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ASYfoiPTOTIC EXPA]'ISIONS

:

SISGUIAR VAI,UES .&SSOCIATEI)

'IiOR I i' "

. : r  . :

TO STNGUIARLY
:' . ' . :

PERTURBED CONTROI SYS[H!IS
l

by Vasl1e Drdgan and Arlstlde Halanay

It 1s proved t lrat for a slngularly perturbed eontrol
system the slngular values are asynptot leal ly cl ,ose to the
oires assoeiated to the reduced modei and to the ones assoolatei l
to the nboundary laysr system n (the fast systen ).

*i  =Arr(t  )xt+At 2(t)x, *Pr( t  )u(t )

*5 =\t( t  )xr " \z(t  )xr+Br(t  )u(t  )

y ( t  )=cr ( t  )x r ( t  )+cr1t  lx r ( t  )

A s s u r n 1 t h a t \ z $ ) 1 s 1 n v e r t i i l i e f o . r : . a i ] . 1 ; . . T i t r t r . i t . 1 s

weLl lanown that to the glven system (1) we tnay a$sociate l

t tre redueed model
.  + . .  .  ^ : -

x i  =aq t  ) x I  +B( t  )u  . l
.  c - .  .  H '  

' ( 2 )

y ( t ) = c ( t ) x 1 + D ( t ) u  ) -
' 4 ' ' '  '  " , ) - A 1 2 ( t ) { } ( t ) % r ( t )  "  

.  , , ,  , ,  r , ' , , , 1A(t  )=A11(t
n  l + r n - f 1 + r a  / + \u , ! t ) = t s I ( t ) - A t e ( \ ) t + z r ( l ) , J 2 ( i )  _  , ,  i  , , ; :  , ,  , . " . '  . . : .

} , | - n , * . , n - 1 , / + \ l \ , , + \ : , . ' '

6'1t 1=-g 2@lq;t(t )82(t ) " 1 , '  - '  l ,  ' :
:  : .  , : " i  . : ) j . i ;  |  : .  - , :  _ ,  , '  I  ; :  

, . . , . , 1  : ; ]

and the"boundary layert  or  f t fasto systen
.  , .  .  : .  , . .  , : . . t -  I  . t 1 . , ; l $

=  3 =  = = =  = =  = = =  = =  = =  = =  = = =  =  =  =  = =  =  = = =  =  =  = = = = =  = = = = = =  = = i j = = =  = = =  = * = =  Z = = : = = / = , , . , , : - i { ,
,  : :  . l  '  ' . , !  , i .  .  , 1 : , ,  , .  

:  
' . . - : , ; .

Universltatea dfn Bueuregtl  -Faertr l tatea de Matendtied ' . , ' ; i i

' t  t ' i .  
' ' t  

t t  r  

" t  

i  
, t " , t *$tr.Aeadeulet 14 R-?01o9 Rornania ,Bueuregtl

Conslder a slngularly Berturbed. control sYstem

( 1 )
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, i= \z( t  )xr+Br( t  )u

Y2( t  ) =02 ( t  ) xe
( , )

:  '  , '

I t  ls also knonn that many probLerns ln controlLlng (1), .  u"*

so lved by cons ider ing the lower  order  systems (21 and (5)  .  '
r .  , l

In  the last  r  f€crs  sevcra l  ,  quest ions re la ted to  model  reduc-

t lon and robustnes.s have been eonsldered ln eonneetion wlth

the so '  ca l led n s lngular  va lues n 'Sh, rshokowh! ,  € t  a l " (L983)
'

-.42
E.Verr lestY(198r)  .  I t  seens to be a natutaL quest ion to

ask what  is  the re la t lon bet rveen s ingular  :va lues assoelated

t o ( 1 ) a n d s l n g u 1 a r v a 1 u e s a s 5 o 3 l a t e d t o ( 2 ) a n i l ( , .
, . ,  : . . , .

The ta ln  resu l t  o f  th ls  pa ler  (Theorern 3)  sho ' ,vs  th : t  the t ,

set  o f i  s ingular  va lues for  (1)  sp l " t ts  ln to  two per tsr  one.

of  rvh ieh ls  e lose to  the set  o f  s lngular  va lues for  (?)  and

t } r e o t h e r e 1 o 5 e t o t n e s e t o f s 1 n g u 1 a r v a 1 u e s f o r ( ] ) .
. :

{ i le  prove our  resu l ts  ln  the ease of  var lab le  eoef f lc lents*  :

the usuaL,  s ta t lonary ease w111 resul t  as a speela l  one '

Iaklng i-nto aeeount the role sLngular values play ln ncrdel

red.uetlon and robustness our result  may be lnterpreted that,

saXr  ro&us, tness of  s tab l l lzat lon by compensat lon for  ( f , )  ls

I lml ted by the worst  o f  the robustness :narg lns for  (2)  or

( 1 )  . ( S e e  G l o v e r  - L 9 8 6  ) .

fo obtaln our resuLt we had to conslder asymptot le expanslons

fof the bounded on iR solut lons for T, lapunov equatlons assoet-

ated. to a systeu of the forn (1) ;  these results ,ns) '  be of l -ntewe

res6 ln  thenselves .  
:  

. .

'  r i' . ' ' ' ' . ' ' ,

. , " ,  . . . ' '  ' ' ' '  ,  , :
: '  1: , '  l  i  t .  t l ,

Let

2 .

A:

Llapunov equatlons and si@
-  t r  -  -  t t
tR --+ &o * ,, ,B: tR --+ Jdn x m nc3 s, -r " l l^ p * o

wltlr J rows and
f .

( -{'\.. 
J x k ls as usuaL}y the set of matrlces



k eolumns ),  We

and bouncled.

Deno te  bv  X^

- - 3 -

' , .  -  . . 1 . '  . . 1

shaLL assure these funetl0ns to be contlnuoue

. .' :

$U *oCt 's )=A(t )Xo(t,s )

, c
The evolutton deflned by A ls exponentlal ly stab& i f  there '  

, t .
- n :

e x l s t E , p 2 o ; & 7 o s u c h t h a t . , " ' j , : . . ' ' , . . ' ' . - ' .

l x n ( t , s ) l S  F " - ( ( t - s )  
- * ( s ; - 1 t  ( ' o ' : , '  

:.  . :  ,
a n d t t . 1 s e a 1 l e d - a n t t s t a b ] . e 1 f t h e r e e x 1 s t p > o ' . x ' > 0

sueh that

l " o ( t , s ) t < p e - q 1 @ & '  - " - l t  < u l  { = *  ' '
{ F  

:  .  ' '  
- : i ' "

tak lng ln to  aeeount  that  XA( t rs)=X-A*(sr t )  l t  ls  seen

A deflues an antlstable evolut lon 0f and only 1f -A'r

an exponenftal ly stable evolut lon. 
'

the evolut lon

If  A deflnes an exponentlal ly stable evolut lon we {ef lne

the matr lx*valued funetlons PrQ bY
{-

P( t  )=  \ t *o , t , s  )B (s  )B* (s  )  * ; ( t , s  )ds
J -

e.r4

. '  .  , 'Q ( t ) =  ( " X o ( s o t ) C  1 s ) C ( s  ) X n ( s ' t ) d s .
Jr

In the same way tf A def$lnes an autistable evol"utton :

(F  i (p(t  ;= J-"ot t ,s  )B(s )B (s I  x iCt ,s  )  ds 
' ' , ,

- t . . : .

Q(t  )= i tx fC",  
t  )C'Eslcqs )xA(s, t )$s;

v A .

I t  l s  w e l l - k n O w n  t h a t .  l f  ( A r B r C )  l s  " u n l f o r n F  t h a t . 1 " , ,  . , .  . - . 1 : , t , . . " ;
' '

(ArB) pnlformly eornpletely eontrothble and (CrA) unlformly

'  eo rap le te l y  observab le ,  t hen  P( t  )  >k  I ' ,  Q ( t  >>k  I ' o  t  ' '  
"  " ' '

I t i s a 1 s o 1 m o w n i r r a t 1 f A d e f 1 n e s a n a n t 1 g t a b 1 e e v o 1 u t 1 o n
re _.t .

' t b e c o n t r o ] . u ( t ) = - B - ( t ) P - ' ( t ) x ( t ) 1 s s t a b t ] . 1 z 1 n g "' . . " .  .  .
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I  r  l "  l :

'  i  '  
'  '  r '  ' '

I t 1 s a 1 s o k n o l v n t h a t t h e e 1 8 e n V a 1 u e 5 o f t h e m a t T 1 x

P(t )q(t  )  are lnvarlgnt wtth respeet to Llapunov transformatlons

and deflne the slngular values of the system,

The matr lees P r Q deflned above are solut lons to l lapunov equ-

atLons ;

p '=A( t  )p+pAx( t  )+B( t  )B, r ( t  )

Q !  -A* ( t  )Q-QA( t  ) -C  " ( t  ) c ( t  )

lu the stable ease and to

.  P '=A( t  )PrPA*( t  ) -B( t  )B r ( t  
)

e'=-n 
* ( t  

)Q-QA(t  ) rc* ( t  )e( t  )

. ' - . _ . . t , .  . -  .

unlque solut lons of the correspon-

alL of lR ana 6'f Ar'BrC 
"t" 

eorrstant
iV

eorreppondlng a1ge6?ff-e llapunov Bqua-

'  ' ' ,  .
and assuune A* * !  E-r-L[4n.111t g - A

A

exceed 2 q .

ln  the ant ls tab le  ease.

P,  Q def lbed above are the

dlng equatlons bor:nded on

tbey are solutJ-ons to the

t l ons .
. '

Our resul t  w l lL  be based on asynptot lc  expanslons for  so lu t ions

of  l lapunov equat lons assoc lated to  (1)

5. Asynptotte expanstons for solut ions of tr iapunov

eqaatlons assoeLated. to slngularly perturbed systems

Slnee we lvant to eonslcler malnly the anfista6Le case we aeed a xE!;

result of Grad3tein-r;1i::ru{ev-Krasovskli ty;e for antlstable

slngular ly perturbed systenso .

l ,emmg_!" Consld.er the system (I)

are bounded. and. unl formly eont lnuous on JR e i  
,  

, '  ^ , ,  . , '
.  

.  
.  ;  , , .  . , 1 ,

Assune that a' ln (2) deflnes an antlstable evorutlon antl
' , \ . 1

assume also that there exlsts a( > o sueh that for al l  te m,

'  : . :  {

:  the reaL parts of  a l l  eLgenvblues of  A2Z$,)



:  .  . '  
I  , :  

.  :

Then  the re  ex l s t s  t ,  O  such  tha t  fo r  a l l  c \<  {  s  ; ) '  . . '

t h e e v o 1 u t 1 o n a s s o e 1 a t e c I t o ( 1 ) 1 s a n t 1 s t a b l e . . ' .

Moreover  i f  x ( . r , ,  c )  i s  t he  evo ru t l on  rna t r l x  assoe la ted  to
(1 ) and Xi3 a eorre$pondlng part l t ion then

\  t : . , 1 ( t , s  ;  € )  l  ( "  * - * t 1 , -
. .  , :  . .  -  . . 1 r . j 1 . r . , . -

l Y  r +  ' l  
- " 1 ( ' 5 - t )  

" t t  

'  
" ' ' :

l ^ r . 2 \ L r $ r € ) [ < g c  e  :'  * r L

l * t , 2 ( t ' s s  L

-<* " (  t  S  s  <

s r t r  6 .

r f 1 _  f  - 4 ( a - f i / e  - d ( i - - e ) l
) l \ e  l e  r € e  J- l \  

t

td, and {, C. are constants
:- ' :  '

n n * depend.lngfor

upon

r f

- A '  =

A {-^1r-

-\:,
r(

1

or, 
\

L. \z )- i% i \
' - ttoi, )

we have

and the systen defl-ned by -A

1s
/

wl
T

f. w ;
I

=-^; ( t )wr Lqrrt )rv2
=-orlc t )wr 2^;r( t )wa

f f  we set zl=wl ,zz= l. ", 
*" olt" lo

"j 
=-af'(t)zr - 4r$)z

zzi  =-q;r&)"r$z(tn,

Systen (B)  wi l l  sat ls fy  condl t lons for
r,/ aKllm&f ev-Krasovskrr fype ; for ergenvar.ues or -ar1r{t>' the

real parts rvi1l be Less than -Z Q

corr:spond.lng red.ueed. model ls , i  =-i ' t t lr ,  land deflnes an
axponenttal ly stabLe evolutlon .

f le d,ed,uee the exponentlarly stabre evorutlon for (g ) (see for

0 s l
. :

a theor:m of  Gradfteln-

a

o= fott
t l n
\L'21

exanpLe theorem 1.2 lnV.Drdgan ,A"Halanay J.985 )



f  c t , 6 ,  L
[ "  re ( t  r$  r

f ,::r(t,s ,

ra to r  assoe ia ted  to  (8  )

.Halanby Lg8l  )
'-r,tL-a,S

- ./t+ -a) ' '
g r .

r ,* * ( { .1 )b  - *  { t - . r )
+  € e

l s ,  the  evo lu t lon  mat r lx  assoc la ted
,\

[ r r=  Fr ,  , f rz= t f r ,  , i z r=  E

I f , r , ,  ( t , s r t )  l (  c  
" -  

o  ( { -4 )

l f l r r ( t ,s ,e)  \<e '  z  e 
'cct - r )

I  i rr(t ,s,t  )  I  (  c(e- ' t( t 's\ l t  + tu-"r i{ ' - t)  )

lbe estlnates in the ur"rm.ot folLow J* l"ot

X f f ( t r s r $ ) = iirc, tt, r-)
X r e ( t r s r L ) =

x e r ( t r s r E ) =

xzz(tre, i )  =

Moreover t f

-6-

/  f . , ,  ( t ,  s  t  €  )
.  |  

& ' r

' =  
\  F r r ( t r s r t )

\ b L

c  ) \
I

o )  J
' ,  :  ,

we
, t - . .

. . . . .  I

+ qv  t "  ]

t  r 9 ,
. .

I t ta

fl
I

= l  . r
c

L 1 ( t r s  r  e  )

2 L ( t r s r t )

ls the evolut lon ope

tes  ( see .V ,Dr6ganrA

l r - l  I

I  \ r a ( t , s , € . )  l s  c  e

[ f a r ( t , so  z )  l < t . e

I  l zz ( t , s ,  c )  [  r<  c (e
I

- A  ( s s f  4 o ' :  .  i

A  l f
I f  l ' ( t ' s 1 € ) =  [  o\ r

\

r\

f l r
I  t z t

/\
f

| 22\
.  ^ h
T O  - A

A

f-l n
l l|  2 L  r t 2 z

have

have
. , t  :

: .

(e )

r ) \

t ) /

shaLL

2

i l r ( u , t ,  €  )
i  i r (s  , t ,  s  )
fl;rc" ,tr,€)

ConsLder now equatLon (5) correspondlng to
t D  P ' r l  \  l \  Awr l t e  P= ( ' r L  

' L2  
\  ,  deno te  Pzz=  zPzA

\ o o  
|  |

Vl2  Pzz  J
'  

t  
. '  .  . t , ,

equatLons

Pir=A*(t )p**rrrar!(t )+A12(t )pf2+rrrafrf t )-Br(t )Bi( t, 
' '

tp{.2= € A*(t )prr+Ar2(t )i22*rrrdrC. )*pv$z(t )-Bt(t )B;(t )



. l /

€ ijz= t \t(.t )pre+ ,p{zSt$)+Azz(t )iez*fz zA;2$)nBr(t )Bt(t )

-.7-

thder the assurnptat lons of lemma L thls
bounded on tR solut lon .T/e are looklng for
of thls solut lon ,  let F Uu the undque

for

p4a'(t lp+p.dit l-il'qt lff'tt I
tret F* be the unlque bounded on fR

system has a uni-que .

the asymptot le  s t ruct r

bounded on tR solut lon :
. \

. . . " '

, ,  ( lo )

soLut fon for
€ p/z=%z(t )pee+p zz€zft)-Bz(t lralt )

Und,er the assunnpttons of lemma I !rye shali

l . -qr(s, t ,  € )  t  .  p 
"-*(a- t ) / t

- tu  <  t  S  s  (  o . : .  (see  V.Dr&ganrA.Ha lanay

Der i o te  x2 ( t r s r€  r= *  
*o r r ( t , s r  

t  )  ;  t hen

nave

hence

xz$rs r  6  1=xJ ;42( " , t ,  E  )

\ x z ( t , B r e ) l  s t r - *  
1 c - t ) l '  

r  - *  q {  €  a  < -  o .

ifle have also

x 2 ( t r s ,  t

. ' \
X ( t r s ,  € ) =

and slnee

we may

Pzz$,,

wrl te

"\z(t 
) (t 's )/"a

+ X ( t r s  r € )

f! A:r (* )&-u11t
J e
A

,rr.rr,.)= * 5; " 
6 

"(t) 
tt*>/e,

I lt,t,s r €)Ba(s uics ," ni' t+>

),.

!
€

+ t

.zr: f

B2(s )n j ( s ) x ( t r s ,  E )  ds  +
/ b ' r+ t  \  . - i t ,s ,  g  )Bz(s)r i (sr i  i . ,s ,  c)dsv  u +

have next

lorr( c)-A22(t I xriz,t.,t)t4e

O*)

, (
.  l=  i  )  +rCt ,  s  ,  L)Br(u )s2 ("  lxef  t ,s  ,  e: )

I

; {
r(  / {za

2(s )nr (s  )e

( t - t ) / -  ,- ' fv .rV) +

.-.
we



-B-

I  ( *  Arz  t { ) (€ :a) /
e  J "  :

!

(" A'.  ( t  )  6,=  
) e  

'  8 2
- t > .

+ 't (* 
" 

A'"kX('-tyt
? - l ., t

I f  we denote
f .  Ar rCt )a

R ( t ) =  \  e
d -*o

we sec that
*

Azz(t )R(t )+R( t)62(

If rve assune that 82

have the est lmate
q5

l r  (  Ar r t { ) tL ' t i1 ,
I E J "

t*Q' '. t
-( - 

r\rl ({) ('(-'-9/t. (

{  \  *  ( 82 (s  ) 82 (s  ) -Bz
e . J  e

t

, [*€'o*"t{Ksz(s 
)Be(s )-Be

? J
{+G

By uslng the

*r* 
)

we d.eduee
(r_r.1/5 

, t  Is:\  f  \ - t , t ,e ,  t  )Bz("  ln j (o  l .

|  +t$)-, 'z( r) \  d z ds +

* [ t - t /a 
|  \z$)- ,A22(6) l  d.  du "{ .

l

I
I
I
I

l r
U

I

J

I
/t

\<

+
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, .  f * r .

I  t \  i ( r ,s , t  )B2rr ln i("  i i  i t  's,  8) a" \sI  e , ) ,

t

-( f(ur(("i ) *"-l/G )2 wlth r:.m (^rrc) =Q .
t - o

In thls way vre

Lemna 2. Under

that A2ZIB2 are

such that for t

has a unlque bounded on lR

Trrlt , €)=R( t i.f,1t , €. )

for  a l l  tG A.
,!t

Let now P" ., . be the unlque
L Z

l lnear equatLon

proved

the assumpatatlons of J.emiira I ald assumplng
, ' . .  

t  
. , .  :

::, l .:tTtl 
eon.ttnuous on;R ,there exLsts {z

G (c '  (o )  the equat lon

*

0

tPl=Arr(t )prpaiz$)-Be(t )Bi(t )
,J

solut ion P^^ sueh that
e e

, t /  

'  
;

'  [ f i C t r € ) l  <  4 ( e ) /  l i r n ' S ( s )  = o
€-+ o

bounded. on tR solut lon for the
: -

tp/2=p1 z$z( t )+Ar2 rtEzz(t o a)+irt(t )dl(i l-nr(t )B;(t )
a A\.t

where Pr1 l's a gtven bounded on fi. funetlon .

Lemma J. Under the assumptatlons of f,ern.roa I gnd

unlformly eontlnuous and. bounded on fR. , there

fuz 0 sueh that  for  tC(e,gS the so lu t lon F*

asymptot le strueture

n n
" I r " 2

exlsts

has the

?,rr{t,r)= frrtt )B;(t )-Arz(t )R(t )-]*(t )41(r l G](r f
+ \ I 12(trL)

s ) = 0  .
€ : c

The proof proeeed.s by the usual tbehnlques ln singular per:,

turbatlons (V.Dr=gan ,A.Halanay 19g) ,  .  , '
we look now at the equatlon for pp anit repr-aee ln tt ptz by

par t  t "  i ,  ;  we deduea I  
' , .  ,  , ,  , ' . '  ' '
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2 ( t  )R ( t  ) -

2 ( t  )R( t  ) -

t )-At

t )-Ar
*

B4(t )

P l1 ( t

B; (

B ; (

( t  j

r.1( t )Pr.lP{r= P*aii(t )+

J lqlc*r
1 [ d r o

Pl1=P11 t

)-Are(t  )  il= | arrc

-Pl

-Pl

and 1

Prr(

\n"r rqt , r ) l  " t f re( t , r )  \  < o

o  l ( € Y .  /  f r r q t , e )
v l
P ( t ' t )  =  \  v *

\Prz1 t ,  e )

A: -z ( t ) (  [  B r ( t )
. .  - ; 4

1 r t -  \  f

\  )  +  L B r ( t )

I ] 
-tor1(t 

)-Br
'

\z(t f l - lqrct

( t  )A;1( t

1t laj, {t

vre take

+

)

)

t

A

1

1

f

t 1(t t{arr(t  ) ;)+Pt) :

" . i l :  . . . 1

oGl

-Arz(* I I Arr(t )l-lA2rct {.-nrcu{ni<t >-virtl farrct \ 
-tofr(t 

t
+Ar2(t I I 

aez(t )] B2(t rrirt )-Arz(t 1nr1 )L$r!t i l-to;(t )-

-\z@L$zrt { 
-In1t laiz(t ) -

We have

R(t )loi(t {-1.fazz(u]-rnqt I =[kr(t t]-lnz1t in] qtilnirct fl-t
ancl we ded.uce ,

\ ) /  \ ,  \ , ,  ^ , ,  n ) u  1 {  ,  P  1  l -

Pu( t  )=A( t  )p i r ( t  )+Pt1( t  )A( t  ) -Br ( t  )B  ( t  )+  lB t ( t  ) -B( t  U  B i ( t  ) -

-^* rt tLkz(t [-lse qun]qt tl qrcr l] -laiect t =
^l  ^. ,  ^,  ^1-L -  .4/  .  / {  -  {-

=A( t  )Pr r ( t  )+Pr r ( t  )A  ( t? -Br ( t  ) :  ( t  )+  [81( t  ) - ts ( t  )J  Br ( t  ) -

- ( Br ( t I -f(t ) ) (Bi ( t ) - str t) =i( t )F* c t ) #* ( t li*( t ) - i( t S''( t )

and Prr=P eorresFondlng to  the redueed.  model .
I I

' [e are now ln posit lon to prove

Theorem 1. Assume alL the hypotheses tn lernna 3
{

e x t s t s  € > 0 s u e h t h a t f o r L  (o '

Prr( t ,  O=F(t  )* f i r ( t ,  r )
^ r V

P12( t '  r )=P121t  n  e ) *P12( t '  s  )

Pz2$, €)= l(?rr(t, ;+Y22{t, e 1
where
, {

lP22( t  '

Frogf"

t . )  . j

' i

( t ) .  l l n
/ a-f .r

t/

P12( t  '  E  )

v
Pzz(t, €)

ItapunOv

= 0 r

equatlon

"Then there

iwe usa

t

ls the bouncled on lR solut lon for a
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for thls lo/utron and ttre estl,nates for the solu$l

\ 2 ( t  I  \
I we have

L atrft> l
t . L L / )

€)+F( t ,  r - )

the f ree tern to deduee est lmates
. 1  . . , "  _ . i  ,

ator and for

ut lon.

-  (  A l l ( t )
- l

\fA21(t )

$t $ct r €)=A(t,  t  l f ' ( t ,r  ) ;dit ,  r ;A"1t n

{  
u r t ( t ,  t  )  r rz ( t ,  r ) ,  \

F ( t r t . l = l  F  ^ t *  < \  { n  I

\ -12 ' . t , t )  I f  zz$,r ,  )

formula

oper

the  so l

A ( t ,  t ;

t he

t lon

for

liltth

r 1 2 ( t ,  $ = \ r ( t  { r ( t ,  e )  
i

, . q , ( t , t . 1 = q r ( t ) F r e ( t , E ) - i , j ( t , t ) q 1 ( t , E ) ' : , ' . , i . , .
V r $

P ( t r € ) = -  
\ , t C t r s 1 . - ) F ( A r c  ) X  

* l t r s r e )  
d s

Taklng ln to  fneount  est tnate: -  ror  x lJ  ( t  rs  r€  )  and F i i  (s  r t )
vre obtatn the est lnates for  f r r ( t ,  e)  ln  the s ta te*ent

11(t, e)=A'2rt ) t- l iz(t, L)+lrr(t, €)Af2(t )

then u( t ;=-s+61f r - l ( t  )x ( t  )
feed .baek  cont ro l .

RenarE rt  ss wel l  kno',m that 1f A(.) !s ant lstable and

P(t)>0 ts the unlque bound.ed. solut lon of the l lapunov equatlou

def lnes a stabl l lz lng

system webed

)

ql

ly  pertur

1 1  b e

{  x r ( t  )
t

\  x 2 ( t )

al part

' ' : '
,

)A21(t ))  [

q2( t  )
' I

?  R ( t )

t  ) -Are( t  ln1
of the form

I f  w e  u s e  f o r  p ( t o € )

,  ( ?  ( t r
frt,r l=\\  - ' s '  

\ s f ; r t l

k'  Sr2( t  )=(81( t  ln r (
we obtaln a eoatroi

n$ular

ack wi

1 6 t r r )

r tnelp

\
I
I

/

A,

t  ) -P ( t

t

h

ponly

a s

feed

) P

the

If we apply thls result  to

d.eduee that a stabl l lz lng

u(t ;=-q nf r t l  !nr r t l
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u(t  )=FI(t  )xt+Fr(t  )xz

v l h e r e r 2 ( t ) = - B ; ( t l n i } r t l ' , ' . . . . . ' , ]

F1(t  ;=- [ r*r ,  @\t( t  )Ba(t  ) l  n ict  l i ; ] ( t  )+F21t lq]( t  )Aer( t  ) - ,

-B;(t lqlc t)Azl(t )Ree(t )nizrt l i l ]ct I
A direet computat lon shows that

rl(t y= [r*rr(t )q](t )Be(t )l ] 'rt l trz ttt,klct lqrct I

w h e r e F ( t t = - S ' ' 1 r > l F r r { t ) ] - i n  .  , r i

Thls Ls a. two stage eontrol ler of the saue f.orro

ln a nore general settlng by 0fine11Ly (tlqO/
:

Consld.er now the seeond Liapunov equatlon l

a  ,= - f  ( t , g )Q-QA( t , t  )+c ' (g  ) c ( t  )

Under the assumptatlon !n Lemnra 1 the equatlon has a unique

bounded on R so lut ion Q( t rE )>.  O.Denote

Qrz( t  '  r  )

Q 2 2 ( t r t  )

A ,

and'  Qtr ( t ,<  )=  iArz( t  ' t  )
'a' a z z ( t , € ) -  L r Q z z ( t ,  e )  . , .

Then Qrr rQre , 6r, satlsfy

. , . , . ,  
' , . , : . . . . , ,  

'

the llapunov
. ' - , ' , . "

a9 deseribed

$ror, =-a[(t )Qrr-Q*Arr(t )-&Lrt fir, -Orrfor(t )+

*ciCt icr{t  I

€. $T 6rr=-ra , (* firz-{r(t 16rr-a*Are(t )-6rzer(t )+

*ciCt )c2(t  )
. r {  / \

e tr ezz=- e {(t )412-eQriarr(t )-4(.lQaaia 2\2$)+

Let drr. be

equatlon

*
+C2(t  )cz( t  )

the unlque bounded
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A  A / (  s ,  ^ ) *

fT  a t l= -A( t  )Q11-Ql lA( t  )+C 
. ( t  

)c ( t  )
d

I f  A 
'def lnes 

an ant ls tabLe evolut lon
.ltnt & .iaLLLl, ( [ 'qrnr^.{-./ cn,!R , vvwi'iwt' )

Ed&tsf, .*c6 Qll( t  )>rQ .Let Q2 be the

solut lon of  the equat lon

then

unlque

we may prove

are unlformly eontlnuous

the above equat lon

bounded on /R

' . - . \' \'f { I

.
and

) '  i '

for lemma 2

^) h.z,  c2

b)  There ex ls ts  <t  t :0 '  such ' that  r rc
. At, r<.'{ }c--,t' .\(tr-*fifEffin 2 Aelgenvalue of

Then  the re  ex i - s t s  t  z  0  sueh  tha t  fo r  a l l  a< ; . ( c , .1 )

equat lon ( ,111 t ras a un l4rhe bounded on rR so lu t ion sat ls fy ing
^, I/
arr( t  rL)=s229)+T2r(t  r t  )  where 

-  
Ar;( t  )sa,( t  )+s22 G)xzz(t  )=

.t
= c ; ( t ) c 2 ( t ) a n d | , , , ( t , € ) l < " d ( L ) ' } 1 s . 6 t t ) = g

A,

'Let noiv Qt, be the unlque bounded on & solut lon of the

equatlon

t *T Qle=-Qre Azz(t l*ci(t )c2(t lr 'dr, (t )Ara(t )-Aie(t )dze (t, c )

leqma 5. Assurae Otj ra, are unlformly eontlnuous and bounded

on R. r ossuoe also assunp$tlous tn r,emma t hold. Then there

exlsts t*, ) o. such that for all t- <+ ( c t l)
Al

Qr2( t ,  € )=s12  ( t  1+ r r r ( t , r  )
sr2(t l=[cfrt )c2(t ){ra(t )Are(t )-a|(t )s22(.t )J ( orr(t I  

-1

l lm 6(e) =o .
e - c

the usual slngular perturbatlons
V ^ ,
Q r r ( t ; r ) = Q 1 1 ( t r e ) - Q r l ( t )  . r
( r A a t

Qfa ( t r  a )=Q1z ( t r r . ) -Q re ( t r e - )  :
V  , \  { v  '  ' . )

Q22$ ,L)=Q1Z( t ' '  e)-Qe2 (t  '  e ) .-  '

l ! 12 ( t , r
The proo f

as above.

)  [  s  0 ( r )

prooeed.s by

Denote  now

teehniclues

a $T Qzz=-62( t )Qzz-Q zzAzz(t l+cf(t )c2 (t )

In the same way as

lggma.4. Assume

bounded on [R

Tle deduee that



d  ( { : { t n t )

a? 
\*{r!ct,.r

( 6 " ( t ' t )-  
V; ( t 'g)

*i,:l =-4'1,,,, ([i',';3 :t:lt
-14-

,

2

'  , ' :

c t2 ( t ,  . ,  
\

G22(t r:;) )

I  
o"tt '  )

.  
\ to;( t , r  

)
' I

cl l( t  '  r)=-4;t1t l tr i ( t ,  t)-rr2(t,  e)Art(t  )

G12(t r  r)=-Af i( t  ) [12(t  '  t )  .

Gz2$, t)=Afr( t  )r t2(t ,  t l - t r l ( t  '  a)A12(t  )

' i - ' ' '  t ) l  * l l z z ( t , a l l  s ot t r . r ( t , L ) l  S g ( s ) '  l G r z ( t r L ) l  
+  l . s z z \ r r e < r ' ,  

I  r
s e u s e a S a l n r e p r e z e n t a t l o n f o r n u } a e a n d e s t l m a t e s t o g e t

l { au ( t , s )  I  . l ( r 1 t , t l \  * l azz ( t 'E l  |  <  t ( t

Iln & (t) =0 r \Te have thus

f,;"'o l. 

-urruu" 

the assurnptatlons rn lemma 5 there exl-sts

^ ?

€' :  u  sueh that  for  L  & (0 t  t '1

\ , - V

Q r r ( t r e . ) = Q - t 1 ( t ) + Q * ( t r E )  v  
^ -

Qre( t ,  E  )=  i -s rz ( t  )+  e r r r ( t  I  €  )+  t rOt l l t ' l '

azz$r t.)= EFiz (t )+ t'rrJ', e )+tQa2 (t ' t )

*i"t* trre. remainders {tl are estlmated as above"

4. Asymptotic expansd'ons for the sl4gular '
. v a J . u e s , : - : , . .

. \

W e  S t a t e  n O W  t h e  r n a i n  r e S U l t  ,  ' 1 , ' . l '  , ' ' , .  1 ' ' ' . . . "  : ' : ' r '

[heoren 75 Assume Ao l  rBlrCl  are unl formly eont lnuous and

f f i , * . A s s o ' " . 1 , o ] i , , a n a t s a t t s f y e o n d 1 t 1 o n s 1 n
! aLemrna
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V
v22$, 0=R2z(t  )sze g)+vrr( t ,€)

. v '  u  ,  . 1 $  . (  , t /
wl th  \V r r ( t , i ) \+ l r i r r ( t ,  e )  |  + l v r r ( t , s ) l+ \ t i zz ( tuu  ) \  <  0Cc ;

L- ro  /

I t  fo l lows that the prtneipal  part  of  the elgenvalues of

P( t r€ )Q( t r  € )  l s  g lven  by  the  s lngu la r  va lues  o t  (2 )  an-d  the

singular values of  the eystem def lned by

x ' (C)=\z(t  )x(e I  iBzz(t  )u(d,)

t r(6)=err ir  l*Cr)
Let us renark that the slngular values assoelated to AZZTBZZ

Co wlth frozen t lne are ln faet the prlneipal parts of the
z

s lngular  va lues assoelated to  ( f  l  .  " , ,  ,  . . :  : ,  ,  ,  t '  , " , ' ,

, t  .  : ,
) '

f h e n t h e r e e x 1 s t s € . > o s u e h t h a t f o r 7 , C ( o , L ) t h e

s lngular  va lues assoelated.  to  (L) 'have the foL lorv lng asymptotd

s t rueture
-  t  

- t "  
t _  '

a )  n l  s i n g u l a r  v a l u c s  a r e  o f  t h e  f o r m  , ,  
' .  

, '  , , . .  ,  
,  

1 :  .

Ai( t ,€  r= i r ( t )+d co 19_s rc)  =o '
and ) ., are the slngular values for (2) : ' :,

- . J

b) ng slngular values are of the form 
'  

,  .  
r

"or*r 
( t , t  )= t t i  ( t  )+ & Gr, 13 "#Q/ 

=o

(r\gtLylYdliwr*n a\t f J- are the
stnsular values tor (A. .({), Br({),f: i  ( i)) , t , ' {  f  *=e n t lw'e '

( vn(.t  r€) vr 2(t,  € ) lP r o o f .  D e n o t e  P ( t r € ) Q ( t r t ) = v ( t , t )  = {  . .  : - , , ,  . l
\urr( t ,  

t )  vzz$,t  )  J
faking lnto aneount the asynptot le strueture of P(t,  t i  glven

by theorem 1 and of Q1t, a) glven by Theorem 2 we havei '
, ,\.,1 AJ l/

vrr (  t ,  r)=P11(t  )Q11(t  )+vr,  ( t  ,  e)

v2t( t ,  c)=RrlCt l {r  ( t  )+nrr( t  )sfz &)+(zL(t ,e) 
'



.  _16-  
.

Remark f lnal}y that the results above do contaln the eorres-

ponding exnanslons for stat ionary s.,vstems and also that slnl lar

results may be obtalned ln the ease of exponentta). ly stable

evolut loDs o
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UNIFOR}.[ COiiTROI,IABIIITY

FOR SYSTEI,'IS ''YITII T;rrO TIME- SCAIBS

by V.Drdgan rA. i {a lanay

I t  i s  a  genera l  p rogrann promoted pr lmar l l y  by  P .V.Kokotov ie

and h ls  coworkers  to  ob ta ln  g loba l  resu l ts  fo r  syBtems w l th

t w o  t l m e  s e a l e s  f r o m  t h e  a n a l y s l s  o f  t h e  " S l o ' . v ' a n d  " f a s t

s y s t e m s  "  a s s o c l a t e d  ( s e e '  V . A , S a k s e n a r J . 0 ' R e i l l y t P . V . K o k o t o v l e

1 9 8 1  ) . I t  i s  t h e  p r o p o s e  o f  t h e  p r e s e n t  p a p e r  t o  d L s e u s s  f r o m

thls v ier , r r  point  the problern of  unl forn control , labi l l ty  for

t ime-var i lng  l lnear  sys tenos .  ' l fh l Ie  the  resu l t  l s  qu l te  na tura l  ,
to  p rove  l t  i ve  had to  use  spee i f j -c  asympto t le  expansJ-ons  fc r

the  evo lu t lon  opera tor  assoc la ted  to  a  s lngu1ar , l y  per tu rbed.

l inear  sys ten  (V .Drdgan and A. l {a lanay  ly8 l r1 r85  ) .

l - . l . {a in  Resu l ts .

C o n s l d e r  t h e  l i n e a r  e o n t r o l  s y s t e m

*f=Arr( t  )xr '+Ar2(. t  )xr+Br(t  )u ( 1 )

ex;=Aer( t  )x l  *A22(t  )xz+tsr( t  )u

TheoreT I  Assune tha t  Or j  rU ,  a re  de f lned on  R.  an : l  a re  un i fc rmly

l lpseh l tz  and 
'bounded 

.  Assunne there  ex is t  fe r ,  ,  k ,  zc  sueh

tha t
(q.
J e

d

f o r  a l l  t € r R
- \ ' ( i j ;  

B2(t)B;Qt>u-Aiz(t  
)d 

ds >. k,  r

€.

( A

theThen thcre  ex is ts

g l v e n  s y s t e n  ( 1 )

Let AZZ$) be invert lb le ,  wl th bounded inveree a.nd 1et

iq t  )=ar1 ( t  )-ar, $ )A;L( t  )A2r ( t  )

Fqt  1=rr( t  ) -Arz $)AiLz( t  )82( t  )

and assume that )  1s  un l fo rmly  conp le te ly  eont ro l lab1e.

< € < d

i s  un l fo rmly  eomple te ly  cont ro1 lab le .

= = = =  = = = = = =  = = = = = =  = = = = = = = = = = = =  = = = =  =  = = = = = = = = = = =  = = = =  = = = L

Unlvers l ta tea  d ln  tsueureSt l  ,Faeu l ta tea  de  0{a tenra t le t r  ,S t r .

AeademleL l4 ,  R-?0109 ,Bueuregt l  ,Ronaan la- t '



(.xi=Azt( t )xr *A22$)xz '.
y= c l (  t  )x r+cr ( . t )x ,  ,

Assume Ao i  as above ,CIrC2 uni fornly l lpsehl tz an.d bound.ed on
r  r J  I  c  

r

f iR ,  1et  d6t  y=c,  ( t ) -c2, t . )A;r / t  )Azr( t  )

Ass-une there exlst  f . -  . '  ,  K;TC' sueh that

f  "^;(t  
)sr (.  .  -  Arr(t)s .  L

J c r -  : [ t t ) c z $ ) e - t t ' - '  d s v k ' J

for  a l l  t€ lR and. assune also that ( i l  , I  )  1s unl fornly completel ; i

.  o b s e r v e b l e .  T h e n  t h e r e  e x l s t s  € , r ,  s u e h  t h a t  f o r  a L 1  < t z t  i

sys ten  ( .2 )  i s  un i fo rn ly  e . ;mp le te ly  obeervab le .

lBheo rem 2 ls d.ua1 to theoren 1 and lt ls proved ln the same

way . , {e ,sha l l  p rove  j -n  the  nex t  sec t ions  Theoren l  ln  t r rd  s teps ,

stsf6.ng iv i th the aseumption that there exists o(>c such that

the  rea l  par ts  o f  the  e lgenva lues  o f  Ar2( t )  a re  la rger  than ? '1

fo r  a l l  t  €  R ; "  ln  the  seeond"  o tep  lve  sha l l -  remove th ls  spee ia l

assunpt ion .

- 2 -

A corresponding resul t  ho lds for  un l form observabi l l ty '

theorern 2,  Conslder  t l ie  sYstem

*f=Atr( t  )xr+A,2$)x, ( 2 )

2.Asyrnntot le  expensrons

lroposit i -on 1. Assune Or, are unlfornly l ipsehLtz and bounded

on tR ;  assune a lso that  there exts ts  o(>c sueh that  the rea l

parts of the eigenvalues of A*ZG) are larger than ?--x><l

for  aI I  t  € lR .  Consider the evolut ion matr ix assoclated to

the 
' l inear 

system

*i=\:_ ( t )x, +A, 2& )x,

tx|=\,(t )xr+n, 2$)x,



and wr i te  i t  in

-3 -

b loek  fo rn

X r e ( t r s r e )

X Z Z ( t , s , e )

€ " . 7 C  s u c h

e  ho lds  fo r

tirat for €; €;('c, {' )

- v . : ( t  <4 ,  <  { * t

( 4 )
/ x t t ( t , s , € )
f

X ( t , s , € ) =  \
\ x z { t , s r r - )

Fhen  fo r  eve ry  f t a  t

the fol1owin3 asynptot

x r r ( t , s , € ) = x F , t : a . ,  .

x e r ( t , s , g ) =  *  \ f r , t ,

hele ex is ts

ic structur

€ X t t  ( t ,  s ,  € )

,\
$,d\ I (6)x f i (<r ,  s  )d f  + 'e  xz t ( t ,s , r )

t o A ,

*Arz and.

, )1 ( t  )

1 \ t  )

r  €-) is{-

/ ,

\ +
t_'

^ t (

'r=l' ',

ln  the eorCi t lons

( for  i .ns tanee see

, f=-A; (t  )zr-A; f t)zz

tz

Thls Sast systenr ls

A.Halanay 1983r1985

s e e t l o n  2 , 8  )  .

xrz( t ,s  ,  &)=-  €; f  xA(t ,s  )Arr ( "  )%1(s ) -Are("  )A; l (s  )xz( t ,s  ,  " )  I  +

*  zz i t z ( t , s re )
xzz( t  rs ,  t )=X2( t ,s re)  *  t i r r ( t  rs ,  c )

where . .  
"A  

ls  the  eqo lu t ldn  opera tor

t h e  e v o l u t i o n  o p e r a t o r  a s s o c l a t e d .  t o
A ' , \

[ ? r ; ( t , s ,  e )  t  .  p  ; *  ( s - t )

P r o o f .  D e n o t e A ( t , a ; =

The sys t$m ass ;oe la ted  to

*i=-A; (t )rvr- L$r( t ),v,

* 6= - \:s( t )rvr - \ -^:r(; )w 2

and a f te r  the  sea111ng zL=wl ,

as soeiat  ed X2 ls

A12( t

\ t  rG>

b e e o m e s

eonsidered ln  V,Dr igan,

V.Dr5gan,  A.Halanay 1985,
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I f  we d.enote by I t  t t  ts tX)  t t re  correspondlng evolut i -on opera-
(1

tor  and ,  
V 

a eorresponding par t i t ton of  th ls  operator  we

have the asymptot le  expansions

f r r ( t , s , * . ) =  F ( t , o j  +  t  ( r r t , s , e )

r , s )  d f ,+  , f i r r ( t , s ,e ;
/\

fr, (t, s t L)=- (''ftA,olo Jrg>1( c,s ,t) df+ * (, (, , s , a)
J . 1   

( z z ( t , s ,  t : ) = 1 2 ( t , r  , t ) +  t f  ! r ( t , s , e )  * € E z ( t , s  , t )
where i l  f "  the evolut lon operator  for

N *

- - t  ^ * r - r - -  f 1
f ;  i s  t he  evo lu t ton  opera to r  fo r  ex ;= -6 ( t )T2  ,  |  2L

ls def ined by t

?  d  r -? r  
f '  ' - "  

f ,  , ,r  a[  |  zz=Lrt i r3) J I -<r,6)q'<1 G)fr({ ,h r)df  -" ; r$)r ;2

f  ; . ! " ,s ,  t )  =Q 
' ' !

and
, r  i  l . i . - t )
I  l " r f  ( t ,s , t  )  |  e  e- -  

( "

r ' ie have frirther

xr r ( t  rs  r  e )=  [ " ' i , f . , t ,  c )

xer ( t ,s  ,  t )=  = .  f r r (s  ,  t ,  r )

x r e ( t , s r r ) =  €  X z j . ( s r t ,  e )

x z?$,  s ,  e)= f r ,  ( "  ,  t  ,  t )  
Xrd 

we ded.uee

x r r ( t , s , t ) =  F ' ! t , t , t ) * t l - r i ( s , t , c - ;  . \
xer( t ,s r  r )=+*! i ; ,  r , t ,  {  )ht7t  F 

. (urr)d o *rQirs, t ,L)
xre(t ,s,a)= 

J* ' t " ( r , t )Are(o I  f r lu,  s,  z)d"r .** i f i ( " , t r€)
xzz(t ,s,  . l= 

*a(u, t ,  €) .  ;y1.rL("  ; r , .  ) l  
n* L i ; r " , . ,  . ,

i  Renark  tha t  
- , i ' ( " , t )=x ' ( t r r )  

& i ;  , r , t )=x2( r rs ,L )  .



i t le have flrther

have

H t t ( t r ! r a 1 =

\ f i ; ( t , ; ,  L) t
\ H r z ( t , E , L )  I

Hzz(t, F, E)

I  f i r r ( t ,s ,  r )  \

-5-

(
t+L

f

l iO 
t , :r)Ay2(a)xe(a;; t ,  g 1 da={rz(t ,s,  €)+ 

I  
tU, t ,5)Ar2(t l {}(s ) :

,J
1' .Azz(a)xz((rs r i)d'T
' v  

' r i  
- ' t  * u | ( r ' - t )  ,  - o , * ' f  ' : , {  < t - r >

l X f z ( t r s r g ,  r - l  ,  - > * )

and
i i . - - 1

\ rA, t, ,a )Ar2(s )ar| G )Azz?)xz ( 6 ,s , t)d,'{ =
V 1  - 1  ' t/ - r . - 1 - r'=  

i {ar r (  u  )4 ; (s  )xe( t ,s  '  e  ) -x1( t  's  )At ,  (s )A2i (s  )  J -
r9o i - l

t -  SL*#XI,r  l ]Arz( s )  n| l (s )xz (6,s, L) dr
a

The above forrnulae 1.ead direct ly to the asymptot ie expan.slons in

the  s ta tement  .

1,et  us re rark that  we obtained. the expansions for Ll i .e nonstand.ard

ln s ingular ler turb 'at ions case of  an ant lstable 422.

\

5 .  A  f l r s t - e o n t r o l a b l i l t y  r e q l 4 ' L .

or j  ( t , t ,  t ;=

r v(. i  
-- l

. : u ; ( s ) x r l ( t , s , t )  J  a s

Uslng  the  asympto t lc  s t rue ture  deser lbed in  Propos l t lon  1  ) !ve

at ed

*i i$,h. ')

rove Theorero I  under  the assunptat lon on \Z s t

on 1,  Unl forn cont roL lab l l l ty  de iend6 upon the

t h e  m a t r l x  (  H r r ( t ' S '  € ' )  H I  2 ( t ' E ' a )  \

+.* [ \ trt ( t 'rs t) Hzz(t ' f' ') )

\  l r r r ( t , s , s )Br (s ]  * ! x r2 ( t , s ,  oBeG ) l  I  d<" ,
t

' ,Ve shall p

ln  P ropos l t i

behavlour  o f

s e ,
=5 t?r tq . ,s ,L) tse lu  ln ! rs  )x ; ( t rs r  t )  ds  *  izz( t ,s ,  a ;

b -  J '  -
I

\

t ^J ,J FJ.l/- a/* /\

J  f ( t , s ) 3 " ( s l 5  ( u ) r  ( t r s , s )  d s  +  L H l L ( t ' l s )
.E



(nce 
y,2G,s,  6)= 

"  

Azz(t )

we deduee that  I
. , i * t  .  *

5\  t r  (  t  ,  s  , t )82( 's  )B;  Cu )xJ
- '  -s 

( tn 'Acr( t  ) (  t -s) /2, . .
= 4 -  \  e ' c  B Z (

* J +
Usua l  ln -s ingu la r  per tu rba

[ f f r t , [ , L ) {  1 e .
'J ie deduee -next that

n Pkr( t  l (  t -s) /z  9 , .  ,^ , .
; i \  u  _ - -  B2( t  )82- J* 

,l\:-A'r'r(t )s *
, 1 Z Z

>  i  \ e  
L c  8 2 $  ) 8 2 ( t )

and  r i na l r y  t ha t  l " r r ( t r s r€ )

, ' ie have further

Hl f ( t_r t ,  L) -HL2( I ,  t ,  €  )H;
' t{-tr
f '  r{ ^r* {

=  J ,  x ; t t , s ) B ( s ) B  ( s ) ; 1 6 (
L r r

\ H ' ( t , E , r ) l  {  c  ,  a n

Hn ( t ,  5 ,  x ) -Ht lo t ,  t ,  oH;

Thls property pro. /es t l ie un

,a
Bẑ

\

€ )

z

A\

an

t ?

t "2

un

2 ( t ) t < f  w e h a v e

the  eont ro l lab l l t y

i  ,mn1  rboc
* { } ' 4 5  v v  

*

t )s k AZZ
82$ ln' (t i e

.  f . ' :  -4a(  sr Y ( t r x ) =  J  e
o

have W(t r  47 e-

t+ 'r

) = - F . 2 ( t  ) ! [ - * ( t ' ( )  .

sine.e t q

s > 0  a n d

Iheorem l
r Er A^.. (

l e z t '

-6-

4 .  T h e  g e n e r a l  e a s e r
' 4

t-s)/t n
+ X ( t r s r  € )

t r s r : )  d s  =

,,(. Air(t )(t -s)k
t  ) t s ; ( t  )  e  11  ' -  

ds  *Hzz ( t , . c '  a )

t ions proeedures lead to  the est lmate

-Ai"1t$1 :s/t- . t.
(t I e 

c"c' de' d-'r 2

u-Sr(t 
)s 

ds ,. & *, r

I z, t*-r'- i.

l C t , [ , t  ) H f i ( t , 1 " )  =

t , s  ) d s  +  
"  

# r r 1 t , T , e  )

d . w e  d . e d u c e  t h a t

L, r , i le>nf i ( t ,F ,c ;  ' .$  r

j - fo ru  eont ro1 lab11 i ty .

- fo
>,/ e for

the s ta tenent  o f
l"o"tt ]" I

proper ty  ln

Denot ing

t > 0 r w €

Take I'^ ( t
.  . t '

( t  )s n. -2' f  [ t  +\ - ' -  
d s  7 - 1 < 1  € -  f

Aoo(t )s , , ,  afr( t  ls
e  ' ' '  B2 ( t  )B r ( t  )e  

.L  ds

z(f ,+2n l ld. ,  I  N



x ' (x )=  [o f t  )+B( t  )F( t  l l Jx (  c l

a n d  l e t  V ( G ) = x n 1 " ; ' , v - 1 ( t r q ) x ( d )  .  
' '

A  d i ree t  ea leu la t lon  sho i , rs ,  tha t
.  (  ^ *  - ' r  - t ,  r ' -

T ' ( " . )= * " (c )  
\  [ "oc t  ) -2  "<  r l - ' d r - r ( t , d ;  + l v -1 ( t , x1  [  aq t  l -

- 2 x  r  I  x ( c )  + 4 ^ f i f  . >  + 2 x * q o ) , { - 1 ( t , ( ) B ( t ) r * ( t ) . l l - 1 ( t , { ) * t r i
^, ^J A ^lZ t!

>,  4  < i ( r  )  henee V(G)  'Ze '  ̂  "  v (o )

>lnee {t rtJ-1(t1i() s 4^ r we d'educe that

n r{ *, (z)t ,  \ l  W 
*j '"" t : t(ot l  ,  r, , ,

and pueh bbs tmate  Proves  the  lemma

Cons lder  no l  the  new sYSten

- ' 1 -
I

L.gmlna 1.. The real parts of the elgenvalues of the matrlx

AZz( t )+82( t ) f2 ( t )  a re  no t  less  than 2  d  ,

P r o o f .  C o n s l d e r  a  s o L u t l o n  o f  t h e  s y s t e m

*f=An(t )xr* [Arz(t  )+3r(t  )r2f  t  l ]  x,  +Br(t  )  u (S' l

E-xi=Arr(t  )xr+ [orr(t  )+tsr(t  )rzCt l lxz +Br(t )u

uniforn eor: t ro l labt1i ty of  th ls systenr ls equivalef i t  to uni fornt

e o n t r o l l a b i l i t y  f o r  ( f  I

i {e have novr to eheek that 6) sat l 's f ies alL assu'npt ions ln

seet lon  3  to  - :e t  the  f ina l  resu l t  .

T h e  s m o o t h n e s s  p o o p e r t i e s  a r e  o b v t o u s l y  s a t i s f l e d .

Assume thls Ls not true i  then. for every f '  O there exlst
l.{. k i

> i - ' ' q t ) .  I  { '  ( t ) t= l sueh  tha te - -<, ' '

By us ing a f t {soning f "  ( l . lJ i .S i lvernanrB.D.0.Anderson 196,  r  w€

. .  show that there exist 4,t  O , 4r '  0 sueh that : ,
( [ ' - ( t  n ( t ) + B o ( t ) F o ( t ) ) s  r c  - ( b t  ( t ; + n r ( t ) r r ( t ) ) ^ u -
\  

"  
\ . 22 \v  t iDZ \  t ' l t  Z \  - '  , "  

U r l t  l f i ( t  l e  
'  zz '  -  z '  '  z -  d . s  2 ,  t )  f  .

, J " 2 \ - ' - ' Z \ - . -



Denote  z ' r ( t )=l l ( t  )=u

\ 2
82 ( t  )  \  ds

*rt '{t  ) .

( t  ) (  L-6)

,5r. . 
-B-

t

\ [ (4tr*tii"-6zz(t )+Br(t )Fz(t ) )s

?,  
'  - ; , .  

.  h2.( t  )+82(t  l rz( t  i ! f , ,

:1
^' 11)fu--t't\

*  
l \ Z l ' ' - ' ' / ' - ;  

|  ,

82$ )3, ( t )e 4s 1z;
/

22(f'Condlder nolv the. eontrol
[r. .,(- Afz(t )( S. -s )

u ' ( s  )= ts2 ( t  )e

and use. l t  in the eYstem

xj(s )=Az2ft)xz(s )+tsr( t  )"  r  ("  )

I f  we take  xo(O)=O -  l , re  sha l l  have ^  
'

^ ,*'-orri t -; I 
-.- 

; A)r( { -u I -
* z ( Q =  

\ ' e  

1 1  ' 4  
B z ( t ) B ; ( t ) e  

' a  d s . , "

- ( ,

. (  ( t ; r \ 2 " ( t ) ( [ , - - r ) *  , .  
, t i q [ - r ) .  \ ' * C t ) = = ! .

\ J  B ' c t ) B l c + r J " ' \ * r ' k ) = i

.\\

and fo r  the  sane x r (s  )  as  above the  eont ro l

,* F (,af = ,^f (,r l) - E- [t) 'x^ (a) used 1n t ire s] 'stero

i ie  have a lso I  u$ ( r l  \  i  f  
( . r \  fo . r  a l l  

"+ ,L ,  J  
' , rhere

the f f ,net lon f  Coes not  depend u lcn t ,  f .

i?e deduee that r\re nay write

=l ct) : I"'tb" 
Ge ) *R'ce )il '(t )](cL^) b,.c€) d'flr.> .%

0
h g n e e  - - S -  |  r  / r \ . . r  / r : i  / . . . 1

d r* I - \;=t 
L A zz t: " B; .*) G- (t )lr p,* [r) u tr('') -t'e

( o z  .  I A  / r \  o  i i \ F  u l l  . l

4.= LtI (tI".j c+) : \"it l(t)l '* . 
[o"(t)'r$e(+)G'(t'3*rrir(o>.0.s

( ( \t i  t-r*;* (A",r$*a,e-)E({Dou-,*,iuft\t,;t", ftr,!.a J . r f  \ -z  L ' t  / -J  e .  

.  
t  t - " r )  LJ ,  

v  t ' - ' f  , - ' )  
s

,  ^ J / ,s Q.. LJ'r (L) ; i
l \

( r )

xi9 )= ior,r(t)+c^(t )rzCt l l  xr(s )*32( t  )  u lu ( ' r  )

rv i l l  lead again to  xr (  [ )=  t^ f  q t ;  .
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slnee 
f 

is arbltrary 1.re have obtalned a eonthp.let l_on. .

: Je  have  now to  eheek  the  un l fo rn  eon t ro l l ab l l t t y  fo r  t he  eoup lc
(Arr( t  ) -  lo i r r t  

j *%(t  )Wt ) . ]  |  +2(t  )+32(t  ) r2(t  i ]  
-1%{t 

i  ,
81( t  ) -  lo r r ( t  )+3r  ( t  )Fe( t  )J ' lo r r ( t  1+r r61 )Fz( ,  {  

- tbr ( ,  
) )

A d . i ree t  ea leu ra t l on  shows . tha t  th l s  eoup le  nay  be , r r r . t t en
- r v  4  a \ )

as (A( t  )+3( t  ) r ( t  )  ,5 ( t  ) ( r  +F2( t )A2L( t  )Be( t  )  ) -1  )  (  we have
(t+t railBz)-r =r-!.2 (.\c2+Brt p-lnp ,
' rh is last  couple id obtained. f rom ( i  d l  by a deei lbaek

transforrnat ion and a change of  coord. inates in the eontrol

s race  ,  no t  tn f luene ing  t l "  un i fo rm eont ro l rabr l i t y  .
This ends the proo.f .

. 
REi'3P.EiiCJS
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ASYMETOTIC. EXPAIISIONS

OT THA BOUNDSD SOIUTICNS OF RICCATI

EQUATIoNS ASSoCIAIED r0 5YSIEMS WIIH

TWO IIMS SCAIBS

by VasiLe Drdgan and Ar lst lde Halanay

Con 's tder  a  eont ro l  sys tem wi th  tw0 t l rne  sea les . In  p rev lous
papers we have studied asy'mptot ie exFansj .ons for 

'assoelated

r, lapunov equat ions as wel l  as eondi t ions for  uni form contro-

l labl l l ty  and. uni form observabl l i ty  ln terms of  the eorrespon-
d l n g  " s r o u , r ' a n d  n f a s t n  s y s t e m s .  r n  t h i s  p a p e r  w e  d l s e u s s  t h e
asymptotte strueture of  the bound.ed on lR stabl l lzLng solut ions
for  the  assoe la ted ,  R leca t l  eqat icns .

As an appl leat lon we d:duee the asymptot le strueture of  the
eorrespondlng lnvarLants lntrodueed Uy Jo*ffr$re and 5l1verman
t9B3

l .  TEg nrob lem . l l l a ln  resu l t .

Cons lder  the  sys tem

* f=Att ( t  )xr+AO 2(t )xr+Br( t  )u

0*5=\t(t )xr+A 22$)xr+Br(t )u ( 1 )

y  =CI ( t  ) x f  +Cr ( t  ) x ,

D e n o t e  A { t , t )  = L t t t t '
lr f n2t{t.l

A12( t  )

I4 rG)
c ( t ; = (  c I ( t )  c 2 ( t )  )

Associate the Rj-ecat i  equat i -on
' f l  '+Af , ( t ,  

t ) ' ' J {+wA( t ,  0 ) - iTB( t ,  0 )B* ( t  r .  ) *c* ( t  )c ( t  )=  o  (2 )

) B$,,1r',.(r;:i:l 
)
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Under sultable condlt lons for the "slown systern deflned by

( I ,  E,  d l
f iqt )=ar1(t )-lr, $)A2L(t )for(t )
P - 1
B(t ;=nr( t  ) -Are $)A, ; ; ( t  ) tsz( t  )

d6t ;=cr( t  ) -cz $)\ t ( t  )A21(t  )

and for the ' fast '  system def lned by (AZZTBZTC2)2t lne t r ip le

ontrol" l-ab1e and unlformlY

a unLque ,borrnded on lR
' , f  

C t2L ) . r f  we  wr l te

)

where

l $ i i ( t , r l l eo  f o r  a l l  t eR  and  6>0  su f f i e i en t l y  sma l l .

olnr i lar  expanslons hold for  the negat lve def in l terant istabl lLzing

so lu t ion  i { - ( t r t )  and f rom here  we deduee the  asympto t le  s t rue ture

for  the  e lgenva lues  o f  the  mat r lx  -  [ i , ' i -  ( t rQ J  
- lV l * ( t rb )  

;  these

eigenvalues are lnvar lat t  wl th respeet to LtBpunov transfornat lons

ln  the  s ta te  space and de f lne  the  lnvar lan ts  in t rodueed by  Jonekh#e

and. Si lvernan 1983

The eone lus lon  ls  tha t

o n e  o f  t h e n  c L , ; s e  t o  t t t e

anC the  seeond one e lose&
n f a s t t  s y s t e n r .

2 .  Para : re t r l?ed a lFebra te  R ieeat l  equat lon

be cont inucus and bound'ed on lR.Assume

sueh that fdr  a l l  t  6fR

n  k r ' +  \ oA  ( r ' l s  d s  > ,  k t

n  1 *  \ e
e ' . \ t r ' , 'D  ds  )  K r

(A ( t  , L ) tB ( t r  L ) r c ( t  p )  ,  l s  , r : n i f o r rn l y  c

. observabLe and' the Rieeatl  equatlon has

po z l - t ive def  in l  t  e  s  tab l l i  z lng so lu t lon

w + ( t , e )  = /  * i r ( t ' t ) .  w ; 2 ( t ' t '  
\

( , * i r ( t ,  ! )  )*  
' i l )p-( t  

,L)  I
' t [e shall Prove that

i v { r ( t ,  e i=  S i r ( t  )+  t  $ i r t t ,e  )

r{ia( t, b)= tiir( t,L ) * 8{ir(t, e)

ilie ( t , L)=tliz$,L )+ L2{;2(r ,o )

these invar lants  sp1l t  ln to  two sets ,

lnvar iants  assoc lated to  the ns1ow" systen

to the invar iants  assoeiated to  the

Sheote* ! .
there  ex is t

( [

|  .A(t )s
J -
0
, (  [

! "  uo  ( t )s
o

L e t  A r B r C

J  > 0 ,  K > o

B ( t ) B r ( t )  e

*
c 2 $  ) c 2 ( t  )
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Then the eqf,atlon

A*( t  )P+PA(t  ) -P l l ( t  )Br ( t  )P+ct ( t  )c ( t  )=0

has a unigue solut ion ?(t)  sueh that ! -T { f l r t )  (  f"  r  ,

?_ > 0 and t5e real parts of the eigenvalues of the matr lx
-  

i f a ) - B ( t ) B + ( t ) .  ( t )  a r e  l e s s  t h a n  - 2 o t '  s d : , o '

Denote i1 t  ;=aqt  ) - ts ( t  )8" ( t  )?( t  I  I  ex is tenee and uniqueness

of i i t l  are standard ;  we ,have to prove only the gniform with

respeet to t  posit iv l ty and boundednes;s, and the propert ics of the

elgenvalues or i,(t ) .

,f r i
with

repre3euta-

a)  , ' Je  havq^ t le  s tandard  renr tsenta t lon  fo rnu la

p(t )= jen rtioiCrijil,J ibt+tunrwlf r*tl uAt+1 ^ d^
o  

Assune th-ere &s no f  t  O sueh that  for  aL l  . terR 
p( t )

t i reyq for every f  t  O there exlsts t t€lR and *f

l . r f = l  " o " L t o i :  , i f / f " P x r < f  
'  . F r o m t h e

t16n formula it would foIlow. that ./\
," f,l+-r,. | , t. , t, €, /\ al*t) D X, lL dn , f
[f ewp ,hLti)r> ,, l'tln r I, t ln LtlP ftr) e"'

- J: ,n&)(fr-d 6tn Fatf wsiH%,
',P^, 

lt (ft,)ew ^ 
xr f do -' 

cn (4'co,t Io'n ' Lt.) t" )tl ru,) o- ftr)f tt ) nl trl fr' ,! l,'1, '

uslng the Cauehy->chwatz i -nequal i ty we have the p. l t imate

i f "ft 
Lto cr Lrl e& I U,' rft 

L+i tn - o)rbfti ti ftr) fi tt ) uo o' o,'t r)a" r, I e

(,f i -; (rn'+?\^ crLtr)cL+)nnL'lh-a)sn i)(trt f aufl",

)n

ha
o )

) a

a

x
h
ln

?

frw

: t l
&rJ'

frw;

e
C t

t4

I

L

3 e

0 (

:

lu,

l e
t

r 0

J
d

t ce

[$n

ded

lcttl
. r

lnce

,0,0/),
e d e
p .

,  lCtt
. l- x f

)x

e
We

tn
J6

6

F

4 f ff,^uotQb'il utt {1ttit\) efrtu'ao)*er[t,)w) nftrb'odt x,
es t imat e

rJ
I
)^
U

By

I

. ( f,r I {tnlf W)utttt' x, liltr)'t' fL {1,
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a n d t l t #  
t * ^ t o  1 2 , t .  r r , n , , , k l i l r t  , L l

!, )r* lunsn r rf t utA > )" lcl4)er'*"'r, l'ulr)^2yt,f t

2. lL - LP V l a- ̂  unl'adthhvn '
The upner es-t inate for P fol lows from the reprezentat ion formula

?-lctll J* nTt*)n i-^ w) c*u)cL+) b'n(1 n6"(ilo6 *
r-o hLL) A"Lila :^+ t  e  

A gb)b. t t )  L ' '  ,u ' ' - -  d^

and t f ,o *  1C^A, , , ^  ,n6* f t )odA>Ei  ti i lru r'r.ullr 
)o uao' 

n 'tttilR*Lt

b)  Le t  X  ( t )  an  e i .genva lue  o f  i , ( t l  ,  x ( t )  u r l th  I  x ( t ; l  =1  ,
**( t  )e"( t  )=,h( t  )x*  ( t  )  . ' r l l r  deduee f rorn A*( t  l f - r ( t  iS-1( t  l i ( t  l=

= - i - 1 ( t  ) c * ( t  ) c c t  l i - 1 ( t  ) -B ( t  )B ' ( t  )  t ha t

l en"  ̂  ( t  )  I  * ' ( t  ) f -1 ( t  )x ( t  )
' f le prove that tr > 0 extsts sueh that

" t  
( t  )B( t  )B"  (  t  )x ( t  )  >  f  .  r f  for  every

aL1 t e{R
there were a t ,  sueh

for

r
t ha t  .  * ' ( t  {  )B ( t  r  ) t s * ( t  . ,  ) x ( t  , )  <  f  , ^  t hen

t, J,' r.tit nk tgtn s$ t n"i5i"ti /9ta x u7 )ott = x"$ ) Blilszg l ̂ tf)'

,Jot* t / 'zALt ' ) t to  nf t

a eont rad ie t lon .
 

Remark .  The so lu t ion  P( t  I  may be  eons ldered loea l l y  as  be ing

obtalned fros the lnp1ie1t funet j .on theorem ;  uniquenel ts shows

tha t  i f  Ar ts rC are  C^  tnen F  is  g  d  .3y  d&f fe ren t ia t ing  the

e q u a t l o n  w l t h  r e s p e e t  t o  t l I t  i s  s e e n  t h a t  P ' ( t )  s o l - v e S  a

l iapunov equat ion and we de<luee that i f  ArBrC are Cn with

bounded der ivat ive ,  the sarne 1s t r f le fot  ? ' .

J,Sln.g ' .1ar l .y nerturher i  I l ieeal l  eqt . ta l lons

theorem 2, Assume ArSrC aS ![n Theorern 1 and mOreover of

"rr""f f i i11 
f  ounded on lR derivat&ves .condlder the equatlon

t p' + fr"(h)p + p ftw) -? hLV) r'f 6y1? t- c* Lt) cLt) = O

Then there  ex is ts  €o  )  O sueh tha t  fo r  Le , (o ,  €o)  th ls  equat lon

has a unlque stabi l iz ing posi t lve def in i te bor 'md'ed on tR solut ion

i  s u e h t h a t  l F f t , e l - f ( t ) J ( c o  f o r a l 1  t c R .  ' '
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Proof, I t  ls known (see for exampLe Clp-( t1+7
- " - u l

tha t  P( t  re )= ] jy  P( t , l  rL )  where  P( t ,T r t  )  i s  the  so lu t lon
o f  t h e  s a m e  e q u a t i o n  w i t h  P ( T r T r 9 ) = 0  .

By repeat ing the same ehleulat lons as ln Drdgan. and I{aLanay 1980,

we d.eduee that 
h%*l^-L)ft,

l?tt ,T,o)- i  at l  e t  h"* + J! 
- lPt,t ,Te) 

- futta"
Denote vT Lt,u) = € {., + Lr,"tt- 2r (n -fl/" 

I ? h,T d - i(D l'o%
A direct  caleulat lon shor,vs that

and that

where

,*rnr(/, ,r),  Y tVG,t)- Efl)- lqtt,rt  , ,  # gT

V, (LP) 1 vr  [ f ;e)

e *, wr(f,e1 =toL'or [t,€) - h^wlft,o) -t-e.hoL
d f i ' t t  

'

It 1s seen that Jlm q (t,c) =. gJ o < Leho
and then l7 u,,C: fl (ti l ( ,.rto

4 ,  3 o u n d e d . p o s i t i v e  d e f l n l t e . , q 1 o b a 1  s t a ' b i l l z l n g

so lu t lo  n  fo r  a  R ieeat l  equ: r t lon

J / P ? t p

Let  A ,  3 ,  C  ,L  rK  be  eont lnuous  and bounded on
/ - t

tR  ,  K( t )  V  KI  ,  (ArB )  un t fo r rn ly  eont ro l lab le  .  Then the  R leeat t

equation p'* d*(t)? + ? f f  t tS - Lptt t l  *  L(t)J E-n t t)L6"G)f r
+ L*t+)J + 6*(+) 6 Ld =o

has a unlc lue solut lon ,d.ef lned. on tR ,  sueh that for  a l l "  t  eR

? ^ r
J  " I  

N

T t4 --L-t (. t)  Ls"&)Pb?) + L*(*)J
the inatr ix i -6f def ines an exponentiaLly stable evolut ion.

Proof. Remark that uniforn eontro11abl l l ty of (d, Fl i rnpl ies

unj - forn eontro l lab l l i ty  for  ( t -E ' {4 i * ,  ! '  ) .  The Rieeat l  equat ion

n a y  b e  w r i t t . e n  a s  _ L  _ N  e  r  , ? _  t -- 
pli",qii - i'L;z ,&) L. t) J"p ,pLff 6 -6 H i-'& J L*t*/ I -

-p 6 at E''ft)6"b J P * 6*&l E til - L afi'ktL*ft 1 : 5,

; %Ge1= gho

f o r  a l l  t .

P r o n o s l t l o n  1 .

and the eoneluslon fol lows from wetf-known faets.
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5 ,  Proof  o f  the maln resul " t

by provtn$ a useful resulttr|le start
len.na 1.

& ) e

)  ( + \
' 2 'e  )

i7 )+
)z

)c

4
/
v

c
) t

/+
lr./

&)

,;(g

. R
,s t
)a

f3.

l),t

on
xl
(t

/+

p t

, - L '

,t

?L

ed
re
fr2

0,

rd.e<

l e f  r
n
a /

o

r
d11

e

unc
'rn(

f
Io"t

bo
a )

Assune Olj ,  Bl,  Cl are unlformly l lpsehltz and

and ,rnoreover

dr>a' E;c sueh that
42:"1il^01^>k r

elutt)26 > 4r

b) (I ,rgrd) as defined j-n ;reet j-on 1 1s un i forml ly  eont ro l labLe

and uni fornl ly observable.

Tb.en there exi-st  €o > 0 sueh that for  ee (OrQ) the Rieeat i

equat lon  (2 )  has  a  un lque br iunded so lu t lon  W+( ' re )  wh leh  ls

pos l t j "ve  de f in i te  and s tab l l l z ing  . l lo reover  ! l * ( t  r? )  1e  fo r

al l  te lR ,hf f i f  e not depending upon L .

Proof .  l fe use results ln Dr5gan & i{alanay L99o t o  s e e

tha t  a )  and b)  lmp ly  un l fo rm eont ro l lab i l l t y  and un i fo rm obser -

v a b l l l t y  f o r  ( A ( '  , L ) r B ( ' ,  e . ) t C ( ' . ,  e ) )  h e n e e  e x l s t e n e e  o f  t h e  $ o -

lu t lon  ,J+1.  ,L ) .  To  see tha t  W+ ls  bounded by  a  eons tan t  no t

depend. ing on L we have to renark that  there exist  F1, F2 not

dependlng on €.  sueh that tkr : r t  extst  wl th F=( 'Fl  ,82)
A ( '  , 0 ) + B ( '  ,  L ) F ( .  )  d e f l - n e s  a n  e x p o n e n t l a l l y  s t a b l e  e v o l t t t i o n .

(  see  o 'Re i l l y  Ag tO )  l i lnee W+ is the opt lmal

va lue  o f  the  eos t  fo r  the  l inear -quadra t ie  p rob le : l  i t  l s  rna jo ra-

ted  by  the  eos t  eor respond ing  th  the  feer lback  eont ro l

F (t) = E H x/t) +€(*) \Lt) and this cost is eaaily estl-
mated  by  a

rj V'(t,0 *o = f f'* (o,t,d f c,"tn)cb) * F'(7,) Th) ) | (o,[,p)A
l , rhere  I t t r t r t r t )  " iu  the  evo lu t ion  o le ra to r  assoe ia ted  to

A ( " r t - ) + B ( , , e ) F ( . ) .

The proo f  o f  the  main  resu l t  p roeeeds by  wr i t ing  the  equat ions

for wf, , w*Lzrnlz then by denotlns ?," Wol , \r= LUt,!.
?zr= 

LrW;, 
and obtalnlng the corresFondlng equations fo" 

l t j .
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under the assumption ln lemma 1 the funetlons (Azzf i2$2)
are as ln Theorern I  and there exists Fro with th; eorresponding
propert les ;  we use next Theorem 2 to su; '  F* with eorresponding
propert les .  ' iVe use prof ioslt lon 1 wlth

K (t) - 1 + b: @ L0;(il1-'co\t) c"@4/ tt) 8.tt/

to obtain Frr{t)  and define Fr,,  as the unlque bound.ed on tR
solut ion for  the s lngulaf , ly  per turbed I  lnear  system

6 P,u' = - P,"fg.-tt) - b-(t1 B:H F",6e>J -

- fr; (il Ltt, a.) - V,, t*s 70a&) -B,u) B:/4 i- r t€ ) J
r t  ls  ln th ls vr4y that vre have deser lbed the pr lnei l  a1 parts

ln  the  asynpto t i -c  cx f  ans lons .
' l i l th the nolr t lon ln Seet ion 1 we vur i te down eonrpl lcated. equat
t ions for  ?r ' , ,  1 af ter  long eonputat j -ons rve obtaln for  the

a
eor res lond lng  bounded on  tR so lu t ions  re l resenta t ion  fo rmulae  deset i -
b lng  

ru  
as  so lu t ions  fo r  eer ta ln  in tegra l  equat ions ,  rnore

pree ise ly  as  f i xed  po ln ts  fo r  eer ta in  ln tegra l  opera tors .
3y uslng the Theoren of  Sehauder-Tlehonov sueh f , f rsAd points are
sho' , 'm . !o exlst  1n a glven ba1l  and uniqueness argu: lents show.Y
t t :a t  P ; ) '  a re  bounCeC by  eons tan ts  no t  < lepenC. lng  upon t  .
The argunnents  a re  eo .np le te lv  s i in r l ' l a r  to  the  ones  in  Dr [ !7an 1?BJ.
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