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 MONODROMY AND ZARISKI’S EXAMPLE

by

Mihai TIBAR

This short note is subsequent to the work [4] and
based on the results of Dimca DJ . As shown in [l] and [h],
one may compute ghe Betti numbers of a hypersurface Y in a
‘weighted projective space P(w), which has J-dimensional. sin-
’Qulafitieé in the affine cone, Ve aré interested now in the
following problem:

‘ Let f:£n+]~—+ ( be a weighted homogeneous polinomyal
of <degiree d and weights w with ];dfmensional singularity. Des-
cribe the monodromy on the i-th complex cohomoloay of the Mil-
no:rEx feibires:

x

h HLCE) et R

induced by the geometric monodromy h:F —F

Xy—+t.x , with td=1.

The monodromy matrix is diagonalisable and has eigenva-
lues ta=exp(ZTTia), Withog=0.1,+«ssd=1 Dencte by H'(F)a the

eigenspaces corresponding to these eigenvalues.



Note that'HKF)OzH'(U), where U:=P(w) - V and V>is
the hypersurface defined by f=0.
. - We sha]] descr{be hére‘a-method to compu}e the dimen-
sions of the eigenspaces. g
Theh'we shall take one of the Zariski’s exaﬁbles, na-

mely % (x2+y ) +(y3+23)

4

, and make the computattons.
Also we give examples of curves Vt:P2 for which the

‘éo?r¢5pohding_monodromy h* is nontrivial. Among tHem, a class

of irreducible curves with only 6nc singularity, THeyiare impor-

tant. because the‘fundamenta] groun Tf](U) s nonabelian, which

is a consequence of the fact that h"#1, via one observation in

e

]; The monodromy eigenspaces

lﬁ the following we shall use the notations from 0]
and [4]. The projection p:F—U is a d-fold ramified covering.
Using the isomorphism D*SI;::}QJJIL(~a) between the complexes
of algebraic forms (see [1, pag.3]) one can compute the eigen-
spaces Hi(F)a by a spectral sequence, as in (1] . Another way
of finding these subspaces is the following. .

Let f'"=f + f', where f' is a polinomyal of degree d
in another set of variables {yo,...,ym}. By a Sebastiani-Thom-
type property (see[1]), we have:

~ d-1 ~ ~y

W () =B K3 LE) @

c=0
s+t=k-1

’)d-c

and for the particular case f’=y2: ” N




7~ d-] ~ e i
e =@ §N(r) .

c=] “

Here ‘F' and F'" mean the ‘Miinor fibire cof £r, fesp.afﬁ.'
© We may define<a-monodrqmyftypc action oﬁ.gk(F“)o fndu-

ced by a geometric one:

L RS it (R} S
e = L B (x,yo) (x,ta.yo)

Then ﬁk—](F)é will be isomorphic to the eigenspace which

corresponds to the eigenvalue td%of the''partial monodromy'
G TR T8 )

Taking in account the isomorphism Hk(F”)d:LHk(E), where

U;P(w)-x{f”=0} , we shall denote these subspaces by Hk(U)a o

i d=1 =
He(U) = @ H'(u)_.
a
a=]
We may use the pole filtration and the spectral seauence
of the algebraic de Rham complex A'= P(U.flh) to compute H'(U)a.
For this aim we have to work with forms W= ,lﬁ_g , where
i = (51)
X'Gjléd and ¥ has in each term y_ to some power congruent with
a , modulo d. (We remind that ' is the graded module of algebraic
. : =i i =] .
edi fiere il and B iskerl A O —e L) ), where A is the
contraction with the Euler vector field).
Now simply write down in the spirit of [1] , using the
spectral sequence isomorphism from [l, Droo.1.7], the formula for

the dimension of Hn(U)a:
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s+t=n s EEn

e g e A

s+t

where ‘E?’t:=H (6r

S
F

nitions) and the eigenspace ('E

Bi); (see [f] for the notations and defi-

Syt
1 )

space of those forms which have Yo to some power congruent with a,

corresponding to a is the syb=

modulo d, in each term,

For the hypersurfaces with 1-dimensional sinqular locus

o~

()

in the affine cone we get the other nonzero Betti number bn+1

by computing the Euler characteristic X(U). In the notations of

(4] :

bi=b = T + S0 , and moreover we may take the eigen-

value a corresponding part:

(b_)_=(b

n’a n+])a =1

a i (So)a

About the second term of this formula, there is the fol-

lowing:

Lemma (SO)a is.the same for every aE{l.Z,...,d-T}.

Proof (So)a is computable as a shown in [4, pag.9] from
the Poincaré series associated to the Koszul complex (see[3]). In

fact, the Koszul complex decomposes into a direct sum of (d-1)-
complexes, each of them associated to a value aG{l,Z,...,d—lg (i.e.

regarding to the power of y_, as explained above).

But these complexes are obviously isemorphic in the fo[lo-

wing explicit way:




w
A
00
LJZ = Z:yd.J+32£o: s d.J+a1)A(U“
j=0 o J o J
<. % ] L
We conclude that (So)a— oy SO. B

For simplicity, in the following we shall work only
~in the homogeneous case i,e, all the weights are eaual to 1,

From [4] we have the formula:

where (g, 0) denote germs of the transversal singularities to the
singular locus Z:C_£n+2.
As we are dealing with forms in this local spectral se-

quence also, for each value a€{1,2,...,d-1} we get the following:

r(x)

CE). m B dim Eti’n+i(g 0) , where is the set
? xed =) ’g,' <! a ¢
of the singular points of V={f" = 0}.

The limits r(X) could be revealed by the condition: i

T ﬁu(gx, 0) = the Milnor number, or better:

Proposition, For any transversal singularity (gK, 0), the

terms (T‘K)a are equal to H%T Tic 1. fon every aé{],Z,.-.,d—l}.




Proof, As in the preceding lemma, the Jlocal complex

(Sl}g&,oj,d) decompogcs) regarding the action of t=exp ZTfl/d ’

into a direct sum of (d-1) subcomplexes which are isomorphic. Then

this isomorphism induce one between spectral sequences, which at

the E]—]evel looks

Sis it ; 5,k :
E1 (gﬂ’ O)al_ E1 (gx’o)a . &

Corollary., The Euler-Poincaré characteristic for each

eigébvalue aiigesn ZX—])'bi(F)a, is the same for évery ae{l,Z,...

...,d-l} and equal to 1/d_]'X(F”)O. | (7]

2, The Zariski'’s example

If every transversal singularity is quasihomogeneous,
"then the local spectral sequence degenerates at Eé and this fact
means that we have to know only the maps .g,: M(g,)—~M(g, ), the
multiplication by g, inside the Milnor algebras (., Cor.3.10)7,

In case of the Zariski’s example F=(x2+y2)3+(y3+23)2

we have six cusps as transversal sinqularities. By adjunction of

Y e get “=f+yo with transversal singularities of tyne 9~x2+y3+yg.
= 2 b 2 3 4
Hence u(g)=10 and M(g)~€<j,Z,yo,yo,yz,yo,zyo,zyo,Zyo,2y0>. So we
get:
(T )yi= dim Mlg) = din € L= 2.,
(T )y = dim M(g)y = dim €<y a2y d= 2,
: . 2 2
(s )3 = dim M(q)z = dim E<y0,2y0>= 25
(T,( )1.; = dim M(g)3 = dim’@<yg,2y2>= 2.
g ; L L
(T“)S = dim M(g), = dim &(&O.zvo)= 2,
and i) = 2 Becd = Six2in 12, Fon by sl /5




To get S_, we must find some coefficients - c. of the

CIEERE '
Poincaré series Pr“ (t)=1T iiji—l— = 2413 4)4

T+ttt "+t "+t )", becayse
eg =% A , , ;
: i=0 _ _ ; : ‘ :
§ = - c St SR F LT e ]
3 k=1_6k g ' ' ! £ : o8 \ g 2 Shy e
: - " : 105 : gl
We get easily (so)a= AT =21, for every 36{1,2,3,h,5 wid

Hence X(F)a=-XKU)a=—((T)a+(50)a)=-)2+2]=9 and X(F)OfB.
Let’s find now the Betti numbers b, (F)_, First:

b, (F) =b, (V)= dim Eg'1(f) + dim E:’O(f)-

3
We have E?'1(f) =® c¢[WwlY , where
i=]

W = -xyzdxAdy = ZzydyAdZ + xzzdzA\dx.
0,1 g . 150 e : .
but E, (f)=0 by some computation. As E, (F)=0 obviously,it

follows that b](F)O=0.

Further, for the other values of a2}, b](p)a=

1 i :
=7 dim ES’Z] (f) . It is clear ‘that Ei'o(f) =0-sand. a)so:
] 2=5 a 1 a

=

€t {[wl) , for a=)
01(f)a =.{ < or a

0 s Tor agl,

2 !
( :

For E;]' f)a » by studying the Koszul complex of f,

we get

C<[f<.<)]>, for a=]

0 , for a#1

.
53 (f)a

2, for a=g

The findl result is b1(F)a= {0 , for a=0,2,3,4,37



8 S o )
11 , for a = 3 .
l 9 , for a=2,3,4,1

ahd bZ(F)a

3. Some other examples of plane curves with T, (u)

nonabelian

Léi’s’iook to the plané curve f=x3y3+é6. We can see
'(apidly Fhat b](F)3§:l because there is the form t=xdy A dz-
-ydxAdy for which wadf=0 and dw= 0, |
(Our V has now two singularities), By some remark in[Z], this is
enough to imply that ﬂ}(U) is nonabelian, and the same is true
fér the 2ariski's egample,

Let's give now two examples of curves V for which 11, (U)

be nonabclian.
k k . . .
1) f=y +z°, which is a union of planes,

Here the forms of type y'dyA.dz give a nonzero class
0,1 '
[w]e(ﬁz’ )a , -for a#0
2) f=xyk+zk+], an .irreducible curve, for k22,
The forms of type a)=zk(kxdyAdz +ydxadz) produce a non-

1,2
zero class Bu]G(E3 )k-] .
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