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GENET{ALIZED LOCA L A, ND G LOBAL STSA STIA NI+HOIA

TYPE THEOREMS

A. Nemethi

l. Introduction.

Let g :  (Cn,0) *>(C,0) and h :  (cm,0) -+ (C,0) be isolated singular i t ies.  We

def ine the direct  sum (resp" direct  product)  g@h (resp. goh) :  (Cn*m,O)-+ (C,0) by

g@h(x,y) = g(x) + h(y) (resp. gcoh(x,y) = g(x) 'h(v)) '  Then the Mi lnor f iber of  g6rh is

the jo in space of the l , l i l r ]or  f ibers of  g and h. In part icu. lar,  p(SOh) = p(g) 'p(h).

[ .4oreover,  fu1. Sebast iani  and R. Thorn [14] proved that.  the monodromy oPerator of

the singular i ty f  @g is equal to the tensor product of  the monodromy operators of

the singular i t ies h and g. A.tul .  Gabrielov [3]  obtdined a descr iPt ion of  the

intersect ion matr ix of  thg singular i ty f6>g in terms of the intersect ion matr ices of

g and h (with respect to dist inguished bases) '  P" Del igne proved (see [1])  the tensor

product - fornrrr la f  or the var iat ion operator V"rgch = (-  l )nmVar* OVarn, which is

equivalent to the tensor product formula of  the Seifert  torms proved. by

l( ,  Sakamoto I t3] ,  who extended the Sebast iani-Thom resul t  to nonisolated

singular i t ies and considered also the direct  product case [  12] '

In this paper we consider 
:h" 

following general s.ituation: let

g :  (cn,o) -r(c,0) and l r  :  (Cm,0) --"(C,0) be arbi t rary germs of analyt ic f  unct ions

and lct  p,  (C 2,0) -----(C,0) be an analyl ic germ in two var iables'  Then rve determine

the topological  type of the Mi lnor f iber of  f  = p(h,g) 4cn*m,0) -*(c,0) i l l  terms of

'  
the N4i l_nor f iber of  g,h and p. (Theorem Ll)  and the zeta funct ion of  f  in terms of

\ ,  the algebraic monodromies of  g and l . r  and the Alexander polynomia. l  o i  th. '

(a lgebraic) I ink detcrmined by p (Tlreorem L2).
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I t  is  sur{ :r is ing that i f  rvc consider arbi t rary global  polynomials g:  Cn-->C,

h :  Ct+ C and 1 :  C 
2-+ 

C (with some rninor restr icr ions),  we reobtain the same

statements about the topological  type of the generic f iber of  f .p(h,g) ( in terms of

:  the gener. ic f iber of  g,  h resp. p) and the zeta funct ion of  the global  monodromy

operator (around al l  b i furcat ion poinis) of  f  ( in terms of the global  monodromies of

.  g and h and the Alexander polynomial  of  the f iberable l . ink at  inf in i ly of  p).

In the Slobal case [ '1.  Oka [11] studied the direct  sum and direct  product of

weighted homogeneous polynomials.  In his part icular case the only bi furcat ion pqint

'  o l  a polynomial  map is .10].  In the general  case i t  is very hard to determine the

bi furcat ion sct  of  a polynomial  P ( i ,e. ,  the minimal set np such that p is local ly

tr iv ia l  over C -np) and the generic f iber of  P, This l rappens because np contains

beside thc cr i t ical  values also somc other "atypical  values, ' ,  and the behaviour of

the f ibersnear the atypical  f ibers depends not only on the local  cJata on these f ibers

but on the beha'viour of  p at  inf in i ty as wel l .

Therefore j t  is  important to emphasizc the fact  that the gcneric f iber and

the zeta funct ion of  ' f  = p(g,h) can be computed without studying the behaviour of

g resp. h around each bi furcat ion point  separately,

This paper can be considet6d as a cont inuat ion of  [9]  in which the author

consider the global  direct  sum case proving t l rat  the generic f iber o{ f  = g g h is the

join of  the gencr ic { ibers o{ g and.h and the global  algebraic molrodromy (over Z). is

induced by the jo in of  the global  geornetr ic monodromies of  g and h.

'  The technique of the proofs is more or less simi lar to the proof of

Theorems A,B and C in [8] ,  where we considered the case of s ingular i t ies ol  t fpe

f = p(g,h) where (g,h),  {Cn*1,0) ->{C2,0) is an iso. lated cornplete intersect ion

singular i ty.  Insteaci  of  repei i t ing parts of  thesc proofs,  we sha] l  refer the reader to

,  
that paper at  some steps in our proofs.

2. The main results. Local case. . - '

2.1.  Let I  :  (Cn,0) --+ (C,0) resp. h :  (Cm,0) --o (C,0) be anaiyt ic.  gernls
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)
with Mi lnor f  iber G resp. FI .  Let p :  (C' i0) -+ (C,0) be an analyt ic germ in two

variables (denoted by c and d) with Mi lnor f iber P. In this note we suppose that P is

m ,  m
connec tcd ,  i . e . ,  i f  p -p l  . p r r  i s  t he  p r i n re  decompos i t i on  o f  p ,  t hen  g .c .d .

, . J ,  ,m . )  =  t . l n  t h i s  case  P  has  thc  homc i . cpy  t i , pe  o f  a  bouque t  c f  pn  = . i  - / -O

cir  c les.

We def ine nc = 0 i f  c is a factor of  p and nc = the intersect ion mult ip. l ic i ty 
,

m^(p,c) otherrvise, Simmctr ical ly we del ine n , . . In f  act .  n is the number oJ points
o '  d

a lo l  l ne  l n te rsec t l on  POtC  =  - J .

Our f i rst  resul t  is the fol lowing

Theorem L I

The l r4i lnor f iber F of  the analyt ic germ f  = p(h,g) :  (Cn xCm,0)-- . , (C,0)
l

def ined by f(x,y) = pk(x),  h(y))  has the homotopy type of a space obtained from the

total  space of a l iber bund. le with base space P and Jiber G x H by gluing with the

natural  appl icat ions to a f iber GxH na copies of  ConCxH and nO copies of

C x Con H (here Con X denotes the cone over X).

The proof is given in $ 4.

2.2. Remark

'  
The assumption i ibout the connectedness of

has l< connected components then p = (p ')k,  henc.

f '= p '(h,g)1 and the l r4i lnor J. iber of  f  is composed of

Iiber of f', (r\4oreover, for the zeta functions we have

P is not essent ial  because i f  P

we can use our theorem for

: _ . .
l< drsjornt  copres 01 the Ml lnor

>  / 1 \  \  r . r . k r r
5f\ , / \ i  

= 5 f , \ , / \  , / / .

2.3.  Corol lary.  The E.uler c l raracter ist ic ol ' the { iber F can be computed

by: fr.(F) =ft{v)./-tc).,.,i(H) * n.(/(r-i) -/tcl.f.<un + no(/(G) -F|G)./$D =

a),  I f  we take P = c + d,  then we obtain the direct

F-ConG x fi!-/'.C-; x ConH,-G x H (the join space of G and I-l ),
CxH

=,{tp-{.a = of ) '2J(c).1(rr) * n' 1  /

2.4. Examples

sum case
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b ) .  I f  p = c ' d  ' t h e n  n c = n d = 0 ,  I r e n c b  F  i s  a  f i b e r  b u n d l e -  o v e r

P = SI xR.-S1 with f iber G xH. The character ist ic map of ihe l iber bundle can be
I

identi f  ied with mo x mn' (m" and m,.,  are the geometric monodromies of g resp. h)

(see [12], or our proof in S 4).' )

2.5. Remark

We denote by G * I - l (n",n.)  the space obtained from G x H by gluing

na tu ra l l y  n .  cop ies  o f  ConG xH and  nO cop ies  o f  G  xConH (e ,g .  Gx  H(1 ,1 )  =  G  *  H ) .

In our construct ion given in Theorern Ll  we ident i fy the f iber GxH with the f iber

over the.base point  x of  P. Since (P,x)^r(VSI,*) ,  the total  space of the f iber
pP

bundle over P can be ident i f ied with

,  i /  ^ lpro)ccf lon maP u/ ovcr v 5 .
fJ-.  l r

the total space. of a fiber bundle (with

S u p D o s e  t h a t  n _  >  I  a n d  n ,  )  l .  T h e n  G +  H ( n  . n , )  j s  c o n n e c t e d ;  l e t x r  b e a, .  c -  d  c ,  d '

base point  in i t .  Since the natural  inclusion GxHc-7G* I- i (n. ,nO) is homotopical  to

the tr iv ia l  map G xH-+#, thc spaces u-1(Sl)  oueI.  each circ le can be ident i f ieo

with the nonreduced suspension of G x H with both vert ices in * ' .  Therefore

.  r /  t
F." [V S' ]  v IV S(G x H)l  v [G x H(n .n . ) ,1 (s:  re.Juced srrsncnsion)."ip- " "1'e-'- ^ "" c'"d'"

'
In part icular,  the homotopy type of F does not depend on the character ist ic maps

o I  t n e  l l b e r  D u n d l e  u J

We note that in this case ( i .e. ,  i f  na. nO l0) F is connected even i f  G or_H

is  no t .  I f  G  and  H  a re  con r  ' '  " t /  / - \ -  - '  i /  |
) ec ted  spaces ,  t hen . / t l (F )e / { , (V  S ' ; .  ag  the  I ree  g roup' u ^

with ;r^ Ecnerators.  ( ln fact  we .have an isomorphism at ' level  7f ,  induced by' p  "  r

u  =  ( g , h ) :  F - ) P . )

. . , ' : ' , '
2.6. In u,hat {ollorvs we want to determine the zeta function of the geim

f.  For this,  we introduce some notat ions

1"1 ( l \ {") ,a :  H*(G,C)a rcsp, . ( i \4n)* :  H*(H,C) A be the algebraic
E '

monodromies ( induced by the geometr ic monodrornies mg resp. mn) of  g resp. h, .



' :
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and {-  resf .  \ ,^  the corresponding zeta funct ions def ined by

Srtrl =fl ctet(l - I M,,o)(- 1)q*{ *t'"-" I - s or h.

- r  D e f i n e  E -  r c A u t H q ( c  x H , C )  ( i  =  1 , 2 )  b y  E ^ ,  =  ( m -  x i d u ) . *  ̂= . O  ( M ^ ) ;  s ( l h ) r
Y , r  Y t  r  6  , '  r Y  l + j : q  , ,  ,

and Eo,2 = (id* * t,h)*,q =,$o(te),6(Mh)i ( l  = identitv).

Consider the i r reducible decomposit ion of  p in the form

m . m ^ m ^  m.  p  =  p ' , " 1 p . ' 2 p " ' 3 . . .  p . . ' r  * h c . e  p ,  = c ,  p . = d ,  m , ) 0 ,  m " ) . 0 ,  m , ) l  i f  i ) 3  ( i , e . ,'  '  /  t -  z -  t -

m, = 0 i [ f  c is not a factor oi  p).  In a suff ic ient ly smal l  sphete rve can consider

the  assoc ia ted  mul t i l i nk  L (m)  =  (53 ,mrK 
{ )^zKzt ) . . .  umrKr ) .  Le t [ ( ,1 , r , . . . ,Xr )

be the Alexander polynomial of the l ink L = (S3,K 
lU K2U . ,  .  UI(r) ( i .e,,  LJK. is

composed of the l ink of p completed by the l ink componenets detern.r ined by

l.a = o]. i f  those are not components of p).

Theorem LZ

' The zeta function of f  is determined by

t  (1.) = > (and). ? rf ,cy.f1o*ta(h*rE^ o, i l ' r ,  ^. f  , . ,  1'r . , . ,{- t iJ f v r / -  ) g \ n  
'  ) h '  q  Y r ,  " q r 2 '  / \  ' l r " ' t A  

" t )

(if no resp. nc = 0 then !r< l"ol = r resp. J nt 1".1 = rl.

Ve note that A is wel l  def ined only up to rnul t ip l icai ion by monomials
' . .

.  . .  I  r  ,  l -
t  h;t  .  .  .) j ,  therefore the above equival i ty is nrodulo 1| 

r"

.  The prool wi l l  be given in 
f  

4,

2.7" ExamPles

.  a . ) l i  p =  c  + d , t h e n  A ( A r , I , I r )  =  r \ l ) 2 ) 3 - 1 ,  h " n . "

If(tr) = js(I) '!ntl l  f, la"tl l( ' , 
* 'nL,o - r)(- r)c -

I  / \  \ -  >  l , ' , '  . \ t - l  , "  t
.  Js() ) '  j  h(l ) '5;;h(I) = J s,,n(l l '

b . )  I f  p =  c '  d ,  t h e n A =  l ,  n o  =  n c  =  0 '  T h e r e l o r e  | r =  l .

c.) I-et us take p = .* tot,  
*,ot 

- 
". . t) t i  

(u, I  ul)
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1 -  Z -

mult l l rnK L(m,

n  h  \  I  i f  i  \  ? t
l -

is  of  Sei fert  type:

t"' * t o 4

Then the Eisenbud- Neumann diagramof the

(- l )

^ 3

(m,,)

K .+

. K t
(mr )

K z

(. z)

( m ,' r '

N r

The Alexander polynomial is given by
'  |  |  |  - .

A ( 1 r , . . . , t r r )  =  ( ^ ' t l  A ' 2 2 . . .  ) ; "  -  1 ) ' - '  w h e r e  l ,  =  s r  l ,  =  t ,  l ,  = ' . .  =  l .  =  s t

t2 ,p .161.  Therefore f l= [ l  a" tAt  1 t lEo, r , ] t2  r r , r , . . . ,1mr 1; ( - t )q  -
q .

2 m , . 1 , . .  s  t ,  . , ( - l ) q ( r - 2 )=  \ l d e t ( ) . -  K K ( m l x t r . ) *  
" -  

l ) '  "  '
q b " ' 'r

S m l  r  r r i + i r -  3 r
=[1 cet t '7 ' - ' "k 'k ( t ' t ] ,e( l t i ) ,  -  t ) t - "  \ t - ' t  '

r r J  6 ^  , , )

T o  e a c h  m o n i c  p o l y n o m i a l  P ( I ) = ( ) - d t ) . . ' ( l - x . ) ,  w i t n

o ( 1 , . , . , d r € C *  w e  a s s i g n  t h e  d i v i s o r  n ( p ) =  ( d 1 ) . . . . . f G . )  i n . t h e  i n t e g r a l

group r ing 2ci.  n"t in" o(p/Q) = D(P) - D(Q) and D, = D(J,) for I  = g,h and f '  The

application tr -2 a !(se N* ) induces a Z-linear map (' )s I zc+ -'+ zcx def ined by

(Zhk("( p f =Znu(x l). wu a"rin" also the Z-linear: map (' )l l '  '  zc* .-+.zcn

,*-., ,, t:"uqo u)l/'=;fr,"u(n*,5) ,*l$bV*P'*'e notations we

have D( i1)  =  k  -  z) - (o t , -  n l  la lz t t  
l * .

t h '
S ince(ZmoluXr  -  A=- . f€  -  lca-  o ]  )=  f  ,  we 'obat in theformula
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I

Di = (,. - zlroi-nll('-#^ + (D*) '/no * (on) t/n.

I I  m, = m, = 0, then nO = tfmU and n. = sZ mn

3. The main results. Global case .'

3.1. Let g : Cn-->C and h : Cm--> C be polynomial maps. Then

t h e r e  e x i s t s  a  f i n i t e  s e t  / \ q = L . r , , . . , c r ! ( r e s p . A r . ' , = t d t , . . . , o J )  s u c l r  t h a t

r : c n - n - l ( A  ) - + c  - A  ( r e s p .  h , c m  -  h - ] ( " r t , )  ' -  n  \ : -  -  n @  '  '
I  S 'n IC - ' '1\n) is a C- local lY

tr ivial f ibrat ion. Let p :  C 2-;,  C be a polynomial map in two variables (denoted by

' c and d) such that p depends effectively on both variables.
.._.-i_

in th is case the degree of the project ive closure p r(e) of  p- ' (e),  the

mult ip. l ic i ty numbers *[0,1,01p- 
l (") ,  

r ;1,6,01p 
I(")  

und the tangent cones of p-](e)

in [0:1:0]  resp. I l :0:0J are independent{ the choice of  e€C. Denote:

T^ = {  c^ 3 the l ine { .  = .  \  is  in the tansent .on" ot  pa[)  in [o: l :0] ] ,' c - t ' o  L ' - ' d ' -

'r 
,= { a : ttre tin" 

'fr-l{ 
is in the tangent .on. oriJ-G) in [1:o:0]].d  L o  \  o r '

We work with the fol lowing

3.2. Assumptions A. :  T.o A" = p ,
tJ

a  , . r  ^ n  - , i ., , &  . , d t r r r 1 . . , _ ) P  .

Note  tha t  i t  [o :1 :0 ]4p-  
l { " )  

{ r " .p .  I t :o :o l {p -1(e) )  then the  tangent  cone rn' l

this point is considered to be the void set. Hence in tlris case the assumption A.c

( reso .  A ,  )  i s  au tomat i ca l l v  f u l l i l l ed .

Def . ine the fol lowing numbers:

.  - t . .  - 1 , ,
n^  =  deg p  - (e )  -  m.^ - ,  - ^ ]p  

- (e ) ,
c  " '  .  L U : t : u J '

.  - i .  .  - t ,
nd = oeg p (e,  -  * [1,0,0]P \e/  .

I

Then a generic f iber p- l (e) has exact. ly n.  intersect ion points with a l ine lc = c1|.
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1.3. Let-

generlc llbgf oI

G(resp. H) denote

p. Suppose that P is

/1.'- d -

the generic f iber of g (resp. h), and P

connected, i .e.,  p cannot be factored as q

the

o p '

{or some polynomials p ' :  Ci?C and g: C*}C, with q of  degree k )  2.

With the above notations and assumptions we have the following

The-orem G l.

The eeneric f  iher F of  the polynomial  map f  = p(g,h) :  Cn x C\ C

def ined by f(x,y) = p(g(v),  h(y))  has the same construct ion as the local  f iber

descr ibed by Theorem LI,  i .e. ,  F has the hornotpy type of a space obtained from

the total  space of a f iber bundle with base space P'and f iber G x H by gluing

natural ly to a Jiber G x H the space G* H (nc,nd).

.  The proof is given in 
f  

5.

. 3.4. Examples 
\

a.)  I f  p = c*d then our assumptions are ful f i l led, oc = f id = l ,  hence

F-.G* H. This resul t  was, in fact ,  our start ing point  in the study of  global

Sebastiani - Thorn type theorems [9].

b.)  Let .of  Ag and do{ An, Tt 'en p = (c -  coXcj -  do) ver i { ies our

assumptions, In this case also n.  = nd = L Therefore, by Remark 2.4,

F-s tVs (c  x  s )Vcx  n .

3.5. Remark

A caref r r l  insnect ion of  the

nice description of ith" generic fiber F

not fulf i l led.

proof of  Theorem Gl shows that we have a

also in some cases when the Assumptions are

Suppose that the alsumplion.Ac is not fulf i l led,_Pyl An {9il .91tu1g

only one point. In this case  Theorem G l  i s  a l so - t rue . i f '  we  rep lace  n -  by' c
'  - 1 '  '  ' - .  

o - l ( " ) )  ( t he  second  te rm deno tes  the  i n te rsec t i onoeg p  te /  -  mf ' . l . ' l ( c  -  C1r  p  \L , / /  \L lu

mult ip l ic i ty of  the project ive curves at  [0:1:0])  where e is a generic value in C.

In particular, ir A" = t.r1 ana An = {a,} ""0 
we take p = (c - cl)(d - dr),
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then n^ = nr = 0 and we reobtain the global  analoque of (2.3.b).
C O

3 . 6 .  C o n s j d e r  a  l a r e e  c i r c l c  S  = l r : l z \  = R  \  s u c h  t h a t
"  g  L  I  r  g t

r t - 1

/ \  _C l  z : l z l<  l 1 - \ .  Then  g  i s  a  l i ca l l y  t r i v i a l  { i b ra t i on  ove r  S -  w i th  cha rac te r i s t i c
( '  I  q t

inap m_. This global  geometr ic monodromy induces the global  algebraic monodromy
6

operator (Mo))+ :  Hx (g- I  (R"),C)p with zeta f  unct ion !  
"( l  

) ,  tn the, same way we
6  6  

' 6

def ine (M, ) . .  and t ,  .  With the same formulae as in the local  case we def ine' n *  J n

Eo, '€AutHqk- I (Rg)  x  h -1{Rn) ,  c ) ,  ( i  =  1 ,2 ) .

3,7. The main obstruct ions in the computat ion of  the zeta funct ion of

f  = p(h,g) in the global  case ( i f  we want to Jol low the iocal  model)  are:

i )  the Mi lnor f ibrat ion of  p at  inf in i ty in general  does not exist

r 1 ) r
a n y  ) € C ,  t h e  l i n k  a t  i n f i n i t y .  d e t e r m i n e d  b y  p = c ' ( c -  I ) ' d - c = b

f iberable),

i i )  even i f  the l ink determined sy p- I  (5 )  is f  iberable,  i ts l iber (minimal

Seifert  surface of the l ink) is topological ly di f ferent f rom the generic f iber of  p

(e,g.  i f  p = c(cd -  1),  then only the l ink of  p- l (0) is f iberablc,  and the I iber o{ th is

bundle is the threeJold punctured 2-sphere; but the generic f iber is the twice

n r  r n r + r  r r o r l  ? - < n h a r a  \

For this reason we consjder only "good" polynomials p tg]  tZ] .

3.8. Definition. t6l t7l. The polynomiat rn"p p , t2-) C is called good if ,

{ o rany  $€C,  fo r  some d i sk  D}5  and  some compac t  subse t  I (  o f  c2  dp - I (D )  
-  K

is a tr iavial  I ibrat ion.

(e.g, ,  for

is not

I{  n is c,ood. then al l  the { ibers p- l (5 )  O"t in"

to isotopy! denoted Uy .I(p,co ). l4oreover, there is a

t A ^ r i ^ ^ A  x , ,  , / r  -  ^ 1 , ^ i  .  c . 3  - - 1 ,  (  t  '  . I
\ o e u n e c  o y  ? p  

=  P / l p l  :  ) R  -  p  \ d  o ,  
- 2 )  '  t <  D . v ,

f ibrat ion can be ident i f ied with t l re generic f iber of  p (modulo a col lar)  [7] .

I f  we f ix a compact 6et C^c C -  T^r then i t  is easy to ver i fy that for R

' 1 ?
the circies i .  = .ol OS[ ( ior

the same l ink at  inf in i ty (up

fu l i l no r  f j b ra t i on  a t  i n f j n i t y

.(  . -  A:t .  TIrc f ihor of  th is

suff icienrly large, the f ibers P;l(eut0),r '" . ,



/ , \
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- \ . x
al l  coe C.) transversel ly ,n 5R.ln part icular, we can consider the circles

Kc ={c =."\nsf l (co+rc) and Ko ={a = o" lnsf l  (do4rd),  R ))  0,  hence the

isotdly type of the l ink KcO KdU/ (p,0d) is well  defined and the f ibers of SO ..",
- 

transverselly the (virtual) components f. arid t< 0.. theref ori:, if we rep.lace the link " .
?  - .  ?(Sf ' f f (O,co))  by the mult i l ink L(m) = (Si ,  mcKcumOKO ul(p,a,))  where we take

( -c = -d = 0 and m = I for the multilicities of the components of l{(p, or) (we have

'  nosingular components!) ,  then the f ibers of  the ( f iberable) mult i l ink L(m) can be

iden t i f i ed  w i th  
c  ' - r  ) 1 r ' '  A  1
t9o ' t " - " ' -  )  -  t<.vxo f ,  .

Let A(,1, ,  42, .  .  , ,  \)  u" the Alexander polynomial of the l ink

(s(,x.u xo uX (n, oo))Sp,r) has r-2 components, 1t .erp' )  ,  corresponding to Kc

resp. KO).

'  Theorem G2. Let g,h and p be as above such that.A., 'AO are fulf . i l led and

p is good. Then the zeta function of the global monodromy operator of f  is

determined by the same formula as in the local case:

t,().) = a-( 2.nd\.t. ( )nc).{1 aot Arr
J r  r E  , /  ) h ' , / \  '  l q t  - - ' u ' - q , . 1 ' 8 0 , 2 '  X I "  "  ' ) l ) t - " . '

3.9. Rema.rk. we note that (SA,t(p,0,)) (and also (L(m)) has an Rpt-spl ice

.  d iagram [Z],  hence A can be computed by [2] .  Moreover,  n.  (resp. nO) can also be

determined by the spl ice diagiam of R(p, oo),  where K.(resp.KO) appears as vir lual

l ink component,  as n.  =\m(K.)1t . " .p.  no =lm(xo) l ) .

3.10. Example. l f .p(O) = 0,  p is convenient and has a nondegenerate

.  Newton pr i r ic ipal  part  at  inf in i ty,  then i t . is good, and the data n. ,  nO and A depend

only on the Newton pr incipai  part  at  in i in i ty [10].

.  t  .s _.pr incipal  part  c-  + d-.  Therelore

- T \ / >  \  / ^ / >  \ s . n / )  r t r  l / s t  h r 2 -  1 l / t  . . . , r >  r  l / s
J . r \ s f / = - \ u \ \ g / ' u ( ! h ,  i  .  *  r , 5 , g ,  + u \ ! 6 /
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6,+. Proof of the results
L.'

Prcof of Theorem Ll

We choose t l  > 0 and 0 (  
l t  << E t  suff ic ient ly smal l  Such that

n?,  ={ze cn: lz l l  t r i  ( resp Bl r )  is  a  Mi lnor-ba l l  for  g  ( resp.  h)  and

,  s ,  o !  n g - l ( o .  - [ o J l - + o n  - { o }  ( D ^  = { w e c : l w l <  l , )  ( r e s p .-  I ' l  -  
l t  1 1  l 1  !  -  ' L

rr : gI nh- 
lto, -loJl + Du -1 o.|) is a cd -ti l,er bundte.. . . - . t ' ,  l i  - -  l t  " ,

Le t  0  (  L  (  L ,  be  so  s rna l l  tha t  g (e ! )c  D?. ,  h (BI )cDr .  and f ina l l y  we
I l  -  l l

.  choose 0 < 
1< J, 

small  enouS,h so that :

- 1 .  /  1 .  r  1  m  - l -i l  s !  ns- l (na - {o} l -+oa - {0 i . " 'p .  o f  on- l to ,  -10} ) -Da- to iare

C 
@-fiber bundles,

i i )  D.,,  x D- is equivalent with a Milnor-bal l  for p, i .e,,  for l5\ s.at1,

h r: l ; l - t t6 

lnoax Dr) is homeomorphical with the standard pair (fr" l i lnor-

i i i )  there exists a (deformation) retract

rB , (q - intBf ) n c- l(D^) I --+)n!n s- lloa I

(resp. rn '(e?, - 
$lnn-ltorl +: oln r '- l tor l l

such that

'elaui 
ns- ltn".,) = id' g ' r, = g

' '  (resP' 'n\, 
u;nn-t,oa, 

= id' h " rn = h)'

The existence of suclr a (deJormation) retract can be proven in the usual

.  . .way (see for example [8])  by in legral io l  q!  a vectgrr  f ie ld v(z) wi th the fol lowing

propert ies:  Re(v(z),2) (0 and v(z) is tangent to g: '1t1t ;1.  The existence of such a

'  vector f ie ld is local ly ensured by the Curve Select ion Lemma [5] ,  then by a

.  part i t iorr  of  uni ty we glue to a global  f ie ld).



where

def ormat. ion

l n

' { -

I n d p e d  t h e  r o c t r i . f a . l  n r ^ . t '  ' / - f  m ' n

i

n  m  - i .  - 1 , ' . " ,  - ]  r . o
u : B : :  x  B ' .  O u ' ( p  

- ( 5 )  ) - ? P  - ( d )

(p- l t i  ) "  =  p- l (J  )nDn x D"  -  in tD-  x  D-)
r l  , l  t  I

r^^^t ' "  ' - : " r^r  r :L-at . i .on.  Therefore the natura lr J  o  ruL -a r r y

_ l  .  ^  _ l  .  ^  |
n , :  R - ' ( 5  ) " - +  p - ' ( J ) ' ,  t € [ 0 , 1 ] ,  w i t h  D o =  i d ,  i m D t € R - ' ( 5

l i f t ing

delormation retract

) n ? ( D m x D - ) h a s a
) l

,v

D n ;  B r '  x  B i '
'  - l  " l

Def ine7- ,  B: n R- 
l(D^ 

)
5  . l  _  . , 1

Simi lar ly we def ine

Tlren the

retract of  u- I  (D- *, l

equivalence.
( n

Therefore lBl x

particular, Ft,S h". ,hl

cit. l .

n u- t (p - l (5  ) ' )2  o !  x  n f ;  nu . l tp - l tS) " ) .* l  "  1

-+ alns-r(oa) uv

(r ,  i r  lx l  )  |

l '
l ia .  i r lx \S d.

rh.

composed map (x,y)*> f{ -( l : f i r(",v) deJines a

D-)n F- r in F." .' |  L r b  L r d

I f  we take  O a  t l ' ,n l  ,  0 (L ' ( t ,  ( { ,6 ' )  w i th .  the  same proper t ies  as

(oi,6) then using the above argument again we obtain that, for $ suff iciently
I

sma l l ,  t he  i nc lus ion  u - l (D* ,  x  D , r )  o  Qr .  c  u - l (D -  x  D r "  )oF ,  a  admi t s  a

derormation rerracr, h"n.. 
1rh" ',nouriol 

or,, ,-l ,r,1, ,l ' 'u homotopy
L , h  ' r O

^ m ?bi f ,  rs a sysrerTr or
" ' L

homotopy type of the

lr4ilnor neighbourlroods for f [4]. In

"standard" Mi lnor f iber of  f  [op.

D"not. Fe,S = f '(6 )na! x nf ' obviouslv u(Fa,g )cD1, * Dnlt

g x h. We tat<e J I  0 sufJiciently small  so thai:

u.) p- l(5 ) i !  a Milnor f iber in both sguares D1, * o,?, 
"no 

o." l  * O1,

u.) p-r(5lnt.a = olc D^x D".* \ ^  " o )

f )  ) . \F is  a r ic format ion ret ract"1 ' '  "  t , g  ' -  *  - " - : '  ' - - 'Firstly we prove tlrat u- 
i (D* *
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G x H. Over the pcints O-' t5 )n1. = Oi tne special f iber of u is t l re prooucr space

-  (con+r: l  f  ihpr  nf  o)  .X (Mi lnor  f iber  of  h) .  Let  P 'c  p- ' (  S )  AD ^ x  D". ,  be such that
t l

,  
the inclusion is a homotopy equivalence (P'  can be chosen to be a bouquet of  c i rc les

with base point  x )  and P'  f ' r  lcU = 0J .  f .  Then by a Standard argument 18, 3,2,61 F

has the homotopy type of a s lace obtained from u- ' (P')  by gluing to the f iber

- 1 ,  - 1 , , . . c  ^ ?  r .  - 1 , . .  t .  - ?
u '(+) 

f tp 
^(5)f l lc = 0J copies ConG x H and l fp 

'()  )  n. l_d = 0J copies of

C x Con H.

Consider  the map u,  u- l1D-  *  4 t  )n t ,S *+ D1 x  n,  no- l (5) .

The rest r ic ted map is  loca l ly  t r iv ia l  over  p-1(5)- {cd=0}  wi th  f iber

Proof of Theorem L2

We deno te  D  =  { cd=  O Ic :D  "n  r k - ^  { ^ .  n \ ^  c ' , f f i c i en t l y  sma l l  and-  L -  ' )  
" 1  

^  " . 1  ' l ' " " "

o < 5 <<.n,
I

p :  (o,  x  n,  n n- l tae|  ) ,  p-r (D Bj)nD) -+ aBi ,

n '  ra2, . ,  n  n- l ta  o/ r ,  n- l taej lnnr  -+ )  Bl ,

fo = p/1nl : ra e!- a- rtol, anl o o - p- r(o)) -+ sr

are ( f iber- isomo.nhic) Iocal ly t r iv ia l  J ibrat ions oI  pairs of  spaces. (The proof is

s im i l a r  t o  t he  one  j n  15 ,2 .2 .1 ) . )

L e t  P *  = 4 0 ' t t l  u n a  l e t  x  b e  a  p o i n t  o n  o g - o . T h e n  w e  h a v e  t h e

f ol lorving exact sequence'of  groups:

t  - ) ' i i4e*-  D,*)  J:>4( ,q-  , r (o) . rD,*)  - !+ , .  o.  .

Since u , a! x {n 
r-lto2a- D)-" Bi - D is a locally tr ivial f ibration, we

r  , 1  ,  i

." {c = 0! (resp. {d = q}).

By the inclusio" )Bi- p-l(o)u DC->F.2\- D, Aq = IJq(G x H,c) becomes a
l l

P- rJi,tg^2 - ol =1i ',taei - i l  =22-+Aut(Hq(c x H),c). The generators of 22
Jq I ' , ' \  i .  ' l

.  are chosen so that (1,0) (resp.(O,1))  is a smal l  meridian of  the l ink component '

nave - a monodromy representation



t t- t lL t  -

1 .  I

C = 2 t , (?n i -  p - ' (0 )U D,x )modu le ,  hence a lso  aH =J( ,1p ,^  -  D ,x )  modu le .t . l t Y

Let s r-G be srrch that 9- k)  = l .  Then the .maps P (e) :  R9+ A9 and
l *  

. " .  ' " "  
J  q .o ,

I
c_(g) :  H-)H, h Fl s 

^hs induce an automorphism of the exact sequence:q '

n - - + L . i o l u  a q \ - _ _ > A {  - \ . - - l r i  a , t \  - > f q 1 f U . A q )  - - +  Or , ' r ' ,  /  ,  t  ' - ' - - 2  v e - < -  t f l r n  J  / r r L r r ) ' r  /

o

r l l l

f-: Ut'*) f*o* . ftr
-> H"(;,n1) -u no -> D,{(H, fi) --*-+ ti'(H,'no) .-+

.  Let  us def ine [ ( !o,p)ot ] ) l ( - r )9* l  = d"r( l  -  le i ) /aet t r  - , f  s l l  =

that

AO = tfre .bifircation set of p, ,.u., XO is the minimal set such
)  - l  ^  )  ^

p: C- -  O 
^(/ tO) 

?C- - l lp is a local ly t r iv ia l  f ibrart ion.

I

A. ={ptc, ,a)\(?n/?axci,d) = o};  i  =F,
. ' i  

r  r

o ,  = {p (c ,0 , ) l (?p /?cXc ,d , ) -=  o } ,  i =G ,
o j  L '  ' , t  |  - '  )  r "

A, =A, V{"t/A" .r LJ {p(c,,.,) },r  P r  - i .  ,  " j  r ,J  '  '  ,  '

n  = c x A , u A  x c .n 8

= det(t -Iy(e))/aet(t - lso"r).

Then repeating the arguments of the proof of Theorem B [8]

.l lrr = ls(t"d). In(f,.r. 
T, !o,o,o.

But similarly to the proof of Theorem C [op. cit.] we have

,  r  ' r a
t  lo,ol f l ) '  

= detA(1' lEo,o,]-2Eq,2, ] t3 r , . . . ,  { t ,  r) .

b5, Proof of the qlobal results
) -

Proof of Theorem Gl

' 'We 
start with some notations:

we obatin

obviously, u = ! x h : cn x cnL+C xC is a loca.lly trivial' fibration oyer
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c2 -n .

ls

x  H ,G x  H) , - (Cn  x  H ,  G  x  H) - (ConC x  H ,  G  x  H) ,

Let e<fA, and consider the restricted projections

I t

9 l ' -  r  p r , lp - ' ( " ) ,  p - ' ( " ) .+C w i th  b i fu rca t ion  se t  S-c  C,/ r R  l t _  '  o

'J!t ntrln- 
i{.) : p- l(e).+ c with bif urcation set shc c.

From the definit ion of the set.A,, and our assumptions A and AO we

that sgnAs = 
ls and Shn4h = {l . Therefor. 7ir,p-1(.) -?*l ls*l+ c - s

an (unramified) covering space of degree n. such that I 
*- 

C - Sa.

Let D1,.  . .  ,D, be smal l  c losed Ce-embedded disks . in C-S, with centers

at the points { . , \ ,  - -  and with radius so smal l  that they are mutual ly dis joint ,  For.  r  l J  l = t , t
@

a l l  i =  l , t  l e t  l . . be  a  C- -  -embedded  in te rva l  i n$=C -  (S*uU in tD . )  f rom a  base
. c \ t

polnt  coe.I  (wj th property :  prrT(r ' (co) nAn =f )  to a poinr E on )D, such that

I  = Ul.  can be contracted within i tsel f  to co, Bg = luU Di is a deformation retract

o f  C .  Then  fo r  each  e ,e  7 i i l ( co )= { (co ,a i )e  p - l (e ) ,  i =G. }  * "  have  a .sec t i on

so . i  :  Bo*  P - ' (e ) ,  so ; ( c^ )  =  P . ,  1 (  - .  s - ,  =  i d .  .  F rom the  de { in i t i on  o f  t he  se t  -4 ,
6 r , 6 E r r u r 6 6 r r o q

and from the.choice of  the value co *e c"an construct the set.BR such that

Pr2 " sSri(Bg)nnn ={ for each i =!-n .

5.1. Lemma

(u-  I ( r -  . (n - ) ) , r -  l (p , ) ) . - . , (g -  l tu ,
8 r l I l ' 8

Proof of the Lemma

As a f i rst  step we plove
- t

r y ( s ' ( D , ) x H , G x H ) ( i  =  t , t ; i =  1 , n ; .
) c
Indeed, i f  D. is suff iciently small  then pr2 . rg, i(D,) can be considered as a

subset of g contractible.set in C. -.An. Therefore h .is trivia] ou"_. 
f.,, 

..g,i(Di)l

hence t lrere exists a di{feomorphisni (h,Yh) r h-1{p., .  rg, i(D,))-g, O.r..g, i(D,) x H

(u = n-l(prr.  rg,1(d1))) such that Vh[u = ian. Then

(p 'Yn),  u- lcu, to, l l+g: l (n,)  *  l - t  (  y , ,1"hX*,v)  = t* , / ty l l  is  the wanted

diffeomorphism. ft ts inverse iS (x,,y,) r) (x ' ,(h, yn;- 
11nr, .  s*,r(g(x')),  l ' ))J.



- , { ( '

Now the f  i rst  equivalence fol lorvs frorn the fact  that s" , ( l )  O A = 
*,tsrr

s- , ( l )  is contract ib le and u is local ly t r iv ia l  ouer C2 . / t  .  The f  acts t l rat  A -c B-.
6 ' r  

- g  g

and the in lusi .on B.c C admits a deformation retract imply the second equivalence.
tl

The third onc'  is t r iv ia l .

Simi lar ly we can construct the set Bh with base point  do and sect ions
_ 1 .  - : - -

sn , r  Bn -+  p  ' ( e )  such  tha t  sn . , (d , . . , )  =  O . ,? i ' h .  sn .  =  i c j *  ( j  =  l , n r ) .
t t r )  r r  r i r j  u  J  ' r  r r r ,  

" h

let $ = t-t  s- ,(B-)uV s" ,(8").  Note .that we can suppose (by tne-  
i g , r g  j n , J  n

definit ion of / i r)  that the intersectionr rg, i(B*)0 rn,,(Bn) are void.

It  is easy to.see that therc cxists a subspace $ = 
lbouquet of circles with

base space *J  in  p -11u1 -3  such tha t  6  i s  a  de format ion  rc r rac t  in  p - l (e ) .  L " t
'7 ,, -:-- , . ^oolU(k = l ,n. . t  nO) be C- -embedded intervals in p- ' (")  f rom the base point  x to the

points Pi (i = l+) and Q, (j = lil) such that T= ry'iU can be contracted within
J v t (

i tsel f  to x,  Y U T can be contracted within i tsel f  rc (  and the inc. lusion

V u lUf;  9 p ' (S) adrni ts a (strong) deformation retract.  Then using the above

lemma and the fact  t l lat  u. is local ly t r iv ia l  ou",  C2 - . , / }  we get t \ l . . t

(u- l t [  us*, , (e*)) , u- l (x ) )^ , (Conc x  H,  G x  F I ) ,

1u- ' ( l n  * i  usn . . (Bn ) ) ,  u -  
' ( *  

) ) ^ ' (G  x  Con  H ,  G  x  H)  ( j  =  l , { ) ,

ident i f ied with u-1(+).  Since I  is a deformation retract in D

tr iv ial  over f ,  the resul t  of  Theorenr Gl fo l lows.

.$!,
large in comparison' 'R. l6 l ,  17l ,  [10].  FIence rve

p- r ( " ) - ,10 , ' ya ;  uno q ; r r r l  -  1 .  = .o !o \a

( i  = I ,n.) ;

w h e r e  G x H  i s

- I(")  
und u is local ly

Prcol ol Theorem G2

Simi lar ly to the local  case [5]  i t  can.be proven that i f .  p is good then the

f ibrar ion ( leter in ined by the restr ict ion of  p over a large circ le (oI  radius R) is

eluivalent to the l \ . { i lnor f ibrat ion at  inJini ty in a spfrere rvhose radius is suff ic ient ly

r - : n  i r l o n t i { , r  r h c  c n a n a c  ^ - l '  
'  '

. (e/ _J) r

= d i .  I f  we observe t l rat  the

nronodromy traround B-" ( ie. ,  the one induced by the path

r ^ l n  ^ t - l ^ r  ^ 1 . . ,  ^ , - 1  ̂  \  i "  ^ w i ^ r l r ,  + h ^  d r ^ h :l l  " a D l  " l l ' o 1 2  ' d D 2 ' l z  . ' ' - - r l  n r o n o d r o m y  o f  g '  t h c n  t h e

thcorcm Iol lows lrorn a combination of the prool in the iocal case (!{) with our
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global constiuction.
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