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An excision free Chern character

- preliminarY

for p-summabl"e quasihombmorphisms

r r o n q ' i n n  -  .
v u l J r u t  I  i . .

t'

by Victor Nistqr

cyclic cohonrologv Hil(n) ot

lntroduction

r - l
In I  Co 2,  Co 3 |  Connes has def ined the

L ' J

algebna. A over C and has defined a pair ing

,t

K*.(A) 6 HC (A) -> C

and a Chern character

rd.cnl _* Hf(A)

ln fCotl 
Connes has ralsed the pioblem of defining a bivariant cyclic

theory and a Chern character

KK(A, B) -+ Hf(n, s)

compat ib le wi th the product of  Kasparov's bivar iant  K-theory '

Important steps have been made in this program. t" [ro] 
jo6es and

Kassel  have def ined a bivar iant  cycl ic theory enjorng al l  the formal propert ies

of Kasparov's theory.  fn pla ,Ou{ Wang and Kasse} have def ined a Chern

character with values in Jones-l(assel bivariant cyclic theory. However their

definit i-on is not completely satisfactory since it assumes certain excision

propert ies (H-uni ta l i ty 
[*"1 

)  which are usual ly not sat isf ied in pract ice'

As observed by wang one could eliminate this drawback by providing an explicit

formula for the chern character of an arbitrary p-sumrnable quasihomomorphism

i - 1
i la Cunt, lCrJ ; he also provides such a formula for p - 1.

ut
In this paper,.we show that Wang's formula may be adjusYis i prov j-de

such formulae by a sequence of homotgpies suggested by the ulork of
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[ . ^ 1  ^  .  r ,Goodwilli" LG J. We also give an explicit functorial form of the ooerator E^ whidr. U

Goodwil l ie has shown to exist a
r'\

Thus for a p-summable -quasihomomorphism ( i ,e.  a pairr /n ,QaiA --+g(H)&)g o
l u  , ' r

such that  , (o  -  
f  1  f . r tors  cont inuously  as A->to6B *>B(H)AB) we assoc iate a

v Y u v r  r v v

cH2n ( f  o ,Y i  €  HC2n(A,  B)  n  ?  p- r
o

9 a  ) n t )

such that  s chSn(fo,P l )  
-  cnSn*2( Q.o,  Yu,  

where s is  the per iodic i ty  operator

of the bivar iant  cycl i 'c  theory [ ro] .

Suggested. by the case of the Chern character on KO we consider smooth

f-algebras , For such f-algebras A and B we define a "smooth" variant of

Kasparov's groups Ku*ooth(A, B) and we show that the above Chern ctraracter Cfrln
\

define after tacking the l imit a morphism

ch_ r  Ksmooth(A, B) -+ PHCO(A, B ). o

compatible with the Chern characteron K;nd the action of KK on K-theory .

The same results hold true for smooth extensions, i e extensions of the forryr

0 . + C $ B  - )  E - - > A - - - - * 0
P

which have continuous l inear cross sections " This may be proved along the same

l ines using Cuntz 's descr ipt ion of  the universal  extension [ t ,  , ]

Our resul ts may be viewed as general izat ion of  some resul ts of  Qui l Ie" [q]

rep lac ing  O-cocyc les  ( i .e -  t races)  w i th  a rb i t ra ry  cocyc les .
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1.1 Let us recal l  f i rst  some basic facts about the Jones-Kassel

bivar iant  cycl ic 
. theory [ r . -* . ]

A differentiar graded ff -modure (abreviated dg- [ '-modute) is a

., differential module (Xn,b), b:Xn** Xn-{., b2 - 0 endowed with a degree t

map B:Xn-+ Xn*.  sat isfy ing 82 -  0,  fA,U] -  Bb + bB = 0.  Here A is O1-OE,

" the a.lgebra of numbers (ez = 0) and B corresponds to the multiplication

b v E

Let B(A ) - cfu] , the polinomial algebra on a ciegree 2 generator u.

If X is e dg-A -module then B(A ) & x is endowed with the differential

o(uP@x) - upgbx * up-168x

and & degree -2 nap S:B(A )&X + B(A )  6 X

s(uP@ ,)  -  uP-tB x,  i f  p > o,  o otherwise

rf  Y is an other dg-A -module then Hom*(B(A )6 X, B(A )gy) is the

complex of  morphj-sms f  :B(/ t )EX + B(A )&Y commuting with S. A degree n

such a  morph ism is  rea l i sed  by  a  sequenc*  ( f i ) i>O ,  f i ,X->y ,  f ,  o f

degree n + 2i such that

n - -
t(uP61 

") 
- * uP-l gr. (*)

i - 0  r

I lormally

f  =  D  s i 6 f i
i)o
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The di f ferent ia l  is  df  = dcf  - ( - t ) l r t  f , id .  Here l f l  is  the degree.
: t .

1 n ^ ' l
of  f  .  I f  f  is  as above then df  =  . ) -^  s '6g,  where,go =.Lb, f 'J  ' ,

i z l .  i ) o  '  
.  i

r 1 r - - /
g i  =  lB , f . ,_n  l *  \0 , r . ,  |  ( the  commuta tors  a re  a lways  graded commuta tors ) .

r  L  I _ J . J  L  I J

b .P  . . .@rn  =  
rA  

( - t ) ra 'e r . . . c i l  a ia in { .8 . . . 8 .n  *  ( - t )n  ana 'Q$ar&  . . .@.n* t

n
B a o t 8 . . . A 9 . n  =  

L ( - l ) n r  t @ a r @  . . . @  a n @  a o @  . . . @ . i _ 1
i - 0  

r  ' '

Note that we have normalised from the begining

t r ie  sha l t  wr i te  HCn(A,X)  ins tead o f  HCn(B(A ) ,x ) ,

l -  
Then Hcn(x,y)  -  H_n(Homu(B(A )EX,  B(A )@y)) .

.  There exists a degree 2 morphism S:HCn(X,y) .--+ HCn*2(X,y) comming

from periodici ty. l r  [ t ]  € Hcn(x,y) is represented by f  = I  t t$ f i
i)o

tnen sftl is represented by I ti*t8 fi The composition of morphisms
' i ) o L

def ines a pai r ing -o- :HCn(X,y)@ HCm(y ,Z)  *> HCn*m(x,Z)  the yonedn-product .

rr r = X sier, and s - A sigei then 
Bl"Lf] 

-[nl ror

h = I  s i t& n, ,  hk = f09k *  f rot- r  + . . .  *  fko '  Atso
i>0 r

sF] - rFo*l "F] - [t]" u['0,,,1

for  any [ f ler-rcntX,Y).  No confusion rv i l ]  arr ise i f  we shal l  wr i te S instead

or Spcr*1, SfiCrl so the previous identity becomes

s[r] = s"fr] = [t]"
L.2,  Let us also recal l  that  the dg- l \ -module associated to a

un i ta ]  a lgebra  A over  C is  B(A)  =  (Cn(A) ,b ,8 )  where  Cn(A)  -  A&(A/C)Bn and

n-t
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{-

1.J .  Let  D:A _r  A,D( t )  -  0 ,  be an
. Foll,owing Goodwifiie 

[CJ we defi.ne

eo:cn(A) -* cn_1(A)

e D  . 0 & . . . @ . n  =  a 0  D ( a r ) @ .  a r @ . . .  B a n ,  a n d

ED : cn(A) ->cn*r(A)

E D  . o €  . . . g . n  =  d  { g r a ^ 6
1 = 1 '  u  Q D a r @

.  * ( - 4 ) n i  
i - t

f i ' - t " "  H  
1 € a s e ' . . .  € a o r & 6Da1Q 6. j_ ,

arbitrary 
{unctt tn.

6 a

(D occurs only 'to the right of ao and exactly once in each term. This is anexpl ic i t  form of  a formula shown to exist  by Goodwi l l ie,  , . " .  
" r r .1' , '  LO : Cn(A) +Cn(A)

u o F . . . & . n  =  
* . o € }  

. . . , & D a r B
L

AIso le t  l :A&A _*  A,  la  fg  b  = D(ab)
f0 : Cn(A)-r Cn_r(A)

r o a n  B a 1  Q O  . . . ,  g  a n  =  a 6 l (  a 1 , a 2 ) @  
" r Q O  , . . . , @  a n

fU : Cn(,A)*+ Cn(R)

kx 

t i l t *  tn& ' " ' '6 t "  = 
H 

( - r )k  rgao . . .& l (au,  ak*r . )uo. .E.n.
. 

,g 
X r-rlk+(n-l)i .u 6a3+r &- . Eao&. . *1(ar, ak*r. )R . . ;., 

' I

j

l { e  t e t  j D  -  t  @ " 0  +  s @  E F ,  L D  _  o . @ | . ; , _  
f  -  1 e $ f g  *  s @ f l

Ln
6 t n

-  a D ( b )  - , D ( a ) o

I
&
k 's
trp

s,tr
F..

fl
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Proof . We have to
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6jD - SLr."+. f.

this is simply

show that

the check of  [G, Theorem I i .4.{

i) fo, uol = -fo
. I - 1 1 1 ri i )  [u ,  "o l  

.Lb,  EDJ -  LD -  r t

i i i) fu, ,ol - r

- i i i) is obvious since we are working with the normalised cfg-[ -module

and i) is an obvious oomputation.

For  i i )  le t  D ,  :  Cn(A)  -+  Cn(A)  OraO S " . . . ,@

d r . ? o  S , . . . .  @  a n  = .  ( - t ) n  r 0 8 , . . . , @ . k . k * 1 8 , . . .  6 . n

dna '6 ,  . . .  &an =  ( - t )n .n .O@ ar8 ,  . . .  8an_t

an  =  ao8 . . .&n (a i ) 9 . . .@an

,  k  =  0 , . . . ,  l - l - t .

" t ,  o8n*!-+,46n+L

t . 0 & , . . .  E . n  =

(Note that
n-t

b ' ' - L
k-0

of course b -  bt

Final ly,  I

( - 1 ) n  a r @ a r $ .  . . . @  r n  .

the above definitions differ

dx

v*wn&.t
\-- u)

to the usual onG5-signs).

+ d
n

e t s :

F*,,
s  a g 8  . . .  I  a n

RecalI

and $ -  s

s b '  -  !

eO - dODa

n fl.

I l^2,-1



E O - 1 E g

n+1
t
J-2
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n-L
B t n  =  s f

:  j -o
t 'ddr

1 D o

n
I n^tJ
j=0  u

n
L o ,
i = 0  

r

t q t

"DB 
-

t -L D -

ulhere

i-t
a

Z t '  0. , .
i-1 r'

The rei lat ion bs = f - t3 -  sb'  shows that

bED = ( t  -  t * t  -  sb ' ) tD = ' - ;  
*  

, '  b,  -  su 'Eo
J=u

Let us observe that tjD. = Dotj and hence 
'* 

tjn, -J  u  
F o _ _ J

We obtain that i i) reduces to ft - . f{ where

r r r n - 1  2
f 1 , -  b ' E D - E n b -  E t J o o n l

j=0 u r '

we compute

i-t

t  o u t i o ,

I

t r -L D . .

n o w ,

n
Z DntJ
j --0 u

, R-1 n+t
b ' E n -  T  Lv k-0 J-2

( tj dt*j

d * t j  -  1
L ,j-t on*j-n-r.

k + j 1 n

k+j 7n+1

Next we divide the sum in two part's , the first one contains the terms
es --rs{qlr:

with k+j q n and the second -the terms with k+j ) n+1. hle replace k+j by k in
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dto Di

d k ( D k + D n * r ) + l n

dk oi*l

1 - < i ( k - l

i = k

i  ) k + l

by j  in the second.

nz
j=k+

- '  n-t
d , , D *  +  f^ ' k - o

'l

t t J o ,  D .
i - t K t

d,"k

we denote (-t)kao S. .  .6 I(ao,.** l)6. .  @.n

D.  d ,
I K

Using

I

E o b -
nz

k=2"'.

get

d ,  D.
K 1

E O b w e

i-l- .
2 t J
i=t

(=1
L

these

nz
J-'2

relations in the

1

t tJ d., D, +
r = 2 u r

n-1
+ f

k-1

Then

n 1
"i' f +J

j-k+1 i-t

n-1
d , . D . +  t^ t k = f

- E o b
I

. F -r.1 _ b ' E D j A * j ' n

The

1 . 5 .

f iltrati.on

rest is

As

of  B(A)

obvious.

in f *.,
-  |  

O \ n t

f,{o] ,

I ) >  F

given an ideal I

. ,  (A ,  I )  ?  F  , , (A ,- L  - L

C A we consider

r ) )  - .  .

the first

l'le

r -I.
b'En -- z

k=2

I n n i - t :
E n b = I  t  Y  t J D . ,

k=0 J-2 i -1 L

_ Let us observe that if

U y  1 , .  . O @ . . . 6 a n  * u .  o b t a i n

part and k+j-n-t by k and j*1

obtain

; 4
t -_L -l

2_ tJ
i - t

kz
J-2

formula for

kz
J=2

*  t j r ,
j -k+t K

n-1- . n-11
- Z  t J d n D n  = Z -

j -0  v  !  
k - t
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where

This f i l t rat ion depends functor ia ly on the pair  (A,  I )  in the

tha t  any  un i ta l  morph ism q ,  A  ->B such tha t  ? ( I )  
C  J  g ives  r i se

morphism F -(A, I )  -e F ^(B,J) of  dg-A -modules- " - - r " - -  - n '  - n -

0f  codrse  F  4(A,  I )  i s  the  kerne l  o f  B(A) ' -+  B(A/ I ) .
- I

From now on tnte shall  no longer assume A to have a unit.

We shall use these remarks in the following specific situation.

Let QA = A'\aA be the free product and qA the kernel of Al*A *>n 
fCu{.

Le t  iO,  i4  z  A '+  QA be the  canon ica l  embed ings  and qa  -  i ' (a )  -  i * (a ) .

r - l
Reca1l LCrt l  that  these simbols sat isfy

a(ab)  =  aq(b)  *  q (a)u  -  q (a)q(b)

(we have ident i f ied A with i ' (A))  and that QA and OA (the universal

differential graded algebra of n p 
r|{{l are l inearely isomorphic {-CCl "it

. 0 Q  . t  q  a n  *  a O  d a r . . .  d a n ,  Q a n . . . Q a n  " - +  d a t . . .  d . n

From now on we shall identify QA witn J-aA - A @ ffi A*6lA6n,
n>0

A+ being the algebra with adjoint unit. We shall endow qA with the negative

o f  the  grad ing  inher i ted  f rom OA( i .e .  lq . l  -  - { )

QA becomes isomorphic with flR tor the following multiplication

(nrr, ldrl even

@ i . ' t L j z  = {

f'ur*, 
+ t'Jo du, lcuu I odd

[ ' " ]

senSe

t o a
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' , - N o t e t h a t Q A ( a s w e 1 l a s q A a n d f l A ) i s n o t u n i t a 1 , s o w e s h a } l h a v e t o

c o n s i d e r q A + , " t h e a 1 g e b r a w i t h a d e g r e e 0 a d j o i 1 t u n i t " L e t

D :  QA+ -+ QA+ ,  Dor-  - lculcu for  homogeneous cJ *  Then

1 ( o  h )  -  n r e h )  -  a D ( b )  -  D ( a ) b  -  +  a d b  i f  l u l  i . s  o d d , 0  o t h e r w i s e , l  i s  aI \ o 1  u /  - -  u \ o u l

degree - i  *.p, :

L,6" i^, i., e.xbend to morphisms A* "-r QA+ denoted also i,-., and i. '_ U '  
I  U  I

The coLresponding morphisms B(i,,) t B(A*) -- 'B(QA+) have the property that
K

( B ( i ' )  -  B ( i l ) ) ( B ( A * ) ) . c  F _ ' ( Q A + ,  q A )  a n d  B ( i ' )  -  B ( i t )  o n  B ( C )  c  B ( A + )  a n d

hence B( i ' )  -  B( i l )  def ines an element

ch3(A)e  HC0(B(A+)  /  B(c ) ,  F - ' (QA* ,  qA) )

1
According to lemma 1.4.  we may def ine Sn -  S -  n- 'd jD€ Homr(F-n,  F-n- l )

/ -  r  f n s *  t r  L , ^  l l - ' ^  i - ^ 1  r ,
\ r  r .  -  r  r . \ L r A ,  q A ) ,  k  > 1 )  L e t  i :  F  ^ . ' 4 F  ^ b e t h e  i n c l u s i o n

- l \  - n  1 ' '  '  ' '  - n - I  - n

r -  " 1  ? , -
1.7.  Lemmai  .  a)  [sn l "L t  ]  

-  5  in  He ' (F-n,  F-n)

[ i ]" [u"1- s in uc2(F-n-, F-n-r)

c) I f  x € HC'(F-n,  F-n- l )  is  an other element

sat isfy ing ei ther a) of  b)  then Sx -  S [Unl  .

Proof a) anrd b) are consequences of lemma 1.4.

^ t-. ' I ^ 't-.1 fi '1 .f-. 
' l

Let x satrsry xLU -  5 tnen 5x -  x 5 -  x ' [ t ] "F"] -  UFnl  .

:
1.8,  Theorem. (nef in i t ion and ex is tence of  the Chern character  o f  the

c universal quasihomomorPhism)

There exists chT(A) -  chT(A, io,  1t)
'  ? n '  -  ? f l 7 r ] 7 n + a  /  o l t r \  c  ( n ^ *  ^ A \ \a)  Ch6" (A )  (3  HC ' " (B (A  )  /  B (U) ,  ' - n - l \ q^  t  en . / . t

b)  Ch!(A)  is  as def ined in  1 .5.



f f i , _ l _ - "

- 1 1  -

c). chfin(A)'Ltl - s chfin-2(A) ) n >/ 1

d) Given a morphism cp : A *-+ B then
I

cnfrncn>.[gl] Lf']'rnfrn c el

t  where p,  :  a(n+)  /  B(a)  **g(g+)  /  B(c)  and p" ,  , -n- r tOnl ,  qA)  *F- ' - ' (QB+,  qB)
I . | _ i l _

s  are  de f ined by  p ,
I

-L,9. Theorem, (Uniqueness of the Chern character of the universal

quasi;homomorphism up tp stabil isation)

I f  ch ' f in  sat is f ies . ) ,  b)  and c)  then s  cno2n -  s  chf in(A) .

Proof  o f  1 .8 .

\rt chSn(A) - tn| (A)"[sllo.. ofsn]wrrere cn! fnl is as derined in t-5.

c) fo l lows from lemma 1.7.d) fo l lows from the natural i ty of  the def in i t ion of  Sn '

Proo f  o f  1 ,9"

' hle proceed by induction on n " For n = 0 it is part of the hypothesis ,

suppose now that s ch02n-2 (n)"1-i] = s ch6n-2(n) tnen cni2%Lt] - chfin(A).F]

Multiplying by S- the right we get the conclusion .n -
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1.10. The next step i "s the def in i t ion of  the Chern character of  a

p-summable quasi l romomorphism.

Let A, B be complete local ly convex algebras.
T- "1

Reca}l f CoZ,(u'l\t 'al that a p-summable quasihomomorphis* ( 
1r0, flr) 

: s
L

r'r
a'pair of continuous morplr isms 

Y O,V 1 t  A -9 L(H)@B such that

Q ^ -C{, ., : A -* C^6 B is well clefined and continuous. We shall write
t  u  ,  r  p -

, A A
(?r , f  , )  :  A -+ L(H)68 > C.@ B.  Given such a quasihomomorphism (?0,? 

)l v l  r -  '  
P

there are defined morphisms QA *?r(Hl6g, qA -+ to6u [C"4] Folrowins

1- 'l

l W . l  t h e r e  e x i s t s  f o r  a n y  n  ) p  -  I  a  m o r p h i s m o f  d g - A - m o d u l e s
l- -J

t r  :  F-n- r (L tH)Sa*,  todB)  + B(B+) /B(a)

d e f i n e d  b y  t r ( T o & b 0 , . . . ,  T n 8 u n )  =  t r ( T o . . . T n ) b ' & . . . 8 u n .

(Here L(H) is the f-atgeUm oi bounded operators in the Hi lbert

'  space H,  CpCL(H) is  the subspace of  tho 'se T eB(H)  such that  t r t f i lp /Ta*

[St] .no 6 is the project ive tensor product [bu].>

Le t  gn  -  snosn-1e . . .ps lo (B( i0 ) )  -  a ( i r ) )  ,  B (A* ) /B (c ) '+  r -n - r (QA+,qA)

1.11 .  Def  in i t i -on

2n L+1'  r - . -  r  a  c^
cho( fo ,? i )  -  chn(A) 'L re "J "L r t l €HC ' " (A ,B) '  n  )  p  -  I

I f  one whishes onc may consider the topological  b ivar iant  cycl ic

z theory.  I t  is  def ined as before but consider ing cont inuous morphist t  [ ] t<] .
2$'

Then Cho(  
to ,g t )  

is  the c lass of  t roXno gn

/ ,  n ;  F -n -1 (QA* ,QA)  . +  F -n -1 (L (H )&4 ,  coA  a )

Ffere nc\n,B) -  Hf(e(n*) /B(a),8(8") /B(o))



L, I2 .  P topos i t ion .
' t  n

as above lhet t

1 A-  L J , '

Let  t /  o ;  Q. ,  be  a
, r r - l L

'

p-summable quasihomomorphism
.  i .

'' 2Tu %vf L
a ) '  s  c h o ( f s , f 1 )  =  c h o " .  ( f o , f r l ,  n  >

L'fi'
b )  Ch" 'denends functor ia ly  on A and B*.e

2+t 2ttu

%cf o" ̂/; ,T f"f I - [tr't>] " cnfip o,Y ) ."1r, A'-+ A
. l  r '  I

B(V) ,  t ,  B - t  B.
/ . rp 

' . (  
,a 21t

-  !ho((18Y)rcp0,  (1@? )"?r)  -  cho(Yo,? )  o
I

, l  andl/  beins continuous.

Proof .

Let i

fx
V n +

and hence

2rw
= s chr( fo, f1) by Theorem 1 .8 .  c ) .

2-tt+2' 2n'r2
ch* (? o,{p1) = cho (n)ofXn.rJ"Ftl

:  F -n-2(QA* ,  qA) -+F-n- l (QA+,qA)  be ' the  inc lus ion ,  then

,.Jo[*,] - ['J'FJ"[*,1
*w+2-'cho (A).F]"[rJo L.'] -

The functoriality is clear from definit ion
' 2+u

1.f1.  Corol lary.  Gho(F O,9f  ) )n lp_t gives a wel l  def  ined element

ct$ 
f  o,  c1r)  € PHC0(A, B) = l ia (PHC2n(A,B) ,  s)  .
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Chern character in K-theoqy
1 -

! )

' :

2.I .  We want now to def ine something l ike KK(A,B) j . f  A,  B are
I

C^-algebras as a natural domain of our Chern character. We stay very close

to the def initions in [],o , €"'il
tr

2,2.  Def in i t ion.  Let  A be a C -algebra.  hJe shal l  say fo l lowing

Connes that A is a smooth C*-algebra if there is given a dense complete

bra A@c A such that whenever a 6 u r rf +\ enar ' rn  \ t l  /  a t  tu

2. The relat ion wi th the

smooth

fotd then {at, is an

absolutely smooth subalgebra of  CO(X).

, -@ c,o

.  2.4.  Let  A, B.be two non commutat ive manifolds wi th A c R, B 4 B

the associated smooth algebras.

f  is  an analy t ic  funct ion

A* wil l  be called a

If moreovm c 6A*
nr

Let HU be the Hilbert sPace on

N  =  I  ' * o  f o r  l i  C n O , . . . ,  b n ,  o ,

fl' r-rn> 6 fl; L(HB) and f o

A@+ co8 B"'-, L(HB) 3
6 \  / ^  n \
d  p , u t  6 )  -

These are "smooth"

in a nei .ghborhood of  cr  (a)  tnen f(a)G Mn(A**) .

smooth subalgebra of A

is smooth in K @ A then A* iu called absolutely

B [ ]Q],  i .e.  the complet ion ot  e(N)

. . )  l l  -  l l  F uf ,u;  l l l /2
k z o

We def ine toCn,u) -  
I  

(90,?r) ,  
fo,  Y 1 are "h 

-homomorphisms

A -+ L(HB) such that 
f  i lA- ,  i  -  0,1 factor cont inuously

f .  ,vo,? o)
-forms of the

-? 
t l6cfactors continuouslY as

C 1
e  cp (A ,  B )J

cycles of  Kl(- theory in Cuntz 's picture.
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The pair (f g,? i defines by restriction a p-summable quasihomomorphism

Co /\- t-" 4 e7

fo,r(^,4-* 
B(H)& 6- Y cp @ B

We def ine addition as in case of liK-theory.

cal led smoothly homotopic i f  there exists x t  te(A,Cire,1] ,B)) whi-ch

restr icted at the end points gives x0, respectively xr.  Here C([O,ff ,  B) is

endowed with the smooth structure def ineo ou fC[O,r] ,b*).

2.5. We let,  on f  smooth 
(A, B) = L-/.  E.{A, B) the equiva}ence

rruu Lr I prI p

. relation : generated by

l)  addi t ion of  degenerate elements :

x0 i xr if xo + y - x, for some y€Su*ooth(A, B) - 
l lrrfro(n, 

B).

2) smooth homotopy : xg 1 x, if xO is smoothly homotopic to x, .

! -e t  K.*ooth(A,B)  -  tu*ootn(  A,B)  ' /  z  . .

/\ Cto

Z.G. gbservat ion a) Let x = (  
?O,ch )  and u G L(H) Sle"-be,

unitary then (adu 
" f O, .dro 

f 1) r.nresents the same element as x in

Kr*oo th  (A '  B) '

b )  r f  u  & c  +

represents the same element as x.

To see this one uses a smooth hornotopy

The following Proposition is proved as

2.7 ,  Propos i t ion .  Ku*ooth(A,  B)

class of any degenerate element, the inverse

,ob flthun also (aduocf o,f r)

[ -u  o l  [ r  t l
r r o m l ^  f t l t o l  t

[ "0 r i j  Lo rJ

in the case of KK-group "

is a group. The uni t  is  the ,

o f  (qs , f  r )  i s  ($ r ,?o )
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K is covariant in the second variable and contravariant in the first
smootn

variable for morphisms of smooth f*-algebras.

2.8.  Proposi t ion.  Chofactors to a morphism

cho, Ksmooth(n; g) -* PHCO(A:#).

Proof. Chois clearly addit ive and vanishes on degenerate elements.

Suppose r0 = ( f  o,Yt) and xI -  (Y 
o,Y) are smoothly homotopic via

an e ldment  x  e  t  o(0,  
c( [o , r ] ,  B) )  Let  e ,  ,  c ( f0 ,1 ] ,  B)  + B be the

evaluation at t  ;  
'  i ) '  Xi = ern(x).  Then

!+L L1u

o(*r) 
= ct"5txl"fer]C h - ( x . )  =  C h ^ ( x ) " 1 e , n l p - 1

I
,l

{)

cho

PHCo(iqo') PHC'(

,Jk'*l'!
since s[ao] - s[Lr] [t*., f1uh we obtain f rom proposi t ion 1.12 a)

tnat crffro) - offxr), n >. p

2,9,  There exists an obvious morphism Ksmooth(A,B) -+ KK(A,B) and

hence, given * = Ku*ooth(A, B) the Kasparov product def ines a morphism

K o ( A ) - -  
- @ x  

u K o ( B )

Recarl [a'n] that Ko(A) d/ K'(f), K0(B) ]r K0(#.

Theorem Suppose A and B are smooth flatgeUras and B*iu absolutely

' smooth, then the diagram

ooffi ar Ko(A) - :E; ---'2Ko(B)'3 Ko(fl)

cho 
I

is commutative.



@

-lfogl. Let e bA be a projection (a selfadjoint idempotent). Recall
@

that  Ch(e) is Cet ined as PHC0(f  ) t t )  e PHCO(A )  where I  stands for the
@ { - : l

g e n e r a t o r  o f  P H C O ( C ) 4 e C  a n d  
F :  

A ' - ? A  i s  g i v e n  b y  1 - +  e  
[ C o  

] ,  K a { .

The partial Chern character cnf , K'(fl) -+ HCz#f) is def ined similarily
.  ^ .  ?1 t  ^  ^ .  ? I+2

a n d C h " o - - S C h ;

Suppose x is  r iepresented nv (r f0,? i )  e E r<t ,  
B).

_ 
Then our diagram is the inverse l imit of

P  r . /  / ^ \  - 8 x  &
K'G ) ? n'r.^;. -- ----+ K'(B):: KO(B )

I  I  o 1 . ^
.*21 ILno 

l, r+, I 
t-n'J-t'

v p _oCh^(x) ._p.
HC2I(A ) -----lL# HC21_2n(B )

L >. fl ? p-l . Assume we have

set of generators. Then from

the naturality of the Chern

^ . *
may a5sume A - tL .

Claim. Kr*ooth(C, B) a/K'(B) Let us f i rst  conclude the proof using

the claim. Let *€ Kr*ooth(C, B) ,  the c la im shows that we may suppose.that x

is represented nv (? 
0, f  1)  such that f ' ( l )  , f  t_(1) 6 MN(B) for  some larse N.

ine" [ i ]8 " 
=lf0(1{ - l-  f  r(r)]  € K'(B) and

I t  is  obvious that Kr*ootn(O, B) *)KO(B) is

^ 1 7  -

fixed cnfif P] ) € HCrr(O) to be a distinsuished

the definit ion of the Chern character orr KO and

character for quasihomomorphisms we see that we

ch?(Lr]) cffr-r = sncnzJ(ft])'u.i{*) - sn(ch?c[fortI) - ch?([tpr<1)])) -

= rn3-tnrfrl e xl
Proof of the claim

onto. In order to prove that it is into it is enough to prove that every

element *  € K.*ootn(C,B) may be represented by a quasihomomorphism (f l  
0,9]

such that ?oCt-> , V{D 
g MN(f) for some large N'

Let eo,rt€ L(H6f be such that eo - et€ cp& b6'
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We shal l  use a t r ick of  At iyar l r  and Singrr , [nS] to f i l l  in some gap
. . a

i n e ^ e ^ . e . e ^ ' . V i e w e d a s a n e 1 e m e n t o f L ( e ^ H . ' , e ' H " ) i s a n e s s e n t i a 1- t U ' . L U  u D '  r D

isometry (an isometry modulo compact operators). This shows that' there exists
nA

a f inite n,., anci a l inear operator R,., e L(B t , e.,Ho) such that_ - . U  
U  '  I D

Hg @ grk'-a (1

o,  . [  " "

I t  sat isf ies

0

0

t r  r r f
l o " o

Ro

0

0

/ z , z l

'A
0 " 0 '

I
I

l
Then (e

(They d

t-uou:-l

I
";. l

o , X ( z )  -  z - L

orhood of 0-(V

[ " n  o  o
I

l '  
I  0

L o  o  o

Iet

0.  Choosingsome convenient small

Let K (0) =

small neighb

funct ion def ined in a

is a part ia l  i .sometry"

I

, r -
" ] r

f\

. q

(eg ,  e r )  in  Ku*ooth(C,  B) .

F
l V o
I

L e t U -  
|
| 

'16

I i-vovo
L

l l

o )

0 r " I ' ,

i f fer  by

nn

"1r0 
e R : eOHU @ B '*-l l  etB is onto Similari ly choose R, such that

( l - e r ) ( r -eO)  @ Rt  :  ( t -e ' )

Let

, )H t  i s  on to .

* (1-et).(1-eo)

L ( H B o u n o t a n l )

) 
- 

iHg for some c >

] €

*e

Rt

0

0

perturbation of Ro and R, we may suppose that v0 € i + co(H @ cn0*n1) & g* .

0 be an analyt ic
.F

Then V - I(vovi)vo

represents the same element

a degenerate element) .
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,.-@o),
then efr - UrjOdi.ffio**utrs with er since atsc (ef,, 

"'r\Jor"sents 
x bv

Observation 2.7 we have reduced the problem to the case when eO anci et ccjmmute.

But then tuo,r , . ) ]  
= Fo(l  -  rr) ,  er( l  -  rol  * [Loul eoef]  and

e'( l  -  6 l ) ,  er(1 -  eO) are homotopic to project ions in some matr ix algebras.

2" t0^ We now treat the
@

A )

case o f  Kr .

, then, choosing a representative u we obtain a morphism

t 
, olr}*ff Recall that HCo(cH> oo for p ) I Fu, co, LQ] and that

S : HCo(C[r]l -+HCe-2(C[Z]) is an isomorphism for p V 3. Let v be the

is invertible in a[z]. rnr" fx.* cr] chZp-l([u]) =

0andCh2p*1 (FJ ) -Ch2p*1< ,1n [u1 ) -HC2p*1 ( f ) c r r 2nn t c [ " ] l

Suppose A and B are smooth itargeuras and fftu absolutely

smooth. Let * € Ku*ootf,(A, B) then the following diagram is commutative

Kl(A*) a. Kt(A) , - '-@*- r Kl(B)  ̂'xr(f)

cho

Let

let

Then

generator of Z t

- s ch2p*r,rr],
- ' ' .Theorem.

let  ful  € Kt(

V

t'

Icho I
V c o

PHCI(A )

Proof .

/
^@t
b )

*  = 
f  

(Yo, f  r ) l  for  a p-summable quasihomomorphis* (? o, f  )  Also

u€.9(R)* generate Kr(A) be such that u : R +li-rf iJ is one-to-one

Ir lex is  represented uv 
fo(u) f r ( r ) -1 

in Kr(cp&f,)  sKt(B) s jnce

is absolutely smooth. 0bserve that fO tnd 
?f "." 

determined UV 
f O(u)

f l tul and we shall identifv 
f i  with 

f1(ul. 
;

HCr

itv suppose that A - Co(R) ,h*-YCinlt,tle may by functori

P

^ ' l
d r

{

and
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' '  ,  .  '  _

Then ( fo(u)  O,,?r(r ) -1,  ?t( r )  €) f1(u)-1)  . l ro represeqrts-  x 'anci  t , . ,  ' , :  
.  .

:  
- l ' '  

' t . t  '  

" "

' tu)f  ,(u)-r Ol,  r  e) 1) .Using again homotopy anci cr i t t ing , , '  
,homotopib t:o (Q

t 

*, ,.,.r."o lhal tD ̂ (r r ) F t"t. .( f 
+) 

t.out a degenerate element we may suppose t|rat f g(u) € u*(f*) fo, bome large 
'

.
N and p. , (u)  -  1.  Then the resul t  fo l lows from the functor ia l i ty  of  the

l r

Chern .c.haracter on K,

2..U. Remanck. The previous theorems where based on the algebraic

properties of the Chern character (functorjality) ,n$k*o analytic facts :

Kr*ooth(c,  B) 3rKo(B) and

Kr*ooth(Co(R),  B) 3 Kl(B)

which .in turn depended on the fact that the pairs (YO'() ot smooth

m o r p h i s m s  C P , n , Q t  t  A * ,  M N ( B )
I ' u  (  r  r t

form a cc,mplete set of representives for tfre abcrve Ksmooth -Eroups
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