v;) such that nf u= r"

The next theorern gives a rela.t ionship be t-vreen Jordan ma-

nif  o lds an r l  co ml}c t  ior rs .

.  
' Iheor :en  

J . ]6  . le t  i {  be  a  connected  loca l  Jordan ma.n i io ld .

l 'hen l i {  is a Jorda.rr na.nifold i f  ancl only i f  the::e ex.Lsts a. }ocal-

morph isn  g  :  11  ->A( r+ ) .

i3y extendir i6 l  Tireor:en 3. I7,  t l : .e fol lotv ing fu.ndam-.ntai  t lcper-

'L ies of  Jcldan rnl l -n i f  c I  ds are obtainer l  .

TJ reo ren  1 . f9 .  i e t  i i .  be  Jo rdan  rna : r i f o lds  and  l e t

€. :  i i l .  - - ->-
r l _  L

(vf ) ue :-oca.r

A (v*) *->. A (w*) such that A {r)ru* = rl}/+f

a  n o n u n . . t ) -  C  r i : n c c i c d .  O O C l " r

r4o  r 'oh i  snr .  Thcr -  the le  ex is ' t c

s u c h  t l l a t  f '  R .  =  ( - f  o n  J "
)  - L  ' l

!l:s_cr'"CJ-*7_._2L. I.,et ll bc

a norLeinpty connec tetl su,bse'i

i  sono r:pi ' r i  sns , i= Ir 2. Sunpose th.a.t U j-s

r ; rbse t  o f  L i l r  a  nc l  f  : . l J  - -+  IJ ,  n

a unique rnor'phisn f '  :  A (Vl) -> A(V;)

ccnnected  Jo ldan ma: r i fo ld  a r .C le t  U  be

l, i .  I f  f  :  U ->-[(vo) lq a nc.::phisn,

then t l :ere exists a. u,nique morphi.sn I ;  I i l  -->- A (Vn) such tha'b

Ft , ,  =  r .
I -

r r v L r v r r r _  ! ! v L t  ) .  ( _ J - . Lei id be a l-ocal Jordan rnanifo li. and l-e t

sur  jec  S ivo  1oca. l  i  son .or r :h rs r , t .  I t  |  :

:  X --> lr l  is a norphisrn on the connecied Jordan mani-f  o 1d. X,

t h c r e  e x i s t s  a  m o r ' p h i s n T / l . z  X  - ;  A ( V + )  s u c h  t h a t  p ^ = \ "

Cor:c]- l .rr"r ' .  i ,ct . , .  b.-- a. 1ocr1 JorCan mr.nifold a.nd let

p : A (V' ) --> i i  be a s i-rr je c' , ; i . ;e focal- isronorob.isn. Th.en (

then

A (v*),1."
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is the transit ive closu-re of I \ i  and p

The na.in tbeorem ahQut lnages

manifold.s is

i c  9  Y ' , a c 1 r " l  t r '

n f  rnn  r  n l t i  sms

co Yer:i ng ns.p .

between Joida.n

Theoi:el i  5-.??. let i i i ,  be a coitncc-bed Jor<lan marrl fold anC let

Ii., be a Jordan ma"nifold. If f : l'{} --'+- l'{, is a lnorphisrcr then

N" := f (i,lr ) is a Jorclan subma-ni fo1d, of i'1, and f : Iit -'->- 1{2 .is an

n n r ' n h i  . r r r  h p  l ; r v e n n  I  o c a l  J o r d a n  t n a n i f o l - d s

^ -  ^r  ' rn r -h i  c t ru ! s r r  ! ! v r  P r 1 r v , , , .

ke su l - ts  concern inS

are

Proo-osj-t ion '1 . ,2J. iet l , I t  and. i ! I2 be local Jordan rnanifolds'

If lria 1s connec'red znd f : lia -+' id, i s a tnorphistl, then the ranli

o f  d f ( p ) ,  p  G  l i l r  i s  c o n s t a n t .  
'

gb9-g-I-9]]--?r-?i. (ooen na'p'':-'ing lhecrern' ) Let Llt a"rLd l'{, be }oca'}

Jc::dan mo.nj-f  olCs. I f  l . i ,  is conri:cted and f:  i i i t  --+- I t l ,  is a suriec- '

t j ^ ve  o l ' ph l sn '  t l l en  f  i s  oPen"

Three a.ppl lcat iorr$ oi  tbe preceedirrg stater lents are

f i l . :o.r :e l : l -  j .25. Le t  i , l ,  be a co]xtec+;cd 1oca, l  Jor.da,r :  r / - rr i l "n j  . [o]-d

r ' rhey, 'e Rad V+ = O. i f  f  :  i ' i ,  - ->- i1,  is a bi  ject ive t lo lphisn or i to a

l-ocal  Jord.a-n t la: ' i i fo l  d i , i r r  ' then f  is an isor lo: :phism

Thcc::r : , : t -  J,25-.  Let l { l  be a col tnec' ;c;d loca- l  Jor 'dan. V- iaal i . fo}d'

rvhere V is s j -rnole.  f  f  f  ;  i ; l . r  *+ i i ,  is  a sur iect ive nonconsl ;ai t i

mol 'p l t is l t  onio i i re local-  Joldan'  nani- fold i , r i ,  r  .  then f  is a loca- l  iso-

rno r-ohi  sn.

L h e o r e n 1 " 2 7 . . l ' e ' b l l r b e a c o r u r e c t e d o p o n J o r d a n s u b n a r r i f o l d

.  of A(' l  i ) ,  v)tcre V-ls a sinpl,e Jorda.l ' r  pair" I f  f  :  I '11-->- I lZ ie a

nonconstant rrtorphism into e. Jordan mani.fof d i '1r,  then N2: = f ( ;Jf )

is  a Jor.dan. sub;ra. . j - fo ld o I  i . ' i . ,  a,}d f  : i . ; . r  - ----*  i ' I r  ic atr  isornorphisr:r .- ^ "  - -  
2 . '  L  z

A resu l t  ccnqer r : i ng  the  f i b res  o f  a  no rph i sn  i s  g i ven  by

'D rnnnq i  +  i  o7 r  z .28 . l c t  f  :  . , i ,  ->  l r l . ,  be  a  l no rph i s tn  bc  Lwe  en

1o c:..1- Jor. i ta;r r lanifolds Li,  a1d i , i r .  Tiren r--(ur),  uz€ I ' i ,  is; either



enpty or a local- Jorda.n subma'nifold of l l t '

I ie mar4 1. The results plresentecl above indir:ate that proper"Li-es o ' i

1,he corrrpl et ion A (Vn ) to a large ex'bent 6eterlnine propert ies of Jor-

dan Y*rnanifofds. For thls reason WATSOIT undertook a cletai led sturly '

of the cornir let ion A(Y+) arrd the l ' inea't :  fract ional group 
)* , ,-  

(*)t

fo r  v rh ich  the  reader  i s  re fe r red  tc  WATSOI{ ' ,  &Z i l .  f  ' g " , the  i i r te r - '

play bet 'reen the idei lpo lents of a Jordan pair V' the topology of -the

nnnrn l  e t ion  A ( f t * ) ,  a : r t1  the  onc-d in" r r . ; iona l  Jorc lan  su-bmar ' i f  o td r ;  o f

A (v' t)  is exa.i ' f l ined in [Q'L a, chapter V*/ '

Renark 2. Ior every ni lpotent slgebra A af,1d local- Jordan

marrj , fold 1,1' 
'J iATSO.i i  

[42 a',  Chapter I ' ' l  ]  r 'zs constructed a local Jo::-

da-n na.nlfoLd A(1,{), callecl the A-sca.}ar--!:U:'llg--gl. l''1. The various jet

bu,ndl-es cn l , :  are rea' l ized a-s speci 'al  cases of scala-r bu'ncl les on l ' l '

49nt4l: l-  Tire propert ies of l inear f lact iorLal ma'p s neec)ec1

for  the  theory  o f  io rCan nan i fo lc ls  a re  eas i l y  der ived  by  cons ic ie r -

j-ilg the grc uD (V) ,  act in .S on the conplet ion of  a  cuas i -
+

pai.r V (as recec,tly defined anci stuclied by
i . r - i l  er t i .b le r iense Jordan

\ iA, isc. ' i  f '+2bJ).
I t  ts obr, ' i ,ous that the Jolc'an neri iolds clef irLed by \ ' {atson

ha.ve tnuchin comnton r ' , ' i -  th the theory of dif f  elentielble rnanifolds'

$h :  : r ra in  exanp les  are  d i f  f  e ren t r r r 'b l -e  mr r r ' i  l l o ids  ' )

gpeg:el:-f-en:- To f ind an exact relai ionshlp between the

categor:y of Jcl 'dan inanifolt l 's ancl bhat of cl j ' f  ferentlabl-e ma'nifo l  ds '

In  195I ' i " r 'G :Ql t  b "3an (see G4b,c l )  a  ser jes  o f  s tud ies  wh ich ,

1ed tc a rnatl lenatical tool necessary to fcrnulate ancl sclve the

f o l l o i r i r - r g c r o b l - e n : I o f i n c l t h e g e o r n e t r i c a l p r o p e r t i e s o f d i f f b : " e n -

t iable rnanifolds wlr ich are derived onlv fron a' lgebrai-c ploperLi-es

of the pseuciogrou.p of Ioca' l '  horreonlor:phi sns and the at l-as '
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.  By n ieans of  I t t , r ' rcJ  t=  c 'b-1 'a '  lvhere a 'b 'c  are e] -enents

of an atlasr a ternary operati-on is deflned e'n 11 this led to t l ie

algebra.ic notion of &-ap (frea!I), a st::uc ture definecl 'by a wealce-

.ned 
set of a Sroup pos.bulates (see OIII9OR.D f-40)i, cnn'Mt.l;trf- 3-Jt

s u s 4 K € v t c H r 3 9 f ) .
Th is  a lgebra ic  no t ion  was used in  d i f fe ren t ia l  geomet r :y  by

vAGirER (secf  44 V,d. ,cJ)  .  tn [  4 a 
"  J thc io] ' l -ov i ing ques l ' , ion

has been ra j -sed :  l lo  th -^ re  ex is t  p roper t ies  o f  d i  ' f l f  e ren t iab le

ma.nifolds lvhich depend' '  onl l i  on the at las ?
-  
BiiAliZEI If il has anslvered this quesiion affilnatrrely

--92 /'

and ha-s defined a kind of 3eneral lzed rrrani f  o].ds, cal led l  lb,W!:

J9fdg, r.rhich he stucl iecl 1n detai l '  A

ha.ve been giYen bY hin.

Olen Probl-cn. Tc ccnPare the

rvith t l ie category ot ' / /(-nerl i fo l  cls '

I iei ;rark. f  t  r , ' rc uLr] be of in' teres-u to r-e-co nsloer

the abo ve -mentio rre r l  ter lLary oi:erat ion' as vrel l

ot nn-i. i"zlr If 
'o-7, irr tho -i]re or'y of Jordan ma.nj-fclds'

i c t  us  ne i l t ion  no  v ' r  o the : :  cabe i ;c r ies :  whcse ob jec ts  a rc  co t r -

structcCL i l l  a r irni lar 
"ray 

. is di f  ferer-Ltrable r l t ini folds'Amol8 t iren

r,,:e note tcpologica.l- rttani iolos, Vh0itl]trs coritpourrii nairifokls [4 I *J'

(C t ,  cs ) - rnar r i f c lds ,  S IKOi ts i i l ' s  f ' s4J  d j ' f fe ren- .

soaces r Sl, l ITl l ts [a S'J r] i - f f  ereni ia.ble spaces ,AIiOl ' lSZAJ.i ' i rs

I Z J, a.no ]. l f tSi,Ali" s [26] C ? -su'bca.r' iesian spaoes (l-or t ire

d-ifferentiaf topology of these spaces 
'see 

[29 b]) '  ann SP'l- l l j ' j i ( 's

l , ioTRltAi{\J [zS a] (see also [z? c]Snas coristructc'd a'

c i tegory  o f  so-ca l leCr  p rer lnged man i fo lds '  v ih ich  conta ins 'a 's

part icular ca"ses al l  categories raentioled above '  Roughl;r speaking'

a preringed l i lal ' I i  iold is a topological space i ' l  vihich is local ' ly

de ' i ,e rn i ined  by  a  t r ip le  @,  { ,  V)  rv i re re  E  ls  a  topo log i -ca l  s t la 'ce '

1arg.1e nr-tmber of exantPle s

category of Jorclan nanj.folds

the rer sr.r-lts

ac the rc sultr:
o n

L.t)RAiiA.i:,'s ['l J

ti a.b] e

, - ^  .  - ' r  ' :  : - .  . F . ^ - : -  " . + . 1  i l ) l e  a t t 2 , C C S  .
L  t bJ  r \ r  - u r  r  - L  s r  e  r r  u ru
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{ in n presheaf of rea}*va'}uecl fu'nct ions on E '  and V

space t tvro such tr i .ples being compatible w1th respec'c

ch.ari :s. Here n describes local ly the topology of M and

role of tangent space to hi.  3y a su-i table choi-ce of Et

obtains the part icul-ar theories {ecal led above' So' the

-oro bler:n is i l .media. ie:

i s  a  vec to r

+ ^  ^ h o r . d ^  ^ f
i r v  v r r v  1 1 t ) v  v . !

\I n' l r rrcr thrt'  I ! ' - n  '  - "  -

.;f and V One

fo llovring

c

?

Olen pro-b l -e rn .  to  descr ibc  bhe Jordan man i fc lds  i t r  te r r rs  o f  p re-

r inged nanifo fds.
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