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REDUCTION OF TOPOLOGICAL STA,BIE RANK

IN INDUcrrvE LIMITs op c*-At cEBRAs

, Marius oiofnlar, Gabriel NAGy, enords N/urrm and cornel pAsNIcu

we eonsider induetive l imits A of sequenees A1- Az-. . . . of f inite

direet sums of C*-algebras of eontinuous funetions from compact Hausdorff spaees

into full matrix algebras We prove that A has topologieal stable rank (tsr) one

provided that'A is simple and'the sequenee of the dimensions of the speetra of A. is
I

bounded. For unital A, tsr(A) = 1 means that the set of invertible elements is dense

in A. If A is infinite dimensional then, the simplieity of A implies thdrt the sizes of

the involved matriees tend to infinity, so by general arguments (see [23]) one gets

that tsr(A,) ( 2 for large enough i whenee tsr(A) ( 2. The reduction of tsr from twot -

,to one requires arguments whieh are strongly related to this speeial elass of
^ *\, -AtgeDf AS.

The problem of reduetion of real rank (see [6D for these algebras was

reeent ly studied in [2]  in eonneet ion with some interest ing features revealed in

several papers 031, [1], [15], [5], t l21, t l1l). The reduetion of tsr and real rank for

other elasses of C*-algebras was studied in [22], [21], [8], [241, [17], lZSl.

The paper consists of three seetions: '

1. Preliminaries and Notation
' 

2. LoeAl aspeets of the connecting homomorphisms

3. The Main Resutt
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. 1.1: For a unital C*-algebra A "and- a finitely generated projeetlu.

A - m o d u l e E , w e d e n o t e b y E n d o ( E ) 1 n e a l g e b r a o f A : l i n e a r e n d o f r o r p h i s m s o f E . , .

For E = Ai *" shall writ" Or(n,O,
' 

and bv GL ̂  (E) the group of units of EndO(E). all write GL(n'A)
A

,  for GLA(An) and GL"(nrA) for the eonneeted eomponent of 1. Let U(A) denote the

' unitary-group of A and U(n):= U(Cn), A selfadjoint idempotent element of a

C*-algebra'will be simply ealled projeetion

I

Reeall some definitions from [23]. For a unital C*-algebra A and a

natural number n let Lgn(A) denote the set of n-tuples of elements of A whieh

generate A as a left ideal. The topologieal stable rank of A is the least n (if it does

not exist it will be taken by definition to be oo) sueh that Lsn(A) is dense in An'

One denotes by esr(A) the least integer n sueh that GLo(m,A) aets transitively by

right multiplieation on Lgr(A) for any m ) n. f if no such integer exists one takes

esr(A) = oo). For nonunital A one takes

tsr(A) :=. tsr(f) and esr(A) := esr(A) where e is tne algebra obtained from

A by adjoining a unit.
' 

For a compaet Hausdorff space X of finite eovering dimension one has:

t s r ( c ( X ) ) = [ d i t x ' 1  + 1
L 2 J

esr(c(X)I fq!l * t- L  
"  J

(see [23] and [18]).

1.2. We eonsider C*-inductive l imits

A = t im(Ai ,0 i l

The Arts are C*-algebras of the form'

s(i)
Ai = 

I c(Xit)@ran(i,t)
' .  t = l

l.
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where Xit ir a Hausdorff eompaet spaie, s(i), n(i,t) are positive integers and Mn(i,t) 
i

is the C*-algebra of eomplex n(i,t) x n(i,t) matriees. The *-homomorphisms

6,*:  A,  jA,  are not.assumed to be uni ta l  or  in jeet ive.  We denote by 0,  the
* I J  I  J

natural map Ar-+ A and Uy Xi = 
f/ 

X., the speetrum of Ar.

We begin with a brief diseussion of the *-homomorphisms between certain

homogeneous C * -algebras.

' : -

1.3. For given C*-algebras C,D we denote by Hom(C,D) the spaee of all

*-homomorphisms from C to D with the point-norm topology. Homl(C,O) stands

for the subspace of unital *-homomorphisms. we shatl identify .

Hom(C(x),  c(Y)@Mn) with Map(Y, Hom(C(x),  Mn))

where for topologieal spaces Y,Z, Map(Y,Z) denotes the spaee of eontinuous

funetions from Y to Z endowed with the eomapet-open topology'

Eaeh Ve Hom(C(x), l\{n) has the forBn

for suitable points xr€ X and mutually orthogonal projeetions P, in Mn. Let Lg be

the set of all 
"r', 

that appear in the above f<irmula. More generaly,. eaeh

0 e gom(C(X),  C(Y)€i [4n) is ident i f ied wi th a map 0 :  Y+Hom(C(X) '  Mr) and we

def ine for eaeh y€Y, t  g(v) ,= Lq{v).  In the same way for given

Q eHor{@c(xo()ElMn("(y @ctvF) * Mn.,(F))

and y€ Y we define

1,4 (v) = U r, Q*.0,r,

where S".,F denotes the .eomponent of A from c(Xc() cc(x"()@

EMn(o.) to c(YF ) * [Tr(p ) '

vrrl=fr{xr)or, f€c(x)
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The map VHL4(V) has useful semieontinuity properties:

a) if L;(y) is eontained in some open set U then'L^(z)cU for any z in
g , E

some neighborhood of y

b) the set lyir,*tvhu * Qlit open for eaeh'open set U (see [g] and 
:

llel).

1.4. The spaee Hom(C,Mr), C = @ctx* ) x Mn(ot 
' 

deeomposes as a union

of Oisioint open sets labeled by the systems of positive integers K = (kx ) such that

the quantity ko:= m -In.,an("r) is positive. Let Hom*(C, rrlr) denote the'open
q

subset eorresponding to K. Then there is (see [10]) a prineipal bundle

E(x)- !+Hom*(C, Mrn)

with

ctr) =[ U(kd ) x u(ko) as struetural group

Etr) =f.T uoml(c(x.^), Mk* ) x u(m)

, p(( Q*),r) = ,(O.Q*€ltot*n(* ))@ono)u*

This deseription of p eorresponds to the eanonieal embeding

"Mk* 

@Mn(4l@Mxoc Y*

We begin by givirytwo criteria of simplicity for C*-algebras A as above,

whieh extend the eorresponding results for AF-algebras [4] and Bunee-Deddens
I

algebras [?J.

2.1. Proposition. Let A = lim(A,,iF,r) b" as in 1.1 and assume that the- +  r ' - u
- eonneeting homorphisrs Qij ur" injeetive,. Then the following eonditions are

equivalqnt:
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(i) A is simPle

(ii) For any positive integer i and any open nonem$ty subset U

i s a j - s u e h t h a t L O t ) n U l  Q  f o r a n y j ) l o a n d x e x j .  
r

-o  g i j
(iii) For any nonzero a € A, there is a j^ sueh thatr l - o

O.irtuXx) I o for eaeh j 2 jo and x eXr.

Proof. (ii)<i}(iii). This is elear sinee for given a € Ai one has

of X. there
I

0i3(aXx) = 0 if and only if a = 0 on LO,r,*,

. | ( i)+(i i). Assume that (i i) does not hold for some i and _some open

nonempty U C X.. Passing to a subsequenee, if neeessary, we may assume that for
* l

any  i ) i  t he  se t  F r= {xe  x r ;  tO , ' ( * rQU =d}  i s  nonemptv  and  F r l  X r .  By  the

last part of 1.3 F, is elosed. Therefore the familv (Jr)r..  where-  
l - -  J Y r

- l l .' l r = l a e A r : a = o  o n  F i \

defines a elosed two sided ideal J in A. (Note that {;f.(.lrl .ln sinee

l, 6..(V) 
. L 6.. 

(x) for any y e L, .,-t*l). Also J + A sinee if e. is the unit of A. then
' - i j  a l k  ' J K

Ois(,,r(e,), J;i = l for any j ) i and so ei* J. The existenee of J eontradiets(i).

( i i i ) = + ( i ) . L e t J b e a t w o - s i d e d e l o s e d n o n z e r o i d e a l o f A ' o n e h a s J = @

(see t4l). We shall prove that JOA, = A, for large enough j. Take ae JAA;, a l0- By

(iii) there is , lo sueh that Q,rtr)tt+o ro. all j ) io and x e Xr. sinee

F,r t . lnA,)c.J /1A, we f ind that {r i fa)  eJnAj for  j  ) lo.  Sinee o,r t" l  does not

vanish at any point of X, this forees J O A, = Ar. E

, ,
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. 
L,et A =tim(A1,Qil).be as above. For a noninvertible element a€A, there

"r.,*oe 
Xi, ueU(A,) and a projeetion p€Ai (both u and p ttsealars") sueh that

u a ( x  ) p = p u a ( x  ) = 0 .o -  -  o

For simple A the following sequence of Lemmas enables us to obtain

something similar for Qi/a) (tor some I ) i) loeally around any point of X,, after a

small perturbation of a.

Z.Z.LEMMA. Let $eHom(C(X),  C(Y)@M'),  k a posi t ive integer,  U a

nonempty.open subset of X. Suppose that Lq(V)nU has at least k points for some

y€ Y. Then there is a neighbourhood W of y and a projeetion valued eontinuous map

9*:  WSM, with rank 9*(z))k for  any z(W sueh that for  any f  €C(X) wi th

f = 0 o n U o n e h a s  
'  

,

Pt r )c *=9w{ ( f )=o  on  w .

Proof. rlte open sets UI,UZ having disjoint elosures seh that

.  1 ,6(v)nucurc .

t 6(V) O (Y r U) cU,

Using the semicontinuity of L6 (see 1.3) we find a neighbourhood W of y

sueh that Lg(il. Utu U, for any 26 I{. Take a eontinuous map g : X -+ [0,1] sueh

that g = 1 on U, and g = 0 on U, and define Q1q as the restrietion of QtS) to W. It is

elear that g* is projeetion valued sinee gZ = g on Lg.(II). The eontinuity of the

map zr-rtr {(gXz) shows that for z elose to y one has ranka*(z).> k. The proof is

eomplete sinee fg = 0 on Lq(W). q

2.3. LEMI|{A. Let 
" 

= 6. C(Zi)@Mn(i) , 4 n Hom(C, g(v)$M,o), k a
.  i = l  I  -  n u / '

positive integer, U is a nonempty open subset of Z, and ye Y such that L+(y)nU

has at least k points.
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Then there is a neighbourhood

o-., : W >M with rank P'^,(x) ) k for x wF W -  m  ' W

W of y and a projeetion valued maP

sueh that for any a € C satisfYing
- . t

8 € " = € n ' & = 0  O n  U
I I  I I

. .
(here (e,r) is the eanonieal system of matrix units of "n \

, J  
3  eanon lcan sy$ te l l l  u l  l l l uL [ r^  u l l rLD \ , r  

" 'n (1 ) '

one has

Q(a)n*=p*Q(a)=o on  w.

proof. Viewing Q as a map 0 : Y+ Hom(C, Mr) let Y* be the preimage

of Homn(C, lvtm) unr]er this map (see 1.4). The family (Y*) is a partit ion of Y by

bpen sets. Choose K = (k,) sueh that y € YK. Let W. YK be a neighbourhood of y

sueh that the restrietion of O to W has a tifting €' r W -+E(K). This is possible

sinee E(K)--rHom*(C, M;) is a loeally trivial fibration (see 1.4). Therefore we

find eontinuous maPs

u :  W->U(m)

& , :  w - + H o m l ( c ( z r \ , M , , )  i  =  1 1 n . . ; s .
I l  r '  ^ i

sueh that

8' = ,,prQ,6id(Mn11;)@ouo)u* on w.

Sinee l,O (y) = L-(-v) 6 Zr, shrinking I{ if neeessary we may assume that Qt
v 1  Y  r

satisfies the eonditions of Lemma .2.2 and let 9* be the eorresponding map. Put

pry = u(q* €lerr)u* viewed as a eontinuous map W * *nr@Mn(r) t Mrn' A simple

eomputation based on the eonclusions of Lemma 2.2 eoneludes the proof. trl

2 . , t . tE i l tMA.  Le t  C=C(X)SMn and le t  aeC sueh tha t  de ta(x )=

some x € X. Then for any € ) 0 theare u,v€GL(C) and b € C sueh that

l luav- bl l  < f  and ber,  = 
"11b= 

0 ona neighbiurhoodof x '

0 for

j
I

1
I

il
:i
:
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Proof. Take urv € Gl(n,C) sueh that the matrix ua(x)v has only zero

entries on the first row and onthe first eolumn. How b is easily found sinee

confinuous funetions vanishing at x ean be uniformly approximated by eontinuous

funetions vanishing on a neighbourhood of x.

The next step toward the main result is based on the following theorem

whieh follows from Miehael's paper [16).

- 3.1. THEOREM. Let X be a Hausdorff eompaet spaee of dimension d, let T

be a eomplete metrie spaee and let Y be a map from X to the famity of the

nonempty elosed subsets of T.

Suppose that

a) Y is lower semieontinuous i.e. fon eaeh open subset U of T the set

{ x e X : Y ( x ) n U #  d } i s o p e n

,b) Eaeh Y(x) is (d + 1) - eonneeted

e ) T h e r e  i s 6  )  0  s u e h  t h a t  f o r  a n y  0 ( r ( t  a n d  x  ( X  t h e i n t e r s e e t i o n o f

Y(x) with any elosed ball of radius r in T is a eontraetible spaee.

Then there is a eontinuous map <r: X-+T sueh that q(x)e Y(x) for all

x  ( X .

Proof. The Theorem follows from Theorem 1.2 in [16J using the eomments

from the seeond part of the same paper.

3.2. PROPOSITION. Let X be a Hausdorff eompaet spaee' let k' > k > 1

integerg tet'll,rbe an open eover of X and assume that for eaeh Wettlit is given a

eontinuous projeetion valued maP PW : W'+ Mn sueh that rank PX,(x) 2 kr for x e W.

If dim(X) < 2(k'- k) - 1 then there is a eontinuous projeetiori valued map

p : X-+ Mn sueh that for x € X :

rank p(x) ) k

-o(x)5!{n"(x): we1JT, xew} \
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For x €x define 11l(x) = tw eti rx€ w\ and

l .

H(x) = spantpd(x)ch, w errltxl!'

For any.l inear subspaee H of Cn let V(H,k), k1dim(H), denote the Stiefel manifold

of k-orthogonql, frames in H (see t14l). For any x( x. define

Y(x) = V(H(x), p)cV(Cn;k). We cheek thatY satisfies the eonditiotrs of Theorem

3.1.

a) The lower semicontinuity of Y fotlows from the lower semieontinuity

of the map x r+H(x) c Cn whieh is almost obvious having in mind the definit ion of

H(x).

b) v(H,k) is 2(dim(H) - k) - eonnected (see t14l)' Therefore V(H(x)' k) is

, 
z(kr - k) - eonneeted sinee dim H(x) ) k'.

e ) F o r a n y m ' n z m ) k , t h e r e i ' € m ) 0 s u e h t h a t a n y e l o s e d b a l l o f

radius at most €, in V(Cm,k) is eontraetible. (We eonsider V(Cm,k) with the

metrie indueed by the restrietion of a u(n) - invariant Riemann strueture on

v(Cn,k)). In this situation V(Cm,k) is a totally geodesie manifold of v(Cn,t<) and the

same is true for any V(H,k) with HcCn. Theretore the indueed metrie form from

V(Cnrk) eoineides with the metrie given by the indueed Riemann structure of

V ( H , k ) ( s e e [ 1 3 ] ) . H a v i n g a l s o t h e U ( n ) - i n v a r i a n e e o f t h i s m e t r i e o n e c a n t a k e

t = m i n t € * : k ( m S " \ .  t j

We also need the following'approximation results:

C*-algebra and let k ) max(tsr(B), esr(B))'

, t r i * / "  
o  

\  u " tongs toa e I\4m(B), the mt 
\ 0 0f./

3.3. LEMMA- Let B be a unital

Then for any positive integer m and any

the elosure of GL(m + k, B).

Proof. If m ( k one ean take

o



- , f  0  -

l a  € l m  0  \
f r

, ' .

and b---t a as [-+0;
t

For m ) k we proceed by induetion. Assume the statement holds for a fixed m ) k

and let agMm+r(B). Sinee m ) max(tsr(B), esr(B)) it follows from [23] that for eaeh

€ ? 
0 there are t€GL(m + 1,  Blare M*(B) and b€Bm sueh that

1 t  0 1  . \
l l  a - (  l - , l l . s\ b  a . l

L t

By the induetion hypothesis are ean approximate

f I 
o o \

\ \; IilI
with an invertible matrix of the form

. a 6 a l

{ :  
. : )

l D  l '  . .  I
l t - t
\ o  I  I

l a  0  \
Henee | - | will be approximated by

\ 0  0 .  I  
-

\  -  ' k t

l t  o  o \  l t  o  \l l l l
l u  I ' l o  1 .  I
t "  I  e  I  \ "  - k t  r f
t 0  |  /

t

3.4. REMARK. Suppose B,k are as above, Let FrGrH be finitely genepated

project ive B-modules and put E=F@G@H. I f  F,G are f ree and G3Bk, then a
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3.5. LEMMA. Let , =IE: where the B,'s form.an inereeasing sequence of

unital C*-algebras. Let e, be the unit of Bi. If for anyseBi and ( ) 0 there is j > i

and bq GL(e;B;er) sueh that tt a - ut\ ( t then tsr(B) = 1.
r  J r

Proof. l,et 6= B + G.1 be the algebra obtained Oy6OSoining a unit to B.

Le t  x+7r .168 w i th  xcB i .  By  hypothes is  there  is  j ) i  and

Ve GL(e,Bjei) c GL(e,Be,) such that l lx + I e, - Vl[ is small. Choosing a non zero

sealar N elose to X , the element y + X(t - et) is invertible and approximate

x + L.1. Therefore cr,(i l) is dense in i whieh means tsr(B) = 1. EI

In the proof of the main

straightf orward approxi m ati on devieel

3.6. THEOREM. Let A

sA
Ai  = 

I  c (x i t )@Mn( i , t ) '  eaeh' t=1

d = suD d im(X. . )  4  oo.' l r

If A is simple then tsr(A) = tr.

slight modifieation of the above arguments shows that End"(F) c GLB(E).

' i

result we shall invoke . the following

= lim(A.. dr..) where

Xr, being a Hausdorff eompaet spaee sueh that

Proof. Replaeing eaeh A, by its image in A ond may suppose that all the

$, , ' ,  
" r "  

in jeet ive.  We shal l  ver i fy  the condi t ions f rom lemma 3.5.  Let  a€A,  be a
* t J

noninvert ible element and put Z = t x €X.: deta(x) - o]. I f  Z eonsists only of

isolated points of X, then it is obvious that a e @1. Thus we may assume that

there is x€ Z such that eaeh neighbourhood of x is an infinite set.

Moreover by Lemma 2.4 we may suppose that 
"" lr 

= uLru =,0 on some

neighbourhood U of x for some t. Fix integers k',k sueh that



k > 2 d + 4

Sinee U is an infinite open set and the C*-algebras A is simple it follows by

Proposition 2.1 that there is i ) i sueh that L^ (y)n U has at least k' elements for
v i j

any y e Xr. This enables us by using the proof of Lemma 2.3 to find an open
J

eovering!/of X, suh that for eaeh WcUf there is pW e A, satisfying

1) pry is projeetion valued on W

2') rank pr(y) ) k' for any y € W

3) pw 0 ii(a) 
= Q,r(")nr, = o on w

4) p,., < 6,..(".) where e. is the unit of A..' - W - - U  
I '  I  I

d

Proposition 3.2 provides us a projeetion pcAt sueh that

a) p(x) l Vtn*tx): w eilJ' , x €w lfor att x€ xj.

b) rank p(x) > k for all x e Xt.

Of eourse 4) and a) imply that p S Q,r(e,1.

We have also

e) 6,rta)o = o6,r(a) = o

as a eonsequenee of 3) and a).

Let b t= Q,r(a) have the eomponents (b,) with b,€ c(xjt)@Mn(j,t).  We shall  use

Remark 3.4 in order to approximate eaeh bi by invertible elements in End"tXr,)(Et)

where Er:= $,r(e.)c(xjt)n(j ' t). consider also the finitely generated projeetive

c(Xja)-modules

p, = pc(Xjt)n(j ' t)

Qt = (Q,r(",1 - p)c(x31)n(j't) .

It is elear that E,= PtOQt. Using the stabil ity properties of veetor bundles (see

[t4, Cfrapter 8]) one ean find a finitely generated projeetive C(Xrr)-module R, of

rank at most d/2 + l. sueh that Q,@R, is free. Sinee kl rankPa is large enough
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using again the results of [14, Chapter 8] we find finitely generated projeetive

C(X,,)-modules Gt and Ht sueh that Gt is free of . rank greater . than
.  J L

tb+t)/ i l+ 12 *"*(trr  c(xj t) ,  esrc(X51)) and P, is isomorphie to R,@GtOHt'

: Q1rt"l = be GLc(x5)(@Et) = GL(Q';(ei)AiQ15("i))

and we are done by Lemma 3.5
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