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JORDAN S}TRIJCTURES

JOilDAi{ STRUOTWiES

Had.u

\,V,IT}I AFFLICATIOI{S. VIII

iiii CLAS$iC,it -{;iD QU;iiffUivi jviECiirtitil0$'

IORNANTSCU

t/

As is v{el} known, J0}1D1.}l [o+ al etressed. that tho most

fruitful attempt at generali4irrg of the stand'ard il i lbert $pace

s'tructure of quantum rnechanics would" be to change the algebraic

s t r u e t u r e s ( s e e a } s o t i r e m o r e r e c e n t o p i r r . i o n e ) f p r e s s e d . b y } I R A C

i* [ 
"il]" 

JoRDAN [O+ nl forrnu]ated a quantun mechanice in terms

of c-onmutative, but. not assoeia't,ive (finite.d'ii:rensional) algebras

of obeervables, now catled (f j -ni te-d. inensional) Jordan algebras"

JgItDAl,l, von l,trEiJ,lAtli\ and 1,ilgiiflR [65] shovreci tirat thisi approactr is

equivalent to 'Lhe realisation <lf the standald quantum rnechanics

in finite*dimensional subspaccs of the physical l i i lbert space

vri t i r  the siru3te exception of Ti l(0)+" (rhe inf ini te-cl i rnensional

case \vss st*died by von mU,Utli ' i :n [af d l. A' more recent tc*tati-

ve axionatiza*,ion v{a$ given }:y I{,iC}I [r, { (see $ 1)'

Exceptional quantutn nechanies was reinvestigated uy GtlwAr-

DII{,, pIRO}t ancl itti}SC [ii] and sho'r'm to be in accordance wi'L]r the

stanclard. proposi'bional formrtl.ati"on, with a unique' probability

function for gre l,ioufang (non-Jlesarguesian) p3-ane (see $ 2)"

- 1

TRUINI and l3lltiti'lllAiiN [1fb Ul *ottu'l'ructed a cluantum nec]ta*

nics fnr the complexified octoni.on plarre r:y usirr'g the "Torclan

apaire technique (see $ 5) 

:ast to tho Dirac q*nuinber
, In'tire Jordan technique, by eontrast to tne l1l

approach, conrnutativity ie reillacecl by non*commutativity and non-

associativity by ossociativity" sec'Liorl 4 deals wj-th FitrJ)llOzA and

VIAISNAts resul.rr [SOl concernin€ the dynardcrrJ vsriables for cons-

t,r.aineci ancl .unconstrainecl syst,erns describetl by the syuui:etric for-



2 -

nLl lat ion of  c lassical  ueol ianics.  These resul ts 9an be cor i r icctecl  
'

wi'th tl:e recent researcires on supersymrnctriy and supernlanil lolds

^  r ' r 1 r r f - )  T : i r 7 ^ i - 1 . T  ( ,  ' 1

of iillit]jZrii |i"l:l "

/t ' i ,{ri lJ [ 5] improvecl 't.he characterization of s' l,ate speces of
L J f - 1

JB*rrlgebras given by Al,I'SEi$ anci SI{ULTZ'LZ bJ to a forrn vri'L}: uore

ptrysical ai-rpeai- (pr.cpc*,*d by i ',JITTSTOCK [fZfJ) in t]re siurplified

case of a finite dimension. Jl3-algebras v,"ere fruitfu.Ily used by
{ ^ - 1' t i l"GUZ 
leO cJ in a tent,ative axiona'l"ization for nonrelativj.sL,j-e

qu.untu.ra rnechanics atrd f"U,l,itrR i t{ gave recen'b}y a nelv approach

( s e e  !  ) i ,

Ilesr.rlts ot: ,Iorcllan ( cluantum) logico due to IrIOII0ZOVA

1 1
CHlt l{ IS0VL85 a,bj,  and on orcJer unit  spaces arising from

g5-es clue to ASiATI and i,;Al{Ii [t "r{ 
e]re sketc}red" in $ 6.

and 'r ' / l { tGiI Irs resums f 19 
",u] 

are also referrecl ' [herein"

qJ' r" i rr ryThe intportant rolc hat Jordan algebras qhoulcl play in

t i reor ies is cxaininecl  in $ 7,

1.  Special  Jordan al3ebras in 'Lraci i t ional

axioam'Lic quantum iiechanics

Lt i"s vrcl] knor',,n that there &re three clifferent forniu.Lil-

t iops of quan'buin mechanics, nanely, thc i l i lbert $pace fon:ru.}ati"on,

thre Jorden ai-gebra fornu,Lation and the propositional calculu.'e ap*

'proach of von i'ieumann .

In the l l i lbert space f,*rri; iul-ation the state of a physic*l

lCsrtntecl  l ; -1,  g r--r ,  Thn'r .nrrq Of thC l i i - lbei : 'b *1rU"g a] leSy$tCn 1$ TCDr  uDur r rJ r iu  r i J  c . r  r  c tJ  o  . r . r . ru  r  L rJ  e  OI  t r I lC  r1 l - I I )€ .1

re jpresented by projcct ion operators in the Jordan foruula 'L ion,

and thes;e in t i i rn corre{ ipond to real izat ions of  proposi t ions (ye$

rr^ - n'r.r.r, ' i 'r..nts) irr -i; lre von i;ctu:iatrn fot;inulitt ion.

The li i lbert spece fr:r"urulation is ecluivul cnt to ti is Jordan

algebra fornu'at ion except. in ther cuse of  thc excep' t , i r :nal  Jordan

ana

sun 1o*

L.lT i;\T/r' l lr
t f \ J l i v !
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a l g e b r a f o r r , , d r i c h t h e r e e x i g t s n o I . 1 i l b e r t $ p 8 c e f o r i n u } e r t i o n "

In the present secti.on we sh*l} revievr briefly il i"icil 's (ten*

f - l

.Lative) axiona1 j-zi,t ion c;f quai:tum. ncchan'cs l3T aJ, '. ' ;hich enrpha-

eizes ti:e role pla;rs6 lr;r s1;ecial Jortlsn &1gebr&sc
7

Sglg" TfrJfiI LT "-l 
s'r;ated 'tvro '*postul*'L:u'* and ten 'ostrue-

tu"re alrioms" (see U*fol, for these postulates and' structure 
\

axiorns) . The tvro postuleites sumarize tlre structure of tradi'bj"o*

nal quantr:m rnechianics, a$ it emerged, from'che work of von Ncuinann

(192?-19 32) " The axioms d"eveloped by E1ach fron vdrat he thougbt

would be a molte intuit ive approach, namely 'bhe systema"Lie e>:plo-

itation of the constructive interpla.y betv;e.en the Structure of

two sets:  the observables and the states of  a pLrysical-  system"

In particular, itnch wan'bed to avoicl t ire artif iciality of intrcl-

ducing l l i lbert spaces too early in the thecry, a point of viev'r

wiriclr everyone learnecl to appreciate upon reading S'['Ci1'L [IOZJ'

*g-I. To each observable *l of a given physical sYBi

1em coryes;:onci.s a l inear selfadioint oporator /(g) actirrg on a

}li lbert uyra"*!(7, and conversely

& g L a * . I r n r n e d i a . b e } y a f t e r t h e a b o v e p o s t u l a . | " e , f t n e h m a c l e

the f 'ollovlir lg renarkl "t/e sflould ttotice that the 'conv'erset part

of the postula'be is nov,,known to be untenable (existence of

. 
*rsuperselection ruleo*o) I since, hgvu*.'*", von Neumann macle a r&*

ther rnild. use of the seconcl part of the postulate, ws shal} l iccp

i t o n a t e n p o r a r ) ' ' b a c i s a n c l n a t u r a l J - y e x c l u d e i t f r o m a q o l ? e c l e *

.omat iza t ion" .  ( i i i iC t l  b ,  " ,  
p ,7E) .  Accorc i ing  'Lo  th iC

remark, v,re corrfine ourselves only tO COheren't ' Hilbert' si)aces antl

to .bhe obse rvables real-ieed by sel;facljoint bou-ncled operat' 'ors '

- c ] s n . v . e q } l } s i 1 . T h c s e t o f a l } o b s e r v a b } e s o f t } r ' e p } t r y s i c a l
n

system considerecl vri l l  bc deno'bed by ';ff '

4gigg, I : [ '  t , , 'Je +'  thcn 7(: i )  T $) c]oes P{F' '  i r r  general t



does, Therefore ' thc
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- tJtt ,  .  r i-r r, \  f ,  ( ' ;1\ -r tr(D) 7(S")
beloni i  to  i l  l ' / t ) . ,  v /nerea$ /  \ r I /  d /  \ r ' r l  '  - '  \ 'J l

enlgeu.lss"*-up$$-l

dered"

bert
, t( ? ;

' L ies

Titu) " vt l) ,= * 1"7(; i) IT Q) *f {*} a (A))

belon6ls U tr d\ for &Il ir {1vs observ*b}cs A and ts af "4 ' Thig p:: 'o-

rl ict is corr.i l-rututivc arrrl bil incar. Its oefinit i 'on cl0ec no'b rcqui-rc

tire 'cnorrlerlge of Lhe o::rlinary procluc"f of tvuo llonco*patible oirser*

vables (i,co two observables slr.cb tirat ' ttre corre sponcling opef'{l*

tors do not coininute j ' '  the_ ordinory sense) . rndeed, vre have

r  |  . )  '  , - t . r  - r - - . , 2 1
l l ( L )  " / ( * )  - *  

l f r t a l  
+ t r l r r ) ) z -  1 / ( A )  * n { L r ) ) ' J .

t s % a & * a " , I h e a } : o v e s y i i i ; i r e i r i z e d , p r o r l u c t i s , i t r g c n e r a } , r r o t

assoc ia t i ve ,  i ' en  the  oPera to l

l . o t * l  ,  t i ( s ) , r r r c )  1 , =  ( t ( { i }  ' n ( B ) ) ' 7 ( 0 )  - / ( A }  "  ( r t ( t 3 ) " r ( c i )

"un 
oo different froin zQTo. The important concept of compatj-bil i-

ty cnn be expressecL by using only t)ie rveal;erted ' lotiott of symi'e-

trizecl procir-rct an,l not the orcli.nar;r ploriuct bett '"een operato::s'

ISIEILI-. The set itt|) has the p"oi'**tv that ]ft"l 
2 

' Tt'n') '

\ -/l

7(I ! )  Y = 0 j ior  a l l  l l r l  of  4 n v i i r ich is th 'e c l iaracter is 'b ic axion of
J

Jorclein algelrras" Tiien the sc'u 7d) ' "vj- 'th 
ac1c1i'bion' rnul-i; iplicn'Lion

by reals, a,n'J s;rnmetri 'zecl product is a t@'

T i r e s t a . b e o f a p } r y s i c a } s y s ' b e n i s u j r d c r s t o o d ' i n t r . i i t i v e . i " y

a6 a way to express tl ie simultar:eous knov*edge of the expectatian

.val.ues of all observable of 't,he physical syetem considered'

postul#q.e J " 
Tc. each s:tate f or the pnysical syster:t cortsi-

r  , t r t .ur is i t r r  matr" i r : ' i^  q =: i - (S) I  act ing orr  the I I i l
correspond.s a "c ler is i t ' ; r  mat l r : ;  r  )  - ' '  \ r '

-f t)'
space I'uti ar rostulate 1, and' such that the expectation rralue

A> can he cornputer i  by ' t t re r r - t leQ; f i )  r= Tr (n( f )  7(A) i "

4plnqqb. From this second postulate follolv t l:e four proirer*

of  states that  arc U-sted belol :
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a) for any Aietf ancl any ),i.e n we have Tr v (Q) L lrl tat) s

= L ) r r " i I * ) r ( A i )  = L ) i ( + ;  a i )  i

b) i f  s. er4 tn*r i  rr  /($1j i  (a)rr.ui

s ) , r r f ( t )  i  =  1  ;

d) for any soquenco{f f}  of state$ and. any posit ive t 'eal-

. \ - ' t

nrxxoers a,  wrrh ) ) i  =  r r  L f i<  Q i ;  a)  dcf ines a s ta te

sri th propert ies a)-c) above'

stfugi;r:lrs_{$,iorn -1.. fo each ptrysical system, one can ar:j$g-

" iateff* iple 
(.A, S, { ;)  )  forned by the set/  al  al t  i ts obser-

vables, the set $ of al l  i te states, and a mappirg (;)  ;  ( .#,S) -- t i

-+ ti{ wirich as-eociates with eac}r pair ( A n$) in (4rS) a rea} nua-

bcr, Q i A> . Tlris nuurber is interpre'bcd as the expectation va*
I

Iue of the observable A when the syetem is in the state f "
'$epgq&* 

The elenr:nts f gS csn be consiclered as nappings

from,{ to n, ancl conversely, and we c&n regard each elenent *et*

as a rnapping 4;  A) :  S - ->R.  Accorc1 ing ly ,  i f  T  is  a  eubset  o f .

S, the restrietion of this nrappirrg to T vril-l be denoted ny A f t

Cogygn"l; j.gq. One says that A l* ( B|,,. v,' ircnever (Q ;A> < {S; n)
1 I  '  L

f o r  a l l  Q  i t tT "  In  pa r t i cu la r ,  one ' t r r i t ce  g4n  i f  - t , he  above  ine*

quality holds. for all statcs nt "t , and A > 0 ii' ancl only if

& ;  t \> >0 for an p6 S so that by defini t ion states are pgff i

. f u n c t i o n s o t d .  '

be full vlithIef irr i t ion. t '  subset T C $ is said to respect

two e1e*to a subset h.sA if t lre inequali-Ly Alra *]* betyeen any-

nents A and ll of I irnpries that A ('8.'

rela-
fiI:g.ptgge Axfo$ 3. The relation 4 is a partial order

n * ^ '
t ron  o r_ , f i .  i r r ' pa r t i cu la r  A (  B  and  n4A i rnp l i es  tha t  A=  B '

S'Lructur,e Axiom 5. ( i )  There exist Ln$ two elenents 0 and

1 nI  such that ,  for  ar f  f  e S,  we have ( f  ;  0)  = O ana ( f  ;  I ) l
t .

;



( i i )  For  each

exists an clenent (

- .  " 1  . , ,
A I . L Y  c  d 6

f  i i i ' t ' h r n n  a Y ' r 1 r
\  r * !  I  !  v !  q , t l

an element tA+jj) in
I

al l  P in '5.

6 *

oi l r ;ervable A in,U|
. A

z\ A) Ln lf gucir titat

1
nur,lber ,,( there

/ 4 .  a \  f n r .
\ Y  r  * v n

;e.uis'bFJ

n l :n l

\ = l

rf tn*"*

+ ( Q ;  r
srv.3hle$ f i

( f ; r\+B)

. r 1 ^ ^
CT T I\-T cl J. \Y

{ { ; } a

n t+ i ' t '  n f  n ] ' r . q

n
d- such "Lhat

and

- 1,L

t-n

A )

n

Remark. TI:.e set Jf of observableg be corur:s a re&I veqlog silic-9 '
i

i'ulr"ereas the stdtcs are real .]..!gqgl* fr'urctiona:t-s on 4 r

the state CIf a system is a lvay 'Lo cl.raraci:erise the raethod

used for i ts preparct ion.  The s1,ate then nani fes 'Ls i tsel f  to the

oi:servcr vth,eri for: eacli obscrvable A be perforns a $equenee ( in

pr inciple i r : f ' jn i tc,  i t :  prac' t , ice largc cnough to reach a rea$o-

nnh'io rtelr"r.ere of confidence) of i lrd.epcndcnt trial neitsurerten1"s oll
v v t r r  v v  \

systcns prcpared in an ic icnt ical  rvay.

'J,tr 'at thc. obscrvcr ueceive$ is el ciistri.bution o:f real nuitl*

bcrs,  t , ' i to$e 'opropern'  Average hc Cal-}s t f re expe ctat lon val-ue

t l \ 

"
( S ; A > of the observable A in '|,}re state Q ..

Definj",L1c4" A state is called *.gng-{giqg:ftqe sg-I}q-gh:"'il-

vable A r,, 'non thc ab-ove distri.br-rt ion is concentlated on a s'j.:r5l.e

nttrrhr: ' r ,  r ' r / rr ' ro a" (  
Q ;  n)I I U ! 4 U V I

I ' , lotati.on" Denote

tes on A, ani l  ny f ,  the

d i .spersi-ou-: iree s:tates .

i r y  S^  t t re  se 'b 'c f  u l l  c l i spers ion : f ree  p ta*

set of all values assumecl by & on its

I lggaqk..  Ti ' : .e.  not  ion of  d is i l r : rs ion*free states is c loscly re *

latecl  to that  of  s j -mrl tancorrs obscrvabi l i t ,yo fvro obscrvables h

an.d i l con be sj. ioultancousl.y mea$ured lvith arbitrary precisir: ir
I

whenever tho sys'bcn is i i t  a state Q in S-,  r l  S,- .
JJ

Icf.fuij"lion. ii subset t 5 [i is saict to be gpgpiglg if i t is
'  I  n  , \  |  - r , l  l

f r r ' l l  ru i fh  rnsoec .L ,  to  tL :e  subsc t  J t , , ,C  J f  ' Jc . f i r : cd  by  J | , , , "= . { r i€# l  S , ,  ZT [ .r _ L { + e  . - * - - - . , - i j  - r  - , j ' -  
t  

- . 1  
t i  J

A co:nple 'f e subset ? g S is saicl to be clg'[e r:iiiirlg!,i9, for a subset
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I5s*wl:enever 3e "4r' A subset fi grt'* said to

i f  set $,S ,= |  S* i t  cornPiete

seB

F!n*:i.LlI[-q *xlga-fl . S'or"' uvery obsrervabie ir '[iie se'i' $n i's
, A

dctcrmini",:tic for tl:.e cne-drne nsional subspacc af 4 generated by

be sssjl?li*s

any ele:nerrb A in 4 ,enA any nonnega-

un tf at lcas"L one elernent, r)enotecl

A; for ary tv,ro observables A and 13, $A*j3zsg,lSu and str * $"

Slrqqtqfq,&xtqlg*5o For

tive integer n, there exists

by A'*,  such that

( i )  s ^ 2 S A ;
A*'

I i i )  ( f t  a * )  = ( f  t  n ) "  f o r  a l lQ  i "  so '
A

Defini t i6n,  fVi t t i  each pair  ArB of  e lenen{s in '4 one a'qso-

IT
ciates an eleroent A o Il of fi , callerl 'the p*ronL'-lf*gg r:roLiu,pL q'{-

r  f -  . 2  ^ 2  - 2 1
A q r$ .8 ,  de f i ned  by  A ' ,  B  t=  t  L (A+B) -  -  A -  -  B -J  '

NoJ.d i - .qp,  knote ov {o ,n,c  J  :=  (a  "  B}  o  f ,  ' *  [  o  (B 'Ci  t 'he
A

&$$oc ia to r  o f  the  observab les  A,B,CQJi  "

Sll,r,qttr$,e*Af+prn 6. I 'or any triple A,B,C of observable$ in

rvh ic i r  , {  ; : *c1  C a 'e  cornpat ib le ,  1he a$soc iu to r  I f r rn ,C ]vap iehcso

Remg*i. itrote that s j-nce all povrers ( in the sen6e of the

S t r u c t u r e / i : l i o n 5 ) o f a n o b s e r v a b l e a r e c o m p a t i b l ' e , w e h a v e

inn n rml *  n for  a l l  AIE€,A and. non negat ivCI intc5;e: 'e n &nc1 m.
t "  t D t t r  J -  

w  
.  2

In  par t i cu la r ,  A  o  ( i l  "  A ' )  =  qn  'B)  
. " .A ' - .  

'

Tlreo.:lqSiJ,.*&o The set .4 of atl obs;ervabLeo on a physiea.l

oysteu. is a Jorclan'al4ebra.

Mg" As \,vas noti.ce<l by lifitfill f3i 
a, p"4?] , there arie "trn/o

\

significant (anci ac"L.i:ally relatcd) ciifferencbs" l,,e"i:rveen the '.vork

of JoRuAN, von .Nsui.iAliii, lvrGNuR l"J ancl lris approach lr: "J 
,

, 'Trlrcf the notion of state does not eppoelr explicity in
I  J '  ) " ,  U l r V  r l v  v r v . .  v !

[Url, althor-r;gh it vras celtain-ly ]-ying in tiie background of their

invcst i ; t . l ; ioir ,  as con be guessud, foi '  i rrs ' [anCe, ' f toi t t  . t i le pirpcrs
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by .loi;tDAil fC< ir,"l ancl rron i',iilui,{Ai"m IB? *,rr]; in parbicular, \'otl

i ieu:nunn's ti i .$cri.cc-lclrr coi;"i; ir j.ns "b,hc r!r,crHS of t ire syslner,ri.c postu-

Iatrr:n v.Ee e.re nrcscnj,i.rri;* 'r'je i.i:rcleed i,nt,l:orluceit 'th.e po'ttrrJ,a'te,t ;i"n

an j-nductiv<,: soqusncs, d"*vise d 'bo eilphasise 'Llre complei:ientar;y r 'o*

1"e e playecl  by t i ie ohscrvable s an<i  the state$.. .  Tne -retai ive * : i i l *

p l ia*: i "s given 'bo observeble ovel  s" tates,  or  con.rerscly,  var ics

:froin onc extrene tci the o'bher in the various ltxiornu'Lic schorilCIs

-bo be for-rnd. j-n the J"i Lcrature I c 6 . so clocs thc;. api;roirch foilor,;ecl

r  - :1by ii iACl',trlY 1751, vrho st,itrts vritir an axiomatj.zation of the probabi-

li 'b,y msasure i: nviiictr i.lssociates vrith the t::.iples ta, f , i,.r) (:for-
t

r : rccl  by an obscrvablc A, a sLate Q, ancl  a l lcrel  subset lJ of  R),

' f . l ' rcr  n loh,qni l i ty  p(A, +,  i , i )  ' t ,hat  the observable A vr.Ll l  take a va-y \ . . t  I  t  ' t . t  v v v \ , r  v q v * v  r f  . L r +

Ir-rc :i-ri I;i r';ircrr the systeil is irr "Li:e state f , Irliioii [lfJ is p],i-

m.rn"] i / . , . r l ' rnor.rrgiJ vr i ' t ,h t l fe StyUCtU.fe Of i :  Ce:: ta: i -n CIASI Of ObSerVa-. i r u r  r r )  \ 7  V l t V  U a  r l v  \ l  l t  M  I  U I I \ !  U  V

bles,  whel 'cas st :atcs oppesr l i l ter ' ;  $o is SIIAL l fOZl v;ho, ho' ,vcvcr,

cous;iders froin th.e outse 'b a nuch lari.;er class of obrervabl-e s; at

'b i rc opirosi te cxt , rc:re nc rnent ion'& pi tper by i iDl?AI i lS 
[ :Z] ,  vrho

s t,ar' 'bs iris account v;ith an axior,l on ti le structr.mc of the set of

al l  stut .es on i t  physical  sJ,stelr ' r .

' t l lLro seconcl clif ' fclence be'blveen tirc axions of JorcLan, \ron

i ier-rnann, i ' i i ;ner. ,  ancl  our$ is that  ! , /e c lo not restr i r tA"Lo have a

f i .n i tc l i .nea::  basis;  th is : :es 'Lr ict ion is obviously a severe one

ano had to be droppecl fron any general- theoryrsince it ekcluries

.?n}r sr6inr-iry qr-rilntr.tn theory forrnulated on en 
'infi-nitc-cli"nensio-

r ra l .  I l i l ber t  spr ice  (e ,g" ,  the  c lcscr i -p t ion  o f  a .quuntum par t i "c le

noving on a real  l inel) .  Tire rnathenat ical  s i l rp l i f ica 'L ion introdr- t*

cecl by tir is r:estrietion is that it allov,.is analysis of properi. ics

otr t  r ' r i thout havir l ;  to use nny expl . ic i t  topolo5ic i l l  uo1, ion" In

liarti,cula:', Jordane. von },leuniaru:., and 'f i t iglrer" rA/ere abte tq provc

fr'on tircir irostul: lte s -blvo i;; i .-rortant rcsults 't i .rot alreaciy ind.j.ci ite
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the povrer of thie line oJl approacho ltre first of these results

is that a spectral theory can be cornpletely worked out, and ttte

seconcl is that a compre' ie crassif , i -cat ion of arL the 'eal izat ions

of their, axions can be given""

In the fol.lowing we nhall say only a few worcis about the

othe r four a:liours, because they are not involvecl in the Joran
4

algcbra stnrc'Lure of 4 e
r  1 .  ^

$:truc.Ij.trLj\{ion ? (sce UiiOH L}1 a' p"5}l) endovrs "f witlr a

r e g . ' @ s t r u c t L r r e r e } a " L , i v e t o a n a t r r r a l n o r n , a n d t h e

s1ates 4 
,n S *re pogLll*pus (positive l inear). functionals on 

"l '

with rcspcct to t]:.e topol-ogy incluced by this norm.
n

&Iq.{b. The strueture Axioas 1 to ? endow the set ;rf of ob-

servi:bleej vrith "bhe structurc of a sl 'EAL al6ebra I roz]" l 'here al,e

soae dif:ference,s biltween $IqlAL's axiomatization and that of ElviCfit

namclJr: EI;icH gives nore attenticn to the concept of dispersion-

fre.e state at an earlier s"Lage of the fornulation (vrirj-ch leacis to

the earlier in'broiluction of the concept of cornpatibil i ty bctv"eqn

observabtes),  anc1, secon<l3-y,  lvhereas the proc}:ct  f i  "B is distr i -

butive, S]trGAL does not postulate dis'L,ributivity in generalo

r '1 .
StTl icture. .Al io in 8 (see E,ICU f l l  a,  p.65J) is a suf f ic ietr t

conclit ion for a subset of "z4 to be corapatible*

BM. The r:ecessity of the eorrdit ion fornulated. in Axiour

I follows from the prececiing axiorns, vrhereas the suffi-ciency

(Axiom B) is iniposcd by physical reaoons a '

$!,zugtflnqt - +"lSjL -9. " 'r+ can u-e ieen:Cffiea witrr tne *'et t'r

a1l scl- fadjoint  c le i i ients o: f  a real  or  comr: lex,  associat ive,  and
()

involutive alf iebra X sati 's:f lr ing tirei followir"rg two condition"c:
, I

(i) for eacir 11 in .R'tir*r '* exiet-s an elenent A in.'4 sucir

thrtt ti{R = A2 ;

(i i) R*'i l  = 0 ir;ri l l i-cs 'bitrt I l  = 0'
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gM, l l lo cach p*ir of observobles A ancl B

,n A 1here corresporrds an observable C in /  wir ich provides the

actrral lovrer bouncl 'r;o ti ie sirm:ltaneous observabil ity oi A ancl R

in the sensc that

/ - l - - ,  t ^  / )  
' '  ' 2 '  ' l  '  t  t  - - r ' r 2 \  z  |  

" ' )  
I

( - r ,  \ { \  -  \ { ;  A )  ) ' )  <Q;  (3  -  ( q  i  B ) ) ^>> (  Q ,  a> - ,  vq  6 :  s "

cclrnflent$. As was mentionccl at the begin't ing o:f this chapter,

th.e f irst axi,oiaa*cizal*ion of' Lhe uteast:riug process leacl"ir{ to Jor-

clan algebras r,/as clone by .lCltJiil'i LU+ *l anci JOR"D&llr von id0Ul':{il'iflt

-  r  r . , r-nu' . . . -  l* , ' ' -J -  t iated With eaClf  ObSefVable A An.C"bitr , . rand \1 IUI i I ;H  
L ' r ' r J .  

T f ley  &sSQCl -a leo  lv l ln  ecrc l i  o t r i ju l ' v t tu rc
.t.!.

c5servable An v;hicir returns tire nt" pov/er of the value returnecl

by A. on 1- cach nea$urcijrcrrt, The cxistence of a sunr A-r-l l  of

otrscrvablc A at t r l  R sat isfy j -ng

Hx(A)  +  E* (B)

for ei l . l  s tnte$ x,  vhere I t . { (A) is 'Lhe expccta ' t , ion va}ue of  A on

state x, \t/as Also assunccl. l,Tith the assr-ri iption thet An is given.

by an ar l ; ;e bra strr icture,  i .c .  3 the1,
t f  .  n  r - l

A.  n  : -+ l ( i \  + "  i l )a  -  A '  -  B '_J
L L

i -  f . i r - i n r : - . n  One  i s  lCd  to  e  power -a$Soc j - l i , i ve  i l ; eb ra  v ' h iC l :  iSJ . i j  t J J ' J - I t r \ : ( l I  t  V l r s  r t  . t . w u  v v  ! ' & ( ) v v . -

. f .nr"nin' l lv rr:: , : l  ,  1; ' i  ni *.rr*.1i incng{ ono} for:nal}y real po\?er a$sociative
J  V I  l 4 q J f a ) /  J  U U ! t

f - -  . - ' r
algcbras tvere .c;horur to be Jorclan algebras " FJ\LrLl'r{ER L76 a rb J i;ave

. an a>lioma'tization in rr. i ir icl: he revert$ to tati ing' a function of an

observttbJ.e, | lovrever, he &s$unes nei't,her the existence 0{ A 'f fr,

' i ; i ie qi:adra'f ic.nature. of lLz, nor.' f in"ite diltcnsionglittr '- lhc b*sic

n6vr, elener:t whieh I'aull:ner introduie d is a chai€e in the liLcilsu* .

rcinen'L proeece clue to a. chatq3e in the counting observtrb'le"

Roughly, he showsthe 
'existence 

of A * B, by chary;ing tire count-

ipg observable tcr utake A and i3 conrpatj.blc. Also, the quadrertic

n*tu::e of l ic' is a coLlseqlle nce of ir is a:i i"orns.

Iix '(fr + B) =
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As was pointed orrt by ZAITSEV in ttre introcluctiorr to the
e 1

Itussian etlit ion of HtlOi{,'e troo}r []i bJ, algebraic methods (see

- f- '  -1 rt . ,  - . .- l  \  -
also Lf6j ,1_UO]) offer necessary toois for the development of the

moclern quanti:m field theory and s'fatisirical physics (see ttre next

sect ion)  "

$ 2. The exeep-bional Jordan algebra and a

gcneralization of quanturn mechanics

In 1956, Sl.LEl{,iitri,I lrcnJ stuciied the exceptiona} Jorclan fi}-

/J.'t

gebra II*(Of*' vrithin the franeviork of generalized quantun mecira-

nice of  SI iGAL [ foz] .  Then, the algebra H,(oJ+) appeard in elenen-

tary particle physicsthrough the rvork of GAl,' l I lA [Ot] on internal

,syrunetries. Gir,tAfDIN [r, u7 proi>osed tha'L II?(Ofnt bo usecl to re-

present the charge space of color'quarks and strongly interact-

ing particles,* this proposal vrae later extencled Uy GtniSnX IlA Ul

to includ.e leptor:s in tho color siqglet sector of the cl:ar{{e

space and v,,as used by hira to motivate some grand unifiecl tl icories

based, on exceptional troup$ (see CUn:;fX' ItAliol'trDr SIIiIVIE I i l] I "

CUtnyntt' i l>Z Vl Eave e:<ceptional realizations of Lorerrt'z
L J

group ulg the elgebra I{5(Of+i.

In this'section we outline the "exeeptional*t quarrtluo me-

chanice corre$ponrling; to the exceptionar Jordan algebra cclnsiile-

'red ny GUnSnX [fA "rd] 
and more recentl;r Uy GtittAX]INr PIRON and

r r t J '
DTrGnn. I n,i I: r v r r v "  L  r t J - .  \  .

The axiorns of' quantum necira*1*p as formulated by l3litlJi0Fir

and von t{Ei.jrrAi{N are eqr-riva}ent to the axioms of projective geo-

r  1 .
netry (see, for  instnnce, VAI?&]) ; r I iAJAI{  LfeO, Vol . I l )  "  hoposi ' t io-

nal celculue can then be interpreted. as projecti-vc geoinetry vrith

propositions colrresponclfr6 to the p;oints i-n the pro jec'bive space I

Thi pro cctive geometry connec'Lcd vuith tt le exceptional quelntun



anics !s tkre non*lcsar 'Suesian proicc'bive plano f i rst colt :
C q

recl by iuiOUiiAIVG Lg{ anil t i ie lattj-ce o.f propositions io'Lher

occiir. i-rJ.elnentecl lat,t j.ce rshose exis{:encQ w&s pOsL?d {is an Open
i

lei i i  by i l irTii ' i0l lf J14-r p*J-24, Prgblern 561 t*'r 'rhici: no:1-Dcsari4ue-
+ --l

rr" l  nnci nnoiectirre rrr-rrmpJ-.nic-)s aclnit orthocolapl.enents ? tt l
l J r { l r ' t r j  l - r L  \ J r j vu  L l .  v  u  { j uL , , ' r s  u r  aL  

p i no r /  
^  J  

t

- .  r  - - l

j tq, !g" The re*cier !$ refevred to ' [91.  hr  Chan'ber ]J f r : r  nn

l-lent trea't, i lent of ttre I 'oll-oirrg probleurl Given &n im*ciu.*

.e proposj.t ioll s;7stecnr" cr:nstruct a projective gebnre-bry ancl

, 'n inq- l1rr  r ' l ; , 'F ins an embedcl ing of  the lat t ice in the } incar va-' I I . | { 4 J . i '  V V }  4 r j v  ( r r r  L . u v v s u + r t

ies, After airs'uvering this pl 'obl-eun Ioirort obtained the tradi*

rat ] l i tbert real-isa't ion of quan.burir nechrfi l ice.

A conventioiral cruentr-tm necharliqa} Slg*e is represented

mecl:ar

s ider '

or tno,

proi:1

si-*n '

excel-

c ib le

canon

r ie t i

t iona

* 1 2 -

ei ' ' ;hcr by the xet , |x> e Utl  or by bhe pr"ojec' i , ion operator

Po(  t=  i {Xul  ,  rvhcre ( { l  is  the t ransposed and comple, :x
- l

; late cf ld> , and n is the clime ns ion 6f a conplex l{i lbert

space of  a i l i lbert  p i :ysi .cal  system.

!sfi$L!.!es. rite p:-qqilpiA{lx--fql-e*qrss$tjse x + e
r ' l  onn* rrrf  l r i r  f  nnd ' i  sr o"i  wrrvr lr ' rr\ - t \ : ; l l L . ,  u \ , - L r  v J  I q r S  o t l *  & u  e r J - . v  v 4 r

ccnJLl -

- , . 1 .
i )u . tJ -

|  . . i

( 2 . 1 i  [ U t *  r r ( l ' ( > (

rvirere P*o PB ' = 
| tro

=f i '  (P " ,  l u )  =  T r  (P* "  t i r ) ,(  l l  P  > ( p l  t
Pp *  P{ ,  Pdi '

For nnrinaU z*c1

iicqqf.h.-].. Usini3 (2;1) ancl the above relateons, we can l^rrite

statcs vr* have: Tr P*=1, Tr ?F=lu Pj=tr., p6*I 'g"

Sg3gg[*tn In a projecti.ve geo:ne'bry in vrhich the normaij-*

z.ed. ide;niro'Lcnt P* is represented by a point with n homo.o;etleous

coorclinates and n-l . inhonogeneolis coor:dinabcs, d*U lvould be the

invar,iant ciistailce betwcc'n 't hc points d and (3 ,

ancl tiruo
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One c&n see that d"(p i6 rela'Lecl in a sinple *ray to the
.bransition probability C.*, !,tren n = 

P , their relative dis.l,ar:ce

vanishes, i, '{ri}e t}re 't,ransitj.on prcrirerb:i].ity equaj.s one.' $o:ne sub-
group Ii of l"Itn) (in thio cass H = U(n-t) X U(l)) j.eaves tlre idern*
potent Pu invariar:t" This is called thc stability group of tir.e
correspo:rding projective geoiaetry leaving tire poirrt rrrrchangecr*

llhe transfornation of the cosct U(n)lg vril_l cl:.ange the point,

hence the state. The se1, of all transformecl states is the coinplex
projectivc space P.r_r (C). Tire qpg{,!.rI*jilgq_qggic,af- (q!,?t_c).Sn_qpe

Po"{C} is obtained for n *} "ao .

&e"qpfA*}. In ..this quanihn rcechanical bpace,

prol:abi.lity can be cleternined, fron the invar.iant

v,reen tvro separate pointo*

rqjn{u'a-?.n As can bc easir;r provc:d, in this algebraic for.*u_

lation of quantu'r mech&nics only i icrmi't ian nratrl ices ancl the ir

t lor"dan product are j_nvolvecl  (scc alco l lheoren 1"1,  $ I )  "
Igpg$Sgl-ffi+Sg:. rt f'ol-lov,,s tha'L if onc cen $ener:ah-se

l ' iermit ian natr ices,  proiect ions oper i i tors,  and Jort jan prrocluct .  to

the ca$c in vrhic]: compiex rruil i :el.s are replaced by ocioniclns u
then a { . icnera} ized quai t turn rncchanics becomes possible.  Thj-s is

exac't,Iy r*rat J0R.D/ri'J, vo}l I'Jjtui,lAi{l'{, snd 'v'ilGN]IIl 
did by introcl*cing

' the (5X7)- nafr ices,  i : lermj. . 'c : lan wi- th rcspect 'Lo octor: ionic con*
jugation [nrJ

A one-ciuerrsi-onai projcct ion oncrator p of _l t=(@Jn') is a ma-
tr ix of I I , . (@) sat. i .sfying. )

p-

It is also referrecl

s theorenr of JORtrtAi{

trrouiilrt to the forn

t i re transit ion

distance bet-

r *  P " P

to as an

f r..n ̂ -l
LV*1. ul ,

* t Tr I t  =  1o

lrre ducibte iderlpo.f ent. According to

any irreclucible iciempo-Lent p can l:e
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6 ; )  H

one of real ,  anr l  sa*

Tr p *  a6 '+ f i6  + cd *  I  .

The crucial properties needed in the sequel are the fol-

lor,ving:

M. There exists a transformation belonging

/ * 6  a E  * . \
r ' l
l o i  b b  b c  I ,
\ "o cu 

""  /
them being pure

/ a \
/ t= l b l ( a
t t
t l
\e /

octon iono,

P

wirei-e arbrc at ie

tiefying

to the except

potent, given

p *

to the form E

RegqgI.

phisn $roup o

sinultaneous
'^ *('F)II7((})"" i

and

(J1r  Jz )  :=  Tr  (J lo  J2)

(J r ;  Jz ;  J i  ;=  Tr  (J tx  Ja lo  t3 ) ,

r \  t .1)  B) '  E i  ( i=1 ,2r ' ) )  r 'we denote the jxy)  - rnnt r ix

i- th intersect ion,of the row anci j . -k colunn,
r o o n f  c  ] r l > i  n n  , z n n l '-- *.. . j  zeTa'.

group irU v,trich brings an imeductible idem*

A ) r

t ional

can al

group

vrith 1 on the

al l  other ele-

b

ep
I

A A

L l {

l r r

xc(
t-rl

\(.|,r t

a'nc

@

a

nal

a \
\

l^, I

; /

j

,r;

t r ( tt r j  *

var

f a
I

h

\ c .
L ]

Thr

H

llVr

io

by

(

I
I

, T

f

i n
r a l

/ *m ab

{ o a  b E
I E

\ c a  c b

" ; \b A  l ,  T r P = 1 ,
c 6 /

p F4, which is the autornor-

quel"y characterizecl as the

ear arrd triLinear forrir$ of

Lie grou

so be uni

of bilin

t

where

Jtx JZ .:= J, o Jn - 
* t, Tl:r J, - 

* t, fr J, +

r lm i r  r r l  Jn :  r r  (J}o J2)  )  rd5,
C - -  :  ' - l  

,

Ic1, being the ("tX7)- i .Jenti ty natr ix.

ryqpoj*tion .?."3, t'llere mutu*l-ly orLhol;onal irreducible

ide;apotents  F1r  ! ,2 ,  P7 ( i .e .  1r l "  PA = P-ZIT,  =  Pl  o  P)  = 0) ,  can
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be sinultanecr-re J;l brough''; t,r ths forn H1r 
'EZ, 

n] by a trans:fori:ra*

t ion  o : f  FOo
I

Jitg"l,os;Liqn" ?_,7, iror arly tlvc; irreduc j-bie i,Cempoten't, Pa a.r.d

P, tl:ei"; e::ie ts a tr:snsformat,ion of r 
o 

br"in5ir:g then to real forn"

fgg3gg$3-e1-eJu llor any two iryeducible idenpotents F., and

PZ, Ir(P.,  " 'PA) = 0 irnpl ies that P, " i l ,  = 
9*

F:ppop3!J,o.U*&l-n Let P, and P* be tvro irreducih.l-e iclenrpcl:

tent,s" Al ' l  i rreducible icleurpotent P, sat j-sf ies I?.,  'p, * TZoTS = g

if an* only if P, is a mu.lti. i l lc of pr*p2.

M" Any elenent of H](@)(+J can be brougjrt to

diagoueil forin by a. transfornia'bion of I 'Oo .

' As point,s of the projective plane v.re take ecluivalence cl.as-

ses of e.l.ements }6ii, (o)(" r^,,hicli sati.sfy tire condition pXp = 0u

Recal l  that  the condi t ion pX p = 0 i iupl ies .L,hert  p is & scalar

niult iple of a p::i iait ive iclempotent,. rf p and ). F are real an<l non*

"zero, thren they d*note the sil ine poin"b. As a representative of an

eqr-rivalence class one talies the p l lt lh Tr p * l.

A rin* / ir:, the projectivc planc io represente.(i by a tv*o-

d imens iona l  p ro jec t ion ,  ioo"

12 ,= .(- u (.= {- snd rr l- * z.

said to be contairrcd in .the ]ine {. it anct only

$.qrnfir]i,,, 
'lhe projec-Live plane tirus obtained is the iiloufenq

p1ane, wirich is non*Desargltesi arln

If two points p, ancl p, of the iilouf'ang plane are

then tirc point P corresponcling to the superposition of

F, wil l all l ie or: the l ine passing through p, and Fr.

general superposition p is given by the solution of the

P "  ( l - ' - ,  Xp^)  =  e .
- L t

A point p is
n

i f  F  o l =  P .

given,

Pn and,$

The noet

ecy"tation
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As j-s ktrovm, 'Lirc l;oufnng pl.ane adinj-ts an orthocoml:Ieroenta*.

t ion.  (a polar i ty wir ich ni?p$ l inear var iet i -ee i -nto l inclar var iet ies

and rihich reservcs the order of i l :.clusicn) . i:nere exists a uiricue

n r -nhn  j v i  - i  
i  * r ,  - f  ^1 . ^ . . , - -  r - - ,  r r  i ? " , r n . , ,  , - ' r L r  ' n r *nn  r . rr,rvuclr.'"l.LruJ -'l l i lctionn a$ w&,$ shotct Uy CUruAXilIl '.I, p-Ln0}f aiid }:lLI.i:;GG

r 1
L55J "

GUi:gAYlI" f--^ 1N 
| 52 

| 
Ee'rieralized "L,he octonionic qunntum rnecha*

t:ics of Giinaydin, Piron oncl l iucl;g to'bire quacira"bic Joydan f'onnu*

letion, rvirich exteud.slvrthout i::oclif ication.

R.eiqqrl;- lr" iiore general rluar:tum nechanica-l- spaces have been

consicerecl bry cu\tsliy f le .r1" E,g., ire con.sit jcred the syr:uae.L,ric
L -  

U t

riDac o 1'4/ 
so(g) , rvhich coruesponds "l,o the i loufang plarne, anil as-

soci'"ites ti:.e distance ftrnction o.re:: the space 1,+/SO(g) vritht,he
^ 1 a , - ! ' ^ L . : " 1 i . | , .  r a . . - - - r : ^ - ^  r 1proDaDr...rlry r.unctiorl over 'fhe i';oufani; p-lane. so, he cou}l i. iLne*

r-t iately 6; ive e,.ca;rples of 1ar6;er spaces, nanely UOISO(10)X,S0(2)

r inci Er,/r ;X S0(l)  ,  . . ' .hose Cistance fr .urct ions sat isfy propcrb: ies
t )

l " i lce that  of  F4lSr:(9).  Tthe si)eco i l i , / : j0(10)X 
$0(?),  r , rh i .ch is not

a pl 'o ject ive $. t )Qce ( i lo: :  i i rstanqe, tv.ro Lj"nes can intersect a. t  nore

than one point), is obtairrecl from "r,he l i ibufury; p)-ene by cornpicxi--

f j "cai ion ( the except ionel  Jorclan algeb::a is considcred over gf f**

p..lg:{ oc'Lonions). TiiUIl iI, OLII1HI?T and iJl-r,nnr'-r ' ' .^' [---- ' '  
- 'r

iJrJiJiiiilti'J 
L117 bJ stuciied

t l re cose' t  spacc$ Jl7/ : i ; r ,E 
U(r ,  and EOISO(lo)6,  

U(1) by usir1. ;  .bhe

Jordmn pai-r 's  of  t } :e corresprJnci ing Lie algebras.  These cosct $pi l*

ces eppeared as nianifol-cls j.n i lre noclel of supergravtty clue "bo

f t r ' i . a n  \ / . t , a  1 ?  a l T  i . t t  f  
- l

riLr: ' ir:. i jJJ.rt, $l.dli l iA qnci ToiTiJS.Jl, i i) 
LisJ. 

(iror f:r-rrther developmcnis

se e the ncxt se c' i , ion).

tlerlglrl; t. fi*other i,rely to.aapr,oach this probl.ein

$ur:'r{estecl to iluii i\Yiri\i [lt "] 
by iraurl.ncr, rt consists

of an isotope of the .Toltlnn algcbla in ivhicJr ri i lpotc:rt clonents

ojl 'Lhe originaL Jcr:cian ali;cbrn are represenbecl by ideirpotcr)-l:

has been

of  ' the  r rse
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,

^ ' l  . . * . r * +  ^  T .  - t .  1 - . :  . .  - .  - - & . ' :  -  . .  ^ i i . . , ^  ' . r ' * ' * " t  ( r -  n  ^ 1  - t  -  .$roir ter l ' " r ic  . r r l  1"his conner: t ion,  CUir f i l j ) f l {  L)Z "J 
inr icaLcd holv aI I

neasurabJ"e quantit ie s of qutantum areciianics (expcctat;fon valu*,1,

t ransi- t ion probetbi l i 'L ies) can b* expres$ed. in terats of .  a quar i ra*

tic n:rlppin8. ?his halds for special es l i iCIl l a$ exccptional Jc.rrclan

algebras r -

l9rcglg, If sDace-'b:i:ne d"cgre*s of frcedour ovcr the charge

$p&ee corl"esponciini4 to tirc l; icufarry; plane are int:rorluceclu then vre

nust go 'bo a |righer*dinc:nsir:na1 p:. 'ojectivo geolnetry" 0n the otl:er

hancj, i 'L is khou'n tt iat nesarguest-i,hooreu lrolcls fu: al1 projective

$peces of dimension e>lceeoi.ng twoo Ti:erefore, the i, ioufang plane

calrnot be enbecldcd in a higher*dinensional projcci, ive space. The

iaethocl should be to embecl 'ttr is eharge spfice into a higher-clinen-

sional- nonprojective geonre Lry and. then try to interpret thie geCI-

raetry in "pro jcctiven' Iongr-rage. J-n tl:cse hi;;her*i iruensional 61e'q-

ine"bries ti: lcfc v*il l  be uew rclationsii ips betv;cen ';cintu, l.*r. iclr.

nay be col lnected rv i t i r t r lgsl ie i l  propert ies of  q.uar l is* . I i 'or  the stui iy

of  these i r ighcr-di i l iensiorral  i ;co; lctr i -cs,  asscsiat*d v i i th the ccxn*

plex (c1u;:ternionic or octonionic) octonion pl*nen ri i i : lrmiiAi{i{ nnd
:. -)

^lORiti: i tz LlfJ su.ggesteci.Li:e use of tho structure group ancr joraan

pairs s

Final ly,  let  us rcfcr  to ot l icr  three papers of  interent,  &s

fol lbwn:

lF:,iOK0S anC HciVUSI-nC',,\?'z f /--^-J tl ' ined .r .r. i/,r l;-I.;OiiOS L29) orit l ined e ryraritrim thcory

of' cluarks end g'Iuons bascd on fields v,'ith values in s noncontn:u"*

tat ive Jordai :  a lgebra.

C  ^ ^  
- i  

^ " *ln l39 tJ n OKUtsO s' tarts fron

Dirac problem (r,*ri.ch is coircerncd

mechanica} systein) f 'or  ncchair ics

il. '  r:re in;i-st on i i l  corrc$ponticrrcc

ancl on an &seociatir,r*- i l l-, i icb::a af

thc remar:k th:t the so-call-ecl

, , , ; . l - r , , , r r o ' r - r . i , , , , - l : C n  O f  C l a S S i C A l ,v v - L  v r l  \ l L . 4 L r l r v . L 4 r L {  l

on the rcr l  l in= hus no solut ion

pr, incip1.c : 'or ,  a-  ]  obscrvr:bl-e s

r;r:Exrtl im ri iecirani,: al opela'Lions *
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I 'L ir.ae been sJ:Iown, Itor,ieveru thai the all. iebraic cjiff ic*It ies c;rn

bc oycrcjoll le if the associativi-ty conrli.t ion is rclaxcci, anii t,ha.l,

this leacl* to a :t ' lexible , Lic*ad.missible, noncouunutai,ive Jo;,rLai:r

alg4ebr'* & o-i: '  o1>e:'afo:'g.Tiie ielgebraic s' 'uructure of' j i  j-s coslpii-.

t ibl-e wi-tir the I{ciseni:erg eq,ar;i-ons of rnation*

IiecentJ-y, ifKii,t_li i i  [f-f-j { defined et,ectror*agne.Lic curva*
'Lure s't 'r 'ut:Lllreri (c"s.) &$ beirrg bi-t inear in the tvso electroirl i ,rg*

nct ic f " i 'e l -d ina'Lr ices er ld elcc-Lrovac c. .e" by i ravipg the elcctro*
magne'l,ic ener{r;i-rnorrcntrun as ilinstein tensor. rt is shoru,rn thiri;
elec.Lrons;;netic impli-es , ';ravita't"ional r 'acliation, and conver:.erely,

tirat electronaS}retic g:: ',: lvi ' tational r*<liation is : i-nduceci by {i}ec-

troaragr- iet ic radiat ion.  i i  s t , ruc 'bure theory of  c.$* is -bhen descr i -*
beci. l ' ; i)t 'c cnnltasie is la.icj on i; ' t,ructurcs lvirich are clefinccl b;y
se;i i i 'sinplct L,ie i l ttcl .Iori ian all;cbres rvit ir respcct to .Lhcir stanclard
bil-incar -i:-orils 

"

vglj:girls." &8 rvas nol,iced by Trr,iJljjjR [t13 bl, j.t seens
the q*cs'l"ion of v.'ha'b a "nlrysicar', i lner.fJ*rnorncn.r,un is, ean be
inirl-ntccl in terns of rhe 0r*cio::rci-n or, croi,rain positiv:ity of th.e
Ci l : r  a, l .gcbr.a of  Lorcntc *sel f ' r . i r j . joJ.n, t ,  (4X 4)_nntr icc,s"

$ 3.  Jordan pairs in quantu:n nechanics

fn this; sectiott, \ve shal.l dcal rvit ir thc construction, cir.re
to TRUrI'lr anri Brnoilijll\iu'l 

[116 bJ, of' a quantu:n necha'ics fo' t]rc
cornple:r : i f ied octoi i ionic 'p lune" Tir is planor 8s they showed (nee

lr:"e, P, p.153d), has arito:lotphisin flroup iarge enougl to accjr: iuo-
clate - i ' ts f: i-nitc*cl: i,r lcrtsionnl qunii ' funr.*neclr.anical chr:r.3e $paces
a col0r-fl 'Qvor s'fructure r,virj,ch is rrct rulecl out by current cirpc-
ri incntal cvic' lcucc. l i 'he lfnri i: i- l: l i .ecieyuherrn cons1,r"rrction n&lies e$-
sential use of Jorclan pairs- it ' !c constnrc'f i.oir or: 

1 
quantun*irischa*

nics ove r a eoii i) lex oct;or:ion plono ras bogun by GUiirJiry l- la c. i: l* ' 'u-J '

'i- lr r' +
T/ I IL]. L

for*

J or*
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v"ithout, Itowevern using the concepts of lirrenr ideals or Jorcian

pa i r s ,

Let V::  i . -TrJ) be bhe Jorclan pair obbai- i :ed by clorrbl ing

the Jortian algebra J of ('JXil - I"lcrni.tian natrices over conple>;

octoni.ons. llernriticity is cor.rsidered onlay with respect to thc

octonionic conjug::tionr.ancl. the Jcrclan pr"r:dnct is the syculetr!*

zed product
1

: ry  t=  f  
(x .y  *  y " :E) ,  - ; i r {€  J  2

r^'trere the dot derio'bes tire orcii-r:ary inaLri-x procluct. Tgrini 'and.

Ei"erlenharn consider.ei the€jc struc'i,tu,es f 'ron the qua<lratic poir:t

of view,' so that t,he quadra'L,i"c and triLinear operators defi.nin6l

the pair. structurc are

U {- t ,  
= Tr (xt  ,y-  

u)  
* t -*o#X y:o

x{r

V  - - z t  ! =  ( U  6 ,  _ - U  * - U  ) y - - ,
l ' r r -o  xooz t  No z '

wJrere t= -: , ar:d

T r ( x r y )  : =  ? r ( *  y )

4
* - ' t , =  r *Z - ^o  r l * / . r \  ]  t ' , . ,  a '

r i  L L .  \ L )  -  
Z  L , r ' ( , l y ' ( x u ) - ( r r x ) 2 )

Id l  bei .ng the ident i ty in J.

l iplq. In v,'hat foll,or,vs, V = (Jr.I) v,ri l l  bo clenoted as
J.

V  = ( V ' ,  V - ) .  .

tlq{jf:jfg1o r\n irlelrpoi:cnt -(x+,>;-) of V is callcd e :igJJu._..
t ive norngl,i?qd__ jdpigpqtei:.b. rf Ty(3-F,>r' l '*) = fb(*-r*-*') F 1r v.rhere

x{' d.enotes the conplex con_jugate of x.

c.gnv.gntjgn. putting in the pei.rce deconposition of v (see
T ^ A  , I  f  r \  r r t  r r - \t rsA. I ' r i ]  4)  (v i  ,  v i )  ;=  v i r  i=0rL/zr .Lr  wo can formal lx  ur r i te

v = v n 0 u a g v r , r z ,
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luox-oqj-.t-i.o]r 5iJ." Lel. v = vo 0 vr @vt/z be the pcircc.cie-

composS'tion of V 'with respect to a priinl-bive lornalizecl iclernpo*
6'

ient,* Tiren Vr" and Vfare pri::cipal inncr idcals,

consider now & prinitive nornalized. idempotent
in  V .  O" lcan  assoc ia te  to  i t ;  ( i )  a  po in t  * * , *  Ur (x )
a  l i n e  x F : =  V o ( x ) "

J.

x  =  ( x '  r x * )

n *nd ( i t )

Sefini't.ieg. A - ?O consists of
points xaand lir:es o$un,t",

a) **ly { "* inci.dent to

fo}J.orving relat ions

i f  V l (x)  c .  vo(y)  ;

the

,rw
\ Y t

I,,x
J t

I
<I7

r \ X \oi x*fy ', x-frgo4nqc.t_e.:1 to i f  V., (:c) c V^ (x)r  o ' @ vpr2 (v) ;

and
+
e

, +
x = ( x r x ) b e t w o

vftx) if anci r:nly if

' ) "2 ,  c l l i : i  can cJ. roose ,?$

the elenen'bs of J rvliich"

c) x*sy*' 1gf cqrpgcts$ to q# ,if vt(xlc vr(y) @ vrTr(v) ;
d) **=.ff, "..*-*o**nrne to v{ ir v;(x) cvr(y) @urrrru) "

Ilgms}!I9gl*3." Let z = (z+ ,z-)
priurit ivd normalized iciernpotents. f i:en z

z  €  v * t x J "
J.

IgllrE. By virtue of l lroposi1,ion

reprclsei t tat ive of  points and l i i :es just
.,* "-+f icnerate v,  and Vo*

Tltulli-l and B-l"ltrDri'ij:iAilN [tlo u] considered. the subgror-rp G
of tire struciure group qf J (r,rhich ie isonorphic to th.e auto_
no:'phism group of v) rryhich rflaps prinit ive nornalized, idenpotents

into t i tenscl-ves*

I'{gl9. I.n !}iis. eection we s}ralI use fnuflru and i'jlgilitJ;iAiii,j3.s
f ' 1

Lt16 bJ nolatj-on (see aLso n$;U1,:r;tif i iAt [r{OJ) for the rea} forns
of a Lie argebra il of ty;:e G21 F4, n6, x?. liftren no fu.rther j.nc1ex,

other than the one speciil irg the rank of tire gror-rp is rrritten
fcr H, it is nea*t, that Ii is cqlrrrl-e.x. iho gQ'4re"g!_gsgJ, forur of II
i s  c i e r . r o t c d  b s  I I " r o  ( j , . e n , O r o ,  I . 4 r o r . , . ) .  T h c  g r o u p  H r r o  h r s
signii 'br"r:le (the CurLsn indgx) cquql to nilus the nuurber of genera_
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'Lors of lI" The !ig*g"g"w associa'Lccl vri'ch a certain Lie ar1:;ei;ril
wil"l be clenoteci by the $aille, but script, J.et.ter:.

The strllcture ilroujr of J rws 7g gone rators, coning r.rr:nr
the tiiree-g;rr:ciing of -the (corirptcx) l,ie algebra uf yf. Arnonp;
these ?9 gene?ertors , 78 fo:rm ti.re ccmplex Lie argebra E5 and .tire

79-s is just a change of scale. trrr:en we connide'bhe subgr,ou.l_- G
of the structure group oJ' J v,,e ge.L from th;Ls last genera.bor the
(cc,r4ract real forrn) u(r), and froia Ee ^ subgroup iI suclr that,
for any x i.n J,

( 5  . 1 ) ( a r ( x ) ) *  *  g_ {x * }

for  every 8+ ,  g-€I I ,  v rhere (€*r i l_)eAut  (V)"

Prqpg-s+t}gq )"3, Equation (3.r) hokls for

normaliz-ed idernpo.Lent (xrx*) if and only if

every primiti"ve

( 3 . 2 1  T r ( x r x * )  *  T r ( g + ( x ) ,

Benqrh, I; 'rom ('i 
"2) it follolvs

ff we denote by G+ and G- the

respecti.vgly, vu,e get

Iggnc,p:L!-Lon )_*4" If Se ES. o E
t i :at  g(x)  € v:- ( r : (e)) ,  i=o,  t lz  rLr  ro*
pctcnts s

8*(x)  
* ;  

"

that I{ nust be coinpact*

gencra'hors og g+ anC g* ,

U(1)  then xeVl (e )  i . rnp l ies

,' ire pri i;r it ive nornaliaeci ir jenr*

T r ( G + ( x ) ,  x * )  =  - , I r ( x n  ( G * ( x ) ) * - ) ,

nhich irnplies ilrat the Lio algebr* of Ii is rearo

fherefore II * Eoro (see FR.suDaNfI{At [40J), the aompect slrb-
group of 6, generated by the conpaet real form E. of Il., "

B*gelI (see [tro b, F ,rli{ I . rhe cor;rpact"i]o, rol* *, A
must not be taken ro" the Lie argebr,a af the structur* oo,rouil
the rear exceptional Jorcian algebra I Iq(Of{),  u*r.n r" arso gre col-. )
Jrneat,r.on group of thc },toufang plane (see FRIUmli,jTitAt [40]) "
The la t ter  is  the 'orcomPact  form ,6ro.*  o f  s ignature -  , "6 ,Er , ron
has only real representst ionso
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.. lefi.nJt3_prl* ltcfline the natural act ron ot E ^@ fftf) $n
t l re  po in l ,e  o t '?61 by i l ( : r * . )  :=  (S(x)  ) t r ,  "  

u tu

Sgggfb* From 1y,opoait j.on 7.,J ancl the
t ions i ' l  fol lorus trrat 6. . . ,6 U(l)  prgserve sv t w

gconc'iry or .f, (;) ,

p:reviouu consicie:'a* .

the relat iol ;s in the

l ie frni.t ian, frvo points x4. nncl y4, ar* cctleci pJjlipsgJtgl
i f  x e  V o ( y ) .

i?oaq-g:i'bi.g-\ . '. i,5t 6u,o ac'Ls transitirrely on poi*ts snii on
triplcs of mutualJy o'thogonur poi*'t,s. The maxinar e ubgro*p of ,
6 Oro 1c'avin3 a point,  invariant is s0(1oi e f , f l ;  thcrefore, t*e
pJ-ane rfil is the }:ornoseneolrs $tr)Ece Er, ̂ /so(10) E IJ(U (tire .ti lde

D r o
ever u(1) r ' r&s usedirto dj. ,st inguisi :  i t  i ic & eubgroup or Fo,.e f ,ron
tlre 'tovu'i.all '! pirane Eroui) U(l), rviri,ch is obvi.ously or:t si,Ae E. ^).

i ) r ( J
t iq ls* The crcf i . r r i t ions of  col l i 'eat ions,  corrcra. t , ions,

dunl i t ies,  i l *c1 po-Lar i ' t , i .c :s nre thc ssne as t i rose ,  g iven in
JSA Lrr  $ 1 '  I 'or  the crc i ' in i t io* o: f  an ie;otropic poi ' t ,  see
, J ,SA  r r . , f  2 ,

:gf,i*j.lqg. A. polarity witir respcct to vrhich no point is
isoLropic is caLled an gg,r,i:g*g.o!l l*qiqgn!ati-oir.

*lp,gg:Lgu!*g,ggg$, rt can be ii:iinedia"t,ely se.;n -Lhat the
stai :dart j  rc lar i ty 

{  :  x**>-** io an orthoccnlr-enenLat ion" Tjr is
is a fundaincntal re sul.t, usetl by TitU.iliT anci llIfDfiiJi{/riiig [if C bl
in builcl irq a quantum ttrr:ory on .Liie gconetry of ?1;1. i lhe o*.rrf,o*
conplenertatiqri: is- increed neede g in definir6 both .[he pr:opositional
sys'Leni e:nd the states of. tire quar:.trrn J-o.3ic 

" .
As rvas Jtrovccl by FRFU.Dljit"J1:lJrL 

[oo], an orthoconl:lenen.f;rtion
is an 'tell iptic" polarity clcf, inin{j ap ,oe11.iptic 

ir;ecnrc.try,r 
"

SjirtfjJrllllt and V}j.Ll-'l,lii:. 
r '1

JP Liogj  invcst igated. planes, cal lccl
i l jel i islcv-i ' .ou:fanir; planc.s, riefinccl over an cxccptiorial centra-i.
si i irplc .Iordan aL6;ebra en'a op].i.t Cnyle,y alge.br&, and thcrefo:r,e :
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inclucli"ng the conpl.ex algebra J corisiclered by TRUri{r and i3ril*
l ' \ T ' r n r r r ^ " n ? r  f - " .  1ljirr{iLlRj,t 

Lrt6 ?j .

iigpnl& l. ifhe HjelmsJ-ev-liou:f'ang plane , obtnined by co]n*
plexifying "L,he 

"*oi 
.Iorcj"an algebra Ii= (@)(t, although s:lnilar t cr( ) )

. r (J) ,  is  def ine cr  aver a hlrperbol . i -c polar i -Ly ( i ,e n a polnr i " ty ac1*
mi'tt ir:g inotrooic poi*'Ls), ?rr.e'efore u it is diff icult to give

i-t, a quanttrm nechanical interpreta.l, ion"

&gl?t}*?. The lruini-B;iedcnrrarn plcne ?trl irns a J]?{},efg*

isgliyg geonetry (tqo l ines nay in-Lerseet in more than one point)

a n d , c o n s e q u e n t } ' y , t h e p r o p o s i . t i a n s s y s . t e n i r e @ - .

-QgF*gglg" There is a very close rel.a't, i .onship betrvee* ?ttl

anrJ the l l jelnislev-;, iouJang plane. ?i:.e objects, points, and. rj.nes

are esseniially the saine. j lolvevepr & difference shor,rs up vrhcn

we consiclor transforraa-bions on points anc] l j- ires. rj/o have ri iu.ch

nore s'bructurc to preserve, narneJ..y, the pairing of a 'anlc one

ele: , ient  wi t l i  i ts  conir lex con. jugate" This is refrected in the
presqrvation of the stanclard polarity To r 

"q.*-+ 
*{ ancl vrr:ich

is preserved by the group rrinppin6'points into points. rr"r other

vsorcls lqe cen say -Lirat f Q) is a l{jel-nsl-ev-ir,loufang l_,lane casrying

a furLhe'  s ' l ructure to be preserveclg ihe standard (el l ipt ic)  po*
I  n r , i  * . t  7- ' o '

As is well lcnorvn, the language of quan'bum mechanj.cs iras

aLvrays been iclentif ierl r 'r ith the l*;rguage of projeetive geon*try,

the poi-nts of the geometry peine id.entit'ied vrith the d,ensity ma* 
",

trices of the (.pure) statee, atrcl the l ines and hyperplanesvrit,h

tl:e proposS-tions vr]: ich are not atoms" 'rhe automorphisn gsoup of

t i re geornctry ( that  is ,  i ts  cor l : lnea"bion sroup) is,  however,  lar* ,

ger thern the uutclinorphi,sm €Foup of the quantunr structure, bccause

col l incat ions need not preserve the traces (rv j r j .ch are the cal . lo_

nical i i ieasurcs clefining tl ie qilantun r:totcs) nor orthoi;anality,
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vihj'ch has nq proioctj-ve incaningn fn ma"Lhenatj.car lcnguage \^/e c&n
say that the qu'anturn roiq:ic rcqu.ires an autonorphisrn g,.oup lvhich.
proserves an e1'liptic pol*r'i 't,.v" tr'or iristance, the autoinclrphi$ra
;jroup oi'tiie quantuur sy*tein o.f eiiiVAylljt, piR0t,i an<j liijffiG [ii1
(s;ec also $ A) i.or the l:ioLi:rang 1rJ-ane is f^ ^, rdlereas the-__irr_' f r u

neation group of' the pJ-ane itself is Ern.,r* , i , lhich con1,ain u 7..
v t v

as rna:r i r f lBr-  coinpac'b su-.r i l r 'oupo'r : r  the; ;  reason, TRUrha anrJ 
4ro

f n
Diiitili''lilAP,";'i lrre rt do not inves'b,i.gatc the corl-ineation g,.oLlr) of(D
J (J) ; t i :ey have dc't 'crniinc the group rqhich is neecled in clescril-rini1
auto;;rorphisrus of the qua*'L,r-ri l  systen. This i-s the coinpact gr'up

t -  s i i / - r \ , , , r . . - : ^ L,5ro\6/ ' i t r l  r i"r l t ich preservee the trace T:,  {x;x*) anC t}rc o'*ro_
co*rp lencntat ior i  ( i ' c "  the e l r ioL ic  po la ' i ty  v^L

, v

tliur:irr anci Jlri:'.D;r'iii;r-iiiJ l_:-re n] uer:.ncd the pro'o*sif,,io,:ia1
systein as fo l lorvs:  the propoci_t ions are ident i : f l j -ecl  lv i th the gco_
ne'Lr ical  cr l : jects (p. i 'bs and l . ines corresponct fo ihe pr i*eipal
inner icleals ov v) . T'hey forn a partially orclered se-t,, ,,vit ir orcier*
ing i1 i -ven by, the se'b incrueion of  t 'c  i i :ner idears.  The pr-ar:e
i tseLf ( i ,e ' ,  the i : r incipal  in: . rer  ideal  generatecl  by ar:  inve:r i ib lc
elci: icnt) is; the trj-vial ;rroposit, ion* l/c ha./e an orthoconplcnenta*
tion * * or ,. ,,r*rich j.s the stcnderd pol-ari. l,y aq._+ at ,nu,, ive
can riefine orilrogonal-ityt aJ.b if a<bI , wirich is syur",nctric"

lgucrytg (ece frro ir, p,tzl.f l .).  , . l 'Jre only conccpts of t i :e, l

s-i 'andarrl theory lTir. icir are rveakened eere'i lre conceS:ts of great*si
1o'nver bor.rnd ( 'omect i )  

.cn* 
le i is t  uppetr  i ro iu:d ( , j jo in, , ) .  fhey ar* not

cl ',;f ine l:ero for ,r*"r, pair o, o"orrooi1io,.,*" t;rerero"*'uu*to; ;;;" '
nave i: lat 'Lice stvuetttre 

" But t ire subsets consisti 'g of noncorrnec*
ted points and l ines sre sublat t ices of  the par. t ia l ly  orc lerecl  set .

-rlerngrk. l is is ncr-l rrnol,un, the lattice axioin ls the axi.on
loast just i f iecl  e:<pcr i : ; rc ' i ;a l ly  s ince i t  is  nonconstruct ive.  ,L- i  is
tht) nerit oll '  t]:e Truini*Biecicni:arn constructian ir."t rt provicles
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e uloclel j-n r,virich this axiorn is deniecl in a natural l.,io$*

. Because of the lack of a lqttice strueture, tl ie clefrni*

tion of "state" given by TRUri'iI and BIiJIT;tJltAnn [rrO nl vras sli:.-

table a "aeasure't vsiti i unusua.l- properties thereby i:eing <lefin*d"

Iiowover, this measlire coincirj.es wj.th ti:e i:nique probability f-,rmc-

ti.on (defincd ny ciittnrDrld, Frli0i'{ and RUE;G lil] on the },{oufar.rg

pJ-ane) ror i ' ren restr icted to the gga| octonion case. l ! {oreovor, when.

res.brictecl to the purely .qgnple.?]; case, the measurCI coincicles with
the usual raodulus (squarecl) of coraplex three-dinensional iri i lbcrt

sp&cs quantum nechanics*

TRtitl lI and B]IIIEN]irit.. 'r^'- - --ri i l t  L i .16 bJ associated observables to
t lre generators of the automorplr isn grouF Y r), ' r"  \,  GSro a9 U( t )  in  cxact ly
the same way CIs in the usual quarrtu,n theory, naineJ;r, by rnu}.Lj.ply-

ing the skerv-liermitiarr generators bJr tho iruaginary unit to ollLain
Hen:r i t ian ope'rators. Let us noteo holvever, that the spectpal tSeo-
ry of the obrervsbles thue d.efined i.: coinpletely clifferent fron
the ordinary onei tho Hamiltonia;r of the systen r,vir-t be on* of

'€
the t leri 'r i t ian generator,s of 6,_ n& U(l) * For detai_is o** frrO a,4,

glgR*u:)Atqg (sec [rro"i, p.l5zg-l ). To obtain some i;i.nd of
pirysical unilers'Landirg of the role of the conncctccl poir:ts wl.rich

ars responsibLe for all unusuat features of Truini*,i ieclenharn

quantura nie chitnico o

}'inally, let us mention the opiniol: of TItUIlff and Bfl,j)l{i,i-
f i a

HAitil Lr15 b' p."liZif that nnl'b is our bel-ief (noting the clos* re*
rationsiip nctvreen ,-"*"rrt*- -"0 qua'bui' ,o*.ir*i*J) tiro,t irr*
eoncepts of o,rrldratic Jordarr algcbras snd i.nner idesls wil l 1:e

useful  in physics"n

$ 4.  Jordan algebras in c lassicql  mechanj .cs

A aystcmatj-c stucy of t ire cl-assical 
.ncchanics of sys'Lgrns

clcscribe<l by t:snal c*nuuibcr variables and. by Grassnann var:i. i ibles
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was 8ivell by cASALBU0iff 
fao ,, d , $*c]r a neci:a'ics is the c]ers-

sica.l- l iuit (irr tlre sen$e t *rO> o:f a gcner*' clua'tu_m tlieor.y
wii;h li,cse ancl lre.rni operfitors.

Let Li,s recali, tirat in ilre
'i;,tsa't,ion procedure of classical

for unccnstrained, sys.be;n are

standard exposition ofi the quan*

systeies, t lr.e quan-bj_sution r.rl los

the ninus i"li.rac

are valid only

{ - J - * - + r , J  at . :  J _  _ * _  /  a F  ,

l '*ri le tire quantisaLio* rur-os rol *.rrr"i:-air:ed sys.era ar"e
r  ) *  i  s ,  - , 2 f

t , I _ * > - + L ) J *  2
. { \l i#Iere 1 ,J_ is the ininus Foisson bracl;c.t ,  { ,  } l  i "

bracket, f ,  ,  ]_ 
"n, i  

t  , l ]  bcing coir: i ruLa.t,ors. They
in tirc case of _- .

DRoz*vrt{citl 'ff 
[10] sho',ved tirat for unconstrai'ocl clas$ica]

systct: ls there cxists auoLiter cyri ,rctr ic strucl;ure cir : , i r i ictcr. iz:ccl
by a ne 

"v 
britckct, ca'lcrr p}'.o j:,-i{-ggg*qrgq{s an. denotcd }:v { 1 .

"  { ,  ?  J +
InAIJ:iii and iiir'liAY [ )91 cirorved ilrat for: constraj-*ed c]-ae si-

cal systeias tliere cxis.bs a clu.aL syra:retric partner of ininrrs ilj-rac
brac];et, called ir-r,i l.* Jjiras. b'acjre;L eurrr cre'o*ecl by { , i:. RUCGj*TI
f  qZl : ' rnd r ' r ( t . t tn,a ^,- .a i )rr^^ ' .^.-  f  -  -- lr - ,r jA,Y cnd ilLicclin' f "l- r -  LooJ sui i : le$ted that,  in the case of
1]"q1,{:rllrgef:-Epur* 

, the quantisatio* rur.es fo'
r :nconstrair ied systen are

1  \  - - > r I  I, . . ( 2 t + ) L i ) + 2

' 'qhile the qusntis*t.' i.on *ules for co*rtrai*ecl systens ale

{  }  - * ! f  . J *t  ,  J +  )  L  )  r +
-

rvlrcre 3 ,* a parameicr in i l :e thcclrv- i- J ."., .r [- 1*u,L )  J*olo L,  J*  ouing ant ' i -
coi:u:rr-rtof ors.

D|{OZ-V.Tr.Inrir.lF i *..J - r-LjiLr' ' I j ' ;r lr 
L)"J obse'vec t.ha.t for. sys-bens deecribe.r by

plus Poisson bracl;e1,s, the algcbrarc r,;-Lri ic.Lure riu-l$t be a Jo:,,_icn
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aigebra, I lowever, it vtas nr:t clear,,drat t lre conditions are uitdc::

which the el,ass:ical clyn.araical varj-nbles cons'Li 'Lute a Jorclan .rl*

gebro v;it i i  rcspect to t, i i .e pius F,;i,sson or Dirac br.acllet. pii. i in0zA

snd VIfi l ' . l i ' :A have sol.ved i lrts nroblcn I qol, Their resrl]tsi nre rCI-v L  v v & v . d  
L  

, . J

cal le  d  jn  . tho sequetr .  .

I ' j , : ' lationo As was done in
F '-1

nrid 190J, e/e introdr.rce in

c)-assical neclu:nicql systen

F1r " " .  rPgr the va:: iabl-es

[d l  =  qJ-r . ,or [ , r ] i  =  q i \ i ,  ru ] ' f+ l  =  p] r l re  , r2N = pN ,

the 2iLdiaensi-ona]. phase space

with canoni.caL variablcs u} t . . n
1  n l Y

fu* ,  "  o . ;A) '^ '  as f 'o- l - lOv, ls ;

[g t]

o f a

1'{
r Q  I

v' Accorci i 'g to LtoJ, a prus poisson bracket is clef ined by

f r , i : ,e]* ,= {r  ,sJn i= VrtLrrrr)  V, s = VJ r V6 B,

t^J* '  (at l  ,# ,  . .  .  , "Zid) = (q,  p)  
"

l ' r i i 'ch re$pec"L to ' t ,he inci ices r 'or  coordinates i : :  phase sp&cer ws

shal l  uso-for q anci  p the.  inci ices rrsr-b and for c, :  r  wo siral l  uso
t l re  i t rc l i ces  l ro  r " , .e i .  For  the  f 'u - *c t ions  t {  anJ ,€  we sha l l  uso
the  in< l i ces  i ,  j  r kp  o  o ,  rn  e tnc l  a rbrc ,  re  spec t ive lyn  Loca l  coorc l i .na_

tes r ' , ' i l" l  be de'otecr by :rr, r * Lrzr..nezr,tro f ls usuarry, Ju ,= )/arrT
\  n 2 .  T  T  \)rr. ..= )'/a*'rrd, fficl Jrrr, ,= )5/ar.fJ*Jp*li,

Let f rgr ". rh be rea]- frrr:ctions on €r 2i{-clinensiona.l raiani_

fold

v/nere! ie 't,he covariant clerivaLi-ve i' the co.nnectior, [-ancx iri is
e segoncl-rank s,yi:irqe'bric tensor of 

"orll,ravar.iant 
type with varrisl1-

ing covariant 'derivat lve" Tire fu*ct, ions f  and g sat isfy the con-
ditions

(  4 .1 i Vrc Vi, V; f = o, Vo V, V; s * o,.

fhe existenee of the tensor

red by vir.tue of .i;]re considcratior:s

Bglgp{:K, The canonical rules

lvl for the phase space is &ssrl-
. F

givcn i" f :o].

for the minus Foisson bracket
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&re also valit l  for
t 1= 
{.r ," , i )sJ+. 

= oo {0"

t ire p]"us Foj"sson breckct, that iu {U*,q1*..*
opo] ' , -  = d:  '

J{qle " .For sinip^Licii;,n prfiil0zA qnd r/.fAii1.{A 
l9O] cons

orrly the ca$e f.-* o" Iio'revc::, -t,heir r*sults can be extenci
tlrc gencraL case lyjren f * oo

I ,  Le t  F  =  
{ * . r i l r no .n } r }  b r :  t i r e  se t  . f  a l }  c i ynamiea}

bl-es of avr !r4.csr:s'!r'r,riLgg cl-elssi.cer. sys-r,cn desc'ibecr by the
tr ic fornul.at ion of classical mechanj.cs 

" By (4 
"1) ,  f  ,g; "  o o

be such that

( 4 . 2 )

)rrr, t * or

v i t h  1 < I , J , L (  2 i ; -

i r 'or f  ,E 6l.  dcf i .ne

) r r r ,  E  =  0 r r o r 3  ) r * ,  h  *  0 r

ide::eci

ecl  to

(  4 . 5 >

[go], the set of j; 'urrc-

(4.2), encioweci rvj- th the

bri . lc le' | , ,  is a rcal

{}...., inJ,
i .r: celled ir

^ t - 1 I r- f ' , y  . = , {  " f r  l q  ^  bru ;-  1r:  r , , : ; t r  J.r  := l t ,*Jr.  , '= l , f l I  ) rr  ) t ,  g.
trrs r!'as shor,vn by pilI)itOZA and VlAi{j{A

t io 'o J '16r -  o '  th 'c i icrr  sa'bisfy conrJi t i .ons

prociulct (t,,3) dei' ir-lcd by the plu.s poi€lson

JorC{li i  a1,;c brai "
z" j ' iow we sl:arr- co'siclcr systems invorvir453 consrtrainti l*

For sueh l i inc o1'sys'bcur;  the i lani f i ;onian eguaLions o. f  not ion cf in
be elipl"e$$ed i-n terns of t ir.e l j irac brackct in t}.e sane wey i '
l ' , 'hicl:r eqr:atior-r.s of notion'of nircons-r,rainecl sys.L,ens can be e;rj:::ec_
secl ir i terns of the }'oisson bracr<et, i: leL,ore the int;.oduc.tion of
thc 1j-ruc i r reckct ,  thc corrstre. i r : ts heve to bc scpi l 'a.Lcd in . [ , ivo

c las$ec ;  cons"Lra in ts  o f  'h i re  f i rs t .unc i  sccond_ c l *sses .

rgl3i".,a]]. iro-r-r-ori i irg 
Ig0], \,.rc cicirote by go(q,p) ariy one of

Lirc"!f i constra..i-nts of a classica)- s;..,s.Len; rf

= 0  : [ ' o r  a l l  b ,  l (  a rb  <  h^

sytruuctrJ-c LLJf!:":S-LqLq.fl constraint, vririle , if

var1fi*

$ytlne-

,h nugt

t iren !n
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thcre exists & b sucll 'L,hat

t \
l r  - /  L  J  r ,

\ \ * t  1 v -  I +  / -  u r
( . / \ a  / v t

1 (  a , b  < ? 1 ^

tlren !* is cal.led 4 synraetric gqgqgkgJggg constr*in!.' Let @,=
t \

t=  
{ur ( ru) ,  €r (s) ,  " .  "  e€*(* i  r  . .  " ,€ j ,J , , ( - )  }  i r *  ihe se-b of '  synuie i r ic

":€ )
secontl-clas* co::istrsrj.,n.b of q ct.*ssical ri}rs1*o,n i,et $ U* a s*t vrith.
ZH-}{sindepcrrclent tru:ct ions . f  l (r) ,  p e c,y*("r) ,  y n(-) r  * " .  r f ' I ' . - i , ,*(-}  ,
arrcl such tirat ty = 

+ 
' s i* * local coordin.rte system for fl:e

phase-space nnr:ifor-il. FItAI'ficI eu:o i;{.ii,nx 
fl{ s}roured tiiat

r  t s c  t
l w  d u )

)  y f  ; y '
rfo r'l :; ti, '^rj.";h tlfrJ/,= ll {v,oort +E/.n,rll

is a seco'd-r'snii syimretric tenscr of covsrihnt

Yy Yrr 'e  r  6  r  Yg,  Yu r . .  r ,Ypr ,  t lc i to tc  s . lerner : ts  o f  V .
sho'nvccl tiret 1.1- tr"" im invcrsc 'bcnso' ii|' r"rj"-t,h

to- thc subnani.fold v,.,hose, local
'  PJUS

por;sible to cicfine tire-i"Jir: lrc

'L i .vcs restr : ic ted
T

i *  P .  I t  i s  a l so

type, vrhere

t t;qJa r $ o ,  1 ; h c y  L , , J

covaf iant c.leriva-

c<>ordinatc sys-l,en

br.acJeet by

(4, i l  t t ,*Ji (€!y) ,= r,, f '  (€,y) *+ :*r  " r l  . ) .  
d y " , T " ,

Sggjgrr r-o rlr. 'L,.i.ris apprcncl.r, rrenl:e ancl rdlnay have used

tl 're fact that arr.y func'r; ion of 'Lne vil:: iables cr.lAca' be vrrit.Len

{ts s f 'unction o:f the variablcs €& and gn, Fartia} ciiffere't j"ation

vr i th respect to a, f*  iu carr ied out iceePrng the €&,s ancl  the

o the r . f * ' "  cons tan t *

I tC.qgL*e" Conpare t4.4) wi1h (4"5),

net  {  = { t t * ,y) ,  G(€r?), .  "  o ' } r (€, f  )J ne t i re set  of  crynaini ;
cal variubres of a s.qrysjffggs4 classici,rl s;ystem clescribeci by Lhe
syri ' irnetrfc fornulat j-on of c.]erssical meciranice, so that

\ - \ - \
( 4 ' 5 )  o l r o n f  =  0 ,  d l * n g  =  0 r o . , ,  J , t , *  n  = . 0 r

with r 1 1,n," , r:%, rvhme )n** ,= )5h qr, ,y*)y, .
I , 'or  f  ,S€ f ,def ine
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: = i,,fn(s yfl ),o f ?, q : *

-  \  ' 1 . . ,  
? v rwncre ()^ t: i= d .f,r)rp",.

As vras no.L,icert by FI)tiiO,/Jt ,\T\d VIAI$1\1A [gOJ, tiie ,set of
funct ior rs  f (€r f ) ,  g{€rT} ,  o ,  a , r r ( { t rg} ' , . * i r ic r r  sat is f }  con<i . i t i .ons
(4*5), ertclolved ',.rifh tl ie p::odi:ct (4_6) defir:ecl by the plus Di:r,ac
b'acltet, i-s a reaS Jorden argcbra i:r the forrowing condi.Lions
are eatisf ied:

,4\,#t;o-'Ji + r,i*]rrk:lT'),r,,,{i _ u.,,FJo.,"j"J**,,jt * o,

z;;.{d;irriern,4t i- axj'r,{*)n;ifi - Mim r"{kJu mjj r-

* 2i4k;,ijtJ*,,,f' _ ,:r|'o,;' J* ,,,i,o = o

(4,9) () i ; ; t , , . f"(€,cfl) * )rr,.1"(e ,g)),_ + )i,Jul"ee,y) ), , j
\ r l r n \ \ - \ u

1 dr.;1,;*"(€,Y))i -r' )*;.i'ltn(s.g)). .F )rl,f"re ,.f ) 4-.. *

+ J*",,.r,rn ,g) )" - ))- ,; * 

'= 

u': ' 

L' ' l

S,c:l*.i l:, l i i.re relation (4_B) is sati;if icd if _+rc,y) is i**
'Jepcnclent of cf* (rn=l ,2, o *" rZi.I_ij*) .

i ience, for unconstrairrec cl*ssical eysteras ciescribecl.  by
"th.e syriuaetri-e fo;,;lulation of cr-ascicar neclranics, thc set oi""
all d;rnanicill variables is a rcal J'ordcln algebra wi,bh rcspect .Lo
ordinary ad<iition &nd pl.ris },oi-sson bracl;et ,,,.,i i: i le fo:: constrained,
s)'sten's, 'Lile sct of (lynanice"l- vcriqbl-cs is a real .Iorrlan ali;ebr"a
u.ncler oi'din'ry ac.ii l it:Lo:r ancr tire plus ix.rac br*cr;et (4,4) if con_
d i t i ons  (4 "7 ) ,  (4 ,9 )  and  (4 ,g )  a r .e  sa . r i s f i ed . "

. 
irt 'Liiis r:espuct, 1e.t, r-rs nel.r"l,ion p]iL}i),02^;li\ apd VI*i.ljt*i.,s coi.t_

iiients fron IpOl : ltlye note nn inrrortant c1j-f,ference. be.i;v,reen t]re
r,ie and .i.rcil in ai-;-;cir.i:*l:ic. si;:-rcturc fclr critssical systens" rfrr.c. Lie
al-i:ebr.aic structulre .qD.pcilr"s in cl-assical ncclranics in a natrrrr.:l

(4..0) {r*J(€,f} :* {rrc,,pl s(€,,f}J;

: * ;rifn )., rJ* e ,

( t, -7)

( 4 " 9 )
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.Droz-Vin*v/aJr but for Jorclan algebra i \  is cl i f fcrent.  In : f iact,

.p,n*r..r nrr i : ' i inotr" ig breckets f ir ,c only dcfi .ned for dynanical va*v  v l r  v  u  u e /  r r u 4 v  v r  v 4 r * r /  v v !  r . r r v u  +  v ,  q t ) |  r * q r l l . r

r ': i .ables f siich tha! ( [= 0)J-r.rr. f * 0 for unconstrainod. $3rstqns
(1 < I,J, V |zN) q*J J4-"F=o 6t ca..st'e;*"l"la'frrle '*r
(f < {rr*rn ( Zti-l{O) . Consequerrb}y, iri tiris sJnffnetric f'oriuu}r:tion

sf classical mechar:ics, if f anrl g a.i:e oyne;:"ical va::iableso tl:e

quantity fg * gf is nat lleces$arily n clynamieal varifiLrle. f,'itis

result resLricts the set of a<lnrissit l le c)ynnmical rrariabJ.es in. the

pi:esent theory. l ' iol 'rever, our result j.e not lvorsc than^Lhe usual

thcory vrith minus Poisson breeckets. Incleodr &$ sririrArER [rro]
hers shovs'l, the llirac quanti,sation procedure for minus Plrisson

braekets ie.also only possible for.  a restr icted set of ciynani-

ca l  va: ' ia i - r les" .  ($ee f  gO,  p .83f l  )  "

_C,oryiieq[''s-" The resu]te recalled j-n t]ris sect-'r-or: can bc cx*

teni ted. to syr,rplect ic rnani fo ld.s (ger"reral . ized l r i rase spaces) "

Jlgr1g1"}l. fn the ease o:f simplcctie manifolcis ttre varj.obles
-  ^ : -
r  . l l \

l r ) *  ,  . .  n  1f . l - "  are local  .  canonice l  coorc l ina ' t ,cs ,  \

_hg*--U.gp.j,gn. (sui;ge,sted by Gtt-d0li,ltiE [4+l ), fo c]assify

and cons!:"uet snoot i :  inani f 'otds on w'hich,{ ,J i  t "  l ; foba}J.y def inecl"

Cr?rqgnts. Sol-vi"ng the abo're raeit 'Lionecl cpen problem is im-

portant forLhe coustruction of superl{: 'oups and fiu.pernanj-f 'oJ-cls

ciescrj.birg constra:ined quantr,rln systenrlvith spin.
I

-1- 
I ' in*l1y, Iet us inentj.on a recent paper Lgp ) by IIOCIiA i;t l l l{O

ancl VIAI'II{A, where it is stror.rn that the set of obeervable f'unctio*

nals &s$ociateci r,vith a constrained f ield theo.ry satisfyirlg "Llvo

given assumptiono is a Jordan aigebra un,ler the s;mi:retric l irac

bracket eonposi't, ion law.

$ 5. Jl3-algebras in qunntum mechanice .

In clrder to improve ac'Lually cxistiqg axiom systerus fol non.

rclntivistic clua;r-bun r,rccil&nicri, GUZ Ior: "] 
clevel.opeci t]re gcireral

ri:"; iori:atic scircine gi.vcn by' ir: l ioi ls 4.,i l ,:rD (sec below) in tv,ro di*
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reetions: one (eee A;ii.r: l i :s I:1".-:I-,G bc.l^orv) v.*ricl.L iu vcry cJ-ose to,

thc vlcl-I l;noi*rn quar:tuli Tr:;4:rc approach (origi.na.,c*d. irl IUJ oncj
aeveioperj ail<1 iiuprc,veci by inari;y' o"r.hc:rs) li::<l enother- r,;i:icrr :i.s ,{h,e

ouf;cori:c af i luz'e gcnercll a:<ionatics (see Axioros :i:IL*II? be_Lcx,ri r
ancl is basqd on intr.,.:<i.ucing 1,he structure of a par"t, ia}ly oyccrcd

real' vector spiice in thc sctofu or boundeci obcervables ancf i: ireir

es"babHsirin;i th.e Jor,i l .an*Bannch- structu.re .r 
lO, the leli;ter i;ej,ng

cecluced from a se'L o: '  physicar ly p* iusi t r le postulates" rn t l i is

lvay Guz cleve-Lopeci o"i l his 6lencra} axionatics based on Axioins 1i,8,
CrD along tire l; lnes of ttre al;;cbraic axioiaatic sci:eme irr_it i*ted

as far back as J0ItD/ril [64 a,b,cl , Joit]&t*/rvon i'IlNltTiiirlilv and rtir0i{lJlt
r ' - 1  - - - - : ^ A l r \ r  l - c . " r  , - 1  - . . .  a - - r , L  -  f  - r
Lo>J , vorr riirui,.Ai'i i{ | 0T lrJ arid lutter noclif iecl by st{iAl, [rc2) ,c --?
n,l . i l l  Ll i  aJ (see al.so g Z)  ̂

l 'or an ihprov€ne7't ir: trre rinitc-crincnr:ronar case of the
cha'acterisat ion of state spaces of J3-al i lebras to a forn wrth
rnore piryeicat appeal see AIiAru f jJ 

"
l lcre we recal l  thc basic facts frorn the above-nerrt ioned.

clevelopi;icnts given by GUZ (sec feo "-o]) 
arici . ',tu' bricfly rrfer

on LL;,.,,.-l iR's reccnt apnroaci, [ 
,f f] o

{o. fu$ i .p ! "  As i t r  s ' r  re tJ  and s  be the set  o f 'a . r - r  o i rcer-
vahles and al l  stute e ,  rcspect, ively, cf a 4; ivcn physicc] sysr;eru.
leno'l,c by tit*. the non*nesative par.L of lR, and by il(fit) the s**1*

a tso  f  oo  * ,  p .6 t )
, - r " . t i .o r l  p ,  A  x  s  x  l l ( [

a l.rroi:*bi1:i-ty rileasl

I iJorel subsc.l,s of ljt"
r - ?

o.rving i,tACICry Lle J (o**

lil_4. Thcr.e exi,r;'1;s iir frli
/ l t

ixcci keJl and f e S, is

l

t-

f

t

I

Fo

o

/f
I

r"n hr., r:

r Y r r  *  v r  ! g

li2 .

P(  t i

= 6, ?

lve SSSLllUe I

1 )  * \  l l - l
r l  _  ! t \ r

' l ' F r :  n i r  " l l n t \
v & r  . r J \ l t ( /  o

Arxg-E rf p(4", ,f , tt) = p(,i.,, 0, ri) for at-t d 6 s n:na
x €n(R) ,  t i ren i \ ,  =

$::il..o_ql S. If

Ljc i ; ( [ i )  ,  t i rcir  f  ,

I
A 1  r , \  - .  |  ^  ) .  . \  ^  a

r  9 1 r  i , i  =  p ( 4 ,  P  Z . r  i )  . f o r  a L 1  f i < . d  c r r l l

o



Axioin D. For eaeh.-f_

q.z.-  J )  -

' ? a
sequence f1,  92, . . .  of  s ta. tgs and each

rb-
sequence t lr t2r. . .  of posit ive : :ear nu:qbers with 

* 
t i '  = r,

t54_ . t -

there exists a state f .  t  sueh that n(A,f  , r ;  = 
E t i  pga,f '  r )

all A e.4 and E € B(tR) .

Renar-k. For tho physicar interpretation of Axioms A-r see
r- ' l  :

GUZ [60  c r  pp .66 -67J .
v

Convention and notali.on. An orderdpsir (Ar]l) e /xA(Ut)
is identified with the: experiiaentall". rr"i.rrable propositio'.
statiqg that tta measurenent of an observable A yiefas to c value
in a i jore1 eet E"r and the nunber ptAr{,  n) is then interprete<l
as the probabi l i . ty that , the proposit ion (A,E) is true for t i re
svstern in the state f tl,rac;ur llcJ, i{ac,tr{i;sKr I TT7, cuz [60 cJ).
rn the 

"et4x B(lR),one can define two opur"tu"u, larrea r*or.rlo-
t ion and ne::at ion, respectively,

(A,E)  -+ (B F)  i r  and,only  i f

J ( A r E )  : =  ( A ,  B \ E ) .

Two pro;:osit ions (ArE) ana (nrr) are carlecl ,equivareri ! ,  , , , r i t ten

a s  ( A , n ) ^ ( B r F ) ,  i f  ( A , l l )  - >  ( B r r )  a n d .  ( a , n 1  _ - > ( A r E ) r  i . e ,  i f

n(a, f ru ;  =  p(Br l r r )  for  every+ €s.  The set  L  : -  (#xe(L*) ) , /^ ,  ,
which is called ( o" Sg 1og!g_€

D,ropos,itior:F, see i,acKt]t TZOJ, iraczriislcg IZZ]) iras been.sirov,rn
to be a partially'ortlered set lvith involution, provid.ed v;e define

Ita,nlJ 1 ltn,r,l l ir ana onr; t" (*,n; -> (r3,ir);
ya ,u ) f /  :=  [ t to ,B ) l  ,

rvhere l {arn) l  oenotesthe equiva lence c lass of  the proposi t ron
(ArE). The equiva.Lence clas"*" |  (r i r i i )  |  wi l l  al_so be cci l_lctL :)r ,g._
pgs j t jons.  ' I 'o ro  proposi t ions a = l ta , ; l ; l  * r rd  b  = f  tn , r , ) ' l  nr*  ca] -
led oj, i , i ,o,3oirq1.,  i ' r r i t tc i l  ag aIU, i f  a (b,.

p(.qr+,8) < I

R(nrgrU,  fo : '  a l l

Q e  s ;
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pe*in;! ;p*g. Let & be fromf .  The snal lest closed set
F<a sat isfying p(A, $, r)  = 1for arr {e s rs ca*ecr the p-pg,c!J:pl}
of A; it is de;roted bJ, sp A, An observable ^€i for v,,rrich sp A is
a beunded set is c'a[ed bqq,nggg* rn the ratter case, the. nurnber"

f r

"un 
' i  t t l  l t6pp A1 tu calreci  the sr:qgt{ ,er.pqra of A; i t  is deno-

**uot'y I/a ll sir. The set of all bounded observables vril l be denoteci
Dy Jl , . .

reiilsrk. sp A s f- ]la ll *p , llp,ll
lef in i t j "on.  Consider A e* and

t ^
l l

J t  p(4,  S ,  c1t )  ex is ts  anc j  is  f in i te ,

pec}.at"+.qgJqlpe.

in  the s ta te f  ,

upl,
t * u .

'Lhen

If tire integral

i t  is  cal led the ex-

ReI4eLr:l< I,

(or mgan vqlus) of the observable A
and j "s  der ro ted  by  (  A ,+>.

Corapare the abovc de:l init ion vrith

for the system

Postulate z
f rom $ 2.

Seaark j3" rr , '  t fr* then 1L,+ > </lal l  opr so rhar cvery
bounded oj>servable has f i ' i te expectat ion varr_rc in arr states"

dg.lgugr" l,el l, io be the convex set of probabili.ty nlea,:rures
on B(it) " fdcn-t,ify S ,.,,rith the fa.nily of mr /tr P s ' p S , J l * % ,  a n c l  c o n *

A' irrportant assuuption .f the quanturn rogi.c approach to
ti:.e foi:ndati.ons of euar:tuur :necrranics i_s .r,hc so*cilrrecl ,,ortiio;1,on&_

ri ty pos'{,uJ-ate*'  (see, for in,strnce, i , ! \c i i .T/ [r*,  .rvhic]r assefts
a::rgLl l .  rLl  . ,  : -  /r .r ,  , : i i i )J,  i=r,21 

". ,  .  1 is o CIequencc of

( *g -
s i c le r  the  space  v  r  =  

{ }  " ,  %r  l s .  
e  R ,  f i  *  o ,  .=1 l r r "  " ,  } :

Yie can associate. with each *ejo a r incar iu:rct ione.l  c,n v as fol_
r *

lor ' rs :  Lo(x)  :s  
J  b(x(A)  )c i t ,  x€v"  11 is  obrr ious that  r ,o(n4)  x

. - ^
=( i r ;0> *  The noiat : "on{ i r rx)  iv i : :  i re ex:Lender l  to arr  xev,  i - "e,
/ \

(  o , x  /  : =  L n ( ; r ) .



F::om Axioms ArBrc and r t ,  i " t  forrov,,s t l lat the proposi i io*
nal togic (Lr(, ' 

) b.ecomes an ortiror:roclular f*orthocoirrplete or*
thocomple:aei:ted pa*bi,arly ordered set with 0 and I (.tire reas.t
upfrer bouncl for an orihogonal ssquence {*. , \o*.,  .  Et is l r i -* - * - J - r L r . . . r @

ven by ' i : l :e  proposi 'b ion a€L c ie f ined above in  Ax ion r  1)o 
-

Convcnti,qq" Any state 4aS can be icien.Lifi,ed (see i,iACZU,ISlff

bi l )  with 'bhe pr 'babir i ty measure/Eon L definecl by

/ t (  f  f  a 'n i l )  :=  p( i r , f  ,n) ,  ancr  every ob;crvable aef  -  w i th  t i re
I',-valued measure xA (that"is, *A is a di_hornonorphj.sn from B(kl) to
t )  <ief ined by xA (E) ;= f  ta,r) l  .

1' /e have p(4,4,  r )  l+{"^(E) ) ,  and the ra,n i ty  
l r .q l  f  .  o}

of al l  the probabi l i ' ly  measurcs assoc: iated vr i .Lh states of  a phy_
sical systenr is easily see' to be order clete::nrini.ng.

j{,qtq' The proportiona]- lop,ic L appea.rs hcr,r as a. pri-ri i iry
object of -Lire tlreory, v,ihj-lc the sets o:f states and observabJ-es
bec.ne seconclaryr €l$ thcy .arise here as some cons;-Lructions on L
(the r : robabi l i ty  n ieasures on L ancl  the L-valucd nca$urcs,  resDec*

J )

pairwise orthogonal proiro$it j"ons fron L,

i :osi t ion a = f  ta,nl l  ur" i r  t t rat  p(A,+rE)
I

9 e s ,

then thele exists a pro-
QA

t= 
L*  

p(Ai ,?r  Hi )  for  a l . ]
a  - t
J_J ,

of the statcs I 'r i-th

f f*l r,^rill be r,vr.itten

t ively)

gggvcni io. !"  Af . tcr  the ident i f icat ion

the correspor: .J ing p: :obabi l i ty  rncasurcs on L,

: r .ns teac l  o f  /4a" , (a ) ,  a€L./ Y

Assune novr (cuz fto u,rJ) I
klSqL*L"2" There exists a subset FgS wt:ose il.embers, callecl

pul:-e- state s r are assun:e d 'bo satisfir the followi:ig requirc.;l icnts:
( i)  for every non-zero ploport ion a€ L .Lhere exists ei pl l re

st ,a te  p€P sr_rckr  th$t  p(a)  - ,  1 ;
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- - . .__ ( i j . )  i f  for  every pure.s ta te p€. I ,  sat isFv in ;p(a)  = I  v re
a lso-have p (  b)  =  1,  vdrere a rb  6.  L ,  then a I  a ;

( i i i )  for  each pure s ta te F6I r ,  t ] : .ere ex is ts  a  propooi -
t i -on ae l "  such that  p(a)  = r  a 'd  q(a) (  r  for  ar r  pure s ta te o
dj"stinct fron ;:"

cuz [60 cl  shovrec] ' t ,hat,  assuir i-*g Axions A,*rc ancl f  1,
Axiom r 2 above is equivalenL to .Lhe forro,,virg st,stenen1,; T5e
proposit ional lor; ic L is a.L,onist ic ( i .e. L is atori : ic anc1 each
a e L is tre reast upper boun. of the atoiirs conteri'ed in it) , and
there exists & bi- ject ion s ;  p -+A(L) of t 'e set F of al l  pure
states onto the set A(t) of al l .  atons i-n L'sucrr i l :at,  for every
P G P r

( 1 )  p ( s ( p ) )  =  L ;

Q)  p (a)  =  1 ,  v r i re re  a€

Igti3l!fg!. T\,/o states

i,roqa1, r ' ,q: i t-ben as fr Lf z, i f

f r cu l  =  t  anc t$ r t o )  =  o ,
IvqJq.tio.p and *)fiirri io, " For any subset Licp rye clenote

t,he sct of cl l .  pure stetes p € p such t i :at pI q for al l
aircl l irite i,1- inste ad of l,i ir. rf i, i = ioi-r the* the sc* i,1 is
glrqe{ '  Tr:e f 'ernri ly c(1'r  r)  ot '  a-11'cr-oscci.  subscts of l r  is
tiie nggpg*geutgLry. associated wiilr a pijysical system.

r \ r r a  -  f -  1uu, trrovect LbO bJ the folloii iry; t ire,oreme .

L ,  inp l ie

41  * "aPn
f'ot sei;le

"{hpq{eq. , } r l ,  I ior  every e€ L,  i l r .e set  af  ,=/ l r lo*on.r : (a)=r1
( ' "  l 'i s  an  e lencnt 'o f  C(pr I  ) ,  and the  cor respondencc  u  __*u t  oorar . * " j

an orthoi ' ject ion olr  *re J:rolosi t io*al  105ic L ' ' -bo - t , l re phe.se
geomeiry i l ( r ' rJ )  r .  i l re lat ter  beini l  an a.Lornist ic complete o ' r ro*
co;rplcnented lat t iceo .

s  tha t  e  ) ze (p )  .

from s arc calle.J

proposit ion ae L vre

oJ'il\q-

irave

by i,l i

q € i,1,

eal led

cal led

*!-t*' rr f r and {, arc tr,vo a'bi"brary Ftates of a piry-
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sical  system, t l ren ' t i re nurber i . r r t ' { { . ,  t r ) la e r , ,  f  , (u)  *
{ l :  |  " 1 -

called tire -dgSreq* of $qpg lc q, Sn fa, and is cten

( f r  ,4)  (see GUZ foo " l )  
1) "

Suppose that tire inj.tial state of a pirysj"cal system is

describeci by the density operator: f o ar:d, that after e ffie&gur€:

ment perforned on the systein, the proposition described by the

project ion operator P is veri f ieei to be true, then the oubsequent

state of the system is Cescribed by t i re cleusity opera'bor

4 r ,=  ?+%e+) "
rgnoring nornali.zatj.on of the s-La"Le vre obtein a l inear map

callcci tirc c-olcl j-'b iolal nrcLlbil-Lty*lq.lll frorn ttre

Fsnach space of  sel . fadjoint  oncra'Lor of  t race class (act i ryq qn

the l: i i lbert space correspondi-ni, io thre quan,cum-:nechanicel systern

under ertu.dy) into ibscl- f  .

f i n ' f i  r r i  f  i  n n  / ' i y r r r  n n l ' l  n n *  i  ^ n
a  r r r r u "  v v _ L _ r _ u v  ! * v l l l ,r 'ansfornations of thc

nonzero proposi-bionser : t  l )  n f  n r r rn  S ta . t eS  i f f - bO  i . f  s .n l  j .
Y . ^ r "  

u w q U v U  I / l V U  , e \ , 9 V I I  
,

froia L and sati"sfyirig;

( f)  -Utrc do;r i i -r in J( lr)  of l i , .  consists of

' , , ,hich O t") >0, and for everyp e p(: l -)  i , , , r  l :ave

(?-)  i f  O(, r )  = r ,  r t ren E. ,0 -0 ,
is callerl Utt_1:njflX"*gi*h;;9l*jjl$_eg (or .oUJ.c.. cpjli]!.lonal ,,pgo*

bab i l i tX*qap.S)  assoc in tcC to  ' t i r c  p ropos i t , iona l  lo5 ; ic  L .

Cgnvcr i t i . -qn", I l i  o i ' i lcr  to sLtrqy t i :c  pr- 'opclrLics of  the niaps

Ea, the t r lnsi ' t iot t  nrobr.bi l - i ' ty  fu:rc ' t ion ( : )  is  c: . :1, ; l i r fccl  orr to birc

se t  Po :  =  F  u  {OJ,  ' ; ; l te  rc  C dc : lo 'bes  t : rc  i : l t i o r l J r  t t . r i l j ,C , '  s ' [ t -uc  rc i r l  -

lecl the. ?q,ro "stii;g, adjoined to i) lrirrl dcJlj-iirti as tir* zei.o i'ui,:ir:-

t i o n  o n  J ^ , :  i r o r  a l - l ,  p €  1 ' o ,  ( 0 r p )  . =  ( p : 0 )  : =  L )  ( . s i : r ' I  f r U  c r ' ] - . . ? , g ] ] "

I

lJ  is

n{' r: rtl hrr

I  i r  \  or(  u J

i"rdexc.{ 5y

t *
[ n o i i c @ € r ' I ' c l '

t

l r ,  \  -
t i r -  Q l  (01  -  J -  ;< t t

1.) I' i ' ie lrur"nb*r (4f r 0
i-;ili1,ili:".i', fnf ] Lr.rie i

fr *::i P"

.,) t".ts . intrcri,,:ccli in

:  - i l :a n. l t l r io ' t i " ; r l ' ls- i . ' i ; . i -ort

f lr ,59 j .n, j . : l)citciorj ' | , .  L.-/ by

rr;,qr l-l;i'3 11_i_ -[;-ir lX:''1:W:: ttt
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Qcfilit ion. A urai) Hn (Hn : p -->po) of ilre set po into

itself is cal-lcC a (p:r.*g) fitt*r associaLgl
;t

a €L iflGa'tisfies the foliowinri eonciitionsl

( i )  ( p : p * )  =  p ( a )  : f o r  a t - t  p € p o ;

(ii) }tr* is arr iclenpoten'b rnep!

( i i i )  (p :p" )  =  Q i ,np l ies t i ra t  pa = 0"

Re-rief4, A.ny f i lter 8., posses$es tire property
l E :  1 \

f o  a l l  n " a 6 Ft 1 -  r ' O '

( p  r  p a ) ) ( p  ' e " )

Dcf in i t ion .  A  f i l te r  I A is called pr,ope,E it '  the inequality
(7

(5 .1)  bc 'co iaes s t r ic t  , ,vhenever  p"  l0  a 'cr  Fo I  Qn.
' 

isryrl:" i lactr pr:oper fi-Iter Ji" can be identifieci with the

corrcsponcl ing Sesatr i  pqgjggr ' lg| '  *" I  A(1) ,  \01 -+ A{t),  io l  a"_

f i n e d  b y  s ^ ( e )  : =  a F V  e - a u  * .  ( a t v ' e l n  e  ,  l v n c r s  a  e L  t  e  C A ( L )  r { O J ,

ancl n s'l,ands for the grea.Lest lower bouncl in L"

$$gr'l..-J -:.. 
'Jitrr every nonzero proposition a eL a propcr

purc f i l ter  X*  . ,  po *  p .  is  assoc iatcd,
-

t'lqJ:liglg. c\JZ IOO cJ consider,ed., after GtJr,rSOI{ [ ifJ , the
vcctor s;)ace (L) c ief incd as the l inear urru,  o, f  ther i  -

u,/q.r v-L urlu f l ,Af jC Ol '  
-L,he

propositional lo;' ic L un,lcr ihe canonical eiirb.edcting L -* \Ft

de f ined by  l ra , ; r l |  - -+ -q(A,E) ,  t r \ , ,nc re  v  der io tcs  bhe co ;np le te  base-

norfi space sparureci by states of a phys:icar systcm ancl
t

a 1 r r , : l )  ;  v  - * ' t i i  i s  g i v e n  b y  a 6 a , n ) ( x ) . ; =  ( x ( & ) ) ( : r ' ; ,  x 6 V  ( * e e
4

LOO c, p.?U ) .  Si i ; r : i - lar1y,  (Lf)  c lenotes the l incar span of  the

set r ,5G L,  of  ar l  f in i te ereincnts ( i ,e"  which are the jo i i i  of  a

finite tlL.ti i tbcr o.i atornE)of L. Since every finite protrlosit j-on ciei,., '

cun be r^rr i ' l , tcrr .es a ( f :Lni te)  io in of  pairwise ort i rogongl  atr :ns,

r" ie have (Lf)  = (A(L))  = t l i .e l in*ar Bprn of ' .  thc set  of  a l l  at ,g:rs

i n  L ,
.Del ' inc,  aL' ' ' ;cr  CUi l , ju, I  lc ' /1 *hr- t r . rt  L> lJ ,  ihc  fo l lo ' , , ; ing .pseuc lo  p rodr . i c -L

for atc: ; i ic  proposi 'b ions ;



e  o f  , =  *  
( Q *  -  Q * , o  l c l ) f  €  ( L r ) ,

where  Q^r  ae l , ,  i s  g iven  bY
'  q  

I  e  r =  i r o ( a ) s -- i a

v,rith pe clef i-rrcd as Pe , = 
"-l

s[5lg-lj. Eaclr Q"r a
n
n  r  fT , - )  * -+  f r  \  , ' , l r ano  (
t / A  ;  \ ! f / *  ' a " f r + t  r Y ' r v ! v

\ \ L
def ined by (Lf)+ t= 

1 + 
t i * i

L  I - I

by setti.,g Ta* '- Qa ul - Qu *2 whencver o = *1 - 1]Z l'rith

u1,*? 6(tf)+ " The iuaps Tu are called dual €i}!ggg' associatecl

rvil"l: proposi't, ions frotn L.

Axigg*L:" For arly pair i lre gf pure states we have iptq) =

=  ( q : p ) ;

W " J . J " T h e p s e u d o p r o d ' u c t o c & n h e e x t e n d e d t o a c o n -

nrutative procluet on u { = 'b}re llonn c}osure of (tf.) o tR 1 in the

order uni t  space (V' , t ) )  sucn that (U, o ,  I )  becorses a c l is 'br ibu-

tive Sega1 a16e bra vrith t acting on it as unit ele nent '

A x i o n  I . 6 .  I f  a  ( b  a n c l  p ( b ) ) 0 ,  a r l r € L  a n d  p € P ,  t h e n

* 3 9 d

\ t ; r t  t c  € A ( L ) ,

is the identitY i l&Po

e>ctendecl to an affj.ne nap

gonerating cone in ttf)

and Id

, can i:c

,  is  the
f

\
l t ; ) , c "
t *

( e )

e.L

Jr4,,l

h * l 1 r r , . 1 3 ,er.  € A(L) ,

n
Remark. a

Ĉl

Po(a)  =  p (a)y 'p (b) .

Tr"reo,r-gq ?",9u If we

the space U enclowed. virtht

ThgglggL*{. The space U endorved with

with the orcler unit tlorln inhe rited fronr V t. ,

norn space sperru:ed by s'i;atels of a physical

JB-erlgebra "

t )\qt -a

can be extended to a l inear, nap T*: (Lf) *9: (tf)

assume the velidity of Prxiora I 6r then

the product o beaones a real Jordan al-

gebra.  .

As & conseqLlerlce of Theo::ems 5.2 art(i 5.7 we have

ilgl*"g" The cluantum logic approeich,

the product o and

wi:ere V is the base

system, becones a

ae loodified above
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(sce Axioms r l  -  r  6),  ' is int irnately co*ectecl

Banacir algcblaic scheme, *ncr at .t,his point GUZ

tl:e pioneering ivort< I tt] of GUi,,S0lI.

t

witil the Jordan-
t 5
|  / . \  t  -  -

l o u c l f o t J o \ , / c d- J

Tire first three axioiirs (see belor,.,.) of the seconcl devnlor:_
ment of the general a:<ioinatic scrrene (Axionrs .A*D abcve) given by
^ a t n  f - ^  

- ' t

Liuz Lbu cJ are connecteti r,'rith. 'i;he i*trocl*ction of a l_inear .s.rruc_
Iture on 4o (see also L#rci'.ty uuJ anri ri,ic* lll o] 1"

A:rioqJr.-I. rf t irnlf io ano (.1., f > = (8, f ) ror arr sta-bes
I

E €  S ,  t h e n  A  =  B o

servable A *  B€f i ,asuc j r  that

(a * n, +>=

Axiom-. II 2. i i iror eaclr

J.
for at.t- ?6 S s

ii) for every bcunded

t i rere exists an observable t

( r  o ,  +> =

pair A,13 6 
"[  

t f t ." .  exists'  an ob-

{a,  d} t  (  n ,  f )

observab le  A  ' itr Jrb and evcry
^

A  e f f  c n { - . i . . r ,
" .  

-+ lb  uurrs fy : tng

t ( a , p >  ,  
'

t 6 l i i

for. atl  0 u t,

i i j -) there exist

(o , f  )  =
f o r  a t 1  { e  * . .

Renig]:L* By rixion II I, every Oarfn can bc irlentificcl lriti:
'the corre$lloncling mearl vaiue i'r-ir:ctiolor in. tl"xioui rr 2 in.Llr:d*cris

nln t i le set /u * 
":u1 

vect,or Bpelce stru* 'uure, i i loreoverr.after
ide't i fy ing eacir r i€d with L,r,  one obtains inr$o t j re struci*ure
o1' a partially orii.crccr vector sr)ace in.heritecl from yrl (= tirc
i3a::rach dual of' tlie si:ace V) , ar,O {., bccomes in fact an orclcr

r

ob::cnrables 0, ,eJlS such i i rat
- l

o ,  ( r ,  Q ) =  1 ,

1 ^ - l

lSo cJ ctosely

j ]  - 1 6 )  b y

il i ty n*p, 
'an"cl

ur : i t  sDi ice.

l{glq-* Fron this poj-nt on, CU.Z
path or' tire first clevel.opnent (sxroils

fhe conccpt 'of t j re coni i i "bicnal l l robab

foll-orvis "Lhe

i  r l l -  r .n. l ,  ,  ̂  i  -  ^* r r v r  v u u L " r t t j

* 1 - n *  1 - - -  ^  ^ . f ,  ^
L r l \ j l l  U J  L i U  L U -



n i  n *

f r
= -{(D

I t

* 4 L '

A

blisiring, step by s'Lep, the rTordan-llanacil algcbra strucLure :-n{5'r

so .l, lr.at f iually he i,s in a pO$i'bion to appeal to GI' i$ repi'e$enta:-

. { . inr.r  . t -}rr :nrom DroveJ. fOr JLI-g.Lgclbras'by l i l , i1 'S| i l ,  Si l t j ] : l 'Z anrl
u . L w t l  v i f , g v i  u r i l  l r r  ! r

f ' I

sTr4r,J,lliR liJ.
i - - 1 i - 1

Follouring F00l-, LgZJ' GTiZ L60 cJacsumed"

Axian I-I. 2, i i i i5h evel'y n0nuero propositj-on a 6L is; asss-

ed e nap ga of 
,fhe 

set S iub,o itsel-f r*tose doiaaitl is j l(Sa) z

I  r  
' )  ̂ '

n t  J a t * ) >  o  j " $ * c h  t h a t

( r i  a t i l * { )  =  L  f o r  a l } S € D ( E . r ) ;

( 2 )  s " Q  = Q ,  v r h e n e v e r  a ( 0 )  ' 1 o

The physical interpretat j.on of E, is as follovrs I if r after

a uieasurenent perfor;ired OiI a physical r:ysteia neiqS init ially in

t .

the state S n the proposition a € L is verj":f ied to be true, ' l 'hen

t l - ,e subseciucnt state of  the system is OuQ , I lcnce in ot l : "er  i roncls,

lJ 6 cleser:i,bes the state of t,he: systen c-q.ngi$-aneg by the fact
a  J  

^ - - . -  r  . ^  n . \  1 '

of  occurence of  an "event"  s€.1- ,  (see GUZ L60 cr  .PP"98-99J)  "

According to the abovc interprctat ion ,  GJT' IOO "] 
cal ls

Uo the cgtlrti-llqnal-nropi}bil.i$ll na:l associated with tlr'e (nonzero)

p ropos i t i on  aGL"

to pa$s ' (s i rn i lerr ly bd abover $ee Con*

to the traniiforrnation P* t V+ ae"Vi ,
r ,  1

/ f  
e  $  J  '  i s  c le f ined bY

)$a (x {1  
x r l )  when a(x }  )  0 ,  ,

0 whien a(x) *  0,

\ r r 1
t > o  l x € t  L - r , L l / "  ( C l e e r l y ,  i f  a  =  s

f - .  ' 1  
a  r l  -  - - - r - ^ r - i ^ *  

?

,l) i lere, fottowirrg GUZ IOU "], 
we prefer tlre noteti.on a(f] in

t .

placc of the mol:c convontj-rjr:ul f (o). This is in accor(l{incc

with i l re t"act  Lt ia 'b L is colc ic lcred i rcrc ss a subsct of  l , i lc

Now it ie convenient

vention orl pafie 37) ilrom l)*
f . / \ (

r ' i l rcre Vn. l= R+ Sr S ,=i ?+

(  s ( x
t

\ !p** r- 
1
I

vrlrere x €V+ ar:d ll x ll I = t* 
{

t i :en Po = 0) *



Co[lv.e+!ion. fclentifying the set S with its canonieal imngc
A . l

S, tve shall lvrite tuQ insteail of P.rP4 , l ', ' lte::e f e S.'P* is cal..Lerl

the f lL]. tgl l  associated vr iLtr the proposit . ion a 6Le
- t l

Aqi,"ofl .J"Il. i lor each aeL ancl each L'ffo *chere exis'bs &

bound-ed observabLe B€j.^ sucir that. U

( B , , * )  = ( A ,  r * f )  ,

for al.l.

Q" <->

I
rf'l a ^
Y q  i ; .

t ? n m a r  i r  I
! l U a t l l i - L  r l  *  a B is neces$arily uni"quc, by A:<ioira 1.] t, It r,vi l]

h a  z l n n n * n r ' l  h r t  
Q ^  A .v v  l a v r t v  v v u  

q

-Bgil1grL.-?. P,., can be unicir:eLy extencled to a linear map ac't,*
:

ing on the ',, ihote space V ancl the extcnsion i,vi l l  be clenoted i:y t ire

selne Letter Po" l , ,oreover,  i ' t  can be shovrn that al l  maps Pu:V * V,

vihere &€i: &re coi:t inuous r,vith reepcct to ti-re r,veak topcto65r

6(V,z4-b) in V, l iven the clual i ty (  r ) .  I iencc Qo = Pjo vr i rerc Ia;

denotes the l incar operator t t  t fn rveal ;J; t ,<1ua1 to P".

De{ln;Ltioitn Iwo fi l tcrs }'or PO urc callcd c.girpa-t^iDlc,

v,,ri- i; i ;cn as P.. 9l ',., i : l  for eaclt sta1.;e 0 a S wc ]r:rvc

l t  i ,  (p *  p 116 t l  l ' , ,u .  O, t  {  - .^^ r . .n  ̂  
'  -1 '

l l  , ' b  \ r a  ,  r { r  r t y  t t  -  
1 , b y , ,  .  ( ; e c  

1 5 0  : r  
P . l . o Z ) )  "

l lassing to dual f i l tcrs Qr, = Pl-,  cuz leO cn p.}o{ cef incs

aa<> Qb i f  an4 onIY iF ?u '* 'o?u '
:

T-nnnnrrnr r ' ] r rz,  6lsf iglgg Co::rpa'Libi l i$t .  Of Q^ with a bOuncled ObserVa.*.  . r r v * . v  * A

' r - - 1  - .  n  c -  A  i  *  + . . . ^  a - l - a . . n  - r r ^ ' r - r  ^ . " , ^ .  ' r  \  lbrc oc4b rn two stepsr &s fol loviel  1)  i f  A>O, t i : .en Q* # J;  i f

and. only i f  Q-A(A ai"rc l  i l  i f  r i  i "s arbi t ra ly,  then Qa+&ifar.dorr ly iF

t ] r c r e e x i s t s a o * n o , , o o " i * , i o , * . l 1 = l t } - j \ " , r , ' , , h c r . e A } , A 2 € f r , , , ' s u . c i r

t i r ,e t ,  %+ i I . i ,  i=1r2 ,  n
A '

AX+q..l-gf.5" If i)"r is co:,rpllt ibte lvi '1,1: AE4b, thcn

Q lf t-t, l) l for: al"l- i. lcrel srtbsr;ts -lJ g ttt . 
'

l \ t t  r & / l  
t lr - - :  -  - ; - r  r  r n l \ ^  a1 :n^ , , 4  n ' j i  b ; l i l fCCd  O l fCCf 'VA} - l lCS  iS  pOLn t , -l I - : i , a ( - r , :  ' - 1 . . L  O r  . l l l t i  D i J , l U U  - r l  

1 . . ,  
t l . r  L l r j i . i i I r I U U  U : . . r u i (

rdse iaonotone 6--col i j , . le' t ,e , 
'Lir: :" i :  is, f 'or evely inlrc&sin$ $erj l lcnco
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/ \ A
1t- \ gJfu bounded atrove "Lhcre
I  , U . l  u  

I

= soP (Ai,  Q) rot art  Q € s"

cxists an A€., fU suct that (  A,t> *

' The next -axion, introcluced for tl:e first tiree,by xrlFlllli'tr

arr.d SmJLf Z LZJ, formulates the key physical properL'y needed for

obtaining a Jordan algebra structwe o"'[r'

, $ f .q4 - IL -? , "Le tP1rP2 i ; cweak l r yco r r t i nuouspos i t i vep : :o -

jectlons on either A or v with at nost I ancl acii;ritting a coraple-

ment with norm a'b, noot I '  Then, for each state4ES, t i :e probabi*

li.by of the cxclusive disjunction of 3, afrd P' clefinecl by

Frob. ((r,  & p;) or (pi a tz)b := l ferrrst l  . l l  PaFi+l l  '

is independent of the orcler of P, anC Pr that is '

Prob ( (n, & Pi) or (r:i s: P))+ = Prob ( (Pi & Pr) or (Pi & nr-)b

&eqg*f=. AL$,Siri{ and Si{W tZ IZJ si'orved that the propegly

expressed by Axion I . : .7 is guff ic ierrt  ancl nece$sa3y for the space

Ao, wir ich ic a pointwise rnonotone f-conplete order unit  space in

spectral cluality rvitl:. thc base-norm space Vr to be a JB*algcbra
' l  . )  2  2 -

rvj . th a Jor<lan prod.uc't ,  c icf i r :eci by Ai3 ,= t  
((A+n)'  A'  -  B-) '  So,

one can apply the Gl.l"5 represer:tation thcorem for Jli*algeb::arr (sco

c 1  f t

l : l  I  lLo ob'Lain the l l i lbert  space iepr:csentat ion for  l -n.

. 
,Q*o:mqg,.F. LoUpli, is [f i l  proved thart a sys'berir of observables

of a cluantu.m systen, closed under l incar combina'l, ions a conve*

nient squar:Lpg operat ion, 'and coinplete wi th respect to en appro-

i: i.ote nora topologlz, pos$es$e,s el Jorclan*l3anach stflrcture.
n

ItecCntly lJJi,li,JiR LttJ f'orirul-atecl an axiomatic theory r,vhich

clesCribes a class of "yes-no" experiiaents, 
, invblving 

a fixed ba*

sic source, a f  ixecl .  basic eletector,  ancl  var ious f  i l ters "  I t  is

dssuned thaji all f i l ters considered can be constructecl' frprn a set

'of  
pr in i t ive J: ' i l ters by cor iposi 'b ion and stochast ic selec'bion.

Tvro irllysicully pJ-ausible axiorirs are forrnulated lt;irich allow ]llumer
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to 'eief irre the concept of a system in the present context.  To each
' | / 1 / 1

s y s t e r a  h e  c a n  a t t a c h  a n  M  ( " V ,  o V + ,  \ I )  r < 1 \  )
,1 n

"'r^ ̂-^ l" I o\t o V- r I 1> ) iu a corlel.e te ,-_ggp.girq.bl"-e_ or:dqr qpi !-*_Ep-Ag*e*.u{tJ, t r l 'uuy \  e r. 'f ' '

Two addii iona.l- axions &re proposed which ir.ave the effect t l lat the
n

space (  "V,  oV+,  l1>)  becomes isomorpf r ic  to  the order  un i t  space.
,^\

unclerlying a Jl3-algebra, at least in 'the case where "V is finj-te -

@r"iq!g!.

, 
OpeJ}* U:obleg. ( see KIJ.l,t{$t L?1,

aclclitional axions {r** fZf , p.43 ancl p

in the inf ini"te-dimensional caseo

I-:Lt,;,$i?rs rvork fffl ft"" bcen inspirccl,. BS ]rinself asse:'ts , 
'

'  
L '  

i -  
- ' 1

"by a deep ancl beautj.ful theorem of I(OIICIAR L70J u'ir ich characteri-

zcs f ' j .nite -diir ici isional .I3*c1;ebr:as v,i.thin the catcgory of al-l p&r-
t- --l

+ i a - r ' t r r  n z . l n n n 4  f i p i t e - d i r , r c n s i o n a l  v C c i ; o r  s p A c e S , t  ( s e e  
L ' / 1 ,  p . U  ) .l r ! L { 4 J J  U !  U v l  I  \

i 'J i t j r "b i re hclp of  th is t i reorcnr,  I ' .unncr dcduccd t i re J, i -a lgcbra struc-

ture of qr-ran"buia inccilari ics fron four pu;'sieal-\r t,ransparert'b nxionc,

at Least, in the finitr:-c1j-i:rensional case, Tl:is worli besrs sone re*

cenblance to tire'plpcr I i l  OO ii, i ial i,I 1,/] 'ror l- i]:clvise corrfj-ni;rg i 'r i in-

sel f  to f in:Ltc-di :ne: ,* ion" i  caso, is arbl-c to rccovel '  t l re , -T: l -u lgcbr 'a

g-br:Ltcturc of quailtu^n incchanics fronr a .l lcr,; axioius, i iovrevcr, -t,hc

nhwsyin. ' - r l  cor l teni  of  Asnlc i 's  At ; iOng. re: i ia ins lather obsCuro sinceu { l j '  u A v q r  v v r r  v \

irc usc$, us is cetsto;:lar$ i i l  thj.s f ic-t.ci of: inquiry, pri init ive

concepts af a hi; ir l-y iclca.l"ized. naturc such ils.plrrc st*tes, : i.d.ealJ.*

zecl  f  i l ter$,  anci  t l le U.ke. .
F .:.)

l i ;r srr. 'rras"b, ' l ,r 'rc work or' i iU;..., i iJti L ?]j tai:cs a constru.<:tivc

approacl . t 'Lc ' f , i rc $&ri rc f ic ld.of  inrrcs ' l , i ; * 'L, icn;  t , i rat  is ,  i iuuurrer '$ nair t '

; : r i r i i ' [ , i . .ve conce' :pt , ' l , l re concc.pt  of  a { i , j {g; ' !crq,  : is  qui te a di*

nrn"r '  / ,Ann.1 'a-r -  T l . fe  nOf O iCe a_LiZCC1 CO:tCi :pL,S,  .Ci - rCl :  ng i l0 f  C S'Ul t  i .e  e ,I  l ; u  !  u \ J r l \ , u r J U ,

ctc",  cpi lerrccl  latc: :  r ' r j . t i : in t l ic  t , i rcor;r  ns - t -c j3Lq,- l  conccntcc

p.5i l
. +glt

) . Search. if Kt[;l:.ffiIil s

tiave the saroe effect
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Ilumnrer's approach ov/es rnuch tothe wor-li of GILIiisl l lt-.. r, nl.€ u  
L - f - r  { 1  , " J r .

i '*ro a.long tj-rne ago pronosccl that an icleaj-Iy forinulatcci pltysi-

cai'L,ir.eory shoui-o irave the foln of an axiouiat:lc t i:.eory, si-i iple-
s ^ h + ^ , 1  l - . ,  n  - ^ . 1 -  ^ , * .  - ^ . - a  ^  -  ^  f  i . -  - t ,  - ,i i icniec o;;' a set of i 'Lll"es of intcrprctation of the logicat\,, pri*

rni t ive conce pt,

$ 5. Jordan.(quantum) logics

Tn.Lg75 ii'iOiOZ0VA and CiitfinsOv fS3 al consicLorect Logics

and cluasilogics of subspaccs of a finite-diinei:sional unita::y space
.1 n' ] (vnth 

vector acldi t ion,  or thogqr ia l  subtract ion,  iool-at iop cf  con-

tracts (noncourrrutative gener.alized ncet) of t lvo stibsoaces, and

coherent 'cornbinat ion of  isocl ine subspsces as logical  operat ions

(see the Cef i r i i t ions belovi) ,  Su.ch lat t ices of  events aDDear in-

s'Lead of Boolean algebras ancr rings in describing the logic of

cluantum phenomei *.f S5 b] Aivcs a classifieation of {R*quasi-}ogics,,

s in: i lar  to that  of  f  in i te-dirnensional  special  Jordan algcb'as ancl

est,ablishes a one-to-onc come$pondence betl,,reen Jord.an aJ"gebras

of sel facl jo int  opcrators an V( and tR-quasi- logics,

In v.,]ra"b follolvs, r,ve chall briefly recall I,iOROZOVA and

CHjINTSOVI$ results f-Af arbl r and connent on the results due toL J

Ar,r,tsATr anct i,iAltr)A, ft *, b] r. and tiuNCE and tvRrGHT I rg7 "
LetK be a finite-clirnenbioni"rl u:ritary vec-Lor space over, 0

endov,red with a scalar product, ("lv) = lylx) *ich is trinear ip

the second argunen! and anti l inear in the finst argumentn

trnvgntii-og" Linear oubnpaces of Wvrill be cicnotecl by i.ta..

l ics, while orthoprojections on them are denoted" by the. corres-

ponding printed letters.

For any subspaces f anag otV(aottne the fol lowirai opera-

t ions
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(6,2) $,9,  -+f  o9 ,  rvhere {  *9 ,=\  r l ,  = x ' r -y ,  x€f  ,  ve?l ;
. r r -  i  / -  7 ^ /  | .  I  - T  /  t  \  ^  \ ,  . ' l( 6 . 7 1  $ r ' 1 j  - > { e 9  ,  r T i r e r e  f  Q 7 , = l * l x e  f  ,  ( y l  x ) =  O 1 4 v e g l ,

. Tire cosine g t { ,g I of the ninirnal ary;Ic bctvreen { ,o.n* 9) '

is clcfinecl by

( x l G l  x )  r r  / y i  i r l v >
sup = q( i ,S)  = suD :-

x e f  ( x t x )  )  
v € g  l y l y )

and we have

2 ,  A  G  r
s \ 7  ' r  ' = * * f i $ . r  

{ " { " ) < y ) y >
vrherc i t  is  su1:posed tha'b x and y are l ronzeroi

l lotc that 36,9) = o if and onty 'Lf' i and, 9 are o::'t i:.ctgonal,

Def inj-t j.on. Suh.snaces lvhich arc not ortirogonal to one ar)o-

t i rer  are cal lcc1 subsnnces in contact .

i/e novr defir:e the fcl"l-oi; ind operation

( 5 ' 4 )  ( f , 9 ) * >  f n ? '

.  c  r  |  |  c  ( * 1 v )  ( y l : c )  ,  i - ,  1v i i r c re  i n | ,  =  {  " l  
> :e { ,  ^g r lp  3 tGrS)  

( x l "  )  JL '  o l teg (v lv  )

in tire ci::rse lvhe n 
'f 

aru,i 9 or" j-n contact, tn6 {n g ; e in 'i:}re

carsc vrhcn f ,irrd I *r" orl,irogonal.

Pr :o i r .o$ iL io"n 5*1,  f f  , fana L,o subspaces in  co i i tac t ,  ' [ . i rc r i

-l.hn nrrr-^'i.. 'f. iniis; g-li, ' ancl 
-IG 

girru an ioor;rctry f , fin| -*{"tn Iv y v 4 s v + v r r l  

J

as r'olloivs i

,*,-g; g-lc ,, = y -> 
{to o.= x.

j]q[*-Ii*. 'Iiivri subspuces f ano 9 v,;]r.i.eir are in coritiic'b

i:rre ceil lcci fu;oS":l jrg i f  xl Gf x = g $ 3) (xlr.), V *eF ane

{ v l . ' ( y )  =  96 ,9>  l v l } ) ,  a  v  *9 .

ITQ?q"*r j iq l ]  6. .4,  i i .  f  and g 
"r*- t r , ro 

isocl inc $tr i rsnirccs,
. 7  , 7  - f .  a  r  ^ ' i '. L l r e r r  j  = t l n l  g r i c t  7 = ? l n f  ,  a n c l  c o n v e r " s e l y "

li 'or tr, 'ro isoclinc snl:rst)acc$ f and 9 d*fin* the ooerotion



(6"5 I 6,9) -+ 
Kro6 ,? ) , whcrc Kora r= {u, = u*nblrxi xe

I  being the canonical  isonietry 6iven by l toposi t ion 6" l r

arb €[ i ] t .

Iefi..qiLla$. A syutem L of suhspacer: ot!, vyhicii is stable

v r i t h  respec t  to  thc  opera t i ons  (  6  "1 ) ,  (6 ,2 )  i  (6 .4 ) :  end  (6 . ,5 )  i s

callec1 an iR-lgg a '

l ' iqtq,. ff L is stable with respect to a pJg_peq operatiorr

(6"3)  ( i .e .  def incd on ly  for 'pa5. r "  iZ9 )  anc l  to  Lhe o i :crat ions

(6.2)  , (6 ,4) ,  anc l  (6 .5) ,  then i t  is  csr l led an R-_qggs.1 l=p$!g.

Lqfinijj.on" A sysicrrr of subs;races of a uni,bary vector

space is called. a C-Lqg* (resp., a C-Sgggll-%-ig) j-f it i"s stable

vr i th  respec '1 ,  to  the opcrat ions (5 .1)  ( resp. ,  a  proper  operat ior :

( 6 . 5 ) ) ,  ( 5 . 2 ) ,  ( 6 " 4 ) r a n c l  ( 6 . 5 ) ,  a , b € C I .

&gjtar!. CI-logics B/ere later used by i,iOitOZ0VA ancl CI{iiNf-
f - 1

sOv J t|'t c I in the study of t]r.e stnrcture of 'b]re f'anily of stu-L J

tionr:ry stated of a qu.anturn i,larkov c]l"lin. '

Jtiggss111!*l* l,et J be the Jordun ali;obra of selfadjoint
4 l

operators act' in6; on fl, . Suppose that . i is closed under the opera-

tor topoiory.  Tl ,en t i ie ide:r ipotents of  J are eser i t , ia i iy  orrnapro-

ject ions on tbe elementsof an l l l *quasi logi .c L,  consisbing of  sub* .
11 ,

s p a c e s  o f  t L r

8s4g4. L,. frorn Theorem (r"f i,s an [t-logic if ancl only ifU

i t  contains the j .c lent i ty operutor"  ,

i,:0iiOZOVA and CI{niffSOV [ 87 
"l 

gave a nonclaseica] equatity

connectj"ng the values of an operator-valued, ruea$ure 
'on 

a per:*i}

of iqpclri-ng subspace. They have also sirovnr that _rf a l inear i ip&ce

'5 of suc}r ucasdres contains the positive and negative parbs of

each f6.S, then the carr iers of  S-npa$ure also fprm an f&*quasi lo*

gic. .  The di f ference be'bneen iD- logics and lR-rogics ( i ,e"  quantLrm

logics of .  vcn idcrrmann and Llorclanr ' resl lect ively)  are also c l iscusser l
i' cr'< ". /

1 lJ  J '

and
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f - ?

Irr1OF.0ZQV.A ancl C'Hlll'flISOV LB} bJ provecl:

lbgglgg$J, !'or every lll-quasilogic L of subspaces of a

f ini te*ct inensional urr j- ta"y ,ro*bor'  *p***l( ,  t i tere exists a eor*
.1 t

responcling Jordan algebrn JL of sel-facijoint operatore on JGo Jon-

versely,  for  overy Jclc lan algebra J of  sel fadjoint  operatorsut i re ie

exists a corresponclir45 l l i*c|iasilogic of' subspace$ LJ, atrd we irave

J- - .  =  J .  L -  =  L"
tJ '  'L

' AB[kritI end iirii'iT]i [t Ol cleveloped a spccLral theory fo:: a

parL,ici-rlar class of /*compl.ctc order unit spaces in terne' of cle*

cis ion ef fects.  fn" 'u* 6: :c1er uni t  spaces are associateci  to sum

logics a<lni t t ing a/-comyrLete seb of  expectat ion value funct j -ons.

I iemark.  The concrcte representat ion of  sum. l -or i ics is an

open prob lcn .

If sonc con,lit ioris orr the t 'spectral" or',Cer urri-b spflccs i:r i-s

i 
"*U

il13 fron sr-ur Io;;i-cs arc arlcied, one obtninc Ji3-al;ebral

A l fsezu ' s  rcprescnta t ion  t l rcory  c . ln  bc  usedr

Tiru.s,  l  r . ;pcc'Lral"  thccry for  o lder r-ui iL,"$paccs may be of

intercst  a iso in t i rc re pre scntnt ion the ory for  surn lo; ics.  I lo lv-

cver ,  Lhe/a*ccnpJ-c tencss ;  i cqu i . rcnent  on  $un lo ; ; i cs  in ,  in  gc : i l l l l l ,

not catisJlj-cc1, i luci thc c1uality for quruntum lo.;ics i iocs r:ot coa*

r r l  r . ' l - . r ) l -  \ /  n n r n n s l r r r l t r l  t n  d r r . q l  i  l ' : r  ' l " n r  6 7 r , ' l  3 r  r r r r i ' i - .  c - ! ? r n n r ' ( a  l l n r r q o n r r ; : r r : i ' ^ r  r rv v r  r  L \ J r r J V r r V  u v  U u q * I  V J  M  V I  ! . U ^ l  ( A J . + U  D t J q U r L )  t  V \ J t t J U L j U . { " ; l i U J r y  i

A3-ifr t l  and;,.el , i l [ i t I  t  al  acvoiopcrl  i i  spcctru] t ]rcory for not rrc-

^n cr.-1c:. ' rar r ' , , \ , rnlCte Ofdef r ,rni t  SpaCeS. In t i r iS thCOfy t i rey. ClO i iOtv v v l J q *  
t /  

v v . . : y r \  u r r ( f , 9 u u  l  4 r r  ! .

f issLinc nny cr,rialj.ty, as is ciorrc in socctr:al -t, ircor,ies, ir: tcr,; ls af

d.ecis ion ef fect  or  nro ject ive uni ts,
(*

iiui{C$ ancl :'iitrCilT cxiendil<l in {_19 a { tirc Gl.ci:sor:*Christcn*

sen-Ycaclon thccrcil (see fz+r L2t1) f 'ro;:r ,ro-n ,*rrl ir.snrl al;qebras to

JBtf-algebras, wiri le in f19 U] ttrey sholved tl iat a very lar5c clar:s

of  c iuant i i i : r  1or ' ; ics ( i .cn.  co: ; r : l i : te orLho, lo i lu l -ar  lat 'L iccs) nlry be
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ic lent i f ied rv ibh lct t ices of '  , 'projec ' t , ions" ar i "e ing as natu: : i l l  { j 'eo-

netr ic objects in certain conve: l  sets.  As an appl i 'cat ion,  ' l 'hey

gave A geometric citaract,erisation of those loi; ics lt i ir ich ari l isn*

nor.phic to the la-t,i;ice of all projeciior:s in a von i'lcui;larrn ali.lcbra

on a JB'i l-algebra.

$ ?" iordan structures and'  str ing 'L l ieor ies

bte seNt
' rye snaril in the first. pert of this $ection recent results'

that leads us to belive i lra-b octonions or exceptional Jordan al"*

gebra should play an iraportant role in recent funclasren1'al ph)'sical

theor ies,  1ane1y, iu the t i rpory of  superstr in65s. In the seconcl

part vre shall point o"lt horv Jorclan structures could' be related tc

s.tring theories via the infinite-dirnensional Grassrnann iiranrfold

nre"tlrod. of SriTO I 
gg] .

I . L e t u s b r i e f } y r e c a } } - t j r a t t h e e x c e p t i o n a } J o r d a n a l -

gebra na e a dranatic appearence wittrin the franework of super* "

gravity theor:ies through the work or (iui'la,yDlllr SIEIiIIA anci TOiTl'lSj{N

- 1  
|  - - ^ r - . :  - . x  ^ * . i

f>U orb," ,d "  In their  r , , , ,ork oir  the coustruct ion and classi f icat ion

of I, l = 2 Ltaxwlff-Uir-rotcin supergravi by theories, they ehorved that

there exist four i 'enarlcr:ble theories of t ir is type tira'L are uni*

quely deteg:rincd by simple Jordan algebras of clcgree three" These

are the J 'oroan algebras of  (TXi)- l iermit iun nta 'br ices ovar IRe 'cr  l i l

and 0.  Their  s lnnmotry Sroupq in f ivc,  four and t i r ree.space*t i rn(}

dirnensions give 'bhe famous nra;4ic $quare. Frol,t t i : is ]ar$est onc '

nalre]y ttre exieptional ],1 = 2 [iaxlvel]-.llins'bein supcrsrav'it;r riefi*

ned by l{i(Ofl) erderge al-} the remarkable featu'res of ti:'e Paxirunl'

N = B supergrevit 'y 'bheory in bhs respective $pace-time dimetrsions'

In re 'J ls.  GZ , ,  ,  j ( ,  f l rb,  L,e) i t  \uas speculatcd "chat a ) 'argcr theor

' 
that inci,-,acs ttr* exceptiona[ I'l = 2 ti:eory ancl t]re Ii = fJ 'b]reory

nny nr,ovidc ns r,vj-'bl:. a un.ique :frai:teworlc .for a renlis-Lic iurif ica1; j"or

of  a-11 l :novn intcr i ic i ; iorrs* such a thc.ory,  i f ,  i t  cx istst  i lay vre]" l



-burn out to be a str ing -bhcory (see

Iiernarl:, The t'rork by Ciiinayd"l.n,

5 0 *

ctii,lirylrmarrdltYiii,i lf A", p " 4?Bl ) -.

r 1
vie'uvcil by TItUIi'lI in I I15J vriricb *i"i;red

ncqfi and ngi4lgirtggg. of innJ-cncn'l,in;

in such il tLteory.

$ierr* and llovrnsend wa$ ue-

at inCicating tite !LriS*tJ.-

b,ire Jordan peir l i ingr-rage

A cruciai ciues"bion in eu.persiring iher:ry is the folloiving;

irhat iaa'i;hetatical s'Lructures liave a lari5e clegree of uniquenes.s

and can also be as$ccirrbecl  v; i t l r .  str i r l ;s? r '0rTana30Sl l I  su65estcci

.  f  t t 1 . .r -n l4 , {a  l t i i a t the  except iona l  Jorc lan  a lgebra  n iay  be  suc l t  a  s t ruc-
L J

ture. i ir is a1i;cbra is irrcjeeci uniquc as i{, is the on}y for-ncrlly

re$l- iordan ali iebra v,' irose elcracnl,s caruroi be e>:pressecl in tcrns

of rcal  natr : ice s.  Al- thoui :h qurn'Lui i i  ncchanical ly supers ' i - r i rg

t l ieor ies ctncar to bc consis 'L,c;r t  only in ten space *t i i rc di i tc: : -

L ; ions ,  c lass icu l l ; r  supers t r in ;  tL reor i .e  &re  cons is ' ; cn 'b  i r t  spacc-

t i i : .e c l inci is ions af  3r4r5 eind l -0.  Tl :csc c i i i ; tcnsions are sq3i ;cst i .ve

of thc sccucnce of  c l iv is ion a). i ;ebras t i i ,  C,  [ i  ancl  { }  r , ' * rose xe$pcc-* ,

t ive cii. i icnsi.ons corrc$p,;; i,,. i  to ti.Le i:u:lber of 'bransverse dcgree of

frcedo:: i.n d = ) 14r5 nnd I0. Titcse rc;r: itrk€i pro:,ri: ' t,ec1 irOC'T and

- - ^ , .= - '  f '  . -  1JO3iit i  41 a I to l-ook :lor naiire,.:ai, j-cai siruct,u:'es r,viricir ar-r' i :onab'i..
r J

call; 'r single out d. = it 4.t 6 end n0 with d = 10 pcri:.erps apD'iar*

ing splc i l i i - .  Thcy invcs-bi- ;ct ,er) .  t .hc sequcnce of  Jorc ' lun a13eb: 'as

, - - \ (+ )  .  , \  rI I , , .  ( l l i ) .  consis l - i r . ,g of  ( ' ,  X 'J)-1ier: : r i t ian ulatr i .ces over f i i  = [1r  'Ur

eci thu't, vuriai: Ders'i: ' iru: can be in-t,cr-H, 0 anci  shov;,ecl  t l i t i t ,  vur iablep of  ihc su; , -*dvr*rr  \ ,qrr

preled as elc; . :er : . ts oj l  - ! i re excep-t lona} iordan ar lge;ra i i , . r (O)Ft1

T}:e other al-gebr"as j-n tir is seqrerlce coi'respo:rd to *tu*oli*"l su-*

nr-r'..: j 'r. ' inr" ' l- 'r-r,-ori-e$, Cle or' the no'i; ivations for in't i 'r:ducirig tiLe se-

quencc oi. '  a};-cbras II...1ri,)t+) is 'Lhs'b i l; is nuturally Dupcrsjn-:l: ictric:

- n ^ -  i r  / J : ) \ ( - i - )  - L 1 - . -  .  - -  - - -  r - , - n n , - ] o  * n  " - r  l T  -  n - F .  , : r n (  )  l  ) .for  i l ,^ ( t i t ) '  , t i re  sp ino: :  corresponcls  to  a } , i * joranf i  sp inor  v*  ' rv \Lr* /  ,) /

for  i l , - (O) tn ' ,  thc sp inor  corrcs j )cnds to  o WcyI  sp inor  of  30 ( ) r I ) ,
./

f  . t -  f i i -  (  l l - l  \H  t l rc  qn i  nnr .  
- . ^ i , r . . r . , . r " , " - , .1  

o  *n  n  t i in r r ' l  . rn i  nnr  n - i "  ( i ( ) /  r ;  f  \. L v 4  r r r . / ' \ l l l . /  
t  v r l w  u i J + * r v r  V V J ,  l ! r r l J V l r U U  U V  c {  . l U J J .  a ) i J I l M  V I  e \ J \ , / r J - t
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and for lL(01+), ti:e spinor correspon<ls to a Llajoruna-\'{ey} spS.nor:
)

of 50(9,1). In. each case t l te nunber of spinor degrocs of freeclom

a6ree$ with the nuniber of vector <legrees of freedon. Tirus the

sequence autonatically incorporates e ciual Bose and l'ermi deg;rees

of freeclom.

In F00T and J0SlI i 's a;:proach [+f 
"] ," transverse 

l ,orentz

rotatiorrs are contained in the auto:norphisrn group of the al6ebra
l r r',r.r(*)
f l "2 \ t i r /  '  

'

. In conclusion, the classical superstr i- :rg theories can be

expressed in a r.ulified way using sequcnce Hq (li()(*). Fur.thernore

the d = l -0  case is .especia l ly  in terest i ra ,  o*  i ' t  cor respond.s  to

the exceptional Jordan alge bra i{? (@)co'.
J

/rs FOOT and JOslir pointed out [Ot {, the Gnnniv-sc}i',riAnz
(- -'l

[50 a'bJ superstr"ing is no"L tl:e onty rnathematicall-y consistent

cancliclate for a unified 't,heortrr of a}l interac'Lions. I, levertheless,

tr 'oot and Joshi analysed 't,he superstring becar:se of its central

role in tire otirer string theories. Of particular interest is the

hetero'Lj.c str. ing (see Glr0SS, f{AnvEy, Li.ARTI},lxg and ROI[i i f i f ",d 
),

vrhich can incorpoi:ate the exceptio;:al gau6e group Eg@ iB, The

appearence of . the excep'Lional group ng @ Eo is interesting be-

cause l lg, l ike F, can be related to octonionsn

In 1986 YJITTIJI{ | fZ+ a] macie' borne interesting remarks con-

cernir.g a nevl approach to strirag field theory. Witten a'btemptecl

to-interpret ttre interactions of the open bosonie string in tcrns

of nonconnutertive tlifferential georietry., Furthernorej he suggeste.d
'bhat closed boson:ic strings may be eorutec'becl vrith soae kind of

comrsuta-t,ive but nonassocia'bive algebra.

l,{otivated by \vitten's icleae ,. F00T anci J0sHr inves'tigatecl
- f ' 1
i t  |  + f  bJ the ' i r rcorporqt ion of '  ior t ian a lgebras,  to  ob 'b l i in  a . ruani -

fo'- ' f  ' l  rr nn':, . ' i ,+ rt, ivc but l fong$soci.a'Livc s tr. inrr l ,hcor,v - " l ' ,rai lLclv" thcv*va v4J :u.:!_:1il__-
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shovued -bira-b, the free bosonic string theory can be reformuletcd.

usi.ng thc spe cial Jorli in algeb;r:u. firen ^bhey nroccdecl to incor:i:o* .

r"aie tl:e e:.:cept:i.onal- Jordari a1.6cb:-a ir:to t,he bosonj"c string. This

leads to nn e>rccp'l,ronal gr.oup strucir:.rc at the level cf first

cpran'i,ization, which they inte::lrr:teci as the appearence of the.

gau.8e group,

.IIoirerver, as l-oo'L and. Joshi poirll,eci out, they are unalrle to

coi:s:Lruct ' l,he general l,i-point scet'beriry; probabili 'ty, and thus a

conclusj-ve p::oof of the consistency of 't,heir n:odel, a^L tire inter-

s n * " i  r r r y  I  c r r c ]  i  c  
' l  q ^ l - " i  -  -  q ^  - l : , . " - . + l - .  ! . '  ;  - .  - :  - ^  r.=uu,.*ei -Luvri,. is lacking" so, fur.t irer vlorl; is required. and it

c:rct' ies the follo', irr3

Ocen*lroblpnr. j istablish lvhether in fact lroot,.,Joshi s'Lring

is consistun'1. i ir. palt: i-cular thc cor)s'i,r,uction of the i, i-poirrl,

. qcn -J . . t  r t r , ' i  n : '  1 ) r , ( ) i ) i l  h r  I  ' i  t r r  \ l r ga r y i r : i n f  c l  q f  -F  nn * . i  n r rD U c l U t  U J . ' J - I \ j  j J l ' \ J u ( ] u . L r l -  L J  
" - J d I ' I - - * v -  

r i  w u \ , r r r _ " - 1 1 .

cjr :uent.s. .  fhe above- i . renLionccl  opcn p: :oblem appears tc;  be

a ci i f f  icr i l - t ,  one, possibly rcquir ing a nc\ /  ty i :e of  f  ie lc l  t i re ory

basecl on the nonassociati ' ,re iordan f 'ornulation of ciuantuil nechiinics

ig']$J.};" 1'hc api:earcnce of bhe tran:;f 'orr;retiou i-;roup IjO(B)

in i 'ocl-1,-.loshi's upprolch f 4r h] suir-.,e$ts t,hai a iart,:: ix or -r;hc

exceptional- . iorcian a1,1;eb"" u,ri 'ui. f ixed ci1.;envalues nley bo rel-ated

to d = 10. I t  ma;r 'bhr-rs be poscible-Lo incorg;o: :ate th is l , ;or , l :  i r : to

t i re ] reterot ic s-br ingr y.hich consj-sts of  c iosed bosor:Lic s 'Lr in; ;s in

d = 26, *nd. d = 10 :fer.:,: ionic .qJ'.pin,:.cq [-t;r '-]( - :  $ r i t l - t l u $  L 2 J  a r D J "

l,e'b ui;. mctrtion nr:l 'r the vgork of' Lf r ,l,,jtiQllt\i iJlil, e1nil fj$VpY
-

I '(41 by 'whicl: t i  gc:lcr..: l izrtion o:f n<j-sc:tl-e $upo1.lrr{-. lvity r;rr:rit:rs is

1:rcscntr:cl, r ' ircre sc&}: transfornations and nxj.on*like elasti ical

syrulctries of t l:e supcrstr.i.ngs in fou.r-ciincnsions ulre cxy:i icit ly

real.ized as dilato.tions and. trci:slations of' the scal-rir f iclds in

the lteihlet' siair. ifold* A si:J'f icierrb cor:ciit ion is t irat the (ci,men*

sioi: one) dilaton fie1cl uratrices can be arrary;eci in uratrices of
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a Jord.an algebra.  This c leternines four possible c lasses of  i r re-

ducible manifotds rvh.ich are synnctric spacesn An arbj-trary nunber

of mai;ier. (dimensicln one half) f iel,ds can bc includcd in the

ts'fihler potential in such a -rvay to preserve tl:e algebsa of isone-

tr ies" This incl t rs ion d.ef  ines a gcneral izat ion of  f lat  potept ia l

raodels vai't 'h zera cosinological" conetant and scalsr*ferinion elege-

neracv except for massive fermions along the flat directions of

scalar potential, For trvo classcs of iaanifolcls and tri l inear su-

perpotent ia l ,  a SU (1r1)X U (1) subgroup can be promotecl  to an

exact syrunetry of the efj'ective Lagrengean.

OODJ}ARD' l'trAin,ir Oll'fli, RlllIfiG and $CiI'i'/Ii,f,1dR tOil analysed

the algebraic structure of ciependent fermions, nanely ones i lter-

related by the ver-Lex'opera'Lor construct ion.  f i rey are associa-bed

with special  sorts of  lat t ice systens which a.re introcluced apd

discussed. The eupl ic i t  evaluat ion of  the relevant cocycles leads

to the results that the operator prccluct exparrsj.on of the fer-

nions is relatecl  in a prcei .se way to one or other of  the div is ion

algebrao given by 0, rl l  or 0. rl i  ref'.[tu] Rir:TiiG shoivec t]rat fron

the fer;rionic operitor procluct e:.rpalrsion one can clcfine a proctr-ict

v;ith thc: sane -a1-;;cbi.aic propcr.tic$ i ls the Joritan product"

The Goclclard-li-ahrn-01ive-iluregg-Schi,riimer octoni.on resul L, has

an iiaportant physical appl i-cation i i: -Lhc i 'on:ulation of the super-

st : : in6;  theory of  part ic le interaci ions.  Tire fermionic vcrtex ope*

rators rel-ated to detor: ions are as, :ociateci  wi th short  roo.Ls of

F4 and f'ail into tlrree orbi'Ls r:i:c1er the ac'Lj.on of the ilreyl gloup

of Do, thc subalgebra of  Fo. def incd by i ts lor tg roots, to= so(f3)

is the'residuo of the Lorentz ir:vi lr j.ance group of the supers-brigg

it: t lre i- ight cone 9^74 o In sr.iperstring 'Lhcory the fernior:ic vei -

tex opcrators ore fa, . , i l ier  a.nd. i r : iporLant constr , rct ions;  For points

o-f -bire orbit consl,i-tutln,g vcctor lvci;;rrts of'I, t irey are ]rar*onil l



i ' ieveu-Schr,' iarz fiel.cls n l*or one of th.e other' -Lwo orbits, coii iprising

spinor or conjr . rgute spinor vrei ;hts,  t i :ey 
" :*  

t i re fer .n ion enission*

abeorb, t iorr  ve: : t ices (scc [+l ]  i .  Thus t i re alg;ebra of  t i rese ciuant i*

t ies ' i ' r i r ich is es*ent ia l  to the cval-uaLion of  supers 'br i rq,1 scett ,c: : -

irtg eli; ipli 'L,udes ailnea:'s to be re.l-aiecl to the al;;ei:ria of octolions

or to 'Llie exceptional ,-iorrlan a}-;,;e?:ra l l,r(@)(*j.
f -'l

Let us nerrtion also 'bhe r,vorks oi O,rrtU,LIil and i,lrli0llGll L'Ji),

sl.jliiP.;\ ir.orcJ, ciIAPl-ri'i.il ana GUi.rayDrlr lzz1, and Gults:lr fia gl wiro
qnr :n- l - r t - l : r - i - r : r ' l  

" 'n  the pOcsib le T 'Ole t i ra t  the excetyb ional  JOrc lan Cr l -v t t v  v v u u - L v t \

' - :ebra nay play in the i ra:nclvork of  str ing ' i ;hcor ies.

tr 'XRRITItlr, COIJZ and Zi,,xiX,:Al.l I ' iU 4 discussed the contruc-

t ion of  L ie al . i ;ebra in tcrrns;  of  Jord.en al-6ebra f jcnera'bora.  1 i  ge*

neral isat ion to l iac-- , -occiy ; r I ;ebr.as .  in be rns of  vertex opcrators

is proposer l  a i r .J i roy provic le a c luc for  a construc'L, ion of  ncv. ,  rc-

n Y l n q r : : r {  l { - - i  n n . ,  n - f l  l .  , , n -  r ' n . : l r r  ^ 1  . " " 1 , - ^ -  i  -  + ^ * - ^ ^  ^  n  T ^ *  j t , - . ,
.r-,rr/",uirLc-:r,-L\.,rr. . ,  ol l  i -ac*.,,ooci;r a15': 'uras in ter;ns of . jord.gn : i ic- l-d.r;

(1"or Jorclan f  ic i is rs a {-;cnorcl- izat ioir  of i rcrui f iel-ds *oe I  iS C ) "
- o - d

cili'ti,'ylllt,l aird ilTi;i; [ ,OJ Cave a stri.nglll cons t.ruct j.on of tire

excent ional  Jcrr i rn a] .gcbra I { . , (@l ' t ) .  s l leci f icalr ;u,  i l re; ,  const i ,uctccl
,^.(- l-)I I? (u) '  '  using i rubini-vcne ie ino vertcx operato: :s.  This is a vciy

,oi . . ier  eppl icut ion o: l '  a t ;c;reral  ver. tex operator.  construct ion of

Ilonassocj.ative a1i.eb;'as and "l, ireir af.f ine c;<-Lctrsion$ cleveJ.oped.

reccntl), i:; '  CUiiifr l j ' t f 52 *1. Ihis con.str"uc't iorr .,; iv,:s not oii iy. L J
fr-1

I;..((D)' ' '  i ;u' i also i ' l ,s nfitura-' l :affine e:<ter:sion in tcrns of Lhe vcr-)

tex ope rato: .s o .

-
Gu"ltCI]ri I l0 ::-) conr;icerecl the .discrote .]or<lan algel5r'as o:f

( : i"  X l)  * (? X 2)-"n,t  ( ' t  \ ))- i lc i ' . , i j - ' t . lan natr ice s ovelr i ,ntc;;cr r : .1..c: le:r- i :s

o:iltne for:i {j-visio;-l i. i}Sebrus li i, i i l, [i ancl d)" fhey are transformed

under disereto subgroups of groups sssocieted with the nagie 
i

sgueTe" Pointe coruesponding to e cliscrete Jordan rnatrix belong 4

to e lattice genereteci lry $ieyl reflections. thet ere express{rd by
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&eens of Jacobsonrs trf"pJ"e product. special cqsee include thr*

^-a
UJ"

to

0 (52j,  SgXXB and Pao fatt icee that occur in ouperetr ing thsories,

2 n Ae we preoen'cod,

[roO] heve en outstand.ing

Ie d .qpI:3,"op Jl q:+_q"b_tegg .

{n $ec'eion I

eontribution

IISA"V., $AT0 end SAT0

the study of the s$*csl-

rn is well knov'rn that a $-a.ULon is a nonlinear vJ&ve vshose

properties are charaeterized as folJ.ows;

a. e localized wave propagates without changin8 its proper*

t i ee  ( shape ,  ve loc i t y ,  e t c " ) ;

B. locali.zed weves are stable against nutual eollisions

qnd eaeh rdrave conserves ite individuality.

The first property has been known in hydrodynanics since

the midlo of the last century &s & solitary wave conclition, The

second means that the localized v/ave behaves like a particle" In

nodern pl1ysies, a suffix*on" implies the particte propertyo for

inetanee, phonon and, photon. rn 1965, onphaei*irrg the partic.Le*

like behaviour of the solitary wave, zabuelry and Kruskar.called

w&ves with the propert ies A and B'osol i tontn* (For rnore 5ystorical

details, see , for instanee, t'{&DATr and AKItrsu I rar] ) "
For an elenentary introd.uction to sAT0 theory we refey

the reecler to the pape" [ael by Ot{fA, s&TS{Jtfa, TAKAHA$I{I apd

TOKII{IR0''Starting with an ordinary. differentia}' eqnation, fntro*

ducing an infinite nunber of time variables, and. impcsing & qer*

tein tine dependencb on the solutions, they obteined the sato

equation whicir'governs the time development of the variable coef -

ficients" rt is shown that tho generarized Lax equation, the

zakharov*shabat equation and the in'verse seattering transform

echeme arc.generalized from the Sato. equetion. ft is also reveated,

that the Z-function becomes the Key function to express the solu*

tion of the Set,o equation. Ily using the results of the representa*
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tion thoory of gr"oup*o they showed that ti:e %-funetion is gcver-

ned by the partial differential equntions i.n the bj"linear foras

whrich aro closely related to the phjeker relations;

fAKASAI{I, inspired by $ato's theory fon soliton egua.t$"ons,
r - l

gave in 1112 a,brc_J a new approach to the self*dual yang-LlilLs

equationsu which is an alternative method also based on ttre vj.ew*

poj-nt of a conplet $.ntegrabi"1ity. rt is renarkable o that the

sel-f-dua} Yang-ldille equations ednit such an epproaeh paral1el to

Satous approach to sol i ton equetions.

Beryrk" a close relationship with l,ftrtAss,s nethoo /-eel can
J

be pointed out"

An epplication of the above*raentioned Takasakits epproach

would be expected to higher dimensionaL generalizations pf gauge

field equations"

another application in eight d,innensions was eolvecl by
r

SUzuKI 1111 arbj using Grassuann ueanifold uethod., !,j itten's gauge

fields. are interpreterl by suzulf, frrr *] 
"u.notions 

on &n infi-

nite-dinensional Grassnann manifold." Unlike the c&se of self*dual

Yang*I'filts equations in rdi,KASA.Kr.es rnork f lla arblntiie in*tial

data must satisfp a systen of differential eguations since T.dj-tteno
eq-uations conpri.se a peir of speetral pgram*tJ*u" Solutions dor-

responding to (anti-) self*dual Yang-Mills fiekls are characteri*

zed in the space of initial data and in app).icatioh, some Y*r.g-
islills fields blrich are not self-dua!, enti*self-dual ^lior abelisn

can b.e constructod,"

Let.us also mention the JIMBDa.nd jl iIWA's approach to the

theory of soliton equations lut1. fhey considered an irrfinlte*

dimensional Lie'algebra and its representation on a functi-on

space, The group orbit a,f the highest weight vector is an infini_ ,

te*dinensional Grassmann nanifotd. Its defining.equations on the
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function $pace, expre$se'3 in the form of dj"fferentiel equation's,

are then exactly the solitc,n equations. To pu.b it the other v/Wr

there is a transitive aetion of an infinite*dimensionqi- group on

the nanifold of solutions*

&#rNf,N and. R$-}Ut [f4 gave e supersyinmetric extension of

the one*component Iff hierarchy as the Lax equations o The fj.nite-

dimensional- version of the h? hierarc\r was eel-led by Ueno the

B*':pma.nab,i.eg,qr-c-h.x,o rn the theory of Grassmann hierarcLqy the

fundamental role is played by a linear al-gebr:,nie equation which

is cslred the g,rasqna.nir.,,egwilioq" urN0 and yA"IntADA, gave m fre ar{

a sup€rsymnetric extension of one*conponent hierarchies ftson the

viewpoint of tho Grassm&nn equatian" fheir approach *s slightJ-y

different fron that of MANIN and RADITLI Zt]. xA]fAna generalizad
. f - . - 1 , - - - ?
in l126J tho resurts of i rra aruJ to the mur"t icomponant c&se" "frr
ref . I ff8 c J , "UEI{0 and YAMAIA revealeL that, the super Kf hj.erar_
ehy io equivalently tianeforued to the super Grassnsnn equation

that eonnects a point in the univereal super Gras.enann mnnlfold
wlth an initial data of e solution.

As tAKqsAKr pointed out [}}z a], recentrg, physicists heve
come to reeognize the relev&nce of.the theory of universal Gras*
smarrn nanifold (eketched i:y sATd and sAfO [roo]) to p]qysiea]". new

topics, such as conformal field theories and strings (see r$r"i[*

BASHI' MA'rsuo and ooG"unt [oz], vaFA [irg], ar,v&Raz*cAu,]#, Go],,rnz
and RrirI,lA r4J, vlmruru [ra+ u] , KAYi/u--,,ior0, NAIuiJ]iAliJA, TSUCI.]TXA and
IAIr{ADA [ee], LlIcIffiLSSON lao Cr see etso ARB/1F6LL0, ]E CS]gIINI,
KAT9and ?R0cEsr Ia] for an apprieation to the mocu]i geometry of
algebraic curves which has a crose reration to stri"ng) and anoma-
lies (see MTcli0tssolr feo b,"]and IIITCIGLSsoN and RAJ&rvfar]1.
Alnost al} of them aro based on the framervonk developed by $HlAt
and t{rr,s0N ltot an<i-prrESsLFf and sEG/ai, [g:1. Their functionar*
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enalyt*eal for&uletion have a number of sdvantageorri and is now

widley recognizetl as a standarci. framevrork. Admi,tting thj.s fact,

f+tKA$,ai(r hav*e rew"itten eveiythine in the spiri.t of $AT0 a"d $_4,T0
r- -7

1100J o Their highty abstract and alggebraic stand.poi.nt is fairJry

distinct from connon senss of ruost physieists, nho, are mueh m.ore

faniliar with the use of l{i l irert $paees ratherbhan abetract vec-
' tor $pacesn As TJTKA$AtsJ remarked Llj.:e drpp "r*1{r*tho algebreic

nethod however has several advantages clespite of these unfaniliar

featuree, the most inportant being the fact that one can d.eveJ,ope

a theory not only on the basis of real and. conplex numbers but

also v"ithivr & aore abstract world euch as that of p-adic numbers*,

A particular choice of affine coordinates on Grassmann ma*
nifolds, for both the finite - and, infj.nite - dinensional .csse,
ruade by TAKAS*K [rrz a] turns onto to be very usefur for the
understanciing of geometrie structuree ther"ein. The so*called
EKac*Pe'Lerson eocycle'*, which is phyeicalJ.y a kind of *comuutstor

anonalyr', then &rises es a cocycle of a Lie*algebra of infinite*

simal transform&tions on the universal Grassnsrrn menifold, These

ideas are extended. in lrrz al to a mul,ti-component theory. .{ eim*
ple appli.cation to s nonlinear realization of current and Virasoro

algebras is also presented for il lustration in frra a],

SA]T0 fle Ul (see a]so fg8 *ll shov,,ed, that the vertex opere*'  L  
- J  L -  . ' ) ' -

tor of the three-bosonie-string interaction of llella selva sgd
sa .to (see f ziJ ) is an ereu.ent of the universeL Grassnann magi-
fold. The correspondence between string theoriu* *ne soliton theo*
ries ie made explicite through the trensforrnation of evolut;ion
parameters of sol i tons to str ing csordinates, . the s&mo transfor*.
mation which relatee Fay's trisecant fo r- 1

Hi rota 's 'b i r inear  d i r rerence equat ion , : : : t * t ; :  
t ' t )  to

, r J

G f L l f A : *  
r  ' - l  '  

I  n n  * l . , n  n n * * ^ ^ ^ r ^  r ^  : . - d .nr | 4| r based on the epproach to infinite Gransmanniahs
as the space of  solut ions of  Kp equat ions (see [ fOO1 "feg *^rr l^
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[yU I , doscnibed 1n simple ternus the infinj.te sequence of non-]i.*

near partial differentj-sl equationo (tire ff equatione) and fiavs

possible spplicatiorrs to a fundbiaental description of interaeting

strings. Gilbert also i"ndieetsd irl L OfJ lines of reseerch lii;ely

to prove useful, i.n formuS.at*ng a descri-ptian of n*n*pertwbstive

string configurations o

An interesting sonnection between \{itten'e string field

theory and the irrfinite Grassmarmiarr, ar.l the possible characteri.za-

tion of the group onbit on the Grasemannianbythe biltnear lclentity

are exarnined by G&o IOIJ"
&.lfJADA and CHAIHSffiPIIIE introd,uceO I A nl tfr* infinite*di.nen*

sional graded Grassnenn manifolds in terme of free field operators

and studieci theis properties. They shorved tiie entre<lcli-rrg of the

gnaded DifY S1/Sl manifold in the graded Graeemennians, and con-

rne4ted on the possibJ.e supersJnmmetric i(P hierarchyo

Let us recall et this poi.nt that there are two attractive

vierss of string theory, bath based on holomorphic geouetry" fhe

first is the formulation of quantun strS"ng theory as furtegx"able

analytic geonetry on the univorsal noduli spece ,lf Riemann sur-

faces. The second is.based on the concept of loop space and for-

mulatecl as & holomorphic vector bundle over the nranifolcl

Diff S1/Slo }1 both cases, there exists an one-to*one emb*clcling

of the base manifold into .the infinite*o-iroensional Grassmanni.ans.

Ae AWADA and cHAllismDrNE pointed" out [a {ril.**u are various ad.-

vantages of working with the Grassuannians, m.ainly that mos1, cois,-

putations become algebraic as well ae having the promise of pro-

viding & non-perturbative treatment for noduli speces of q}l"

Riemann surfsces, incJ"uding the infinite geru.s orfott,

Recently, AWAI)A and Ct{At{SEDDII\ru f*A *] fornnulated the c}o*
)

eed string. theory es Hernit j.on geonetrylbrassnanniens,
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gpgJl-ffighlsp (see [A bJ I " Generalise the s"wad"a*Chamseddine
\ r

approach LB bJ io the closed snperstring and heterotic strln6.

As we already inentionedrstrn&L end !?fLSOm [:.Ofl r" &hd

FRL'$5LEY alis $EGA" [g5] developed a fraruervork vsh,ich is a diffsrent

.approech to infinite Grassmaluriane. It consists of the spece of

choices of fermion bor:ndary cond,itions for the free fermj"gn field

theory on a disc, In the ref. lnfl is described how the modified.

Kdv equations fi"L into the Graso*unrrun framevrork, topic not

tuched in ref" Itot]" Reeent\ru ]t'rrrnN ftz+ b] c]arified soms

aspects of the relation bet,ween quantura fielcl theory and infini.te*

dimensiona] Graesmannians" More precisely, }:e d.escribed in physi-

cal terminology some aspects of relation, eurveyed by SEGAL and
r - l

WILSON L l"OU between Riemann surfaces and infinite-dimensional

Grassnanniens, This rolation has been essential in reeent etud.ies

of the $ct iottky probl-en (see l , f t I rFSE [aa u],  suror&[ro{1, and

ite relation vritl:. quantum field theory and string theory have

been subject of recent discussion from a plrysicel point of view

( see rsl{rBASHr e Ii1ATSUO, oOGURr lOrJ, at,vannz*cArn!ffi, oot\rnz, REINA
1 1  t - 1

L4|,  VAFA i  l - IeJ ) .

Mr0I{3LssON and RAJEav [ot] extend,ed. the metilr:cls of FRxs*

stEY end strxlA, [g"4 for constructing cocycle repre$sntat,ions of

the restricteri, general linear 6:rouf iri infin-ite.,Simensior:s to the

case of a larger lirrear group nodel-ed .by schatten claseee of'

rank t ( p 1 e (see SrM0N [roa] l. A,n essential in6pe<iient in thel

generalizntiod of the detexrminant l.i"ne brxrdl"e over an infj.nite*

dimensional Grassmannian to thre case of en arbitrary $chat'ben

rank p77L, fhe resulte are used to obtain highest v,raj.gh.L repre*

sentatj.ons of cument algebras in d"rl d.iraensions when tho s$see

dinnensiou d. is aqy odd nurabero

S,mig e,ggm ( see SBI'{EN0FF [f of] I . Simit ar probterns to thar
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of I { Ic f f iLss0$&h/RAJEEu[u i lmusta f f1 ic t thee1ect r j . c f ie1dC}p€-

natore constructed by sir',m;norr'r i;r [rcl:].

Recently, X{si,!ftlGISIff f1"27] pointed out an interesting reia*

tion between ttre ffi liiera:'chy and thc e:;tended Virasolno algebra,

nameSy, hG showed that the sinply exbended. iG equat,ion has er:ouglr

information to determ,ine tlie extencled Virasofo algebra* LSVI and,
- 

-
WII{IEI{NI'L? L73J strowed that a class of integr.abtre non}inear ciif*

ferential equations in 2+1 dinensionso including the physi.cally

important cyl.indrical 3F eEration, has a sy.ume'try algebra with e

specific Kac*Moody*Virasot'o strueture. K0D.qi{A ;AV7 presented a

systenatic nethod to produce a class of exact solutions of the

dispersionless KP equation, using the conservation equations de.-

rived f.rom the seeri-classical l imit of the I{P theorJ. These exact

solutions jrrclude r:arefaction ryavee .(global solutiJns) and shocls

vraves (breakiqg solutions in finite time)" ZARRODII{ ftrgJ proved

that the scattering matrix for free massless fermions on a Riemann

surface of fjnite genu$ generates the quasiperiodi-c solutions of

the it'} equation, The operator cheng5ng the genus of the eolr.r'bj"on

is constructed and the composit ion law of such operators is dis-

cussed" Zabrodin's construct ion extends the wel l*knoi. ;n'  operntor

approach in the case of soliton soLutions to the general e&se of
'1

tl:e quasiperiodle Z*functionso DAVID, LSVI and WIirIIllRi'fffU l26J

construc'Led a generatr class of fourth order eealen partia! diffe*

rential equations, invariant under the same €rroup of ]ocal point

transformations as the i{P equati.on,

Fina3"J"y, let Lls refer on oth.er papor$ of interesto as fol*

lows:  h

AVANS ty{ established en explieit correspCIndenee betiueen

sinpLe super Yang*hliJ"l-s and classical. superstrivrXs in dimensi"ons

51416110 and the division algebras R, 0$ {Iir 0" A ganuna m.atr*x
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i"dentity necess&ry and euf'fi"ei.ent for their existonce is shown to

yield tr5"alit5.es, objects rqhickr are equivalent to divinion a16e-

bras. I$vans interpreted then the tdentit,ies necessery for super-

eyurmetry gron''iniore mathemst:i.cal point of vi-ew reLated to the work
T --1

Lt07 bJ by SIIaRA.

Vartbus aspeets of the connection between KF"hLer manj.foLds

end string 'uheories are exanined by IiAtlSIqf F+ -] (see also BrJirilg0K

and RAJEEV ;ral I , za,Non l rr{, cnccilfr, FxR'frAR*", GIRAR}ELLo and
r - 1

FORRATI / zll.

Coqpgq!,g. As we already uentioned, in $ g of ,fSA*Vu n it

would be very interesting to fj.nd an algebraic (nay be "Iordan)
description for the infinite-dimensional Gragenann manifold ap-

pearirg in Sators approach, corresponding to the Jordan structure

description of fjnite-diueneional Grassmann manifolds presented

in $ 2 of Jsa.rrr. &ncl $ a of JSA"vr. At er\y cese, it would be

fruitful to nake uss of the Jorcian algebra description of finite-

dinensionar Grassmarul nanif olds vihich correspond ( see g B of

JsA"v)  to 'a t ional  eo lu t ions c f  so l i ton equet ione,

Ecggsep$s$,

l. ABBATreM.cu, Mfilr]IlrA,, a) A speetra] theory for ord.er upi.t

sp,gees, A"nn.Inst" l- lenri  Foincard m & ( lgSl) r .No.4r Z]?g*Z&j.

b) Q'*antun logic and operational qrientum meehanicsu Repn]l,fetll*

Phrys. 1g (1984)' ,  5, 383*4a6"

2. ALF',SEN'Ii"M,, SHUr,fiof,l,l,, a) 0n non-co**ot*tin* 
"p*"tra:- 

tir*ory

md Jordan argebras, &roc. London Matho$oc" rrr-rd ser, ]$
(1979), 497*5L63

b) state spaces of Jordarr, elgebras, acta Math"l4g (}g?s) r155-IgC

5. aLtrSENuE*M. r $I{ul*TzrF*tr{r*, $TPJni*ffiRrE", A Go} tfancl*Neumar}* theoren

for Jordan al"gebr&s, adv. in bteth, gg (Lg?s) r 1t-56n
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JOR}Ai{ STIiUCIUTTJTS \EITH .A?PIICAI TONS .IX "

J0RDAN ALGlrlBiL{S IN iVIATI{EiI{ATICAI BIOIOSY"

Raclu I0P.DANESCU,

i

This paper desc:: ibes the e.ppl icat ions r : f  Jord"an al-gebras

I

t o  n n n i r l  a . t j  o n  r . r o n e t i  n s  n n d  e o l  o r  n e r n e n t ;  ^ " ^  ^  ̂  " ' ^ ' r  ' t  
a S  t h e i f

t ) v + t v  u r v u  v v l v !  u J U I I  9  d ' D  I V V I I

D o s s i b l - e  u s e  i n  b i o e n e r g e t i c s .

t .  $  1 .  Jorda .n  a lgebras  in  nopu la t ion  genet ics

Ngte.  For a comprehensive accoi . rnt  on a- l -gebra$ in.  gene' t ics

u-p to l9B0r the reader is referred to i ,Tdi lZ-BUSEff i0$'monograpn f iZ 3l-

ETIIERIi{GTOI{ l:6 arb_7 showed hovr a nonassccia'bive ai-gebra

can be  rnade to  cor responc l  to  a  g i . ren  genet rc  sys ten .  The fac i ;  tha t

nany of  these e. lgebras have ecr i ' i rnon propert ies has pr:ompted their

stud;r  t ' rom a purely abstract  stant lpoint .  Fui : 'bhertuore,  these aige-

braic stucl . le$ gave r iew v/ays of  ta.c l i l i r r*  problerns in ge.Lret ics,

I i r  a  s tu .c ly  o f  nona.ssoc ie t i ve  a1 ; . :b ra .s  a r is ing . in  ge .ne t ics t

SCI]AFEN.I 21-7 pr:or/erl that the so-cr:. l led Sanetlc a:id zy;otrc a-1.ge*

b::as (see STi i j lRI ; lGTblI  [6 b_7) fcr  a s ingld di .p lo id locus ave Jor-

dan  a lgeb ras .

iTCi l .^ , "T;  [ tZ a- /  provcc l  [ jc ] :a . fe : : 's  r r : :u ] ts  by net i ro t is  
- r , ' th ic ] l

do not nalie use of t : :ansfor: l :La-bion a.lgetlras (employed by S0ilAl i l i i i

fpz 7\  -  rv l ' r ich there, for"  u-" "orr roc1ate ' the roul t i -a l le l ic  ca.se i i lo l :e
L  

-  J J  /  ,  
Y v r : a e r r  v r r ! !  v \ v !  \ . /

_ l

pn i - " i  l v -  r i - r t l  
' i r i ' , r ' l i i ch  

t i ie  nn : i l  sb jcc t  i s  to  ua>; in i i se  t i l c  i - r te rp lay

between ihe- a1-gebrnic fc: : i : r .a1- isn ancl  the ge nct ic s i tuat ion to i , - rh ich

i t  c o r y e s p c n d s .

Tl ie 
' f j . rst  p i ; . : : -b cf  the presr, . :nt  sec-bicn deals r ' , ' i tkr  the ere

results ar: treated by I{0LG:\TE ILZ ^_7, v;]ri le t lre seconrl deals rvj-t]r
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o t  
t '

-i .t- ̂
J tr i f

I I

A . . a .  i =  x  { a .  +  a .' 1 - i / ' - 1 1
.J

I 'ot  an elenent x =
'la

w ( + )  ! =
L o

i " 9

Rei iyrqK. I t  is  easi ly seen that xZ =

3J:opo s 'Lt lon 1" I  ( . l fe" !"?ig) .  Every
\ / ,

i s  idempotent

the -results due to PIACE1{TINr C.['ITANE} [zaJ, lvonz*gUsn]ii0$ [;Z c,il,

qnA tVAT,ni {TT? Fzl  76 i , f I L I  r f n - l v r M l  
L  / J - J  I

l te consider th.e gainetic algg-lqra. f of a slngle locus wi*h

/ t
n+l  a l le l -es,  i . .e. ,  the aLgehra J over [1 y,r i t ] r  ba.s l ,  I  u

vrhose elernents corresponr l  to the actual  a lLel ic forms,

pJ- lcat ion table belng 
'

- t
6 .  e "  9 .

t'l y' *  )
r n r r - 1  4 ' - . 1
l l i . \ r ' t I  t r i *

J t

n

) xr&_i ,  the gglgh! w is def:Lned by
/ _ r I
i=o

rnr (x )x c

eleLncnt cf  uni t  we:ght

($"r lg. j . ig) .  fn the : rbsence ofr  selcct ion,  the

-o , ro - { - - i  n  n r ,nnn3f , ig49  1 'ena in  CCt fS tan t  f f :O i   One 3 'e>n.e fa 'b iOu tO. . t . r }Ot , tu : r .
t j ( i i i r u  

v 4  v  
i r L  

\ r  \ J v  

\

i?enn.r : l i  1 .  ' Ihe a lgebra ic  re$u- l t  is  nore cornp: :ehensive,  : i r rce '
o _

cnly those elc: ier : ts of  u i i j - t  v/e. ight  for  wir ich al l  the x. i  arb t ror*

neEat ive  cor responc l  tc  popu la t ions .r L r . 5 q !  v 4  Y  v

pCnalE"?. The nona.$sociat iv i ty of  genet i .c algeb;as cor: : ' . js j - '

n . r n r : l c  * n  f h o  f a c ' b  t h a t  i f  P ,  Q ,  a r + d  R  e T e  p o p u l a t i o r L s  a i t d  i f  P : : i d
I J V I T V D  V V  U r l \ /  l L r v  v  ' v r r s  u  ! !  ' ] ! t

O mn' l . r .  pnc ' l  'hhe o l " , l 's rn:  inc mates u ' i th  R,  the f  -L ' 'n .a l -  resul - t  is ,  in .  , : r iera. l  rY {  " ' - "  
- - ,  - -  

l

dif ferei i t  f rom tha-t  a.r is ing f rom rnat i r rg betvreen -P, atrd 'b}re of fs: i ' i rg

o f n r a t i n g b e t l v e e r L Q a n . d . R . . ! h e t t l v o s i t r r a t i o n s a I e . s h o w n i n t ) r e

diagrarn 
-  belorr :  .

l { ,

4

( r . r )
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l-f .r

z
, )

\
f

lgo'rosi'Li_aA 1."2, (A$glgjr,L) "The algebr.a. 7

o 
- l  

ryn ln r "nr * ; L ) v  v ! ( & .

(Gernet i  c  )  -  In  the nat inq schenes shovrn i -n.  \  w 4 v  /  r

* 1 r a  n ^ n 1 r ' 1  n t - i  n n a  F l  n n r f  } t  h . ' - ; r r c '  t h r t  q a t i r e  , ' r r . t r e t i  n  n r n n n r J : i  n n s q
,  U I I ( i  j _ J U . l " J  ( / . I c t  t r J . \ J I I D  .  " l  c . r r v  !  

)  
r L r *  v  e  v r t v  l J s r r v  t 5 v r r v  v 4 v

i  s  the of fsnr in . . '  o  f  mat- in .a of  R v l i . i ;h  i - tse] - f  .t r  u  v r r u  4 4 ! l J  v

L I ^ l . o - l - ' i  n . n  , l l l n ,  "  r 7  
1n  ? 'Y . r r c , ^n r r . l i  r no  * : n  r ' \Y r r l  nn r f  i  n r -r ' ru  L, . ' . ( r rur r .  r . r re  a lgebra ' f , ,  cot : t 'ospor lCinS to propor t io l is  o f

,zrrrrn' l : in trrnac, is forned by dupJ-i.ca.t i i rg I (see ITI{ERII{GTON l:5 a,
/ J J  t i v  v L v  v J  ! v u , J

i t s  bas is  e le i len is  a re  pa i rs  ( * ry )  o f  ba-s is  e le r ten ts  o f  I  w i th

the mi- : - l t ip l - lcatror l  ru l  e (xry )  (u,  v)  ;  =(xyr uv ' )  "  A canonl-cal  basi$ ma) '

h a  { - n l r o t r  i n  G t r ,  e n * t i n r :  o . : = 4 .  -  e . ; = a ,  
t '  / a \

r J r i  u q * ' c r !  L r L  J ' o y  s c t t i n g :  
" o t = * o ,  

C i ; = a o - a i  { . i - f l ) ,  f o r :  w h i c h . t h e

mult ip l icat ion te. l : l -e j -s

^ 2 - ^
l o  

-  " o r
1

" o " i  
=  

Z  " i ,  " 1 " j  
= o ( r , i  I  a ) ,

Then  c r r  l ; r i f , f i r ;  r l  : =  (n .  r c ; )  t  
' c i r e  nu . l t i p l i ca t i o f r  t a .b le  fo r  i he' l o  " i  j  t " 1 '  

J

Cupl ica te  f ,  can  be  wr i - t ten  a .s

u : "  =  doo '  doodo i  =  
*  do r - '  t o ido ;

is  a Jordan

A
4 .  t u . . t

1 - l  - t ' t '
- u

I
L

A
tL "- i  - i  t

other p: :o dl tcts

iier:r.r1.:.

i r e in3  i i - - . r o  ( i ,  j  /  0 )  .

lhe weight  o f  a ,u eL.e lncn. t  x

i s  t " / ' " ' \  -  ' 1t \ r - /  - . * o o .

!;,g;pg3jig1, JJ (l'1;'j:!r:a,..i-c ) . Hver;r elei:rent of "bhe fcrin

? / \ n
y := t { ' -  -  r 'u(x)x ar"rnih. i lates L .  r

/ ^  , .  \ t  -  I(Gerrg.t ig) ' .  The e>:terLt to I 'rhich the z:r1o'Ntc

i : - ro i lor t ions in  a popDle, t iou d. i f fe l  f ronr  the l ' larc iy- l ie i r iberg ec lu i -

b ; r  t ra t i i rJ  qetu,bcr i  t l i is  popul  e . t ioLJ l . t ic l  a .ny ot l tc t ' .

/ _ 7  - r

!r:o:fQ-s-*-1gg-]-*4* Tire a-,lgebra L ts a Jo::da'n aigc'cra'

a

1 J  i r .

6

be tL:e : i l -gcl.rra ove:: '0 l i i i ;h bi isis \ r,1,,. , , ,  .

wiros;e nu. l - t ip l - i .cat ion t : :b ler  is

Î
! : L

o o t  Lrt , t  
I" - )
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( r . a ) '  a i  o  a - l  ! =  & i .  e  '
J J 4

n  . i - . - ^  r r ^ ^ ^ ^ - ! r ^ - ^  r l ^ ^  ^ . ^ ^ ^ j a - l  T t
upv lous ly ,  A  is  a$soc ia t i ve ,Cons ide : :  the  spec ia l  Jorc lan  a lgebra

rf)  nbtnirTcd frcnr the vectol :  spac e 'Aby Ineal i$ of  the prcduct
-  t / L  v  v  u Q i l r r u \ L  L L v ' t L  '  Y \  * ! , l

xy  ,=+  (x . y  *  y . x ) "  i t  ca .n  cas i i y  be  seen  tha t  t r ' i s  i son ro rp f . l i "

r
t o Y .

If  1t- vrere possible io know.in Ldvuncu that the gene$ of

only oi:.e of t\,,,o given popu-l atiorrs mating together are "bransmitterl

to 1he offspri-rrgr , these..could be vir i t ten f i rst ln the product, and.

'  tne systera v*ould co l lespond to  the m.u l t ip l icat ion tab le  (L ,2) ,

. Tlrp fact t:naft 5 is a. s1:ecia.l J'ordan algebra appears as a conse*

quence of inheri ta.nce beinS sy.r0me'6ric in the parentsr

Reca1l from G l'JSI-i0R [a n r\7 t]re followi-ng

lsLig3jlg31. A q.ue,qi-a-l- tqa:rlilgg}:]3, is a conmu'tative alge-

bra o. rer  0  for  vrh ich there gx:Lsts  a  bas i -  {&oi  . . . . r  
ur r }  r 'v i th  a

murt ipr icat i .on table of the fol lorvin6 ki .nd, ui* i ,  = 
X 

* i l ro 
"L,

where

( t . 1 )  * o o o  =  ]

( 1 . 4 )  f o r  k  (  i ,  x o  j l c  =  0 ,

'

( 1 . 5 )  f o r i , i ) 0 ,  k ( m a x ( i , i ) r . * i j t o = 0 ,

and a l l  power ,s  o f  the  iCea l  (e . r te r ,  
.  
, . .  o  ,  " * )  

a re  .  idea ls .  ( tnq

power 's  I r  o f  a .n  idea l  I  a re  de f ineA by . I "  :=  f f - r  I . )

&@. A conurutat ive al-gebra over 0 for  vthich only condi-

t , j -o1s  ( t .3 ) ,  ( f  ,+ )  a .nd  (L , .5  )  ave  requ i red  * tu  ca i iea  by  Gg1 iS i lgR

eengt ic  a lgebra  (see [A  a ] ) .  Schafer ts  concept  o f  gene ' t i -c

algebra coincides wj. th that  of  Gonshor (qee G0i{SHOn L B ^,



Tlreorem z.L:/) l ' ) ,  wt jnz-gr:snrz,F0s ocf ine d [ l?- r : ]- tnr,*u, lcinds of

noJlg-9":i,ilvjg.-H.}-'j- Gon.shor gerretic erJ-gobras a.nd c|naJacter:izeci -Lhen: :i-n.

t r , : rns o. f  r ra- t : : lces.

- ior*;1"ts-:trJt us rnention in i;his respect t.rrat in ihe na.*

theni:,t ice-l- theo::y of a.igebras i.n genetic,s, v,'hose o::igins are ip

sevel'ai pauelr$ b)' .[t] ier:ir: igton, fr-rrrda,lt iental- contr:ibutlcns ]ra.ve been

rnade }-ry Scrhafe r, GorLshor, r{oigate, i l .e re.rs;g/l, i{euch a.rrcl Absaharl (f:or

a Ce i ,a. i ted accoun'b see [12 "*7) 
.

lS,: i l . i t t1J_on,. Tite t{,_.:u i- 'r .re ca. ' l l -66 th.e train l ,oo+;s cf the a,L*
u J ...1

1  / ^ -

3e i . i ra .  (The 1r  e . l 's  -bhe c i iara"cter is i ic  roots  o l l  the operato: :  tvh i - i :h

is  r r r - i l ' t in l_ ica 'L i .cr  b , , '  u_n.  )

Flr j$a.r ' l ! .  ,  : l ' : :oin SCITA}-;{Ft [Zl, 
'Ti ieoren 

5^7,'  i t  fo]t ows iha;t a.

specia.l  t l 'ain a.l-gcb:::r" can ct: l i '  be i , . .  Jo::ctari i l . l ;ebra i f  i ts tra. i i t .
-t

I 'cots  a"1.1 LL|Lve va, l i ier - j  . r r . io l lS 1,  i  ,  0 .  l i r is ;  e : ;c luc lcs t i re  5;erLet ic

i rJ . , ic ;1 : . ras ccr ' . ] . 'espol ic i . i . r r3  to  polyn lo ic)y  of  ge vcrer l -  1oc i ,  T i teref  o- r :a ,

t lee ?,ppearan 'cc of  {c- r r i r : r ; .  a lgebra r )ccrr i r i  to  be;  bL)ur :Ld u-p u, i th  t } rc

ro:)ertJ/ oi i : . t" i ;n. ini16 equii i-b:: i i in l l . i '1;cr. a" si.ngte ;ei ier..aL' i ; ion o.i l

;.'l r ', 
i r:.i .

(se e t ire i , .cgirrn.i- ir1; of i ; j t j -s selc' 'r ,  j-o.Li ) o: i  s j .r,r: : ic l , jcnrlci ia.rr inhe-rj-tarrce ,

Snl :pcse t lLat  lnute. ' ; i -or r  occLl rs  in  -bhe chroncr io-u lcs i ,  ine.  $L l rJpsg;g
' .

t l ra . i ;  e  xe" te of  a . I le l r , .$  o i  mutate " in . to  tne a. ] - le l -co * j  ,  j .  /  j - . ,1- f  ive

dcr io- ie  ih is  : :a , te  h) ,  r r  *  (sc b ' i ; i . r rg  r t . t . . '= :  0) ,  u /e can corrs- t ruct  a  n.ew- -L J y._)',.

al-ge bra-, derroteci i ly 9,n, cs.l-l ed a figgqflS*M

(see IZO, p.L i , ,O_]) .  The . i . rcr ,1  n iu l ' i , : -p l icat ron tab le therL is

l -  )  con.ce: : i l j . r .g  ;e i re t j  c  a .  i  gebras,  the fuv ldn inc.nta l  idea.  l ia .s  been to
dcf i i tc  i t  bar ; is .  t  Gf  ,  .  ,  e ,  * r .  j  i r i tn  i i  o i ' ro- to-or le  co-r , i :es,oo ' rL i lc r rcc
-bo t ire ge t lo'bypes gr, .  .  c, 8r. consicler:e:c1 , azri i  thcrL 5;ive et rnu-lt ipl i  . .

ca t l on ' t ab le  so1 ;ha t  t he  p roCuc t  G iG . j  o f  t r , , , ' o  i t a . s i s  eJe i l en te ;1 : c

equal  to  p,  l - i tc r r  c : r i i i l r i : i .a t io l r  
7-  

p i j i  C i r ,  r , i l i l cue i l i  j t  io  thr :

probabi l i  b ;y  of  gct t i r rg ;  genotype t i ,  j -n  a cross be t r ,veen gr_ a.nc l

i i - r  in . r l iv . i -duals  r
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Pror r -os i l t lon" l - ,5 ,  Le i  f  *  U"  a  garnet ic  a lgebra  o f  n tu ta , t ion . ,

w i t h  m u t a t i o n  r a t e s  r ; ; .  F o r  9 , , ^  t o  b e  a  J o r d a n  a l * e ' b r a r ^  i t  i s  n e -r-J

eessary and suff ic ient- that  the fo l - l .o l . r ing systera of  n ident i t ies

- l \ r

] ^ n  x ] _ t  K { r r ,  . o f  ,  n )  . n o r o s :
f!

I

I  / . . =
t - r
l u

n

J ' l

l d

( x o ,  . f  . r  * r r )  =  ( f

11=I

Y)

t;.*5
\  ^. /  \

r . . , l  (  .  )- r L '  1  , /
t ) - -  O  L -

f - l
u - !

. ;

\  | . n a  1  n r A A r ' : T m -In. the same paper l2O*/ ,  PfACE, ' jTI i ' i f  CATTAI{EO usecl  concl i t ions;

/ -  2 \  |  n -  - , -  Q  - -  . -( 1 . 6 )  t o  d e ' f e r r n i n e  t h e  r e s t r i c t i o n s  o f  t h e  r i . i t s  f o r  - /  t o  b e  a
& . J

Jo rc - j . an  a lgeb ra  i n  spec i f i c  case$ .

Recentl;r,  PEIIESI [tg a*/ prorred that i f  A is a nonassociati ,re
D

algebra that verif ies A'=A e.ncL has an irlempotentl then A a.nd its

r l r :n l i  ae*.e ha.rrs isomorihic autonorphisr : r  groups and isornorphic der iva-u c y + ! v L &  v v

t ion  a lgebras .  Th is  resu l t  i s  then ?ppf ied  by  Peres j -  to  the  garne ' t i c

algebra for  polyploidy vr i th mult ip l ,e al le les.

lefi l i1-[i-q11g.. An algebra A, not necessarily associative, over a

corurutat ivg f ie ld K of  character ist j -c di f ferent f rom -bwor tha,b

aclni 'bs a nontrivial honomorphj-sm ir : A '-*-+-' K is said tO be ba.Iig.

* j J " o t - X * k r k t *

n
4 ,( 1 . 6 )  >  1 5 , ( r ^ "

4  t J - o r -

n\r*
( r +

I I

k=o

n=  u ,  J - = I g . . . 9  T L '

n

/  x+  r * r -  ,
,/ u UIL

ic=g

c < t  ( r o j  -  
" t j ) .

m
l l

s-*-) = ( >
I I /

k=o



ffT.
"a*  , {

n
n L r l n

A  h a r i n  r t o e b r a  A  t h a t  s a i , j - s f i e s  t h . e  i d e n t i t y  ( u t )  =  * t ( u . )  ^ t  f o r
v ( r r  4 v

e,11 a 6 A is called, a }glglgig algebra.

loqg,{rq. 
IiINGH a.nd S]NGT [elJ shovred that Lie and C]-ifforcl

algebras are nevey baric. 0r1 tlr"e otlier han.d, starti-ng rvith a ber.ric

algebra, i t  is possi.ble to cler ive nevr algebras which are lr ierJor*

s o c i a . b i v e . 't lan, alterna'l, lve or a.s

Every Berns-bein

I i  c a n  b e  d e c o r n p o s e d  i

r rv i th .  E :=Ke,  U:=  
{  "O

Is A ha.s f rn i te

a l g e b r a  A  p o s s e s s e s  a t  l e a s t  o n e  i d e n p o t e n t  e .

n. to the direct  sum of srr"bspaces A= E €) rJ @Z

t - - 1  r l l
I  V e i i e r r v  I r  Z : =  {  z  €  L  I  e z  =  o  l "
t ) l t )
r l ' i  rnpnq- i  nn -  v ; i  ch is  a . t  leant  I ,  d in t  A=I+nr
v .  .L  t l l v

then  or re  can assoc ia te  to  A  a  pa i r  o f  in tegers  ( r+ l ,s ) ,  ca l le t1  f fPg

^  f  A  , , r h o r o l t l r
\ / !  . * t  t v r r v & v v J ,

r l

,  
,  3=O1r : l  u

h e r t r : e r + s = I I  .

r  s :=di tn Z ,

I iecently, i ' ;Oli: l- l irSIiGOS [lZ d-/ shor';ec1 t]ra'b for ea"ch ieccrnpo-

s i t i o n  n =  r  +  s  i h e r e  e x i s t s  a  j j e r t t s t e i r i  a l g e b r a  o f  t y p e  ( r  { ' 1 r s ) .

Thereby  the  so-ca} Icd  t : : i l r ia ! ,  Serns te j -n  a lgebra .  o f  t ype  ( r  
i  

1 ,  s )

ha:s been l i i l - , ror ;ucefr  as Bernstein algcbra.  of  t ! "  corr€rsporrding type

v r i r e l e  ( K e r r i ) Z  =  
{ o }  .

r, i0iit i- l i i jsi i iGl0,S IlZ c-7. s]iowecl'that t]re i 're11-konovm clecot:tpc-

s i -b ion  o f  a  i ]e rns l ;e in  a lgebra  v r l th  res i . )ec ' l  to  an  idenpoten t  i s -no t *

hir1g el-se oui  the ?eirr ;e d.econpcsi t ion hrown fc l r  f in i te-dinenrJi-onai ,

po\ , ' , /er*associat j -ve algebras rrv i th iderupotent,  especial ly for  Jordan

algebras lv i th rdenPo terr t ' .

I '  te: ' r : rs.of  peirc;e t i . rcory,  i ldni l -u lJsi l l \ l l0s [ lz  c- /shovrecl  tnat

j - . .  a 3ernstej .n atgebr.a al l  iCe:rpotei i ts are pr incipal  anci  t i r r - ls  , l r j - -

rn : - t i ve .  Hcnce,  thc  Pe i rce  i i cconnos i t ion  c i l lno t  be  f ' : r ther  Cccor "npo-

Sed, .  S6e deduced a  necessary  and su f f i c ien-b  cond i t ion  fo r  a

i jeyn*1*r1 al ,qebra to be Jercla.nn a.nd obtained a nuntber of  speci- i :1



atgcbra of  t ; ,pe (n+l ,  o )  ,  cf  . ' i i  Oi ' l : - - j i t ; ,Hl i i iO: l  I lZ &_],

r  L .
' l

tr
- B  i. !:;

h

I
res;r-r i ts f rom i-b ( tne pr- ' i . r r . i : i -pa-1.  'L i io bci-ni .1 J i loposi-Lion l ,6 a.ncL i

l
\ i{ l l h s ' n r e m  1  ' 7  h e  l - O V l ) .  I! v r . ^  ! .  I  t J v r - v \ t  l .  

I

, ,  f ,

gfg-pSp_$:gg_1"j. (see i,,fdliz*.HuijEdl?.0ij I lz c, p. jg,o*L, A ,uriviai I
!:

B e r n s t e i n  a l - g c b r a  o f  t y p e  ( r - r 1 ,  s  )  j . s  a  i j i ) g c i a l  , J o r . i L r : - y r  a t g c i l . r , ? . ,  t ,

I iqqg.lJqn *_!roposi '1; iot l l  .6 is r-r se11c-jr.q. l-tze.i , ;- on. of 1{0"LG,tTj!ts re*

sul t  [ tZ  " ]  
(s lee Proposi t .Lon 1,4 l r "bov.e ar id .  Rcin: ,Lr l i  l . rh ich: fc l l -or , , rs) ,

who prove d that alI ga.rnetic al-gebrts for si. ; lple i , ien<jert j-a,rr. rnj lcri-

te' ir .cr; a.re speci"a"l , Ioria.rt algeb::ari" i ih.er-.eby i,he gairre t i-c a.}ge1:r:a for

sinple I ' iendelia. i ' r  inherj- ' lance vrith n-r-1 al lel-e r i  i-s a. tr i 'vial- Bc::nstej.n

lSf"i-Ui!S-ar_ Let A be err al-gerbra. o\rer, [ii .,,.tflr weight ]r.omo*

niorphisn u/: A --'-> K, Jliren A rs ciLllcd a [aJg3[ l i fge,h::a., if 1;]ie
- t . '  2  /  \i  dent i ty  x-y  -  ' ,y (x i ; ry  t ' .s  r :a1; . ls f j  r :c l ,  L . : .  r l ,

SXg-{gJLl ,* I  (see \ i0; , .2*r i i i j i l ; i i iO'}  [32 c,  p. ' )g7-7).  Eve;ry i ]or . ,_

mal a lgebra is  a  iorc ian a. l3ebra.

I tecerr t ly ,  \ iAic iLJ?" I tLJ gi lve a cha.rac1,cr izabion r : f  l ]ern.stein

a,lgeirr:i:.s vrhich are.Jo::'diln algcbra.s; (c:a,l1ed irv hirrr {r:rl!legLj,t"+fl!"g1r1".

gL,fg-!i ig) or, 'er: a. f ie;lcl of charac'ierir"j,c i l i i- ' l lercri 'b 1'::on 2 or ' j , and

l i s ' l ;ed  $o i l re  o f ' .  Lhe i r  i ; l ' cp , : . r t res"

Th'qgLc::r_.l..E (see ',,r;Ll,Cli l i i t  
[=t, f,.ZI9*7) , Let A be a 

' ir.,_:-, j..c

nr - l -obr r  o i , - f l r "  a  f ie ld  C- i  c i ^ ,a ra .c te r , j -s ' t , iC  d i f fe : :en t  f : :o l i l  Z  o r  j "  a r id  i l i\ ^ - L O v  v r l C . I U , \ /  U V J -  j - J  t r j - . U

t l :e ncn.tr i  v ia. i  ] rornonorohis; ia f ron t i rc def in l t i  o.n of  -A 
"  Tl : re fc l l .owing-  " * - - . ( )

s tatcn icn. ts  a. re equiva l -er l l j i

.  
( i - )  -q  is  a  Jordan l le : : rLsNein a lgu.bra.

( i i )  A j .s  a  pol , Ier -assoc j  a t j -vc i ler r . i r ; te . l rL  a. l - ;eb: :a .
7 r r 2

( i i i )  x t  - v / \ x / x  - u . f o r a l " I  x € A o

As a corol lary of  ?roposi t ion l -  f . : : 'orr  \ iAl ,cFi l lR [z l_7,  i t  fo l ro i ,ys

tha. t  ev 'ery  Jordan l ler iLste- in  a l i ;cb: 'a  1s i 'ene{ , i .c . "  
' lhus,  i :y  l i rORz-

BUSEKTfOS [3Z e,  Theorem "s"LBJ, fcr  d i rn A=rn+]r  v/e har, .e a cha, ln of

i d e a l s  o f  A



I

r \
I ' i : =  i ( c r l v > l f l )  1 { Z =  c o , $  5 ; i n }  

{ C J

su-ch ther-t d. im i ir  = m +' 1 *i  a.nc1 i;1",1' i ,C 1{.-. "," l tora lr ' :n t '  '  \
1  -  r ,  J  rc+ l t  l ' Ine l le  K:=ma'X 

l l rJ  J  '

f o r  a l ]  j -  and  j .

* - io*g- f , : -%"Let  c  be an ic le tnpoteni  o f  - {  f rom I 'heorern 1.8 aborrcr

and  te t  t ( c )  de rLo tes ;n  e . s  usua l ,  t he  l e f t  i : r u l t i p l i ca t i on .  by  c .

3ry_p*qS;j,i*oglrg (see iYAl0i{Elr fru, p,2ZV). J,c.b A t:e a J'o::d"an

i lert ' is 'Lein a3-ge'bra of C.j- ine ir.sior. m -F 1" Tl ien. fher:e exists; a ba.si s

t )
{ t f ,  . .G ,  v - i o f  i l  su .ch  i ha i  v ,  i s  a , : r .  e lgc r l v i l c ' i ; o r  o f  I , ( c )  f o r

ahd.

i  < i  (  r r )" iJ.  is  s, !e\ t red.  h; '  v i  r , .  r ,  vn Q- 1 i  (  n i )  "

f-i4fgi!g.. 
' i 'h"e :; iALClllR's res;ul-ts [ lt-7 shou.id at teast make

the coils-b-r:i.r.c';. ioli of .Icrcla.t 3e::nsbcin algebras' a. inanagejabl.e task:

Si ;arb rvr th a i ;asis of  e igr :n.recto: :s i r :  i {  ( ' t i re eigei lualucs pre.ass-Lgnecl) ,

t , ' : ' l re in ' to account t i re .n*n"s j - t i i : i ' i  ru les f lor  i , i : .e eiger:spaces and no te

{ ,h r . ' c  t i i c  o t ' r }y  b r in . '3  bo  bc  chec l i cC ber iCes  t i r i s  i s  tne  idcn t : l i y
7

7 : '  =  $  i n  l ' l .

Recentlyo l .L0l. l i rTl [ tZ e*] exanuined cor-Lcl i t ions under- ' i ' rhici i  the:

o i r * r n ' . - i  n  1 c r : '  i S  S a . t j _ S _ f i e d  i n  g e n e t i C  a l g e i r r a S ,  f f i d  t h e  C O n S e q U . O n C e Sv - .  u i -

of  i ; r los:Ln3 i t  v ihc i ' t  i t  is  no 'b. I t  ?""JperL. rs  tha 'b,  as wr th the . Iord i ln

-i ,ro.,t it,r (-oo i lOl]/r. ' ' I  [t2..i l , nnd. i l iOAi,l, n.i ' :.t]. QUAI|]ARA IW_7), t ire

r : 1 1  i : r - 1 r 1 i n  I s r ' . r  n r i  I r . '  i n l : p i ' n n 1 : q  i  r r  n i s i - 7 ' ^ r - , r  v r i ' h l r  " i : l r o  -  1 " o l ) r r F i i , - q .  n f  r l r \ t 1 o -v . L r  u - !  v  v r v  : \ - / , ; r  v  t l L . J  4 r !  u v J -  ' , r v  v u  t t +  t  " & J  v . r r \ /  u , L \ / r r .  v . L

t" i  c nl . 'ebra.:r fo-i '  str ial l  r :anlc nr: cl i .r ie nsionu

a ^
$  2 "  , I o r , l an  e le .eb ras  and  co - i -o . r  ne rcep t j -on

Tli. i .s sec-i; ioit  cleals rvith sone of the rr.:st-r.1' l ;s gi-ven by R,0Sl' i I . l iOl 'F

- ' t  ,  
'

. J -J  .

.b-r- ' ica-l- s;tr. ' i .rcture, v, l .r ' io usi s. l ;arrdard e:rpe:: i ine;r i tal r 'e sul1;s are ' tal ' ;en

as a: r lorns.  One can s l lo \ , , r tha i  t ; l : i l re  ex is t i ;  a  rea l  vecto: r :  sDace l r l '

In orrl .erbo e r iclci/  the se. ' ;  
c€ 

of percerrrecl colols ivith. a georrie-

spa. i i i rec l  t r ; r  t i re  sot  % j - r i  r - rh ic i r  €  ,$  a-  cone of  perceived co lo: rs .

1)e i ro te Ay Cf(%) t i r , :  g .L 'oup of  o . r : :Le i r t r i ion. -prese:rv ' ing l - ine,ar  t rans*



where

nn i  l1  J ;
t ' -  - - - -  -

gr0u.p

* t-0

fori lra.i; ions of l.f wh.ich ;oreserve tire 
"orr* 

X. GL( €) is a su'bg:roup
' F

of  e l l (  U  ) ,  and there for :e  a  .L ic  f i r rup .

i,{aking use of stancli:.rd r:e$u}ts in tj:c -bhcory of' homogeneourr

$pace$, V can be iden"bj . f iecl  wl th the honogeneous space GT'(6)/K,

i (  is  i -sonorphic to the subgroup of  Ut ' (€)  which lea.rres some

"n  Q r '  " " "  h .ence to  a  c los ;ed  sub3roup o f  t i re  o r thogcna lU I  L p  I J - - i ! t ; ( l  t  l - J - t j l r u ( .  U U  c l ,  \ i J

rnd r .nnr:onrrqnf, . - ly  t6 a,  coinpecf,  s j r rbgrrui l  of  Gf(%1,

Finai ly i t  fo l iows that g is a homogeneou$ space equi-va. lent
+ . L * L

e i t r rer  to  lF" '  I  t r ' '  X  R '

pcsit i ' l .e r,ea1 ni l tbers "

or  i o  tR+  X  ,51 . , (a ,R) / : : o (z ) ,  nn  i t eno t ing  the

.  ' Ihe  GL(V ) - lnvar lan t  met r ic  (s t le  (2 : .7  )  b? lo ror )  y i . c lc i  in  t l :e .

f i rst  case S' i l I t f lS '  genbrah-zat: .o: t  [ZA]of  i { i l i l ' ' { i {OT, ' -LZt color- '  me*

trj c [:-O_7, a:rri .Ln "t; ir.e ,seccncl a i lrely color rnct.ric rntri tn.respcc'b to

vrn:  cn % is not isorneir j -c to a l r - rc l - i t lcan space.

1 - n Y ' " n t  I  l \ . r  r F i  I

I  t e t t  r  f ,

l S C e  d D - I t i l - r  Y

i  r r r r  i t  l r r r- J

.  r \

: l o n a l /

/1 |
a € r t J

$  i )  r r
o  * t  o

a.e J'f  .

r . l  .
d,,  Whr I  eJ

e,

n
a€ Jt

r
t l

t
6 ' L ' n  J l

/1
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f r #L r J t = r t  ( d t x z  ( : )  o r tf = ir, (n I+) ,

l l n
The grou-p Gt(exp;f  )  i *  generated by the rna.p P(a) for  a.  et t

, 7 '
( p ( z )  b e i  n s  t ; h o  n r i n d r " n t i  n  T a p n r o q e n t a * i  n n  o f  f r  ,  S e e  J S A " f  ,  $  f  ) ;\ r  \ G /  v v L r L . 5  v r r v  ( / ? v l v  ! v j ; - r

n  _ , - t  / 1  \  -  ^
u*p  J t  i s  a -  homogene,ous  space o f  G l (exp  4 ' ) ,  and a  Gl (ex tsz f  ) . . l t t -

A
var ian'L raetr ic on ex,o7 . ls gi -ven by

\ a . l  / "  2  k ( ( p - L 1 - \ , c . r r - \d s -  z =  
, r \ \ t  

- ( x / d x ) c x l ,

E_qrcr]1_"_ Yl i th the uni f ica. t i -o:r  pro-r idecl  by the,concept of

e r . , . ' 1  1 1 1 a i ' 1  J l q  ^ . i a n o  r " i r i  n r r  
' i r r , i  - h t i l e , g S  C a n  b ec 4 r a j 4 r r l v L r v ^ 2  v * r 1 4 . €

(see P*JS, i I l iOi l l ' 1  d ,  pp .122-LT i l )  ,

$ i -  Jorclan algebres and bioenerge t ics
. )

^  As  is  v r ide ly  acce l : tec l  nowad.ays ,  p ro te ins  a re  the  pr inc i ;ca l
a '

v/orkhorses of  the cel}"  They are t i re major orgarr i -ze.rs ar id mani-

a  r r - - I  - - ! ^ i

puf aiors or oiologi-cal  ener3;v 'end enzlr l : Ief i  that  eatalyze and nain-
\

\a . in  the  l - i fe  p rpcess .  The "oro te ins  
a re  respons- i .b le  fo r  the  ac t ive

' - '
{ -F - .ncnnn*  n f  i c l ns  i _n t , :  a t i c l  ou t  o f  t he  ce l l r as  v ie l l  as  fo r ' ce11u l -a3L r I ( ; l r D i J V !  U  v ! .  

.  

- * ,

a1r l  jntracel lu lar  ino. /ernent.  That is why the t l iscrpl i .ne of  b ioen.erge-

t ics,  lvhlc i r  is  the study of  horv ce1ls generate and" t . r ; ins; fer  th.eir

enet.Jy supply,  is  pr , i rnar i ly  t i te i i rvcst igat ion of  hb, ,v proteins l i 'ork.

At prese:r t ,  t i re ccr i lposi t i -on and t i : . ree-dinbnsiona. l -  strueture

of rLbOut t tvo-huir t l recl  proteins- are ln iotvn.  I - io ' ,n,everr  there is no

exp l,r, (rn )@ = 
\ / 

"t

t  \ " r



general ly accep'Le c} rnotJ.el  of  how p::otei-ns onerate dynemical fy.

fh.e idea that ther one,rgy rel ,eased in the hydrolysis of  a.d.e-

no sine triph.o sphate (,rrf i: ) rlo le c ri lc s .bransf o i:ns j-ntr: t ir:rt o f so l i ton

exci ta. t i -on ancl  is  t r :ar . rsferred" r ,v i - th great ef  : f i -c iency along protei .n

molecu-les u/a.s useci by )AViflJOrI as oa.rl}r as L973 $ee [5 "^7) 
to

ex;c la. i -n i l re con' t ; ract  j .on ne;cha.nis in of  t : :eLnsve::sely s 'c-r iated inusclcs

of a* l :na. ls at  the rnolecu- l -a.r  l -evel"  I : : ,v i rdov e-b al .conslde red-,  i r i  ad"*

clit ion, the .it l .ea -bha'c d-neiical p::o tr; i.ns if lay f aci]-iteL';e e]e c-b-r:ou

Lr i t 's1tc: ' t  th: :cu; ;h a sol i 'bcrr  necl : -ar l . - i -sn.  fn '  'bhis caset an extra el-ectrO::

ca.*ses a.  ra. t -b j -ce cJiston'bion in the protein t j rat  s- tabi l . j -zes 'b i re

e le c 'bt'r.i ,t | $ riic t'i o n

Tl :us i t  uay be : :daso:nab- l .e  to  co i t t tdet :  c i ra : :ge t ra-nsfer  acrcs$

riei:rbrarlcs, el,e)::f .y co up-!- i  i lg acl los$ l, iornb::a:ne$ , lncl er ' Ierl l1rr tra'nsi lo1't

al-ong f. i- l-e"rnento,.rs cytosirele ial- pr:c'be J-ns in te:: i l is of a sol i ' i ,on rn' lcha-

n isra,  s i r lcc  pro 'b t ins t i ra t  carr ; '  ou ' l ;  t i te  sc f  unc t ion.s  co i i ta in  t t to" -

tural- ur:. i ts wittr.  sigi: i f icarit  o(-hel- j .ca.} charric-ie;r (sec 1)AYY|OVI:-5 h*7)

a non1i.rrear Sclrroci-nger e(iu-r:Lti on rv'!r ' ich

f t t  i>.J") ] )  ,
ea

1:y i , ,J , ,J) , i l i i ,  i .AT. i l i  &L) i  B i l i0  L  f4  'p  "5- . { r 'he

s o l i t o n n o d e l i t : o l l e f n o n X s e v ' e r i : l c o n c e ' o t s f c r p r o t e i n d y t r a i l i c s

, ; ;h . ieh sho ' - : .1  c  a. t  Lr ' i rc t  the ca: :e fu i  s- ; te : i ' r t i -c : l  o  1 l  b io log l$ ' , ' ' s  oc lear ly , : " t

carurc l ;  e ; rp la . i .n  cv?rJ i  aspec ' , ;  o f  i l rc te in  c1. ; rna. i i l ics ,  bu" t  i  t  is  n io t iva ' -

t ing e.iqi.  t i i rg qu-r+s bions; iLrrcl } leW e;t.! .rCr:Lrn.en,"S "

LAfNE f 'L7^7 presented a sirnp.l- i . f ied t ire;oi: 'e" 'bical rnodel for '

: rnesthesj .a  act rv i ty ,  tak ing advai r tage of  the fac 'b  tha ' t  the D(  i reh-x

is  an inr .oort .ani  struciure in ne;nbra,ne and c" ' tos]reletal  proteins"
-  {"rL utaLe:L' t

I , {ore prec i -se}yr LATlI l l  [ t : ,  P.24'^7 { i re  f .o f fcrv i r lS c lues 'br .on:

The l)ar, ') 'clc"v r i iodel lea.ds io

h a s  s o l . i t o r t  s o l - i l ' L i c : i s  ( s e e

l t l o le .  As  i ' t : : . s  obse rveC

I low does the binding .of

normal irro tei-n beira-v:i-or ?

toir tno.1el a-s a Paiatti"gm

anesthe-b j .c  tno lecu le  to 'a '  p : :o te in  mod i fy

ansvre'red this c luest ion usin"g the sol i*

nort,ra.-l- plrotei-n" functi-oning . The sol-iton

o,t t.

i le

f c r



t n

mo (:le 1- pr:oi:c se s 'hha' t o( -helj cal piro

of ATl? hyc1.r:o1ysi-s enei:$y ' i ;hrou.gh a

ta. t  icns 
"o 

t l ispJ-a'ceinet i ts a ' lo lLg the

couplirig leads to ::" se'l-f *:focu-r'; ing

"Leins el l feci  the t : ransPo'r1;  .

cor:.pling of vibra-i, ion.e.l- clxc'i--

spines of  the hel . i .x ,  Thls

of vibre.tional.. ellexEy tha't has

::eirraririrbJ-.Jr $tabJ-e clua.l-i-t, i-es"LAYlTli ft l , 9,?-4-7 sugges'bs t] iab th'e

'biridi-ng o:f e'n' a!"es"l;h'etic molect'r"le to a pr:otein' in.te::feres w:i ' th

sol-i- i;on propr;gatioit.. IL: sr.rgSes'bs fu::the:: Juirat t ir is 'uype o.f i-nter*

fr.:rence i-.s l los;t i;n,co.riant ln trvo sc;pa.ra,te ::egioirs of a cel-l- ivhere

sol- j . ' i ;on pr:opa.Ei : t ion is an at t : :act ive car ic l iCa'be: f i rst ,  in the

d*hel ical  proteins of  bhe j .nner nt i ' locl :ondr:Lal-  membranc, vrhir . ] i r

s.ppeal: io pariiLci.pate in ATil sy:r"tiresis a-tt '11 clect.ron -b.i:ansp':r 'b

ai]ci secoilcly, i 'r tho nc:tb'r 'alie p::r:tcir-rs o'f neu::clits; ' vlhich arc:

r i :Sro-rrs i l , ; l - : - :  l l r  Cl ler .  i -Ca. l -  recept- i .o ' l  anci  r i -gnn' l  t ransr iuc-bion'

FgrSgj i  [1S, F.26:/"  I f  i ; i rc ]a.ryc1cv s ' : t i1on f in i is  e;cpcr i -

;nen-ta-l $upi)o.r ' t  in bi-o1o6;,, t l icn sucir a nod'cl i :ra'y hclp to e:l i : l : ' i -rt

Sorrre cf t ire t lo-l-e cu,la.r necirau.i-: :ns behlnd genererl" a'r iestf ie *- ' ' ' ' '

l-,e -i; r-r.s inent-ion "bhart T-{;l l j i i} [ ' iO "-7o1;uc.irec1 
vibron (i"e"

v j -b la t j -c i tLa l  ey;c i ton)  so l - j  ' ' co: rs  i . i l  o lLe*c l : i -ncnl ; ior ia l  r : ro l l ;c i ;13 ' I  OI ; r5-

i ;a . l -s  i ry  e ; r . , . , -Loy i r r .3 '0 .  coupi -cr i .  osc. l -L l , i : . ic :c* l - : : . -b  l icc  r ioCcl - .Tal l . : i lo  showeC

,cha.t r: .1-,ul.roug| ., . . i .br 'ot1 sol. j- 'b'ons i i i  h. i-; ;  theory anC ti l0oe i" ir the

! a ' v ' ; r f r e y t i r o c r ; r a r e b o - i ; i l ' d e s c : : i - b e c l b l r t i l e n c n - l - i - n e a ' r S c h " r o c ) ' r l 1 g e : "

eclua't. i .o::,  i i ler 'r ' -La'uul.e i-s fai: : l ;r  ci.Lffcre:r ' ;  frc;;t  each ctircr '" l i l l :Le

i lonl i-rreay-'  Sclu'. .rdinger e{iui l- t io: i  a::-Lses in the Ta' l teno thcory frCin

l icclLl l-a.t- j l , l t1s of vibr,tn.s b;, nr:n1-i-neil .r cou-pf i  n3' vri th acou-sti 'c phc*

tlo.'ljrsr nr:,;pa3,-t--b:.rr7 s.-Lon5 hch-cs; cf t[{ d-r]'lrc tr; j'il.sr vihrle tlia't "i";i

f l ie is.rrJ,dcv.i jrc,r::y.fo11o,i;s; i i l l : . l lo,3'.La.tr,:}y f-rcio t ire quanta' l

schrodin3e;r  eqni l t ic r r  for  i i -Le exc l ton prcba.b j - i i - iy" f lecent ly ,

TJi l f i  i iA [30 c-] i ,rrnscriLeo' a:r e;ra.ct]; ;  t .r: ' : :c-brblc lnod'cl of e'n crci l l-a

to. r - . ] -a t i  i -ce sys^bern wi r ic i r  i .s  Ca;rabl -e of  inco: :pc l ra t 'L i }g  boi '1 :  o f  t fue

; . ; ic-bir . r :es cf  l i id l { t lOl i  (see . [ l -7 '  [ lJ)  ar ic l -bhat of  lavlr fov jn a



!_ol l*Sj*S."  Asi  u ias alr :eadv poi i r 'ued out (see JSA.V, $ g),

an oi3en prcbleirr  is  to f lnd.  ar i  a1-gebraic descr ipt ion of  the Gl, f  (us
/'J

ivc l l  as of  GI, l  and UGI, , I )  appear ing in SATOts apprca.ch IZZ arU_] to

sol i 'Lo: i  eclu-a. t ' ic : rs,  r 'esembl ing the , Iorda.n algebra descr i -pt ion of

f in i te-dirnensionai  Gra.ssrnann nani fo l -c ls given by HEl l7I*  in[ t t ]

and- recal-1-ed in JSA.I f I ,  $ 2 Taic ing in l ;o account the previous con-

s Ldera'bj-o i ls ,  sol-r , ing t i r is  open p. i :obl-ein cc uld be useful  in bioener*
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