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RNDOMORPHISMS OF CERTAIN C -ALGEBRAS

B

by V.Deaconu

INTRODUCTION

Given Te L(H), where H is a separable infinite dimensionel
Hilbert space,it is easy to see that we can find en increasing
sequence of finite dimensionsl subspaces Hj with H:UHﬁ and

T(HP)C;H for every n.

n+1l
fiven en urital AF-slgebra s, it is natural 1o consider endo-
morphisms o for which there evists en increesing seguence of
PR, ; # , 4 o : "
finite dimensionsl ¢ -subslgebras A, such that A:\JAn—and0<(“n)c

C A for. everv n. Such en &K will be called standard.

n+1
In hie neper (9), Voiculescu shows thet the almost inductive
1imit sutomorphisms of an AF-alrebra (a notion analogous to that
of quasitrisngular operator) are approximsable by inductive limit
sutomorphisms.

Tn this note we prove thet every endomorphism of an unital
AF-slgebra can be approximated by gtsndard endomorphisns.

More generslly, we cen consider Axlim(An,%’n) with Ay in &

e 2 * ‘
certsin class of C -algebras suc: that Y_1A_— 4 can be ¢lag-
n'n n+1
«ified in some sense. le are interested to understand Endl(A),
the set of injective unital % —endomornhisns of A in this cese.
. ) ” - T A ‘k o sy il ¥ -~y

wa can define for A end g ﬂndl(h) s new C =—-algebrsa wnilch con-

tains A end reflects some nronerties H»f=X .

kg A oMo 7 1 1 ¥ W o s £ 1 T o T 3
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§1°. THE GBNERAL CASE

Let (A be en inductive systenm with A unital

n K nA
ot ,
¢ -2lpebras and <¥ unital g-moromorphisms.Denote by A the
* . : e ; ’ .
¢' ~inductive 1limit of this system,by 1n:An.~—VA the canoniceal
injections and by Endl(A) the set of injective unital %-endo-
morphisms of A.

1.1.DEFINITION. «e End, (A) is celled stends rd with resnect

; 1 .

to the system (An,\fn) if,eventuslly efter ngssing to a subse-

quence and chenging not@tion,ve heve o<(in(An)) 62 (A

Ay
A+l Yol

= wnd.{A) 18 called sta nﬂﬂrﬂ if it ig stenderd with resnect to
&% 1
some svetem (A vith A=lin(
omne e (ﬁn,%}ﬂ with A=11 15 An,%hg

1.2.REMARK. & preserves \len(An) snd we obtain the following

commutetive diesprenm

$n
A e fA
n n+l
D<f\ (nM
A e
P
n+l n+2
pvh 61 A —= n»1.In this wey we obtain
vonere o(n n+ 9( n‘‘n An+1’ >/' : : V b}
new 1nduct1vc svetem (&n,°&n) and we cen consider its C ~1nductive
Tamat
YT A T i T warp Fom b B e W ) I3 0113 g
1»3:;;2'5;.1@:’?.:\. It we toake Be= *.‘x<1xn, o(n),t,ip ceqguence (Lel'l)

determines'@é}?ndl(B).W@ cen consider the following commutative

diarren

"P,\ ‘97

7 L

Ak] e [ r)

I\q\'—'——"ooo

; "
N«F «LX sz &tx

! -4.’—%3- o & @®
2 5 4
N 2t &, o
Nz \( ¢ 3 \\( {) rk 1/
N 4 :
L e g > L > . 0 ~
g 4 3
1
3 —— 3 i ~) g e o o

S A
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Denoting bv A( e« )i=1im(A, ® ) and B( % ):=1im(B,¥ ) we remark
» b i xdl

that Alx )=B(¥ ) and A,B can be embedded in A(« ).In fact A(er )=
:R(af):lim(An, ﬁn) such that ( ﬁn) is an union of & subseguence
of (‘?n) end & subsequence of ( NYQ,

We see slso that with the sequence (A ) end with the bonding

[ & § (-P ( T S 1’ ﬁA*' k2 A E

meps (%) end \°<n> we cen obtain three C -slrebras:A,B and
A(x ) which can be different.Moreover, A(« ) depends not on the
sequence (An)°'

Let's consider the following narticuler exemples.

1.4 .BXWMPLE. Let A =M

0 1 0 1
We have A=lim(A_, ¢ )=XK"~ (the commact operstors with ad joined
e I n
" undde ), BeUHEL2® @, My Al e Y=BL S Y=(UHF (2 )@ K ) .For 4,B and

A(x ) we cen take the following Brattell disgrems

B ()

N o=
_ N
Sam i e e

>
.S

NN\

e ) —

N

r
«

e — = o —
e

1
\
1
\
1
l
1

1.5.0X%PLE. If « is sutomornhism,we have alx )=A,but A end

n can be different even if X is sutomorphism.Indeed,teke

ND

ik 1 2
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In order to see thet (rxn) induces en eutomornhism we remsrk

] o . . . ;
thet KO(A)=Zi{§yEZZ with the lexicogranhic order and

2 0
KO(rx):
O 1

1.6.REMARK. o€ Endl(A) induces en automorphism of A(X ) t

O
L

the following diesgrem

f>< o o
1 e v e ‘L(o()

RN

—_— Iﬁ\(O( )
(=% <

In thig wav to the pwir (A,x ) we heve essocleted 2 gresther
C ~alpebra in which &« becomes sutomorphism.

Of course,the same construction cen be considered in other
categories. As en illustrative exemnle teke the Froup Z: with

)

2 .
the multiplication bv 2. We heave 13“(22 2 t/Z[%l rnd,2[5}' ég[

PO} !

is en sutomorphisnm.
; x : :
In the cese. of commutstive C -a2lgebras,to & pair (X,f) with
X & compect Hausdorff space and f:¥X — X & surjective map we

T

~ s 4
zsaociate (X(Ff),f) where X(f) is sznother compsct Hausdorff snsce,

“r

*é Tomeo(X(f)) #nd we have » suriective mep X(f) —¥.

0 miJT A I QTCOT, cu RRRTL) io IOSNY W TTATATY A Y
&§2% ., TH® CASE OF AP-ALGURRAS

{1 - 4 A P £0 e 3 o o e B e x . el
Phie coge of AF-slreabreas (.wl___ finite dimensionsl) is more tro-
A% SR ay A AR T s B AT e wa Y rder o1d scale sre comnlete
L obeiin i 6 cecsuse Liig L i orouns wW1l0O order andl Slzcllae - Gtiske il
o)
inverisnte. If we went to know how lerse is Aut(a),we study

—
\-:.—-,-)'17 am

Avit (L o e A \;“ e A B V8 A Y Ny, aevery automornillsi
uvﬁwjf-,,hs(ﬂ>+, 1ﬂ3> snd use the resuli that every
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of (A),h il l can be lifted to & standard sutomornhism
of A,the error belny the composition with an approximately inner
sutomorphism.

It is easy to see that also endomorphisms of (KO(A),KO(A)+,[1Q)
cen be 1lifted to standard unital endomorphisms of A.

B e s s ime B0 e B M) el e K, (4)

S

K (85) —— K (hy) e Ko(hy) — . K ().

Tn order to prove the following theorem we recell some nota-
tiong end state some importent perturbstion results.

Z.IiWWFINTTION, Let A be en unital AF-slgebra. By a nest of
A we shall meen en increesing sequence

CA=p C AJS Ay S e SAC o

ik n

; : % ' .
with An finite dimenseionel C -algebres end A= \JA
mn

n‘
' * : e .
It Cl’C? are O -subslpebras of an srbitrery C -algebra C end

£> 0 we shall write G;C°C, if

supﬁinf{\\xéyh\yé-CZ,“yué'lk\Xe Cl,“xh§A1}<-E
and (Cl,L ) is defined by

G- = Antys O\ClCE C, &nd CZCf‘Clyo

* . g ;
are (- -gubslgebras of G, Cl 1g finite di-
mensionel and €> (,then there 1is §> 0 denending only on g and

dim(cl) such that Q§(39=$ 3 ue UC) (the uniteries of C) with

C
1

C1CIAHU(C2) end u-1)<E .

; %
2.3, L9MA(Christensen). If C4,C, are ¢ -subalgebras of C, C;

; X :
ja Finite Aimensional, 0¥ < 10 =4 end GlCL J? then there 18

"
a it sueh that CIC-AdJ(Gﬂi end fu- W\<:(/'§1/

2.4 FMARE o het b =) R €& Tnd-(A) arbitrery ond €> Q.Us81ng
‘ " & i

e ;i P R I s i R A o SR + o Vs e AT
complete svatem pf metrix wpitsg 1t e eagy longee Lank bher

. . p . s R
existe an increasing sequence (n,) €N with Sl & B

o 7 1 [ RO ~ T AR A AT e 3 ! -t ! 4 - 3
for every k. Thus every endomorphlem 18 slmost! stendard.

N
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In his peper, Volculescu shows that slmost inductive limit

gutomorphisms are aporoximeble by inductive limit sutomorphisms
(proposition 2.%. in (2]). In analogy we prove the following re-
sult which shows how large is the class of standsrd endomorphisms.
2.5 . THREOREM. Lét A be en unital AFmalgebra,o<€’Endl(A) end >0,
Then for every fixed nest of A there exists u ¢ UL(A) with llu-1i<e

such thet Adue=x is standsrd with respect to (a subnest of) the

fixed nest.

Proof. Let (Bm> be & nest of A such thst & (Bm)c;%“B with

41

s

EqN 0 (see the remsrk 2.4.). We shall construct inductively a
il

subnest (An) of the nest (Bﬁ), endomnrnhisns & end uniteries B

such that
v =0 2 = X o, = X
A() €1 } '[‘1 o ul * 2 1

=Adu - 2T eng A nC e Sie e
o(n+1-~ﬁ,dun+10 D<n’ i\ U.n LS 2 enda Oﬁn(b_a) AJ"'I’OS J€<n-1.

Having constructed 4_,u_, X_, the nroot will be concluded

gl

since u=lim u ceoly is well de
N+ &

ined, Wu-11< ¢ &nd (Aduov<)<ﬁn55l

C

-
A for every n.
n+1 ;

Sunpose we heve found Az=B. 4 sl with the decsired nroner-

tiag foprd S i<, Jet

n+1
¢ 2

SR e

il > ; , : s 3
end assume t <10 ' which is no loss of generality. Since

m_+n -
3 n B I every n ) -end
~ (‘m i B e or every npp2 O ¢
n i
Tim dfida (B B. )} =0
: i o o s
we coen find m o R T R T s W i 8 - , therefore
P T n B M ]
L n n+
¥ ; a7
Iy o 1 T "y Sy o
el 1’1> © ¥4l with S Ty
Ty, ]r £ ;‘.r & t e € [: SLE £ L 3 C FEN v € £ “



unitaeries v €fA

We

=

the

snd

which concludes

’ D, .
Putting tﬁ::(Q(n¢l)lO“)J‘r

[

Adv . e
(A \]

ke

Indeed, as

¢ © “(q.'* O
A E

0, S

I

have
(Advi; o

refore

ft

<
@

there 1s

e e

7
/

1. &3¢ n
n+2-J’ <

"“n) (A”

YT A

sume we have fou pd Vj

{Advko,.
<

“vke.avomlh\ 2("{i

s}
Ve

Adv e
0

A
&

the nronf of the

A:ZV U.QDV.O

n

n+1

end for 0< J€n

<

(ﬁdun+

L=

X (A

= AQV_ 0 b e
n_J) (A i

Q(Aﬂvn

N~ j nt+l-

OOAdeO Kn)(A

~+.05G'§'g

°°Advo

VK41~1 < 10° (?kn+1)‘§

“1E £ Y €

A\

..CAﬂvj+

1/2

, We

such that

J
for J< k<
i»
N

madewl =

‘HI

OMn)(An

\+]

exietence of

ve heve

(n+l) b"n

]+1)(Adv

1)(/‘.

n+1-— 3

and \v ).“1 < ]

<.

~-k-1

1/2
/?é *ﬁz"

ta 1 <
J (

J
=

J

e hen

| e

the v

o SHAV

shall find inductively

1 (1< j€n)

A },where

?(h"‘“" ) “g'k‘__]

e

A

n+l %!

Nk

<n).

e (b s)C

o) n’ "t n-j

Srml= 3"

< T D! 2 l“ N \. -, L ”‘__’r. ‘D‘ 1/\::1 .\.
2.6.COROLLARY ., Bvery <& ?ﬂd (f) for A on unitsl aF-alegeb 18
e b §
of the form Advef ,where v €U (A) end ( 1s stenderd.
("ZO TINE AT
S o O¢4AJ{ Crs. e}
i ! » ; i } & o] (2N A Rl T 12
1f we went & reesult similer to the theorem-2.5. for B=linm 3.
P
2 1 b et : o A _ e
with B _=C(8 )@)ﬁn snd # finite dimensiongl we nead & resull siml
P E &
A lemma 2.%. of Christensen. The difficulty is thet
closelv unitaries ere not conjurated.
leg re we heve the followine lemma vI usee functio
© —"\",: LN. ©
¥ 1
% L - e A M
% Y R, Let O on unitel € —rlpebra snd pplis )@)ml_—w 2
gpite] ¥-homomorvhisn,vhore 4, 18 finite dimensiosel. Denote




oy
&R

¢

end a comnlete svstem of matrix units for A])é Then for every

X ; : w : ;
£>0 there exlsts &> 0 such that whenever C} ig a C -subselpebra

of -C with thgcl there exists sn unitel ¥ -homomorphism

o R 2o
$:C(S7)® Ay — Cy such’ that the dlepram
= -

5@ Ay - C

ia aporoximstely commutetive to within € i.e. Wlaip s E

We recall a result concerning the unital%;«homomormhisms

7

1 . i e , . ¥ il
C(Si)@)ﬂl-wvw C(Sl)@DA? with aq, ks finite dimencional C -algebras.

% .2 THEOREM. . Given an unitel % ~homomornhisn

Pl e (M 5o M, e c(sh @ (M, ® ...0, )
.\1 \p l q

there sre a qx p metrix (nii) with m; . nositive integers (some
i

1 2 €

multiplicities), & qx p metrix {ﬁj ) with ﬁiv.€22 (some desTees)

A=

J
such that Zi.mijkj:nﬁ,izl,“,,,o and m. .=0 implies d; .=0 end én
J . (9 g

' ] . ;
unitery ue C(SH)®G. & ...®! ) such that Adu e\p 1is homotonic
= ny ng ‘ .
t5 the (cenonical) # ~homomornhisan J given by
e R TP S T R e

i j J

where £ .€ 0(51>®r:u, ond
J -\J

fi(zdij) ()

b, (£5)(2)=

1] Py ‘

end diﬂ(¥da'(fi):kim"‘
¥ v

J 1
* 4 bl e e 4 o e o 3 B B S O o s At Yo e
The matrlces {ma s ) and {(d. .) &re unlgue wWitn taese pronerties.
1J 1
- 1 o { -t O
Tn fact IKIQ._:)--I» (kg))’ Lﬁq‘.i )wj\.](k(/).
1o o) 1] L
T ey r\"” -
ot e \_43
i A%t AT o “ < ™ At 4 ey ~ ~ A T O ey C PaR T
2 poianE - I the ces o1 JA=8l1f S b Don! ap¢ B
4 - 1w PN T ey o ; R
datermined within unltery eoulvelencs OV matrix of pogsililve
® ’ - s 3 A S A 3 X7 sx7 v by >, { 2 -
integers. We cgn consiaer inductive svetems (wq,\€“) wnere
1S P X
3
B e e T IO 8 B I3 ~vios A e o A crviaTl il o bl R NYe
LEE(8 J@A , 4 TIHiTe dimensiongd and \P“ cononlical given o3
=

i
wetriees (aultinlieitiecs and depreps e lhe composition: of




two csanonical maps is not canonical but it is homotopic to &

canonical one. To see that,we make some celculations. Let

: ¥
c(sh e (@) 2 o(sh @ tr,@1,) <= o(she wem,)

where

o
fl(l) %

S LY N ,, e D % [ 3

el SR £ : N

2 .
£,(1)

HlE R e e @ £,z 7).

We have

f2(13

1 1 0
Remerk that 4y is given by ; and ¢, by

1 § 5 =3 it

SRR, ! SR,
1 g 1 1 5 5\ (-3 1N O e . 6\

.

o 4 S, P 1 2 }- 4~ T i

rjﬂ[l(-“f"?-‘r‘lﬂa}"('r‘ we can onlv hone that X € n ,-L(‘!> 1 x.’.J.”lOtQ:)l(, L0008
. Dk L 2 - i A 14

° ° © i..rl Y 1
e
1 . . =4 i e
b2 (i U A ) \ > T v A i ] oY ven ~ v
2 (- ( 2 XY ST ¢ ‘\-Q ) ——me " g Mk Y
i = sk J, 3iin L INA o . o
ey i o n n+l
- - -

SISOt S L



neider (g Y< Z on s e o
Cone er \inﬁ.l and 0‘1’1“}?7 3

“h(f)(2>m S g
e )
(.o, ) defines Wéﬁﬁdl(R) where B:=1im(B_, 9 ). Let C:=lim(B_, « ).
A pra— n ‘ﬂ_’ X

Remark thet ¥ (“)“ (C)ﬁK (B(R))= iég\ﬁlézzyfléki};
N

K, (B)=9 5

e & &

On\méZ,ﬂG&},

. = 2] 1 N s _
1\1(@)-qu.“% | m€Z ,nenNy,

KLUMm)) %ﬁ i \ meg JléN}°

[Jle & Q.{)nqlo @ “Qn

Remark that « is sutomornhism iff (pn) and (Qn> have the same

% .5 RWMARK. In certain cases 1t mey be hnwnén that B is AF.
Tn this cese we hove methods to construct interesting exemnles
of endomorphisms of AF-glrebres. Blackador hes cons tructed in
thies wey a symmetry of thre CAR olgebra for which the fixed
noints aleebra is not AF. In eny csase, we have aCB where
£ ) end A is AF. We can study the relstion between

Tnﬁl(A) end Bndy ().
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