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. 1. INTRODUCTION

This paper deals with the class of dual Banach algebras. These are Banach

algebras that are duals of Banach spaces and for which the multiplieation is separateiy

weak* continuous. The s,tudy of (nonselfadjoint) dual algebras of opcrators on l l i lbert

spaee was jn i t iated by s.  Br,own in t3 l  in connect ion wi th the invar iant  subspace

problem. The scott  Brownrs teehniques were then appl ie<j  to var ious c lasses of  operators

leading to sevcral  important resul ts concerning the invar iant  sr tbspaces and ref lexiv i ty

of  operators.  see [2J for  the stage of  the theory.unt i l  1985 and also I t ] ,  [4] ,  [5] '  IB] '  for

recent develoPments.

In [6] ,  G. Cassier provcd that i f  the dual  a lgebra generated by an operator T is '

uni form, then T has a nontr iv ia l  invar iant  st tbspace. This resul t  is  in fact  obtained as a

corollary of a deconrposition i lreorern for t lr is class of dual algebras. Tlris theorem is '

proved in [6] under some extra conclit ions- whieh are ciroppecl in [?]'

o u r a i m i S t o . g i v e a s i m i l a r d e c o m p o s i t i o n i n t h e a b s t r a c t c o n t e x t o f d u a l
:

Banach algebras.

2. PRELIIV]INARTES
t .

ln this section .we reca}l some def init ions anc] results, front rational

approximation th.eory that wil l  be used in t lre sequel '  '  
, ,

For  any compact  set . l {CC,  ie t ,C( l ( )  denotc as t rsual }y  the Banach a ig;ebra of

e the alg'ebra of
a l l  cont inuous.  eompiex va lued funet ions on I ( '  Let  a lso Rat  ( l { )  denotr
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rationar funetions *itn potes off K and let R(r() denote the uniform elosure in c(K) of'

Rat(K).  Let  0K clenotc the ( topologicat)  boundary of  'K '  Then R(l() , is  sai 'd to be
. r  f

Dir ichlet  (on aX)l i f  ReR(l{)  I  ?K 
is dense in CR(t l ( ) ,  t } re spaee tof  cont int t0t t 's

real-valued ftrnctions on AK'

Assume R(l()  is  Dir ichlet  and let  U = ln lX'  t t  
:  

is  noneTpty '  then for eaeh

z€u there exists a unique posi t ive Borel  measure h,  on ol(  such that

feR( l ( )

L e t U = L J U , . , l t v h e r u t i J n l a r e t h e c o m p o n e n t s o f U . T h e n o n e k n o w s ( c f .
nzl 

r '

[ 1 1 ] ) t h s t t U r ] a r e s i m p l y c o t t n e c t e d ' F o r e a c h n € N . ' P i e k z n € U n a n d d e f i n e

m=tZ-n \o .  Then m is  ea l led  the  harmon ie  measure  on  ?K and i t s  equ iva lenee

ilir Ln

r f t h e l o i n t s z n . F o r a n y b < l u n d e d o p e n s e t G C C ' } e tclass is indepcndent on the choiee of the polnrs zn' r '  
r

Ho"(G) denotc, as usual, the Banaeh algebra of al l  boundecl analyt ic fut let iqns o! G

under the norm n f  11* = r, iptt t tr l \  ;  z€cl.  sinee Ifa(G)' is a weak* closed subspaee

in t fo(C),  i t  is  *re dual  space of  a eertain factor space of  l '1(C) '  A sequelree

lrrSa 
f l "o(G) eonverges.weak* to zero i f f  i t  is  bounded ancl  converges pointwise to

zero on G. See [14] for mone about HF(c). The follon'ing resttlt fro.m [16] v'ri i l  be useful

in the sequel.

LEMMA 2.1

t  set  such t l ta t  R(K)  is  Di r ich let '  Let  a lso p be a
Let  l {cc be a cornpac 

:  to  the harmol t ic
p o s i t i v e , f i n i t e R o r e } m e { t s u r e o n O I < r v h i c h i s s i t r g t t i a r w i t h r e s p e c l

.  me&sure m on 0t<.  Let  f€ IF(U)  and.  g€I {s( ln tK) '  Then there ex is ts  a sequence

t f rS a R(l{) such that:

1) fn *: f weai.*' in Ls(t

2) fn -+ g weak* in u€(

r)

Int I()

and

3) sup tlfnll 5 max( [ f 1l rr, Il s\\e )'
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A s , u , . t S o f a b o u n d e d o p e n s e t G c C i s s a i d t o b e d o m i n a t i n g i n G i f

s u p l i t r l l  = - Y % [ f ( z ) l  '  f e l ] o o ( G )  
r , . ' ' r

z€$ ze \ t  '

The next result borrowecl from [16] rryiII be also used iri the proof of

-  f n f

theorem. For  a deta i led prool '  see th l '

' 
LEnIB{A 2-2

L e t K c c b e . a c o m p a e t s e t s u c h t h a t R ( I ( ) + c ( K ) ' T h e n t h e r e e x i s t s a

compaet  se t  L? l (  w i th  In tL  l0  such tha t :

.  n i - i n h l a t  .a)  R(L)  is  Di r ich ie l  r

and

b) KO Int  L is c lominat ing in Int  L '

3. AN EXTEI{SION TI'IEOITEM

In this '  sect ion,  we glve

representetions of R(li) with values

decomposi t ion theorcms for spectral

. 1
representat ion Q :  A' t  B'  bet leen

hoinomorPhisrn. The dual algebra

l lf o sll = max t ft r tlr, \l g \\*1 '

TI.IEOREI\I 3.1

I , e t k c C b e a c o m p a c t s e t s u e h t h a t R ( I i ) i s D i r i c h l e t a n d l e t A b e a d u a l

Banachalgcbra wi tS a separable predual  X'  LetQ: R(r<)-e A be a representat ion'  Tl ten'

there exists a posi t jve,  f in i te B'or9!-mqalqrq l l .on.OI( '  's ingular wi th respect ' to the

h a r m o n i c m e & s u r e m o n ? l ( a n d a w e a l < * c o n t i n u o u s r e p r e s e n t a t l o n ' .

6 , r,€(u) @ u€(lnt K) -" A
Y ' "  \ r ' '

'  rY 
r icted to l '@(P) is one-to-one'

whieh extcnds $ '  t r toreover '  Q rest

: _  r  * l

our main

a theorenl eoneerning the extension of certain

in a dual  a lgebra A'  This resul t  is  re lated to the.

sets,  obtained in [12]  and [13] '  From nol  on'  by a

t lo Banach algebras we mean a uni ta l  eontract ive

t  *( t r )  o l lcp( lnt  K) is equipped with the norm

, nroo(tr), g e uw(int x)'
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c  n  n  ' ,  r - ^  ^  , rnno^  rn i t .ba l l  o f  X '  For  eaeh n€N'  the
Let |  *3 c X be a dense sequenec in the u

\  l t  t

( f )  = < '$( f ) 'x^)  is  a cont inuou's ' 'contract ive l inOar
maD L* :  R(K) -*? C def ined bV Ln '  -

- '  l l

t i r r - B a n a c h t h e o r e m a n d t h e R i e s z r e p r e s e n t a t i o n
funct ional .  Therefore,  by the I Iq l  i r r r  t l r tu  . , r re r l rver

t h e o r e m , t h e r e e x i s t s a e o r n p l e x ' B o r e l m e a s u r e F n o n 0 l { s u c h ' t h a t

Ln( f )  = t  foun, 16p(K)

.  , 1 - ^  L ^ . , a  t \ , ,  1 l  < ,  1 -  T , P t  , ,  =  , *  +  P f  b e  t h e' [ \4oreover,  s inee \ \Xn\ l  {  1,  we also have \ \Un\\  (  1 '  Let  Fn -  tsn tsn -- .  " ' -

Lebesgue decomposi t ion of  un wi th respect to the harmonic measure m on ?l( '  where

Usnfm anci  pa (n.  Let  l ,=X2-n tUl t  ,  where I  U| , t  denotes the total  var iat ion of  f tsn

The extension e or Q wi,, be constructed as follows. For any pair of functions (f 'g)'

where  f€ tP(p)  and g6 . t {d ( ln t l ( ) ,  there  ex is ts '  o ' :u  ma 2 '1  a  seqt ten"u  l f ; l cR( i ( )

s u c h t h a t f j * f  $ f  i n L € ( u ) ,  " i  
r ' -  

" ' "  
f j + g w o i n l - t @ ( I n t l ( ) a n d

l l  f j l l  S rnax| \ \ f  Iu, r lgU.^ l  for  a l i  
"  J .  

' {e c la im that  the sequence lQtrr l }  Cr\  is

weak* eonvergent to an element 6 ,t @ g) €A' Sinee t *nl is dense in

{  x€X,  t \ x t l  J  1 ! ,  anc i  the  un i t  ba l l  o f  A  is  weak*  sequent ia l l y  eornpac t '  i t  su f f iees  to .

s l row that t ,  aQttr l ,*nt t  ,  
i '  a convergent seqttcnee'  for  eaclr  n€N'

'":;ll 
:::f;,':]il, :f-'* :"''ui 

: 8"d* rhen:

. Sinee f, -+ f tveak* in l"P (u)'

r l

\ 
r,r,nou '+\ ftrnou

on the other  hand,  one l<nows (see [1 i ] )  that  the rest r ie t ion map f rom i t (K)

in to H€( Int  I ( )  exte.ds to  an isometr ic  isomorpl r ism and a weak* homeomorphisrn

t j e t w e e n l r ( a l ( ) ' t h e r v e a k * c l o s u r e o f ] 1 ( I ( ) i n t , e € ( m ) a n d H @ ( t n t J ( ) . h l e i d e n t i f y a

funet ion geHoltnt  I ( )  wi th i ts eorrespondi 'g element in l lcp(a l i ) '

Sinee f . :-g P w* in l lw(lnt I() ' i t follorvs that f j -t g wr in H€(? x);

therefore

Since f , t - ? S
J
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Finally, one obtains that:

5 -

'gBnOt

-'t roul , nQN

* \

< Qtrrt,*n> --+ 
! rciuff

One easily proyes that the

r,€(tr) @ uF{tnt

map

t()? f  ( , ( f  s  e )en,  - 7 R
l.t -2 LV
e J .

is nell

hence

. r FweaK

then

defined and n,eak* eontinuous.

a

. t \ . o
Moreover, t l  Q (f o g)l l  S i i i ' \ tQ (rj)1| j  sup l l f j \ lS rnax[ \tr t |U.lt  g 11c,," !,

$ is eontract ive.  In order to show that Q is

cont inui ty of  the mult ip l icat ion map on A.

For the in jeet iv i ty of  i ts  restr iet ion to

Iftrr).

n-, ult iPlicative' uses the separeteone

_ f Y

L€(ir), observe that. if Q ff O o) = o,

Therefore f = 0

4. SII{GLY GENERATIiD DUAL ALGEBRAS

If  A is  a  dual  a lgebra and aGA, then the cr . ra l  a lgebra.  generated by a is  the

smal lest  g ,eak*  c losed subalgebra of  A.conta in i r rg  a and the ident i tV. ' fn is  eo inc ic les

rvith the weak* elosure in A of the set { A(ah p pol-. 'nomial !  .  By the separate weakx

cont inu i ty  of  the mul t ip l icat ion,  a  s ing ly  ge; rerated dual  a lgebra is '  a lways

comntutat ive.  Reeal l  now that  a  commutat ive Bana:h a lgebra is 'sa id to  be uni for rn i f

theGel fand t ransform is  an isometry .

.- 
Let H be a separable; conrplql l l iJbeyt spag'; and l9t L(H) derrote the algebra of

al l  bounded l inear operators on I l .  One knols that :-) i l  is the dual space of the spaqe

) c c  n n a n o f a n c  n n  I IC,(H) of  t raee-class operators on I I ,  v ia the pair ing
I

. :
\  fgp" = 0 for  a l l  g€ C(? X) anO n€N
)  r r

t t , i r t -a lmost evcrywhere, henee f  = fJ in



Q : R(l<) -+ A

Assume f i rst  that

such, that  n(L) is

R(K)  I  C(K) .  Then bY

Dir ichlet  and I(  C\ lnt  L

- 6

restrietion of a normal operator to an invariant

the dual algebra Ag Senerated by S in T,(l ' l) is. a

con!1qc!!ve rePresentation

Lemma 2 .2 ,  t he re  ex i s t s  a  compac t  se t  L?  I (

i s  domina t i ng  i n  I n t  L .  Le t  U  =  In t  L  an i J  i e t

If S€ I,(H)

subspace)

i s a

thien

' t

subnormal operator (i.e.

one knows (cf .  [9])  that

separable predual. Let

Then

extends to tl

- _ -== - -= :  
n r : *  ^ - ^ . . ^  A  l r l n1 '

uirlronm_glgebra. For this speciai_case, J. Conway and R. Olin proved' ([t0]) a structure

theorem with important eonsequenees eoneerrdng the theory of subnormal operators.

rated dual uniform' algebras areOther i fnportant examples of singly genei

furnished by operators in the ciass A (see [2] for terminoiogy).

The main result of the paper is the fol lowing:

I

I
\

TFIEORE&I 4.1

Let A be a singly generated dual unifornr algebra with

a€A be one of its generatons ancl tet I{ clenote the speetrum of a.

d.  )  R(t{)  is  Dir ich}et

and

P )  there exists a posi t ive,  f in i te Borel  mc&sure p on 0y,  s ingular wi th respeet

to the harmonie measure on ? I i  sueh that the natural  map

' .  Rat ( l t )?  f  - -n  f (a )€A

extends to an isometr ic isomorphism and a weal<* homeomorphisrn

l'

A :  ls(p) @ H@(Int  K) J A-

Proof

Let l{.A denote the

f € Rat (K), q., (f (a)) = f(tf (a)),
' l

the map Rat( l ( )? f  + f (a)€ A

maximal ideal sPaee

therefore [ l  f(a)i l  =

of A and Iet ri.r€ lro. Then for each

sup { V(t(a))l  5 sup \ f(z) \.  rhus
r[6nlo ' z Q,K
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Q, intu -+A defined by Qrtrl=Qtt1 K), f €R(L)' By Theorem 2'2' Q1 t*ttnds to a

*uur,o coltinuo;s contlaetive representation

.  '  'd l  
:L#(u)s t t* (u)*e 'A ,

Y ' :
" ^^ a | ;Pect to the harmonie

! r : - . ^  r i - i r o  Ro rc l  
^ -  3 l  , ,  s i ngu la r  w i t h  re l  

F l
for  some posi t ive,  f in i te Borel  measure p on e*-  

a =e(,  o o) andL Let us denote o
A is  i somet r le

measure'"' lVe wil l show tnat Q is isometrie' Let us denote

- r.,

"f 
=Q 19 O z). Then, obviously, * = uo * ul and 

"o*t ] 
0' For any t{ e UO '

r L r ( a ) = ( / { a ^ ) + p ( a r ) a n c l f ( a o ) t / l a t ) = 0 ' h e n e e f t a ) = O i f a n c l o n l y i f { ( a o ) = o o r
I  , .  - / ' f  

' * 1 ' - - - -  I  e  '  ' - ,  
\ r r , ' -  e e  t h e  m e a s u r e  U  i s

tf ia.) =g'. It follows that s(a) = <r(ao)Ud(a') ' It ' loreover' sln(

Let f  eHcP(u) and let  \e rnu'  tnen

i t
i l
$

I t

it
l ,
l l
t $
t $
1 [
i l
i t
i t
l I
lt
r i
tl
it
;l
il
,i
i1rl
i

r i

for some gedrtu) '  
c

BY aPPlYing Q, ' we obtain:

'  c '  t  
l i * -' :Q 

to 'o 11 - r(\)e, =Q (tt

fa

where o, = Qto o 1)'

Let t!€ ttto

{ 
(ar) =\ , l''ence

e.
qi{2to.o f)) = f(h)T(ot) 

a,-r

Vbr; 
= 0. Then Ytbto 

o h)) = 0 for everv'h€u@(u)' in partieular

. ' .
for h(z) = z' '  

trrr- \ - 
' ' .  \ 

'  which eoniradicts the fact t lrat

This means ttrat f 
(ar) = 0 and f 

(ao) =A ' 
.

a(ao)cDL.There fore . , f (n , l=1unov iQ.q@f) ) ; f ( } I .

Since I( O U is dominating in U' one obtains '

-  \ ,  \ \
I  g l t a l  -  ' \ r

sueh that tf ta) =\ ' sin"e qr (ao) c-OL and \€  U,  we have that

a  l l
I \\cA

On the other hand' ' in"t $

f{

I  f  [qp = r  ^ rYP- ]  f ( \ ) \  S\ \Qto @ f ) l \J \ \

} \ E K O U

Therefore Q "" ' i " ted 
to uetul is isometr ie'
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restricted to t€(U) is one-to-one, by Theorem 2'2' and A is a

Fr ecr .x-
eas i l y  tha t  $ " res t r ie teg  to  L I (p )  i s  i somet r ie '  henee

uniform algebra, it follows
f\t

6 i tset f  is  isometr ie on

l,@(p) O H"nt(U). By a stan4ard applieation of the Krein-smilian theorem' one obtains

coRotLAIrY 4'2'
t

Let A be a s ingly generated t tn i form

generators. Then there exist:

' 
f.t' t f rat 
$ is an isometr ic l5o*omorphisrn and a rveak* homeomorphism from

L@(fr) O gstUl oqto f . Moreover, we get I (a) = il, therefore, since by construetion' 1'

. is t<'union with some holes, we have K = L'  The ease i t(K) = C(K) is easier to prove

fol lowing-icleas. froirr Theorem 3'1' The proof is f inished'

since the components ot  rnt  K are s imply connected provided R(K) i 's  Dir ichlet '

the following consequenee of Theorem 4'1 hoids:

algebra and le t  a  €A be '  one '  o f  i ts

1)  a  f in i te ,  pos i t ive Borc l  mc&sure 
. l l t

supported on the boundarY of inu

s P e e t r u m o f a  

,  c ^  c  . - i r r c a n d
2)  s inrp ly  conneeted regions Gl 'G2""  in  C ar

3)  an isometr ic  isomorphi  and weal<*  homeontorphism

i

f

Q , l*(ir) e (€:tw(cn)) -+ a

Sueht ttratQ(z) = a.

.  The f i rst  such decomPosit ion

.  characterization for pF(F), the weak* elosure oi poly.onrials in r,F(p)'For the case of

-..  .dual atgebras generated by subnor.pai gperatqlsr-this decomposit ion is proved i |r 
t tO1, as

w e h a v e m e n t i o i r c d . i n t h e f i r s t p a r t o f t h e p a p e r ."'"' *twt
. I { e c l o s f s o m e f e w r e m a r k s e o n c e r n i n g . t h e a b o v e c o r o l l a r y . T h e f i r s t i s t h a t '

.  since a is a rryeak* generator of A, the measure p satisf ies p@(p) = LF(tr) '  similarly one

gets that poiynomials are ' ,ryeak* dense in Hcp(Gn) for each' n ) L' Therefore' i f

.  r r  ^  l
appear  i n  t I 6J '  l n

0

rvhicl 'r i t . is 
given 

. 
a
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l i t
itt
fri
l l t. :l I

, , ll'i
i l i'  
l i
r l l
ffi
{ I
i t t

r  l l l '
i t
ii I

- ' ,  -  ; [1
I{
t t

tf
H
l i

t l

' : rf rftnl: For a

h : D -+ G^ is a eonformal mapping' then hn is a weak* generbtor c

n  l t  . , - 1

topologieal characterization of sueh SJomains' 
see It5]'

I f A - i s a s i n g } y g e n e r a t e d d u a l u n i f o r m s u b a l g e b r a o f l , ( H ) , f o r s o l l r e s e p a f a b l e
' '  f u n c t i o n s l @ o

Hilbert spaee' then the iclenrpotents Po and P' corresponding to the

.and 
0 @ 1 in L.p(p) @ H@0ntl() are orthogonal irroiections in L(I-I) with'PoP' = 0'

'Perator and T' having an isometrie

Therefore 
I 

= to @ Tr with To a reduetive normal c

functional ealeulus with functions in H@(int t<)'
r--i

A s a f i n a l r e m a r k , i n b o t h T h e o r e m s 3 . l a n d 4 . l o n e o f t h e t w o s u m m a n d s o f
has no nontrivial

the dual algebra l@ (u) o u€(rnt I{) may be absent' ror exallle' if A

'  ^  - -  J and therefore A is isometr ic wi th

. projeetions, then either A = I or Int I( is conncete<

H.p0ntK). On the other hand, i1 p(O(a)) = C(<r(a)) for some generator a€A' then

s o , n t p o ' i t i v e m e a s u r u o n f ( a ) ' h e n e e A i s a l \ ' * - a l g e b r a 'A = L@ (P), for some Posittve met
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