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Cyclic cohomology of

crossed products

by Victor Nistor

*t

l .3ne of  the central  problems in the K-theory of  C"-algebras is the computat ion
.lt

of the K -  theory groups of  the reduced C-*algebras assoi iated with groups."  A

solut ion to th is problem would give answers to conjectures of  Novikov and Kadison
- l l

I B C I
L J

Some years ago Baum and Connes [Ut] defingd for a space X endowed with a
,i-.

continuous G action a geometric K-group K (X, G) and an index morphism

isomorphism. The truth of  th is conjecture would

computaticirn of the K-groups of the reduced group

problems I have mentioned are sti l l

4 i x*Cx, G) --+ Kre(co(x){r"o G)
/

They conjectured tnat y is an

give for Y - point the desired
*'

C -a lgebras .

Despite considerable effort the

unsolved tC"!,

Recently a new theory, cyclic cohomologVfRroved itself more manageable and

was succesful ly used by Connes and Moscovic i  to prove Novikov's conjecture for"

lryperbolic groups f 'Ctfl"to mention only one of its sti l l  6ncreasing number of
r ) J

appl icat ion S.

Also, while for K-groups of crossed products our knoledge is quite l imited

the corresponding problem in cyclig cohomology .ha.q.satisfqctory answers prorrided

[F", Ne,!_NN ) N;4 ) tJr.?.J

one consideres suitable dense subalgebrasY The results show that, in cases we

are. interested, both K-theory and cyclic cohomology behave similari ly ' I shall

mention however one important difference : there are no 
3t 

-obstructicn fenomena

in the cyclic cohomology of both crossed products by discrete or Lie groups "

In the following I shall present the main results I obtained in the

computation of cyclic cohomology of crossed products [ni f, Ni Z]fn order to

stress the reseamblance with the results in K-theory I shall formulate the



resurts for cyclic homorogy rather than cyclic cohomology.

Oui approach was strongry irifruenced by connes theory of
r.. 'r h
lco 2J ." A cyclic object A' is. associated to any unitar algebra A

the familiar sympliciar object appearing in Hochschild homology

a cyclic action on degree n, to be more precise an action of z

cyc1i.c. objects

. Thus Rh i,

endowed with

n+l on

o: - ae"*

' i  : i
i, {

, , ' : i
,' .,, 1
- t
. ] ;

:  : , . \ t
,1' ' :.;],I

t . :  . l

,  ' t
- ' - , 1

' l
' I

,  ' '  . '  
l' i
i
I
I' l

When one considered the crossed product B = A'>4G insted of A one can

easily see that the cyclic object associated with B decomposes naturaly as a

direct sum of cyclic.submodules indexed by the conjugacy classes of G . fn

order to describe this decomposition we shall denote the elements of the
1i

crossed product by 4 ^o g where a^ berongs to A and onry finitely many
g € G  c  a

thus I am considering the algebraic crossed product

by c( the def ining morphism G *) Aut(A), t.hus g a'

G. Also I  shal1 denote by (G) tne set of  conjugacy

summ decomposition looks l ike

b
( a x 6 ; =  @ t  L ( G , x )

X  E < G >

where the degree n component of L(G,x) is generated l inearety by tensors

togo@" .@angn such tha t  9og1 , . .  gn  . i  G A. .  I t  fo r rows tha t

I t
j

I

do not vanish,
\

I shqll denote

f o r a € A , g €

G . The direct

-  u f r  / , \ \ / t n \r rrr+t\ Ft ,^r u ,i

Z, f r le now study L(G,x),

h i n G :

O  .  H C * ( L ( G , x ) )
x  e (G)

Fix h in x and let  Gndenote the centralizer of

. Moreover

- XU(a) o

classes of

h  
- t  g €  G ,  g h  -  h g J

Inspired by a construction of KaroubiWE NOW

$.b

introduce an other s impl ic ia l
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object  L(G, h)

^ r  ' 1
^ @ l 9 , r  , .  o .  r  9 .  Ir f  L  -  " J

n"J
i t ,

that

a
- l

' :
,J-..i
' \

. ' : ,
T. -+ 4 nl c."ln;t n no*o;l (ar)u-t nr*-.-@c(nl-r t'"'sn11 on

Denote this maP bY 
f 

and let

' 'L iG, h)n -  Bn(A, h)@ l3n 
(t)

:  . -  :

^-^ A. where B(A) is the symplicial mbdule giving
A 6Aopp n

a^ G A ( tn is
t -

the standard (Bart)

. The symplicial

by s impl ic ia l

Here B(A,  h)  -  B(A)8

the standard resolution of ,A by n6nopp- modules , 
-

Ah is a twisted A-bimodule aI  a aZ -  
" l  

.dn(ar)  a,  .1,

descr ipt ion was suggested to me by Connes).  13 
(G) is

resolution of the trivial G-module c by free G-modules

t -  . r

d iZ  -  .o$ . . ,& . i  . i *18 .@ns  tno , " ' ,  6 i , ' t ' .  '

Them main feature ot tCg, h) is that  Gn acts on

automorphisms ( i t  acts on both B(A, h) and 
P 

(C))  such

structure-ot l ic,  h) is the product one .
'  Thus  L t  Z  -  aoq } . . . qp .n6 f  no , . . . ,  gn l i s  an  e lemen ta ry  tenso r  o f

L(G,  h )n  then

doZ -  aoc( n(a1x&"2&'cl . @ a

L(G,  h )@ op  o  L (G,  x )

The isomorPhism is given bY

Tn*l-z -  an09u[ l(ao)E ir8 ' .  .6 .n*tE[t- t  en, es ," '  ,  s"-11
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also commutes with the action of

where tn*l iu the standard cyclic permuter.

Moreover ?(e, n) with its symplicial structure and

Tn*l iu very close of being a cyclic object . rt satisfies
nr ' l

except T;;i = t which has to be reptaced by

J . Theorem.. There exists a spectral sequence with

convergent to HC^.^(L( G.,fet)).
PTLf  

' -  b  r

' P Tn*1 - tn*l F

G. and sat isf ies
t l

a

the action of

all requirements

(2 r) tlll - n

(The action of h commes. from the action of Gn.)

However for h - erthe identity of eri(C, e) is a cyclic object and hence

standard homological algebra gives

,3o --Hp(G, HC*(A))

I

4 , For the other conjugacy classes the general situation is not so nice

However there are definite results under some mild assumption for A - tto(t)

where X is smooth compact manifold smoothly acted upon by G. Let Xn be the

set of  f ixed points of  h.  We assume that Xn is a smooth manifold such that

there is no nonzero vector in the normal bundle of Xn fixed by the isotropy

representation of fo " Then using connes' description of t(c, n) we obtain :

:. Proposj-tion With the above assumptions.

N .:€

HUL(G,  h ) )  s  H (xh ,  c ) .

This isomorphism is given by

.oS.  .  .@ ,n@ 
[no , -  

, .  ,  nn ]  _>  f  f  .o  d  . .1 - , .c [  an)



where i : Xn-+ X. is

For  L(G,  x)

bundle as expected

the inclusion .
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This is proved using localisation
. i

. ^ "
the result wil l involve homotopy quotients and the

from the Baurn Connes conjecture.

cotangent

6,  Proposi t ion

:
l
l

i

a) HH,*(L(G, x) ) * HJf xh/ /Gh, {xn/ /en) @c

b) 'For ;+  ;  d im Xn we have HC (L(G,  x ) )+u  HH*(L(G,  x ) )@HC#(C)

for torsion h and

HC+6(L(G, x))= HU(B Xh//Nh ,  S Xh//Nh)GC for tors ion f ree h

,( Y'r -tt..
Here S'Xn is the cosphere bundle,  B-Xn is the compact i f icat ion of  T Xn

e ( * r t
such that B'XnfS Xn - T Xn , // denotes the homotopy quotient and Nn - Gn/V-ht

This proposition is proved

comparison argument, The form of

HH.,(L(G, x))  we have a homologyrr

cohomology spectral sequence so the Loday and Quil len arguments for the

conputation of the cyclic homology of commutative smooth algebras does not

apply immediately . and we need to consider a Diffeo (Xn) - equivariant

dualisation of the de Rham complex of Xn . This explains the use of the
r- -1

cotangent bundle , .0bserve that. th is is in the spir i t  of  lBCl where start ing

frsn K-thqory elements of the pair (BfM, Sxu) tn"re afe constructed K-homology

elements for M a smooth manifold , Thus this computation may be viewed as a

cohomology form of the Baum Connes conjecture if we ignore torsion free

elements .

7 o Actually we do not lose very much if  we ignore these torsion free elements "

Indeed we have the fo l l -owing ' theorem.,  -

using proposition 5 and a spectral sequence

the result is due to the fact that while for
re

spectral sequence for H (x/ /Gh) we have a
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{t
Theorem There exists a natural H (N*, Clmodule structure on

_  t l

. { e
HC^(L(C,  x) )  such that  the act ion.  o f  Connes per iod ic i ty  oper 'b tor  corresponds ' to  l

.  the mult ipl ication with the element 5n g Hz(Nh)@ A corresponding to the class

of the .central extension i

.  O.+ 'Zn*  Gh *  Nn-> 0

for  tors ion f ree h,
N

To prove this one carefully looks at the structure of t-(C,lv) First it

is a symplicial object, second it carries an action of Gn comPatible with the

first structure and third there exists in each degree an action of Z that

relates both structures ; the relation with the sympticial structure is the same

as in the cyclic category except for the cyclic identity which has to be

replaced by Q. l )  as explained before

we may express th is by saying that L(G, h) is q n xGn object ,  where

A X Gn is a new categoryrin analogy with the notions of symplicial or cyclic

objects.  AX Qn 
may be viewed as an extension of  A by Gn ;  i t  containsA, the

sympl ic ia l  ca tegory  andhas the  same ob jec ts  asA. f t  
Y ,  

*  -+n  a  morph ism in

AX Gn then p may be uniquely expressed as a productfofl where 
fo 

iu in A

and cf ,  G Aut(m) .  Aut(m) i= .n extension of  Gn

0 -+ Gh--r Aut(m) *Z^*L+o

Our interest in this structure lies in the following isomorphisms

nilr-cc,x))': r*l*crcc,*), ch) .. Extfi on &o,h), ch)

T h e f i r s t i s o m o r p h i s m i s d u e t o C o n n e s , T h e s e c o n d i s o m o r p h i s m i s
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compatible with the natural morphism
, r . b  h .  , +  . b _ h .

(7"1) fxtn(a-, 9-') arlExt4)d 
Gh 

(C ',  C')
.  t t  -

def ined by the functor n X Gh+n . These isomorphisms def ine an

' . .**  ,nQ .h) module structure on HffrCs, x))  and determine: the act iona l t A x  
G h  

t "  I  u  ' u u ! e  u r r  " u  \ L \ e ,

of S . The theorem will follow from the computation of the'morphism (7't) .

Now this morphism is the same as the morphism

-)€ 'tt
1+ ' (BA) - -+  H  (B (n lGh) )

defined ni tn" *rp oi classifying spaces B(nNGh)+ Bn determined by the

t

above functor .

There exists a functor AXGn4 Nn such that the homotopy fiber of

B(n X Gh) -) B Nh is homotopy equivalent t_o B(nX Z) , Using results of

Quilten [n] it is dasy to show that B(AX Z) is contractible and hence

B(AXGh).-+ B Nn is a homotopy equivalence Looking at the commutative

diagram of categories and functors

Nh

we obtain

B t -

I
BGn

I
BNn

ESl

851

/
<---

A

I
n

a commutative diagram of 51 -  f iurat ions

sl --? sl

\v
"  r B A

J
Bn

Ax cn -+
I
I
0

/ixc,;--P
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where equalit ies are homotopy equivalences.
n h h ,

Since S viewed as an element of  Exd(A 
' ,  

C- ' )  -  H'(BA )  is  tne character ist ic

class of the right f ibration it follows that the immage of S in
c h b 14 

rr ist ic.crass of  the lef tExt f ry Gn(tC- ' ,  C')  3 H (Nh) 6a is the character ist ic 'c lass of

fibration which is well known to be the class of the central extension

0 4z_+ G, --r N, --:, 0n n

Lt is notdiff icult to see that this theorem entails quite often the

vanishing of the periodic cyclic cohomology group PHC';t(L(G, x)) and this is

an abstract Selberg prin.lple as Connes pointed out .

, .

B. . Let us describe a case in which the previous theorem applies . Suppose

G acts wi thout inversion on a t ree X -  (Xo, Xl) .  Let  he G be an element act ing

without f ixed point  on X .  Def ine m = min{O{f ,  hP),  P eXoS then the set of

points Q sat isfy ing d(Q, hQ) --  m is a straight l ine X'on which h acts by

- translation ft] It is obvious that if yr € Gn then ;t also acts by translation
0 " u

on X'  so there exists a morphism 
? 

,  Gh * , ,Y( 
)" \ )  

-  the magnitude of  the

translation defined by 
7'r 

on X' . Since 
f 

(h) - * m ( tne sign depends upon

the or ientat ion we have chosen on X')  we obtain that  m En -  O in H2(tr tn) .

Then Theorem 7 shows that 5 - 0 for the cyclic oUject L(G, x) if x is the
/

conjugacy class of h (note that.h may not be torsion since torsion elements

acting on a tree without inversion have fixed points [U] I . This argument is

a part  of  the proof of  the fo l lowing theorem.

Theorem Let G and X be as above and let Y be a fundamental domain of

X/G. Then there exists a six term exact sequence



- + o

o

PHCo(AXGo) ------)
1* 

PHCo(Axcr)

t

,.j
I' {

j
I
I

PHCI(AXG) +rE, PHCI(A)4GP) 
T.rprn.

operators

I f G i s

with the usual

In case

Here G., and Go denote the stabil izer of the edge y and respectively of' y r

the vertex P . This exact sequence is similar to Pimsner's exact sequence for
tPl

K-groupl6nd this gives more evidence for the similarity of the behaviour of

K-theory and cyclic homology. It is also similar to the behaviour of

F - 1

cohomology groups of  groups act ing on trees LSl.
. t

In fact the rest of the proof is an application for

X. - the subtree of X fixed by h of the techiques used in
n

computation of cohomology groups of groups acting on trees.

9, I shall say no1a a few words about the computations of cyclic

cohomology groups of crossed products by Lie gtoups which seems to be the

correct setting fbr cohomological index formulae for transversaly ell iptic

Gn acting on

[s] tor tne

.  ^ @ . ^  ^ \
a Lie group the crossed product we are considering iS Cc(G' A)

mult ip l icat ion

G is pompact we have the following Weyl theorem.

10. Theorem Suppose G is

pHf(nxc).:/

connected and T is a maximal torus then

PHCX (AxT)W

For general G with a finite number of connected components we have a

theorem for coverings,

PHCo(A>4 G)

I'I,
PHC1(AxGy)

P6f
o
v e Y



1 1 , Theorem
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G,, -+"G is a finite covering
I

" PHCJAX G) ./ PHCfJAX Gl)H' , k

where

of the y-obstruct ion.
, 0

The result is the following.

12, Theorem Let G be an algebraic or a connected semi5imple Lie group,

k - dim G/K where K is a maximal compact subgroup of G, Then both PHC.,(D{G)x

and PHC*(AXK) are modules over Cfrv(c) - the ring of smooth class functions of

G and

pHn rA\dn\  .n ,  Pl - {P rA)dt1 ' \PHC*(A>4G)* -  PHC 
x*k(AxK)m

for any maximal ideal m ot Cfru(C).

Moreover the only nonvanishing contribution commes from maximal ideals

corresponding to conjugacy classeg that intersect K.

C o n s i d e r i n g I o c a 1 i s a t i o n i s i n t h i s c a s e a c o n t i n u o u s s u b s t i t u t e f o r

looking at a given conjugacy class. ,

Let me mention that the proof actually gives something more

PHCrts(A)4 G) : PHC* +k(Ax K)

however this isomorphism is not canonical since it simply is obtained by

count ing dimensions.

A canonical isomorphism might be obtained by considering the Chern charac-

ter of the Dirac element in the setting of bivariant cyclic cohomology [rO]

This can indeed be done for f initely summable quasihomomorphisms[i3 ] out in

this case, as Connes pointed out to merone needs a Chern character for

0 -summable quasihomomorphisms , The definit ion of the Chern character in'this

case as well as its applications seems to be an exciting subiect for further

study. :

H is the cover ing group.

The most interesting result

then

is the local vanishing- , ' . i t .

' .  ,  t : ,

tr: l
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