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S P E C T R A I , A N A L Y S I S F o R S T M P L Y C H A R A C T E R I S f I C

OPERATORS BY MOURRE,S MBTHOD" I I

G .  A rsu

1 .  INTRODUCTION

I n t z ] t h e a u t h o r s d e v e l o p e d a n a b s t r a c t t h e o r y o f

m u l t i p l e c o m m u t a t o r e s t i m a t e s f o r a s e l f - a d j o i n t o p e r a t o r

H and a su i tab le conjugate operator  A '

The purpose of  th is  paper  is  main ly  to  show how th is

a b s t r a c t t h e o r y a n d i t s c o n s e q u e n c e : c a n b e u s e d i n f h e

con tex t  o f  s imp ly  cha rac te r i s t i c  ope ra to rs '

The  p lan  o f  t he  paper  i s  as  fo l l ows '  I n  Sec t i on  2  we

present  a shor t - range scat ter ing theory for  s impl !  characte-

r i s t i c o p e r a t o r s . T h e r e s u l t s o f S e c t i o n 2 a r e e x t e n d e d i n

sec t i on  3  to  ope ra to rs  w i th  l ong - range  po ten t i a l s '  I n  sec t i on

4 w e o b t a i n r e s o l v e n t e s t i m a t e s i n B e s o v S p a c e s i n t h e c o n -

tex t  o f  Mour re ' s  commuta to r  me thods '  F ina I I y '  t he  paper

has an Appendix  which conta ins resu ' I ts  concern ing Lt  -bound- '

edness  o f  some mu l t i - commuta to rs  o f . ' pseudod i f f e ren t i a l  ope -

r a t o r s a n d t h e . q u a s i - c l i v e r g e n c e o f s o m e f u n c t i o n s .

2 . T H E S H o R T - R A N G E c A S E : . ' _ . - ' _ . . ' _ ' - ' - . . .

T h e . r e s u l t s o f t T ] h a v e a S o n e p a r t i c u a r c o n s e q u e n c e

an  abs t rac t  sca t te r i ng  theo ry '  I q  t h i s  sec t i on  we  sha l l

apply  th is  theory to  the s imply  character is t ic  operators

wi th  
.shor t - rang:  

Per turbat ions '



2 ' ;

We shal l  work under  the fo l lowing hypotheses

HYPOTHESES

f ree  Hami l t on ian  Ho  i s  a  se l f -ad jo in t  ope ra to r

on  the  H i tbe r t  space  t rL=  L2  (Rn) ,  w i th  the  doma in  S { t t ^ ;  =
- t  

o '

f  - a  / 4  : 0 ?  f f '  ,   t \  J  -  r  r .  -
{  ue f i t  p  u€d1 l r  H -  =  I  p -u ,  where  u  i s  t he  Four ie r  t rans fo rm
L  

- -  ' - '  r O - -  -  J '  O  " O

o f  u  and  p  i - s  a  rea l  va lued  func t i on  wh ich  sab is f i es :- o

. n
po:  R"- l  R is  'a  cont inuous f  unct ion"

Let  S*  be the set  f :uRni  po is  not  C-  in  any
p

o f  EJ ,  te r  cn  be  the  se t  {5e  n* . tn ;  Vpo(S)  =  0 }

tnUan.  Then % -  is  a  'countable subset  o f  R.

( i )

" ( i i  )

neighborhood

and let S *

( i i i )  For any compact j-nterval r .UrieoTi l l  , .  with nltr t* d,

we have

in r  {  lvno (E) l  ;  xen j  ( :  t }  >  o

d i s r  ( n o  ( r  )  , s p )  > 0

( i v )  s u p { l o " p o ( E } l / ( 1 + l e o ( 3 ) l  + l v p o ( T ) l  } ;  ' l e n n r s p }  
"  

* '

, f o r  
e a c h  m u l t i - i n d e x  o (  w i t h  l q l > 2 .

( v )  ( I oca l  compac tness ) .  Fo r  any  compac t  i n te rva l

I cR tpo (S)  and  fo r  each  r )0 ,  t he  ope ra to r

F ( l x  l < r ) E o ( r )

i s  compact .  Here I '  (M) denotes the j -nd icator  funct ion of  the

set  M and Eo( I )  denotes the spectr .a l  pro ject ion for  Ho onto

the in terva l  I "
' . , \

' f  
I .  Let  V:$ - -+X Ue a symmetr ic  op.erator  such that

.A

(v i )  The operator  Ho*V wi th  the domain $ has a se l f -

adjoint extens j-on H ori l t .

( v i i )  Fo r  some e  )0  the  ope ra to r  g  (H )vg  (Ho)  (X>d  
+  e

has a bounded extension to the whole of K fo.r each I in C;f lR) .

We used the notat ion=,  S for  the image of  S ( the space

of  test  funct ions def ined on Rn)  by the Four ier  t ransform

( 2 . 1 1

( 2  , 2 1

t



a

a n d ' ( x ) =  ( 1 + l x l t )  ,  x € R . n .

( v i i i )  r ' o r  any  9  i n  c f , (n ]  t he  ope ra to r  g (H) -g (Ho)  i s

compact .

The  ma in  resu l t  o f  t h i s  sec t i on  i s  t he  fo l l ow ing

theorem.

T H E O R E M  2 . 1 ,  A s s u m e  t h a t  t h e  h y p o t h e s e s .  ( i ) - ( v i i i )

a re  sa t i s f i ed .  Then

(a)  The wave op, : ' ra tors  I^ t *  = s- l im e iHte- iHotnr .  {Ho)
-  t - + t o o

ex is t  i

(b )  Range w*  =  7 t . {u ) ,  the  cont j -nuous  s .ubspace o f  H;

,( c )  % c  ( H )  =  P ,

(d )  A : : : 1 "  e j -genva lue  o f  H  no t  i n  po (S)  i s  o f  f i n i t e

mu l t i p l i c i t y .  The  e igenva lues  o f  H ' can  accumu la te  on l y  a t

t h e  p o i n t s  o f  n o t s )

Before proving the theol:{:; i l  we wj"sh to make a few re-

marks about  the hYPotheses we made

REMARK 2 .2 .  a l  The  cond i t i on  (2 -1 ' t  can  be  read  as

fo l - I ows :

12 .11  '  r f  t he  f ree  ene rgy  l i es  i n  a  compac t  i n te rva l

d i s jo j -n t  f r om th resho lds ,  t hen  the .ve loc l t y  i s  bobnded  f rom

below by a posi t ive constant

b )  f f  w e  r e p l a c e  t h e  c o n d i t i o n  ( 2 . 1 )  b y ' t h e  s t r o n g e r

cond i t i on

( 2 . 1 1 "  r i m  ( l p ^ ( E ) l  + l v p ^ ( E ) 1 . ) ' =  o o ,

. ' l - t l + s r E # t r ' - o  
'  '  - ( J

then the local  compactness proper ty  of  Ho ( i .e .  cond' i t ion

(v )  )  i s  f u l f i l l ed  ( see  the  Append ix )

In the same way one can prove .a simj-rar theorem wj-th

the condi t j -on . (v i i )  rep laced by the condi t j -on



( v l i )  i  Fo r  some e>0  the

bounded extension to  the whole

.  This  condi t ion is

Ho-compact oPerator ancl

to r
- 1  1 + s

( g o * i  )  
' v < x

has a bounded extent ion.

4 -

opera to r  g (H)vcx r l *a  hu ' "  a

or  W for  each q in  c i  tn l  .-  
r O

always true when V is a sYmmetric

there is  an e>0 such that  the oPera-

H

to

T h e i d ' e a o f t h e p r o o f o f t h e t h e o r e m i s t o c o n s t r u c t

for any interval 1ccn1ff i) an operator A = Al: conjugate to

4 t ^ i s- z

on the in t .erva l  I ,  such.  thaL Ho is  * -smooth wi th  respect

A  i n  the  sense  o f  t he  De f in i t i on  2 .1  g i ven  i n  t? ]  .

S ince we shal l  use the same technique ih  Sect ion 3 '

s h a l l  r e c a l l  t h i s  d e f i n i t i o n '

L e t H b e a s e l f - a d j o i n t o p e r a t o r i n a s e p a r a b l e

Hi lber t  space ? t  w i th  domain  $ tg l .  Le t  En denote  the  spec t ra l

measure  fo r  H.  Denote  by  f fs  the  comple t i t ion  o f  the  vec tors 'U

s at is fYing

l l , r , l l i =  j  ( 1+121s / "  a i lEH( ) . ) u l l 2< *

fhen  ?0* r ' i=  the  domain  S(u)  w i th  the  graph norm'  and

the dual  of  W*, obtained via the inner product ot t  78.

D E F I N I T I O N 2 . 3 . L e t I c R b e a n i n t e r v a l a n d l e t i n } 1

be an in teger .  A se l f :ad jo in t  operator  A on ?{ ,  is  sa id to .  be

conjugate to  H on the in terva l -  I '  and '  H j -s  sa id to  be

m-smooth with res.pect,to- A, i-f  the-. !o11owi4,9 condlt i-o1s ar9

s  a t i s  f i ed :

a )

b )

S (A) f iS (F I )  i s  a  co re  fo r  H

, . iAa  maps  S (H)  i n to  S (H)  ,  and  fo r  each  q r€S(H)

'  sup l , lHeiA*vl l  <*
t o l 5 1
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' " * )  The  fo rm i  [ u ,a ]  ae r ined  on  $ (H ]n$ (a )  ,  i s

bounded f rom below and c losabl€.  The se l f -ad jo in t  operator

assoc ia ted  w i th  i t s  c losu re  i s  d .eno ted  iU1  .  Assume $ (U)c  S tn . ,  )  .

I f  m > l  ,  a s s u m e  f o r  j  =  2 , . . .  r m  t h a t  t h e  f o g r  +  I - ; o  a r' '  '  L * " i ' 1  ' nJ  t

def ined on S(u lns(A)  ,  is  bounded f rom below and c losable.  The

i  associated se l f -ad jo in t  operator  is  denoted iB i  r  bnd iL  is

assumed  thaL  $ (H lc$ (B i )
e  

d * )  rhe  , " ;  [ u * ,o ] ,  de f i ned  on  s (H)ng (A)  ,  ex rends

-  to  a bounded operator  f rom I { , .  -^  \D
: - " *  - - - " '  - -+2  Eo  d t -2

e)  There ex is t  a>0 and a compact  operator  K on *1"

such  tha t

E H  ( r ) i B 1 E H  ( r )  :  a E H  ( r )  + E n  ( r )  K E H  ( r )  .

I f  H  is  m-smooth  w i th  respec t  to  A  fo r  every  in teger

mv1 ,  H is said to be oo-smooth wi th respect to A,

We pass now to def ine the operators which we ment ioned.

Let t..m.rF]TFi be an interval. rf .,-tf rt = rl we take- o .  s r r  r r r u L ! v q I .  I !  y o \ r ,  -  
Y

A  -  A ,  =  Q .
. I

I f  p j t r l  t '  @ we  p roceed  as  fo l l ows .  Th i :  cond i t i on

( i j - j - )  ( 2 .2 ' )  J -mp l i es  the  ex i s tence  o f  a  func t i on  X  i n  C I (nn )
. b '

with the fo l lowing proper t ies

X ( E )  = ' l  i f  E . p o ' t r l ,

n
. suPP X c jR"\ tn .

P Here cI  (mt)  d.enotes the space 
" ;  

a l l  smooth funct ions bounded* D

wiLh  a l l  t he i r  de r i va t i ves .
.*

Next  we .def j -ne the smooth vec. tor  f ie ld  v  in  phase

space by

( 2 . 3 )  v ( E )  =  X ( E ) V p .  ( E l  /  ( 1  * l p o  ( 6 )  l ' z * l V p o  ( 6 . )  l ' z )
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Let us note that  the condl t lon ( iv)  and the propert ies of

the funct ion X imply  that  the components of  the vector  f ie ld

_ _ , _ r ) .
v  be long ' to  the space Cb ( [ t - - ]  "

s ince the vector  f ie ld  v  is  bounded i t  fo l lows

that  the CauchY Problem

6  ( d / d o )  f  ( a , E )  -  v  ( f  ( o , E ) )

{
L  r ( o , E )  =  €

def ines  a  g roup o f  smooth  d i f feomorph isms o f  R 'n ,  { f  (c r ,  ) ioun .

To th is  g roup o f  d . i f feomorph j -sms { f  (c r '  i }ouo * "

assoc ia te  a  g roup o f  un : l ta ry  opera tors  {V(o)  }o .n  on  L t  (nn ,a61

by

. -  / ^
( 2 . 4 1  ( V ( o ) U )  ( 6 )  =  l a e t a f  ( o .  ' E \  / A E l "  '  Q ( r  ( g ' E )  )  r

0 e t  
,  ( R n  r d E  )

I f  we denote by y the Four ier  t ransform on L2'(nn) ,

then we obtain another group of  uni tary operators on

Lt  {Rnrdrx l  de f ined bY

( 2 .  5  )  U  ( g )  =  Y - l v  ( c r )  T  o n  L '  ( R n , d x )  '

L e t n o w A : A t b e t h e s e l f - a d j o i n t o p e r a t o r o n

l , '  (R,nrdx)  such that

(  2 . 6 1  U  ( q )  =  * - i A c t

Lts l ' tMA 2.4,  a)  S i=  t  core of  A,  A maps 6 i " to  S

and
1 '' , ! , .  n  4

. .  
( 2 . 7 ' )  A  l  I  ! * : Y i  ( D ] * ' j  ( D ) x j \  / 2  " 1  S  :

, . f l .*  
l^ ' )  Por  any m€NI,  $  is  a  core of  ^  ip t

c ) . T h e s t a t e m e n t s a ) a n d b ) . a r e t r u e w i t h

replaced. wi th Y(n*)

PRoor l .  a )  Le t  {v (o )  }o .n  be  the  group o f  un i ta ry
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opera tors  de f ined by  {2 .41 .  Concern ing  th is  g roup we make

two qusievident remarks

1)  For  any  o(€R. ,  V(cx , )  maPs S in to  9 ;

2) For any feS we have

I
t

a  t l

-  l - im (V  (q , )  r f - r l )  / io  =  2 ' t  I
---*n 1'\

a n

( D r  v + (  1 + v . ( ) D E .  ) U
' j  J  r  . " j

a7\
o f , ) .

€

S

The last  asser t ion can be proved by us ing a Taylcr

expansion of  order  two.  Now th is  par t  o f  the lemma fo l lows

f r o m  t h e  d e f i n i t i o n s  a n d  t h e  T h e o r e m  V I I I . 1 1  o f  L I Z ] .

b )  Le t  B  be  the ' se1 f -ad jo in t  ope ra to r  on  such

that  v  (s)  = 
" iBo.  

Then the second par t  o f  th is  lemma fo l lows

i f  we show that  for  every meN is  a core for  Bm'

Le t  $  =  {ge f (R) ;  Guc l (R ' )  } .  ro  p rove  tha t  I  i s  a

co re  fo r  Bm i t  su f f i ce  t . o  show tha t  f o r  geswe  have  g (e )Sc$ '

lndeed,  f rorn th is  asser t ion i t  fo l lows that  the space J{ '=

= V g(B)$ c  ScS(em) and i t  is  obv ious to  see that  - / ,6  is  a

X e *  
-

co re  fo r  B " ' .

Let IcR be a symmetric compact j-nterval and let

K c R . n  b e  a  c o m p a c t  s e t .  L e t  g e $ w i t h " s u p p 0 ' r  a n d  f u $ o '

Then us ing the representat ion

g ( B )  =  ( 2 r l  L l 2 l g ( t ) V ( t ) d t

o b t a i n  t h a t  g ( B ) O e c * 1 R . n )  . a n d  s u p p g ( B )  O C K , ,  w h e r e

1 { - ! r x r ) : -  . - .  - - - - - -
- c ) S i n c e t h e v e c t o r f i e l d h a s i t s c o m p o n e n t s i n

Ci tm.n l  i t  fo l lows that  A is  a  bounded operator  on f  (n 'n)
b '

and th is  concludes the proof 'o f  the lemma'

we

K--r

Q .  E .  D .
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I  
" U * * A  

2 . 5 .  L e t  q e g r  l n n r s o l n C ( n n )  s u c h  t h a t  V q ' v
, \

is a bounded. funct ion. Then

a )  F o r  a n y  c e  R ,  & ( u  { s } q  ( D }  u  t - o )  =  $ ( q  ( D )  )  a n d

U  ( o )  q  ( D )  U  ( - o )  - 9  ( D )  =  b  ( q , , D )  ,  w h e r e

( 2 . 8 )  A.  
b ( s , E )  =  J v q ' t l  ( t ; E )  ) " v ( r ( r ' 6 )  ) d t . .

o

b)  Fo r  any  oe  R ,  u  ( c r )  maps  S (q  (n )  )  j - n to  $ (e  (n )  )

and  fo r  each  qe  $ (U  (D)  )

. .A,

c)  rhe  , : t *  i  [u to t , {  d 'e f ined o"  S  has  a  bounded

extension and

Q . 1 U  i [ q t o ) , A ]  =  ( V q ' v ) ( D ) .

pROOF.  a )  For  a  bore l ian  {unc t ion  g :Rn- rC,  w€ denote

by M- the operator (r + 90 on L2 (Rn) .- c t

S i n c e  U  ( o ) q  ( D )  u  ( - a )  =  9 ' t M ^ ^ -  ,  ̂ .  r Y  f o r  a n y  s  6  R ,
1 . 1 ' t 0 r  ,

i t  f o l l o w s  t h a t  S ' i "  a  c o m m o n  c o r e  f o r  U ( q ) q ( D l U ( - o )  a n d  ' o

q ( D ) -
a

On the other hand .we have
.  

U  { o )  q  ( D )  U  ( - u )  - Q  ( D )  =  b  ( c l , D )  o n  I  I

w i t h  b  g i v e n  i n  ( 2 - 8 )  -  r

i lTnr.7 3) fol lows from previous relat ion by observing
. q  

l l v Y l

:

t h a t  b ( 0 , D )  i s . a  b o . u n d e d  o P e r a t o r

$  b )  i s  an  easy  consequence  o f  a )

C)  fo l lows f rom (2 .  B )  by d 'er ivat ion '
/

ar ' r r .  
D.'  

u . 1 1
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'  R E M A R K  2 . 6 .  a )  L e t  m ,  =  s u p { l t l ;  t € I }  a n d  l e t

,  - r  l -  '  - t '  1  m 1 ^ ^ -  ! l ^ ^

" r  
=  i n f  {  l V p o ( - 6 )  l ;  { e i ' t l ) } .  T h e n  t h e  p a r t  c )  o f  L e m m a  2 - 5

impl les that

, - , . - . f - -  - ' 1  -  / r \  \  ^ 2  t 4  ' ^E o ( r ) i f n o , A ] E o ( r )  >  c i  ( 1 + m 2  + c l ) - ' n o ( r )

b)  I f  we  deno te  as  usua l

a d _ ( H  )  _  [ n r , a ]
A '  O  L  (

,  ad f *1  t "^ )  =  udAr"a f  (Ho)  ,  k€N,  k ) ]  ,
A O ' A f I C J

wi th  the ,commuta to rs  unders tood  as  i n  De f in i t i on  2 .3  '  t hen

we obta in f rom lemma 2.5 that  for  every me No rn) l

aaT ru t  eBt l l l
A '  O '

c)  Lemma 2.5 b)  together  wi th  the prev ious remarks
- l

i - ^ r . l  #h :+ -  a  i s  a  con juga te  ope ra to r  f o r  Ho  on  the ' i n te rva l -  I ,
l r r r l / r J  - f , - - -  

O

and H is  - -smooth wi th  resPect  to  A.
o

Remark  2 "6 .  b )  has  the  fo l l ow ing  consequence '

L B M M A 2 . 7 .  L e t  m e N  a n d  l e t  g e  c l ( n ) .  T h . e n

a )  a a [ t g ( H . )  )  i s  b o u n d e d

b)  The  fo l l ow ing  fo rmu la  ho lds  d

, m

g (Ho )  (A+ i ) -m  =  (A+ i l - * f  f  ( i l )  t - r  ) kaa f ; ( e (Ho )  )  ( a+ i l - k ] .
o

- o .  \
He re  aa i  (g  (Ho)  )  =  g  (Ho)  -

PROOF. a)  
.Using the formula

i t  can be shown by induct ion that  for  every keN,  k>1



:  - ,  i o ' -

aa f t . iHoty  e  B t ) t ]

. . r k  { o i H o t r  =
q $ n  

\ v  t

l l  .ak  lu iHot  t l l  g t f t )

Now the par t  a)  o f  the

r  ( .b :1 . ) . !  -
L  k "  ! k ^ ! k ^ !

k .  + k ^  + k ^ = l < - 1  " 1  ' - - ' 2 '  - -  3 -
l z J

!

.  iuul , t  ( " iHos 1 r6k '  + 1

I
fi

1r { H o )  a d k t  ( * i H o

s c l t l k

lemma fol lows

( t -s , )  
)  ds  ,

from the

Q .  E .  D .

(R)  .  Then

representat ion

q  ( H ^ )  =  l Z n l - 1  ' ' ,  
I u ( " )  * i H o s d s

where $ denotes the Four ier  t ransform of q '

b)  The proof of  the second part  of  the ' Iemma is

elementary and is made by induct in '

g  ( H o )

+b v x

(  resp .

denotes

(qesp .

@

CORILLARY 2 '8 .  Le t  meN and  l e t  g€Co

m  -  m .
maps $(A" ' )  in to  S(A" )  -

Now we n-eed to make some notations '  ITIe denote

c - -

( r e s p .  X  )  E n e ,  i n d i c a t o r  f u n c t i o n  o f  ( 0 ' + * 1

( - - , 0 ) ) .  F o r  a  s e l f - a d j o i t  o p e r a i o r  A ,  e i  ( r e s p '  n ; )

t he  spec t ra l  p ro jec t i on  co r respond ing  to  (0 '+oo1

(- - ,  0  )  )  and A denotes the op.erator  1 t  +a? 11 /  
z  '

Lemma '2 .4  has  the  fo l l ow ing  cpnsequence

L E I 4 M A  2 . 9 .  L e t  s ) 0 .  T h e n

c - q

< A > " < x >  
-  =  J .

J,

is a bounded oPerator on

- PROOF. We need

i
and then use the comPlex

tL.

only to Prove

in te rPo la t ion-

the qase

Thus we

s = k e N

must show
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that L.he operators

are bounded.

a a . & -  . i  m  ^ I  ^
c J  u r l t t a L c

i - i
A J < X >  " ,  j S k ,

But  th is  fo l lows f rom Lemma 2 .4  and the

, - v ' t
I  ( . x ' - * o , a l , p )  |  s c l l  o  l l  l l , r , l l ,  Q , , 1 , .  6

Q .  E .  D .

R e m a r k  2 . 6 . c 1  ,  C o r o l l a r y  2 : 8  a n d  T h e o r e m  4 . 2  o f
a - l

L7J have the fol lowing consequence whj-ch can be interpreted

as a propagat ion property.

T T H E O R E M  2 . 1 A .  L e t ' 0 < s ' S s ,  a n d  l e t  g e c - ( t ) .  T h e n

t h e r e  i s  a  . c o n s t a n t  " = c  
( g r s  r s ' )  s u c h  t h a t

1 2 . 1 1 )  l l .  a t - s . - i H o t g  ( H o )  < A > - s  l l  s  . . t r - s '  ,  t € R ,

+
(  2 . 1 2 1  l l x t  ( t )  <  o r - s . - i H o t g  ( H o ) p A l l  s  c . r r - s '  ,  r € R .

From now on the proof  o f  Theorem 2.1 fo l lows

the same way as the proof  o f  Theorem 4.3 of  t? ]  or  the

p r o o f  o f  T h e o r e m  1 . 1  o f  [ Z ]  .

, ,
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3. THE LONG-RANGE CASE

Some of  the : :esul ts  of  Sec 'b ion 2 concern ing to  ' the

.  
unper turbed Hami l ton ian Hor  such as-oo-smootheness,  can be

i  extended to a per turbed Hami l ton ian H,  = H^*Vr ,  where V. , .  is
L  U  L J .  L

a long-range Potent ia l
1 r

The purpose of  th is  sect ion is  to  prove that  under

er ta in  condi t ions,  the per turbed Hami l ton ian H" = HonVL

.  is  - -smooth wi th  respect  to  cer ta i  conjugate operators on

any  f i n i t e  i n te rva l  I cR \P^  (S )  .- ( J

'  
lve rec4l l  .now some def in i t ions and hotat ions which we

s h a l l  u s e .

Let  f  (M) denotes the ind icator  funct ion of  the $et

*

'  M and assume that  Rn is  d iv ided in to uni t  "cubes"  Ck,  l<€N

so that

Rh  =Ue, -  and  c . , -ocu  =  0 ,  k  f  j '
k.firtr o ^ J

w e  s a y  t h a t  f e c o ( r , P ) ,  p ) 1 ,  i f

l l  r l t , p , = ; : f i l l  r ( c k ) r l l  p <  c o  a n d

** l l  " (ck ) r l l  p  
-  o '

Also y"  
"ay 

that  a  f .unct ion f  is  quasi -d ive i :gent  i f

.1 i*1cona*l  
= o

K+@

f o r a 1 I m e N , r v h e r e " * . = { x e R n : | ' ( x ) | s m } . . 1 ' ' u ! ' l u : : " t e s t h e

Lebesgiue measure of  the measurable set  M'

o n
Final ly  we denote by C;(R")  the space of  a l l  smooth

funct ions Q such 
' that

l i m  D o O  ( x )  -  o
x*:

We shal l  work under  the fo l lowlng hypotheses '
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HYPOTHESES

I .  The  f ree  Hami l t on ian  H^  i s  a  se l f -ad jo in t  bpe ra to r
o

o n  t h e  H i l b e r t  s p a c e  X ( =  f , ' ( R n )  ,  w i t h  t h e  d o m a i n  9 ( H ^ )  =
C)

tue f f ;  po0€)e ] ,  Ho =  y - 'poO,  where  0  i s  the  Four ie r  t rans form

t  f  ^ - ^  _ _ 1 _ '  
'  F - r  -  -

€  o f  u  and  p  i s  a  rea l  va lued  func t i on  wh ich  sa t i s f i es :
* ( f

( i )  p  :Rn+R i s  a  con t i nuous  func t i on '
4  

- O

-  n  o o .
( i i )  Le t  Sn  be  the  se t  {6€R ' ^ ;  Po  i s  no t  C  i n  any

-  :  ,  r , - - n . ^  t P
n e i g h b o r h o o d ' o f E } , l e t C ^ b e t h e s e t { E e R n r S ' . , ; V p . . , ( q )p P v

and let  S = tpran. Then noTFI is a countable subset of  R"

( i i i )  For any compact interval  rcnrry-(sf  ,  wi th I

- 1

P o ' ( I )  I  A '  w e  h a v e

.  - 1
d i s t ( p ' ( I ) , S  ) > 0 .p

1
( i v )  r  ( S p ) €  c o  ( L '  )  .

( v )  l i T  , _  ( l p o  ( E ) l +  l v p o  ( q )  l . )  =  o -
E*-  EdSp

( v i ) s u p { | o o p o G \ | / ( 1 + | P o ( { ) | + | v P o ( 6 } | ; E e n n r . s n } < -

for  each mul t i - ind 'ex wi th  I  o  |  >e

I I . .  ( v i i )  V ,  i s  C*  rea l  va lued  func t i on  wh ich  sa t i s f i ' es
L

l n o v -  ( x )  |  s  c - < x > - e - l  o | ,  x e R n '
|  - t r -  

' r  
0

n
f o r  some e>0  and  a l l  0€N ' -

From the hvpotheses ( iv)  .and (v)  l t  fo l lows that

i  p_ is  a  qus i -d ivergent  funct ion (see.  the Appendix)  -  Now

' f rom 
Theorem O of  [ i ]  we-obta in that  .Vr ,  is  a  s l rmmetr ic  -

*  
11 -compact  operator .  we denote by H,  the operator  H^+v,
" q " - r L L

w i th  the  doma in  s  1H .  1  =  $ (H^  )  .' L ' O
' t

A

I I I .  Let  V:  A *  ?{  U.  a  s lzmmetr ic  operator  such that
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,\

se l f -ad jo in l  ex tens ion  H . '

.  ( i x )  F o r  s o m e  e > 0  t h e  o p e r a t o r  o  ( H ) v o  ( H ,  )  < x > 1 + e
JJ

has a  bounded ex tens ion  to ' the  who le  o f  7 l  fo t  each 0  in 'C l tn t

( x )  F o F  a n y  O  i n  c : ( R )  t h e  o p e r a t o r  0 ( u ) - 0 ( H o )  i s

compacc

The main resu]. ts of  th is sect ion are t r re fo l l0wing

t heo rems .

THEOREM 3 .1 For  any in terva l  fccR % FT there is  a

which are not is i l lET are

can accumulatg onlY at  the

TF IEOREM 3 .2 "  Assume

s a t i s f i e d .  T h e n
3

(a )  The  wave  oPeraLos

con t i nuous  subsPace  o f  
'H ;

( H L )

= ?8 (n) ,  the

@ i

sel f -ad jo in t  operator  A,  such that  At  is  conjugiate to  H"  on

the  in te rva l  r .and Hr ,  i s  .o -smooth  w i th  respec t  to  Ar .

As a consequence we have that  the e igenvalues of  H,

o f  f i n i t e  mu l t tP l i c i tY .  and  theY

p o i n t s  o f  p -  ( S ) .

t h a t  t h e  h y p o t f e s e s  ( i ) - ( x )  a r e

i r J + -  - i t J  +

W .  =  s - 1 i m  e - " - e  
r r r o u E

" t  " t ; ; ' , " -  - ac

e x i s t ;

(b )  Range  W*

( c )  o . "  ( H )  
. l

(d) Any eigenvalue of  H not in pJSfuon (H") is 
" l

f i .n i te m.ul t ip l ic i ty.  The eigenvalues. of  H c-an acc\mulate

only at the po1-nts 
"f %Eluon 

(Hu)

' ,  
REMARK 3 .3 .  a )  I n ,  t he  p roo f  o f  Theorem 3 .2  -we  -sha l l= -

need the fo l lowing local  compactness proper t lz :  for  any

compact  in terva l  
.1cpq{SJ 

and for  each r>0,  the operator

F ( l x l < r ) E L ( r )

denotes the spectra l  pro ject ion fori s  c o m p a c t .  H e r b  E L ( I )
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/ , t t

H* onto the in terva l  I .
L

This propert l r  is  a consequence of  the quasi-di-vergence

o f  p - .- o

b)  The qusi -d. ivergence ot  
8o 

impl ies that  the condi t ion

(x)  . is  equiva lent  to  the fo l lowimg one:

( x )  '  Fo r  any  O  in  c :  (R )  t he  ope ra to r  O  (H)  -O  (HL)  i s

I  comPact .

c)  In  the same way one carL prove Theorem 3.2 wi th  the

condl t ion 1 ix)  rep laced by t ' | re  condi t ion:
1 r -

,  1 i x )  '  F o r  s o m e  e > 0  t h e  o p e r a t . o r  O  ( H ) V < X > '  
' '  

h a s  a

bounded  ex tens ion  to  the  who le  o f  X  fo r  each  O  in  C : (R) '

Th i s  cond i t i on  i s  a rways  t rue  when  V  i s  a  sym ie t t i c

I {_ -compac t  ope ra to r -and  the re  i s  an  e>0  such  tha t  t he
o

opera to r  :

( H  + i )  
- 1 v . x r 1 * t

\

has a bounded extension:  ,

.  d)  The condt t ion (v)  impl ies that  for  any compact

i n te rva l  r cR \p : l sT ,  w i th  p l1  t r )  f  0 ,  we  have- '  t - o  . - ,  ,

i n f  {  l v p o  ( 6 )  |  ;  E . p ; 1  ( r )  } ' =  . r  ' o ' .

'  Th i s  remark  imp l i es  tha t  a l l  t he  cons t ruc t i ons  i n  Sec t i on  2

can  be  made  in  the  con tex t  o f  t he  hypo theses  o f  t h i s  sec f i on ' .

Let lccRrfi-fs] be an interval and let JccRrflST ue- o -

ano the r  i n te rva l  such  tha t  ICcJ .  l p t .A  =  A t  be  the

-  .  -  . - , - = " 1 f - a d j o i n t  o p e r a t o g  a s q g - c i q l e d  - t - o -  t b e  i n t e q v a l '  J  d e f i n e d

*  t  
I  r  ^ - ^  -i n  S e c t i o n  2 '

Then  the  Remark  2 .6 .a , t  and  the  quas i -d i ve rggnce  o f ,

'  
th"  funct ion p^ have the fo l lowing consequence

o
.  There is  a  compact  operator  .K on lL  such that

( 3 . i t  P r , ( r ) i [ u o , A ] E L ( r )  
z  c ! /  ( i + m ] t  c ] ) ' n " ( r ) +

+ E -  ( 1 )  K E -  ( r  )
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:  w h e r e ' m "  =  s u P {  l t [  ;  t € J  ] . ',,

S ince the components of  the vector  f ie ld .  v '  which

6 n
. de f i nes  the  ope ra to r  A ,  be long  to  the  Space  C- (R- - )  ,  we  i an  .

prove the fo l lowing lemmas.

LEMMA 3 .4 .  rhe  ope ra to r  ado (V" )  de f i ned .  on  9 (Rn)  has

a bounded extension to  a compact  operator  on I0 .

LEMMA 3 .5 .  Le t  meN.  Then  the  ope ra to r  aa f ; t v r , )  de f i ned

on 9(nn)  has a bound.ed extensio.n to  the whole of  i l .

For  the proofs  of  these lemmas we refer  to  the Appendix '

'  
These lemmas end the proof  o f  Theorem 3.1 '  

'

w e  n o t e ,  a l s o ,  t h a t  L e m m a  3 . 5  g i v e s r  E S  i n  s e c t i o n  2

(c f  .  t he  p roo f  o f  Lemma 2 .71  ,  t he  fo l l ow ing  co ro l l a ry .

co

COROLLARY 3 .6 "  Le t  meN and  l e t  geCn  (R)  '  Then

. m ,  t i r  \  \  r  -  r -
a)  aa[ (g (HL)  )  j -s  bounded' '

b)  The fo l lowing formula holds '  
'

e(HL)  (A+ i ) -m =  1A+ i , - * r ' i i i l )  t - i  ) kaa f  ( s (H" )  )  (a+ i ) *k ) '
o

H e r e  a d o  ( q ( H -  ) )  =  g  ( H ,  )  .
A - ) t - t J

c )  g ( H r , )  m a p s  s ( A m )  i n t o  S ( a m ) -

N o w  t h e o r e m  3 . 1 ,  C o r o l l a r y  3 . 6  a n d  T h e o r e m  4 " 2  o f  l 4  I

lead to  the fo l lowing theorem

THEOREM 3 .7 .  Le t  0Ss 'Ss  and ,  l e t '  ge  C l  ( I ' r oU  (HL)  )  .  Then

,  t h e r e  i s  a  c o n s t a n t  c  -  c ( 9 r s r s ' )  s u c h  t h a t
("

( 3 .3 )  l l x t  t t )  <A> -s  
" - 1H  

t s  ( u " )  P i l l  s  c< t>

From now on, t .he proof  o f  Theorem 3.2 fo l lows the same

way as the proof  o f  T.heorem 4.3 of  tZ]  or  the proof  o f  Theorem

t . t  o r  t z t .
i L !

,  t € R ,

- q l
{ -e  P

t  e * r \ .
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.  4 .  BESOV SPACE BSTINATES

In lg l  ,  t .he authors show haw ]4ourre 's  commutator

.methods 
. . ;  ; .  usec l  to  prove resolvent  est imal -es in  Besov

spaces  \

I n t h j - s s e c t i o n w e s h a ] . l u s e . t h i s a p p r o a c h t o

p rove  th i s  t ype  o f  es t ima tes  fo r  a  regu la i :  pe r tu rba t i on

.  o f  a  s i m p l y  c h a r a c t e r i s t i c  o p e r a t o r '

D E F I N I T I S N  a . f .  [ g ] "  L e t  A  b e  a  s e ] f - a d j o i n t  o p e r a t o r

o n  a  s e p a r a b l e  H i l b e r t  s p a c e  X  v ' z i t h  n o r m  l l ' l l  '

a )  lde d 'e f ine the Banach sPace

c o  
1  / ) , ,

B A  =  { u e } 0 ;  I  n ] " l l  r ( A e f i . ) " l l  .  c o  } ,
C  

;  J  
' '  J

w h e r e  F ( A e Q . ) '  i s  t h e  s p e c t r a l  p r o j e c t j - o n  f o r  A  o n t o  t h e
t t . i

s e r  n i  =  { 1 . e R ;  2 J - t  s l t i s 2 J } ,  j ) 1 ,  Q o  =  { t e R ;  l t l s t ) ,  a n d
J

R,  "=  2J .  we  wr i t e  l l  ' l l *  f o r  t he  obv ious  no rm on  Bo '
l ) " A

b )  The  dua l  space  B i  o f  Bo  w i th  respec t  t o  t he

inner  product  on is  the Banach space obta ined by

r \ . rmY ' \ l  a t i  no  i n  t he  no rm
v v r r t t / r v e r r . Y

4  l a

l l " l l e i  =  = T n  * ; " "  l l n ' t e e n r ) u l l

c )  The  case  f f  =  l * i  ,  ) t  =  L '  (Rn )  g i ves  the  usua l  
.

s p a c e s  B ( R n )  a n d ' B *  ( n t )  -

'  
D E F I N I T I O N  4 . 2 .  L e t ' H o  b e  t h e  s e l f - a d j o i n t

rea l i sa t i on  i n  L2  (Rn) .  o f  t he  ope ra to r  o f  convo l t l t i on  w i th

a  rea l  con t i nuops  func t j -on  po  de f i ned  i n  Rn  wh ich  sa t i s f i es

h y p o t h e s e s  ( i ) - ( i v )  g i v e n  i n  S e c t i o n  2 '

' W e s a v t h a t H = H ^ + V i s a r e g u l a r p e r t u r b a t i o n o f

H  i f  V  sa t i s f i es  the  fo l l ow ing  cond i t i ons :
o

a)  V is  a  symmetr ic  l lo-compact  operator '

L e t  v r e  c i ( R n ) . ,  s u p p v . c R n r s p ,  j = ' l  , "  ' , n '  I ^ I e  d e f i n e
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I  the sel f -adjoint  oper 'ator wi th as a core

n - i 'f r  -  I  ( X + v *  ( D )  + v ;  ( D ) X " ,  / 2
1  J J  J  J

b)  The form !  =  i f ,v ,a ]  der ined on Tt ,  "ns(a)  exrends-  __+/ .

to  a bounded operator  f rom ?1, .  toW which is  an H -compact
* t  - - - -  - - O

opera tor .

c)  The form i  [e,a]  exrends from }[ ,  ^n$tal  ro a+ z

* bounded map from.I t , -  to I t  ^ .+ z  - z

THEOREM 4.3.  Let  H -  Ho+v be a regurar pdrturbat ion

o f  H o .  L e t  R ( z )  =  ( H - 2 7 - 1  f o r  1 : m z  f  C I .  T h e n

a)  Any e igenvalue of  H not  in  p]bf  is  o f  f in i te
-  - o

m r r ' l  { -  i  n ' l . i  r' ! s ! u + y r r u i t y .  T h e  g i g e n v a l u e s  o f .  H  c a n  a c c u m u l a t e  o n r y

a f  1 - h o  n o i n t s  o f  p  G Ta L  L r r E  P U  - o  .

-  b )  F o r  A e n v ( p o $ ' f u o o ( H )  ) ,  t h e  e s t l m a t e

s g p l l n ( r + i 6 ) r l l  - (  c t D l l r l i
6 1 0  B n  ( R " )  B  ( R " )

ho lds ,  where  c ( l )  can  be  chosen un i fo rm j -n  I  runn ing  over

a f ixed compact subset of  nr  (p l lsTu6_ ( t r )  )  .- o  p  '

Let rccR,r{GT ne an inrerval and }er..tccRr!-l l$f- o

be another  in terva l  such that  IccJ.  Let  A = A. ,  ne t f re
rJ

sel f -ad jo in t  op.erator  associated to  the j -n terva l  J  def ined

i n  S e c l i o n  2 .

T h e n  R e m a r k  2 . 6 . a \  a n d  D e f i n l t i o n  4 . 2  i m p l y  t h a t  A

'  i s  con juga te  to  H  on  the  l n te rva l , { ,  and  H  i s  l - smoo th

.  w i th .  respecL  to  A .
-  

,  
-* -  -  ,  - i  - ' - -_.- -*  '

So the f . i - rs t  par t  o f  Theorem 
'4 .3 

fo l lows f rom' the

abstract  resul ts  of  Er i .c  Mou?re

Concein ing thE second par t  o f  the theorem we

s h a 1 l  u s e  P r o p o s i t i o n  2 . 1  o f  [ A ]  t o  o b t a i n  t h a t
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, , - . .  r l  < -  f  ) ) l l f  l ls u p l l R ( , 4 + r 0 i r i l  . : - t 1  \ ^ , | l l r  l l
s -  B l t  B .d l O  - A  A

r ^ ^ 1 r ^  r . r i  + h  d  l 1 l  r r n ' i  f n r m ' l r z  b O U n d e d  i n  l ,  V f h e n  L  f U n s
h o l - o , s  w r t r t  t 1  I  ̂  '  L r r r r  ! v ! r l r ! J

,--TTuo-^ (li) ) .a  compac t  subse t  o f  ,  R \  tPo  t l  P

Na++ we show that  the abst ract  spaces BO and
! \ € A L  1  

'

Iook l ike B(Rn)  and B* (Rn\

L E M M A 4 " 4 . L e t f l = H o * V b " a r e g u l a r p e r t u r b a t i o n o f

o f  Ho .  Then  fo r  any  oeC l (n )  ,  t he  ope ra to r  Q(H)  i s  bounded

mapping f rom B(Rn) !o  Bo and f rom nf ;  to  B*  (Rn)

PROOF.  We show 0 (H ' )  : s (nn )  *  BA  ' i nce  the  o the r

asse r t , i on .  f o l l ows  by  dua l i t y .  To  do  th i s ,  
'we  use  a  va r j -an t

o f  t he  i n te rpo la t i on  Lemma 2 .5  i n  [ t ] ,  l e t  T :1 , : ' ( nn ]  - t  l ' 2  (nn )

be a l inear  operator  wi th  t :  l fo  (nn)  *  9(  |  e l  
Nt  for  some

i i
I  i ,

l i
I n r

I i:i
t ?
t i *
t $
I i '
t t i
i i :
i i
i 1

l l
i r

i i
: l
l l

i l

i .

I l'\

Prk- ? \
n

{uer, lo" (nn} ;

[a ,  O i * l l  . " r -1  *O (H)  A<F> ]

f

N>1/2 .  Then T :  e  (Rn)  *  BA '  Here  L i l  (Rn)  denotes  the  space

A Proof  o f  th is  i r i terPolat ion

mim lck ing  the  P roo f  o f  Lenma 2 '5  i n

AO (H)  <X>*1  =

is  a bounded oPerator '

'  F rom 'now the  P roo f  o f  Theorem 4 '3

l '  n '1

wav  as  the  p roo f  o f  f heo rem 1  '  1  o r  LUJ '

' S i n c e 0 ( H ) : L ' ( R n ) * L ' 1 R n ) ' w e n e e d " o n l y t o s h o w

(H)<x> 1  i=  a  bounded opera tor '  Bu t '  by  L+ l
t h a t  t  f  e f  + 1  )  0  ,  

o o u n t l e t r  e P c r a u v ! '  " " t '  
. - ' .

L e m m a  4 . 1 2  a n d  L e m m a  2 ' 9  o f  S e c t i o n  2  w e  o b t a i n  t h a t

resul t  is  obta ined bY

i 1 l  .

Q .  E ' D  '
I

fo l lows the same
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REMARK 4 .5 .  a )  Assume tha t  po  sa t i s f i es  the

hypo theses  ( i ) -  ( v i )  o f  sec t i on  3  and  tha t  v  =  vL  sa t i s -

f ies bhe hypothese (v i i )  o f  the the same sect ion.  Then

H =  H^+V i s  a  regu la r  pe r tu rba t i on  o f  Ho .  -. o u

M.oreover ,  L f  po and V"  sat is fy  the above cbndi t ions

w i th  the  cond i t i ons  ( v i )  and  ( v i i )  r ep laced  w i th  the

condi t ions

( v i ) '  s u p { l o o p o  ( E \ l /  ( 1 + l p o ( 6 t  l + l v p o ( E )  |  ) ; { e R n r t n } ' *

fo r  each mul t i - index .  o  w i th  2S la l  S* , '

and.

(v i i ) , ,  v "  i s  a  cm rea l  va lued.  func t ion  wh ich  sa t is -

t f  a c

I  D \ r ,  ( x ) l  s  cocx>-e -  |  o  I

f o r  some e>0  and  a l l  oeNn  w i th  I  o l  sm,

where  m =  2 ln /2 f  +1 ,  t hen  a l l  t he  conc lus ions  o f  t he

Theorem4.3  ho ld  fo r  H  =  H . *VL .

'  b )  The  Theorem 4 -3  es tab l i shes  the  ex i s tence

and  the  un iqueness  o f  t he  weak - *  l " : rm i t  i n  B* (Rn)  fo r

R ( l + i 6 ) f  a s  6 + 0 ,  w h e n  f  B ( R n )  ,  a n d  ) . e R r i p l T s T u q p ( H )  ) '  

" T h i s
resu l t s  f o lLows  f rom the  B*B*  es t ima tes ,  t he  dens i t y  o f

L ,  ( R n )  i n  B ( R n i  f o r  s > 1 / 2 ,  a n d  t h e  e x i s t e n c b  o f  t h e
J

b o u n d a r y v a l u e s R ( l t i 0 ) i n t h e L S - L ' z s * t o p o l o g y { o r s > 1 / 2

( c f .  T h e o r e m  2 . 2  o f  [ z ]  a n d  L e m m a  2 . 9  o f  S e c t i o n  2 )
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.  
APPENDTX

In  th i s  append ix  we  p ropose  to  d i scuss  ce r : t a in

resul ts  concern j -ng the L2 -boundedness and compactness of

mul t i -commutators of  pseudodi f ferent ia l  operators and the

quas i -d l ve rgence  o f  some fun t i ons .

A.  We g ive here the proofs  of  Lemma 3.4 and

Lemma 3 .  5 .

Le t  5  deno te  the  Four ie r  t rans fo rm on  f t  (Rn ) .  Le t

t e R  a n d  l e t  a € 9 ' ( R n * R n ) .  w e  d e f i n e  t h e  o p e r a t o r

a a  ( X , O )  : g ( R n )  *  9 '  ( R n )

by

. . t  ( x , D )  0 , r ! >  =  ' 1 2 r r - n / 2  '  (  ( 1 s 9 - 1  )  t )  " t a , U o O >

0 ,  r p e f ( n n )

n
where Ta:  RnxRn *  Rn*Rn is  a l inear  map def ined by

.  T t ( x r Y )  =  ( t x + ( 1 - t ) Y r x - Y )

Then we have
t l

a . ,  ( X , D ) - a o ( x , D )  =  
o . t l l . o r l  

o l T o r  ( a ; a ! a ) o ( x , o ) +

( A .  1 )

* k ,  I  .  , o u  ' ,  / t 1 - t ) k - 1  t a l a [ a ) .  ( x , D ) d t
l o l = k  o

wi th  the  in tegra l  converg ing  weak ly .

we shat l  use  the  theorem o f  ca lderon-va i l lancour t

j -n a var iant  due to cordes [ : ]  tsee also Kato lg l  I  '

THBOREI4  A.  1 -  Le t  m =  ln /z f  +1  and 05 t51 '

a )  t f  o o p ! . u l *  1 n n * n n )  f o r  l o l  ,  I  g l s z * ,  t h e n

a,  (X ,D)  i s  r , ' *nounaea.  Moreover ,  the  one parameter  fami ly

o f  o p e r a t o r s  a *  ( X , D )  ,  0 5 t s i ,  i s  u n i f o r m l y  b o u n d e d  a n d
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uniformly cont inuous in operator norm

b)  r f  a .c2 ln  1Rn*nn)  ,  then the  opera tor  aa  (x 'n )  i s

compact in the space Zl-  = l t  (nn) '

Le t  seR.  We def ine  the  sPace

M ^  =  { a u c - ( n n ) ;  S o , ,  3 c o ' 0 ,  l a o t ( x )  l s c o < * ' s - l c t ' l
S

Then  fo r  . .M"  and  A  de f i ned  by  Q '6 \  we  have

n

( A . 2 )  [ a ( x ) , A l  =  
I [ * l a ( X )  

, v ' ( D ) ] * i l a ( x )  ' ( d i v
I

Now Lemma 3 .4  i s  an  easy  consequence  o f  (A '2 )

fo l l ow ing  resu l t .

,  x e R n ] .

v)  (n  ) l

and the

LEMMA A-2-  Le t  e>0 and le t  aeM' , -  '  Then

a)  r f  bec f ; (Rn)  ,  rhen rhe  cor tmuta tor  [a  (x )  ,b (D) l  i s

L2 -bounded.

b )  I f  beg -  (Rn)  ,  t hen  the  commuta to r  [ a  (X )  , b  (D ) ]  i s

a  compac t  ope ra to r  i n  t he  space  L '  (Rn ) '

P R o o F . T o p r o v e t h i s l e m m a w e o b s e r v e f l r s t t h a t

[ a  
( x )  ' b  ( D ) ]  =  ( a o b )  , ,  ( x ' o )  -  ( a s b )  

o  
( x ' D )

Then ,  bY  app ly ing  (A '  1  )  w i th  k  =  I  we  ob ta in

n 1

l a ( x ) , b ( D ) ]  =  i l  
l , u r a s D r b ) r ( x ' D ) d t

Now th is  lemma is  an easy coro l lary  of  the Theorem A'  1  '

0 .  E .  D -

L e t  a e M . .  T h e n ,  s t a r t i n g  f r o m  t h e  e q u a l i t y  ( A ' 2 )

and  us ing  t r r .  l . . ob i , s  i den t i t y r  w€  can  p rove  by  i nduc t i on

tha t  f o r  any  m€N '  aa [ ta (X )  )  i s  a  f i n i t e  sum o f  t he  te rms

of  the fo l lowing form

t L  .  .  f  [ " o  (X )  , b ]  (D ) ]  , b2  (D ) l  , '  '

w h e r e  . k " M = * k ,  o j t c l t n n ) ,  3 = 1 , "  " k '

. l , n o t o t ]

k 5 m .
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Now Lemma 3.5 ls lmpl ied by the fol lowing resul t .

LEMMA A.3 .  Le t  e>0 and le t  keN,  k>1.  I f  u .Mk- . ,

nre c i  (nn)  ,  )=1 , . .  .  ,k ,  then the mul t j - -commutator

[ [ . . .  f [ a t x r , b 1  
( D ) ] , b 2 ( D ) ] , . . . ] , o u ( D ) ] ,

.  def ined on 9(Rn) ,  has a bounded extenslon to  the whole space

n
I , '  (R")

'  4"  proof .  The proof  o f  th is  lemma is  made by induct ion.

The case k = 1 was proved in  Lemma A.2 a) .  Assume that  the

s ta temen t  i s  t rue  fo r  k .  Le t  aeMp+ l -e .  Then  us ing  (A .1  )  we

obta in as in  the proof  o f  Lemma A.2 that

F l

[ a t x ) , b 1  
( D ) ]  =  ,  I  i l o l / o !  ( D o b r  )  ( D )  ( D o a )  ( x ) + B

.  I  " l < k + l  

I

w i t h  B  a  b o u n d e d  o p e r a t o r  a n d  a o a e M p + 1 - e - l o . l . M x - .  f o r  1 s l s l .

N o w t h e I e m m a f o 1 1 o w s f r o m t h e i n d u c t i o n h y p o t h e S e .

B :  We sha l l  p rove  the  fo l l ow ing  resu l - t .

n
PROPOSIT ION B .  1 .  a )  Assume tha t  P^ :R ' ^  

-+  R  i s  a  func t i on

w h i c h  s a t i s f i e s  t h e  c o n d i t i o n s  ( i ) ,  ( i i )  a n c l  ( 2 ' 1 ) "  o f  t h e

Sec t i on2 .  Le t  f  n  p lGT  Ue  a  compac t  i n te rva l  and  1e t  r>0 .
o

Then

F ( l x l s r ) e . . , ( r )
U

i s  a  compac t  ope ra to r  on  L2  (Rn) .

b )  Assume tha t  po :Rn  *  R  i s  a  func t i on  wh ich  sa t i s f i es

t h e  c o n d i t i o n s  ( i )  ,  ( i i )  ,  ( i v )  a n d  ( v )  o f  t h e  s e c t i o n  3 .  T h e n

p^  i s  a  quas i -d i ve rgen t  f unc t i on

I n  o r d e r  t o  p r o v e  P r o p o s i t i o n  8 . 1 ,  i t  s u f f i c e  t o

s h o w  ( c f .  C o r o 1 l a r y  3  o f  [ S ]  f o r  t h e  p a r t  a )  )  t h a t  t h e

fo l lowing lemtna is  t rue
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: that po satisfies the conditions

(2"1 | '  o f  the  Sec t ion  2 .  Le t  rcR lF l lF f  Ue a- ( J

compact interval. Then

* im 
lcor- ln-1 tr t  |  = o:

b)  Assume tha t  p^  sa t i s f i es  the  cond i t i ons  ( i ) ,  ( i i ) ,- o

( iv)  and (v)  o f  the Sect ion 3.  Let  IcR be a compact  in terva l .

Then

,11i  lcknp;1 ( r )  |  = o-
. K*1

Here I  a l  denotes the Lebesgue measure of  the measurable set  A.

PROOF. We shal l  prove only  the par t  b)  o f  th is  }emma

s . ince  the  f i r s t  pa r t  can '  be  done  in  a  s im i l a r .manner .

^
b )  S i n c e  p ( S n ) € - c o  ( L ' ) ' i t  s u f f i c e s  t o  s h o w  t h a t

- 1

i l :  
I  tun ( iro'  (r ) \  sp) |  = o '

I f  w e  d e n o t e  b Y
a

b t  =  i n f  {  l v p o t g )  |  ;  E e c k n t n o l  t r ) r S o )  } ,

t f i en  the  compac tness  o f  I  and  the  cond i t j , on  ( i v )  imp ly  tha t

l i m  b ,  =  o .
k+ -  

K

L e t  k o e N  s u c h  t h a t  b k t O  f o r  a n y ' k e N ,  k l k o '

The proof  o f  the lemma is  compleaded by the fo l lowing

e s t i m a t e :
- ' 1  - 1

l c , _ n ( p ^ ' ( r ) r s . l  5  n / n l r l b r  ,  k e N ',  K  - o  I

and letL e t  B j  =  { g ' r : f l . c  '  I v -  ( 5 ) l  s  / ; l  D . p , - . , ( 6 ) l }
,  

- , .  ' " p '  I ' r o t , '  '  
] - o

s *  n l t  def ined by
h

I1

i ,

( 8 .  1 ) k z k

O , : R n
l
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for  j=1  , . . .1n .  Then 0 i  i s .  a  loca l  d i f feomorph ism a t  every

- 1  
J

p o i n t  i n  P o ' ( I )  B j .  
n

s ince  co  n l1  f  r t  :  Y  
. , fno t  ( r )nB j ,  then (8 .1 )  fo l lows

from

( 8 .  1 )  :  l c knp ;1  ( r ) nB j  I  s  6 l r  l b ; '  ,  keN ,  k>=ko ,

+ - 1=  |  ,  '  "  , n '

This  est imate can be obta ined by making a change of

va r iab le . .  Le t  us  wr i t e  Cknp ; '  { f  ) n f ,  as  a  d i s jo in t  un ion

? 
t; '  ,"o, )n cknBjnMr ,

w h e r e  a k ,  =  n 1  ( c o ) x . . . x n j - ,  ( c t  ) * t t n j * t  ( c t  ) x . . . x n r . , ( c o )  a n d

Ml ,  I  * l  a re  d i s jo in t  measurab le  se ts  wh ich  have  ne ighborhoods

o n  w h i c h  Q +  i s  a  d i f f e o m o r P h i s m .
J

Then

- 1
cknp ;1  ( r ) nB j  =  

Y  
t ; '  ( oo j r )  ,

where  A r_ . . , ,  ,  l eN ,  a re  d i s jo in t  measurab le  subse ts  o f  ck ,  such
l..J I ,

- 1  -  1
rha t  * ; '  ( oo i r )  =  o ; '  ( ck r )ncknB jnMr ,  t j  i s  a  d i f  f eomorph ism

i n  a  ne ighborhood or  o r l  (e r j f )  and

Hence

- 1

l a e t ( o j ' ) ' ( n )  I  S  / n b k ' ,  n u A t  j t .

l c , n p ^ ' { r ) n e - ,  1  s  I  J - ,r a  1 . ,  r  1 o j , ( A k j r )

- - - 1  ,  -  - ,  , . - 1
1 { n b o ' J  d 4  =  l n l  r l b i . ' .

c"k r

0 .  E .  D .
tt&"

d E  =  J  J l a e t t o - 1 1 ' ( n ) i a n <
1 n J
a Ar-- . i  lr 'J  r
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