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1. INTRODUCTION

In this paper we study the exact boundary controllability
for the equation modelling the small vibrations of an elastic
beam in the presence of an axial force applied at one end (s
[31,p.453 for a derivation of the model). More precisely we shall

consider the following initial and boundary value problems:

W, t) + w(iV)(x,t) + opltyw" (x,t) = 0, —1dxal, 05tsT (ia1)
wi=1,t) = w(l,t) = 0, £ 0 1.
w o (=1,t) = vp(t): w' (1,8) = vy (t), t =0 (1.72)
wWix,0) = wyGe)s wWi,0) = wy (<), =1l (1.4)

where wix,t)y represents the transverse deflection of the point x
of the beam at the moment t, w, W, are derivatives with respect
to time and w(n) are spatial derivatives of w. The function pt)
represents the axial end thrust.

The problem of exact controllability for (1.1)=(1.4) ‘states
as follows: given T>0, large enough, is it possible that for any
initial data <{wg.wi> to find corresponding controls 'vg. Vi

driving the system (1.1) to rest at time T, i.e. such that =
wix,T) =0: wix,T) =0, -—-1<{x<1 C(1.5)

Such prmblem% were recently considered in a large number of
publications (e 8.9. J.Lolions [21, J.Lagnese, J.l.Lions G
and the references thereing. Howsver, concerning the case of e
time dependent coeficients very little is known (see [21  p.l05.
In [471 Zuazua considered the problem of exact controllability for

the saquations:

ﬁim,t) = [SLH

I (SIS ) . 2
with Fiw,t)8 L7, where B = (~1,1) x (Q,T).

Yy o4 Flu,bruix,ty = 0O
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His  approach cannot be followsd for the controllability
problem formulated above due +to the absence of a urd gue

continuation result for (1.1) (see [41).

<. NOTATIONS AND PRELIMINAIRES

Let uwus denote with D the open interval (0,15. In this
section we state three existence and unigueness results for the
problem (1.1)-(1.4). The proofs of this theorems can be easily
obtained following the lines from [2]1, ch.4. We shall use the
customary notations for Sobolev spaces.

2
THEOREM 2.1 If wp € HO(MNHZ(D), wy € H(D), vo=vy=0,

pE CIEO,TJ, the problem (1.1)-(1.4) has a unique

solution: _
3 2 1 i
w E C(O,T; H (MNHG(D )Y NC (0,T;Hp(D)).
We also have that there exists a constant C>0 such
that:

F
“W"U”(O,T;H3?D)an(D)) + Hwllpoo,TsHl (D)) €
< Cllwol ISy W2y + Fwg iyt ()3 (2.1)
2 =
THEOREM 2.2 Let us suppose that wo B Ho(D), wy E LT (D),

p € CLO,T] and Vg = Vi = 0. Then the problem (1.1)—

(1.4) has a unique solution having the regularity

2 1 2
w E C(O,TsHg(DINC (O, T3 (D)),

‘this solution depends continously on the data, i.e.

there is a constant C»0 such that
Hwll© (0, T:H2(my '\;l|wﬂ(o,T;L2(D)> &
< Clllwol lg2¢py  + Hwill 2 (2.2
and it satisfies the regularity conditions

-
W {—1.%), w"{1,8) € L0, T).




JHEOREM 2.3 Let us suppose that wo E L2(D), wy E H—Z(D),
p E CLO,T1 and voi.vy E LZ(O,T). Then the problem
(1.1)-(1.4) has a unique solution : E

we Ceo, T2 et o, T 2 m).

Let us denote byA o the greatest value of Ffor which :

S
S Fu () 1% A(,Stu % A ; ‘ £ %
~1

for any uEHa(D);(AQ is a Friedrics’ constant).

We shall suppose that
P(t) ,_‘ PC) “::A(:)-, tE[D,T] 2.4)

i.e. that p is an axial compression force less than the buckling
load or that p is a traction force. '

Concerning the solutions of (1.1)-(1.4) existing in the
conditions of the Théorem 2.2 we have the following estimate on
the energy:

1 1 1

® 2 2 2
E(t) = jitw(x,t)]“dx + S Cw" Ge, )3 de = pg Cw  e,t)37de (2,5
-1 - -1 -1

: 2 ’ : .
LEMMA 2.1 Suppose that WoEHg(D), WIEL“(D) and (2.4) holds for
any tE [0,Tl. Then there exist constants K>0, C>0
such that:

E(t) > KEq (2.6)
E(t) < CEg S -
1 1 1
where Swi(y)dx + §{w6(x)} dx - S[w (x)1] dy
-1 -1 =

-

Froof We shall prove this result for wh B HJ(D) H%(D),
wi E H%(D) and pg Cl (0, T, i.e. in the conditions of the Theorem
Sl By an approximation argument and using (2.2) we obtain  the
conclusion of Lemma 2.4.

In the conditions of the Theorem 2.1 we derivate (2.4) with

respect to time to obtain:

-




1
[Ecty )l = 2{p () -ppk] S&(x,t) w' Gt di | £ CEC(E) .
-1
As from (2.3 and (2.9 we get that E(t)*0, we aobtain that:
E(t) > - CE(t) )

and by integrating withkrespect to time we obtain 2.6). The

etimate(2.7) can be proved in a similar way.

3. THE EXACT CONTROLLABILITY RESULT

The main result of the paper states as follows: .

IHEQEEH 3.1 Let T be g1ven large enough, T>Tg say. Then for any
{wg.wit € L (D) xH 2(D) one can find vp.vy E L2(O )
such that vg,vi drive the system (1.1)-(1.4) starting
from wg, wji at time O to rest at time T, "i.e. the

solution w satisfies the relation (1.5).

In order to prove Theorem Z.1 we shall use the Hilbert
Uniqueness . Method (H. U M) devel oped in L2271, consisting the

following steps:

- ~
a)Consider {Bg, 813 B Hp(D)xL"(D) and let © be the solution of

the initial and boundary value problem:

e (iv) " - e e g S -

B(x,t) + B (2,t) + p()B" (u,t)=0, Ouxil, Ot G 3
B(-1,t) = 8(1,£) = 8 (-1,8) = 8 (1,£) = 0, Ot (3.2
BGe,0) = Bp(x) 1 8,0 = 8100, ‘ (Z. 3

According to Theorem 2.2 we have that:

B & Cw,TsHAM) Ael,T:L=m), (3. 4)
B (=1,.0, B (1, B L0, T). : G B

b)Y We construct now the linear operator:
NBa, 813 = (¥ ,0 =y (., 03 (T &)

whers yix,t) is the unigue solution of the problem:




e {(iv) " - . i
y(x,t) + vy (:,1) + pC)y" (x,T) = O, ~lanal, QitaT,

y(”l,t)ﬂy(l,t)ﬂO;y'(él,t)ﬁe"(ml,t);y'(1;t)ﬂ8"(1,t),0§t£T

y(,T) = y(x,T) = 0, Oixl.

According to (3.5 and to Theorem 2.5 we get that

y €& C(O,TiLZ (D) AT (0, TiH (D))

<3 ~r

s0 that A takes values in the dual space of HS(D)x el §:1 3

=) We prove the surjectivity of A and choose:

Bn. 813 & N —1{w1,~wo}
a0 tfat the controls v, i=0,1 can be taken in the following ways:

volt) = 8" (=1,t) 1 vi(t) = 8" (1, 1),

to accomplish the last step of H.U. M. we notice

In order
that by multiplying (3.7) with 8 and integrating on 0 we obtain:

1
= S[BQy(x,D)—Bl(x)y(x,O)]dx

: Nteg, 813,180, 813>

=
¢
=S -CIZES”(-—].,t)]:2 + EB”(I,t)]E}dt, (Z.100)
O
we denoted the duality pairing between H%(D)xLE(D)

where by <.,.%
and H “(D)xL" (D).

From (5. 100 it fallows that the proof of Theorem 3.1 18

complete once we have the following result:

is a constant Tp»0 such that for T>Tg we have

LEMMA E3=1 There

the estimate:

T
2 & 2 ’ 2
S{[B" (—-1,ty31 7 +[@" (1,11 xdt 2 C(T—TQ) H :'LBC);Bl} HH HE(D)KLE(D) 5

O
where C is a positive constant.

Proof: We use a multiplier technigue. More precisely we multiply

(T.1) with 28 (¢,t) and integrate on (0, T D to obtain:



T : 1
.n 2 1" 2 - ‘. T
(1/2) S{EB (=1,E) 1°+IB" (1,1) 1°3dt = ) BOe,t) % B G, dxlig -
O - ‘

T 1 .
: = e o ~ ~
«.(1/2)3 S{EB(x,t)]“—[Q"(H,t)35+p(t)[8'(x,t)]“}dxdt +

0 -1
T 1
° o >
~FS g{ca(x,t)J“f[@"(x,t)]fpxdt R P 5 1]

o ~1

As by multiplying (Z.1) by 8 and integrating on & we obtain
that =

T 1

0 2 2 2
S S{[B(ﬁ,t)]h—EB"(H,t)]h+P(t)[8'(x,t)] Idudt =
& =1

1
= .ge(x,t) B(H,t)dxig,
=1

from (3.10) and Lemma 2.1 we obtain. that :
i
(1/2)5 [8"(-1,t)]L + lZE)"(l,\t)Zl‘i =

's)
1 1
L] T o . T
 CyTEg + SxB(x,t)B'(x,t)dxlo - (1/2) ge(x,t)B(x,t)dle (T, 15)
-1 -1
As by (2.7):
i 1
) , T ° T ;
)S wB G, )8 (,tidiig = (1/2) 5 B(x,t)@(x,t)lgl 5 CoBq,
o !

the conclusion of the Lemma follows.

BEMARKE 3.1 By the use of a multiplier technigque one can also

obtain the estimate:
- | 2
< \€g.B13,$80.813> < c)l€80.812 12 myxL 2 -

which, mixed with Lemma 3.1, gives that \ is an

isomorohism.
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REMARK 3.2 Theorem 3.1 can be easily extended in order to

obtain exact controllability foir the case D c Rn,

i.e. for the problem:

Wi t) +AZwi,t) + pt) )\ wix.t) = o,

wix,t) = 03 Wk, 0) = vix,t) o xE¥D ., 0LLLT
w(x,0) wo(x)s wix,0) = wy (x), xE.

However we choose the one dimensional case due to its
physical relevance and in order to simplify the

calculations.
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