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NORMED AI,MOS[ LINEAR AIGEBRA,S

by

G. GODTNI

1. INTRODUCTION

The. not ion of  a normed. almost l inear space was introd.uced.
.  t - 1
: -n  [ f J  as  a  genera l i za t ion  o f  the  no t ion  o f  a  normed l lnear  space.

f - 1The a lmost  l inear r  spaces  appeared 1*  [  5 )  as  an  abs t rac t ion  o f  the

a lgebra ic  s t ruc tu re  o f  the  c lass  o f  a l l  c losed in te rva ls  o f  the

rea l  l ine .  To  compensate  the  lveaken ing  o f  the  ax ioms o f  a  l lnear

space,  in  our  de f in i t ion  o f  a  nor rned a lmost  l inear  space the  norm

is  supposed to  sa t is fy  bes ides  a l l  the  ax ioms o f  a  norm on a  J inear
\

space'al-so ap ad.di t ional-  one whieh makes the framework prod.uct ive.

An exarnp le  o f  a  nor rned.  a lmost  l inear  space is  the  co l lec t ion  o f

al l  nonempty,  bounded and convex subsets of  a normed l inear space

( s e e  [ r ]  ) .

In  a  ser ies  o f  papers  v /e  began to  deve lop  a .  theory  fo r  the

normed- almost l inear spaces sirni lar  wi th that  of  the normed l inear

spaces .  Thus ,  v {e  de f lned"  the  d .ua l  spa .ce  o f  a  normed a lmost  l inear

space (rvhere the funct ionals are no longer l inear but almost.  l lnear)

the bot i r ided. l inezrr  a.nd- almost l inear operators betvieen t inro such

spaces and vve obtained" in th is inore general  f rarnework basic resul ts

f r o m  t h e  t h e o r y  o f  n o r m e d  l - i n e a r  s p a c e s .  T h e  m a i n  t o o l  f o r  t h c

f  ^ - r* l ranr r r  n { "  nnw'9 i6 f l  a - } -nos t  } inear  spaccs  v ras  g iven in  L  3J  whcre  \ , , ' ov r r v v r , y  v f  r r r r u s r  u v a v \ r ' u  r r @ p  t j - L  v  u [  J r r  
I

proved that any normed. al-most l ineerr  snace can be enbed-d"ed. into

a  nornec l  l inear  space,  a l low ing  us  the  usc  o f  t l i c  techn iqucs  o f  the
, l

normed.  l lnear  spaces .

In  th is  paper  v re  in t roc luce  the  no t io i r  o f  a  normed a lmost

l inear  a lgebra  lvh ich  genera l i zes  the  no t ion  o f  a  norned l inear
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a lgebra .  The rna ln  resu l t  o f  th is  paper  i s  Theorem 3 .6 ,  where  we

prove that any normed almost l lnear algebra can be embedded lnto

a normed l inearr  a lgebra.  As a consequence we can norv use the

technio,ues of  normed l inear,  a lgebras to solve certain problems

in our more general  f ramelvork.  Exarnples of  normed almost l inear

a tgebras  are  g iven in  Sec t ion  4 .

2, PRElflvlINAnI$S

B e s i d . e s  n o t a t i o n ,  l n  t h i s  s e c t i o n  w e  r e c a l l  s o m e  d e f l r r i t i o n s

and resu l ts  f rom prev ious  papers ,  n .ecessary  fo r  an  €ds ; r  unders ta .nd .

ing of  th is work.  T/e assune that s l ]=-spAgeLalq ove{ the rea} i
( t  r  ?

I fg ld  R and.  we denote bX R+ the .set  t  A€R i  I  >  0  J  .

A commutat ive semi-group X ui i th zero 0 is cal l -ec1 an al-most

Lfgqq{--g!-?ce.( [ i : )  t t  there is also given a mapping ( , \ ,x)  =+ I"*

o f  R X X  i n t o  X  s a t i s f y i n g  ( i ) - ( v )  b e l o v r .  L e t  x r y € X  a n d  \ , f €  R ;

( i )  l , x  = N  t  ( i i )  0 . r x  . - Q ;  ( i i i )  \ . ( x + - : r ;  = \ o x + l o y  i

( i v )  \ " ( y . * )  =  ( \ 1  ) r * ;  ( v )  ( t r  + f ) o x  = X o x + f c , x  f o r  l , f € R + .

We set  o f f  the  fo l low ing  tv ro  subsets  o f  X  ( t1 ]  ) ;

These are AlrqoSL l r l re.ar-ggbspqqes- of  X ( i .e. ,  e losed. und"er ad.d" i t lo:

and mul t ipL ica t ion  by  rea ls )  and.  V ,  i s  a  l inear  space.  C lear ly ,

VX f l  \ 'VX = {  O3 .  . {n a}most l j -near space X is a l inear space i f f

X  =  V X  ,  i f f  i V "  =  { O t  .

'  In  an  a lmost  l inear  space X we use the  no ta t ion  \  o  *  fo r

the  rnu l t ip l i ca t ion  o f  \  e  n  w i th  x  6X,  the  no ta t ion  , \ "  be ing

V X  =  t * u X 3 x + ( - L , x )  =  0 1

l ' i l X =  { * e X i x - - l . x J
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used. only in a l inear space

A normgd plmogt- l inqar-gt?.ege- ([1]) is an almost l inear

space X toget 'her vr i th a norm ln' t i

below. I ret  xt i l  € Xt w e W,.  and. \e n

( N z ) l l l  x i l l  = o i f f  x = o ; ( N : )  l l l

< l l tx+r ' ; l l f  .  Note that  l l l )< l l l  7 0 for

, X  - - )  R  s a t i s f y i n g  ( N f ) - ( N A )

: ( Nr ) ltf x+yill < ll l "i l l 
* lt l vnt ;

\"xi i l  = l tr l  I i l  xt l l  r  (Nq ) l l lx i l l  d
e a c h  x € X .  W e  a l s o  h a v e ( t 2 3

x e  X ,  w € W X

i "  f  1 l  .and [2]  v/e have worked vui th

the norm and in I f] the ]ast axiom

( e . t ) I t l  w l t l  r t f f  x + v r f l I

Here u/e drar l  at tent ion that

an  equ iva len t  de f in i t ion  o f
1t!-

of  the  norm is  super f tbus .

2.L.  I rEt iTi l IA ( i2]) .  T,e ' t  X b-e a normed almost l inea.r  sDace

a n d  l e t  x l : y € X 1  v r r €  i Y " ,  v i 6 V X ,  L = L I Z .

( i )  I f  x + ' , ' a  V - ,  t h e n  . .  " . '  I r
\ r /  ! r  L r . y  €  v 1 1  r

/ . .  \(i i  ) If wr+v, = wZ+vZ !@ rvt = *2 a,"9 tl_ = yZ .

As  ' , ve  observed.  j .n  ( [2 ]  ) ,  Lemma 2 . I  above is  no

in  an  a lmost  J inear  space.

le t  XrY be  tv ro  normed a lmost  l inear  spaces .  For

TiX+Y the d.ef in i t ions of  B f . ineaf gpgra. tgg and. a.n

&Te s imi la r  w i th  those f rom the  l inear  case.  \Ve  dravr

th.at  a l inear isornetry is not alv,rays one-to-one. For

d e n o t e  b y  T ( A )  t h e  s e t  [  * (  a )  i  a € A  J  .

longer t rue

a

a mappr_ng

i  q n m  a * r ' r r
4  v v r . r v  v 4  , y

att  ent ion.

A  c X t t l e

n n * n  V
v l t  u v  r2 . 2 .  R i l s i A R K  ( [ : J ) .  I f

t l i .en T(VX) = Vy and t( ' . t r)  =

1s a  l lnear  i somet ry  o f  XT

1AI
l l t t

I
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The fo l lowing resul t  is  the main too l  for  the theory of

normed almost l inear spaces.

.  
2 ,3 .  THEOREI I  ( t 3 ] ,  Theorem 3 .2 ) .  Fo r  any  po {$e9  g tqo? .

l i lLga. r .  spp.ce (X, l t t  ' l l f  )  tbef  q  px ig !  g  ngrged_t inegr  s lace (n , r ' l . i f  1

pn9. g rnappins @;X -> E .,";i!h tbe-_ fg]lowinfl prgpef tj.es ;
/  .  \  -  .  / - - \( i )  E = tA) (X)-  t r : (X) a,nd t , t r (X) calr  be _orf ,anizeQ. a.s-a.n_ alBost

pon-negp.] i .vg reale_are_the._sarne, ?g in E.

, , .  \( i i )  F o r  z  e E  w e  h a v e

( 2 .2 )  t t  z l l  =  : r n t  
|  111x l l l  +  l l l  v l i l  i x t i . r  €X r  z  =  c . o  ( * ) - . " ( r i ) 3

.and (  cr:  (X) ,  1,.  , l  )

( i - i i )  o  i s

i s  a  normed ahnost  l inear  soa.ce .

?.  l inear  1  sornet r t r  o f  (x ,  t t t  ,  i l l  )  gptg (  e . ,  ( X )  ,  , 1 , 1 , ) .

2.4 .  COROLLARY (

l . i n e a r  s p a c u  ( X ,  l l l ' i l l  )

g  ( x  , v )  =  l l  o  ( x  ) -  c , l ( y )

Corol-1ar;,; 3. 3 ) . IqL 4n-v rrorrnecl alno st

f unc t i on  ? t X x X -9 it de{igecl bv

semi - rne t : : i c  on  X.l l  t  x t l t d X  i s  a

[ : J ,
t h e

The semi -met r ic  
f  

d -e f ined above genera tes  a  topo logy  on .  X

(wh ich  is  no t  Haus:dor f f  1n  genera l )  and in  the  senue l  an . ; /  topo- l  o -

g ica l .  concept  w1 l }  be  unders tood fo r  th is  topo log i r .  C lear l1 r ,

f  1 s  a .  m e t r i c  o n  X  i r f f  @  i s  o n e - t o - o n e .  N o t e  t h a t  f o r  v r  r v r € Y ,

we have  y ( v , , v , )  =  l f l  v r - v , l l {  .

.  The proof  o f  the fo l lor ry ing lemma is  conta ined in  the proof

o f  ( t 3 1 ,  T h e o r e m  3 . 2  ( i v ;  ,  f a c t ,  I ) .

' i l l ) be .el_norm.e9-a}ry.gst-.l inear Fppc-e2,5.  LEII I IVIA.L e t  ( X ,  i l l

l inear space where the ad.d. i t ion and. the mult in l ica. t ion bv

and _ te- [  x r . . /€  X .  I f t d  ( x )  = cto(y) ! ] ren for  ea.ch t  > 0 there exis- !



.  *tty, tr6€X such that 111 xrl l l  = l l l  yel l l  < e apd x+g +u. = y+t+us .

i r , ' '  T ^ +' { '  : ,er  A be a.  subset of  the normed. a}most l inear space X and

J . e t  x € X .  I V e  d e n o t e  t h e  d i s t a n c e  o f  x  t o  A  b y  d i s t  ( x , A ) ( =

=  i n r  f .  y f x , a )  i  a € A J  ) .

For  a  normed l inear  space E, ,ve  denote  by  E# the  dua l

s p a c e  o f  E .

3. I{ORMED /i l l '{OST LINEAIi, ALGEBRA

An almost l inear space x is cal- led an a. lmost l inear alsebra

i f ' t h e r e  i s  a l s o  g l v e n  a  m a p p l n g  ( x r y )  - + x y  o f  X X X  i n t o  X

s a t i b f y i n g  ( e r ) - ( A : )  b e l o w  i

( l r  )  x ( yz )  =  ( x : . r )  r ,

(az)  x (y+z)  =  xy+xz  and (y+z)x  =  l x *zx
( l r )  ( t r , * ) ( 1 " v )  =  t t r r ) , ( x y )

f  t  \  . ,B) '  (A i )  i t  fo l lo rvs  tha t  x0  =  Ox =  Q fo r  each x  €  X .  .

As in the l inear case we cal l  X a commuta.t ive almost l inear

a l g e b r a  i f  x y  =  y x  f o r  a l l  x t y C X .  A l s o  a n . e l e m e n t  e  e  X  i s  a  u n i t

o f  X  i f  e x  =  X s  =  x  f o r  e a c h  x & X i  c l e a r l y  e e X  i s  u n i c t u e .  ' r V h e n '

X  has  a  un i t  e ,  a r r  e lemen-b  x€  X is  cer l led .  lnver t ib le  i f  there

exists an element *-1€ X such th.at  *r , -1 = x

w i t h  t h e  l a . t t e r  p r o p e r t i e s  1 s  u n i q u e .

-1 -'r*x  = e i  c lear ly  x  *e ) l

A subset Y C X is called an ?].{n.qst l iJrer:Lt sr+ballgebra oI X

i f  Y  is  an  a lmost  l inear  subspace o f  X  and fo r  y1ry2  6  y  v re

have y1y 2 €. Y .

Certain almost l inear algebras sat isf l , .  bne or both of-  the; ,

fo l towing cond. i t ions(for examples of  a lmclst  l inear algebras lvhich

x t Y t z  e X

X r Y r z  e X
\ *
A  t y e R r t .  x  r : i  e X
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sa t i s f y  o r  no t  one  o r  bo th  o f  t hese  cond i t i ons  see  sec t ion  4

as wel l  as Remark 3.1 be lovr)  .

( A + )  x ( - l o w )  =  - 1 o ( x w )  ( e q u i v a r - e n t l y r  x w e  \ )  ,  x € x ,  w e r v x

( a t )  ( - l , w ) x  =  - 1 o ( u * )  ( e q u i v a l e n t l y r  w x e  i l r )  ,  x € x ,  * e , / f x

3.1.  BE[{ARK. ( i )  r r  x  = wx then (A+)  and (Ai )  are a lways

s a t i s f i e d .  ( t i )  r f  x  i s  c o m m u t a t i v e  t h e n  ( n , )  a n d  ( a - )  a . y eq '  ) '

s i m u l t a n e o u s l y  s a t i s f i e d  o r  n o t .  ( i i i )  s u p p o s e  x  s a t i s f i e s  ( n r )

and- (ar)  is  not sat isf ied.  Then v,re can organrze x as r : .n almos.b

l inear  a lgebra  ,  such tha t  (Ar  )  i s  sa . t l s f  ied  anc l  (Aa )  i s  no t

s a t i s f l e d .  I n d " e e d . ,  f o r  x  r y  e  X  d e f  i n e  t h e  p r o d u c t  p  ( x , y )  b y

p ( x r y )  =  y x r  X r y €  x .  T h e n  t h e  a l m o s t  l i n e a r  s p & c e  x  t o g e t h e r

with,  the prod.uct  F(.  , ,  )  is  an alrnost r i r iear algebra rvhieh

s a t i s f i e "  ( A 5 )  u u t  n o t  ( A q ) ,  N o t e  t h a . t  i f  x  h . a s : t h e r u n i t  e  t h e n

e  i s  t h e  u n i t  f o r  X  t o g e t h e r  v , i i t h  t h e  p r o d u c t  F ( , , , ) .  D u e  t o

th is  remark ,  cer ta in  counterexamples  g iven to  sho lv  thn t  (A :_)

c a n  n o t  b e  d r o p p e d  m a y  b e  u s e d  t o  s h o w  t h a t  ( a - )  c a n  n o t  b e
J

d r o p p e d ,  t / i ,  i ,  j  E  f . q , 5 7 . ,

3 .2 .  REI IARK.  suppose  x  sa t i s f l es  one  o f  t he  cond i t i ons

( n + ) ,  ( A 5 ) .  f { e  h a v e  t
.  / . i  \  r , i r  . :  ^  ^ ' l * ^ ^ r -( t )  lVX is  an  a lmost  l ine i l r  suba lgebra  o f  X .

l . ' "  '  '  - s r , r ipose ' i i1 ' s .dd i t io r r  tha t  e  i s .  :bh .e :un i t  o f .  x . ' . ' , f le  he lvo  3
( i i )  e e i Y "  l f f  X  =  W X

(i i i )  r r  an element wo 6 ! ' / "  is  invert ib le in x then x = ivx .

The s ta tements  in  the  above remark  are  no  longer  t rue  in

genera l ,  v , rhen x  does  no t  sa t ls fy  (Aq )  and (n ,  )  (see  Examples  4  ,6

a n d  4 . j ( c a s e  4 ) ) .
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l t ,  
:

[  3.3.  REtr iAnK. I ret  X be an almost l inear al ,qebra.  such that

there  ex is ts  a  norm on X and le t  l  4  X ,  v€  V '  .  We have ?' / L

( i )  x v r v x  €  V *  a n d  x ( - 1 , y )  =  - I a  ( x v ) ,  ( - l o v ) x  =  - 1 o  ( v * ) .

f n d e e d r  w o  h a v e  0  =  x 0  =  * ( v + ( - l o v ) )  =  x v + x ( - l a v ) .  B y  L e m m a  2 . 1 ( i )

! ' v -e  ge t  sv rx ( -1ov)  e  v "  ana so  x ( - t "v )  =  - t " (xv ) .  s im i ra r " l y  vue

prove the  o ther  s ta tements .  consequent ly ,  fo r  )  e  R*  t  f  e  R.  we

h a v e  ( 1 , * ) ( 1  
" v )  

=  ( 1 1  ) " ( x v )  a n d  ( f , r r ) ( \ . * )  =  f  1 1  l o ( v x ) .
( i i )  V"  i s  an  a ln ros t  l inear  suba lgebra  o f  X  r^ ih ich  is  a  l inear

a l g e b r a ( u s e  ( i  )  a b o v e  )  .

I i r - .  . .  -  Suppose - in  add i t ion ,  tha t  . :e  i$ ,  the  un* . !  q f  X" . . .  We have ;

( l i i )  e g v x  i f f  x  =  v x .  T h i s  f c l r o w s  f r o m  ( i )  * b o v e .

( i v )  r f  an  e len ien t  to  6vx  1s  lnver t ib le  in  x  then x  =  vx  .

T h i s  f o l l o v ; s  f : : o r n  ( i )  a n d .  ( i i i )  a b o v e . "

,  The assr ' . rc.pt icn tha. t  there exists a norm on x can not l :e

d r o p p e d  ( s e e  E x a r r p l e  4 . 8 ) .

3 .4 .  R lJ l / :A i tK .  Le t  x  l :e  a .n  a lmost  l inear  a lgebra  such-bhnt

t h e r e  e x i s t s  a  n o r r n  o n  x .  s u p p o s e  x  s a t i s f i e "  ( A 4  )  (  ( A r  )  ,  r e s p .  )

and- let x€, Xr y € V, and vre iV" . lye have ;

( i )  v " ^ /  =  0  ( r n v  =  0 ,  r e s p . ) .  F o r  t h e  p r o o f  u s e  ( A + ) ( ( A r ) ,

r e s p . ) ,  i l e m a r k  3 . 3  ( i )  a n d  t h e  f a c t  t h a t  w x f t  v "  =  { 0 3  .  c o n s e -

quent ly,  r 'vhen x sat isf j -es both (a+) a.nd" (Ar)  and x,  = wr+vi  ,

vr t€ \  r  v i  € VX ,  i=Lr2,  then *I*2 = !vfy/2+r1r2 ,

( i i " )  r f  xo€  \ { "+v ,  then xxod lv r+v ,  (xox  €v / "+v"  r  F€sp.  ) .  For

t h e  p r o o f  u s e  ( a O )  ( ( L 5 ) ,  r e s p .  )  a n d  R e m a r l c  i . 3  ( i ) .  c o n s e c u e n t l y ,

i ' t/"+V" is an al-most }inear subalgebra of X.

i  "  .  . -  Suppose " in  add i t ion . 'bhat  ,b .  i s_ : the , :un1 l ;  o f  X . i " ,$e  have i

( i i l )  e  € iv r+v"  i f f  x  =  
\+v"  fh ls  fo t lov , rs  f ronr  ( i i ;  above.
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(1v) I f  an element *o€ !Vr+V;1 is invert ible in X then

X = t ' k *VX .  Th is  fo l lov rs  f rom ( i f  )  and ( i i " i )  above.

( v )  f f  X  s a . t i s f i e s  b o t h  ( A + )  a n d  ( O i )  a n d  X  =  
\ + V "  ,

x /  wx ,  x y '  v,  then f /*  and v" are almost l inear argebras wi th

uni ts.  rndeed.,  i f  e = lvo+vo ,  wo€ \Vx ,  vog Vx then by Lremma ?-.r

( i i ) ,  rvo  and vo  are  un icue ly  de termined.  By  ogr  assu,mpt j -ons  on  X,

R e m a r k  3 . 2  ( i i 1  a n d  R e r n a r k  3 . 3  ( : - : - i )  r ' ' i e  g e t  t o  y ' , o ,  * o  /  o .

s imp le  com,nuter . t ions  shor r ' ' tha t  *o  i s  the  un i t  o f  \  ancr  
1o  

is  the

u n i t  o f  V X  .  I f  x  e X ,  s e , y ,  x  =  w + v ,  r , v € l , f *  ,  v e V "  i s  i n v e r t i b l e
-l

in  x  and x- -  = .nt*v l  ,  w l€  wx ,  v le  vx then w is  inver t ib le  in

W" and uie have **l = \,rlw = uoo and. v is invertibl-e in V" and- lve

have ttl = vlt = to .

\

For  some counterexamples tha 'b the erssumpt ions on X can not

b e  d r o p p e d  s e e  ] l x a n p l e s  4 . 3 t  4 . 6  ( c a s e  4 ) ,  4 . 7 ,  4 . 8 .

3.5 .  I iE t , jARK.  Le t  x  be  a  normed a l rnos t  r - inear  space such

t h a t  x  =  l v " + v "  ,  x / ' ; 1 " ,  x l Y x .  r f  ! ' f "  a n d  v "  a r e  a l m o s t  l i n e a r

algebras,  then x ean be organized. as an al-most l inea,r  a lgebra

sat isfy ing (A+) anA (Ar)  and such that lV" and. V" be al-most l inear

subalgebras of  X.  fndeed.,  i f  x ,  tx.2 GXt * i  = wi+vi  ,  v, , iE \yX ,

v t€  V*  ,  r=Lr?- ,  then de f ine  * I *Z  =  wrwr+ t ' r2  .  B) '  I remrna 2 .L  ( i i ;

t h i s  p r o d u c t  i s  w e l l  d , e f i n e d .  a n d  x  s a t i s f i e s  ( A . , ) - ( l o ) .  r f  b o t h

!V" and V" are commutat ive,  then X 1s commutat ive.  Note that  i f  WX

has a unit *o and. v" has a unit ro then e = wo+vo is a un.it of x.

M o r e o v e r ,  i f '  w  i s  i n v e r t i b l e  i n  w , ,  I  i . e . 1  t h e r e  e x i s t s  v ; r e  i v *

such tha t  
"vw l  

=  *1*  =  ruo  and v  i s  inver t ib l -e  in  V"  1  1 .€ .1  there

exists t l€ VX such that t t l  = Vlr  = to ,  therr  x = w+v is l r ivert ib le

in X and we have x-l- = $/'+vl .
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A ngrmed almost. l ineaf ?lge-bla is an

together  w i th  a  norm l l l , l lUX- ) i t  sa t i s fy ing

also the fol lor ,v ing oondi t ion i
I.

(Ni) l i l  xy i l l  < 1l l  x i l l  i l l  yi l l

almost l inear algebra

bes ides  ( } [ r ) - (wn )

/  - - \(x  r .Y  €x)

c l e a r l v ,  i f  x ( /  $ o I  )  i s  w i t h  u ' i t  e ,  t h e n  r l l  e l l l  > s L .

lYe noy/ state the main result  of this paper i

.

.  3.6.  Tl iEOREIr l .  Eor a.nl l  norrned alrnost l inear algebre (X, t t i .  t i l )

! @ e  e x i s t  a  n p r m e A  f i n e  ( n , i l , i / )  @
U])X. ->n  , ru i th  the  fo l lgw ing  p f .oper t ies  i

( f  )  B = co(X)-  u(x)  and tr l (X) .ca!  be orga.I i : !_ze_d_as an

al inos!  l inear alqebla_where the ad,di t - i . ,on,  the mult ln l icat ion

non-negat-LJe real-s and the prollgct arg_t}e same as in E. rf x

sa t i s f i es  ( ao ) (  ( a r )  )  t heg  e r  ( x )  sa t l s f i es  ( a+ )  (  (A5 )  ) .
( i i )  r ' q r  z € E , t t z l l  i s  s i . v e n  b r r  ( ? _ . 2 )  a . g  U n ( i l , i l , i l )  i g

a normed.  a l -most-  l ineaf  ? ]gqbra.

( i i - i )  t ^ ;  i s  a ,  l l n e g r  i s o 4 e t l t , i  o f  ( x , l t l , t l l )

glcl :for xty € X u,'_e hav-e crt (*y)= w(x ) ru(y) .

( u ( x ) , i l ' i l )

( iv)  r l  x  has !4.e unlr  e th-9q c l (e)

E ag{ c, l . , t  (X).

( v )  r f  x i s  commu- tp- t i ve  then bo th_ E and r r (X)  ? . re
commu,telt iye..

f r r i \  T f  ( n
\  r +  / ,

t h e n  t h e r e  e x i s t s

f t ' lh  )  r  nd ou t ' ,X.1I _'?_ 
I

r ( z r z r )  =  T ( z r ) r ( z )  t q r _ e l l  z r t z r € 8 .

ie* thest_!_qg_!s!!

a l inear isorr :etrrr  T

E.., sati sf y

o f  E  o n t o

/  \  / . . .  \
\ 1 i - \ 1 1 - l _ /  a D o v e ,

E" such tha.t

on to
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pR00F.  For  the normed a lmost  l inear  space (X, l t t , i t l )  Ie t
(n ,  t t ' t l )  and . - tx - )  E be g lven by Theorem 2.3,  rn  the sequel
we shaLl  use the proper t ies of  Er l l , i l  and,  d  g iven i ,  r r r "o""m 2.3.
t r ' o r  z i e E ,  z i = t t )  ( * i ) - o J ( y i ) ,  x 1 r x 1  € X ,  i = L t 2  d e f i n e  \

/ r  1 \  , . , t - -  \- r  \ J . r - )  z rz ,  =  e (x rx r+Vtyz) -a (x r r r+vrx r )

u  s h o w  t h a t  ( 3 . t )  i s  w e l l  d e f i n e d . ,  s u p p o s e  w e  h a v e  f o r  x ,  t y i € x ,
T ( L 4 q

( 3 .2 )  , ,  =  c r ( xL ) *u (v t )  =  e )  ( x r )  - u ( v l
( : . : )  1 2  =  L 0  ( " ) - t r ( y 2 )  =  c ^ t  ( * 4 ) *  r t s ( v + )

and i t  i s  enough to  p rove (oue to  the  proper t ies  o f  tu )  t t ra t
we have

(  3 .  4  )  u t (x1xr*y ,  y  z* *3y  4*y3"4  )  =  u , l  ( *1 ) r r *y r *2**3*4+y jy4  )

B y  ( 3 . 2 )  a n d  ( : .  :  )  r v e  g e t

.  U  ( x - . , + y . )  -  u l ( x r + l f .  )'  r  -  \ " 1 ' , r 1 , '
J  J  

" I

.  .  l  - -  .  \  -  ,  |  \ '0J  \ x2+y4 )  =  L t ) ( *4 *vZ )

,  
By  Lemma 2 .5 ,  f o r  each  i n tege r  !  >  +  the re  ex i  q t  1 r  r r  1 r

.  . * |  , r f  : ^ : ^ L  

l r r v s f : u r  x r s t r  x n t x n t t t € x  
t * d

- -n r / r r ru f i €X  such  tha t

( 3 . 1 ) xl+Y3+xr*tr, = *3*Vl*Xrr+u'

(  l .5 '  )  111 x r r l l t  =  i l l r r , l l l
( 3.5 ) xz+y 4+x,,1*"rl = x4*y2+ri+ufi
(  3 .6 '  ;  i l t  " ; l l l  

=  l l l  y ;1 i l  1  L /n



1
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U s i n g  ( 3 . 5 )  a n d  ( 3 . 6 )  w " e  g e t

(xr+yr+xr.*trr)*2+(x3+yl+yrr+urr) yp*y3(xo+yr+;, ;+ui)+x,r( xz+y4+x;r+u[)
= ( xr+yr+yrr*rr, ) x z ( xa+yr+xrr*r* ) y z*y 3( x r+yo +x;.";, +x3 ( x 4+T 2+y;+ui )

Making al l  the products and then apply ing

propert ies of  as and" the fact  tnat  y/e work

E )

a) we obtain (usirrg the

-no'rv j-n the h-near space

u (xrx2+y*y 
z+x-,;ro+rrxo ) -

= ct) (:/ nt r**ny2+,y3x;+x, ri ) -

Using the fact  that  4)

l inear algebra as w.e} l

d(xrv r+vt*2**3 x 4+:r  3y 4)
crl( xr.xr+ :{rrtI 2+y 3vi+xrxi )

is  a,  l inear j_sometry,  X a norrned almost

a s  ( 3 . 5 ' )  a n d  ( J . 6 ' ;  w e  g e t

co(xrxr+:{Ly2+x 
3y4+y3*4 )* u(*1rr*vr*2**3"4 *y3y 

4) l t  <
2n*1( l l t  xr{ i l  + l l lx3 i l l  + tt l : /  21( + l l l ,y3l l l  ) -+ o

a s  n 4 u  ,  w h i c h  p r o v e s  ( 3 " + ) .

s t ra . ight for ivard computat ions sho.+r  that  (Ar)  , (Az_)  ho ld  for
t h e  p r o d " u c t  o n  E  g i v e n  b y  ( 3 . 1 ; .  F o r  t h e  p r o o f  o f  ( A r ) ,  r e t
\ . r f  €  Rr  and"  z reH,  z i  =  c , . ,  ( * : - ) -  u t ( y ) ,  x i r t r r€  x ,  i ' = l * r z .  ThenI' ) ( Y', 

ffl#*ilfiI *fri' ),),,
= u .( (rr r ", ;;j [;;i]'-l^,',',7,'i; "tl;l l d,"*",1','==
= : lf l:,1:.:" 

z+YtYzr-r tr1 ; o t^l(x1Yr+rrx, ) ) z
= ( I/  ) cr,r (xrx, *yLy) -t 11. )c't  (*ty2*xtx, ) ) =

t(
4
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. \= (  ̂ f )  ( ' t ' )
A s  i t  i s  k n o r , v n  ( o "  b y  R e m a r k  3 . 3  ( r ) ) ,  i t  f o r l o v , r s  t h a t  E  i s  &
l inear algebra.

g ina l l y  rve  show tha t  (w^)  ho ld .s ,  wh ich  w i l l  comple te  the
p r o o f  t h a t  E  i s  a  n o r m e d  l i n e a . r  a l g e b r a .  L e t  z r € 8 ,  L = r 1 2 .

B y  ( 2 , 2 )  ,  f o r  t  >  o  t h e r e  e x i s t  x 1 r x 1  € .  x r  i = r r  2  s u c h  t h a t
z .  =  ( t )  (x .  ) -c^ . ) ( ; ' i )  and  l i l x i l l l  +  l l l t i i l f l l ,  <  11  z ,  l l  +  t  t  i= l r2 .  l , /e  ha .veJ  l _ '  . , 1 . ,

l l  z .  zr  l ;  = l l  u:  (xrxz*yry 
2)  

-  u(x1x2+x1 
"  )  i l. l _ .

4 f  l l  x tx2+) ' l y2 l , l+  i f l x ry r+ l , rxz  l i l  {
z ll lxltl l l lxrll l + li l:,,rl l l l l irrl lt + li l xrrll lf iv rttt + il l11ll{ i ltxdlt
< l i l xJ i l  ( t t zz t l  +  z )+ i l t : r r i l l (  l yz r t l  +  L )
< (ll zLtl + L ) (tlzzil + L ) -> y zatlllz2ll

as e*> .0 ,  consec luent ly ,  (u  r l l , l l )  i s  a  nor r r red .  l inear  a lgebre .
/  - -  \L e t  x r e  u t ( X ) ,  i i  =  c ) )  ( r , i )  =  L o  ( x i ) _ , i l ( A ) ,  x ,  €  X ,  i = L r Z .

T h e n  b y  ( 3 . t )  * e  o b t a i n

( 3 . ? ) iri, = c^/(xt 1 ",J(x) = a) ( *t*e )e cr,r (x)

c lear ly r  c^ , ' (x )  r ' ; i th  the  produc t  c le f ined by  (3 .7 )  i s  a  normed

almos'b l inea'  a lgebra lvh'ere the product is the sane as in E.
supposc  no l  x  sa t is f ies  (an  )  and re t  ie  c ,u  (x )  and f r  c  i ro . . l (x )  e
Then I  =  (D (x ) ,  fo r  some x  eX and l : y  l temark  p .Z  there  ex js ts  r ,v€ .vV. , .

such that f i  = c^.r  1w; .  B: , ,  (3r?) rve have l f i  = cr(x;  cu(vr)  _ u) ( :<v;)  e

e  c D  ( l V X )  =  1 1 - ( X )  ,  i . e . ,  u t ( x )  s E r , t i s f i e s  ( R * ) .  S i r n i _ l a r 1 ; 1 ,  i f  . X
s a t i s f i e s  ( A i )  t h e n  L o ( x )  s a t i s f i e s  ( A r ) .  u s j - n g  T h e o r e m  2 . 3  i t
fo l lo rvs  tha t  \ . " /e  ha .ve  ( r  ) - ( i i i )  i t ,  Theorem j .6 .

s ince  ( i v )  and ( " )  &re  s i -npre  computa t ions l  y r ,e  p rove  nov /
( v i ) .  L e t  z e H ,  s a " y ,  z  =  t t ( x ) - r u ( l r ) ,  x r V € X  a . n d  d e f i n e

r  j E  4  h  b y



To show tha t  T  1s  we l l  de f ined

=  L ' J  ( ' x t  )  - N ( f  ,  ) ,  . x r X r x t  r  y ,  e  X .

b y  l e m m a  2 . 5 t  f o r  e a c h  e  >  0

e t  ( x ) - u  ( v )  =

=  @(x  t  +y )  ,  w? rence

t|1, tu, & X such tha't

(  3 . 8 1

( 3 . 9 )

( 3 , 9 ' )

suppOse z =

Then o^t (x+:f t )

t h e r e  e x i s t  x
6

x+yt+xi  +u, =

l l lxell l  = l l lvell l

B v  ( : . 9 )  a n d  ( i i - i )  f o r  * r , n e  g e t  - r ( x ) + t d r ( y , ) * @ t ( * r ) n @ r ( u r )  =
=  @ I ( x '  ) *  u t ( y )  .  * . r (  l r ,  ) +  r t f u ' ) v rhenee

= 1l ets 
r(v, )- u,r(x, )l i-,

l l lwt (v ,  ) i i r+ l l<" , . r r (x ,  ) l l1  =

= l l l : r r  l l l  a  111: r r l l l

A s  g * y o  i v e  g e t  - r ( x ) - c . r r ( r )  = - r ( x , ) -  , . r ( : r , ) ,  i . e . ,  T  i s

w e l l  d " e f i n e d  .  r t  i s  e a s ) , ' t o  s h o v r  t h a t  T  i s  a  l i n e a r  o p e r a . t o r .

we shovr nolv that  r  is  one-to*one and onto Et .  r ret

, t  =  o o  ( * i ) - u ( X 1 )  e  E ,  x i t ) { i e X ,  i = L t Z  b e  s u c h  t h a t  , I ( z I )  =  T  ( z r ) ,

T h e n  * t ( " r ) - - 1 ( y 1 )  =  r ^ - r r ( * z ) - u t ( v )  a n c l  s o  * t ( x t + ] / 2 )  =

=  ( - * ) l ( t z * y l ) .  B i '  L e m m a  z . . i t  f o r  e a c h  t ' .  o  t h e r e  e x i s t  x t r i . L  r u r e . )
such tha t  x ]+y |+x t+uE =  xz+y : -+ | l r+u ,  and l l (  x2111 =  i l t l4u i l f  <  t .  Then

U ( a ( x r ) - i r - r ( y r ) ) - ( e . . r  ( x ) * u ( y ) ) t t  =  i l c . , : ( : L ) - " " ( x e  ) l l  <  i l c , ( i ;  ) l t +
+ i l c * ( x r ) l l  = l l t t T l l l  + l f f x r l l l  l 2 E . , v r h e n c e a . s  t - > a  u i e s e t  r r =  

" p -
wh ich  p roves  tha . t  r  i s  one - to -one .  r ,e t  now '  tL  =  u  ) . ( " ) -  uu r ( t " )  e  Ea ,
x t y €  X  a n d  l e t  z  * t - L ) ( x ) -  w ( y )  e  E .  S i n c e  T ( z )  =  z 1  ,  t h i s  p r o v e s

that T is onto Et .

f  o sholv,  tha. t  'T is an isonetry of  E onto Er ,  let  z €,  l l  and
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l e t  L >  A .  B y  ( 2 , 2 )  t h e r e  e x i s t  x t l l t x r r y r € X  s u c h  t h a t
e

%  =  w ( x ) - , r r ( y )

f  l l x l t l  +  l l l y l t l  €  t t  z l l+  t

I ( z )  =  * r ( * ,  ) - ' c l r ( v ' )

i l l  x ' l l l  +  l l l y ' l l l

I " , e t  z r  =  a ( " t ) * A ( y t )  6 _ 8 ,  T h e n  %  =  z t  s i n c e  T ( z )  =  T ( z r ) , a n d "  T

i s  one- to -one.  \Te  have i i  T ( " ) l l r  =  l l  @1(" ) *  - r (u ) l l r  {  I tw t (>r ) l l r+

n l l w ; - ( r ) l l ,  = " l l [  x l l l  + 1 1 1  y t t l  l  l l  z t i  + f ,  = l l z ' l l  * t  = i l  6  ( * ' . , ) - t t r ( y . ) l l + t  4
* t l c p ( x ' ) l l  +  l l  u :  ( : r , ) l !  + t  = l l l x , l l l  + [ f  : r , 1 1 1  + e  €  l t n ( r ) l l r  +  z e .  A s

( 7 ) a  w e  g e t  l l  T ( z ) l l - t  =  l l z l l  a n d  s o  T  i s  a  l i n e a r  i i o m e t r i r  o f  E

onto Et .

. ,  F i n a 1 1 y ,  r v e  s h o w  t h a t  r ( z r z r )  =  T ( z r ) r ( z )  r o r  z r t z r & , r t .

s u p p o s e  , i  =  a )  ( x t ) - c r j ( y i ) ,  x l r i I ' e x ,  i = r t 2 .  B r /  ( - l . r ) ,  t h e

def  i r r i t ion of  r  arnd (  i i i  )  rve q"*  
' t (z rzr )  =  - r  (x lx2{ . } r f  y  z)

-  ( d ' ( x r v r + v r x r )  =  w r ( x r )  O r J r ( x r ) +  - r ( y r  )  u t $ ) -  d r ( * r  )  d t ( , 2 ) *

-  u l ( r r ) c u r ( x r )  =  (  u r ( " r )  -  ' , r ( r r 1 )  )  ( o r  G ) -  w 1 ( : r 2 ) )  =  r (  z r ) t : ( , z r ) ,
.  v rh ich  comple tes  the  proo f  .

By  the  above proo f  o f  (v i  )  i t  f  o l lo rvs  the  f  o l low ing  coprp l .e -

t i o n  o f  T h e o r e m  3 . 2  o f  l ] : l  .

3 . 7 ,  T H E 0 I ? i l l r i .  r n .  T h e o r e m  2 . 3  t h e . n o l g i g c l _ l i n g a r  _ s p a c e  (  l ] , l t ' i r )

is  u l i r ,ug lLp to_a f j_near is.gnetr-y.

I txnmple 4 ' .10 shows that i f  we clo lot  reoui . rc for  the nor.rn
'  o f  z &  E  t o  s a t l s f l , '  ( z . z ) ,  t h e n  T i r e o r e r n  3 . 7  a n d  ( v i )  i n  T h e o r " e n r  3 , 8

are no long;er true r

A  consequence o f  fheorem 3 .6  1s  the  fo l lo lv ing  i
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3 .B .  COROLLARY.

with unit e and such thgl E j,F g_ Batgcb-alsgFra,

( i )  IS  x  /  vx  (gqg iya lenb ly ,  a r  (x )  /  v  wg) ) trren

d i s t  (  e , V X )  2 .  I .

( i r  )  r f  6u  ( x )

one-to-one )  a.nd X

/ vt  er(x)  ( in part icpta.r ,  i f  x  /  Wx g.ng r . , . ; ,  is

s a t i s f  i e s  o f r e  _ o f _ ! h e _ c o n d " i t i o n s  ( A ,  )  ,  ( n -  )  ,'  t F ' "  ) "

! h " t  d l s t  ( e , \ )  7 ,  1 ,

PR00F. We f i rst  show that for  any normed- almost l inear

s p a c e  X  r v e  h a v e  
!  

/  U "  i f f  w ( X )  /  V u t  ( X ) .  S r - i p p o s e  X  =  V X .  T h e n

a (X)  =  &) (VX)  ,  v rhence by  Remark- . -2 .Z . .we; rhave: r ,u  (V* )  =  Vot  (X)  .

Converse fy r  suppose c . /  (X)  =  V*  (X)  and le t  x  e  X .  Then , ,u (x )  u  V . * ,  (X)

a n d  s o  u t  ( x ) + ( - f " . r ; ( x ) )  =  0 .  T h e n  r r , ' ( x + ( - f " x ) )  =  e  =  a ,  ( C ) ,

h e n c e  x + ( - l - o x )  =  0 l  i . € . ,  l e V X  .  .

( i )  L e t  v  e v "  s u c h  t h a t  f ( e , v )  <  r .  T h e n  t l & , ( e ) - u ) ( v ) l l  <  r

a n d  s i n c e  b y  T h e o r e m  3 . 6  t h e  B a n a b l r  a l g ; e b r a  E  h a s  t h e  u n i t  u ( e ) ,

t h e  e l ' e m e n t  c . . ,  ( v )  t s  i n v e r t i b l e  i n  E ;  i . e . ,  t h e r e  e x i s t s  z  e E

s u c h  t h a t  z u t ( v )  =  ( i l ( v ) ,  =  c . , r ( . r ) :  S u p p o s e  z  =  u ( x ) - - r ( y ) ,  x r y e X

T h e n  z a . t ( v )  = . : " r ( x ) c " ( v ) - c o ( y ) - ( v )  =  ( t )  ( o ) .  B y  T h e o r e n  3 , 5 ,

i l e m a r k  2 . 2  a n d  R e m a r k  3 . 3  ( i )  ' w e  g e t  u ( x )  c r ( v ) ,  c ^ J ( i l u ( , r )  e  V -  ( X )

a n d  s o  @  ( e )  e v *  ( x ) .  B y  R e m a r k  3 . 3  ( i i i )  i t  f o l l - o w s  & . / ( x )  =  v - ( x

c o n t r a d i c t i n g  t h e  h . . r p o t h e s i s .  c o n s e o u e n t l y ,  c i  s t  ( e r V x )  ) -  l .

( i i )  s u p p o s e  x  s a t l s f i e s  ( a o )  ,  t ^ l  ( x )  /  ' t t  
" u $ 1  

a n d  1 e t  v r € w "
- s u c h  

t h a t  f  
( e r v r )  <  1 .  ; \ s  i n  ( i )  a b o v e ,  f o r  c . ,  ( r v ) . t h e r e  e x i s t s

z  =  r u ( x ) - w ( y ) e  n ,  x r l r 5 X  s u c h  t h . a t  z u : ( w )  =  o t )  ( * ) ,  =  c , t )  ( * ) .

T h e n  u ( x ) d . J ( r ' i ) - c . r . r ( y ) c u ( u r )  =  d ( e )  a n c l  b y  T h e o r e m  3 . 6 ,  R e m a r k  ? - . 2

a n d  ( A 4 )  v ! ' e  g e t  a  ( x ;  c l ( ' r )  =  f r l e  l v " . r ( x )  ,  w ( v )  t r ( w )  =  f r 2  € W  , u r ( x ) .
S incu  f r l  =  E2*  oo(e) ,  mu l t i l : I y ing  by  -1  in  the  a lnos t  l inear  space

c . "  (X)  * .  ee t  f i ,  =  -v r2* ( - t "  
r , , r  (e )  ) .  Consequent ly  i t r+  t ^ t (e )= f ie+( -1" r1 . ;

I ret  X be a normed almost l inear alseb::a



-16-

a n d  s i n c e  t h l s  r e l a t i o n  h o l d s  a l s o  i n  E ,  F . e  g e t  N ( e )  =  - l . , u r ( e ) ,

i . e . ,  C D ( u ) €  " '  ni '1o" r (X)  '  B) '  Remark  3 .2  ( i i1  i t  fo l - lov rs  w(x)  =  , , f  
,u (X)

a  c o n t r a d i c t i o n .  c o n s e q u e n t l y  d i s t  ( e r w x )  
>  L .  T h e  p r o o f  f o r  t h e

c a s e  w ' h e n  X  s a t i s f i e s  ( n ^ )  i s  s i m i l a r .

T h e  a s s u m p t i o n  i n  ( i i )  t h a t  x  s a t i s f i e s  o n e  o f  " b h e

c o n d i t i o n s  ( A +  )  ,  ( A 5  )  l s  e s s e r n t i a l -  (  s c e  E x a m p l e  4 . 3  )  .

.  For  another  app l l ca t ion  o f  Theorem 3 .6  v re  need the  fo l l .ov , i ing

lemma rn'hich holc l  i -n er norr .ecl  a lmost l inear s1,)ace.

3.9. Lnl/iivtA. Let X b-e :r norrygg-qll

l e t  f  e a x \  t o l  .  I f  r ^ r e  h a v q

( 3 . t 0 )  t r n u  ;  r  ( r ) ' >  o 3  c  u  ( x ) \  v . , . r ( x )

( 3 , 1 0  )  .

PR00F.  ' vTe f i rs t  sho ' , ^ ;  th : r t  i f  \ , , ,e  har re  ( l . i_01 ,  th .en

( 3 . r r )  u G ) \ v - ( x l  c  { r u E , , f ( z )  7  o }

f  nC.ced,  le t  ?  e  f , rJ  ( : l )  t  Vc , . ,  (X)  and s . ' r r ) "pose tha t  f ' ( ; )  <  0 .  T l rxn

f  ( * i )  >  O i , , ihence b ; ,2  (3 . t0 )  , , , i c r  ge t  - ie  e0( ; f  ) f  V* (X)  .  S j_nce

f * ( * i )  =  o ,  b y  L e r n m a .  2 . 1 .  ( i )  n o  ' g e t  
?  e  v  u ( x )  ,  i r  c c n t r a d i . i * . ; : i . o r . r .

Consecuen.tl lr t ' ,,e h:,lrre (.: . ff ; .

'  i iuppobe i ior ,v t l . t ; ; l t  t i re e1r-ral l t . ; r  s i f ,n. t .d.oes not l ro l -c1 ln ( ; .1O )  .

T h e n  t h e r e  e x i s t s  i e  c , 0 ( x ) r  u * ( X )  s u c h  t h a t  ( u s j - n 5 r  ( l . f f  ; ;  f , ( i ) = 0 .

S ince  - lo i * t , r ) ( ; { ) \  Vo ,  (X)  ,  b t /  (  l . r r )  v ;e  ge t  r ( - r " i : )  7z  o .  I f

f  ( - f o ; )  >  0 ,  t h e : : i  f  ( - I + ( - f o f ) )  >  O  a r i d  b r /  ( 3 . t 0 )  * "  g e t
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-  t  -  - \-E+( - loE)  =  Ve u(x ) \  Vcp(X)  .  Hence -1 , i '  =  I+ i  and so
'  -  

i ) .  T h e n  0  =  f ( I )  =  f  ( - f , f ; + f  ( - t o ] ) ,  w h i c h  i s  n o tx  =  - I o x * ( - I o

p o s s i b l e  s j . n c e  f ( - t r i l  >  I  a n d  - 1 o | e  & r l v \ t  T r  lt  1 X ) \  V o ,  ( X )  w h e n c e  b y

( 3 . l t ; ,  f  ( - t " i i ) V  o .  C o n s e q u e n t l y ,  u v e  h a v e

f ( ? ) = f ( - 1 " 8 ) = 0

Q ' i  n a ^
v J I r v  g ] f  L ^ - , -  o a . f  r  - \

t " a :  ( X )  l l e  I l . r v e  f t  X + \ - I o X /

o z t r <  f t  I + ( - r , t ) t t

l l  I+ ( - r , i  )U g i f  I . ,  +?+ (- to;)  l l  = l t  I  t  i l  = \

cont rad . ic t ing  the  cho ice  o f  )  .

c o m p l e t e s  t h e  p r o o f .

An lnspec t ion  o f  the  proo f  o f  Lemma 3 .9  shows tha t  v ie  have

u-sed on ly  the  l inea ; ' : - t y  o f  t  /  o  and.  no t  i t s  con t imr j . t : r .  r t  1s

not  d i f f i cu , l t  to  show tha . t  ( : . ro )  does  no t  ho ld .  v . ;hen f  l s  a

non-zero  l inear func t iona l  1 " , 'h ich  does  no t  be10n61 to  EN .

In  cor i . t ras t  to  the  } inea. r  case,  in  a  comple te  normec l  a . lmost

l inear *rg"d; . { ' ' , f f t i r  uni t  e,  i ' t i  is  posslble that  sorne etements x d x
- t  .r v r t h  

- P ( t t e )  1 L  t o  b e  n o t  i n v e r t i b l e  a n d -  a l s o  t h i , l t  t h e  s e t  o f

i n v e r t i b l e  e l e m e n t s  o f  X  t o  b e  n o t ' o p e n  ( s e e  E x a m n l - e  4 . g ) .  A n o t h e r

conseQuence o f  Theorem 3 .6  i s  the  nex t  coro l la r .y ,  l vh .e re  l ve  g ive

suf f i c ien t  cond" i t ions  in  o rder  tha t  those two resu l ts  f rom the

n4 n  /  o .  C h o o s e  , \ r n

a n d  l e t  i e s ,  l i  i l l  =  t

= I r ( I )  >  o ,  b y  ( 3 . r 0 ;

rnen,  t r !  = i t+ i+(- r r i )

such  tha t  f  ( i )  >  0 .

,,,i e get tr y-;-( -r'I )
a n d  b y  2 . L )  w e  h a v e

s i n c e  r ( l t - ; - ( - r , ; 1 ;

= ?te CP (x)\ V,r, ( x ) .

Clnsec iuent ly  f ( i )  >  O which
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l inear case to hold. .

3 .10 .  C0ROIJLARY.  I re t  X  be  a  normed a lmost  l inear  a l -s rebra  r ,

wl th qni . t  e suqh.thgj  E is g Bangch_al ,gebfa and a, l  is  one-to*one.

suppose there ex is ts  f  e  a*  r  {  o3 sat iq fy ing (  3 .  to  )  aqd sgcLth?t

f  ( z r z r )  =  f  ( z r ) t ( z r )  l o g  z r t z r € V .  l V e  h a v e  i

( i )  Sggh  x  eX  w ' ! t h  ! ( x ,e )  <  1  i s  i qve f t i b tg ,
/ . .  \( ii ) S.S_*eSt qf_inrs=tiple . .

P R 0 0 F .  . S i n c e  t  /  O ,  b y  ( 3 . t 0 )  y r e  g e t

( 3 . r e )

( 3 . r 3 ) f ( c r ( e ) )  )  0

c/r(x) /  v ut,)

Sinc'e"c^r (e) . is  the uni t  of  the almost l inear algebra i , rJ(X) ,

b y  R e r n a r k  3 . 3  ( i l i )  a n d  ( 3 . 1 2 )  i t  f o l l o v r s  t h a . t  a ) ( e ) e  U ( ) { )  \ V o y o r
' w l n r

\  r L  /

Thus,  by  (  3 .  tO )  and Lemma 3 .  9  l ye  ge t

V/e claini that

c . r . r (x )  i s  inver t ib le

ut G).e otr(4) r v,:.r (x)

(  3 . 1 4  ) t ( d ( x ) ) > o

S i n c e ' d ( " )  i s  t h e  u n j - t  o f  I l  a n d  c , , l ( x )

e x i s t s  z e E  s u c h . ' b h a . t  @ ( x ) z  =  z u o ( x )

f  i t  f o l l - o r v s  t h a t  f ( c t J ( x ) ) t ( z )  =  f ( e ) ,

w e  h a v e  t ( z )  7  o .  B : r  ( 3 . t 0 )  * "  g e t  z 6

z  =  t d ( y ) ,  y  €  x \  V x  .  C o n s e q u e n t l y ,  b l r

X  i s  s u c h  t l r . a t  < ! ( x )  e  U  ( ; t ) r  V . . . , / . . . r  a n d
w \ . t t J  

,

t h e n  x  1 s  i n v e r t i b l e .  f n d e e d " ,  s i n c c

(  3.  fO )  and L,emma 3.9 v , ie  get

i f  x €

i n  E ,

r o V

1 s  i n v e r t i b l e  i n  E ,  t h e r e

-  c r J ( e ) .  B y  t h e  a s s u n p t i o n  o n

r v h e n c e  b y  ( 3 . t 3 )  a n c l  ( l . f q )

t , r )  (x)  \  v-  (x)  ,  hence

( 3 . 7 )  r , ; e  h a v e  @ ( x ) c r J ( y )  =
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(Y)cr l  (x)  =  c t )  ( l ' x )  and s ince cd is
a)

w e  g e t  x y  =  y x  =  e ,  i . e . ,  x  i s  l n v e r t l b ] . e .

( i l  l e t  n o w  x c  X  s u c h  t h a t  y ( x r e )  <  l .  R y  3 . 1 2

one- to-one

C o r o l l a r y  3 . 8  ( i )  w e  h a v e  x {  v "  a n a  s o  u  ( x ) e  @ ( x ) .  V * ( x )  .
's ince I Ic r :1x) -u(e) i l  <  I  and,  E is  a  Banach a1-gebra v i r i th  un i t
&,r (  e ) ,  i t  f  orrows thert u (x) is invert lbre in E, vi ,hence the
conch is ion  fo1 lo ,ns  by  ou r  c la i rn  above .  .

( l i )  Le t  x .  GX such tha t  x  i s  i - r rver t ib le .  By  *emark
and  (3 . t2 )  r , ve  have  x {  V*  ana  so  @(x )  e  u (x ;  r .  V_ (x )  .
a b o v e  v / e  g e t  t h a t  U ( * )  s a . t i s f . i e s  ( 3 . t g ; .  S i n c e  c { r ( x )
lnver-b ibre in  u(x) )  i t  is  inver t ib le  in  E a.nd so there ex is_bs
6  t -  >  0  s u c h  t h a t  . z  e  E  i s  i n v e r t i b r e  i f  l r  z -  u ( x ) i l  .  t r .  s i n c e "

f  6 E ' (  ,  b t r  ( J . f 4 )  t h e r e  e x i s t s  g z > e  s u c h  t h a t  f ( z ) 2 O  i f
z  cE 'and  l I z -  u (x ) i i  t  t  z  .  B "y  (3 . t0 )  r t  f c110 , r , r s  tha t  z  e  u )  ( x ) r . v r , r ,
i f  z € E t  f i  z - t t ) ( x ) a i  <  e ?  .  T . , e t  t  =  r : . L n  i t t ,  ,  1 3 .  T h e n  e : a c h  , /  e X
v ' i i t h  f ( v , x ) < e  i s  i n v e r t i b l e .  r n d e e d ,  i f  ! ( : r r > r ) <  E  t h e r :
a t  (v)  e  s" t (x) r  va l  (x)  a .nc l  crs(v)  i "  inver t ib le  in 'n ,  wher ice b. , r  our
c la i ' ' r  : r  i s  i n ' e r t i b le ,  wh ich  co*p re tes  the  n roo f  ,

The assnn:n t io r r  on  L t )  to  be  one- to*one can no t  j re  d ron f rc r i  in
C o r o l l a r y  3 , l O  ( s e e  E x a n n l e  4 . 3 )

fn ( t .qJ,  Lenr.ra 6.1) ,?, , .e prrved thir . t  , :  nc: :nted aln,ost  _ l_ i1ear
spa 'ce  (x r r i t ' i , i )  i s  comnle te  i f f '  (n ,  t t , i /  )  i s  a  Banach sna.ce  a .nc j .  dar (x )
i  s  nornr -c lo  sed.  in  E .  Ccnsequent l ; r ,  i r :  Ccrc l la r i  e  s  .  3 .  B  and 3 , :10
the assump-bion on E to be a Banach arge:bra 1s wealce:.  than t i re
assumption .  or . r  x to be tL complet  e nor: :necl  nLrrno st  l ine alr .  a,--r-gerb:ra.

and

3 " 1  ( i v )

A s  i n  ( i )

J D



In  th is  sec t ion  y , re

algebras as wel l  as the

i n  S e c t i o n  3 .
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EXAMPTES

grve examples of  normecl

counter.exami: les at  v,rhich

a, lmost  l lnear

v/e ref fer :ec l

4 .

4 . L  -

=  {  t r e R :
( p o s s i b l e  a

llXAI,,tPtE. For o{

4

s i n g l e t o n )  o f  R

t p C R ,  n S P  ,
i ^ ' r 'r r 9 r  r  f  l _ . S'  < , 1 ,
wi th  end points

' l ^ +  TI V U  I  .  ^  =a  r P
a  c l o s e d  i n t e r v a l

( + .  r ;
(  4  . 2 ' 1

x = l l * , h ) . o , p € R , u < p ]
tl-

F o r ' \ J r r J Z €  X  a n d  \ e n d  e f i ne

\ r i , t
' ,  \ 1 6

The element 0 €

i/e have VX = ;

a n d X = \ + V " .

For "x{f r

X  i s  t O r O

r L I  :  I

a lu l *dz  =  L  A  rn
I " J r  +  f  l , \ - ,

L L

r €  J l '

t,-3

= - t . 0 3 .  T l i e n  X  i s  a n

e  R J =  f $ x t  :  I e  e J

A  , u  t r l

a l m o s t  l i n e a r

l r r ( *
, i y . o = l I t r i

r \  _  
A l h

s p a c e .

\en*J

( + . 3 )

( q . 4 )

For I

e
Y < d  l e t u s p u t |

\ = =t.iuo.-
f  = aY],F[ .

n  r f ,  ' I y  
, [  €  X  w e  d e f l n e  t h e  p r o d " u c t

t * rpty , f ,  = I t , r



( q , j )
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\w n e r e  V .  , y  a r e  g i v e n  b y  ( 4 . 3 )  r G . 4 ) .I "

( l f ) - ( O : )  a r e  s a t i s f i e d  a n d  t h a t  X  i s

algebra with. unit e = I., ,", . '  Note tha.t' \  u t z

Arye  n  l ns tead  o f  R ,  .  Consec luen t l y
l +

For  J6 X def lne

l l l  s t l l l =  s u p  f  l l l  ;  l e ;  J

For
o
T-a 

rF

" (c  I

I t  is  .u.r .  ,o show tha.t

a. conrmuta.tive a.Imost l inear

X s: , r t i  s f i_es (A. )  for
J '

X  s a t i s f i e s  ( t , )  a n d  ( A _ ) .
u  - 1  .

t /

t  I ,a rp  be  d ,e f ined as  j -n  Oxar : ip le  4 .1

i  e t  < t r  .  p  ] ,  t ; , p =  { , \ e R  i * " * I . p }
L e t

Then (x r i l l ' i i l  )  i s  a  normed.  a lmost .  l inear  a161ebra .  The normed.
l lnear algebra (  8,  l l  ,  f l  )  and the mapp 1ng ut , ,X -)  E given by
Theore ln  3 .6  a ' -e  the  fo r ro lv ing  i  E  =  R2 ,  the  prod .uc t  on  E be in5g
t h e  u s u a t  o n e ,  i . e .  ,  ( c , p  ) (  X ,  , f  )  =  ( a T  , F I l  ,  ( - t ,  p ) , (  y ,  { ) r n
n ( " 1  , f  ) t t  = l o r l  + l p l  ,  ( * , p ) e n a n o  * ( t , , , p ) =  ( + i -  , 1 _ U ) .
C1ear ly ,  < , r r  i s  one- to -one 

" ld  
v . /e  have c^ r (V" ) '=  |  f  * ,0 )  , "  oc  e  R3 ,

- ( ' ' ' ' " )  =  t  ( 0 , 11  ) i  p6R+ i  and  L^ ) ( x )  +  b t )  ( i l x )  +w(vx ) .
The comple 'be  normed a ln ros t  l inear  a lgebra  X sa t is f ies  a l l

t h e  c o n d i t i o n s  i n  c o r o l l a r y  3 . 1 0 .  r n d . e e d ,  o n e  
" ^ n  

c h o o s e  f  e  t l t r
d e f i n e d  b y  f  ( ( 4 , f  ) )  = d  ,  ( " {  ,  p , ) e  n .  L e t  u s  n o t e  t i r a . t , e r i . c } r

;:q J I lYi,rl ::, T;T'=' ; ;;^,, ;,::t, l'*:'." nJ' y, T." -
s ince  r .  J  | r "uvx  .  B ; r  'Remar r rs  

3 .2  ( i i t )  and  3 .3  ( i , r ;  t he  e - r  e i . ren tso r P t  i t  ' x '  " r

to  
,u  4 ' { lxvV"  are not  inver t ib le .

4.2,  EXAI! 'TPLE.

ar: .d foq *  <( l  1et

and f 'l _ = { tr e n io s , p  L

< P  l e

{  l e  n

p J .

X = t J , f l '  r ; , p i * t P G R t n r P € R r * S P I

space d ef in ing for J.  ,J, ,  € N
a

1?n, f  ' . ( < r l t u { t  .
r . f  g _ C t f i ,

We organ ize X as an almost l inear
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a n d  I e n t  J r + J r a s

We have VX = / t.^ 
rtr

, Clearly x y' w*+v" .

We organize X as

the follo'cing tvay I for

b y  ( 4 . 3 ) , ( 4 . 4 ) .

a s  i n  ( 4 . 2 )  a n d  0 €  X - b , ,  f 0 r 0  c

= 5  t -A , . I ;  le  n*3r f  i - , t , , \ j r "o ]

i n  ( 4 . 1 ) ,  l "  { r
t \ e a l  a n d  v f x

= f
ol tft

ct
= J

o< ,(,

a commutn. t lve aln'rost l inear algebra in

4 f  F  ,  Ys , l  re t  . \ , 1 , ,  i be  c le f i ned

rn ,pr  t  r t
c t o
t* ,u t  

t ,  I
t ) , o t i , t

rJ  , t t ' i , t
I  r  I r la r |  8 , 6

o
T T

!  ,o -  t , t
I  I Id , P  t , )
ti ,r
T r l

o A ' f
r ,
t  r f

" I , t=  I  ,pr i , [  =  t r , r
l ' * , [  =  t^ , r

! ' {e  d raw a t ten t ion  tha t  in  the  f i rs t  l i ne  the  equa l i t les  ho l -c l

l ' rhen  the : r  make sense.  c l -ear l ; ' ,  x  sa t is f ies  (no) ,  (Ao)  uu t  x  has
not .  uni t

F o r  J €  x .  d e f i n e  u r  J r t t  a s  i n  ( 4 , 5 ) .  T h e n  ( x , u t . t t t 1  i s  , t ,

eom"nu ' ta t i ve  (conp le te )  nor rned a l .most  l inear  a l -gebra .  The no ' *ed
l inear  a lgebra  ( i l , l f  ' t , )  and c^ t  :K- )  B  g iven by  Theoren 3 .G ar .e

t h e  f o l l o w i n g S  ( E , i l , l l  )  i s t h e  s a r n e  a s  i n  E x a m p r e  4 . 1  , n d

c , r ( r . . - )  = r ; u ( |  , ^ )  - e l ( 1 r  j = c , . t ( t , ,  )  = t - q t p -  P - a  \'  o . ' r ' 0  4 r p '  ' - * r p ,  * , ' * r F i  =  \ - ? - -  ,  * T  )
f o r  q  o  p  a n d .  - ( I - r r . . )  =  ( . <  r O ) ,  " <  €  I i .  C l -  e a . r L y ,  u t  i s  n o t

one- t6 -one.  Here  ( r . / (vx ) ,  c rJ ( l / x )  a 'd  p (x )  a re  the  s r j .me as  j_ r . r

Exan,o1e 4 .1 .

4 . 3 .  E X A W L E .  L e t  X  b e  t h e

in  Example  4 .2 .  iTe  organ ize  X ars

algebra in the foJ. lorv ing wal/  i  f  or

g i v e n  b y  ( 4 . 3 ) ,  ( + . 4 ) .

a l m o s t  l i n e a r

a.  comnnutat ive

space d"escr i j :ec1

a lmost  l inear
t

t e t  A ,  f ^  b e
,

n < P  '  r t t
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ra ,FIr,,
Yo rf' tr, I
roc,p rl ,t
rrn 'PIi ''
tn  , r t r  , [

= f t
o n ' f

= t^  
r f

=  t i r r
=  f t t

\  t t "
o ' o= 
L ,pr i , t  =  ru ,pr ; , f ,  =  

- tJ ,pyr , [  
=

= {  ,p| i , l  = t ) ,pr i t , [  = 1^, ,
=  r ' rp r t r , t r  =  r " rp r t ' , v  =  rA r l ,

* s P ' { s d
€ ( < P  r t . f ,
4 < F r 6 t f ,

o ( .  f  , t c {

-< . (J , Y. d

d .  p ,  ( a  n

*ou* l i -near s 'oa.ce anrJ

( ( t ' 1  \  . r  - r '  m  . : , -
\ L ( r r l  J . - L  r  J - i j  a l " d d - j - t i . V e  ,

o
I I :n , F  ( , t

N o t e  t h a t  x  d o e s  n o t  s a . t i s f y  ( A q )  a n d  ( A i ) .  T o . q e t h c r  w i t h  t h r e

norm def ined"  b ; ,  (4 .5 ) ,  x  i s  a .  comple te  ncrmed.  a lmost  l lnea . r ,  ,  -

a lgebra. .  The element e = tor ,  is  the uni t -  of  x.  ive have

e =  to r ,  =  r - l r l * r l r1d  ivx+V1 (a .nd  e  i s  inver t ib le )  bu t  x  y '  , ; l r+V"

The norrred l inear algebra (  n,  t r .  t l )  and cn;\*2 E given b;y,
\

T h e o i " e m  3 . 6  a r e  t h e  s a m e  a s ' i n  E x a m p l e  4 . 2 , .  A 1 l  c o n d i t i o n s  . i n
c o r o l l a r l '  3 . 1 0  r L r ' e  s a . t i s f i e d ,  e : c c e p t  f o r  u l  o n e - t o . - o n c .  r n i e e d ,

t  e  f  de f  ined  in .  Example  4  . l  car i  be  chosen;  The .  conc lus ions

o f  c o r o l l a r l r  3 . 1 , 0  a r e  n o  l o n g e r  t r u e  s i n c e  e . g . ,  f o r  x  =  f o r ,

w e  h a v e  y ( x , e )  =  Q  a n d .  1 o r ,  l s  n o t  j - n v e r t i b r e ,  i i e n c e  t h e  s e t  o f

inver t ib le  e le rnen. ts  i s  no t  o .pen.

4 . 4 .  E X A L , P L I J .  L e t  X  b e  a

cal l  f  ; l t  - t  X ar i  a lmost l inear

normed. al

o i r e r a t o r

p o s i t i v e l y  h o m o g e n e o u s  a n d "  T ( i v x )  c \ f i x  .  L e t  * ( x )  b e  t h e  s e t

o f  a l l  a lmost  } inear  oper . i+ to rs  T IX* - )X .  iVe  organ i  r *  *  (X)  i j . s r  an

a lmost  l inear  space ( f4 l )  de f in ing  the  a . r ld " i t ion  and ? ,ero  i : ,$  in

t h e  l i n e a r  c a s e  a n d  f o i :  r  e  * g )  a n d  X  e  n  d e f i n e  (  t r " ' r ) ( " )  =

= T ( \ o 3 ) , x € X . F o r I € N G ) 1 e t | | | T | i | = u * p f [ l T ( x ) | l | , , l l l x l l | <

a n d  l e t  L ( x )  =  t r n  ! , t x ) ;  r t r r i l t
a normed" a lmost  l inear  space ( r4 l  ) .  s imi lar  wi th  the r inear  case
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r  / $ \  r r .  r . . \we organize (t(x) , l l( , l l l )  as a normed, almost. I lnear algebra ,
de f i n i ng  f o r  TyT2€  r , ( x )  t ne  p rod .uc t  T tTz  by  (T rTe ) ( x )  =  T r ( r r ( x ) ;
x€x '  c lear lv ,  T1T2€ [ (x )  and i t r  T , rz i l r  g  I i lT1 i l r  t t r r ' r i l .  r t  i s

, *  no t i  tha t  L (x )  sa t ls f ies
the fo l lowing stronger condi t ion than (nr)r  namel) ,  i , , , re have

r r ( - ro r r )  =  - fa r  ( t1 r2) ( f l , T 2 €  r , ( x ) )

At the end of this example we shorv that n(x) d,oes not alvr.ays
s a t i  s f y  ( t + r ) .  ,

The  un i t  o f  r , ( x )  i s  t he  a r -mos t  r i nea r  opera to r  r , " xex .
d e f i n e d '  b y  r ( x )  =  x r  x  e  x .  c l e a r l y ,  w h e n  x  =  v x  ( i . e . ,  w h e n  x  i s
a  no rmed  l i nea r  space) ,  t hen  ( ! ( x ) ,  r l t . i t t  ;  ee r inea  above  i s  the
usual normed l inear algebra of al l  bound-ed l inear operators
T: x .--+ x.

Let  ( f  ,  i l . l l  )  and a)  be  g iven by  Theorem 2 .3  fo r  the  normec l
a l r ros t  l inear  space X.  For  s ln ip r ic i t ; r ,  in  the  seoue l  v /e  suppose
a, t  one- . to -one ( fo '  the  generar  case use Theorern  3 .6  o f  f  4J  and
theorem 3 '6  above) .  I ,e t  K  be  the  cone o f  the  normed l inear  a lsebra
t (E)  d ,e f ined"  b : r

K  =  l 6 e n ( n ) : T ( - ( x ) )  c  u ( x )  ,  i t * ( ' , / x )  ) c c , s ( T / . , ) 3

.  
Then the  normed"  l inear  a lgebra  (Ur ( " ; , l t . l i r (Xy)  and : , : :  

, .  
,  .

d '  rX ;3 f , (X)  * -+  E f , (X ;  g iven  by  Theorem 3 .6  a re  the  fo l lov , r ing ;l J \

El(x)  F K K eqyippecl  iy+th ! i .e ngl l l

l l t , lur,r,  = i ' r{ l t i l r t t  i ,(E)+i l trrrr(E);fr=f i ' r*fr2, fr,  , f fr*K}, 6. ur(",
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a n d  f o r  T € l ( x )  w e  d e f i n e  a x ( x 1 ( r )  = 6 € x ,  w h e r e  f o r
z  =  cd  ( x ) -  c r ( y )  r i  E ,  x , y r  E  X ,  dk )  =  N  (T ( x )  ) _N( r ( ; r )  )  (wh i ch  d .oes
not  i lepend on  the  representa t j -on  o f  z ) .  I le re  Nn$)  i s  one_to_one

and Nr , (v r (1 , (x ) )  =  K .  Le t  us  a lso  no te  tha t  v rhen a . r  (x )  =  *  f ,o rl J \ . / l /

each x€  x  then r , (x )  =  16 tx :  te  K  3  .
Finar ly  we sho lv  tha t  r (x )  d .oes  no t  a l rvays  sa t ls fy  (n" ) .  r ,e t

C , ,x  =  1 \ a , , P  ) €  R ' i  F . z  t a r  3  .  D e f i n e  t h e  a d d i t i o n  a n d  t h e
m u l t i p l i c a t i o n  b y  n o n - n e g a t i v e  r e a l s  a s  i n  R 2  a n d  f o r  ( r (  r p  ) g r
a n d  A c o d . e - '  t  'r f i ne  , t r .  ( d  ,  P  )  =  ( t r "  , lN  f  ) .  Then  x  i s  an  a tmos t
l inea . r  space and v /e  have vx  =  {  (0 ,0 )J  ,  l vx  =  5  (0 , (3  )e  nz :  pe  n*3
a n d  X / i v , , + v - . .  F o r  ( e , p  ) € X d e f i n e  l l f ( " < , p ) l l l = l o { | * ( ) .  T h e n' r ' . . [

x  i s  a  no rmed  a rmos t  l i nea r  space .  re t  r l ,Tz€  r , ( x )  t  
"  

d .e f i ned  by

r r (  (  *  ,  p  ) )
r r ( ( " < , f  ) )

( o , z  p  )
(0 ,  f  * , {  )

@ , F
( " ( r P

Then  T l€  iY f , ( x )  a .nd  fo r  (  -<  ,  p  )e  X \V / ,  r ve  have  (T fTe ) ( (a , f ) )

=  ( o , 2 (  I  - < l l  a n c l  ( - r , ( T r r e ) ) ( " <  , p  )  =  ( r r r e ) ( - * , p  ) ) =
=  ( a , 2 (  (  * " ( ) ) ,  i . e . ,  t ( X )  d o e s  n o t  s a t i s f i ;  ( a ^ ) .

4.5 EXAITTPLE. r ,e t  
%* r ,  b"  the Bana.ch ' lgeb 'a of  a l l

nX  n  ma . t r i ces  (  d ,  n  )  ec ;u lpped .  l r i t h  t he  no rm

( 4 . e ;

L e t

(  p o  s s i b l e

J =  t
empty)

l l  ( - < i 3 ) l l

( i , j ) 1 1 g  i , j  { " ?  a n d .  t . e t

d . i s jo ln t  subse ts  o f  J .  l e t

)  e x

) e x

J ,  ,  J  be  tv ;o
T

{r

' t  \ n . .  )  I
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Y = Y ( J + , J _ ) =  
{ ( o ,  j ) €  M n * r , j * ,  j  7 r a , ( i ,  j ) € J *  , n i j s 0 , ( i ,  j ) c J _  3

tYe or€lanL?"e Y as an almost. l inear space where the add"it ion and.

the murt ip l icat ion by non-negat i -ve reals are the same as i ,  Mrrx '
a n d  f o r  \ <  O ' a n d  ( " ( 1 3 ) e  V  w e  d e f i n e  t r " ( 4 , - )  =  ( p r ; ) e  v , w h e r e1 J '

I < .  .
i _ J

l \ l a  i i

f o r  ( i ,  j  )
^  / .  . \
r o r  ( 1 r J J

v  r - 3
U . r

U J+

. U , l

We have

Iv . , -  )
I b

r r ,  (
f Y w = l

L L

( - < r r ) e
( . < r r ) e

( i , i l l  t
( r ,  j ) € . r

0 i i
(t; ;
a  * d

E J+

4 r*
, ;  * i  

j  
_  o

Y i a( 
i j = Q

Clearly, Y = Wr+V, and_ lve have y = Vy iff, J* = J_ = / and in

t h i s  c a s e  y  =  
% X  r ,  .  I r o r  ( d ' r )  e f  r v e  d e f i n e  , f l  ( * . i 3 ) l l l  a s

i n  ( 4 . 6 ; .  T h e r r  ( y , t t t ' l l l )  i s  a  n o r n e d  a h c o s t  l l n e a r  s p a c e ,  T h e

normed- l - inear spacu (Ef ,  , l . , lE.r)  r r ,g the n:e.1r1: ing1 @Viy -> i I "  r i rzen

by  Theorem 2 .3  a re  the  to f fo ' , i , ing  I  E ,  =  ILx  '  ec iu ipped , * ; i th  th .e

norm (4 .6 )  and c . r r ( : . , r )  =  J r  fo r  each y€  y . .

r f  v /e  de f lne  the  produc t  o f  t l r , ,o  mat r ices  o f  y  as  in  the

l inear c&se, then cl-ear l1r  th ls prcr i -uct  c lces not s. fy, ; i3.r , rs bel-ong to

Y.  Th .a t  i s  w i ry  l ve  a re  now in te res ted  in  those a lmost  l inear

subspaces  X o f  Y  wh ich  are  a lmost  l inear  a l ,gebras  fo r  the  prod"uc t

o f  two mat . r i ces  de f ined ns  in  l i l r r * r .  .  Be ing  hard .  in  genera l ,

I / /e shal l -  consid"er here the case 11 = Z.  lVe d.enote by e the uni t

m a t r i x  o f  M - 2 X 2 .  D u e  t c  t h e  l a r g e  n u r r b e r  o f  c a s e s  (  t h e r e  i : r r c )

81 cases to be ionsid erer l  f  or  obt l r i  nrnr\  r , : : .x in- .a!  a lnost l inca.r

al55ebras X of  Y for al - l  posslble choi-ces of  J* and. J_) y/e shr l l l - l

l i s t  b e l o *  n i n e  n o r m e d .  a l n i o s t  l i * e a r  a l g e b r a s  x L r x z ; . . . r x 9 r  a l l
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with unit e' obtained.

cases vi ' i l I  be alrnost

recall- that Y stand.s

C a s e  l .  J .  =  J
.t-
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.  e a

for ceftain pairs

linear subalgebras

T Tu  ,  , u

o f  X .
L

A1l- the

1 - <  1 <

:  , .  - .  :

other

9. Vle

a

,

xl. = u*r- = Y = Mzr z

C a s e  2 .

=  { t n i ; ) e
=  l ( o i 5 ) e

J+
=  f  r t , 1 ) 3 ,  J -  = /

x
ẑ

' 1 r
. l \ r ' {

J

have

1 I
Y v

11. '
l_

Y{",.'
A n

L
t I t'  l I , .

I
J L A

5

( < .  , )  e' r J

( d *  * ) d
J J

( o r . . ) €
.  ' l ' l '

4r t  =

n z r =

a: -z  =

o 3
n z z

4 z z

= 0 3
= 0 3

\ , , . t
r ,

v r
L E

\ t l^ i '

1 r .
" 2 ' ,

l f e" 3 '

u < - ^
L Z

4z:,

iVe

= i
= f
= {

= 0 3
= o J

t = 2 t 3

i f  a  no rned

is  an  a lmos t

Y- =ltV,, +V., .r t 1 t l

and X. = !YX. *VX. ,
t _ a

a lmost  l j .near  space

l inear  subspace o f

C a s g  3 .  J -  =

i=2r3 .  I le re  we d . ravr  a t ten t ion  tha t

Y 1s of the form Y = 'r ' /y+V, and y,

Y ,  then vre do not have in general

{ . \ ' , 2 \ 3 , r - = 9 .

= 0 3
= 0 3

. r .

Y .

x 4 =  t
x5

( - < r r )  e
( o ( .  u ) dr . J

4  a . r 1
L '

a' zl

n

vx.
l_

Tl.,'n4

= t
= t

& n n
1 2 .

*11

( o ( {  { )  €

( d . . .  * ) €
. L J

= 0 3
= 4 2 : ' .

Y ,
" i .

v .t ,  
4 ,

= o ]

Yile have

; - A  q
L - a r J



and we have X. = *ir*u*, t r=4 t5 '

c p g e  4 .  J *  =  {  ( t , l ) , ( z r z 1 J ,  J _  =  i l  . '

x6

x7

= 1 ( { i i ) e v } 4 . , z = 0 3

=  { . t n r r , : Y i " ( ' z r = o J

We have

tu" ,  =  f  (o i . ; )e  xr i  o

and X, = Wu. +Vr. , i=6 {f , Note that e € W.,r ^i ^i- jti
I

u " ,  =  { ( n i ; ) e x i l o
* * ,  =  f . @  i i ) e  x 6 ' , 4

1 a = { ^ ^ - Qr-r zz l
n 7

z L = v J
n 7

L z = ' J

i = 6  t 7

,  i=6  rJ  and X,  /  WX.  .

M o r e o v e r  f o r  v e V " . \  { 0 3  ,  i = 6 r J  w e  h a v e  e v  =  v e  =  v  /  o .  A l s o-.-a

u a ku ls invert ible but xl  /  'Nx. ,  i=6 t7 ,  Here x5 and x.7 d.o not--r- * '-l
s a t i s f y  ( A + )  a n d  ( n r ) .  .

c a q p  5 .  J *  =  t i r r , r ) , ( r  r z ) r ( 2 , 1 )  , ( 2 , 2 )  3 ,  J _  =  i l  .

x B = * " u = {

c g s g  6 .  J *  =  {  f r , l ) , ( , r z ) 3

X o - W ' .  = J
J  I \  

Y

As exempLif icat ion we d.escr lbe now the maximal almost l inear

a lgebras  o f  Y  fo r  ty ro  pa i rs  o f  J+rJ -  .
' E s s  ( a ) .  J *  =  i l  ,  J _  =  { O , 1 ) 3  .

,  J _ =  t f t , z ) , ( 2 , 1 ) 3 .
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xto = o*ro = $. t*:.;) e xtl * tt- = 4 
rz = o 3

x r t  =  u * r ,  =  1 ( * r i ) t x r l  * t t  =  d 2 1  -  o  J

, c a s e  ( r ) .  J * =  { t t , 1 ) , ( r , 1 3  |  J _ =  { t , - , 2 ) j .

,  x:rz= *"r ,  =.  { .  (*r i )€ xe i  4 t ,  = 4 zz= o 3
x r 3  = ' k r 3  =  5 . @ i 3 ) € x r :  n 2 r =  n 2 2  -  o J
xr4 = **r4*utr_o=  { ( n i l € x r ' , x z . - = 0 3 =

=  $ .  ( * r i )  6 I J :  n , z  =  o  3

Finally, the nornLed l inear algebra ( Er. ,  i l ,  Ur, ) and.
"i '"x..,

u"  I  X l - )  E*  g iven  by  Theorem 3 .6  a re  the  fo l low lng)  Eu =X*-X. ,  ,^i_ L ^j- - .I\i 
-1 --L

f l ' l l E  i = g i v e n b y  ( 4 . 6 )  a n d a . r " . ( x )  = x ,  x 6 X r ' ,  I 1 i '   ,  4 .

4,6.  BXAI. , .PIE. I ,Ct

Def lne the addl t ion and the mul t ip l icat lon by non-negat lve rea ls

a s  i n  n 2  a n d -  f o r  ( q ,  
f )  € x  a n a  . \  <  o  d . e f i n e  \ o ( , r ,  p  )  =

=  ( I r ( ,  t t r l p  1 .  Then .  x  i s  an  a lmos t  l i nea r  space  and  we  have

v x  =  t f n , O )  j o < ' e  n ] , ' ; r , r =  { f o , p ) i  ( r 6 R * } a n a  x =  \ + v ^  .
For  ( *  

i  ,  f  , )  e  X  ,  i=L  12  c te f ine  the  prod ,uc t

Then X is  an  a lmost  l inear  a lgebra ' ,vh ich  does  no t  sa t is fy  (AO)  and-

(a f  ) .  C lear ly ,  Y iX  is  no t  an  a lmost  l j -near  suba lgebra  o f  X .

[ =  | r n , p ) e a z ;  p > o  3

( a r ;  F r ) ( n z , f  )  =  ( f r f  , , f t ( 2 )

4.7 .  EXAITPIE.  L ,e t  X  be  the  a lmost  l inear  s .pace descr ibec l
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in Example 4.6.  Equipped w:t th the norm l l l  (x ,p ) l l l  = l "d *  p ,
(a  ,p  )e  X ,  i t  i s  a  normed a lmost  l inear  spa,ce .  For  ( rc i  , f  , )e  X ,

L=Lt2  d .e f ine  the  produc t

(  * r ,  P1* ) (n  z ,  P i  =  (  ( r t  ) , f  t (  r t

Then  X  sa t i s f i es  ( n r ) - ( u+ )  uu t  ( n r )  i s

w€Wr\  I  o3  ,  !€  v* r  {  oJ  we have *u  /

not  sa t is f i .ed .  For

n

4.8. EXAI\PLE. I,et X = R3 . Vfe orga.nrze X as an almost l inea.r'

space lvhere  the  add i t lon  and the  mul t ip l i ca t ion  by  non*negat ive

r e a l s  a r e  t h e  s a m e  a s  i n  R 3  a n d  f o r  ( a  
t r d  2 r d  3 ) €  

x  a n d .  \  a  o

r v e  d e f j - n e  \ ,  ( 4 L r n z , 4  
3 )  

=  ( A d 1  r \ 4  , ,  f  t r i o ( 3 ) .  i t / e  h a v e

' \

1 I' X

r I t
l l  r r

I

$  ( d r , 4 2 , 0 ) !  d L , < 2 e R I

t ( o , o , ' < 3 ) ;  ' { 3 € n }

and X

uol =

g: l l t

= 
knVX .  There  ex is ts  no  norn  on

( 0 , 0 , 1 ) d \ Y x  ,  w z  =  ( 0 , 0 , - t ) e i ' i "  w e

v i l+ r r i2 t l l  =  0 ,  con t rad ic t , i rng ;  (NZ) .  , . ,  : '

F o r  ( * ,  ,  d z ,  d 3 1 , (  F t ,  p  z ,  p  l )  6  x

X ,  s i n c e

h r r r o  t r r r
v . l

d ef  i -ne

o th nrwi srr  -  'For

( N 4 ) ,  o l  l l (  ' , v r l l l d

the  produc t

(n ,n r , "< r ) (Py f  2 , f  |  =  (d1P1,

I "b  i s  easy  to  sho l  tha t  tn r i - (A5)  ho ld  and X is  an  a ln ros t  l inear

a l g e b r a  v r i t h  u n i t  e  =  ( f  r 0 , 0 ) .

W e  h a v e  e € V *  a n d  X  /  V X  .  . l V l o r e o v e r r  f o r  x e X \ V "  r v e  h a v e

x e  =  * 4 V ,  a n d .  x ( - t o e )  /  - l o ( x e )  =  - l o x .  C l e a r l y  e e V "  i s  i n v e r - t l b t r

and x  /  vx .  For  we !v " \  to  3  rve  have ew =  lve  =  v r  /  o .  Note  tha t

V* is an almost l inear subalgebra of  X.

q;,? 
z*nz( ff f) , dlpr+x, ( f t+ f ,) )



1 ' l- { l -  : '
,  . :

'  ' :

rf rnre change the prod.uct d.efined above with the following

(n1,*z,t:) (P L, f2'P:) 
= (*tPyarPz*dz(f f 

pz) ,4y? 3*a2(Fr+f2 ) )

'  
then  (n t ) - ( l f )  f ro fO. ,  bu t  X  has  no  un i t ,  Here  V*  i s  no t  an  a lmost

l i n e a r  s u b a l g e b r a  o f  X  s i n c e  e . g . ,  f o r  v ,  =  y 2  =  ( t r 1 r 0 )  e V X

w e h a v e r l t 2  =  ( r r 3 , D | v x .  '

4 . 9 .  E X A I i I P L E .  L e t  x  =  1 ( < ,  P  ) e n 2 i  p  >  l o l l  .  i t c  o r g a n i z e

X as  an  a lmost  l inear  space s lmi la r  i r i th .  Example  4 ,6 , ' v . /e  have

v x  =  { t o , o l } ,  i { x =  {  ( 0 , p ) :  p € r ? + 3  a n d  x / l v " + v r .  F o r
( d i ,  P i )  e X ,  i = L , Z  d e f i n e ' t h e  p r o d . u c t  ( d f  ,  P )  ( - (  

Z ,  F Z )  =
l ^= (o fa  

Z ,  P tP ) .  Then X i -s  a  commuta t ive  a lmost  l inear  a . lgcbra ,

s a t i s f : ; r i n g  ( A + ) r ( A 5 )  a " n d  e  =  ( t , 1 )  i s  t h e  u n i t  o f  X .  F o r  t h e  n o r i n

l l l  (d  ,0  ) l f l  =  l "< l  +F ,  Q ,P  )e  x ,  x  i s  a  nor r "ec l  a l rnos t  l iner r . r  '  '

a lgehra .  The normed l , inear  a lgebra  (E , t l , f l )  and u ix  ->E g iven

bJ ,  Theorem 3 .6  a re  the  fo l lo lv lng ' ,8  =  I l2  enu i -ppec l  w l th  the  norm

g i v e n  b y  ( 2 . 2 )  a n d  c , r  ( x )  =  x ,  x € X .

T h e  s e t  o f  i n v e r t i b l e  e l e m e n t s  o f  X  i s l \ " e ;  \ e n f { O } J

rvh ich  is  no t  an  open suJ :se t  o f  X .  For  x  =  ( l r t )  €  X  v ;e  have

g ( x , e )  = r a  l  a n d  x  1 s  n o t  i n v e r t i b l e .

4.10.  EXAI ' , 'PLI I .  Let  X be the nornrec l  a lmost  l inear  a lgebra

desc r ibed -  i n  Exampte  { , . 3 .  Le t  (n ,  t l . i ,  )  and  e )  be  g i ven  by  , .  
"  : . : )

Theorem 3.6.  Let  Et  =  l !  equipped i ry i th  the norm l t  ( . (  rp  ) lh  =

=  l x l  + l F t  ,  ( a , p ) e  n ,  a n d  1 e t  @ r  = ( ) ) ,  f h e n  ( E r , , , ' i l r )  a n d  a . r ,

s a t i s f y  ( i ) - ( i i i )  l n  T h e o r e m  3 . 6  e x c e p t  f o . r  ( 2 . 2 )  a n d  ( n , r t ,  f  ;

i s  n o t  i s o m e t r i c  w i t h  ( E t r l t ,  l t ] ) .
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