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OF CERTAIN

by V. I )eaeonu

II{TRODUCTION

T €  L ( H ) ,  w h e r e  H  i s  a  s e P a r a b l e

s p r t c e ,  i t  i s  e n s y  t o  s e e  t h a t  w e

of  f  in i te  d imens iona l  $ubsPnces

in f in i te  d imens iona l

can f ind  an  inc reas ing

Hr. with H='Gn and

El'lDOl,fcRPHf SMS C*=ALGET3RA$

Given

Hi lber t

sequence

i
I
I
I

l
I
i
l
!

"

T(Hn)  CHrr *a  fo r  everY n '

G iven f ln  u r , i ta l  AF- r '1 , r lebra  l r r  i t  i s  na tura l  to  cons ider  endo*

morDh isns  o(  fo r  v rh ich  there  ex is ts  en  inc rees ing  seouenc

f  in i te  < l imens ionc l -  C#-s t tb : ,1gebr i ;s  A ,^  Such.  tha t  A= UArr -andx  ( r ' r r )C

C An+1 fo r  ever l 'n .  Sueh 8n  o(  v r i l l '  be  ca l led  s tandard '

f n h i s n e D e r [ 9 1 , r / o i c u l e s c u s h o v ; s t h e t - t h e a l n o s t i n d u c t j - v e

l im i t  au tomorr :h isms o f  an  hF-a lnebra  (a  no t ion  ana logous to  tha t

o f  ouas i t r ian5 l r la r  opera tor )  a re  .a r ;p rox imab le  by  induc t ive  l im i t

eutonorPhi  srns .

In th is note we prcve that every endonorphis in of  an uni ta l

/ rF-elgebra can be anproximated by stanciar<l  endomorphisms"

l , , Io re  genera l l y ;  we cFn cons i r je r  A= l j - rn (Anr t? .n )  w i th  An in  e '

cer ta in  c less  o f  C* -a lgpbras  sue: ' :  tha t  { r r :a r r ' -+ / tn+ l  can  be  c las : -

s i . f i e d  i . n  s f , n e  s e n s e .  r : i e  a r e  i n t e r e s t e d  t c  u n c l e r s t e n d  E n d l ( A )  '

t h e  s e t  o f  i n j e c t j . v e  t t n i t a l  ) h - e n d o m o r i h i s n s  o f  A r i n  t h i s  c r i s r e '

1n . re  can c le f ine  fc r  / r  nnd " (€  Endt (n )  i i  nev i  C ' r -a lgebra  i ' th ich  c3n-

ta ins  A  end re f lec ts  sone nroner t i -es  r f  d '  '

Acknowle  C,qornents .  I  v rc r i l t l  l i ke  to  fhank  Pro fes$ors  O ' i : ] ra l te l - i

, , : , I " rC r ; .A .E l - l io t t  f ' r r '  he l -o fu1 l -  d iscu t i -ons
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$to, TI{E GENIIRAL oA$E

Let  (Ar ,  , {  , , ) * r rn  
be  8n  induc t j -ve  sys tem wi th  l i *  un i ta l

Cf,*alpebras and Y,. '  uni ta l  x ' -morroarorphisms.Denote by A 1he

d- inn,rct ive l imi t  of  t i r is  systen,by i r r :Ar,  - - - - r {  l f ip canonic i ' ' I

i n j e c t i o n s  n n d  b y  E n d r ( A )  t h e  s e t  o f  i n j e c t i v e  u n i t a l  * - e n d o *

rnorphi .sms of  A.

I  "1 .DTFf i i l IT f ,C i ' i .  
(e  End,  ( l i )  i s  ca1 led  s tanr in rd  w i th  resnec t

to  the  sys tem ( t , r r ,  .1 r r )  i f  ,eventua l l r '  e f te r  lass ing  to  a  subse*

aue- f i ce  nnr l  cheng ing  no ta t ion , .v 'e  heve p(  ( in (An)  )  C  in* l  (Ar . * ,  ) '

o<  €  Endr ( l )  i s  ca l - le t i  s t :ndar r i  i f  i . t  l - s  s tnndprd  v ' r i th  resDect  to

$one s l ,s tem (An,  qn)  ' , ' l i th  A=1 i3(Ano LPn) '

I .Z .REI , , IARK.  c (  Dreserves  Vt r (n r r )  
end wc ob ta in  the  fo l lo lv i 'ng

coprnutat ive diecrr :m

Ar, 
?t * An+1

I-  a n l  \ o ^ * ^
l ' l

. "f n+,r ^An+1 $An+2

v ihere  x , r r r= i r r | l "4  o  i . ,1 r ,  *  An+ l  ,n7 '1 ' rn  th is  v " t , '1 ) ' '

neT:  induc t i -ve  s ) /s te rn  (  Ar . r ' t  r . )  t r r ( j  r ^ 'F  cPn cons ider

I  i  m i  +
I  . t  , r l  r  v  a

1 .3  . i ? l l i lA? ( .  r f  v i e  *unke  3 :  = l i - n  (  An r  c (  
n )  r  t he  secuence  (  Yn )

d e t e r m i n e , s t { € E n r i l ( R ) . \ { e c F n c o n s i d e r t h e f o l l o r ' ; i n i c o : r n u t ; : ' " t , j . v e

v J e  o b t n i n  i , r

*
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Denot ing b1,  A(  x  ) :=UI(  A,  & )  end B(  Le ) ,= !$(8,  cg )  we nemark

t h a t  n ( x  ) = B ( . ?  )  a n d  A , B  c a n  b e  e m b e d t l e c l  i n  n ( ' <  ) . I n  f e c t  A ( " <  ) *

=R(  Y  )= l im(An ,  P r r )  such  thn t  (  F , r )  i s  an  un ion  o f  a  subsequence

o f  ( q  )  p : n < l  f i  s u b s e c u e n c e  o f  (  d  ) .v L  r  ,  
n /  

c : r r u  .  
1 1 ,  

-

We $ee e lso  tha t -  v r i th  the  sequence (An)  end r ,v i th  the  bonc i ing

maps (  V  , r )  and (  x  
r , )  we can ob la in  th ree-  C* -n lsebres :  A ,  B  anc l

A(x  )  v , rh ich  can be  d i f fe ren t . l r ' l o reover ,  A(  o (  )  depenr ls  no t  on  the

s e c t u e n c e  ( A r r ) . .

e x e m p l e s .

r , , ; i th ec jc incd

v  
- F o r  n - B  l , n d. I  V I

s

1

t
2

1

I
I

R

t / l

0 \
\
I
I
I

1 J

F a ? r \ ? i 4

) @ K  )

i  agrani

A  ( ' (  ' )

Le t l s  
"o r t * i , 1 * "  

t he  fo l - l ow ing  na r t i cu le r

l, .4 . EXtlli'IPLE . l,l t Lrr=l{Un-l@ itla ,

l r ,  2 t t - 1 \  ( z
( + = l  l -  o ( = fr n -  

I  I  t  ' n  
\

\ o  1  /  \ o

\ r ie  have n= l i .n (  l i r r r  Y  , r )=  K-  ( tne  cc 'ncac t  oDe
.  - - ,

u n i t . , ) , ] 3 = U l l F ( 2 *  ) O  i  l , A (  
*  ) = t s (  Y  ) = ( U i l F ( 2 ' "

A(  "<  )  \ te  c i rn  take  the  fo l lov r ing  ts re t te l i  d

! \ - i3
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t  onorrhi sm , t ' ;e hnv e / i  ( o< ) =A , hut

rx' i  s nutonor nhi- sn. Tn.do eid , t  eke

1 2  1 1  { 1 '  
t " \

{  \  r  } .
\  l ' 4 ' r = \  I
\ o  t l  \ o  I  /

J , '  
-

l , f l l l  l ' 1 :  A ,  :

PU

i f

r 4 r

A ancl1.5 .qxqr ' lPl ,q.  r f  o(  i  s

can be  c l i f fe ren t  even

orr=iL.._ 
oO 

irrl r Yrr=

l ' l c  h F \ , ^  i , = ( U l l i r ( 2 *  ) E K  )
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l r , / \
1

Tn or r ]e r  to  see tha t  (  o r r )  induces  en  au tomorph i r im we re in* rk

]

I
5

\

7

/

4

I

1
l_

I
1

1

thert  Ko (  A) =71!)AZ wi th the lexicosranhic order and

K  ( x
o

1. 6.  REIIA]]K. "(  € r tndl  (  A )

the  fo l low ing  c l iagrern

t  2  0 \
) =  (  )

\ o  r /

inc luces pn automorphisnn

. . .  ; t ( <  )
i -
\ . 4v

A .  + A - ; *  o . .  A ( o (  )
c>( o(

f n  t h i s  w a v  t o  t h e  p n i r  ( 4 , o .  )  v ; e  h a v e  p s s o c i e t e d  e  g r e e [ h e r
J.

C^-p l , t eb ra  i n  wh ich  o<  beconos  nu tono rph is rn

0 f  c o u r s e , t h e  s a r n e  c o n s t r u c t i o n  e a n  h e  c o n s i t l e r e d  i n  o t h e r

c a t e g o r i e s .  A s  e n  i l - I u s t r a t i v e  e x e n o l e  t e k e  t h e  g r c u p  Z  v ; i t h
r r ' l  O

t h e  r n r r l - t i n l i c a t i o n  b . ,  2 .  \ Y e  h e v e  l i n (  Z . z ) =  Z l * 1  e n d  V  I 1 |  A'  L ( )  
^ ' ^ 1 2 )

i  s  an  i lu to rnorDh i  sn .
. t k

f n  t h e  c e s e  o f  c c " n n u t a t i v e  C ^ - a l r i o b r f i s ,  t o  n  p * i r  ( X , f  )  r v i t h

X  a  conp ; r c t  l l eus r i o r f ' f  sDace  nnd  f  :  ) (  *  X  R  s l l r  j ec t i ve  r "n "  , " "

F . . s s o c i - o t e  ( X ( f ) , ? )  v ; h e r e  X ( f  )  i s  r n o t h e r  c o r n p a c t  l l a u s c i o r f f -  n D l c e  ,

f l €  l i o rn "c (X ( f  ) )  i ' r d  v ' e  l i l ve  l  $u r - i cc t i ve  i n f , ?  X ( f  )  - - - * ) '

$ 2o. Ti{e crisTi o1r A}'-irr] GEllillis

o f  A ( x  )  b y

f  j  n i t  e d i . i i 'n . . r i .onnl)  i  sr  norC tr i , -

v , i th  o rdcr  rnd  sc i r l .e  * " re  con l l -c te

hcl i  l  i . r i re i  s Aut ( , . ,  )  ,  v 'c st i iC .r '

t h o  r e s u l - t  t h a t  e v e r y  F u t o n o r n h i s i : l

,t
:{
f
I
I

* -

o < \

x
--.*>

,"
x/

o(

3 --*

a \

zt*)

l rJ l - , l l  r "cbr is  ( t^

t i : e i r  K  - ro r . tY )s ,
o

i';. 'v': nt tc knov:

) * r L ' n l )  r n ' - ' l  u s e
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o f  ( I { o ( A ) , K o ( a ) * , [ 1 , i l  )  c n n  b e  l i f t e d

n f  n  * h n .  a 1 . l r l ^ F  l r , ' ' i n n , * 1 r ^  r ' O l l 1 l ) O g i t i O n
U J  J 1 t  r , t r ( j  L l . r a L , r a  u \ : r l r f -  v r r r  v

to a stnndard f iutomornhi"sm

wit l :  8n eppt:oxi .mntel .y i .nncr

s i t t0m0rphi  sn.  .

I t  j - s  en$y  t r :  $ee  t i l a t  e l so  endcp lo rph i sns  o f

can t re  l i f ted to  s tnnc iard uni ta l  en<lornorphisms

'  Ko (A I )  - - * " ' -  Ko (A2)  ' - ' + ' .Ka (A ' )  * *+

\

K o (  A  2 )

\*

( r o ( a ) , t { o ( r \ ) o ,  L t l l

o f  A .

K o  ( A )

l
.L

"  K o ( A ) .

some nota-r n  o r d e r  t o  D r o v e  t h e  f o l l o w i n g  t h e o r e n  w e  r e c a l l

t i 6 n s  a n d  s t a t e  s c i l e  i r r n o r t a n t  p e r t u r b a t i o n  r e s u l t s .

2.1 . . lEFI l i IT lOlJ ' .  l ,e t  A be err  uni tn l  AF-r ' lgebre,  I3-rr

A  v ; e  s h a l - 1  m e o n  P n  i n c r e e s i n g  s e q u e n c e

i: ne grt of

C . l  = A o .  A l .  A 2 q  .  . .  a " r r c  n . .

' , , ; i th  Ar- ,  f in i . te  r i i -npnsionpl -  C*- i " : lgebras pnd n= 
Ynr ' r "

I f C 1 , C 2 F r e C f , - s u t ; c l r e b r i . ' s o f [ l j 1 p ' r b i t r ; ' r y C k * a l g e b r n C r . n c ]

t )  O vre shpl l -  \ , , . r j . te  CaCE C,  j . f

s u p l i n f  \  l t  x - - v [ \ y e  0 2 ' \ \ v \ \ <  1 ] \ x e  c 1 , l l x l \ <  1 J <  t

r r r r l  ,1  (Ct  ,CZ)  i s  c ie f  ined  bJ '

d ( C t , C e )  =  i n f { 8 > 0 \ C l c t C 2  I ' n ' r  U 2 t t C f } '

Z . Z . L I r , l l A .  f f  C l . r C 2  e r e  C * * s u b e l g e b r r s  o f  0 ,  C 1  i s  f i n i t e  d i -

n e n s i c n a l  e n 3  t >  0 , t h e n  t h e r e  j - s  [ >  O  C , e : l e n r l i n g  o n l r z  O n  E  i l n t ' ]

f
r i i n ( C r )  s u c h  t h e t  a l . '  C Z +  f  u  €  1 { ( C )  ( t n e  u n i t e r i e s  o f  C )  v " i t h

C lq  A, iu  (C?)  , rnd  1 [  u - l - l l<L  .

2 . 7 . 1 - , q , ' ' l { A ( C H r ;  s i t e n s e n )  .  I f  C l  , C ^  l r e  C f , * s u b n l g e b r a s  o f  C  t  0 1

i s  f  j n i t o  d i n o ' s i  o n i , l - , o  5  f , <  l _ 0 - 4  : n , - 4  C r C * C .  , t h , . p  t h e r e  i s .

u ( U ( c )  s L t c h  t h r ' t  l ' ,  c p ' o t ' ( c 2 )  : ' n r J  i l  u - r - \ < t ' 4  * 1 / 2 '

? . 4 . r : i l l r i , i i l i i .  J r ' f  . ,  =  
V T n ,  

{ €  " ; ; 1 ' - 1  ' ' ( r \ )  i r : ^ i ; i t I i ' r 1 r  l r n i l  e >  C ' L i * r i " n ' q

F  c o ; r D l - e  t q  9 j : s t . ' ' l  ' r : '  ' i : ' ' i ; r i : ' :  r l l  j ' " 1  " i ' i  i  s  ' ' - : - ' ' l '  i f  :  i ' i )  1 ' h {  t '  - t ' l : : : ' " '

r . > : i s t s  . n  i - n c r c a l i . i r i  r c ' c u e n c e  ( . " ) c N  r " i t h  * ( ; r . , - , , * ) t " ' " i " : , . ,  
l

f  o r  cver , ' , /  k .  1 ' : i r i s  nver -v  rn . l l c i lo r r> i t i  s l t  i  s r  '  p l l los t '  s i i i ' nC 8 f  d  .
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Tn h i -s  pnper ,  Vo j -cu le ,scu  shows thn t  n l rnos t  induc t j - r 'e  l im i t

eu tomornh isns  are  aporox i rnnb le  by  induc t i -ve  l im i t  au to i ' ro r l r i r i . s rns

(  p : ropc ls i t ion  2 ,3 .  i " *  tg l  )  "  fn  ana lcg lT  v r .e  p rove  the  f  o l low ing  re*

sul t  which shor, 's  ho'uv lar f {e is t } re c lnss of  standr;rc l  enr lornorphisns,

2 .9 .THl lORqI ' { "  I ,o ' t  A  be  an  r :n i ta l  AF-n l -gebr 'a ,  o (  € ' l lnd f  (A)  pnc i  t . )0 .

T h e n  f o r  e v e r ) /  f i x e d  n e s t  o f  A  t h e r e  e x i s . t s  u  6 ' t X ( A )  v r i t h  l t  u * 1 \ \ < e

such thEr t  Ar lu  " " (  i . s  s tandor r l  w i th  respec t  to  (a  subneet  o f  )  the

f  i - x e d  n e  s t .

Proo f  .  f . ,e  t  (B- )  be  i : r  ne  s t  c f  A  such tha t  x  (B- )  Ct -Brn+ l  v r i th

t m \  O  ( s e e  t h e  r e n i , r k  2 . 4  " ) .  f / e  s h a l 1  c o n s t r u c t  i n C u c t i v e l ; z  i i

s u b n e s t  ( l r r )  o f  t f r e  n e s t  ( 8 " . , ) r  € r l d s l 4 v r l h i s n s  o ( r ,  e n d  u n i t a r i . e s  u n

such th  r  t

A o = C ' 1 ,  / r t = E t ,  u l = 1 ,  * l = o

.  o ( n + l = l d u n * l o  * . , ,  l \  u " - 1 l \ <  t . 2 - n  i : n d  x  r r ( r i 3 )  
<  t ' , j * l  , O n  . j  <  n - 1 '

I { i i v i . n , o  c c n s t r u c t e d  / r r r r I l r " , ,  { n ,  t } r e  o r c c l ' v ' i 1 l -  b e  c o n c l u d ^ c j

s i n c e  u = l i a  u n "  " . u 1  i s  v r e l l  r l e f i n e < l ,  l l  u - l l l <  0  i . n d  ( f a u  " o <  )  ( i ' , r r )  C
n+ oo

C l .n* l  fo r '  everY n .

. S u r p c s e  v : : Q  l l i ' l ' e  f c u r - r i  A i = 3 , n . ,  o (  
i r u ,  w i t h  t h e  d e s i r e d '  r r o r c r -

u " 'J  ' . . ,  c ,

t " i - e s  f o r  1 S  . i  (  r r .  I . o t

(  L  \ t ^ "* ^= \ _--z-.-._-_-;::i I

a r r l d  i r sSUf le  t  <10*4  v , ,h i ch  i  s  no  l . css  
' o f  

s rene l re r l i t l r .  S ince
-
?

< (t t*  )  q 
l r ln+o 

i l -  -r-n+.!  lor everl , ,  o) o l . r . r l
^ " n '  i /  '  L

l i : : l  r i  ( r 'C ' . '  r r l  )  D  \  - r r

F**  
tn  \  " I i r t+  D 

" ' ' i i ra+P 
'  - "  t

+
y , :e  can  f i nC  r i l r , + . . . )  o "  v , ' i t h  ^  

r . , ( ' t , r , r . )  c  " ' 3 , i n+ t  ,  t he re f i o re

* , ,  ( 1 " )  a f '  l  l r - , 1 "  
r '  j - t h  , rn+ t  :=8n , . ,+ .1_  "

.  

. t J t  ] - t '  ,  1 .  I '  2  . 7  .  * ' i L " ; " i  e l  i -  s ' ;  i ' i  i " i i  L : i  r i  i  i  l ' . \ '  Y , . . €  r ' .  l '  i  ' ' ] i

( i  l v  

" o  

4 . - )  ( i . . )  a , ' , . n - , '  i ' ' t '

l l  v ^ , * l  t r  <  f l  1 , . i  ( ; ' i * : . ) : . ; i l  f - l / : r .
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.  )  ;  ' t / a

Put t i ng  f i : = ( ! (n+ } )10 ' " ) '  . d -o * ' ' - ,  we  she l1  f i nd  i nduc t i ve l y

u n i t n r i e s  v ; U " O - *  ) - i ,  1 .  ( i  <  n  s u c h  t h a t
. )  Ltr  L--  .J

' i
, l

i
t
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