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EXCESSTVE AND SUPERMEDIAN FUNCTIONS WTTH RESPECT

TO SUBORDINATION RESOLVENTS OF KERNEI-S

N. Boboc and Gh. Bucur

In this paper 6$)is a measurable spaee ?/= tU,.)*rO is a bounded resolvent

of kernels on (x,3) ana P is a kernet on (x,j) sueh that PVof < vofrff i f ) 0 and sueh

that there exists a resolvent %= (U< )o(>0 on $,3) with

uo<  svo (  ( v )<>0 .

We denote by 
4 

(resp. df, the eonvex eone of all supermedian (resp.

exeessive and finite l/-a.s) functions on X with respect to the resolvent /.

. We prove the following two results:

d'For any positi.ve rneasurable funetion w on X we have

*. ,yU(+ inf(v,Pv * *le 
$ 

for any v e d,

b) If

n, f i r , . t ,  d r .  do
then for any w€ 

6- A-we 
have

w  e t O e  v , a ( P v  * o e d V  r o r a n y v (  4 /
whenee .{ is the inf imum operation in the veetor latt ir  '  3 '{  ' \:e t @U- 671t t :t'

PROPOSITION 1. (G. l\4okobodzki). Let w be a positiveS-measurable funetion

on X sueh that w a /A . Then we have

inf(v,Pv * *l e- ,fy , (V) v e df



Proof. Sinee V{ is-bounded it I
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s suffieient to
^ t

prove the

{
4

v € 6lf whieh is bounded. From hypothesis_we have
v

:t

uo< ( v<

and therefore it follows (5 l) that the bounded kernel

-  \ - ,  - n
. G o<tJu 

= L^( o(U< )" = { +dU
n=u

is subordinated to the bounded kernel

G * u n , =  Z (  x v o s  ) n  = I +  o ( V .

I '

Po( t= G oUo, 
( <Vr. - dU< ) = P( otVq

then, using the faet that '

, ^ , 4 V - Y*uJ tLq  Java  ( v ) x>0 ,

we get (see [ 3 J, ineorem f )

0
inf(v,P( "( V.. v) + w) = inf(v,Po, v + w) 6 JnV* ,

If o( tends to + oci we obtain

i n f ( v , P v + w ) € e  q  q

nr 
JocV< 

- \JAf'

LEMMA 2. For any u * t*ru (oo there exists
U

-e
. ro :=Tu n  6U

If we denote

such that

and sueh that

)  
( v ) o ( > o

u - P u = u  - P u
. o o
T"o s 

6r/

4,  e  6g ,  tS ,L to ,  P t  =  t  +  t=  0 .
' v Q a

Moreover we have

":ii
.i
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-e-v e 6 y  ,  u t 6 f . r u o - P u o ( v - P v  = l u o S u  :

Proof. We eonsider, induetively, the sequenee ftn)n in t, o*rned. bv

t o = u  + , "
"?/

tn*r : t" 
#vaL

Ptn  '

We put

and we have

Let now uo

and therefore

We have

From

(uo - v);

uo;fltn | *eruJ
"tr

uo" t?/ , "o Stf 
:ru 

o= u o

:= u - vo. we n:u" ,o a 6ff

u o - P u o = u - P u  .

l i t e to r"sueh that pt = t, t (.a+tnen we deduee induetively

u o * t S * f f ) n e N

t = 0 .

0
Let now u a 6Zt be such that

u o - P u o S u - P l

v.
uo - u ( P(uo - v)S P(e"'?f (uo - v))

t 0  A^ "

x'?/ (uo - v) < p(Rutr (uo - v)) .

RYt (uo - v) 
" drr

"f*
we get

d
P(Rr?/ (uo - v)) < R
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'  Sinee

p@YtJuo * 
"rl 

= n frt (uo - v) .

*!u'(uo- , {guoo

we deduee from the above eonsiderations

w ( u - P u

4
, then there exists v e 6y, vju sueh that

w - v - P v .

. proof. Let (fn)n be a sequenee of positive bounded /-t.tr.tble funetions on X

sueh that ..
' - i - 4

U f n  I  w .

We have

' 
Ufn = Vfn - PVfn (V) n 6N

If we Put

v := T(Vf )' n  n ,

we get

v n s v n + 1 S u

,n and therefore w = v -?v where

w = v - P Y  w h e r e  v = s u P v n ( u '
1 t ' n

\. _.
A

THEOREM 4. Let f be a positive/-measurable function on X sueh that for any

u e ty, v bounded with v - Pv t  6Uwe have

in f (v,Pv+f)€ YU, r  ,
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u < w -

From the preceding considerations we deduee

u - P u - ( v - P v ,  i n f ( f , u - e u ) l B  o n  X

g ( inf(f,u - Pu) l/- a's' on x

I

\ . and therefore

rhen f 6 Y4L.
o

^ - - - \ r ^ - : , ' u 4
proof. Let f be a positive funetion on X as in this theorem and let' v 4 Sovbe

. A U
a b o u n d e d f u n e t i o n s u e h t h a t v - P v n t u . W e d e n o t e b y g t h e f u n e t i o n o n X d e f i n e b y

g - i n f ( f , v - P v )  '  '

r0
We want to show that g * Itt: Let us denote

Obviously we have

. r l
te ty  ,  t1R" i l

a
g o n x ,  r = R u %  g  / - a ' s ' o n x

We remark that

.  ?  8 ' t  o t  - - -  ?
t =  6 l * .  6 g l w 2 s  k a ' s '  o n x J

6u

Indeed, for lny * n tV sueh that 'w 
) I tt u't' on X there exists a

measurable subset A of X sueh that U(1A) = 0 and sueh that

w + o o ' U ( 1 6 ) ) g  o n  X

, n
s ince w +eo.  u( lA)  e IZt  we get

!,,
w * o 4 ' U ( 1 A ) > R  

o L  g r  w ) t  .  .

On the other hand t Ze 7/- a's' on X'

t := tim d, rJ a< tnyU g)
o(-t €

s i n e e t ( v - p v w e d e d u c e , u s i n g L e m m a 2 a n d P r o p o s i t i o n 3 , t h a t t h e r e e x i s t s
0  ^  '  - - - - L  e u ^ +  f ^ -  6 n '  t ^ r  - - f  -  -  t  <

ua6oo,  u iv  sueh grat  t  =  u  -  pu and such that  for  any *  n t? t ,  t5w -  Pw wehave

U
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B ='inf(f,u - Pu) fr- a.s. on X

B + P u = i n f ( u , f + P u ) % . u . ' . o n X , " . , . . ' { ' ' .
r t 0

By hypothesis the functiol inf(u,f + Pu) belongs * f,f/ and therefore tfe 
function

I

ur := lim o< Vo< (inf(u,f + Pu))
d_+d

0 o t+ rnd u' = inf(u,f + Pu) 0[- a.s. on x.
belongs to 67t-  ano u '= l l l t \ur r  r  ru"  uL q 'e '  v ' r  ' r !

We have also

g + P u = u '  % - u . " . o n X , u ' ( u ,  :

ot
g = ut - Pu ( uf - Put W- a.s. onX

and therefore

u -  P u  =  t ( u r  - P u t ,  u j u "  u = u r

Henee
\

u - P u ( f ,  u - P u ( v - P v ,  u - P u ( g  o n  X

B ( t = u - P u  f / - a , s . o n x  .

and therefore g * !U' 
'

From the above eonsiderations we $et

inf(f ,Uf )  = inf(f ,V y - vv7 )

f o ranypos i t i ve ,bounded ,measurab le func t i onYonXand the re fo re the func t i on

ro := sup 4(f r Uft",

t h

' belongs to f,Y ' Moreover we have

fo,= 0 on the set A 3= [u1 = 011 fo s f on X;

f o = f o n t h e s e t X \ A '

Sinee U(1A) = 0 we get ,

o< Uor f = o(Uo, foS fo ( f i'e' ' n lfrf '
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In the sequel we suppose that

for

We have

and therefore

=  ( s +  p u )  n ( P s +  u )  -  P u  =  s  n ( P s +  u  -  P u ) '

o 0
G. If f 

"(3F?U).*sueh 
that

A e
n G v + i l e ? y t  $ ) v e  A U ,

^
t

THEOREM

v

. vr fpc tu una t*. tru
PROPOSITION 5. For anY element w ( frf,t, trrwe have

s n ( p s + w )  G  t f
- A  - . - - r ^ . n : ^ ^ 1 1  

' 8  \

anv s C, tao-where A is the infimum operator in the veetor lattiee ( 6U- 6Z*,4).
- u

proof. Sinee *a tZthen there exists a sequenee (gn)n of positive, bounded

$-measurable funetion on X sueh that uf,nfitllt will be suffieient to show that

A A
s AlPs + w) Q 6?f 

'(v) s € 67
.  . 0

where w is of the form u - Pu with u eA?/, u bounded'

Sinee Uo, i V"< (V) 
"{ ) 0 and sinee

' [ J = V - P V

then we get, using ProPosition 1'

t 0
t := inf(s,Ps+ u - Pu) € t?/

+ P u = i n f ( s + P u , P s + u ) ,

f + p u = ( s + P u ) n ( P s + u )

I
where n is the minimum in Sr* and

u

f : = z u p D ( V o (  t  ,
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-9, I
where 4 is the infimum in the veetor lattiee ( 6f- 7O'S\' we have

. : -
o

Pr6of- Let u' u2 € 6yrbe sueh that

f * u ^ = u . ,
I

We denotq bY g the funetion

I 
f(x) if ur(x) < oo

e(x) = 
{
( *oo if ur(x) = * oQ '

-2.
We have for anY v e 6y,

* * u Z = ( s + u Z ) A 1 P Y + u r )

where' \

\  w = v 4 ( P v + f ) .

If we Put'

t  =  in f (s  *  u^  ,  PY+ u , )
z '  "  L

w e g e t , g + u Z = u l  ,

t = inf(v,Py* g) * u,

and therefore

/a
w * u . r = t

L '

where

t= sup dV.t t.

Henee

dvo( t = o(Vo< (inf(vrPv + g)) + o(v< uZ = '(Vo( tt + dVo< u2 I

and therefore
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atvor (inf(v,Pv + g))l aVo< * J w! inf(v'Pv + g)

on the set [uZ l oo]. Sinee g = * rf,e on [u, = + aoJ we deduce

orVa. (inf(v,Pv 1g)) < inf(v,Pv + g) on X

and therefore

:

I iff

O *^-!* i . ,a - l l - rnaqsttrRble funct ion f '  On the other hand G'

i f f Pf. e J?L w any positive p-measurable function r' un rlte

Mokobodzki proved in (t3l) that we have

u"( ( vo. $) d > o

i n f  ( s , P s + u - P u + P f )  G  9 8

q  ' . r  -  ^ L ^ . , ^  D - n n n c i

f o r a n y s e 6 # . T h e a b o v e P r o p o s i t i o n l a n d T h e o r e m 4 s h o w i . - h o w w e e a n o b t a i n

d i ree t t y theMokobodzk i resu l t f romtheH.BenSaadresu l t sandconve rse l y .

inf(v,Pv+g) G grf

From Theorem 4 we get e e 9W'

But from

B + u 2 = u l

we deduee

E * 1 2 = u l

where 
0

E= srp c(u"( g n 6?.t,
€(

s.
a n d t h e r e f o r e , f = g + 6 y '

^Ot ho two rezolvents on (x,9 )
REII{ARK. Let U=(Uo^i).o<>O ,U = (Vrt)rt>' '  bu two rezo

such that the initial kernels U and V are bounded and such that

U = V - P V

w h e r e P i s a b o u n d e d k e r n e l . T h e n H . B e n S a a d . i n ( 2 ] ) p r o v e d t h a t w e h a v e

U d  S V d  
( v ) " ( > 0
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