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EXAIT CONTRNLLABILITY FOR A AEAFI SUBJEtrTED TB A

VARIA$LE HhIF THRUST

I  N$T l  TLI-TH

by l4ar ius  Tucsnak '

Of:  FIATHE|"IAT 1C$ ,  Br jr . r l  F ac i  i  : : { ,  ,  7q6i: ; - ,

S u r c h a r e E t  "  
R o m a n i  a

l* rNTRmucalas

I n  t h i  s  t r a p e r  w a  s t l t d y  t h e  e : r a c t  b o n n d a r y  c o n t r o l  l  a b i  I  i  t y

f c r r  t h e  e q l r , a t i n n  m n d e l l i n g  t h e  s r n a l 1  v i b r a t i n n s  o {  a n  e l a s t i c

b e a r n  i n  t h e  t r r e s e * n c e  o {  a n  a : < i a l  { o r q e  ; r p p l  i e d  a t t  o n e  e n d  ( s t * e

[ J ] , p . 4 5 f ,  { o r  a  d e r i v a t i o n  n f  t t r e  m o d e l  ) .  M n r e  p r e c i s e * I y  w e ,  : : i h d i l l

c o n g i d e r  t h e  { o 1 l o w i n E  i n i t i a l  a n d  b o u t n d a r y  v a l u e  P r o b l e m :

' r ^ i ( : .1  
" t )

w ( - 1 , t )

r ^ r " ' ( - 1 , t )

w  ( x , t ) )  =

* ( i v )  ( x , t )  +

=  w ( 1 , t )  =  ( l ) ,

=  v 1 1  ( t ) ;  w ' ( 1

t{(-} ( }{ ) i f^r (;t , r) )

t r ( t ) w " ( ; { " t )  =  t l } " - 1 * 1 x . r . 1 ,  O { t { T

t ! 0

t l(l

- I 'i. ){ ':.. r

t 1 . 1 i

(  1 . 3 )

( 1 , : )

( 1 " 4 )

( 1 " 5 )

w h e r e  w ( x , t ) '  r e p r e s e n t g  t h e  t r a n s v e r s e  d e { I e c t i o n  o {  t h e  P o i r r t  ) {

s f  t h e  b e a m  a t  t h e  m o r n e n t .  t  ,  i ,  ,  i ; ,  a r e  d e r  i  v a t  i  v e s  w i  t h  r e s p e c t

t o  t i m e  a n d  * ( n )  a r e  s p a t i a l  d e r i v a t i v e s  o {  w .  T h e  { u r n c t i o n  p  ( t }

r e p r e s e n t g  t h e  a n  i  a I  e n d  t h r u t s t .

T h e " p r o L r I e m  o f  
' e x a c t  

c o n t r o l t a b i l i t y  { n r  ( 1 . 1 ) * ( 1 . 4 . )  s t a t e g

a s  f o l l o w s :  g i v e n  T l O ,  l a r g e  e n o u g h '  i 5  i t  p o s s i b l e  t h a t  { o r  a n v

i n i t i a l  d a t a  t w g , r * r 1 )  t o  f  i n d  c o r r e s t r o n d i n g  c s n t r o l s  
' v O "  v l

d r i v i n s  t h e  s y s t e m  { 1 . 1 )  t o  r e s t  a t  t i m e  T "  i . e .  s u c h  t h a t :

t a ( x , T )  = t J i  t i r ( x , T )  = O ,  - 1 { x { 1

, t )  =  v 1  ( t ) ,

=  w 1  ( : ' l ) :

l iur rh prah:1.  ernE,  FJere recent  I  y  cc:ns ' i  der-ed i  n  f l  1  * r rge.  nutrnber-  nt :

F u r h l j . c a t i n n e t  ( : l E t E r  e . 9 ,  J , L " L j . o n t ;  f i l ,  J ' L a g n e l : ; e ,  J ; L - " L . i o n s  [ ] .  1 ,

nnr l  th t*  r r . i { t : r - r i ' - . t ' tca ' ,s  t f rer-n i r r i ,  l " lo l^r t *vq, : : r '?  c :nr tcr . l r -n i .n-q 'L i ' ts i l  c : ; l : ; f i ]  o i  i : f l i : : r

t i . m , : l  d e F E : r r d e l n t  c c : E t { i c i e n t s  \ d e r y  l i t t l . e  i g ;  f , :  n n t " l n  { : : * e ' :  L : l  f : . 1 t - t ' ; i )  '

I r r  i 4 i  Z u t a t u r a  c c t t r : ; i c ' l e r e c j  t t r e  t r r n b l e m  o {  € : ' r i a c t  c u n t r n l l ' a f : i 1 j . t v  i : o r -

l i rs*  t lq l t ; l t  i  un:

r - i r x " t )  -  A . l i x , [ )

r^r:" i. il F: { i; , 1-'. } fi i-oti f: i



. H i s  a p p r o ; r c h  c a n n o t  b e  { n I l o w e d  ' f o r  
t h e  c o n t r o l l a b i l i t y

p r o b l  e m  { o r m u l  a t e d  a b o v e  d u e  t C I  t h s  a b s e n c e  o {  a  u r n i  q r - r e

c o n t i n u a t i o n  r e s u L t  { o r  ( 1 . 1 )  ( s e e  t 4 l ) .

z- NOTATIphtS AhrD PRELTFITNAIRES

L e t  L l s  d e n s t e  r a r i t h  D  t h e  o p e n  i n t e r v e r L  ( 0 , 1 ) .  I n  t h i s

s e c t i c r n  w e l  s : t a t e  t h r e e  e : . i i s t e n c e  a n d  u t n i q l r e n e g s  r e s L t l t $  { o r  t h e

p r o b l e m  ( 1 , 1 ) * ( 1 , 4 ) ,  T h e  p r s o f s  o f  t h i s  t h e r : r e m s  c a n  h r e  e a s : i l y

o b t a i n s d  f  o l  l o t ^ r i n g  t h e  l  i n e s  { r a r n  [ 3 ] ,  c h . 4 .  h l e  g h a l  l  u r s e  t h e
'  

a r - t g t o m a r y  n o t a t i o n s  f  n r  S o b o l e v  E p * c e s ,

q - a {-  
THEOREH 2.  1  I+ wO E H" (D)  11 H5 <nl  ,  wl  E Hd (D)  ,  vg=v1=O r

I

P e  C ' t O " T l '  t h e  p r o b t e m  ( 1 . 1 ) - ( 1 . 4 )  h a s  a  u n i q u t e

ss l  u t i  on :

w  E  c ( o , T ;  H s t t l n H $ r n l )  f l c l r o , T ; H f , r u l l .
t ! .e also have that there exists a constant C>O such

tha t :

l l w l  l t * < o , t ; H 3 i o l f l u [ < n l  I  +  I  l ; t  t u 6 o r o , T ; H 1  r D )  ]  (

(  c { l l w o l  l n s t p l f i  H f r t n l  +  f  l w l l  l ; 1 1  1 p 1 }  ( : . 1 )

THE0REH ZJ Let  us Tuppose that  wo e Hfr<nl ,  w l  E LZ(D) ,
t r  E  C t O , T l  a n d  v O  =  v l  =  O .  T h e n  t h e  p r o b l e m  ( 1 . 1 ) -

( 1 . 4 )  h a g  a  u n i q u e  s o l u t i o n  h a v i n g  t h e  r e g u l a r i t y

w E tr  (o,T;  Hfr  tn l  )  n c l  (o,T;  t2 tn l  I  .

t h i s  g o l u t i o n  d e p e n d s  c o n t i n o u g l y  o n  t h e  d a t a ,  i . e .

there  is  a  cons tan t  t r )O such tha t

I  In  l  lL€  (O,T ;HZ (D)  )  +  f  l * t  f  L ( , . . r (O,T ;L2  (D)  )  {

a n d  i t  s a t i s f i e s  t h e  r e g u l a r i t y  c s n d i t i o , n s

( ? .  
" )

.}
w " ( - 1 r t ) ,  w " t 1 , t )  E  L - { O r T ) .



THEnREFI 2.3 Let  uE suppclse that  wO E UZ<OI ,  wl  e  H-Z(D),
p  E  C t O " T l .  a n d  v 6 r v 1  e  L Z ( O , T ' .  T h e n  t h e  p r o b l . e m
( 1 . 1 ) - ( 1 . . 4 )  h a g  a  u n i q u e  s o l u t i o n  :  -

- ) 1 - ?
w E  G  ( 0 , T ;  L -  ( D )  )  n  c '  ( o , T ;  H - ' ( D )  )  ,

Let  urE denote nv, t r  c ,  the greategt  vaLure of  { r : r  whj .ch i

. 1
T T ( T

f  L r "  ( x  )  l - c { x  i .  A  , : ,  )  [ r - t '  ( n  )  ] * d : r  ,  ( i l . 3 )

- 1
.}

a n y  r - r G H f i  t ) )  i  t z \ 1 1  i s  a  F r i e d r i c s '  c o n g t a n t ) ,

t r te  dha l  L  su tppmse tha t  i

t
P ( t )  ' t  P t l  - : , t r , r ,  t E t O , T l

T

5
- 1

f o r

1 ,  e .

I  oad

c o n d  i

t h e  E

E ( t )

p  l . s

h a t  p

e r n i  n g

E o f

Y 2

a

l w ( x , t ) t?d:.r

1
r

+ \
J

- I

t h a t

or t.

Conc

t i o n

n a F h

{

C
= \

- 1

( ? , 4 )

a n  a x i a l  c o r n p r e s s i o n  { o r c e  l e s s  t h a n  t h e  b u t c l ' : l  i n e

i s  a  t r a c t i o n  f o r c e

t h e  s o l r - t t i n n g  o {  ( 1 . 1 ) * ( 1 . 4 )  e ; . ( i E t i n g  i n  t h e

t h e  T h e o r e m  I . 2  w e  h a v e  t h e  f o l l o w i n g  e s t i m a t e r  o n

Suppose tha t  wgeuf r to l  ,  w le tz tD)  and (? .4 )  ho ld6  
' {o r

any  tE  tO,T l .  Then there  ex is t  cons tan ts  K>0,  C>O
such that:

LEIlll'lA 2- 1

Prt:of
?

r d 1  e  i { ; J ( n )

? .  J . .  $ y  a n

conc L r-rsi  on

I n  t h e

rt , 'g irrelct  L,a

where E o =
l 1
( a (

) w f  t x ) d x  +  
) t w f i t x )

- 1  - 1

E ( t )  )  K E o

E ( t )  {  c E o

- 2 .
l o x I w '  ( x  )  ] Z a x .

lFrr  s rer: ; r- t l . '1.  {nr r^r1-1 Ll  l - {- ' (D}

,  i  .  e .  i  r r  t f ' e  c o n d i  t  j . o n s  o {

argurrnent ancJ ursi  ng ( . : .  ? )  wei
S  , 1

,T
(.

P O \
J

_ , 1

( ? . 6 )

( 2 . . 7 '

?
Hi l  (n)  ,
t l re* Thmors:rn

o b t a i  n  t h e r

( 2 . 4 )  w i t h

l . rk* slral1 pruvel
1

c l f i d  p t  C -  ( ( J , T )

$ p p r o x i r n a t i o n

o {  L e m r n a  ? . 4 .

c t r n d i t i o n s  o {

t  i  n r e  t o  o h t a i  n  ;

t h e  T h e o r e m  ? .  1  w e  c l e r i v a t e



\
\

\' \ _

\
- 

t.-' \ ' .  1

) l  =  ? l p ( t ) - p t - r i . l  5 ; ( r t , t )  w " ( i <  , t l d : r l  {  c E ( t ) .

*J .

A g  f  r o r n  ( 1 , 5 )  a n d  ( ? . S )  w e  s e t  t h a t  E ( t ) : ' 0 "  w e  Q b t a i n  t h a t ;
a

E ( t )  J  *  C E ( t )

a n d  b y  i n t e r g r a t i n g  w i t h  r e s P e c t  t o  t i r n e  w e  o b t a i n  ( ? . 6 )  .  T t r e

e t i m a t e ( 3 , 7 )  c a n  b r e  p r n v e d  i n  a  s i m i l a r  w a v "

tr-  THE EXACT CONTROLLAEILITY RESULT-

T h e  r n a i n  r e s u t l t  o f  t h e  p a P e r  s t a t e s  a s  f  o l l o w s l
i

THEOREI ' {  S .  1 'Le t  T  be  g ive ,n  la rge  enough,  T}Tg Eay,  Then f  n r  any

t w g , w 1 )  E  L ?  t u l  x H - Z  t n t  o n e  c a n  f  i n d  v o ' v l  E  L Z  ( o ' T l

s u c h  t h a t  v 6 , v l  d r i v e  t h e  s y s t e r n  ( 1 . 1 ) - ( 1 . 4 )  s t a r t i n g

f r o m  H O '  w l  a t  t i m e  0  t o  r e s t  a t  t i m e  T '  i ' e '  t h e

s o l u t i o n  w  s a t i g f i e g  t h e  r e l a t i o n  ( 1 . 5 ) .

I n  o r d e r  t o  F r o v e  T h e o r e m  f , . 1  w e  s h a l I  u t g e  t h e  H i l b e r t

U n i  q u t e n e s s  .  M e t h o d  ( H .  U . l ' 1 )  d e v e l  o p e d  i  n  [ ? ]  '  c o n g i  s t i  n s  t h . e

f o l  l o w i n g  s t e P s :

a l C o n s i d e r  t B 1 . 1 r  B t ]  e  H 3 ( D ) x 1 - t ( D )  * n d  l e t  g  b e  t h e  s o l u r t i o n  o {

t h e  i n i t i a l  a n d  b n u t n d a r y  v a l u t e  P r o b l e m :

b ' t r * , t l  *  B ( i t )  ( : . , t )  +  p ( t ) 8 " ( : < , t ) = t - 1 ,  l - ! ' : : ' ; 1 ' : : . 1 ,  ( l ' i t { T

B ( - 1 , t )  =  6 ( 1 , t )  =  B ' ( - 1 , t )  =  $ ' ( 1 , t )  =  t i l r  O { ' L ' : . 7

€ ( x , r . t )  =  6 o ( l ' r )  I  b ( t s , . t f )  =  8 1 t x ) '

A c c o r d  i  r r g  t o  
'  
T h e o r e m  !  '  ?  w e  h a v e  t h a t  :

B  E  c ( 0 , T r H $ < n )  )  n  c l  t * " T i L 3 ( D )  ) ,
t J " { * 1 , , ) ,  B " { 1 , . }  E  L - ( t J ' T } "

b  )  t {e  c r :n* , t r r - . r r : t  nc l * ,  the  I  i  near  cF 'e ra to r :

A t g , : , "  E 1 l '  =  ' i i ( .  
" r J i , - Y ( . , ( ] ) l '

t r h e r r s  y ( i t , t i  r r : i  t h q  l t r t i q r - . t e  s u I L r t i n n  n {  . t h e  ! : r r n h l t : m :

( f , .  1 )

( J . : )  '

( . J .  : i  )

1 . j , "  r * , 1

{ f , . : i )

( . 1 . 6 )



I n o r d e r t o a c c c r r n p l i E h t h e l a s t g t e p o f H . U . M ' W e n o t i c e

t h a t  b y  r n u r l  t i  p l  y i  n g  c , , 7 ,  w i  t h  I  a n d  i  n t e g r a t i  n s  o n  o  w e  o b t a i  n :

1
.  A  -  t  1 \  n  / . ,  \ . ,  / . ,  r - r r

" : .  l \ t B 6 ,  8 1 ) ,  t B t - t ,  B l l ' : : '  =  
)  t E 1 1 Y  ( n  

" t J )  
- B t  ( : <  )  v  ( : <  ' ( - ) )  l d x  =

- 1

" i  t x  r t l  +  ,  
( i v '  ( , , 1  r t )  +  p  ( t )  y "  ( t l  , t )  *  O ,  * f  i x { 1 ,  q { t { T ,  ( ' l ' 7 }

y  ( * 1 , t )  * y  ( 1 r t )  = o i  y '  ( - 1 r t )  = € "  ( * 1 r t ) ;  y '  ( 1 ' t )  * E t "  ( 1 , t )  , 0 ' i t d T  ( 3 '  g )

y ( : c r T )  =  i t x r T )  =  t J . ,  t l l ' l ' l ' 1 q . 1 .  ( 3 ' 9 )

A c c o r d i n g  t o  ( 3 . 5 )  a n d  t o  T h e o r e m  ? ' 3  w e  g e t  t l r a t  i

y  E  c ( 0 , T i u r t D )  )  n  c 1  ( * l , T ; H - ? ( D )  )

so  tha t  A  ta l , :es  va lu tes  in  the  dura l  space o f  r - . r f r<n l *  u? tn l

c )  We prove the  s r - t r - jec t i v i t y  o {  N * "0 '  choose l

^  - 1
tB11 r  Bt  l '  e  / \  

-  
t * l  ,  -wt- t )

s o  t h a t  t h e  c o n t r o l s  v i  
"  

f  = ( - ) , 1  c a n  b e  t a l : : e n  i n  t h e  { o l l o t l i n g  w e \ y i

v 1 - 1 ( t )  =  E " ( * 1 , t )  i  v 1 ( t )  =  8 " ( 1 " t ) .

T
( . . ? 1 1

=  \  t t B "  ( - 1 , t )  l r  +  r B "  ( 1 , t )  l - l ' c j t ,  ( a '  1 { : i )
J

o { . : r

r ^ l h e r e  b y  r . . , , ' ; ,  w e  d e n o t e d  t h e r  d u r a l i t y ' p a i r i n E  b e t w e e n  r - ' r f r t n ) x L : : ( D )
r - " 3 ?

a.nc l  H  
-  (D)  :<L*  ( l ) )  .

F rorn  ( f , ,  1 ( ) )  i  t  { t : }  l  o t^ rs  tha t  the  pron{  o f  Thenrern  f , '  1  j '  s

c o r n p l  e t e  r J n c e  w e  h a v e  t h e  f  o f  1 o w i  n g  r e e u r l  t :

LEMt ' lA  3 -L  There  is  a  congtan t  Tg lo  guch tha t  {o r  T}Tg we have

the  es t imate :

T

!  t c e , , ( - 1 , t )  l ? + [ 8 "  ( 1 , t 1 : 2 l o t  ]  C t T - T g ]  i  i t a g ' 8 1 ]  i  , = l r r ( D ] x L 2 ( D )  '

w h e r e  C  i s  a  P o s i t i v e  c o n s t a n t '

F r o n { - :  W e  u t s e  a  r n r - t l t i p l  i e r  t e c h n i q u e '  M a r e  P r e c i s e l  y  w e  m u t l t r F l  Y

( 3 ' . 1 }  w i t h  r t E } , ( x " t )  a n d  i n t e g r a t e  C ] n  ( { : ) l . r ) X  I }  t o  o b t a i n :

o



T i l
(  ?  . .  ?  ( '  T

( L / ? . )  
) t f  

e "  ( - 1 , t )  I i l - [ B "  ( 1 , t )  ] * ] . c J t  =  
)  

B ( x , t )  x  B '  ( x , t ) d x  i r - r  *

{ r  -1

T 1
( (

-  ( 1 / r )  )  )  t r e ( : r , t ) : 3 - . r E l "  ( x , t l  : 1 p  ( t )  t E '  ( x , t l  l ? l d n d t  ' r '

( !  - 1

x d t
T 1

-  S  I  * r b ( x , t )  l ? i t e "  ( > r , t )  l
Q  - 1

1 1
r  o  T  ( a  T

g  C 1 T E f l  *  \  r , B ( : < , t ) g ' ( ; < , t ) d x  i 1 f  ( L / 2 )  \ A < * , t ) 6 ( x , t ) d x  l q  ( f , '  1 : )

.  - 1

A s i  b v  ( 2 , 7 ) :

1 1
t  I  o  T  (  T t

I  j  , , b ( r , , t ) 6 ' ( x , t ) c l r :  i 1 \  -  ( 1 / 2 )  
)  B ( : < , t ) 8 ( x ' t )  i ; 1 f  i  f , 1 8 6 '

- 1  & 1

( s ,  1 1 )

A s  b y  r n u r l t i p l  y i n s  ( f , ,  1 )  b y  B  a n d  i n t e s r a t i n g  o n  G  w e  o b t a i n

that  :

T 1
t / c ' ? ? a
\  \  t t e ( x  " t )  l ' - [ 8 "  ( : ' r , t )  ] * + p  ( t ]  t B ' ( x , t )  l * , ' ' d x d t  =
J J
rl -1

1
r '  , , T=  
)  B ( x , t )  B ( : < " t l d ; < i 6 "

- 1

f r o m  ( 3 . 1 0 )  a n d . L e m m a  ? . 1  w e  o b t a i n  t h a t  !

- T
f ' ? ?

( L / 2 1  \  r e "  ( - 1 , t )  l -  +  [ E l "  ( 1 , t )  ] -  ]
J' 0

t f rE :  Gonc l r - t r l ian  o{  th r :  Lernrna  {o I  lo r^ rs i "

BI;trABK 3. I Bv the r-rEe of a rnul ti pl i er techni qne one can al so

6 b t a i n , t h e '  e s t i r n a t e l

aA* "o ,811 , {Bo ,E t } }  (  c f  l t eo ' 81 }  t  l f r t (D }xLZ (D} '

r,rhi ch , ni xed wi th Lernma 3' 1 '  gi ves that A i s an

i  ssmorphi  sn.



REMARK 3-? Theorem 3.1 can be easi ly  extended in  Erder  to

ob ta in  exac t  con t ro l l ab i l i t y  . f oF  the  case  D  c  Rn ,

i . e .  { t r r  t he  p rob lem:

" -  r  2  A  . .
w ( x , t )  + A - * ( x , t )  +  p ( t l A  w ( x , t )  =  O ,
w ( x , t )  =  O i  } g C * , t l  =  v ( x , t ) , ,  x E ) D , O ( t { T
w ( x , O )  =  w 0 ( x l i  

u " r l ( x , O )  
=  w 1  ( x l r  x E ,

However  we chosse the  one d imens isna l  case due to  i t s

p h y s i c a l  r e l e v a n c e  a n d  i n  o r d e r  t o  s i m p l i f y  t h e

ca l  cu l  a t i  ong .
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