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CO$VNRGEI{CE AI{D REPRESENTATION T'ON SlOCHASCIlC PROCESSTS

O.II{TRODUCTION

In the article u LtJ , LaJ there have been introd.uced. and

studieil sorle prelininary problems (insluding Riesz and. Doob-Heyer

d.econpositions) cbncerning latticiaL stochastie processes. In

tbis paper we sball treat the convergence and the lta represen-

tat ion probLens..Lot 's recal l  the facts: consid.er I  an ord.er

reJ.at ion an i l  X=(Xr+ r .  11)  a  vector  ]a t t ice i .€ .  a  l inear  space
\

over R whlch. is a lattice and the operations are compatible;

X is called (sountable) complete if any bounded (and countable)

suhset of X ad.nits V and A .If A is a subset of X, d.enote A* !r

l *ax ;  l x t  4 la l=o  fo r  a l l  aed  and .  Ax*  = (A* ) * .  We a l so  cons ide r  a
t  

-  ' | ' r ' |  '  
J

fiLtration 
)L =(\t)ttothat is an increasing farnily of components

lsee [?] )  tbat generates a fani ly of l inear proiectors (Et)tr ,  
o

whish are bouni led (vc [*rbl-)Et(Y) c (-a-,b*l  ) ,  posit ive hence

(x*)  i f  the V exists)
d

Ea(xi);see CVI for ord.er

then there exists V E*
tTto .  "

and. bound.ed. by tbe id.entity'.

increasing, latticiat ( Et, 
Yl"r)=r.Y

and continuous Er( C")lL? *j{")-lii

l imit) .  Note that,  i f  X ls oonplete,

beeause the operatoxs are increasi-ng

1,.TIIE CONVM,GM{CE PROBIM{

Denote ?r*=V,31)** , of cou:rse Ln 
,r" 

* conponent and

easy to prove that ?- is the snallest oonponent that oontains

it

ie
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.eachltg 
.Remark that every increasing family (?a) t t tot\ccX generates'

a f i l t rat ion namery I"=(Lf/rrorro there are a ro! or f i i t rabi.ons on
a given vestor latt ice'  For such a f i l t rat ion one can think about

L

2^ as the generator 's  domain ror  ?  in  the sense of  tOl  . l ro"*
precS.sely: an operator A d.ef ined. onl(* ' )c X is cal led. the generator

of the f i l t rat ion ? i f  ,4(t) . t"  the largest subset with the fol lowing
property:whatever xe-g(A) is,  then there exists Ax=x such that
E@ (y)=x. t,ie have d.enoted. s,.o the projection oo ?r* . rt is
easy to see thatr in our case 4(*p?* and A is the identi ty on Zo, .
fhe theory can't  go on forrowine [G] because on x we d.o not have
a nult ipl icat ion, so the problem of the largest algebra contained.
, ',n '(ta is meaningless.

Now we shal l  Drovo

\I,gl , t l , tA l- .1. l . t  be X coinpLete vector latt ice. For every x€X

we bave (o)-11,1 na(x)=s* (x).
t

Proof .  Remqrk that \r"  
[Jk 

a \^,  Eor for x GX*

n, (x) ! E*('*t f or a 11 t z1 o. In particular E cE*= E- b-g , E1 that

t

Est: l )

we bave

.Suppose

there exists a botrnd..y snal ler then Eo(^) i .o. Eg(e) 4!< €ee)

reuark that y 71 o. Apply E* and obtain Er{.1 . Ed i o-Vc(^) -) b-g(e) =
'=) !-^ , \I *n u,t tzo -) I: 'L e g:Li :(r.J 

,br)*,

y= %(5): b'.e(,<.; . Thus 
J,u*(x)=E

Ff ("*) - Ft(a-) -> E-o (xr-) - b'-o (rt->

So F-r t5-* i  =o : )  4"{ f i=[r1,r i ,H€nce y€c]r( ' r )  .But l>tE)t4 because y >/  o rso

(x).  tr 'or any x € X we have Et(x)=

and. the proof is

comple te .

COROLIARY 1.2. We have (o)-l.lg n*(x)=r (y<.) x e (I &a) " "
t4  o  "  tT to

Indeed, both statenents aro equivalent to S,o (x)-x.

We also hsve a d.ual problem. I,et be (?rrlorro ̂ decreasing

of conponents. An arbitrary intersection of oomponents is

component, hence f\?t is;  denote i t  by ?r-"o .  Renark that
l7t o ._.*

is a fi ltration( increasi.ng) so b.* (^l converges (see

@

E 
"o 

( 'r)

fanily

a lso  a

(%f )*,,"
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u ,r?)**=(n ?r)*"1 l3,i ='bl^.
lenma 1.1. )  to  the pro ject ion of  x  on( ,1

ETto  
'  

L ' ^

Eence (o)-lim E+(-): r-{')-S} elr*t = *"1o E!'^ = '*:*'' " 

{)ro

Ltto 
L'  t r24

A stocbastic p"o"6"t (nt) tzro is a sequence of elemen'bs

f,ron X indexed. by Lornn ).  the stocbastic procsss (*t)  tzro ie

called. Z -adapted if ^reIoa for t71 o' Remark thatn if an ad'apted'

i

r
t
!r

process is orcler convergent' 
' then (")-11: n'€Zoc because

E*((01 W n'tt)= (,1- W 
E*(".t) ={ol -tr. *:. 

. ,-
fbe stochastic process (rt)  , ,  i ' i "  cal led ?, -nart ingale

1
1
:''l
; i

I
.;l
1
i
:
:l'l
1

i

l

.x
:tr,4

t
, , i

. l
.1

I" t,'..1 -. ,,:)
: i !.{

,;i

, .jt
, l '
. ' i "
t' ' i
' : l

.  
. i {

t
I'tr

'r :{
'{
, i

,:1.,.1

. t

i f  n "=B" (ng )  fo r  o4  sL t ' I t f o l l o w s t b a t a n y n a r t i n g a l e i s a d ' a p t e d .

Tor exanple, the Psocess (Et(x))tr ,  o with xeX is a nart ingaLe

(becous" ta increases with t)  which we shal l  calL basic nart ingal-e;

t b e y p l a y t h e r o l e o f t h e u n i f o r n l y i n t e g r a b l e n q r t i n g a l e s i n

classical t treory (see If l  ) '  We sha]l  prove
vAsv'-v,-oorosrtrou 

, .r , ,  rret be x conplete vector latt ice and. (r t) trro

e n a r t i n g a l e . . [ h e f o l l o w i n g s t a t e n e n t s a r e e q u i v a l e n t

i) (nt)t lt o L" order convergent

ii) (tt)tr, o i" bound"ed

i i i )  tbere exists xe X sucb that mr=E'(x)

In this case (o l ]1n Dt=E ,o (x) '

Proof i ) : l i i )  is obvious and i i i )-zL) foLl-ows fron

l e n n a } ' ] . . N o w l e t , s s e e i i ) : 7 i i i ) . W e k n o w t h n t t b e r e e x i s t s

arb€x sucb tbat  az-  rn*4b for  tz ,  o . In  par t icu lar  r r (a)  4  n t ;  denote

ot: rurt-Ea(a ) and apply E* (s < t) I so EeCq) - t{s E5 (*) = c5 ':7

(ot)t  7, o Ls a posit ive rnart ingale'o".1"" iacreasing( see [?3 ) '

In  tbe sane t ine c tnv-  Yg(c)  a  b  + Eg(q-)  s  t  tq-  3o (c t )wo

i s b o u n d e d . . a n d l B s X i s c o n p } e t e , i t f o l l o w s t h a t t b e r e e x j - s t s

c,= V c*=(o)- l in ct i  hence nr=sr(a)+ct is ord'er convergent '  let be

l ) o  
' E  

t T r o  v  - $ ^ ' E r ( q t ) =
e flxed and. e( t; we obtain q{5 = u,(".rt) _7 ur5= (ol 

tzs

=(").0;.* Es(o.rt) =ts(kl 
h'n\t) 

= E5lto1-tyo"r, t(q-ti;; tt) =A(Eo("itc'i: F5(ttc
tZrc 

\ ' ( \ )  
_  -  

: ' fv  \ ' (v

, take x=a+c and finish the Proof'
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If tbe family (Lt)rrro decreases ' one Gan

mart ingales' i  (see [al  ) .  E rev€rsed mart ingale

ilefine the ttreversed.

i s  a  p r o c e s s ' ( m t )  t z t  o

such that,  for o{ s1 t  we bave n*(m")=rt '  Renark that (*t)  t7, o Ls

ad.apted' and mr-nr(mo) f or t7r o' hence it is ord'er convergent ('L t

deoreases wi tb t ) .  As we have seen above'  (o)- t*n mr=(o)- l ] :  u*(mo)=

s - oo (!no) .

l* l*n i"s a comPonent of X; denote bY

***  the pro ject ion on tb is  subset .  I f  ( * t )  tTro is  increas ing '  then

t l*41- )noot" a f l l t rat ion; denote the associated projectors by *J*

Exanpt-e. Consider tbe vector lattice ;= l{t fo,t'o)-'RJ and'

fix h ex. Denote ar(u)=.nnn*lt-fl.(,^),o] and consid'er the filtration

(f rt\* 
*) 

yr,o. rle obtain a:(+l =*F\n*r,t] *ou a!)t+)= {-r y"4

nartingares (ft)t, o c x have tb; fo;n fr=f KUr.r\ with f€ x' Arso

remark..tbat -f-( f  .  f* 8or in this case all  nart ingales are basic

and (o ) - l in  f  += f  i . " .  (  V  n in )  *  "  - -X  '
t z t o  

v  ' t

!et's give an exanple of a nartingaLe that is not basi'c'

cons ider  x  compLete veqtor  la t t ice r ( \ r \ t ro  a  f i l t ra t ion;  le t  be

tozt o the snal lest index such that \6+lo) ana o ? x e\ U' 
Def ine the

r l r t insa le  ^ t * t '%r , .  -^ . , ( * ) * '  
$uppose that  m,  is  bouad'ed:  a4 Etzb: )

'  
Lt"f ?.) . - , -^r^.: *^,r.. ^n rrra rrh 

I r

t x € b f o r t 7 t t o - 7 L . t b ; a s X i s a r c h i m e d . i a n l W g o b t a i n . . O r i b : o .

From a1m" € s 4-tx for t  Z to hence o€ x'  l lbat is x=o-contradict ion-

A stochastic process (xtr)X , ,  o is cal1ed sub(super)rnart ingaLe

i f  i t  is  adapted and x"< s" (x6)  ( resp.  xr7/  n" (x1))  for  o(  s- (  t '

tde say that an ad'apted process (*t)  tz,  o ad'mits a baslc

Doob-Heyer deconposit ion i f  
" t=Et(a)+c* 

for t  7r os wbere aex and

(st) tztois 
an increasing process' As we bave sbown in [al  t(ct)tzt o

is adapted and the deconposition is.not uniQuer ll le also bave tbe

f o ] . } o w i n g c h a r a c t e r i s a t i o n r e s u J . t ; i n a c o m p l e t e v e c t o r l . a t t i c e ,

tbe adapted. process (*t)t7, 
" 

ufuits a basic Doob-Meyer deconposition
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.and only i f  (*t) tr ,

d.educe

PROPOSITION 1.4. 
'IIny bound.ed subnartingale is convergent.

Proof ."  (*t) tr ,  o is bounded. below, so i t  adnits a basie

Doob-Meyer deconpos!"t ioo xr=81(a)+et for t  V oi but (*t)  t7t a is

also bounded. above x*( b so'c.=t1- Er(c1 ( b ta'- ,  hence there exists

c:= Vct -bl-  { i^^ cs so f  (q-9* *t  = (ol-  
f ' . -  

Eatt;  t("1 Y c7=Qot+) 'r  o'
t  lz to  

-  izo 
-  

tz to  -  
t+o

The converse of this proposit ion is obvj.ously true.

Exanple. For the Earne concrete latt ice and f i l t rat ion as

abover we have that the subnart ingales (f t) tZ o have the form

fr (u)=o i f  b(u)  z ,  t  and f r (u)  increases in  respect  to  t  i f  h(u) (  t .

Consicler a bound.ed below subnart ingale f  

"V 

a with ae X. I ts besic

Doob-Meyer d.ecomposit ion iS f .-=s'L,o r. i  *Car fbe process ("t)  t7r a
\  t i " < t 5  

t  
-  . ^ ' v - /

i s  increas ing because,  for  o4 s<t ,  c r (u) -c" (u)  equels  o  i f

s < t (  h ( u ) ;  f 1 ( u ) - n { u )  i f  s  < b ( u ) <  t ;  { x ( u ) - r " ( u )  i f  h ( u ) <  s (  t .

f f  , tn addlt ionrthe subrnart ingale (f t)  tz,  o is bound-ed above, then

tbere exists Vct and 3 (o1 -&"'^^- 
$, = a' t  Yc1 '

l T ro -  t zo  
'E  t z ro

'  A submart ingale (rt) t ,  o is caIIed. a potential  i f '  for

t z ro ,  there  ex is ts  ( " ) - l31Er (zn)=o.  In  par t i cu la r  
" t (o .  

Remark

that, i f  the potential is order convergent,then (")-t]1 zt=Q,

Indeed, let be 1-("f -9,,T ?t :) c =(ot - ti. hf nr,,.rl = 
\* 

Ft(/+* .?)= L.*- Eg(c) =

%(et eL€[*.But (zX)tr,7, o is ad.apted so n €'U-;hence 7]=o. t{e have

PROPOSITION L.9, ] ' ,et be X complete vector latt ice, The

potential (zt) tz1 o adnits a basio Doob-l'leyer d.econposition if and

only if there exists (*t)tr, o adaptedr increasing and bounded

above prosess such that Et=at-Er(a) 'where *- 
Jotr '

Proof  .  I f  Zt*Et tb)-ra,  then at=i t -  E{b)€-Et tb) . -  b-  ao thene

exists +,=,V.tt ;  for f ixed t we have E*t*r) =Ft(F1:(b)) *Ft(T) ->
Eho

bt-Ii;fr €l.{zr) =r", 
#,T 

Et(€erL)) + r^-F;l ir(ns) :7 Q= (oJ-{r* Er(b)'r
?7to

Fd(or-$f "r)' -> o = Q(b) *b-y'a) -t,.*+c* Lt= Et(-a)-r e{.

o is a bounded below eubmart lngale.-Fron this
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{q - t":
P4.L

Fr ( rr (-")) . tq- {tl:
Vtro

X'or exanple n'

increasing, simPle

Doob-l{gyer ProPertY.

.COROL,LARI 1.6. Let be ("t)  tr ,  o & bound.ed (a'bO*e1 potential .

For this Purpose

with a elassical one (as

Lret be X vector

procoss and f  t  fo  r+e )

o : to  t tn . . . .  < t , " . t r r . r .  * -

Wo define the integral of f j-n

r ! ^ D ,

;I"- kb;)(^'(t ir iu"b;) t t(f") ( 'rt- *1.)

right term vanishes. From this
!

process ( !{,rr l*u)bro 
is adapted

o

s".,0t ltJ

we

it

Lat t ice ,  (Lr )yr ,o f i l t ra t iono ( t t ) t  
zo 

adapted '

R sinple i .€. there exists e division

f t r i= dt t*1 *" ,  t*Lt<t , . t t .
( t

respect  to  (mt) t  
v  o  bY J  3t ;Jr^5 =

if  kTrL; for k=orthe sun in the

d"efinition it follows that the

and., i f  f ( t)=s=constant, tben

conversely 
"t=Et(-a)+ar.i9 

a submartinga1e and. (tt-fr i  Egtei; =

are

the

Tbe'f  ol lowing statements are equj-valent

i)  (r t) t , , ,"  
"U*rts 

a Doob-Meyer d'ecomposit ion

ii) (rt)t r, o is bounded below

ii i -)  (ut) tz, o is order convergent

In tbis case (o)- l l*  %t=o

Proof  .  i \ "Zr i i lo r i i r )  are c lear .  see i i ) :7  L) .Ly"1 c+ : )

Ct t= L1-e i r * )zzo a. reJ C17E5(cr)=Er(Ld -  F5(a)  - ,  ts -  E5(a)  :cS ,
, \

so \cX) t rzrs  is  a  pos i t ive submart ingale hence (  CBI  )  increas ing.

11he potentials that admit a Doob-Meyer decomposit ion ( in

wiew of  prop.5)  p lny tbe ro le  o f  t 'potent ia ls  generated by. increns ing

processes"  f ron tbe c laes icn l  tbeory (see t4 l  )  and ' ,  in  our  sas€1

(Uy corol lary ?) these potentials are the order convergent ones.

2. IIHE REPRESSNTAIION PROBLEM

E1 tar1" {ol - {r'* Ei F^) * 6f {iri- {t'* *t ) = E C{-^, + €rt't1 =','t
P ?

in our ooncrete situation, the processes that

eonvergent to o, are potential"s and ndmit

need a  s tochqs t ic  in tegraL .  I re t ' s  t ry

i s  d .one is  [ : ]  l ,
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I{,r,,*, *.(*tt-*')
o

Remark that,  i f  (*t) tr ,  o ls a nlr t ingale nnd' f  
. is 

simple'
+

then (f&ttJ*J yr,oi ,  a nart ingnlertoo'  Indeed'r  
!e^t 'ue 

o4 s< I  1oU

. o1 J-.ok such to*t  Lj  * t ' 'b i . r  .  we n"t i - ,  E5(\ t( i*1Ju^*) =

? rr( 'Ptt ; ; (qr;* ,-"  *r)  t  Fs ( f t t*)  (n*t-*t tv.))=:L(" ' )  "8.(9tq;(u^qn,- 
*+:))  *

l = e  
- " 1  - ' t  

j - {  r , ' = o  S

I t",re5l?tt,.;(*t- *sJ)= 
,.Lt '- ') 

**tt:)(*s- *{:) = J{r"tI*,.
t " J * {

.Now extend. tbe above definition in the next situation: J(=

countable conpLete, t e 1 where J = 
t 

. i '  &, +"t) -)R ; S E>'o V(f*)^; i*p{cs't '

8,.r {ntr1=ftsl en&.tl f  Obviously, i f  f  is Borel meaeurabLe, tben teJ

i" t  U" tzto t i *ua;  for  t€ Hr Bs ( f r , )*  is  Cauchy,  J(oeN sucb that

t{,,^tt)- f"nitite i A n,;tr7t le .  I ret be mrnT(s .  Put the cl iv ision points

t k4  t .  t k * I  
" "  

ob ta in

-  , * . t r )  n  ( ( *  tbr )  - f  .nLh") ) '
f*or frr t ,  

? 
.  single djvision (Lr.) f  '  I f

, V ^  I  /

t 1'fut"iJu.*- !(*i,.1Jn'..^t = \: ((*(t;)- f.^tt;;1 (*ti*r
o o K-l L- -o

T
(*rt - rrb,.) L* ft 2 [ *+r*.- .x.61 t I  qt- *bol) .

0 -cl'

l lhe r iebt*tern goes to o because x is archined-inn, 
"o,f :"

6equencu(\t("t-,1*iltlu order t."""11, henco i ("1- 
$ffi l"F"^('^; J"r*'

Put by definit ion 
!1f,",J"*,.=lri t^ !f '^t")Jo*. The definit ion does

not depend on (frr); ( put any two such sequences in a singtre one

and. app).y the above considerati'ons) '

Renark tbat if (mt) t7t o is a nartj-ngaLe and f e J then
+

(J?."i l-^),tzrois a martingale, too.rnd.eed', let be-fo -7 t '  o"1:*" 
,

Y ,t.' 1.,,, : E is order continu so Es ( !-{,"tJ""")--trro' \"f ' '^,:,d** i  Es is order continuous operator
o  , t ^  t ,  o ,  I  r  t ^ t  ( ) ; .  b  l l ^ - r  

o

et(4-{i* !{-^(*iJ*a)= Ee{(oi {* 
br,*) =- (t i-{ i* bs(Ut, '*) = (t<{- aL,o/g) =

r"lln^1*"o,l"- :l', lti: f g^,.^, du"'"= l&"1** ,, r
rutf= J'-. f  

'  
" td 

see tnlt  !=ot [= .5.
(^r)ir r, o i* 

5r 
firrt?neale, then eo t ff,,iil 

**) =' I?l:ittho" s e t

where  n id ( r r s r t )  i s  t he  m idd le  te r rn  o f  t he  t r i b le  ( r r s r t ) ' I ndeed '

i r  r e . s s t  : r E r ( ! t ) =  E ' ( f )  -  E r ( i ) =  ! ' - \ ' = o  i  i f  5 e r y l c L : >
- ' 5  

a  o '  o  D



t r - ] - B - t
e,(fl=itf '*f":t tl s"": -'*t"(!
8 5 1  ! t " 1 = o : ) l e  z i o ^ l  r t ( ! ) = ! - ,

The pufpose of this integraf is to

t 5 €

)' J 
-l= I ' lr'r Pan'h''^^'t"4-

, b o 5 '
r t  ^

)  € ' 6 p .
osolve 

equations 4ike this:

for  f  6J ,  f ind (m6)1r ,  o  such that

(r) mt=no+ j?", J 8.1.1 uft *e X f"'*"J

i . .€. wbich are the processes that can be representr lrd. as stocbastic

i .ntegrals in respect to a basic mart ingale?

A,s we bave seen above, the process (mt)t  zro otrst be a

nnrt inglale. ConverselXr suppose f irst that f  i "s simpLe. I f  f=l  on

[tr , t*n,) then any tr*E*f.)  tu 
, l .solut ion 

for (1) '  I f  f#f ott  fb*,tp'r)
' l  

1 ' * r - f t *o f6" ( t1  n  i k t ; i (E t ; - { ' } - r+ ; ( ' r ) t  i .e .  n t=then tt=t l{ t l i  .  , i  '  i=o 
'  - '  \

constant on eachtt*, ton,) .  Now suppose that f  is Borel meas.urable;

vre can choose a sequonce (trr)r, of simple functions, fr, -r: such

that  ro f t ,V n€ l { .  For  example tako {n=-"n t *  \ { t -^ \ ' ,  V 
sa ' '

)  L  s  t<U| i { * : - , 'e" l  - . " .  
'  " , r+L * .  \  |  z r 'n \  .on each of  these

[ a ^ - t  L ' * ] r - -  e ^ , -
part i t iorre trr=constant, so the solut ion for (1) ie a Iocal ly

eonstant basic nartingale: ma- 1='Lr, 
(t)'ct'Et.(r) 'Fron the

v  K L tx ,c r t r )  "x  r \  - .  
le_ t

nartingale property it follows that (cr-c")Es*(*)=o\4iit this is too
t t ,  r  -  |  h  i  . -

rest r ic t ive.  The unio i ty  a lso fa i ls  because |  { " lJ f ! . t=  )  {n*rJF.  ( t+b/
o t )

for b€ x. 3ina1Ly rernark tbatn i f  &t=constantrthen x=o hence r lr=o'

So ,  the  p rob len  (1 )  i s  no t r rwe l l  posed t ' and .  tb i s  iS

because of the classical type integral.  In the sequel Let 's

construct an extension of the stochastis integraL concept, useful

to  us .

Oonsj-d.er X-countabLe cornplete vector J.attlce with unity 1

i .e .  I  i s  t o ta l  (1 *  = lo1  )  and .  L71  o ,  a  f i l t r a t i on  (b ib? . ' , * t ru  G  X ,

t v o r u 6 R s u c h t h a t t * - _ : . > ' t , o i s a c l a p t e d f o r a l l u € R n n d
' 

tll 1^ 4/l|

f , :R =+ R a funct ion.Oonsid 'er  " .  < (^-n t*o 'o (  a4 4" '  a gequenee

of divislons f or R and tle l"],'''i*.i ror L €7" rf there exists



t
L

:9-

ok,, ?+rat)(*t,*i, - dt,
wil l  be the integral of f

iL

irn

) ror uv*ry rf , then thls

respec t  to  ( * t r , r ) ; d .eno te  i t  by

l ini t

\ {,-, J *q*
As E*  a re  o rd .e r  con t inuousr ' remark  tha t ,  i f  t  -7  f i+ ,1  i s  a

u  
-  v t . . r

nartingale for every ue R, then the process t -- lJft" lJ^"t,

a marttngale for every u because S"

t! i s  a lso
\

V r r  1 1 ,  f :' t . t {  
l  '

= &*- 2- ?I.rL|.) (*^s , dt*, - *s,..*)
t{A'tiiP teLfhis 

kind of integral

i f  f  t  Los*a )-:R is continuous

ffif" fuIt*)bt *i*,
general ises the f i rst one because

and. (*t)  
tz o is adapted (suppose

oo*o) tnen, i f  
Xj ^u"""te 

m, 
,o= Lf o,t l  

(u)nu then we obtain

J{*,J',.1,*-- ,,fu, Vh't"l I *i,, - *a,i where 
:- {'t' 

' 
:'.:';*='

?re division" io" Lo"tl . But taking ro(u)=r{"f) for u eL*i, *i '*,-l

with f ixed 
" le [ r i t ,L ]n , )  

i -or l1 . . .  ' tn- l  and,  as f  is  un i formly

continuous on fort l  r  wo bave fo -_t f .Sorthe last integral equals
I

{rl* f{;(*rJu.n = !{*nJ*- . atso ren.rrk tbat !(t*,Jul*=Jft*,J (ar,"t.) for xc x"
' r t  3  . o

Now, the problem is:given f  and. (* t )  y 7t  o f ind condi t j "ons

on f  sucb that the process (mt)  
t  ?,  o.admits the lat t ic ia l"  representat io

(2)  mt=no+ !&* i  J* , , . .

In other words, solve the equation (2) knowing f and (1*> t2, o, in

the sase that f  is integrable in respect to (*trrr) .

THIORErjI  2.L. Iret bo X courl table complete vector latt ice

with unity 1, (mt) t7/ oC X stocbastic proaess and. . f  :R *-z R monotone,

continuous 
"tda_}, lT.f  

( t)  = t  a .  l lben there exists (mtro)cX 1 t77 o,

ue R such that f  is mrru-integrabLe and. nrr '  i "  a solut ion for (2).

Proof ' lrle can suppose that oo=o'f.,et be f inereasing and

d.enote rrrr*(f  (u) l-nr):* (1) '  Remark that v -z ({rq"t-  *9!" iu

increasins and. (. f t"r ' l -  * t) l '  ({rq' , l -*t t-)  = ({t" t ' l -  n '^t)+ 5o

{t*t  .(  { t*),{- o{?)} (4) =Gt*t ' , t-*o)l  (^ ' t)  -n ({1*r ' t  -  ," ' t )  ,z '(&\ ' l -*Qi.(--e'-)

+ {tq., l-ur r?-({rq., t-  uv)l ' ( '^,  ' t4lq "( -urt :  -q"(n'r)- n  ̂  ({ ' t '^; '  {  -  '^tL

+ *t.nl. , l  -*nt 7r -$0-t{rq. '{  -^ '{ ' r  "  { tn}"1 - (*t t) .r ,  9o, hnzo =')f i ' t )  z o



-ro-

,.lit.Spf =rlfin"l-n't-?to1,)t<ri in the sane tiiner &s ltdlt->a we obtain that

for d(t1>o lrto,T"tul*,.-d.lttlt"l^fu *Zro . sake t=ltzr'll 6a'a)rn77ats',

as f is increasinsn we have -i lantf L+U$ - {{u|*o) <h,'ql 'kc\,1 "^-A

{t,r^ ) (* t, nt *t - \t,,,r. ) 6 (?r,^i.t - ?r n^t) (*t, ni*, -

How take (t{);u= u sequence of divisions

As f is continuous on each t,.T, {*^) wo

* t , , . t )

for R with l{ aqll-> o -

have V gro 'J,frtt 
>o ', l-1*n -

b y x

lr ilt'lt
of X,  . t  xJ /  was

this component.

1) In this proof r xnt w. s ocasionally d-enoted.

and the component generated' by an element

denoted as the comesponding proiector on



-1L-

{(*l.J-X*;) n gr(*J-X*;) .uctr . So t,*1,1.t..(*t) -*i l . tr*t -
o  ,  

- t ^ i * t -  ' t q i

&o'1, (*t ,{* ' -qt, ,4) \c l l  n" l l  (^**,4*,-  ' . t . , t ; )  . ! f*  o! i / r  ceZ,^,^l
' f[,,i '* [*i*J ir1 r I**t- ,.\&,r,;) (*t, e*,-*t,t, I _. tt d'il..r , ^ 

:'

Pass to lim and obtain titft"^clusion.
' w

ff f decreases --) -f increases,so the equation mt=mo*t-(t^l J*0.,.

admits the solutio"(-ft"i .4-*11|'"f,t) bonce the eguation (2) ad.mits '

tbe solut ion -(- f ," t" l  -  ^"t) l* f , t )

For e:rample, i f  nt*f(t)t and f is str ict ly increasing,

thon the solution will b" *t 
, u= L 6 t.or(,ri , n . The equation (2)

becomes in this case 4,t i .  4--kot,, l  -  Jh"; J4ro.+*tq).4 :) kt1. i  = -.+
{o1. 4 n ,\*+rn1 J4 . rndeed, rr-"= t hut,T!tr,.l)1"( i l 1fft^t-{t0,1',f"t,,'  

t f  t o  ^
t r 'o r  u { t  = -2  f (u )< f ( t ) -> ( t {u )  - l t t> ) . ' l co  and i f  u> t  take  in to

account that ("1)x 
* 

=1-'lh tt oX for &ny c > o.

fn  the sequel  we shal l  cons ider  f ( t )= t  for  a l l  t r7 t  o  and
eovrnt rbtg

xVd6ffite. Even if (mt) tzr o is a nartingale, the fanily
,  t t ( *

t  r - * ( t t . t -q t t ) |^  is  not  a  f i l t ra t ion ( i ,e .  for  u  4o i t  increases in

reepect  to  t ,  i f  u  z .o  i t  d .oes not ) .  fndeed,  for  u  4  o amd.  o  a s(  t

we have (* , t -  ^ ,n t t ) t  za -2  Et  (Cr t ' t -  ̂ l t1 )+)  < (wt-  * f )  .  !o

( * .Es ( r )  -Es ( * r t ) ) *  < ( r r ' t -  " r . 1 )  i : 2  (u 'ES  ( { )  -u rg ) t  <  (q ' t -  I t t t ) t .

Bu t  u€  o  = )q ' te  u 'b5 (0 :7 ( , r ( - t v5 l t< (u -c : t { )  - ks ) tFo r  u>  o  we  have  on ly

(wt-r ' r91+((tr , ' (-qgir tq""t  Indeed., d.enote n= (t t ' . t -"^t)  +2,o' t  uz, t t ' t -nuE Z-4{t

5o r , , t ; r ( -v1guo i .e .  \2 t  ( -q t ) t .  Bu t  any  pos i t i ve  mar t inga le  inc reases '

so (-*  t )+ 2r(-usl+ : )  t^r ,  ( -*sJ,  => ' t r t7z-u{S ==) 4 '4- tq '4 >r, t ' ( -  &S 'e)  
I
I

l^t-t u- \ zt (q'4 - esl + !o'-*,^se "^ 
1 t1-l 2z o I

So rtr , ,  h"" the shape of a (u' f-" t6i l1b*. ic.naart i-ngale ( in respect to j
I

t )  but d"oes not veri fy the nart ingale cond.i t ion (t ' , | -u*rf  I"  (ryl t .n) 
|

* \s,,"€(wt-*r1]*((u ,- *.1**'(rt) *(t'(-u.; .ttrr) be.'*^ale- (u-t-usllf * (q-r' **f,-- |

In respect to u, *tru is a [n',t- *qlt -basj-c nart ingale

becauso for u(v we bave (u.-{-utt)}"* 1{u' ' f  -nt ' t) l-t t",f) :  (. t" l-^' . . t)*T-rft}



we obtain the

-ra-

and. u->(t '{-*# is a f i l tration.

Our purpose is to obtain a Latt icial 1t6 repTesentation

resul t  (see the c lassical  resul t  i r  [  3J )  " for  nabt ingnles.  hUi*
b

means to represent any '6 -martingale es stochastic integral . ^.

in respeet to basi i  mart i-ngales (possible in respect to other

f i l t rat ions). One can wri te'any process (*t)  tzro as the dif ferenee

of  two.  
.negat ive 

processes mr 'a- (mr) - - ( - ( * t )+)=(mtA o)- ( - (mt)* )  l *

* t -b t  for  t7 t  oo Apply  theoren 2.L.  for  ( " t ) t r ,  o  a t rd  (Ut) tz7oi

where rt  
rrr=At ru(1) 

and" bt 
r ,r=Bt r, .(1) 

.

T h e n o s t . j ' n t e r e s t i n g t h i n g s a r e i n t h o c a a e ( * t ) t 7 , o = 1 9

nart ingale: a* and b, are negative nart ingales, hence(UJ) they are

d.ecreas ::ng a"77 at ==) tt 't-a5e-tr't- tt -, 4r,n 9 A*,,. and a1so.

O a

br .nqh t , , , *  i o r  oe  s (  t  and  any  u ( 'R '  So  t  r - - - z t t ro  and  t  f - - "o t ro '

a r e b a s i c , f t ( r e s p . $ ) - n a r t i n g a 1 e s . $ o w e b q v e p r o v e d

PROPOSITION 2.2, Let be X countabLe conplete vector

lattice with unity'and L a f i ltration. Then any U -martingal-e

admits a latt ieial  representat ion (6) in respect to fr  (resp, Jb )

basic nart ingqles.

Suppose that X is complete. I ,et us notice that @t..-  is

bound.ed Uy t-o,41 and. t -) at* increases 8or by the martingai"e

eonversence rbeorem !.7, we have.a,- 
h"l::Y:t* 

- 
Tf,":,. twhere 4-,,* 

is the proiection on (U ,At.,.)ot = 57 
(,* ' t-qt);. rn the

aane tj-rno % (o*,*) --(wEe1)-or)i*f a1 f u""o""'", i3" L -nartinsale '

S h e  t a s t  t e r m  i s  ( ( , ^ ' ^ - * r ) J f  f o r  u 7 o  ( r e s p .  i t  L s V , =  o  f o r

u ( o, u = o) bence -t r-+ o.1,. is I" -supermartingale (resp. sub

narti.ngalr; martingale). We saw (prop. I.4.) that any bouncled

sub(super)rnartingale is ord.er eonvergent. In ou"r eas! we can

existence o1 .4'r,,^=(tt'.t -q.

J^t,, - I"Jbt.,.
(

(6) mr=mo+ 
) 

r.t



*LV,*

indicate its l init,nanelyA*,*/al .  Another remark in the ca"se

(mt)t7, 
o 

omart ingal.e is , that N*,o= E* . fndeed., for u=o we have

% (nt u ) = {s,,t . By lf,m we obtain Es (A*,o(r)'; = er,o . By Lin we

obtain h*,o{ l ' |  =.%*r(A*,o t { ) )  : rA-,  o( \et- . ,  .  nut  ,A-,o=( l "o,r ( { ) ) -* , t :>
n ^ A ^ N

f r**  E 1"* .  Conversely,  i f  x  e 4.^ =r l . \  n ls i= o fon y such that

t ! 1 n t a 1 =  o

fo r  z  such  t ha t  t l l  4 i g i =o  V  L  n * , 4_o ,o ,  4e  a_e . , 4 ,  aa ,e .
fhe things are going vtrong witLr tho representation if

(*t) tr ,  
o is a sub(super)mart ingnle only: one of tho processes

uttbt .is subrnartingale (and. negative ) hence the correspond"ing

f i l t rat ion is increasing; the other is a submart ingale (negative)

on1y.

But ,  i f  you look carefu l ly  to  tbe proof  o f  propo z ,z .s

see that the poj.nt was that the process (mt)tr ,  
o could. be

d.eoonposed. into the d. i f ference of two d.ecreasing processes. Any

such process adrnits the lntt ic ial  d.ecomposit lon (6).  For exanple,

tbe nonotone processes and. the processes that admits a basic

Doob-Meyer d.econpositLon. Ind.eed, mt*Et(a)+c* with ("t)*r,  
o

increas ing can be wr i t ten &s m**- f * (a_)- ( -n t (a*) - " t )  i .e .  as the

d.i f ference of two d.ecreasing processes ( st(er )  are poeit ive

nartingales bence increasing) o So, the bound.ed. below submart j-ngales

admit this representat ion{ afso see fe] ) .

I  thank Prof .d.r. I .Cuculescu for point ing no out a big

ni-stake in an early versLon of prop.L.7.
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