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We introduce and study duali t ies A , RX -* FW (i.e., mappings f .  nX --, f  A . [W
A A . . - X

such that ( inf f ,) '  = 
lui f . '  for at l  {f ,}14 GR'* and al l  index sets I),  which satisfy the

i g l  
'  

i g l  
' ^  

^  
t ' = '

addi t ional  condi t ion t iVola = f  
A[ -o ( f  e  Fx,  o  e F) ,  and the i r  duals ,  which are

character ized as those dual i t ies A* :  FW--+ FX,  fo ,  which ( f  -Ld)A* -  rO*T -d ( f  e

e RX, d e R), where l- and T are two new binary operations on R, which we introduce

here. Furthermore, we give a characterization of those A which are also conjugations.

Sorne applications are also mentioned.

S0. Introduction

We recal l  that  i f  E = (E, ! )  and F = (F,1)  are two complete la t t ices,  a  mapping

A' :  E-+F is  ca l led (see e.g.  16 l ,L24l ,  [ l l ]  a  dual i ty  (or ,  a  "polar i ty"  [ l ] ,  [15] ,  [ t6 ] ,  i f

for  each index set  I  { inc lud ing the eqpty sgt  I  =  O,wi th  the conycnt ians in f  /=a6,supP=-oo,
where +oo a ' '1  -an derra le 1119 la i5er t  a 'nd 'snr . rJJt" l  t ' le ' i ta l .Srregpecl ive lv  ) ,we havd

A(inf  x,)  = srrp A(x,)  ( {x,} , . ,  s e).  (0.1)
i g l  i g l  

r  r r s r

We have studied duali t ies between (general and various concrete) latt ices E and F, in

It t1 1r"u also [24]; for other recent results on duali t ies, see e.g. [3]-[5], and the

references therein). An important part icular class of duali t ies is that of conjugations,

which has appl icat ions to  dual i ty  in  opt imizat ion.  Let  us recal l  that ,  i f  X and W are two

sets and E = (RX,() (t f ,e complete latt ice of al l  functions f :  X * '>F=L-,.*1SJ;1i

p o i n t w i s e p a r t i a l o r d e r ) , F = ( R W , ( ) , a m a p p i n g c : E - - + F ( o r , w e s h a l l w r i t e , s i m p l y ,

. ,  RX-*  R\ t / )  is  ca l led [21]  a  conjugat ion,  i f  i t  is  a  dual i ty ,  i .€ . ,  i f  for  every incex set  I

( including I = O) ,nve lrave (denoting c(f ) by f c)

t
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( inf f,)c= supff t i t , l , . ,  eRx),
iel 

' iel 
r

and if  i t  satisf ies the addit ional condit ion

( f i d ) c = f c + - d ( f e R x , o e F ) , (0.3)

a i b = a + b = 3 + b  i f  R n { a , b } l O  o r  3 = b = J @ l

a i b = + 6 r a + b = - o ,  i f  a = - b = t o o '

For example, i f  X and w are two sets and 9: xf,w +R is any function (cal led'

fol lowing [13], [14], a 9-ogPlln€-tunction), then the mapping c(9) '  FX --+FW defined by

fc(9 )(w) -  sup {  g(x,w) *  - f  (x}  ( t  e Rx, w e w), (0.6)

is a conjugation, .Jil

the converse is also true. Indeed, Ayl2l)rtheorem 3.1, for any coniugalion t t RX*FW

we hgve (at each w e W)

tc = zup {k{xi)c t -t(x} (t e FX), (0.7)

fc :  XXW*F -  such
anghence the reex i s t saun ique lyde te rm inedcoup l i ng func t i on

that c = c( ?.), i .e., such that

(0.2)

-x
where we identi ly each a e F with the constant function hO e F^ def ined by hd(x) = d

(x e X), the operations i r f on RX ur" def ined pointwise (on Xi, and the operations i ' t

on F are the',upper addit ion" and "lower addit ion" defined ([13] '  [14] by

tc(w) = suP{ 9.(x,*; * -f(x}
)€x

namelY, we have

9.(x,w)=k1*1)c(w) ke

where X1*1 denotes the indicator function ol

subset M of a set X' the indicator function

X ,  w e  W ) ,

the singleton {*}.

X r : X - - - + R  ( o f

(0.4)

(0. r)

( f  e  F x ,  w e  w ) ;

We recall  that, for anY

lr,{) is defined bY

(0.8)

(0.e)

(0 .  l0)

Thus,  by the above,  there is  a  one- to-one correspondege between coni r rgat ion i

. ,  RX . *Rw and  coup l i ng  func t i ons  g :  XXw*F ;  t he  func t i on  f ;  o f  (0 .8 ) ,  (0 ' ' t )  ' : ;

(  a i f -  x e  M

x*r(x) = I
L 

+do i f  xe  X \ [1 '



called [21] the coupli lg fungtion associated t0 the coniugation c.

In the present paper we shall  introduce and study duali t ies A : RX *RW, i.e., map-

pings A satisfying, for every index set It

'{

( 0 . 1  l )

which have another "second propertyr ' ,  dif ferent from (0.3). Firs.t,  we shall  introduce and

study, ,  V-dual i t ies, 'A :  RX*R\ \ ' ,  def ined by at 'second condi t ionrron ( f  yd)A ( instead

of (f i  d)A ), namely, condit ion (2.1) below, where V anO A stand for (pointwise) sup

and inf, in RX and RW respectively. In order to determine the duals A* '  RW-> RX of

V-duali t ies, we shall  introduce two new binary operations on R, denoted T and J,

respectively, which may have interest for other applications as well (".8., to the

inversion of Boolean inequali t ies, as we shall  show). Then, extending these operations

(pointwise) to FX, we shall  introduce and study "I -duali l ies" 6 : RX * RW, def ined by

a nsecond condi t ion, ,  on ( f  I  d)6,  namely,  condi t ion (3.1)  be low.  I t  w i l l  turn out  that

V-duali t ies and l--duali t ies are dual to each other and that (Fenchel-Moreau)

c.onjugations can be expressed with the aid of V*duali t ies or l-duali t ies..Examples of

duali t ies which are simultaneously conjugations, V-duali t ies and l-duali t ies, are the

duali t ies of - type Q.3) below (containing, as a part icular case' e.g' the

Greenberg-pierskalla [8] quasi-conjugations), and we shall  show that they are the only

duali t ies having simultaneously any two (and hence al l  three) of the above propert ies.

Finally, we shall  also give some exam ples of I  -duali t ies related to lov"er

subdifferentiabi l i ty. ( in the sense of t lTl) and mention some applications. For

Y
somelurther applications, to duaii ty in optimization, see remark 4'2i l  and [12] '

,1, u, also note that, while the indicator functionl* of a set M (defined by (O'10))

has turned out to be useful for the study of conjugations, in the sequel we shall  f ind i t

convenient to use, for the study of V-duali t ies and J-duali t ies, the fol lowing function

0,, :  X --+R, introduced by Flachs and Pollatschek l7), which we shall  cal l  the
' [ 1

representat ign funct ion of  [ { :

( in f  f , )A = ,uP t f
iel iel

({tJ,*, € Rx),



9r(x)

For any funct ion f  :  X+ F

set A-(f ) of f, defined byr

A. ( f )  = { xe  x l r t * )  <  r } . (0 .13)

We shall  denote by min (respectively, max) an inf (respectively, sup) which is attained.

In the Paper [ l  l ] ,  instead of duali t ies A , FX* Rw, we have also studied. more

generally, duali t ies A : AX 4 BW, where (A,S) unO (8,<) are subsets of (R,(), which are

complete latt ices, giving applications to various concrete sets A and B. Although the

results of the Present paper can be extended to that more general case, here we shall

consider, for simplicity, only duali t ies n , FX-+ RW.

5 l. The binary operationsTand J-

lt-r

_ f 
-* if

- 
l.* if

and number

x e  M
(0 .12)

x  e  X \ M .

r € R, we shall use the strict lower r-level

F (ana extend them.

shall  need in order to

( l . l )

(1 .2 )

We shall  now introduce two new binary operations on

pointwise, to FX), denoted T and I, respectively, which we

determine the dual of a V-duali ty (see 5 4).

'  Definit ion l . l .  For any a,be R, let

( a  i f  a ) b
a T b  = {

[ - o o  i f  a ( b ,

f a  
i f  a ( b

a l - b = (

l * o  i f  a ) b .\.

The binary operations T and I are non-commutative and non-associative; for

exam ple, we have

( 0 T 0 ) T 0  =  - c o T 0  =  - c o r

0 T ( 0 T 0 ) = O T - m = 0 .

(  1 .3 )

( 1 . 4 )

Never theless,  these operat ions have some in terest ing proper t ies.  Indeed,  f  i rs t  o f  a t l .

they give an answer to the fol lorving questions on the "inversir)n" ' : '1- i : lcoie": i :

i n e q u a l i t i e s :  I f  a  <  b V c o r  a  ) b A c ,  h o u i  t o r n o v e  b c r  c  i o  t h e  l r : f t  i r , , , i , '  , '  ' -
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Proposition l"l. For any a,b,c e R, we have

a ( b V c 6 a T b ( c 6 a T c ( b ,

)  bAc6ga lb  )  c€+aJ-c  )  b .

Proof. If a ) b, then for any c e F we have the equivalences

a ( b V c ( + a < c ( 9 a T b ( c ,
i-  wh i l e  i f  a  (  b ,  t h ' en  fo r  anyceFwe have  a  (  bVc  and  aTb  =  -u  ( c .  * . . .The - - - - second

. equiva.lence in (1.5) fol lows from the f irst one, since bVc = cVU. The proof of (1.6) is

s imi lar .

Remark l . l .  By proposit ion r. l ,  the operation T (respectively,I) is, in a certain

sense, the t ' inverse" of V (r"rpuctivelyrA). we think that this property alone could be

already a suf f icient algebraic motivation for introducing T and I ,  and that these

operations may be useful for other applications as well.

b)  Proposi t ion l . l  is  s imi lar  to  [14] ,  formula (3.3) ,  accord ing to  which

x i y ) z  x ) 2 1 - y (x,y,z e R). (1,7 ' )

Corollary l.l. For any b,c € R, u|lb?ve

u .= [H  "= [H  a ,  ( r . s )
aTcSb aT b(c

b A c = m i n  a = m i n ' a ,  ( 1 . 9 )
aeR aeR
alc2b aJ-b)c

b J . c = m $  d ,  ( l . t o )
a€R
aA c(b

b T c  =  m i n  a .  ( l . l l )
aeR
a  Vc )b

Proo f .  we  have  bVc  =  ru * { "  e  R laS  uVc} ,  whence ,  by  (1 .5 ) ,  we  ob ta in  ( l . g ) .  The

proo fs  o f  (1 .9 ) - ( l . l  i )  a re  s im i l a r .

A connection between T and I is given by

Proposition 1.2. For any a,b e R we have

;=  - t - "  r -  -u l ,  
" r  

u  =  - ( -aT-b) .  i r .  r : .  ,

Proo f .  Th i s  f o l l ows  f rom (1 .1 )  and  (1 .2 ) ,  us ing  tha t  a  )  b  i f  and  on i , . . r r  - . :  .  - , . .

(1 .5 )

(1 .6 )
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Remark 1.2. a) By proposit ion 1.2, each result on T is equivalent to a corresponding

result on I (for example, (t.-:) and (1.6) are equivalent).

b) Proposit ion 1.2 is similar to [14], formula (2.2), according to which

x t  y = -(-x i  -y),  x i  y = -(-x t  -y)

1.3. We have

(xryrz e R). (1.  I  3)

Proposition

aT  +oo = -oo = (-oo)Ta

a T - o o  = a = a J - + o o

a l - o o  - + @  = + o o - L a

+ O O  I  a = + O O

(-oo )Ia = -pe

(aTb)Tc = aT(b Vc) = (aTc)Tb

Proof .  (1 .14)  -  ( t . i8)  are par t icu lar  cases

the sequel .  F ina l ly ,  by ( t . l )  and (1.5)  we have,

(a e R),

(a e F1,

(a e R;,

(a e nU{-oo }),

(a e RU {** }),

(arb,c e R).

of  ( l . l )  and (1.2),  which we shal l

fo r  any  arbrc  e  F ,

gF- ,  beF) ,

g F , b € F ) .

(1 .  I  4 )

( 1 . 1 5 )

( 1 . 1 6 )

( r .  r7)

( 1 . 1 8 )

( l . l e )

need in

(1 .20)

( 1 . 2  l  )

arb rc 
{"_' : ":::'}=il :":;:"'}=

= aT(bVc) = aT(cVb) = (aTc)Tb.

Proposition 1.4. For any set I, we have

(2p a,)T b = zup (a,Tb)

( in f  a . ) . lb  = in f  (a . Ib)
iet t iel

Proof .  I f  :y t  a .  )  b ,  then { ie  I la ,  >  b}  I  O,  and,  by ( l . l ) ,
iel

(sup a, )Tb = sup 3;  = Sup d;  = SUp (a,Tb)  = sup (a,Tb) .
i€ l  '  ic l  '  ie l ,a . )b '  ie l ,a . )b ^  ie l  I

I f  : : l  a, S b, then (gup a,)Tb = -do BDdr on the other hand, a, ( b ( i  e I),  whence a,Tb =
iel ' iel

=  -oo ( i  €  I ) ,  so sup (a,Tb)  = -ao.  The proof  o f  (1 .21)  is  s imi lar  (a l ternat ive ly ,  (1 .21)
. i e l  I

fo l lows f rom (1.20)  and (1.12)) .

We shall  use the above proposit ions in the sequel. Let us also merrt ion, ivithout

proof ,  sorne fur ther  proper t ies of  the operat ions 
- I -  

and . l  .  u . 'e  l . . :ve"  f , , ,  =" , r . r . ' , , i  l i .

({u,},r,

({.,},.1
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aTb e  {u , - *  } ;  aJ -b  e  {a , * *  } ,

a  (  b e t a T c  (  b  ( c  e n ) € ? a S b J - c

a ( b € * a T b = - o o + + b J - a = * o o r

a T a = - Q r  r a - L a = * 6 s

(  - a  i f  a ( b  a n d  b ) - o o
(aTb)Iu = 4

L * t  i f  e i t h e r a ) b  o r  b =

(aVu)ru = aTbr

a T b  (  a l b ;

moreover,

a T b ( a l . b  ( a e R , U e F ) .

Remark 1.3. Property (1.28) is similar to the obvious

p.120)

x + y ( x i y (x,y e F); (  1 .30)

however, (1.,29) contrasts with the obvious equali ty

x + y = x i y ( x e R , y e R - ) . ( 1 . 3  l )

One can also give further results on T andI, corresponding to those of [14] on +

and i , which we o,mit.

The binary operations T and I can

follows.

Definition 1.2. For any f,h e RX, l"t

(f  ThXx) = f(x)Th(x)

(f LhXx) = f(x)Ih(x)

(c e R),

(1,22)

(r.23)

(r.24)

(r.25)

( t .26)

(r.27)

(1.2s)

Q.32)

(r.33)

- @ 2

( t .2e)

inequali ty (observed in [14],

_ v
be extended to R^. where X is anv set. as

(x e X),

(x e X).

In the sequel We shall  use (1.32) and (1.33) only in the part icular case when either f or

h is a constant function.

One can also define such binary operations T and a for any part ial ly ordered set

having a greatest  e lement  +oo and a leastg lement  -oo (e.g. ,  rep lac ing a )  b  bya!b in

( l . l )  and  a  (  b  by  a  /b  i n  (1 .2 ) ) ,  bu t  we  sha l l  no t  need  th i s  i n  t he  seque l .

5 z. V-oualities

De{ in i t ion 2.1.  Let  X anC i l , '  h i :  tu 'o  se is .  , \ .  c t t , - , i j t ' " '  i  ,  Trx  * ' ' ' : - t : '  : .  r ' l  ' : .  : , : , :  : , r  : ,

V-dual i ty  (or ,  a  max-dual i tv) ,  i f
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( f v d ) a = f A ^ - d  ( f e R X , d e R - ) .  ( z . t )

Remark 2.1. a) It  is enough to assume (2.1) for al l  d eR, since for d = *oo it  reduces

to (+oo)A = -* ,  which holds for  any dual i ty ,  whi le  for  d  = -ao i t  reduces to
A A \ /' f ' = f ^ ( f  e F ^ ) .

b) Irr analogy with the above, conjugations might be called ri-dualit iesr'.

Example 2.1. For any coupling function rl,r: XtW --,,R, the mapping A(U),RX*+Rl(

aa*--# defined bv

f A($)(w) = sup {V(x,w;l - r(x)}
_V

( f e R " , w e W ) , (2.2)
xeX

is a V-duali ty, which we slral l  cal l  the /-duali ty gssociated to rp. Indeed, by (Z.Z),

( in f  f  , )A({ i ) (w)  
-  sup {V(x,w;4- in f  f  . (x) }  =

iel t 
xeX iel I

= sup {$(x,*)Asup (-f,(x))} = ,:?, . {0(x,*)A * r,t*)} = 
:rp r,o(V)t*l ({t1}i.1€Rx, w ew),

xeX ie l  '  
xeX, ie l  re f  I  ' I ' l

(f Vd)A(V)(w) = 
;u1ft,(*,w)n 

- (r VoXx)l =

= sup. f t r (x , * )A- f (x)A -d l  =  f  A( t l ) (w)  A-a ( f  e f lx ,  deF,  w ew).
xeX

. Example 2.2.For any set n g xxw, the mapping a = nn ,  nx -rFw def ined by

f  
A1*;  = -  inf  f (x)  ( f  e Fx,  w e w),

x€X
(x ,w)eQ

is aV-dual i ty ,  s ince i t  is  a  par t icu lar  case of  example 2.1,  namely,  wi t l r  g :  x tw-rR

defined by

Q = - o 0 i

indeed, for  g of  (2.4) ive have, by (Z.Z),  (0.12) and (2.3),

f  A(t l ) (w) = sup {  -  p, . , (* ,* lA * t t* l }  = sup (- f (x))  =
xeX 16 

xeX
(x,w)eCI

=  - i n f  f ( x )  =  tA ( r )  ( f  e  RX,  w  e  W) .

Q,3)

(2.4)

(2.5)
xeX
(x,rv)e0

Let  us a lso recal l  (see e.g.  L23) ,1- l0 l )  t f ra t  A of  (2 .3)  is  a  conjugat ion,  narnely ,  A = c( iP ) ,

where
f = - ) { p . {2 .6 )



--.,, : -., :.., --t",itrr:;rati:,,,",:
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Remark 2.2. a) If  X is a localiy convex space and !V = X* f,R, where X* is the

conjugate space of X, then for

9  =  { ( x , (0 , t r ) )e  xxw[o (x ) l  r ]  ,  e .7 )
the V-duality A = c(-XCI) = A(-pn) of. (2.3) becomes

:  f a ( ( 0 , 1 ) ) = - i n f  f ( x )  ( t . n x , 0 e X x , t r e R ) ,  ( 2 . s )

[i5,^
which' is (modulo the inessential addit ive term +tr) the quasi-conjugation in the sense of

Greenberg and Pierskalla [8]. Similarly, the semi-conjugation

tA( (0, t r ) )  =  - in f  f (x)  ( f  e  nx,  0  e  X* ,  ) .  e  R) ,  e .g)
xeX

introduced in Ile],i:: ' i , :-;e additive term +t- t), is obtained by takins w = xnXR

and

CI  =  { (x , (Q, t r ) )e  xX! / lo (x )  >  r -  l }  ;  (2 .10)

note that the pseudo-conjugation, and the more general surrogate coniugations of Itb],

[20] can be also obtained in the above way, and hence they are V-dualit ies.

b) If X = W is an arbitrary set, then, for the diagonal set

{?  =  { (x ,x )  e  X IX lx  e  X ] ,  (2 .1 l )

the V-dual i ty A = c(-1n) = A(-pe) of .  (Z. i l  becomes

f  A(* )  =  - f (w)  { t .  Fx ,  w e  X) ,  (2 , t2 )

which has been considered in [21], example 2.4. Note that, in this case, r! of (2"A) beco-

0(x,w)=-pn(x,w) = -p1*1(w) (x,we X), (2,13)

and a corresponding remark holds also for rg ot (2.6).

Example 2.3. Fenchel-Moreau conjugations c(f ),  RX-+FW ."n be expressed with

the aid of V-duali t ies A(it),  FxXn -*F-vl, as fol lows: i f  f  :  xXw-r.R is any coupling

function, then

tc (  9)  =  F A(u)  ( t  e  FX) ,  (2 .14)
wlrere

V ( ( x , r ) , w )  =  2 Y ( x , r v )  -  r  ( x  e X ,  r  e R , ' * , € \ Y , ' ) ,  ( i . l i )

F ( x , r ) = 2 f . ( x ) - r  ( x e  X , r e t r ) .  ( 7 . i , : , i

Indeed,  by the ident i ty
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(a,b e F

[7], Iemma
(2.r7)

l )  (see atso -  __ [ZS],  p.125,

Q.n)

Q,T9)

Q.20)

Q.21)

: X {W --+ rt- __ luch

Q.2z)

::R(" 
_ r)A(r _ b) =*,u r - b)

oue, essential ly, to Flachs and pollatschek

Iemma), we obtain

),

F A(i!)(w) 
= 

,'*'lr^..,r^ {'xft,r),*)A-F((x,r))} =sup :(x,r)oq6 '" tl t-F \(x,r//J =.;i 
::f;. 

{tr f (x,w; _ rl A[r _ 2f(x)j] == 
:&i [2q(x,w) t - zt(x)] = fc(v)fi 

' 
(w e w)._ \ . r / J _ .  

\ w , ,  ( W e W ) .

Taking in (2'2) various couplingJunctions 
v, one obtains various V-duarit ies (see

;::il -: ff lr'"' 
-""" 'r'-tffiut sll v-duarities can be obtained in this way. ro

Lemma 2.1. For any set
c . - finf . loy,1Vi1x;], xeX r^J

proof .  By L2I l , lemma 3.1,  we
f = inf {x1*l i rr*l;

so it  is suff icient to observe that
X y ' i a = o M v "  ( M E X , a e f l ) .

Theorem 2.I. For anv V-duality I : RX_, R-w we have. A  ( .  A, =;:i,(pf*P " 1\ _ t(il} (r u px),
uno nun.U tn".u u*,rr ,  u ,nrou*,0 O"r" . r ,n"O 

,oro, ,n* ,un.r ,on *Othat A = a(0a),  i .e. ,  such that

^^-- , ,'o(') 
= 
ili {vo (x,w) 7\* r(x)i (r e FX, w e w) ;

u4(x,w) = (01*p A{*)
( x e X , w e W ) .

X, we have-

(r e R-x).

have

(r e FX;,

, , ; ; : t  

Bv  (z '18) '  (0 ' l l )  (w i th  1=  X)and(2 .1)  (w i th  d  =r (x )eR- ) ,  we ob ta in ,  , " : ' : :

ra = (inr {01*1vr(*)})A = sup (01*1vr(x))A =::ift01*p^4-r{")},which proves b'tr'';'"n.", l. *i%'il. w tz.,rl,''we have (2.22).Finary, to provethe unigueness of rr4' assume that A : FX-+Fw and a function rrro : x\w _+ F satisfyQ.zz).  Then, by (z.zz) for  f  = opl  and (0,12),we obtaih

J

,
t

namely, lve have
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to{*})A (w) = zup {{4 (y,w) / - p{*}(v[ = rpo (x,w)

sa (2,23) holds.

Remark 2-3" a) fhe above proof is similar to that of [21], theorem 3.1. one can also

deduce theorem 2.1 from the results of I l l ] ,  as fol lows. By [ i l ] ,  part of theorem 3.Zn f.or

any duality A , FX-u F-w we have

( x e X , w e W ) ,

ta(r)  = sup G ̂  (xrw,f(x))
xeX a

_\.
( f e R " r w € W ) r (2.24)

where GO :  XIWXR * F is the funct ion def ined by

GO(x,w,a)  = (X{*}  ;  a)A(ur) ( x e X , w € W , a e F ) . (2.25)

Now, i f  A is a V-duali ty, then, by (2,25), (2.20) and (2.1),

Go(x,w,a) = (o{*}Vu)41*; = [(g{x})o n - a](w) = (oi*})A(*)n - u
( x 6 X , w € W , a e p - ) ,  ( 2 . 2 6 )

whence, by (?.24), we obtain (2.21) (which, as above, implies (2.22) and the unisueness of

{O). Note also that, by (2.2i l  and (2,26), we have

r|,rO(x'w) = G 
O(x,w, 

-oo ) ( x e X , w e W ) . (2.27)

b) By example 2.1 and theorem 2.1, we have a one-to-one correspondence betlveen

V..duali t ies A : RX--+ Rw and,_ggupling functions rp: Xf,w -*R; we shall  cal l  i l .ro of the-

orem 2.1 the coupling function asso-ciated to the V-duali t l  A. On t lre other hand (see

g0) ,  we have a one- to-one correspondence between conjugat ions c :  FX-,  FW and

coupl ing funct ions 9:  X{W -- ln .  Hence,  we obta in a one- to-one corresponden.cg

between V-duali t ies a , RX -r Fu' and conjugations . ,  RX * Rw, namely, A -rc({ jA)

(with inverse c -+ A( g.)), satisfying

t -  r A  ,  
_ 1 ) . ( V 6 )  ( x e X ) .  ( 2 . 2 s )*p{*}, = ,X{*}

Similarly to 1241, one can show that thege one-to-one correspondences are complete

lat t ice isomorphisms.

c)  One can replace (2.1S)  of  lemma 2. i  by

f  = in f  {X i_ l  n  d}  = inr  {p , . . rVa}  ( t  e  RX),  (2 .29)
(x ,d )eEp i f  " l x l  

( x ,d )eEp i f  
' 1x j

whereEp i f  = { ( x ,O)eX f ,R l t ( x ) !O} ,  t f r e  ep ig raph  o f  f .  Then ,  by  the  above  a rgumen t ,



-*\ 
{Z r,; -

using (2.2i l  anb (O. l l )  wi th I  = Epi f  (or ,  using direct ly (Z.ZI)) ,  we obtain,  for  any

V-dual i ty A :  nX*FW,

tA( t )= tup . .  -  { ro t - /A( r )A-d}= :up . .  -  { tn ( * , * ;A-o}  ( f  e  Fx ,we w) .  (z la )
(x,d)eEpi f (x,d)eEpif a

Corollary 2.1. For an operato-l A , RX*n FW and a set e G XXw, the followinF sta-

tements are equivalent:

I  
o.  

we have (2.r .

2". L is a V-duulilttlglttf/1g
,  . A ,  \(pl-l) -(w) = -p.,(x,w)

tx j  
'  

J l

Q.32)

(2,33)

( x e X , w e W ) . (2.31)

(2J,4)'-

Proof.  1"42". I f  lo holds,  by example 2.2and theorem 2,1,  A is a V-dual i ty,  wi th

(p{*/ A(t) = rl6(x,w) = -pCI(x,w) (x e X, w e w).
- . .J  t^J . ,  J '

Q" =+ I o. I f  2o hords, then, by (z.zl) ,  we obtain

ta( r )  =  sup. f tp{*pAt* lA- t (x) }  =  sup { -pe(x ,w) f , - i1y ; }= - in f  f (x)  ( f  eFx,  w e w) .
xgX [^J xgX l' 

xeX

Remark 2.4. Corol lary 2.i remains valid, with a similar il]i"l rve replace z" by

?'. A !_s a col iugation, satisf ying

( * { * } t  O ) A ( w ) =  - y n ( x , w )  + . - d  ( x  e X ,  w  € W ,  d  e R ) .

Corol lary 2.2.Fo! A ,  FX--r  R\\ 'und r l rO as iu lheoret :2.1,  vre have

f A(r) = mln d (f eFX, w e w).
deR

-dT -sa(',w)sr

Proof. By (2,22), (1.5) and (1,12), for any f e RX and w e W we lrave

t A ( * ) = m i n  d = m i n  d = m i n  d .
deR deR deR
f A(w)Sd rlo(,,w)lt-rca -dT-rld.,w)<r

One can express f 
A with the aid of the level sets of f ,  as f ol lows.

Corollary 2.3. -!e f'ave

l A ( * ) = m i h  d  ( f e F x , w e w ) .
deF
sup r f  ̂  (x,w)<d
xeA_o(f) '

(2.35)
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Froof .  s incev4(x ,w)A * t (x )5  * f (x )  (  d  (x€  x \A_d( f ) )  and - f (x )  >  d  (xe  A_,1( f ) ) '  we
have

{u .  n1v4(x ,w)A - r ( " )  (  d  ( *  e  x ; }  =  {a*  n10n(x, rv)  (  d  (x  e  n_o( f ) } ,
whence,  by (2.34) ,  we obta in (2,3r ,

Remark 2.j" Formula (2.35) is equivalent to

t a ( * )  = m i n { o a  F l  i n r  f ( x )  >  -  o }  ( t u  R - x ;  r v e  w ) .  ( 2 . 3 6 )
xeX
S4 (x,w)>6

Fin-ally, let u$ also mention another expression for f 
A (r). 

'

Proposition 2.1, We have

f A fl ' j)(w) = ,y?, Tg d (f e Fx, w e w). e.37)><eX deR
d"ttf  (x,w)2-f(x)

Proof. This {ol lows from (2.2) and (1.9).

For the V-duali ty A = A{? of exampl e ?.2, there holds

Proposit ion2.2" If  A e XXW, then, for the V_dualitv A = A0 , FX-*FV, gglffg_U
(2.3) ]vg have

.  f A ( w ) = m i n  d  ( f e F x , w e W ) .  e " 3 s )den
(x,w$n (xeA_4(f))

Proof. For any t e FX and w e W we have

tA ( r )  =  - in f  1(x)  = sup - f  (x)  = min d =
xeX xeX deR
(x,whe (x,wp92 d>_f (x) (xe X,(x,ypg?;

.  =  t - f r l t - I .  d= min d.
deR
(x,wgn (x€x;d<-f(x)) ,f;,T$n *.^ -(r))- o '

Remark 2.6" For a locally convex space X, W = X"XR and0 of (2.7), i .e., for the

- Greenberg-Pierskalla quasi-conjugation (2.g), from (2.3g) we obtain
A  .  . .  Yf " ( (0  , ) , ) )  =  m iL  d  ( f  e  F^ ,  Q  e  X . r ,  ) . e  R ) ,  (2 .3g )

". cbR
0 (x)<I  (xe A_o( f ) )

rvh ich is ,  essent ia l ly  (namely,  modulo the addi t ive ter rn +) .  in  the c le f in i t ion of  f  
A) ,

t lreorern 2, forrnula (8), of [22]. Similarly, for a of. (2,2), with \\ /  = xo XR and ft of
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(Z.tO), f"rom (2,3i) we obtain theorem Z, formula (10), of [22].

we recall  that i f  X and w are two sets, the djLal of an operator O , RX -* Rw is the

operator o* : Rw-r FX d"f in"d (see [2t],  defint ion 4-l) by

80* = 
inf*x h (s * Fw). (2.40)
l-€R'}

l3
h" (g

Example 2-q- r tA -  An, FX*" [w is the v-duar i ty (2"3),  f .arsome set o g XXw,

- then

A *
ga (x)  = - in f . . . .  g(w)  (g e Fw,  x  e X) .  e .4I )weW

(x,wleQ

Indeed, this is well-known, by A = c(-Xc) (see exam ple 2.2) and e.g. [21], corol lary

4,5 (see [10] ,  the formula af ter  (5 ,1)) .

The dual of a duali ty ig again a duali ty (see e.g. [16]) and the dual of a conjugation is

a conjugat ion ( [21] ,  theorem 4.1) ,  but  the dual  o f  a  V_Oual i ty  neecl  not  be a [ -dual i ty ,

nor  a "A-dual i ty" .  In  $4 we shal i  determine rvhat  k ind of  c lua l i ty  is  thJ dual  o f  a

V -dual i ty ,  i .e . ,  we shal l  character ize i t  by a ,second condi t ion, r  (bes ides (0, l  l ) ) .  To th is

end,  in  5 3 we shal l  in t roduce and study l -dual i t ies.

g 3.J- -duatlties

Definit ion 3-1. Let X and w be trvo sers. A duali ty 6 : Fx--+ p\\ '  wi l l  be calrecr a

I -dual i ty ,  i f

( f l - d ) 6 = f d T - d  ( f e R x , d e R ) .  ( 3 . 1 )

Rernark 3"1. i t  is enough to assume (:.t) for al l  <J e R, since for d = _oo it  reduces (by

( 1 . 1 5 )  a n d  ( 1 . 1 4 ) )  t o  ( * * ) d  :  - o o ,  w h i l e  f o r  d  =  + o o  i t  r e d u c e s  ( b y  ( t . l j ) )  t o  f d  =  f d

, (f e Rx).

E x a m p l e 3 . l . F o r a n y c o u p l i n g f u n c t i o n o : X X \ 1 , - - r " R , t h e m a p p i n g  6 ( o ) : R X - * R \ \ '
'  

def ined by

t 6 @(r) = sup {-t(x) f- - o(x,n,)} =
xeX



i s a I - d u a I i t y , w h i c h w e s l r a I l c a l l t h e r - @ o ( t l r e s e c o n d e q u a l i t y i n

( l .z)  11616r by ( t . i ) ) .  IndeeO, by (3,2),  (1.20),  ( t . t2)  and (1.19),

(inf f,)6(o)(') =:.:L{f-l:f f,(x)JT-o(x,w)} = sup.{[su_p(-f,(x))JT-o(x,w)] =iel , 
xek- iel r '- 

xeX iel

-sup - f (x)  = - inf  f (x)
xeX. xeX
f (xXo(x,w) f (xXo(x,w)

tr /*
( f e R X , w e W ) , $.2)

( i f i l i . lGFX,weW) ,

. - Y
( f e R . . , d e R , w 6 W ) .

6 n = o r F X * R - W  d e f i n e d  b y

of exarnple 3.1,  namely,  wi th

(3 .3 )

= sup {-r,(x)T-o(x,w)} = lu_pr,6(o){*)xeX,iel ref I

(f I d)d 
(o)(r) 

= sup.{-(f J-dXx)T - o(x,w} =

= ,rp {(-r(-)r -5} - o(x,w} = r 6 (o)(*) 
t- - a

xeX
Example 3.!.  For any set CI g X[W, the mapping d =

(2.3) is a I-duali ty: since it  is a part icular case

o : Xf,!il -* F defined by

o - _ p Q

indeed, for o of (3.3) we have, by (3.2), (0. i  2) and (2.3),

rd  b)(* )  = - in f  f (x)  = - in f  f (x)  = 16 (* ) . - Y
( f  e  R " ,  w e  W ) . (3.4)xeX xeX

f(x)(-pn(x,w) (x,w[g2

Remark 3'2' From example 3.2 andremark z,z itfollows that the mappings 6 = A of

Q's), (2.g) and (2.12), as well as.the pseudo-conjugations and surrogate conjugations of

[18]  and [20] ,  are l -dual i t ies.

Example 3.3. Fenchel-Moreau conjugations

wi th the a id of  J-duat i t ies 6 b)  ,  FXXR* RW

c(e) :  Rx*+[w .un be also expressecf

, ds follows: if f : Xf,W -+F is any
coupling f unction, then

. c ( ? )  - 6 ( o )
I  = F

where

o( (x , r ) ,w)  =  g (x ,w)  -  2 r
I

F ( x , r ) = * f ( x ) -  r
I

Indeed, we have

( t  e  RX),

( x e  X ,  r e

( x e  X ,  w e

R ,  w e  W ) ,

w).

0.5)

0.6)

0.7)
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- 6(0), \l '  - ' - ' (w) = :up -F(x,r)  = sup

(xrr)eX)(R' (x,r)eXXR
F(x,rXd(x,r) ,w) ( l /2X(x)-r(  f  (x,w)-2r

= 
i5.f* 

r(x) 1 sup ,t = 
;&t*r(x) 

+ [ f(x,w) t -]rt*lt] =
(l/2X(x)< f (x,w)-r

l j t t* l  * r]=

= 
i&{ 

?(x,w) 1 - t(x)} = tc(f \*) ( w e W ) .  .  "

Taking in (3.2) various coupring functions orone obtains various r-dualities. Now we

shall show that all I-dualities can be obtained in this way.

Theorem 3.1. For anyr-duaritv 6 : RX--*R-w there exists a uniguelv determined

coupl ing funct ionoo : XXw --rFsuch that 6 = 6(o6), i .e.,  such that

td(* )  =  sup, { - r tx )T-oo(x,w)}  ( f  e  Fx,  w ew);
xeX

namely, we have

o 6 ( x , w ) = : 1 P  a = m i n  a  ( x e X , w e W ) .  0 . g )- a e R r a € F 6

(X1*1;a) "(*) = -u (X1*1ia) o(*) = -*

Froof. Similarly to remark 2,3 a),Iet

G6(x ,w ,a )  =  ( x { * } i  a )6 ( * )  ( x  eX ,  w  ew,  a  e  F ) .

Then, since for any a') a we have X{_} i  u = (t*} i  a)l-a' (by (0.10) and (I.Z)), from

(3 . i 0 ) ,  (3 .1 )  and  ( l . t )  we  ob ta in ,  f o r  any  a ' )  a ,

G 
o(x,w,a) 

= (x{x} i  a)J.a'16(*) = t(x{x} i  u)d T- a,l(w) =

= -oo if GE (x,w,a) 5 -a' . (3 .  I  l )

Hence,  e i ther  CU(x, rvra)  -  -oo,  or  GO(xrwra)  )  -a t  for  a l l  ar )  a ,  that  is ,

G,  (x ,w,a)  )  -a .  Fur thermore,  s ince (x{* }  i  a) l -a  = *@ (by (0.10)  and ( l .z ) ) ,  f rom (3.1) ,

( l . l )  ana  (3 .10 )  we  ob ta in

- oo = (+oo )d = [{x1*1 i a)Ju]6(*) = t(X{x} i  u)6 T- al(w) =

= G 6(x,w,a)  i f  G O(x,w,a)  )  -a ,  
0 .12)

whence Gu(x,w,a)  (  -a .  Hence,  i f  Gu(x,w,a)  )  -oo,  then,  by the above,  i t  fo l lows t l ra t

G U(x, rv ,a)  
-  -a .  Thus,

c  
u(x ,w,a)  e { -u ,  -ao }  (a  e F) .  0 . t3)

(3.8)

( 3 . 1 0 )
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Hence, s inceGu(x,w, ' ) :  a-}Gu(x,w,a) is non- increasing and lower semi-cont inuous

(by It l], theorem 3.2), there exists oO(x,w) e R such that

G 
U(x,w,a) 0.r4)

Consequently, by I I I ], theor em 3.2, we obtain

r6(*) = ru?, G O(x,w,f(x)) = sup.{-f(x)A -oo(x,w)}
xeX ' xeX

Furthermore, according to [ll], theorem 3.2, G6 ,

mined by 6. Hence, since (bV (3. I  a))

- - Y( f e R " , w e W ) .  ( 3 . 1 j )

XXWXF-rF is uniquely deter-

O^(xrw) = sup
" a€R

a = m l n
aeR-

a, e.rc)
G 

O(x,w,a)=-a G 
O(xrw,a)=_oo

oo is  a lso uniquely  determined.by 6.  F ina l ly ,  by (1.16)  and (3.10) ,  we have o.9) .

Remark 3.3. a) For theorem 3.1 we do not have a proof similar to the above proof of

theorem 2.1,  s ince t 'he only  resul t  (corresponding to  lemma 2.1 and to  [21] ,  Iemma 3.1)

expressing t e RX with the aid of the operation r, is the formula

r = i.ll. {t(*lJ- - p{*/
xeX t '

(t e FX),

to. which we cannot apply (1. t).  tn order to show (3.17), i t

any x ,y  e X we have,  by ( t .Z)  and (0.12) ,

(3. t7)

is enough to observe that for

f t t * l  i r  r (x )<-01*1( r )  I  f  r (x )  i r  x=y
r (x ) I -01*1(v )={  

|  =  {
f o o  i f  f ( x ) 2 - 0 1 * 1 ( v ) J  L * *  i f . x l y

indeed,  i f  x  I  y ,  then f (x) )  -oo = -01*1(V) ,  whi le  i f  x  = y ,  then f (x)  > _

i

o1x1(v) = +oo -is
possib le  i f  and only  i f  f (x)  = +a.

b)  By example 3.1 and theorem 3.1,  rve have a one- to-one correspondence between

-L-cluali t ies 6 : Rx+Fw and coupring functions o : Xtw -+ R; we shalr cal l  o" of
o

theorem 3.1 the coupl ing funct ion associated to  the I -dual i ty  6 .  One can compose th is

one-to-one correspondence with those of remark 2.3 b).

Corol lary 3.1. For d , F-X-* R-V'"n.lo^ as in theorerri
o 3 . 1 ,  w e  h a v e



A
f  ' (w)  =  min  d

deR
(-d)A o "  G.w)(fo

Proof. By ( l .g) and (1.12) we have,
I

f  " (w )  =  m in  d  =  m in
deR deF

whence,  by (1.6) ,  we obta in"(3.19) .

One can express f 6 with the aid of

Corollary 3.2. We have

rd (r)  = min
deF

t6(r)<a -fr-oot,w)Sd fJ-oO (.,wD-o

48

( f e F x , w e w ) .

f o r a n y t e F X a n d w e W ,

d = m i n  d ,
deR

the level sets of f, as follows.

( f e F X , w e W ) .

(3.  l8)

(3 .1e)

d

e A-o(f)) .

_ Y
( f e R " r w e V , ) .

(3.20)

$.2r)

Q.22)

_ Y
n  / \

r i  t s _ - - . . a

l t ,  t \
\ + .  J  I

Proof. This follows from (3.18), since

( -d )Ao. ( ' ,w)  (  f  €?o6(x ,w)  111x ;  (x

Remark 3.4. Formula 0.ZA) is equivalent to

f " (w)  =  min{de  R- f  in r  f (x )  >  _o}
xeX

oo (',w) Io_ottft Io_otrl

sup min
xeX deR

(-d)Ao(x,rvXf (x)

Final ly ,  le t

Proposition

t6 
(o)(*) 

=

f(x)<o^ (x,w)
us also mention"another expression ror. t6(o).

3.1. We have

{ f e R - x , w e w ) .

Proof .  By ( : .2)  and ( l . l l ) ,  we have,  for  any te  FX and we w,
A /^\

f  " ' " ' (w)  = sup mtn d = sup min d.
xeX deR xeX deF

Theorem 4.1. If I : R-X

.|.-duali ty, and

oAo(w,x)  = r l . rO(x,w)

Proof" By theorern 3.1,

oV-o(x ,w) t - t ( * ) (-d)Ao(x,wXf(x)

5 4. The duals of V-Aualities

-o n-\f i ,  i  V-duali ty, then its dual A* , R\\--+

( w e W , x e X ) .

we  have  to  p rove  t l r a t ,  f o r  an t ,  V -C , , . l i r v  . . , .  :  "



- \  t3  / - '

there holds
A x  I  t  \ +  ,  '  r l  ,  - W .g -  = sup.{-g(*)  T- {1(. ,w)}  (g e nw).  |  

(q,2)
weW

Now, by (2.40), (2.22), (1.6) and (1,12), we have

A* in l r ,  tu=inf-r .  h (g *  Fw) (4.3)s- =ffixn='#u* n=ik* ^=ll ju*
n ose r|Jo("')A-rrcg -hSeJs^G,') h)-sr-tA(',')

- (where Sl(', ')A -h ! g means that rlro(x,w)A -h(x) < g(w) for all x e X, w,e w), whence
^ i t

g ̂  
Z sup {:-s(w)T- u n 1.,w)} (s e Rw). (4.q)

on the oilliYuno, *,e turition ho defined by

ho(x) = sup..tg(w) T - r| l(x,w)] (x e X), (4.r)
weW - \./ 

' 
, ^lr

be longs to  the set  {h  e R^ lh  )  -g  T-  Va(- , . ) } ,  whence,  by (4. i ,  we obta in gA (  ho . ,

which, together with (4.4), yields (4.2).

Remark 4.1. a) Theorem 4.1can be also deduced from the results of I l l ] ,  as fol lows.

By part of [ l l ] ,  theorem 3.5, f .or any duali ty A : FX--* FW *e have
r l t

ga 
' { * )  

=  sup G ̂  n(w,x,g(w))  (g  eRw, x  e X) ,  (4 .6)
weW a

wnere
G O * ( w , x , b ) = m i n  a  ( w e  W , x € X , b e R ) ,  Q . 7 )

G 
O(x,w,aXb

wi th G O ot  (2 .25) .  Now, by (z .ze)  and (2:23) ,  there holds

G O ( x , w , a ) = r f O ( x , w ) A - a  ( x e X , w € W , a e R ) ,  ( 4 . 8 )

whence ,  by  & .7 )and  ( l . l l ) ,

C  * ( w , x , b ) = m i n  a = ( - b ) T - q O ( x , w )  ( w e W , x € X , b e F ) ,  ( 4 . 9 )
A *  * F  

r a  '

Uo (x,w)A-acu

which, together with (4.6), yields (4.2).

b) Let us also mention the fol lowing direct proof of the f irst part of theorem 4.1. I f

A ,  FX--+RW i ,  a  V-dual i ty ,  then A*" is  a dual i ty  anc l ,  by (2.40) ,  (1 .6) ,  (2 .1)  and (1.5) ,

we have 
r iF

( g r d ) ^  = i n f - x  h = i n f - n .  h = i n f - v  h =
h€R^ h€n^ h€R^
hA <grd nAA o<g ft' V -o)A <g
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( g e F w ,  d e  F ) ,
= 
ffix i[tn" h = sa"T- d
tr v-a2gA" n2ga*T-o

so A* is a -L-duali ty.

c)  By theorems q. l ,  3 .1 and 2.1,  for  any V-duality A , FX

b = (P{*})A(*)
beR ^*  ueF ^*
(x1*1in)^ (x)=-b (x1*1iu)^ (x)=-oo

d) tt  witt  be useful to also express theorem 4.1, in the fol lowing equivalent form (by
theorems 2.1 and 3.1): If A(u) : R-x-r pw is a v-duarity (2,2), lhqn its duar
A(V)* , FW* FX is thu J--duatity 6(qr) (tuhesense (3,z)),where

= ACI of

(4 . t2 )

-\Y/- - + R "  w e h a v e
sup b = m i n ( x e X , w e W ) . (4 .10)

( w e W . x e X ) . ( 4 . 1  l ), x e X ) .

Let us consider now, for a v-duali ty a : FX-.>FW, the i lsecond dualr, (cal led also
the  A*A-hu l l )  f  

AA*  
=  ( tA )a* .  R -X  o f  a  func t i on  f  e  FX .  so* "  resu r t s  on  f  

ao*_ - .un

be obtained from those on gA* (*. F\tr '), upplied to g = f A. 
For example, for A

Q3),  apply ing (2.41) to g = f  A,we 
obtain (see Ir0] ,  formura (5.2))

f  A A*(x) 
= srrp-.  inf_ f (v)  ( f  e Rx, x e X),. w€W v€X

(x,wpCI (Y,w)ep

Theorem 4.2. For any V-duality A(rl): pX-* R-w,
,A(! ,JA(rJr)* ,  .  r  A/r t r \
I  '  ' -  (x)  = sup t- f  

' \ * / (*)T-0(x,w)]  
= _inf

w€!(/ w€W

we have

f 
A (tl)(w) 

(i e pX, x e x). (4. l3)

ta (U)(r)<,1,(*,r)

Proof. The f irst equali ty fol lows frorn (4.2) applied to A = A(S) ana g = f A(. l l l ) .  pW.

The second eguat i ty  ho lds by ( t . l )  (s imi lar ly  to  (3.2)) .

Remark 4-2- d Theorem 4.2 can be arso deduced from the resurts of I l  r ] .  Indeed. bv
(4.5) ano (4.9) applied to A = A(rl .r) and g = f 

A(U), 
*" h"u"

.A (r lr)A (rf)x,
I  " '  ( x ) = s u p  c A r , r , ) * ( w , x , f A ( U ) ( w ) )  =

tre { ; ),i(
= 

i,p*l-t' 
tv/(w)T - rl;(x,w)l (f e Fx, x e X).

b)  I f  F  and  X  a re  two  se ts ,  xo€  X ,  p :  F {X*R ,  f ( x )  =  i n f  p ( , v , x )  { . . ; t r  } i ) _  , . , , r - i
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S : X f,W + F, then, for the "primal" inf imization problem

(P) . = 
;;to 

p(y,xo) = f(xo), (+. tr+)
formula (4'13) suggests to construct a I 'Lagrangian duali ty theory, using V-duali t ies,,,

by introducing the i ldua|rproblem

(a) u = 
;T*{-t 

A (U)(w) 
T - t(xo,w} = rl (U)A fi,)*(xo). , &,15)

A similar remark can be also made for _L_dualit ies, using, e.g., formula (5.9) below. We
shall not consider these duali ty theories in the present paper.

Corollary 4.1. For any V-duality A (r!) , RX-* Rw, we have
, A (U)A(U)*,
r  " '  (x)  = sup,,  mi l  d ( t  e FX, x e X).  (4.16)

w€W d€R
S(x,w)A-oq1a (0)1w1

Proof.  By (+.13) and (1.11),  we have

.A( { , )A(V) " ,r  " '  (x )  =  5gp min  d
weW deF

-f A(il,)(w)<-.|,(x,w)vo

whence (4.16).

. Theorem 4.3. For any V-du-ality A(U): FX-nRW

f  A(t l)A(u)* = sup {or*s(.,w)}
weW, beR
bT-0(.,w)<f

( t e F x , x e X ) ,

Proof. By It t], theorem 3.6, f.ar any duality A (U) we have

f 
A ({r)A (,1,)* 

= sup
wew,bep 

ca(' lr)*(w'"'b) (f e Rx' w e w)'

A (U)* (w"'bkf

with GA(rl,)* of (4.7), where Ga(U) is that ot (2,25). Hence, if A(Q) is a

by (4.9),  rve obtain (q. In.

Remark 4.3. Theorem 4.3 shows that, for any V_duality

A(U)*  A(V)- t ru t t  o f  f  co inc ides wi th  the,V-convex hul l , ,o f  f .

v = {uT -rl .r(.,w)lw e w, n a n},

or,  in other words,  that ,  for  any l / -dual i ty A(0):  FX*RW,

, we have

\./
( f  e  R^) . (4.17)

(4. I s)

l /-duali tyo then,

A (rl) : RX -" Rw, the

in the sense of [2], where

(4. l e)

the "elementary functionsr' ,
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in  a  sense s imi lar  to  that  o f  I r4 ] ,  are the funct ions. [w,b.  FX def ined by
'0 'w,b = br-S("rv) = -X{xeXlb>-,I,(o,*)} t b= -t^nr-, l ,U,w)) * b (we w, ue R). (+,zo)

Corollary 4.2. For any V-duality A(rf) : RX*-oFW, we have

f A({,)A(u)" = .up-, 
"^, 

{nr - s(.,w)} l, **, w e w). (4.2r)
weW,beR

- suP U(x 'w)1-5
xeAO(f )

Proof. This fol lows from (q.17) and the equivalences

bT- l |J( . ,w)Sf  e+b < f  V -g( . ,w)e+r f ( . ,w)A- f  
S -bHr! (x ,w)  < _b (xe X,  _ f (x)  >_b) .

Example 2.3.  above,  which expresses tc( f  )  u ,  pA( ,1, )  (wi th  F:  X{R^+R of  (2 ,16)

andr f ' r :  (xXR)XW-+R ot  (2 .15))  cannot  be used to express rc( f  )c( f  ) *  * i th  the a id of

FA(Q)A(v)*'  Nevertheless, this aim can be also achievedrwith a different method, as
shown by

Example ts" l .  I f  f :  X lw--+Ris any coupl ing funct ion and f  e  FX,  g€ RW,*def ine

r f  :  ( X X R ) X ( w X R ) - + F ,  F :  ( x X R ) - + R  a n d G :  ( w X R ) _ + F b y

r l . r ( (x,r) ,  (w,s))  = 2r((x,w) -  r  -  2s (x e X, we W, r ,se R),  (4.22)

F ( x , r ) = 2 f ( x ) - r  ( x e  X , r e R ) ,  g . Z 3 )

G ( w , s ) = 6 ( w ) - s  ( w e w r s e R ) .  ( 4 . 2 4 )

Then, by (z.z), (2.t7) and (3.2),

pa(S)(* , r )  = ru?. _{U((x,r) , (w,s))4 -F(x,r . [  -  sup {{291*,* ,  -  r  -  2s) i ( r  _ zf(x)}  =
=: :3{* r ( r r [ : l i ' :1 r r  1-  zr (x) ]  -  rc ( r )1* ;  -  

xeX' reR 
* r ; ,  rs  R) ,  (4 .25)xeX -

A 1,1 ' \*
G 

- 'Y,, (xrr) = - inf
w€\rUrseR
C (w,s)<r[((x, r),  (w,s))

G(w,s)  = - in f
w.eWrseR

{s(w) - s} =

= - i n f
weW,seR

{s(w) - s} = -inf {e(w)
weW

8(w)- t1 t t (x ,w)-p-  25

i  (s(w)  i  -  2 f  ( * , r )  *  r [  =

,  r e  R ) .

-s)g(w).i- 29(x,w)+r

= 2sup{,r(x,w; 1 * g(w} - r = 2rc(9)*(*) -
weW

In particular, if g = f. '(? ), th"n, by (4.24) ana

\

;l(x e x

{4.25),

(4.26)



t

t
j

:

l

f.t,-)

G(w,s) = 1c(? )(*)  -  s = FA $)(r . r ) (we V ' ,  se  R) , (4.27J
wlrence, by (+.zg) (wi*r g = f.(? )), *u obtain

FA s,)A (,1')*(*,.) 
= 2fc(?)c(v)n(*) _ . (4 .28 )

Final ly ,  tak ing f  =  gt (9)* ,  f ro*  (4 .2e)  ano

"a 

(r!)"(x,r) 
= zrc(v)*(*) - r = 2f(x) - r

whence,  by ( t+.ZS) wi th  f  =  gc(9)* ,

"a 

(rp)*A Q)(*,r) = na 
(,l,),u,,s) 

= gc(f )*c(g )(*) _ , (we  W,  se  R) .  (4 .30 )

I5. The duals of l-dualities

Theorem 5- l- If 6 : RX -* Fw $g r-4glryr$slj1,g!"l 6 * : Fw-+ Rx *..- ir * a
[ -dual i ty,  and

So * (w,x )  =oU (x ,w)  (we w,  x  e  X) .  ( i . l )
Proof. By theorem 2.r, we have to prove that for any J--duarity rt : Rw*+[x, there

holds o *

so = luqj.oo t,w)A - s('I tge Fw). {5.2)\r€W "
Now, by (2.4A) ,  (3 .8)  and (1.5) ,  we have

A *8" =i l tn*n=i l t** n=i, lk* n=** h (g.

,.,*-- - l3 s* 
-hr-oo ( ',')se -rr<gv-ou (',') rr;ro r','lA-s

ivhe n ce^ *-  
v  \

so 2:yqJ,"o1.,w)A*s(w)] fs* Rw).
w€W .

On the other hand, the f unction h defined by

(xe  X ,  re  R) .

(4.23) we obtain

=  F (x , r )  ( xe  X ,  re  R) ,

ho(x) = ruq {o5 (x,w) { - g(w) } t* 
" 

X),"  * tw
belongs to  the i " t  { r ,e  nXl  h  2oO G,")A _ g} ,whence,  by (5.3) ,

which, together with (5.4), yields ( j ,2),

Remark 5.I.  a) Theorem j. l  can be also deduced fronr (4.6),

rep lace.d by 6 ) ,  as fo l lows.  By (4.2) ,  (3 . t4)  and ( i .5) ,  we have

G^*(wrx ,b )  =  min ,
" uuR

-aT-oU (x,w)<b O V -O (x,rv)-6

O =

(4.2e)

$.4)

(5.5)
A *

we obtain g" S ho ,

(4.7) and (3.14) (with A

a = m i n
a€R

= m i n  o = o 6 ( x r w ) A _ b
aeR
oU (x,w)A-b(a

( w e W , x € X , b e F ) , $.5)
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whence, by (+.9) (with A replaced by 6), we obtain (5.2),

b) Let us also mention the forowing direct proof of the

6 ,  FX -*  RW is a l -dual i ty,  then, by (2,40),( l . r ) ,  (3.1) and

t g V a ) 6 * = i n t  y  h = i n f  . ,  h = i n f  . ,  h -
heR^ he  R^  heRx o
r,6 <gvd g>r'dra g>(hr(-d))o

= l n f _ v  h = i n f _ *  h = g 6 * n - o  G ehe  R^  rheR^  
o

Uo(w,x) - o(x,w) ( x e  X ,  w e  W ) .

f irst part of theorem j. l .

(1.5), we have

-w
R " ,  d .  R ) ,

$.7)

(r.s)

d " 6 -huil)

I f

F *  F J +

hr-d)go gd A_a5hr
so d* is a V-dual i ty.

c)  By theorems i , l r  2. l  and 3.1,  for  any r-duar i ty 6 ,  F-X-[w, we have
1 l (( o { ' } ) ' * ' = : : [  

.  "=# f t  o  "  
( x6X ,wew) .

(X1x1ia)"(w)=-a (X1*i ia)o(w)=-6o

d) Theorem 5'1 can be also expressed in the fol lowing equivalent f orm: l t .
db) :  RX - -F\ t r ' i ,  u  I -dyal i tv ,  then 66)*  is  the [ -duat i tv  A(U-) ,  u ,here

Corol lary  5.1.  a)  Every-  V-dual i ty  is  the dual  o f  a  l_dual i ty_,

b) Everv _l_-dualitv is the dual of a V_gqgl11i

Proof .  I t  is  wel l  known that  for  any dual i ty  A we have A**  = (A*)*  = A.  Hence,  i f  6
is  a V-dual i ty  ( I -dual i ty ) ,  theh i t  is  the dual  o f  A* ,  which,  by theorern 4.1 ( theorem

5.1), is a I-duali ty (respectively, a V_duality).

Corollary 5.2. a) An operator I : RX -r FW i, u V_@ A 
*_ 

is* a

l-duali ty.

b) A is a J--duali ty i f  and only i f  A 
* is a [_duali ty.

Let us consider now, for a l-duali ty 6 : FX*rFw, th* second dual (the

fd 6" 
e Rx of  a funct ion f  e FX.

Theorem 5.2. For any l-duality d 6.) : R-X -+

f 6 b)d b)*(*) = i lp {o(x,w) A - rd b)tr)}

-\r/
R  " ,  w e  h a v e

( f  e FX, xe X). (5.e)
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Proof. Appty (l.z) to 6 = 6(o) ano g = 16(0) *

Remark 5.2. Alternatively, (5.9) also follows (4.5) (with A replaced by 6) anO

, we have

( t e F x , x e X ) . (5.  l0)

(t e Rx). (5 .  I  l )

( w e w , u e R ) .

,  we have

$. t3 )

(t e Fx). (5. l  4)

Fw.

from

(s.o).
Corollary 5.3. For any l-duality d(o): RX-"FW

r 6 (o) o @* (*) = 
i"T* I.ft 

d
-dT-o(x,w)<r 6 @(*)

Proof. By (5.g) and (1.9), we have

,6(o)6(o)", ,  _rrr  "  ( x ) = s u p  m i n  d  ( f  e R ^ , x e X ) ,
we!il deF

-i 6 (o)(*Xdro(x,w)

whence, using (I. lZ), we obtain (5.10).

Theorem 5.3. For any J--dualitv 6 (o) : F-X * FW, we have

,6 (o) 6 (o)*
r = sup _ {o(.,*)A U}

weW,beR
o(-,w)l1b<f

Proof. This fol lows from (4.1s) (rvith a(c) repraced by 6(o)) ano (i .6),

Remark J.3. Theorem .5.3 shows that, for any J--duali ty 6(o), R.X_"Rw, the

6(o)x 6(o)-nutt of f  coincides with the Vlconvex hull  of f ,  in the sense of. lzl,  where

v '= {o ( - ,w )Ab lwe  w ,  be  R} ,  $ .12 )
and that the "elementary functions" for the J*duali ty 6(o) ( in a sense corresponding to

that of [14], 5 4, f .or conjugations c(?)) are the functions

tlu,A = o("w)A b

Corollary 5.4. For any l-dualitv 6 (U) : nX *uRv'

,6(o)6(o)* = sup {ot.,w)Au}
weW,beF
o ( . . w ) l  . . < r l' " '  '  Ao( f  F '  I  Ao( f  )

Proof. This fol lows from (5.11) and the equivalence

o( ' ,w)r tb  j .  f  C+o(x,w)  < f (x)  (x  e X,  f (x)  < b,  we W).

Example 3.3above,  which expresses tc(?)  u ,  F6(o)g* i t r ,  F:  XXR -+R of  (3 .2)  and
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o-: (xxR)xw ->F of (3.6)) cannot be used to express tc(r)c(r)* with
F6(o')d(o)*. Nevertheless, this aim can be also achieved, with a different

shown by

Example -5-1. lf g: X{w -> R is any coupring function and f e Rx, g e Fw, def ine
o(xXR)X(WXR)  - -+R,  F  :  X{R *+F and G :  wXR _rR by

the aid of

method, as

(r. l r)

(r. l5)

$ .17 )

o((x,r) ,  (w,s))  = zq(x,w) -  2r  -s

F ( x , r ) = f ( x ) - r

G ( w , s ) = 2 g ( w ) - s

( x e X r w e W r r r s e R ) ,

( x e X , r e R ) ,

( w e W , s e R ) .

Then, s imi lar ly to example 4.1,  we obtain

F 6 ( o ) ( r , r )  = 2 f . c ( * ) ( * ) - ,  ( w e w , s e R ) ,

" d ( o ) * ( x , r ) = r c ( v ) * ( x )  
-  r  ( x e X ,  r e R ) ,

o 6 (o) 6 (o)* 
1x,r) _ ,c( e )c( s )* (x) _ r

" 
d (o)* 6 (o)(*,r) 

= zgr(f )" c( g )(u,) _ ,

Final ly ,  le t  us g ive some character izat ions of

form (2.3) .

Theorem 5.4. For any operaror_ A : iTX -* R\1',

equiva lent :

the fo l lo .wing s taternents are

( x e X , r e R ) ,

(w  e  W,  s  e  R) .

the operators A ,  RX* RW

(5.  I  8)

$.te)

(5.21)

$ .2 t )

of  the

lo .  Theresx is ts  a (un ique)  set  Q c x ! \ \ /such that  we have (2.3) .

2o.  A. is  both a conjugat ion 'and a V-dual i ty .

3o.  A is  both a coniuFat ion and a _L-duai i ty ,

4o.  A is  both a V-dual i tv  and a j -dual i ty .

5" .  Both A g ld A* are V-dual i t ies.

6 ' .  Bgth A and A* are J-dual i t ies.

I\.4oreovgr, in these cases, we have

fO(x,u ' )  =  fA*(w,x)  = -Xg,(x ,w)

I 'O ( . " . r r ' )  =  oO(x , r r ' )  = , J rOx (wrx )  =  oA* (w ,x )  =

Proof. The irrrpl ications I 
o :) Zo, 3o, 4o

( x G X , w 6 W ) ,

- 0 n ( x , r v )  ( x e X , w e W ) .

and the equali t ies

$.22)

$.23)
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2 7

?A = -XS?, SA = oA = -9CI (5"24)

fol low from examples 2.2 and 3.2 and the uniqueness of ?6, {,6 and oO. Furthermore,

the equivalences qo€?5o€+6o and the other equali t ies of. (5,22), (5.21J) fol low from

corollary 5,2 Pnd 
(2,41), (.5. l) and (4.1) respectively.

2o *1o.  Assume 2o and le t  (x ,w)  e XtW be such that  ?6(x,w)  ) -oo .  Then,  for  any

d e R satisfying ?6(x,w) ) d, we have, by (0.9), @.r, (2.20) and (z.t),

0 5  9 6 ( x , w ) -  d =  ( X { x } ) A ( * )  -  d =  ( X { * } *  o ) A ( w )  =  ( X { * } V o ) A ( r ) =
A

= (x1*1) ' (*)A -d = ?6(x,w) A -4.

Thus, 0 S 9n(x,w) 3p6 d ( 0 for any d e R with ?o(x,w) ) d, wlrence 96(x,w) < 6 for

al l  d ) 01 therefore, g6(x,w)=g. This proves that 9O(x,w) e {0,-*} for al l  (x,w) e XXW,

whence 9A = -X0 (so A = c(-XS?) of. (2.3)), with

fi = {(*,*) e XtW I r6(x,w; = Ol ; (5.25)

moreover ,  s ince ?6 is  un iquely  determined by the conjugat ion A,  so is  e .

3o=* lo.  I f  3o holds,  then,  by [2 t ]  ano theorem .5. l ,  A*  ,  Fw* Rx *  is .  both*  a

conjugat ion and a V-dual i ty .  Hence,  by the impl icat ion 2"=+1o (proved above) ,  there

exis ts  a (un ique)  set  or  cu/XX such that  gA* = -X0, .  Hence,  s ince (by tz t l )

96(x,w)  = 9Ox(w,x)

we obta in

f6 (x,w) = -Xg,(w,x) = -1n(x,w)

where 0 is the (uniquely determined) set

fJ  = { (x ,w)  e Xf ,w l ( * ,x)  e  Q' }  ;

therefore, A = c(-XCI) of (2.3).

4o=) lo .  Assume 4o  and  l e t  ( x ,w )e  XXV/  be  such  tha t  r l rO(x ,w)  1 -ao .  Then ,  f o r  any

de R we have p{*}  = p{* } Id  (by (0.  l2) ,  (L  16)  and (1.18)) ,  whence,  by (2.23)  and (3.1)

(wi th  6 = A) ,

-o (  r f  6(x,w) = (01*1)o(*)  = (01*yrd)A(*)  = (01*1)A(*)T- o -  r f  a(* ,w)a-6,
and  hence ,  by  ( l . l ) ,  t 6 (x ,w)  1 -d  (de  R) ,  i . e . ,  t [ ,A (x ,w)  -  +oo .  Th i s  p roves  t l r a t  r l 'O (x ,w)e .

e { * o o , - o o } f o r a l l ( x , w ) 6 X X ! y , w h e n c e V A  = - g g ( s o  A  =  A ( - p n )  o f  ( 2 . 3 ) ) ,  w i t h  t h c

( x e X , w e \ \ / ) ,

( (x ,w)  e X{W),

$.26)

$.27)

$.2s)
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(unique) set

n = {(x,w) e XXw luo(x,w; = **  } .  $.29)

S 6. Appendix : Sorne -L-dualities related to lowen subdifferentiability

We shall  give now some examples of -L-duali t ies and mention, brief ly, some of their

applications.

" Example6.l.  Let X be a locally convex space and W = X*{R, and define a coupling

-  
f u n c t i o n o : X l W - > R n y

o(x, (0, t r ) )  =  @(x)  + ) .  (x  e X,  0  e X*,  ) .e  R) .  (6 .1)

Then, by theorem 5,3, for the J-duali ty d(o): FX-, RW we have

. t6(o)6(o)* = sup {(o * r)i b} = sup {to + r)A b} (ie Fx). (6.2)
0eX-,) .eR,beR QeX*,tr ,beR
(0+I)Ab<f (O+l)AU<t

Indeed, to see the last equality in (6.2), it is enough to observe that the inequality (

holds true, but this follows from

sup _ {(o * r)I (-ao)} = -oo r
0eX*,) ,eR
( O +f)A (-o" )<t

sup _ {(o *  r )A(*o)}  = sup {o *  l } ,
OeXt r).eR OeX*,).eR
(0+),)A(+ooXf 0+),( f

r v h i c h a r e  ( t h a n t h e l a s t t e r m ' o f  ( 6 . 2 ) ( s i n c e f o r a n y  Q  e X x ,  t r e R  w i t h  0  +  ) , ( f  a n d

any xoe X, the number bo = O(xo) + t re R sat isf ies (0 + r)Abo (  0 + l ,  (  f  and O(xo) +

+ t r = ( o ( x o ) + r ) A b o ) .

Following [9], g 5 , let us consider the conjugation c(1,) : Fx -r Fw, =--- where

0:  XXW-+F (w i tn  the  same W = X*XR)  is  the  coup l ing  func t ion  de f ined by

[ ( x , ( Q , l ) ) = 0 ( x ) A r  ( x e X , 0 G X * , ] . e R ) .  ( 6 . 3 ' )

:  Then since,

g ( . , ( 0 , t r ) ) + b = ( o A t r ) +  b =  ( 0  + n ) A ( r + u )  ( o  € X * ,  ) . , b e R ) ,  ( 6 . 4 )

f  ro;n (6.2) and [14],  g 4,  i t  fo l lows that

" .} 
(o)6(o)* _ ,c(!,)c(.Q,)* (t e R-x). (5. j)

i l , : , r ' : r :e,  cor-nf i in ing the t t reory developed in the preceding Sect ions with the results of
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[9] on c(.[), one obtains new formulas for .*.-+&,*

varioLts t+'-nctiona-L hulls, clraracterizations of lower subdifferentiabi l i ty,

Iower subgradients, etc. (For example, from (6.5) ana [9], corol l  ary 5.3, i t  fol lows that
,6(o)6(o)"  .  r .1v \v /  v  r - '  =  min{ f - ,  t r1} ,  where f -  denotes the lower semi-cont inuous quasi -convex hul l
of f  and ) ' ,  denotes the supremum of those ), e R for which there exists a non-constant
continuous aff ine function minorizing f on A^(f))" We omit the detai ls.

F ina l ly ,  le t  us consider  the case when X is  a normed l inear  space,  wi th  norm l l . l l ,
s a y . W e r e c a l I t h a t f : X , _ > R i s s a i c J t o b e @ N , o r N - L i p s c I r i t z , i f

l f (x , )  -  t (x r )  I  S N l l  * ,  -  x2 l l (xr ,x ,  e  X) . (5.5)
Example -6.2. Let X be a normed l inear space and W* = B.x(0,N)XR, where

B*(O,N) = {o e x .  I  l l  o  l l  S N} ,  the bal t  in  X*  wi th  center  a t  t t re  or ig in  and radius N
(with l l "  f f  Ueing, as usual,  the norm ff  O ff  = sup I  o (x) |  on Y* ), and define a

coupling f unction o* : X XWru --+ R by

o * ( x , ( o , t r ) ) = o ( x ) + l

Then,  s imi lar iy  to  example 6.1,  we obat in

,6 
(oru)d (op)* 

_ rc({.p)c(t p)"

wlrere, fol lovring [9], g J, [N : XX\I/*

xeX
l l  *  l l s i

( x e X , 0 eBJ*(o,N) ,  I  e  R) .

(f e FX),

---n F is the coupling f unction defined by

(6 .7)

(6.s)

l * ( x , ( o r I ) ) =  o ( x ) A I  ( x € X ,  @  e B * ( O , N ) , ) , e R ) .  G . g )
Hence, combining the preceding results with those of [9J on c(1,*), one obtains new

results on quasi-convex Lipschitz functions with constant N, lower subgradients of norm
( N'  e tc .  ( for  example,  f rom (5.8)  and [9 ] ,  theorem j .12,  i t  fo l lows that ,6(o)6(o)*  i ,  th"
greatest quasi-convex N-Lipschitz minorant of f).  we omit the detai ls.
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