INSTITUTUL NATIONAL

INSTITUTUL
. DE PENTRU CREATIE
MATEMATICA STI!NTI FICA SI TEHNICA
ISSHN 0250 3638
3 |

A STRUCTURE THEOREM FOR SINGLY |
GENERATED DUAL UNIFORM ALGEBRAS | |

by
| B. PRUNARU
PREPRINT SERIES IN MATHEMATICS
No. 47/1990




A STRUCTURE THEOREM FOR SINGLY

GENERATED DUAL UNIFORM ALGEBRAS
by

B. PRUNARU™)

July 1990

*) Institute of Mathematics, Bd. Pacii 220, 79622 Bucharest, Romania.



A S;fRUCTURE THE;OR.E‘M FOR SIN GLY,;GE&ERATED k
DUAL URIFORM ALGEBRAS |

by =

B. PRU&A}'{U:" ;

" 1. INTRODUCTIONR

This paper deals with the class of dual Banach algebras. These are Banach
algebras that are duals of Banach spaces and for which the multiplication is separateiy
weak™ continuous. The study of (nonselfadjoint) dual algebras of operators on Hilbert-
space was initiated by S. Brown in [3] in connection with the invariant subspace
problem. The 'Scott Brown's techniques were then applied to various classes of operators
leading to vsevcml important results concerning the invariant subspaces and re,flexivity
of operators. See [2] for the stage of the theoryiuntil i985 and also (1], [4), [5], [8], for
recent developments.

In [6), G. Cassier proved that if the dual algebra generated by an operator p isf‘
uniform, thén T has a non'tx'ivizﬂ invariant subspace. This result is in fact obtained as a
corollary of & decrompositién theorem for this class of dual algebras. This theorem is.
proved in [6] under some extra conditions which are dropped in [7].

Our aiﬁw is to give a similar decompositi'on in the abstrz,zct context of dual

Banach algebras.

9. PRELIMINARIES

In this section we recall some definitions. and results from rational ..

- gpproximation theory that will be used in the sequel.

For any compact set K c,C,-let' C(K) denote as usually the Banach algebra of

all continuous, compiex valued functions on K. Let also Rat (K) deriote the algebra of
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rational functions w1th poles off K and let R(K) denote the uniform closure in C(K) of~
Rat (K) Let 9K denote the (topolomcal) boundary of K. Then R(K) is said to be

Dmchlot (on ’aK) 1f ReR(K)‘ e s dense in c, ('aK) the space of contmunu)' .

' real—valued functlons on HK.
Assume R(K) is Dirichlet and let U = IntK. If U is nonempty, then for each

7 €U there exists a unique positive Borel measure >\z on QK such that
f(z) = Sfd b f&R(K)

Let U= U U , where %U ?; are the components of U. Then one knows (cf.
n>1

[11]) that §Un2; are simply connected. For each ne€N, pick 'znG:Un and define

m = FZ n)\ Then m is called the harmonic measure on QK and its equivslence
n>l ; ’ '

class is xndepcndent on the choice of the *points Z. For any bounded open set GEC, let

H(G) denote, as usual, the Banach algebra of all bounded analytic functions on G

under the norm { fil o = .»upst\% N\ 2€GY. Since H°(G) is a weak™ closed subspace

in I1°(G), it is the dual space of a certain factor space of L (G) A sequenc,

%fn'Z;C H*(G) converges weak® to zero iff it is bounded and converges pomtwmc to -

zero on G. See [14] for more about H* (G). The following result from [16] will be useful

in the sequel.
LEMMA 2.1

et KC€ be a cornpacﬁ sef suéh that R(K) is Dirichlet. Let also @ be a
positive, finite Borel measure on QK which is oindulér with respect to the ixarmoxxic
_ measure m on AK. Let féL (u) and gGH‘)"(Int K). Then there emsts a sequenee
%:fn?xC..R(I()such that: s

1) fn-¥-=> T = A ) SR

2) fn“% o weak” in H™Int K) |
and .

3 sup Ut 1 < maxCielm, Hellen ).



A subset S of a bounded open set Gee is said to be dominating in G if

sop | 1@ = sup LE@ , - 1€HTE)
eSS wel v, g g

PRRES

The next result berrowed from [16] will be also usédfin‘ the p'rlo'hof of our main

theorem. For a detailed proof, see [6].

" LEMMA 2.2

-I'Jet KC.C be 'a compact set such that R(K)# C(K). Then there exists a
compact set LOK with Int L # @ such that: : |

a) R(L) is Dirichlet i
and

b) KOIntL is dominating in Int L.

3. AN EXTENSION THEOREM

In this section, we give & -theorem concerning the extension of certain
representations of R(K) with values in a dual algebfa A. This result is related to the
decomposition th-eorcms for spectral sets, obtained in [12] and [13). From now on, by a
representation@ 1A B,A between two Banach algebras we mgaﬁ @ unital contractive
homomorphism. The dual algebra L () @ 1= nt K) is equipped with the ~norm

Wt © gl =max 30N, g Neol » £EL™ 1), ¢ e 7 (Int K).

THEOREM 3.1

Let KCC be a coﬁpact set éuch that R(K) is Dirichlet and let A be a dual .
Banéch algebra with a separable predual X. Let @: R(K)—> A bea representation. Then,
there exists a positive, fini‘té Borel measure | oOn 9K, _singular»-w_‘ith respect__tq the
harmonic measure m on 9K and a weak*Acontinuous representation' .

e ' ‘
O + 1w @ HUntK) —r A

' r~ .
which extends § . Moreover, § restricted to 1%°(p) is one-to-one.




Proof

“

Let 5( Qg C X bea deme qequenoo in the umt 'bali of X. For each'nGN- “the

map L R(I()w?@ defined bv L (f) = <Z§3 X > is a contmuous, cowtractwe llnear '

functional. Thexefore, by the Hahn Banad theor‘em and the Riesz repreaentatlon
theorem, there exists a complex, Borel measure p on 9K such that
L= oy, 1ERE)

>

" ‘Moreover, since \\';(n\\ <1, we also havg W\ un\\ <1. Let L, = pi+ p?] be the
Lebesgue decomposition of Hy with respect to the harmonic measure m on 2K, wl;‘ere
By S ym and p <m.Letyp 22 | H \ , where | pﬁ\ denotes the total variation of u
The extension @ of @ will be constructed as follows. For any pair of functions (f,e),

where f€ e (p) and gfeH (Int K), there exists, by Lemma 2.1 a sequence %f(Z;C R

’

such that fj-wyf W in i (p) L VT R f =g W in H P(IntK) and

Il fj\) £ max% \\f\\l \Ua’zj for all n N. We claim thd.t the sequence 3(@ ’ZS CAis
weak® convergent to an element @ (f ©g) €A. Since % n’ZS is dense In
5( x€ X, Ixl < 17;, and the unit ball of A is weak” sequentially compact, it suffices to
show that %(@(f ),x >?5 is a convergent sequence, for each n€N.

Let h &L (p) and g, e 1! (m) such that dp =h dp and dp = B dm. Then:
<Q (fj),xn> :g fjdun = g fJ.hndp + gfjgndm .

Since fj = { weak™ in 152G,

gfh du ——~th dp

On the other hand, one know-hs (see [11]) that the res‘triction map from R(K)
into' H(Int K) extends to an isometric isomorphism and a weak” homeomorphism
_between H (9 K), the - weak” closure,of R(K) in LO‘G(m)_and H%0nt K). We identify a
function geHoQ(Int K) with its corresponding elcment in B (JK). | »

Since fj,--9g _w* in B (Int K), it follows that fJ —~7or w? in HT (9 K);

therefore



Sfjgndm —-?& ggndm
' Finally, one obtains that: -
PoAL bl e _
<(§2(fj),xn> - & fap  + & gdu, ‘ n&N i
~ One easily proyes that the map
o e : ' k-
L7 (W) @ H (IntK)2f ©® g—>0 (@ gleA

is well defined and weak™ continuous.

Moreover, . | f:‘@ f © 2l 551 \\'@ (fj)U < sup || fj\\ﬁ max$§ \lf\\ﬂ.\l g“o,o,zf, |

o Y,
hence © is contractive. In order to show that @ is multiplicative, one uses the separate

weak ™ contimjity of the multiplication map on A. :
: : , ~
For the injectivity of its restriction to Loa(px), observe that if@(f ©0)=0,

‘then
g fgpi =0 forall g€ C(9K) andn€N

Therefore f = 0 (_uil—almost everywhere, hence f = 9 in LQQ(]_I).

4. SINGLY GENERATED DUAL ALGEBRAS

If A is a dual algebra and a€A, then the ~ual algebrz;_ generated by a is the
smallest weak® closed subalgebré of A containing & and the identit},{.' This coincides
~ with the weak™ closure in A of the set % p(a); p pelnomial % . By the separate weak ™
continuity of the multiplication, a singiy generated dual algebra is always
commutative. Recall now'that a commutative Banz ';h algebra is'said to ‘be uniform if
the Gelfand transform is an isometry.

. Let H be a sepa;‘ﬁble, com plex Hi_lb_ert spacz and let L__(_H) denote the algebra of
ail _bou‘nded linear operators on H. One knows that L,"H) is the dual space of the spage

CI(H) of trace-class operators on H, via the pairing '

$E, Ly =t5(TL) TE L(H), L€ CI(H

&




e LR A S L 00kt Ao S A Sy i e PN S B s A S ey i b5 A % B e o+t A R D A T 8 Dt St AR ot e it s S RSN SN .,

-6 -

If Se L(H) is a subnormal operator (i.e. restrictiop of a normal operator to an invariant

sub;pace) thien one knows (cf. [9]) that the dual algebra Ag generated by S in L(H) is a
~ uniform algebra. For this speéiaL_case, J. Conway and R. Olin proved, ([10]) a structure

theorefn with important consec;uences concerning the theory of subnormal operators.

Other important examplés of singly generated dual uniform - algebras are

furnished by dperators in the class A (see [2] for terminology).

The main result of the paper is the following:

THEOREHR 4.1

o : Let A be a singly generated dual uniform algebra with separable predual. Let

a&A be one of its pencrators and let K denote the spectrum of a. Then

o) R(K) is Dirichlet o :
and

(> ) there exists a positive, finite Borei measure jt on 3K, singular with respect

to the harmonic measure on QK such that the natural map
. Rat(K)D f—> f(8) €A
extends to an isometric isomorphism and a weak™ homeomorphism

g
P 1P @ HTUntK) —7 A.

Proof

Let MA denote the maximal ideal space of A and let \\)G,MA. Then for each

z &K

feRat (K), (f(a)) = f(Y(a)), therefore {f(@)l = sup [\\)(f(a))l < sup \ f(z)\. Thus .
A

the map Rat(K)3f —» f(a)€ A extends to a contractive representation .

P :RE) = A

Assume first that R(K) # C(K). Then by Lemma 2.2, there exists a corhpact set LOK

such that R(L) is Dirichlet and KQIntL is dominating in IntL. Letilii= Int L. end let

Siod= GRS U gt et e R s S

i v e o e



, @1 . R(L) = A defined by @ (f) =@(f\ K), f €R(L). By Theorem 2.9, Ql extends to 2

weak contmuouo contractwe repxesentatmn

rl
P : 1,qn@14(m—»A

»

for some pOaltIVG, finite Borel measure | on L., singular with respect to thé harmoni'c

: : ~

measure “We will show that @ is 1sometric. Let us denote &, :'@(z ® 0) and
a =®(0 e 2). Then, obviously, &=a,%*8; and 8.0, = 0. For any WEM,

(a)—({J(a )+((U(a ) andk%/a )\‘)(a y=.0, henee \{Ja) =0, if and only if Lf)(a) =Q or
LP(&) =R It follows that G'(a)—ﬁ'(a )Uf(a ). Moreover, since the measure p 18

supported on@ L and (Q(z G 0)=a,, it follows that G(ao) C.3%L.

Let fe H®(U) and 1et %G K(\U Then
f(z) - fN\) = g(z)(z =y el

for some gGHQO(U).
(od
By applying Cf} we obtain:

"Hown- f(>\)p Q0 © gy - N)

“where py —'62(0 @ 1)
Let \X(Q: MA such. that \!{ (a) =\. Since & (ao) L land A€ U, we have that

\\1 (al) =)\ , hence
(‘4
Q@0 @ 0 = 16y
/ 5 _
Suppose now that ({/(pl) = .- Then ({J(—@(O @ h))= 0 for every hG:HOO(U), in particular

for h(z) = z.-

This means that K{)(a Y0 ahd ‘{/(a )=>'\ which contradicts the fact that-

JG(a ) .9 L. Therefore, ({J(p J=1 andqj(Q 0 ® f)) = f(>\)

Smce K C‘ U is dommatmg in U, one obtains

\flp = _ SUP \ f(M\ <\\®(o ® DR o
NS KOU

(o

Therefore q} restricted to Hw(U) is isometric. On the other hand, since @ 5
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I

-restmcted to Loo(u) is one-to- one, by Theorem 2:2; and Aisa umform alp‘ebra, it follows

= ~

~easily that ) 1estrlcted to L (p) is isometric, hence @ itself ‘is 1sometmc on

(p ) D e (U). By a standard application of the krun—Smlhan theorem, cne obtains

'that G_Q is an 1sometmc {somomorphisim and a weak® homeomorphism from
L W ©H ) onto A. Moreover, we get G (a) = U, therefore, since by conatructlon, 1
is K -union with some holes, we have K L. The case R(K) = C(K) is easier to prove

~ following ideas from Theorem 3.1. The proof is finished.

Since the cor}lponents of Int K are simply connected provided R(K) is Dirichlet,

the following consequence of Theorem 4.1 holds:

{
L
i
i
i
L
0
3
I
-

COROLLARY 4.2

A &
Let A be a singly generated uniform algebra and let a €A be one of its -

S e e

generators. Then there exist:

1) a finite, positive Borel measure supported on the boundary of ghe
spectrum‘ of a ‘

2) simply connected regions Gl’GZ"" in € and

. euiites . ES .
3) an isometric isomorphi and weak homeomorphism

DWW o (@H G >A

WA

sucht that@(z) =8

[

The first such decomposition appear in. 418), -in which it is given a

characterization for P*(p), the wea_k* closure of polynomials in Loa(p). For the case of

-dual algebras generated by subnormal operators, this decomposition is proved in [10], as

we have mentioned in the {irst part of the paper.

wkt‘a ; : : !
We close some few remarks concerning the above corollary. The first is that,

since a is a weak® generator of A, the measure p satisfies Poo(p) = 17 (). Similarly one

dense in Hcp(Gn) for each n> L Therefore, if

!
i1
{
!
i

gets that polynomials are weak ™



: hn D ——avG is a conformal mappmg, then h is a weak” gencrator of H

’

(D). For a

topologlcal charactemzatlon of oUCh dom ains, see [1 51

If AT is a smgly generated dual umform subalgebra of L{H); for some separable

Hilbert space, then th° idempotents P and P corr‘o\pondmg to the functxons 1@ 0

'and 0@ 1in L (p) ® B (Int K) are orthogonal projections in L(H) with P P1 0.
“Therefore T = T GB 'I‘1 w1th T a reductwe normal operator and T1 having an isometric

‘ functlonal calculus with functions m H (Int K).

As g final remark, in both Theorems 3.1 and 4.1 one of the two summands of

the dual altrebra e (W @ 12 (Int K) may be absent. For example, if A has no nontrivial

Q.

A projections, then either A = C or Int K is conneccted and therefore A is isometric with

Ilw(lntK). On the other hand, if R(C_T(a))=C(0'(a)) for some generator a€A, then

A = L™ (), for some positive measure on S(a), hence A isa Ww*-algebra.
1 _
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