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DEIIIVATTONS oF NEST-SUBALGEBRAS oF TYPE rIr FACTORS

Every u l t raweakly  cont inuous der ivat ion

of  a  nest*subalgebra of  the hyper f in i te

t ype  I I 1  f ac to r  assoc j .a ted  to  a  nes t  wh ich

genera tes  a  Car tan  suba lqeb ra  i s  i nne r .

INTRODUCTION:

Le t .  B f r 'B (H)  be  an  a rb i t ra ry  subargebra  o f  t he  a rgeb ra

o f  a r l  bounded  l i nea r  ope ra to rs  on  a  H i l be r t  space  H .

A  d e : : i v a t i o n  o f  B  i s  a  l i n e a r  m a p p i n g  $  : B * B  s a t j . s f y j - n g
e .  F  ?
d  ( " y )  =  x  d  ( y )  +  d  ( x ) y  f o r  e v e r y  x r y  i n  B .  f  i s  j - n n e r

i f  t he re  i s  an  ope ra to r  b€ ,B  such  tha t
n

d  ( x )  = f b , * J  =  b x - x b  . t V l  x € B

r t  i s  i m p o r t a n t  t o  k n o w  a b o u t  a  g i v e n  s u b a r g e b r a  B c B ( H )

we the r  a l l  i t s  de r i va t i ons  a re  i nne r .  rn  o the r  words ,  t h i s

means  tha t  i t s  f i r s t  Hochsch i l d  cohomo logy  g rouo  i s  t r l v j -a l ,

t h a t  i s  u 1  ( e , e )  -  0  .  T h i s  i s  k n o w n  t o  b e  t r u e  f o r  a l l

v o n  N e u m a n n  a l g e b r a s  ( [ 5 J , [ t t ] )  a n d  f o r  a r r  n e s r  a l g e b r a s  ( [ r ] 1 .

I n  ( [B ] )  we  s ta r ted  to  i nves t i ga te  th i s  p rob lem fo r

nest -subalgebras of  von Neumann a lgebras.  we proved there,

among  o the r  resu l t s ,  t ha t  de r i va t i ons  o f .  nes t - suba lgeb ras

of  type r r1 factors which come f rom atomic nests  are j -nner .

The  a im  o f  t h i s  paper  i s  t o  ge t  more  i ns igh t  i n  t he  case

when  the  nes t .  genera tes  a  d i f f use  abe l i an  suba lgeb ra .

We p rove  tha t  i f  t h i s  abe l i an  suba lgeb ra  1s  a  Car tan  suba lgeb ra

o f  t he  hype r f i n i t e  t ype  t r1  fac to r ,  t hen  eve ry  u l t raweak ly

con t i nuous  de r i va t i on  o f  t he  co r respond ing  nes t - suba lqeb ra

i s  i n n e r
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The maj-n ingredient  is  a  nonsel fad jo in t  vers ion of  the

celehraLed Connes-Feldman-Weiss theoref l  (coroJ- lary  1 "Z l

The  resu l t  con ta ined  i n 1 " 2  ( i i i )  i s  n o t  n e w .  G l v e n  i n  a n

even  more  genera l  se t t i ng ,  i t  i s  due  to  p "Muh1y  and  B .So le I

t [ Z ] l  a n d  i t  i s  a  d i r e c t  c o n s e q u e n c e  o f  t h e  r e s u l t s  i n  t [ O ] 1 "

T h e  p r c o f s  i n  t I O ] l  a n d  t [ Z ] t  h e a v i l y  u s e d  e r g o d i c  t h e o r y ,

as wel l  as the or ig ina- I  proof  o f  the Connes-Feldman-Weiss

theo rem t [Z ] l  r e l i ed  on  the  Fe ldman-Moore  e rgod ic  mode l  ( [ 4 ] ) "

rn  ( [ t  O ]  )  So r in  Popa  gave  a  pu re l y  ope ra to r  t heo re t i ca l

* * ^ ^ F  n F  t - 1 ^ ^  f l a n n ^ - - n ^ 1 1 * ^ * - r ^ r ^ . i  ^ ^  L L ^ ^ - ^ *  T -  & . - - *proo r  o r  Ene  Connes -Fe ldman-We iss  theo rem.  In  tu rn r  w€  p resen t

an  ope ra to r  t heo re t i ca l  p roo f  o f  t he  nonse l fad jo in t  case .

T h e  m a i n  r e s u l t  a b o u t  d e r l v a t i o n s  i s  o b t a i n e d ,  a s  i n ' t [ i  ] l
r 1

and  (L8 j )  ,  by  show ing  tha t  nes t *suba lgeb ras  o f  t he  hype r f i n i t e

t ype  I I .  f ac to r  assoc ia ted  to  nes ts  wh ich  genera te  Car tan

suba lgeb ras  have  E .Chr i s tensen '  s '  automorphism implementat ion

p roper t y ' .  T 'h i s  means  tha t  au tomorph isms  c lose  to  the  i den t i t y

a re  imp lemen ted  by  i nve r t i b le  ope ra to rs  c lose  to  the  i den t i t y

(  T h e o r e m  2 . 3  ) .

te t  us f i rs t  f ix  the terminology.  Throughout  th is  paper

R  w i l l  be  the  hype r f i n i t . e  t ype  I f t  f ac to r  w i th  fa i t h fu l  f l n i t e

no rma l  t race  T  ,  E ( I )  =  I  .  A  nes t  L  i s  a  to ta l l y  o rde red

s t rong ly  c losed  fam i l y  o f  (  se l f ad jo in t  )  p ro jec t . i ons  i n  B (H)

conta in ing 0 and f  .  I f  LC R ,  then the a lgebra
( l

,  =  
t  x e R  ;  ( I - p ) x p =  0  ( V )  p e l , J

i s  t he  nes t - suba lgeb ra  o f  R  assoc ia ted  to  the  nes t  L

Recal l  that  for  an arb i t rary  subalgebra B C B (H)  |  B '  denotes

the  commutan t  o f  B .  A  nes t  L  i s  con t i nuous  i f  L "  i s  a  d i f f use

abe l i an  suba lgeb ra .  F ina I I y ,  i f  b€  B  then  t . he  i nne r  de r i va t i on

o f  B  imp lemen ted  by  b  , t ha t  i s  f ,  t * t=bx -xb  i s  deno ted  by  ad (b )



N - ( A )  =  {  u e R  u n i t a r y  i  u * A u  =  A  }  r . r al \ L * J

GNR (A)  denotes the normal- i  zLng grupoid of  A in  R

CONTINUOUS NBSTS AND CARTA}.I  SUBALGEBRAS

Recar l  t ha t  R  l s  t he  hype r f i n i t e  t ype  r r t  f ac to r  w t th r

t r a c e  E ,  ? ( r ) = 1  a n d  I l  x f f  , = ? ( * * * ) 1 / 2  f o r e v e r y x € n .

r f  BC R is  a von Neumann = lbutg*nru then Ep denotes the

unj -que t race p: :eserv j -ng normal  condi t . ional  e* i . . to t ion of  R

on  B"  Le t  A f r  R  be  a  max ima l  abe l i an  * - suba lgeb ra .

Then  NR (A )  deno tes  the  no rma l i ze r  o f  A  i n  R  ,  t ha t  i s

{ )
G I . I D ( A )  =  a  v € R  p a r t i a l  i s o m e t r y  ;  v * v r v v * 6 A  , v A v * = A v * v  i. K C J

N o t e  t h a t  v e  G N O ( A )  i f  a n d  o n l y  i f  t h e r e  i s  u € N , . ( A )

and  a  p ro jec t i on  e  e  A  such  tha t  v=ue  ( see ,  f o r  * "u . *p r *  t [ l  oJ  i  i

A is  a  Car tan subalgebra i f  N. , '  (A)  gener :ates R as a

von Neumann a lgebra.

The connes-Feldman-t r {e iss theorem says that  i f  A1 and Az

a re  Car tan  suba lgeb ras  o f  n  then  the re  ex i s t s  an

au tomorph ism g  € .  Au t  R  such  tp  (A .  )  =  A1

1 . 1  P R O P O S T T I O N :

Le t  ACR be  a  Car tan  suba lgeb ra .  I f  t |  i s  a  L race

preserv ing automorphism of  A then there is  an automorphism
? ?

I  € A u r  R  s u c h  r h a r  < . f ( a )  =  4 > t " )  ( V )  a € A

P r o o f :  A c c o r d i n g  t o  t  [ t  O ] l  ,  c o n s i d e r

sequence  o f  ma t r i x  suba lgeb ras  ( t ype  I

each of  them wi th a set  o f  mat : : ix  un i ts

such that  
" r f  

e  a
\ - h

. / - T
' ? = i i  -  r  I

l-

.i -iL r J r r t ,  e v e r y  e
n

g ,  .

an  inc reas ing

f a c t o r s )  M n C  R ,

,  n .  k
t e i j l l < i , J 3 2 n

_v
rS6  c N * ( A )  ( v ) p < n  .  i s  t h e  s u m

, . \ r
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- nof  some e. ' .  and suc l " r
r J

For  eve ry  n  cons ide r  a  2
k

1 ) n
( n ' - - - - - Y r o  I  w h e r e. r n ,  . . r r n  ,

w - R

n f  { - h a  r r n ' i  { - r ru r r r  u J

I

4  i  - ^ '  ^  n
t q r s - z

tha i

I I

t r M
\ J N
n

n r r # i  { - i  n n
I . s !  e r  u r v r r

r np ; e
. r !

i n A

k
. ,--fr k-^

T h e n  ( e P ( p _ ) , . . . , Q b 1  ) )  i s  a n o r h e r  2  n  - p a r r i r i o n.  r  . , f I , ,  ,  I  1 ! I 1

o f  t h e  r r n i  t v  i n  A  a n d  c o n s o o n e n j - l v  1 -  h r . r e  i  s  A  l . l n i  f  n r rv !  u r r v  u r r !  L J  l - 1 1  f I  c t t l L l  L . ; U I I I )  y '  O p e j i a L o f

.l -i

un€ NR(A) such that  r f l  tn l l  = uf i  n lur ,  (V )  n2,  1
A -

a n d  1 { L { 2  
r r  (  s e e  f o r  e x a m p l e  ( [ O l t : . a  )

1 )
Let N-^ = u-{ i\4-- u and N- = u }.{ u*n  n  n n  n  

- n n - - n

l \ , f a v n n r : a *  . L l ^ ^  ' , * . : + - - - :  ^ ^  1 - ^  ^ ! - ^ - - - ^  - - , ^ - r -i ' / roreover ,  . tne uni tar ies ur . ,  can be chosen such that

f o r  e v e r y  n > 1  a n d  m > n

ut I"I-u* = ut M u and u M u* = u 1,1 u*m  n m  n  n n  - - m - - n - l n  - n - - n - - n

f  f  we  de f i ne  C?  (U* )  =  N ]  t hen ,  by  the  above  remarks ,I  . ' ^ n '  " n

f  i s  co r rec t l y  de f i ned  and  $  un ique ly  eN tends  to  a

: r . - i q , o n r o r n h i q , m  b e t w e e n  R  a n d  a  S u b f a c t o r  R ^ C  R  ( [ 3 ]  I I I " 7 . 2 ]l l v

More  p rec i se ry ,  f o r  a  g i ven  . coun tab re  subse t  ( vc  )  *  . '  1  c  GN-  (A )' l _ ' a > r *  H '

cNR (A )  i n  t he  no rm l l  . l l  2 ,  Mn  can  be  chosen

,  1 ( i { n  ( [ 1 0 ] ) "
n

v .  a n d  t )
I

such that

n r m T  n g

r l

l l  u  u *  v . u  u *, ' m n l _ n m

I t  f o l l ows  tha t

- vill 
, < [ , hence l[ ufivrurr- tfitit* < E

I  u ,  ( ' i )  -  v i l l  ,  (  2-n

dense  i n

such  tha t

For every

w in i'I
nc

v

Since  fo r

0 ,  there j -s  n€2,1 and an operator

l l  " ,  
- ' I z - (  E / z

u u*wu u* = w thenm n  n m

(r i t i . r r ) r r r ,1  i s  Cauchy  in  the  norm l l . t l  2



6 *

and s ince i t  is  a lso bounded in  the uni form norm, there
N

is vi € R such rhar ti* ll fi "firir,., ll z 
= Q

r t  fo l lows that  for  every ve GNo (A)  there is  Ten

s u c h t h a t  t 1 *  t l  T - . t n r r r r l l  2 = Q  , h e n c e
n

I  ( " t  = l im u*vu'  strongly f  or  every v € GNo (A)
n I 1

On the other sider uf,urrM'rir* = ufiNfiu* = M' for m> n
k

hence  fo r  eve ry  n )  I  and  1  (  i , j  (  2  n

nt.,"iJ,r; € cNR(A) and cf (u,rerJufi) = *i j

consequen t l y  R0)  l { n  ( v  )  n )  1  and  th i s  imp l i es

R O  =  R  ,  e " t r . D .

1 .  2 .  COROLLARY:

( i )  L e t  L ,  ' L 2 c R  b e  t w o  c o n t i n u o u s  n e s t s  s u c h  t h a t  L i '

and L; '  are Car tan subalqeb: :as in  R.  Then there is  anz -

automorphism f  e aut n such that cp { f , .  ;  = L^
r l z

( i i )  I f  L C R  i s  a  c o n t i n u o u s  n e s t  s u c h  t h a t  L . .  i s  a

ca r tan  suba lgeb ra ,  t hen  the re  i s  an  i nc reas ing  sequence  o f

ma t r i x  suba lgeb ras  Mnc .R  w i th  ma t r i x  un i t s  t e rJ t  ,  * r J€  -QNR(A)

-_-I^t

U Mn"  -  R  ,  sa t i s f y ing  i n  add . i t i on
n

n  K . .
. i i  € L  f o r  e v e r y  n > .  1  a n d  1 { r d 2  n

( i i i )  r f  L c R  i s  a  c o n L i n u o u s  n e s t  s u c h  t h a t  , L "  i s  a  c a r t a n

subalgebra and i f  Mc,  R denotes the corresponding nest -

subargebra ,  t hen  the re  i s  an  i nc reas ing  sequence  o f  ma t r i x

nes t  a lgeb ras  T '  w i th  ma t r i x  un i t s  t e r f l  such  tha t

r

L
l - =  |



n
1 - i

ne .
1 - l

=  0  f o r  i > j

( i v )  I f  L1  ,L2  C ,  R  a re  con t i nuous

Lt '  are Car tan subalgebras and

corresponding nes t -subalgebras

s u c h r h a t  
$ ( M f  |  = 1 4 ,

subalgebra.  Then for  every p € Lt

such  tha t  6  (p )  =  G  (g )  .  De f i ne

V ( ' p )  
=  q .  T h e n  p  u n i q u e t y

automorphism of A , hence there

T  (L1  )  =  L2  .  The  genera l  case

€ cNR (A) and

- 7

s n
r J.*r' e* u' € L

. i  - . 4  r !

%Tat

t  I  r _ " "  -  ML / n
'  L r

k
f o r n ) 1 , 1 $ : r 4 Z  n

nests  such tha t  L i '  and

if M1 and IiI, are their

,then there j-s Cf e aut

Cartan

q €  L z

Proo f :  ( i )  Suppose  f i r s t  t ha t  L1 .  =L ;  =  A  C  R  ,  A

there is

V  ' L 1

extends

i s  c f 6

reduces

a unique

* L 2  b y

to a "6 -preserv ing

Au t  R  sa t i s f y ing

Lo the above one

by the Connes-Feldman-Weiss theorem.

( i i )  Le t  {N  } r , r1  be  an  i nc reas ing  sequence  o f  ma t r i x  a rgeb ra -s-  
f l ' t t 2 t  

-  u v Y u \

with matrix unirs terJf , "r i  e a and lU\t = R
n T

Then the nest Lo generated by the project ions X 
"-  I1 l

.l-= |

k
1  {  r {  2  n  

t :  con t i nuous  and  
" ' o '=  

A

Au t  R  i s  such  tha t  
f  

( i ,O )  =  L  then

(Nn)  .  sa t i s f i es  the  requ i red  cond i t i ons .

be the matr ix  a lgebras f rom ( i i )  and le t  T

,  f r ) t 1  ,

r f  ?  e

M  - < p
n l

( i i i  )  L e t

be the upper  t r iangular  par t

I f  a e M  t h e n  E t i  ( a )  €  T n
i  - - n
r

\i-1 nq = L, "ii 
q € L fl *.,

i = 1

o f M
I I

.  Indeed,  for  every pro ject ion

we have

( r - q )  E u  ( a )  q  =  B p r  ( ( , r - q ) 3 q 1  =  o
n n



B -

Since so-I . i -m B'r  (a)  = a ,  our assert ion is proved"
n " n

1 a

( i v )  Le t  M '  and u f  .  be  two increas ing  sequences  o fn  
- - n  + r r e r E q D r l l y

m a t r i x  a l g e b r a s  w i t h  m a t r i x  u n i t s  ( * _ l )  a n d  t f , l fr l '  ' - i j '

sa t j - s f y inq
f

\ ' | - Y 1  n
Lr " i i  -1 ,  {_*,  t i i  € LZ and
1 = 1  i = i

U
n 4 = U-4 = ft . LeL ff e Aur R be such rharr r n ' 1

t r ' r l f  = M : ,  h e n c e  T ( r l ) = r i  r s o r h a r  f . , f r ( u . ,  )  = r , z

2 " AUTOMORPHTSI4S- AND DERIVATIONS

2 , 1 ,  P R O P o s r r r o N :  L e t  N  b e  a  t y p e  r r t  f a c t o r  a n d  L c N

be a cont lnuous nest  which generates a maximar aber ian
* -suba lgeb ra  Ac  N .  I f  M  deno tes  the  nes t_subaLqebra  o f  N

corresponding to  L,  then for  every operator  x  in  N

( . .  )i n r  i .  { [  x - ] r f f  ,  ] e  c  I  K  7 / z  s u p {  l l  x a - a x  l l  ,  a e M ,  l l a l l { . l  }t  "  )  \d  . .  . , \ -  
J

Proof :  Let  P denote an j -nvar j_ant  mean on the (abel ian)
f

u n i t a r y  g r o u p  U ( A )  .  r f  y  =  
J  u * x u  d p { u )

U  ( A )

t h e n  y g  A ' f l  N  =  [ .  F o r  e v e r y  u n i t a r y  o p e r a r o r  u € U ( A )

and  fo r  eve ry  a€M ,  uau*gM and .

t r F

l l  ["*"" , "] l l  
= l l  [" , uau*] l l

S i n c e y b e 1 o n g s t o t h e u ] t r a w e a k 1 y c 1 o s e d c o n V e x h u 1 1

o f  t h e  s e t  
)  

. n  l l  ^ . . , ^  + 1 ^  ̂ &
I  u * x u  ;  u € u ( A ) J  i t  f o l l o w s  r h a r  .

, l  . , . t  t i  , t t  I  r r
l [  a a l o l l r a l i  - < l l  a d ( x ) l r l l  .  w e  p r o v e  n o w  r h a t  f o r  e v e r y  y e  A

i n r { i l v - r i i l }

o f  N ,  T  ( N ) = 1
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I f  w e  d e c o m p o s e  N .  a f t e r  t h e  u n i q u e  p r o j e c t i o n  p g L

w i t i r  ?  (p )  =  1 /2  then  N  i s  i somorph ic  to  the  a lgeb ra  o f

2 N 2 matr i -ces 
.over  

a f  actor  NO wi th a maximal  abel ian .
* -subalgebra AO and a is  isomorphlc  to  A0 @ A0

Moreover ,  the image of  M conta ins

l n  r  I
N o  @  { , ;  ; l  .  c l e a r r y  y  =  y 1  s  y 2  ,  y i €  A o  r ,

By hypothesis , if s= l[ "d 
(V] | "n 

l l tr,*tt

l l  1 1 ,  ' \ f :  : \  ( o  " . | / o '  ' ] l l  n sl l  \ o  v r l  \ o  o l  \ o  o l I o  y 2  l t t  
-

for  every uni tary  operator  u€ NO "  I t .  fo l lows that

fl yr 
" 

* *yz ll _< = , hence ll vr *vz li .( . and 
ll 

o, - uyru* fl *(

hence there is  11 € c such that  l l  vr-  l1r  l l  - .< u

slmilarly l [  vr- .7 rt l [  g 
" 

for some ] , e .

consequen t l y  l l . , -121 . . f1  1 , , t - v i l l  . l l  o . , - y2  l l  . l t  o r -7 r t l l  < r *

a n d  l l  y 1  @ y z  ( l r * 1  , t / z r @ ( 1 . , * \ r l t , , l l  (  5 / 2 s

which proves our  c la im.  I t  fo l lows that

i " r { l l  v - } r l t  , } e  c }

s ince  l l "  -  y l l  g  l l  ra ( * l f  o  l l  (  l l aa t * )1 , l l  r "  concrude tha

i n r  
{ , t " - } i l l  , l  e  . }
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2 .2 .PRoPosr r : i oN :  Le t  RnLrA  an . l  M  deno le  the  l i ype : : f j " n i t e

t ype  r r t  f ac to r ,  a  con t i nuous  nes t  i n  R  ,  a  ca rLan  suba l_gebra

in R and th.e nesL-suba.1.gebra of  R
(  . .1 4  -  
i  

x € R  ;  ( I - p ) x p  =  0  ( V )  e f i L l  r e s p e c r i v e r y "

Suppose moreover  that  L"  = A .  I f  d f l  €  Aut .  M is  a

u l t raweak ty  con r inuous  au tomorph ism o f  M  such  tha t  l l i d *e f l l {  e  1

and  C f  ( x )  =  x  (V  )  x€  A  then  the re  i s  an  i nve r t i b le

o p e r a t o r  a  €  A  s a t i s f y i n g  C p  ( " )  =  r - 1 * ,  ( V  )  x 6  M

and ll r-u 116 il ia- f tri

P r o o f  :  L e t  0 = p 0  & p 1 4  .  .  .  {  p r r = f  b e  p r o j e c t i o n s  i n  L

s u c h  t h a t  f f  ( p i + 1 - p i )  =  1 l n  ( V  )  0  . {  i {  n - 1

and  decompose  R  a f te r  t h i s  pa r t i _L ion  o f  t he  un i t l z  i n  A .

T h e n  R  i s  i s o m o r p h i c  t o  R  S  B ( c n )  ( t h e  n x n  m a t r i c e s  o v e r  I i )

a n d  A  i s  i s o r n o r p h i c  t o  A  &  A  $ .  "  " @ A  ( n  t i m e s ) .

cons ide r  now the  f i n i t e  d imens iona l  nes t  a lgeb ra  T '  w i th

m a t r i x  u n i t s  t e , f l  w h e r e  * o l  =  g  f o r  i >  j  a n d

e [  =  r  €  u n fnr  ;  ^? i  where i . r .  I  are the matr ix  un i ts
i i  i j  J - \ - / r -  ' +  J  I l

in  B (c" )  .  In Ie prove that  Lhere is  an inver t ib le  operator

a € A  s r . r c h  t h a t  
9 t " )  

= . . - 1 * .  t V l  x € T n

F o r  a r b i r r a r y  l E i 4 i g n  q i  =  p i - p 1 * i  ,  q j  =  p j - p j * t

r f  we  i den t i f y  Ae*  and  Ae*  w i th  A  then  fo r  eve ry  a rb6A* *r_ ' l

o n e  h a s  ?  ( a ) = a  ,  q '  ( b ; = 5  a n d  ( P  t e .  f  y  €  s .  R ct  I  I  a J  -  * r i j

Moreove r  ,  f o r  eve ry  x€  g iRg j  c  M  one  has  
f  

(ax )=a  
f  

( x )

a n d  S t " n 1 = c f ( x ) b  h e n c e  
" f  t e r J l  = ?  t " r l t a  t V l  a € A

and th is  impl ies 
f  terJ)  =  

" rJ  €  A



A A
t t

Def ine ef l  te. , | )  = u1 , .  e , ,  r . f l  te. , l )  = an*1

clearry 1l t-ai l l{  l l  id-cf l l  < I hence rhe operaror

a = I  S a. ,  @..  .@ an_1 € A is  inver t ib le  and a rout ine

compu ta t i on  shows  tha t  C f  ( x )=  a -1 * "  (V  
I  x€  Tn

(see  fo r  examp le  ( iS l )  r I  5  co ro l t a ry )

! {e  have therefore obta lned a sequence (an)n>.1 of  inver t ib le

operators in A sar isfy ing 1[  r -arr l i -< l l  rd-ql l  < 1

and f  t * )  =  u f , l * . r .  (V  )  x€  Tr ,  ,  and,  as  one can eas i l y  see  ,

1 -

f  
( x )  = . ; ' * . *  l V l  x € T n  a n d  m > n

Let  now ( r f  l i . r r t  be an increasing sequence such that

-:---';-w
n r .  =  M  (  1 . 2  ( i j - i ) )  a n d .  I i m  a  a

? ^ , n .
k  "  R  

2 K

ultraweakty. rhen t l  r*a l lg l l  iA* q l i  { .  1 so thar

a is  inver t ib le  and for  every *  €  t  
, . , .  and 1) ,  k

2 K
t r . , f { x )  =  x , r . ,  ,  d f J " ) = x a  ( V ) x G T -

2 - : r  2  r  '  r i  
2 t k

But 
? is ul t raweakly cont inuous, hence a 

f  
(x)  = xa

( V )  x € M  ,  C f  t * t  = . * 1 * .  ( V )  x € M  e . E . D .

2 . 3 . T H E O R E M :  W i t f ,  t h e  n o t a t i o n  i n  p r o p o s i t i o n  2 . 2 ' ,  f o r

every ultraweakly continuous automorphism cf G Aut M

s u c h  t h e i t  l l i a - 9 l l <  l / z l  ,  t h e r e  e x i s r s  a n  i n v e r t i b l e

o p e r a t o r  x € M  s u c h r h a r  l l r - * l !  < r s f l  i a - g l l

and  (p  ( z )  =  xzx -1  tV  I  ze  M.
I
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f"
Proo f :  De f i ne  y  =  \  { f i i u } s ' r '  d  [ t * (u )- " ) t l

U  ( A )

rhen {{ r^vttg l i  i -a-r"P!l  hence y is inverr ibte and rhe

a r r l - o n r o r n h . i  ̂ -  t l l  r .  n r l +  =  U - 1  * f ,  ( x ) y  s a . b . i s f i e squuv r r l v l y r r rS l l l  
Y  f i  A t i t  M  t y ( x )  -  t

$ (x)  =  x  ( \ ,  )  x€ A .  l4oreover ,  i f  l l  id -Cf l  I l  =  r

rhen  l l  r - v l l < , r  .  l l  y -1 i l  {  (1 - r ) -1  ,  l l  } , l l  6 .  1+ r  ,
l l  t - , , * 1 l l  -  l f  ,  

- 1  1  , ^ ^  F ^ -i l  r - y  { t  =  ( {  y  '  ( r * y ) l l

i l  W (a) -a l t  (  l l  y -1  ( f  (a ) -u lv  l t  '  l l  v - lay -ay  l [  *  l l  "v - .  ! l  <

S  ( 3 t + t - )  ( i - t )  '  
i l  "  i l  

a n d  s i n c e  L  < 1 / 2 1  i v e  o b t a i n

[ f i a * t p ' l l  < 1 6 / s  i i  i c - E P l J ,  . s j . n c e  t f  t e a v e s A e l e m e n r w i s e

f ixed ,  there  is  an  inver t ib le  opera tor  u€ .  A  ,  I l  r fN  =  1

such tha t  tJ  
(x )  =  uxu  '  (V  )  x€  l t

4

Now n for a € M , l [  ua*au l l  . {  i lu l l .  l la*ua"- 
'  
l l  hence

f l  a a t ' ) l * t i  ( i f  i d - ( " f l l  (  1 6 / s  l l  i a - q i l

C h o o s e ,  b y  P r o p . 2 . 1  l  e  C  s u c h  t h a t

l l  u* I  r  l l  {  s/2 l [  ua (u) l  * i l  < s l l  ia* ep l l  .  r t  rol lovrs that

i  l i  > i - g t

I f  w e  d e f i n e  x  =  ) .  
l y o  t h e n  x € M  a n d

l l  r - *  l i  (  l l  v  ( r -  X1") l l  .  l l  v - r f l

a n d .  L F k \ = * r * ' 1  ( V )  z e q  A " E . D -

REMARK: Fol lowing the terminology of  ( [1J )  ,  M has the

( 1  / 2 1 ,  i 5 ) -  A u t o m o r p h i s m  I m p l e m e n t a t i o n  P r o p e r t y "

2 . 4 " C O R O L L A R Y :  W i t h  t h e  n o t a t i o n  i n  P r o p o s i t L o n  2 . 2 ,

fo r  eve ry  u l t raweak ly  con t i nuous  d .e r i va t i on  E :M* l  u  the re

l s  a n  o p e r a t o r  a G M  s u c h  t h a t  S t " l =  a x - x a  t V l  x € M

1

I n  cohomo log i ca l  t e rms ,  H ;  (M ,M)  -  0

Proo f  :  I t  f o l l ows  f . rom Theorem 2 .3  and  f rom Theorem 3 "2  i n  ( [ 1J )
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Thp  n t l rn r l sc  o f  t h l s  paper  l s  t -o  p ro r r l de  a  so lu t i on  to  a  p rob lamy u l l / v  _  . T _ l J s !  r ; )  L U  y . L u

o f  IV .B .A rveson  conce rn ing  hype r re f l cx i v i t y  o f  t enso r  p roduc ts

o f  n e s t  a 1 - g e b r a s  t t : l t .  L e t  u s  f , i r s t  r e c a l l  s o m e  b a s , i c  f a c t s .

A  nes t  i s  a  to ta l l y  o rdc rec l  s t rong ly  c losed  fam. i . ] y  L  o f

s a l f a r ' l ' i n i n t  p r o j e c t i o u s  o n  a  l i i . l U e r t  s p a c e  H I  c o n t a i n i n g  0  a n c l  I

The  nes t  a lgeb ra  assoc ia t .ed  t . o  L  i s
( ' .

A l s  L  =  
t  * €  B ( H )  ;  ( I - p ) x p  = 0  ( V  )  p €  L J

F

I n  l 2  J  h t .B .A rveson  p roved  the  . remgrkab le  resu l t  t ha t  f o r  eve ry

oPera . to r  a€  B (11 )  t he  d i s tance  to  A lg .L  i s  g i ven  by  t . he  fo r i nu la

d is t  (  a ,  A ls  L  )  -  sup  l l  t r -p t "p  l l
p€L

\ l
l l
l l'  i r

, t l
j l

i l
i i
: 1, i

J
r i

i i
i

i i
, i
: i

I
t  , t

t L

: i' t

I

]re

1

s

i -s  f  ies

L€t  H be a l l i lber t  space wi th  or thonormal

b a s l s  ( e - ^  ) . -  -  "  a n d  l e t  n  u { n n n 1 - ^
) - n , n 6  ,  P ,  d e n o t e  t h e

o r t h o g o n a l  p r o j e c t i o n  o n  t h e  H i l b e r t  s u b s p a c

a a n n r r ' l - a r l  1 - - -  ty . = r r . : r c J L r j L l  u f  
t  " r ; . . . r u r r . 1  

.  T h e n

A - =  {  x €  B ( H ) ;  ( r - p * } x p ^ = 0  { V  } n  }  1  }  , . "  rL  - n '  * n  ' - - ' 4  
J  

- -

nes t  a lgeb ra  assoc ia ted -  t o  the  fam i l . y  (p r - r ) r ,>

I, le prove thal- ]-ho a 1 aal-.; . ;1 A6 A C B (I{ & H} t

hype r re f l ex i ve  and  i t s  d l s tance  cons tan t  sa t

K (  A 8 A  )  6  3  . .

(  S e e  a l s o  [ t S ]  a n a  [ z f ]  f p r  d i f f e r e n r  p r o o f s  )



i f

Thq operator algebra '  Ac,  B (H) j -s

there  is  a  Pos i t l ve  number  R>,1

1 K su'p\
)

p*p -=p*  &

sa id  to  be  hype r re f l ex j - ve

such i:ha'L,

d l s t .  (  a ,  A i
(

w h e r e  L a t A = ' (
t

)t . -
4  f l t r - p )a -p l l  ;  pe  LaL  A
I
L

B ( l " r )  ;  ( r - P l d p = g  ( V ) a€ ,A  I

The  sma l les t  cons tan t  K  sa t j - s f y lng  the  above  cond j - t . i . on ,  c leno ted

by  K (A i  , i s  ca l l ed  the  d i s tance  cons tan t  o f  A .  I i ype r : : e f l . ex i v i t y  i s

a powerfu l  toot  o f  invest igat ion for  per turbat ion problems '

au tomorph isms ,  s im i la r i t i es  and  c le r i va t j -ons .  (See  I  t J  ,  LA ] , iSJ ,  t r ] ,
F  \  F  . .  r  - ^ a  f ^ ^ ' t  f ^ ^ ' f  f ^ ^ ' t \  r

I  r  o]  ,  Lr  gJ,  [ t  a ] ,  [ r  aJ , l t t } , I  i  gJ ,LzaJ ,LzzJ,Lzz]  ]  ror  more deta i ls

abou t  t hese  top i cs  .  )

A lgebras of  type Alg L,  fpr  so lne cornmutat . i -ve s t rongly  c losed

laLL ice  o f  p ro j ' ec t i ons  L  con ta in ing  0  and  I  a re  ca l l ed

CSl-a lge i r ras"  I i .  is  wor th nrent ionning that  Lat  A1g L = l ,  i f

L  i - s  c o m m u t a t i v e  ( L 3 ] , [ 6 ] )  .  I J v e r y ,  n e s t  a l g e b r a  i s  a  C S l - a l g e b r a

bu !  t he  l a l - t c r  c l ass  i s  cons i c le rab ty  . }a r_ge r .  t t  a l so  con ta ins

nonhyper re f l ex i ve  a lgeb ras  t I o ] l  .

A  t t a tu ra l  examp le  o f  CS l *a lgeb ra  i s  t he  t cnso r  p roduc t  o f

t l . . ro  nest  a lc tebras.  Are thesc a lgebras hyperre f  lcx ive ? This

ques t i on  i s  o r i g ina l l y  c3 .ue1 to  A rveson  t [ : ] l  and  i t  i s  a l so

p r e s e n t e d  i n  K . D a v i - c l s o n ' s  b o o k  t f A i  , c h a p t e r  2 5 ,  p r o b l e m  4  ) '

I n  wha t  f  o l l o rvs  we  g i i ve  a  pos i t i ve 'answer  i n  t he  s imp les t

c a s e , o f  t h e  p r o b l e m .  N a n r e l y ,  j . f  H  i s  a  l l i l b e r t  s p a c e  w i t h

ort ironormal basis (". l . . ,  ) .}. . ,r. i  and if  pn clenotes the'pro j  ection
t L -  , t , / /  |  r .

o n  t h e  s u b s p a c e  g c n e r a t e c l  b y  
{  " . ,  

, - . .  r € r 1  }  
t n " t ' t ,  f o r  L =  ( P r . ) n > i U

consj -dc l r  the nest  a lgebra ,A = Alg L .

{ o , r }
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T \ ^ € - i , ^  ^  a ,  f ' ]ucrrr.ne l\@ A C i.r (H (i i l ;  to l- 'e i :ne-: u-_Lt::ai^reak cl0sure of

a l "gebra cTencrated.  by the opcrators a& b ,  a  € A,  b  € A.

r f .  Lmr ,  deno tes  i l r e  ( co rn inu ta t i ve )  s t rongJ .y  c losed .  l a .L t i ce

genera-ted by the project-tons p_ ft p / - rr q^ A. n i * , n  i  m r n l U  ,  p 0 = 0  ) o  L h e n

AsA =  A rg  L  #a tg  r ,  =  A rg t (1 " ,  €5  L )  a . s  one  can  eas i l y  ve r i f y .

O u r  m a i n  r e s u l t  i s  t h a t  K (  ; r { # n  )  €  3  ( T h . 2 , 1 t

The prcof  re l ies on t i re  idea of .  re la . t ive hyperref lex iv i ty .

The  a lgeb ra  A@ A i s  f  ound  to  be  hypc r : : re f  l ex i ve  w t th  respec t

to  the a lgebra of  upper  t r iangular  operar tors  on I .16 i {  ,  and s ince

th i s  one  has  the  d i s tance  cons tan -b  equa l  t o  1  ,  Ag  A  w i l l  be

i1-eol  { :  hr rnorrgf lex ive.  A s tand.arc l  argument  rec luc.es the problemu i  4 s 4 4  v  E .  1 1  J  L < _ r . l r L / - c I . t -  L r  c r r  9  L l t i l e l l  E  . f  e C l U q e S  t

Lo  the  n ra t r i x  a lgeb ra  case  ' ( Lemma 
1  .4 ' l  ,  whe  re  f l - r i nqs  a re  more

t ractabl -e, "

r n  p a r t , i c u l b r ,  p r o p o s l t i o n  1 . 2  l m p l i e s  t h a t  e v e r y  n e s t - s u b a r *

gei : ra  of  a  hyPerref lex ive von Neuma.nn a lqebra is  hyperref lex j "ve.

(  see  I l r J  ana  [ i zJ  fo r  no re  i n fo rmar . t j - on  on  t i r ese  a . l . gcb ras ] .

T i r i s  e x t e n c s  a  r e s u l t  o f  F . G i l f e a t h e . r  a n d  D . R . L a r s o n  .  t f  l z , l l. .  \ L ' - J r

I t  l s  t h c r c f o r e  o u r  f e e l i n g  t h a t ,  r e l a t i v e  h y p e r r e f l e x l v i t y

which v ic  in i : roc luce below might  become a successfu l  inst rument

fo r  f u r the r  i n rzes t i ga t i on

REI,ATIVE HYP]IRR]]TI ,NXTVTTY

{

l .

1 i  DBFINITTOi . I :  Let  A C e c .B ( iJ)  be two.

Then  A  i s  sa id  to  be  hype r re f l ex i ve  w i .Lh

Ll rere is  K ) .1  such that

c i i s r (  b ,  A )  .<  K  sup  
{  f l , t - n ,

for  rc \ / r l r ' \ /  r^r r ref  ato1 '  l :  C1 B.J "L-

The  s ina - l l bs t  K  sa t i s f v . i nq  the

K , ,  { A ) ,  i s  c a l l e d  t h o  r e l a t i v e
b

r cspcc t  t o ,  B .
./

above  i nequa l i t y ,  deno ted  by

d i . s tance  cons t ,an t  o f  A  w i t f :

opera tor  a lgebras .

respdct to B i f  
' . .

I

a .

h n l l  n E
" r - i l  r '  . y v f,at A I

)



1 "  2  PROITOSf TIOI ' t r :  Let '  / r  C"  R C B { l ; }  be two operator  a lge} : ras .

Tf  B is  hv i rer ref lex ive a i tc i  i f  i i  is  hyp '- - , , - . - r re f lexeve a i tc i  i , f  i i  is  hyperref  lex ive wi th

respecL to B ,  t .hen A is  hyperref l .ex ive and

1 / t n \  r ' r ' . T . / 1 1 l  +  T {  f A }  +  T { 1 T r } T {  ( A l
n  l i r t  i { 1  r \  \ D ,  '  r \ B  \ l V  I  ^  \ r - l  r \ B  \ n /

I

l
l + E

J

"  
t roo f  :  For  g iven  x  tn  B(F I )  and t  >  0  choose bO ln  B

such that l l  * -bO t i  at  Af  st  (x,  Bi  + g,  "  Then for every a € -a

l i x  -  a i f  $  l l  *  -  bo l l  +  l l  bo  *  l l  hence

d i s t  ( x ,  a )  {  l !  *  b o l l  +  d ' t s t  ( b o , A )

d i s t  ( x ,  r r )  d  d i s t  ( x . 8 1  +  d i s t  ( i : O , A )  +  [  S

4  K ( B )  , t , n {  l l t r - p t x p l l  e € r a t e }  +  r ( B ( A )  = . , 0 . { ,  l l t r - p 1 b ' p l l  ;  p c L a t  A

Slnce Lat  I l  C Lat  A i t  fo l lor ' rs  that  :

d l s t  t * , a )  {  K ( B }  t p { f i l l - p t * p l f  i  p  € L a t A  }

f  r r .  r  -  I
+ i (B (A)  sup 

J  l l t t -e t  tuo-x)n l l  r  p  €  l ,a t  A f  +

I  
KB(A)  r , rp  {  l J ( r -p } "p l f  i  p€  La t  A }  .  t  (

,  4 (  l i ( B )  +  K u ( A )  )  s u p { t t , t - n } > r p i t ;  P € l , a t a J  n  K r 3 ( A }  l ! b ' * * l f  * S
:

(  (  N ( r )  +  K B ( A )  )  s u p  {  l t t t - n 1 x p l [  , ;  p €  L a t  A J  - '  I ( B ( A ) d l s t ( x , B )  +

+ & ( 1  +  K u ( A ) )  <  ( K ( B )  +  n u ( A )  )  s u p  
{ l l t i - n l * p 1 1  

;  p € L a t  A J

+  K B ( A ) K ( B )  r " p  { l l t i - p l * p l l  
i  P . l r , a t  u }  + . [  ( 1  +  , x " ( A )  )  * 4

I
I,'  . 8

:
,i

t
ir
t' i

' t '
' ;

{

. : &
r t -

s 1 ^ ^ + 't - r tc l  t -

A l

fo l lows

+ ' K B ( r i )  +  K ( B ) K B ( A ) )  s u p  
{

+  x u  ( A )  )  .  S i n c e  8 >  a

K ( A )  - <  K ( B )  *  K B ( A )  +

concluc les Lhe proof  .

l l t r ' t n )xp l l  ;  P€

was  a rb i t ra rY t

K  ( B ) t ( B  ( A )

<  (  K ( B )

* E r

r rh ich



1" 3 COROLLARY: Let  Mrf , .  B ( i l i  b*r  a  . l :yperrc f  lex ive von Neumann
I

algebra and leL AC-)4 be & nest*subalgel : : :a{  i "e .  A* i ' , l l * l  A lg L :
I

I

i
!

i
i;

. l

1

i

.  f o r . , some nes t  LC I { }  "  .Thc ln  A  j . s  hype r re f - l ex l ve  and

K (A) *< 2K (i '1) +' 1

.  P r o o f :  t r t  f o l . l - o v r s  f r o m  [ t g j  t h a t  K . / r ( A )  = ' l  h e n c e

i r (A }  (  ? l (  ( l t )+ i

REI4ARI ( :  Th i s  resu l t  was  ob ta ined  by  F .G i l f ea the r  and  D .R .La rson

f o r  1 4  i n j e c t i v e  ( L 1  2 l ) .

In ie  conclude th is  pa j lagr i :p l i  r ' , r1 th a lsgh1l i ,ca l  1emma.

1 .  4 LEI '114A: Let A c B ( I I )  be a CSl*algcbra atrc l  ]et .  (P.r i  
, ,> t

'  be  an  j -ncreo= ing  seguencc  o f  p ro jec t ions  in  r ,a t  l l r  converg ing

s t r o n g l y  t o  t h e  i c i c n t i t y .  I f  A - = p - A p -  C ' g  ( p * f l )  a n c l  i f,  n  ' n  ' n  *  ' ' n

x  ( A n )

_  REI IARK:  For .  every  CSl -a1 .geb: :a  A  ,  La t  AcA.  . indeed,  fo r  any

p , g  €  L a t  A  ( I - q l p q  = Q  r t  f o l ' l o w s  t h a t  . p . €  A l g  L a t  A  = A

P r o s f  o f  1 , 4 : ' F o r g i v e n  x € B ( I i )  d n d  € > 0  c h o o s p  t r G A , - ,

such tha t  l l  " r ,  
-  un l f  *<  d is t (  xn ,  Ar )  +  [  ,  r ' rhere  * r r= I r r *Pr . .

S l n c e  ( d - )  - . ,  r  i s  b o u n c l e d  ,  l e L  ( t o ) . , . r , ,  b e  a n  i n c r e a s i n g
l I  l l l , l  r \  ! \ . / r .  I

' s e q u e n c e  
s u c h  t h a t  t h e  u l t r a v r e a k  l i m i t  l i m  a -  =  a  e x i s t s .

k t k

. ;.  c l e a r l y  a  6  A  s i n e e  p n e  A  a n d  l i m  * , ,  =  x  u l t r a w e a k l y

.1  S ince the norm is  u l t . ravrea)<1y lowel  
" . ,nr tont inuons,  

there is  1 .0

s r l c h  t h a t  l l  *  -  a l l  {  l l  * . . -  d , . ,  l l  + E { d j - s t (  * r , . ,  A n .  |  *  2 E
- .JL

'  f o r  k  >  k ^ .  C o n s e q u e n t l y  d . i s t ( x , A )  {  2 t  +
f i

t  . -  )

+  K ( A , .  )  s u p {  l l t l - o , x , . ,  R l l ;  p f  L a t  n  \  I- - k  -  
t '  " k  ^ k J  {  :



t ' . r l l )

+ K sup d l t t r -p)pr . ,  xPn. p l l  ;  P€ Lat  [ r , .  
tS  2 L  :  -  L  , , k  , , k  

- .  t l c ,

(  . . .  I

&  2 a  +  K  s u p  {  i l t t - n ) x P l l  i  P €  L a t  A  }

Since g> 0 was arbi- t rary,  the lenuna is prove-c1

2. TI'IE_. S4rN BESULI
, '

,2 .1  TI IEORE]4:  Let  H be a l { i }ber t  space wi th  or t } ronormal

basis  (en)n>r1 and le t  P '  d-enote the pro ject ion on the

r  )  + c  i -  / ^  l '

H i l b e r t  s u b s p a c e  g e n e r a t e d  b y  t  e 1 ' "  " e n J  
'  r r  l r =  t P n ' n ; 1

and .  A = AIg,  L then A€} A = Alg 
' (LE)L) is l - ryperref lexive

a n d  K ( A E A )  < 3  '

7 *

Proo f : .  Le t  A*  be ' t he  a lgeb ra  o f ,  a l l  uppe r  t r i angu la r

n X  n  m a t r i - c e s r '  t h a t  i s ,  A '  i s  t h e . n e s t  a l g e b r a  i n  g ( C n )

U. lo , r ]

assoc iq ted  to  the  nes t  
" r r=  {  

0=P0<

where P1 is the Project ion on the

f l rs t  i  vec tors  o f  the  canon ica l

tsY taking lnto account Lenuna '1 '

rhat  K (An@ An)

P r (

subsPace generated

b a s i s  i n  c n .

4 , it is enough to Prove

S i n c e '  K ( A n ) . =  1  ( V )  n >

SupPose that  *  O* ^'  " 1 " 2

, o r . ,  o r , r ,  = . 1 for  everY

= I  for  everY

1-.' r {- }ra

rt=Z is

n . ,  , n 2 6  n

r n 2  - 4  n + 1

I

th is  wi l l  be a consequence or P r o p o s i t i o n  1 . 2  P r c l v i d e d

that K,,
n 2

n

(AnG) An) =  1  f o r  e v e r y  , n 7 2 .

Vie prove a stronger resul t  '  nalnely tnat  O Or.  -  n^ 
'O* ' , ,*  O' ' r '

" 1 " 2

( V  )  n r , n 2 b 2  '  w e  p r o c e e d  b y  i n d u c t i o n '  T h e  
: u : "

\  
e  c a n  e a s i l 1  c h e c k '

t r i v ia l lY  sa t is f iedr  4s  o r l r

( l
I {e prove that nn- 

n 
lorr@ nr,r '

t 1'^2 
|



B

We i l lus t ra te  the  j -deas  on ly  fo r  n r=nr=n+1 '  the  o ther ' ' cases

hav ing  ident ica l  Proo fs  '  
'

^ - C  1 1 ^ ^

So, we are concernecl  wi th the inf imum of,  the norm'of  the 
t

o p e r a t o r  m a t r i x  [ u r : ]  1 _ ( i , j $ n * , 1  
v r h e r e  u i j  =  0  f o r  i >  j  t

.  i .
B i r=  t  x r i t  1g t . (kgn+ ' ,  

and

* r J
A 1

|  ,  t L

i i
1Z
" )  n

k  ,  t t

:

r - l
* n + 1  n

t L '  I  t L ^

i i
x ' 1  ' l * r

I  t  t L  |  |

i i
x2 

r "n ' r1

i i
^ n + 1 r n + 1

c ^ ,
I  \ - /L i < j

i ' i  i ' i* t i  * t 2

^il "i)

1- la n * 1  , 1

The  p ro l : l em c lea r l y  reduces  to  the  ope ra to r

vrhere f o r  i > j  r  A , , =
L L

I

R
r J

'l -1

A n a  . .
L Z

a

4 r "
1 l

i i'  * 2 , i

i i* n + 1 , n

matr ix  [o r :  I

and

f o r  i >  j

t "r i t  26 rsk-<n

I
I
I
J

0

1 ' 1
; - J

: 2 1

1 1  .  ; -
r - l

t-
I

I
I

= l
I
I
L

A .  .r - l i l
a i

n + l

)  . '
t n + 1 1 ' .  - - - L - - i ^ ^  ^ r l

D e n o t e  6 y  t  t h e  o p e r a t o r  i n  i 3 ( C \ I i -  
t '  

)  w i b h  e n t r i e s  
" i k

a n c l  0  i n s t e a d  o f  
" i i l .  

A I I  p r o j e c t i o n s  i n  L n * 1 @ L p + 1

h a r r e t h e f o r m  p = p u  @ P r .  O . . . O p k  .  , .  p k . € L n r - 1  '

.  

_  o1  oZ  , , n+  1  
__ i

b r i e f  l y  c leno ted  by  p=  (Pk1  ,nOr ,  "  '  ' n * r rn r  )  where

k 1  7 k z > . " " ) k ^ n 1 > 0 '  
a u d  k i =  d ' m  p k i  (  0 ( k ' 4 n + 1 )

. l -  Z  
-  .  r |  I  .  I

. - : 1 " , -  . -

I n  o r d e r  t o  p t : o v e . t h a t  t h e  i n f i m u m . o f  t h e  n o r m  o f  [ n r r l  ,

t i r a t  i s  d i s t  ( T ,  A r * 1 @  A n * 1  )  '  i s  l e s s  o r  e q u a l  t o

|  "  * ' : ' '  ; ;  )  - ' '  . ' -  r e c u r s i - v e r yo"  
{  

l i ( r -p l rp l l  ;  p€  r ' nn1G L , - rn r  
}  

'  wG 1^ / r r - r  
\

e l l im ina te  one ro l  a f t 'e r  the  o fher  f rom e \ re ry  row '  b lock-mat r ix

f - n  
' 1

L  " i j J  1 - < j g n r 1



ii9 *

I {e f i rst  e l l iminate the f i - : :st  row from the f i rst '

. r o r n r . b r o c k - m a r r i x . p a r r o t t ' s t h e o r e m t I r o ] , [ ' t ] ' t - : : : t s t h a l :

d i s t (  T ,  A n + 1 @ A n * 1 )  i s  i e s s  o r  e q u a l  t o  l f h e  n : x r m u m

.  b e t w e e n  l f t r - o l r u l !  w h e r e  q = ( p 1  , " " P 1 )  e ' L n n 1 € ) L n + 1

a n d t h e n o r m o f t h e o p e r a t o r o b t a i n e c 1 u j . n ' e l l i m i n a : ' " n 1

t ,he  f i rs t  row o f  the  rovr  b lock-mat r j -x  LO' t ' ,  'A12t "  "41  ,n*1J  
I

and so on'  Suppose that we i rave el l ' j ' rn inated the f i rst

n-1c-1 rows from every row block-matr ix 
,and 

t l "  (n*k)- th1<r<I)

-  row f rom the  f , i r s t  I  row b lock-mat r ! -ces  L^ ' r i J rg i (n+1 
r ' -  '

For the el l iminat ion of  the (n-k)- th row from the

f '  1  '  Par ro t t ' s  theorem
row block-matr ix Lor* 1 ,  i  J  l+ 1( i -< n+ 1

hsserts t l . rat  the distance frorn T to An*1@nrrn1 i*  th i .s t ime

l e s s o r e q u a l t p t h e m a x i m u m b e , L w e e n t h e n o r m o f t h e o p e r a t o r

o b t a | n e d a f t e r e l l i m j . n a l i ' g t h e a b o v e ( n - k ) - t h r o w . a n d t h e

J.nflmum of t ire norm of the operatqr

. A n t
I I

.  f a a  1
4 t J -

I

n 4  * r 1
I  t l r r  IA n n

l l

n

A l z

n 2 2

, I +  1
i1

a\,
t4

A - , ' l + 1  " ' A l  , n + 1
L t L -  |  L '0 "  01.il= Tr* ,  ,  r * , ' A l *  1  , . n + 1

, n + 1
ir,..,

in  the fo l lowing wqy ?

T,, are obta ined f rom Oi j
vlhere



1 0

- . t\.,

F o r  l S i ( i $ t  X r r  i s  o r j  v r i t h o u t  t t s  f l : : s t  n - l < '  r o w s

* ' !  -  r  r  r .  ^ - -  r ,

For 1 . (  i . { .  f  and j  }  1-o1 
'd ' ,  

u 
j -s A'  - '  wl t } rout i { :s f i rst :

;LJ 1"-l

. n * k r o \ ^ / s a n c l v r l t h o u t j . t s l a s t J < c o l u n n s .

t\J

For  t+ l  -4  i {  j  S  n+1  
' d ,  

j  i t  A i - ,  w i thou t  l t s  f  l r s l :

n- l<*1 rows and wi 'Lhout  i ts  last - '  k  co lumns

Since on11z the b lock A is  var iab le '  the in f imum of  the

norn i  o f  A 1s seen to be re la ted to  the c l i^s tance forn iu la  for

t h e a l g e b r a A t - t 8 r A r . S j - n c e t h e c l i s t a n c e f r o n a n o p e r a t o r S

to i ;he a lgebra Af- . iS At  is ,  by the induct j 'on assumpt i -on '

f e "u  o r  equa l  ao  an "  *u * r ^u*  o f  t he  numbers  l l  t f - q )S t l l [

, ' e G r , k - 1 @ t t  r  9 = , n n , ,  ' r n r t " ' ' n r r r )  ' n n r €  L k - 1  
, '

an< l  k -1  2 t  n lbn?) .  - .  "  ) "n .L  ,  thcn  Lhe j -n f imun o f  l l  n  i l

i s - less  or  equa l  to  the  max i .mu;n  o f  the  numbers  l l t r *q lTq l l ,

I
h ' h e r e q = ( P n * k * 1 + n 1 , P n _ 1 + ! * n ? | . . . t [ , n - ] < * 1 . } n }

I t  fo l ] . r :ws that  i i re  in f imum of  t } re  norm of  the b lock-nrat r ix

r . 1
l a  l r l
|  

' "  -  
I  is  less or equal  to t i re maximum of Lhe numbers

l o ' c  I
t - J

l l ( r - q t T q | [ , w h e r e q = ( , P , ' - 1 1 + 1 + n 1 ' . . . ' P n - ] < + 1 + n } ' * )

n -1 r ' 1

& Lp+1 ,  which concl r - rdes the

by inc luct ion thb ' t '  for  every

n { t i ( r-p )  rp l l  ;  I r  € 1.,6 
""  }

( A n e )  A n )  =  I  Q '  E ' D '

u - 4
n t l

J f l v Y Y l r

, /  c l ]
L  v ! <

and c lear lY  q

. 
proof . fu-e have

n 7  2  d i s t  (

belongs to

the re fo re

m  a  / : : r A  iL  t  l r n t ) ,  - - I . I  ,

v
J \  

2
f t

ancl l-his i-mPlies that
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