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MA)fih{At ABELIA,N AND SINGUTAR SUtsALGEERAS

IN L(F".)
fil

by

v. Nrrrc;, n. rdntiN
t .

INTRODUg{ION

Let M be a type II,  faetor, 6 i ts unique norrnalized trace, and let Ag [4 be a

'  maximal  abel ian von Neumagrn subalgebra (M.A.S.A.) .  Let  , tV* te)  ={ueM I

. unitary, uAun = AJ be the normalizer of A in M and let B =,{r{a)" be the von

Neumann subaigebra generated byJf no(e) in I\4. A is cal led singular i f  B = A and A is

. eal led regular (or Cartan)-i f  B = M. For singular l \4.A.S.A.'s see [DJ, [P1], [P3], [Pk],

[ ' t ] ,  [Tu], and for.regular [{.A.S.A.'s see [C-F-IfJ and [P2]"

The a im of  th is  paper  is  to  f ind eer ta in  s ingular  M.A.S.A.rs  in  L(F*) ,  the von

Neumann algebra generatecl by the left regular representation of the free nonabelian

gr"oup nrith N generators, 81r...r8tr1. Examples of singuiar l \4.A.S.A.ts in L(F*) are given

,  in  [P1]  and [R] .  These a lgebras are generated by the convoiutors a i ,  15 i  j  N,  in  [P1] ,

or  by r l  n . . .  *  
"N " i t  

* . . .  *  r r i t  in  [R] .  our  examples are generated by convo]utors

of the form ,
r . t ,  .N - r1 * rN

( 1 )  , 1 ' * . . . * " *  * u 1  * . . . * a N  ,

In Theorem a of $ 1, developing the teehnique of Pyti i l< (tPyl), we prove t lrat

even more general cbnvoiutors in L(f*) generate M.A'.S.A.'s. Then, in Theorem 1B of

$ z, we prove the singularity for eonvolutors given by (1), using a result of Popa ([PJ)

'  about the Pukanszl<v invaiant.
r g

Let t lx l l  z  
=C(x*x)z be the Hi lbert  norm given by R on I \ { ,  let  Lr(n4,G )  be

the eompletion of M with respeet to this norm, so that M acts (in the standard way)

where r l , . . . , rN6 u -  to3 .



. ) ,
generated in B(L'( l t t ,3 ))  by A and JAJ.

, .c Denote by pe the eyelie.projeetion corresponding to y e fz(nn,6 ) in..4'(i.".

o 
T 

is the proleetiJn on ,fi q 
ll ' l l2). 

sinee A is a M.A.s.A., p1 is a eentrat projeetion

of dV'(see Lemma 3.1 in tP2l).

db'.

The Pukanszky invariant of A is the type of homogenity of the (type I) algebra

This invariant was also eonsidered by Ambrose-Singer.

Now, by Popa's resul t  (Corol lary 3.2 in [P2]) ,  i f  S, l  , -o is homogeneous of
r  ^  r 1

type I* ,  then A is singuiar.,

Developing the technique of Radulescu ([R]),

invariant of the von Neumann algebra A generated by

inf in i te .

by Jx = **, f .o, xGM) and let16= GVIAJ)" be the (abelian) vori Neumann subaLgebra

we prove that the Pukanszkv

any eonvolutor given by (t) is
!

our resul t  impl ies that  the

bV e;nvo tors of the form

- q

t q . ,
on L"(M,6 ) .  Let  a lso J :  L"(M,E )-*  1,"( t t t ,G )  be

Note that 'by a resul t  o f  Popa ( [P1]) ,  Theorem 6.1)

singularity holds also for von Neumann alge'bras generated

tr. . tk . 
*r1 -rk

u L * * . . . n u k  * " 1  * . . . * a k

w h e r e  2  S  k  S  N  a n d  r l , . . . , r k e  W  - { O  3 .

One is led to conjeeture that given a free family

von Neuniann algebra generated by the convolutor v, +

singular.

the eanonieal eonjugation (gjven

tur,...,uol n),
- 1

. . . * v k * v 1 -

i n  F * r  t he

.  - 1
. . .  *  uk  l s

Finally, we mention that similar problems ean be studied in free produets

instead of free groups (see [B-R],.wh.ere the singularity is provecl for the racl ial

algebra in some free produets).

1. MA}ilMAL ABELIAN SUBALGEBRAS

Let N l 2 be an integer and let F* be free nonabelian group with N generators

\  |  '  n 'al r . . . ,aN.  Let  \  be the le f t  regular  representat ion of  F* ,  on the Hi lber t  spaee l " (FN).
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Denote by L(F*) the von Neumann ntgetrra glenerated by X (Fr) in n02{n*)). tt is

well known that L(FN) is'a type II, faetor that acts standardly on tz{f *) and that

with th is ident i f icat ion the norm given by t  eoineides with the usual  norm l l  i l l ,  on
e  9 .

tzir*). For a set X! lz(FN), X wit l  stand for the elosure of X in the norm tt " l l  2. 
'

By C[Fnl we denote the group ring of F" over C and by 1 we denote the unity

of F*. (However, the identity operator rvi l l  usually be denoted by I.) By means of the

identif ication of M with a subspaee of 1,2(t, '1,6 ), trIFN] porrespohcls to the subspace

of f initely supported functions from 12(Flt).  ( lA?e sf,ait usu the same notation for the

e l e m e n t s o f  F *  a n d  f o r t h e i r i m a g e i n C [ F * ] .  I f  f  =  n  4  ' w  i s  a  f u n c t i o n  i n

o  . -  

t n -  l v e F N  w

1z1n* ) ,  t hen  supp r  = t * l FN  l a ( * l  o  . )

Eaeh w€n*f I f  ] .  ean be wri t ten uniquely as a f ini te product of generators

anc t  the i r  i nu . r r " r ,  *=  {1  . . .+ ,  sueh  tha t  i o l  i p+ r  ,  &  k€ .u . !o } .  rn i s  i s  the
' 1  t p  ' '  A ' | r  ^  

s i g n o ( ,

redueed form of w. trVe define the beginrring of w to be I(w) = a. " and the end of
sign o( ̂  

'1

w to be r (w)  = a,  P.  The eanonica l  length funet ion l "  I  on F*  is  def ined by

l w l  = t . ( 1 l  * . L * t * o l  ,  a n d  l l l = 0 ,  I f  F I  i s a f r e e s u b g r o u p o f  F *  w i t h g i v e n

generators, we shall  denote by I . In tfre eorresponding iength function on H. For

v l , . . . ,vke FN ,  k  )  2 ,  we say that  the product  vrv ,  . . .  vk  is  redueed i f  none of  the

factors is 1 and for al l  . i  
= 1.,. . . ,k - 1, r(vr) " l(v,*r) I  t .  We say that the produet

v l  . . .  uk  i s  redueed  mod  l v , I i e  l ] ,  r vhe re  I  c  t l , . ' . , k ] ,  i f  so * "  v , ' s , . i € I ,  may  equa l  1

and after deleting those equal to 1., we obtain a reduced produet.

Let  V be a fami iv  in  F^ f  t  t i  ,  w i th  at  least  tu ,o e lements,  whieh sat is f ies:

(2\ for any v,wGV+, i f  vw I 1 then vvu is redueed \

w t r e r e  V l  , = V V V ,  V : = L u - t l  v e v ] .  W e  d e n o t e  U V t ,  t h e  e o n v o l t t t o r

E (v + v-1), and by H the subgroup generated by V (which is free with basis V!).
v € V

Let A be the non Neumann aigebra generated byt, in L(F*). I{e shall  provb

that  A is  a  M.A.S.A.  in  L(FN).

In the sequel, f .  g' wil l  stand for the canonieal eonvolution of f  and g on F* '



g

,
for  anv f .s€1"(F, , ) .

1\

* 4

f

LEMMA t"  Let  v,vtGV- and w€FnO be

Then, for anyg I 0, there exists a iunction f 6

'  
t t  G:  L '?  

- r f  X r )  
-  (vw -  wv ' )  l l  z< t .

sueh that vwv'  is  redueed mod{w} ,
()

l"(F'r,) such that:
I\

Y"r
v f rw -  /  , t  wv i l t  .

Proof" We use the same construetion as that of Pytl ik in Lemma 4.1 from [Py],

but we border vwv' lvith words of equal H'length from H insteed of using words of

equal length from F*.

LEM&IA 2. Let v,vte VI and we F*, \ { t } be sueh that v" ' w is reduced for. N

. + + .
al l  v"G VI  -  lu l  and wvr t is . redueed for  a l l  ur r6yI  -  

lu '  j  .  Then,  for  any € )  0 ,  there

exists a funetion 1 e t2tf *) sueh that:

l l t l  , r t  
-  F -Xr )  -  (vw -  wvr )  l l z<E

r/ 4'
Proof .  f ,  t '  

*  -  w ' f ,  t  
=  vw -  wvt  +

vrrlv , vtttlvt
u"L'trl u,,r' 

'y*

FrOm the two SumS above,  we ean fOrm 2 'cardv -  1  pai rs  v t t :  w -  w 'vr i l  w i th  vr rwvrr r

redueed.  Apply ing for  each of  them Lemma 1,  we f ind funet ions f  .u , . , , , ,€  tz(Fn)  such,  v" .v" '  N

that:

l l  (X r 'Y yrr,yr '  - 
fu,,,y,,, 'X r) 

- (v'uu - wvrtr) l l  z < t**+

Henee, tor f =; - D q .- ..- one has the desired eonelusion.
(v , , rv , , , )  

I  y t t ry t t t

LEFIMA 3. Let ge tz(n*)  be sueh that g '7(  
,=X , '  e.

a )  I f  x ,y6H and l " ln  = lV l "  ,  then  g(x )  =  g (y ) .

b) If xf H, then g(x) = 0.

,  Proof. a) Use Lemma l above and the argumentsof Lemma 4.L and Proposit ion

4.2 in  [Py] .

6
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sueh tha t  x=  h \ , r r  i s  redueed moo{n} ,  and lh tH is  max imum.  I f  h  11 ,  wr i te

; : - + - " o - - - +
h = u,  . . .  tk in redueed form, v i€V-,  and ehoose w1,w2:. . . ,*kGv- such that wwrr

wf i1frr , . . . ,wf i r f r r . . .  f rk are redueed. ( I f  u€Fn\ [  11 ,  there is an element v€V1

sueh that uv is redueecll indeed, condition (2) implies that the map

*  r  +1  '  ' *  t  t  >  a . )  Now,  f rom Lemma 1  andI :  V- '*  Lai '  I  1 I  iS N I  is  one-to-one, and eardv- -

the argument of Proposition 4,2 in [Py] it foilows that:

g(x)= s(rr . . .Tuwi l r )  3. . .3 s(wf i r . . .  i lu)

So, we.ean assume that h = 1.

The following eases appear:

. I :  vx is redueed for everv ve V1;

+
I I :  there exists vo€ V: such that vox is not reduced (and then this vo is unique,

due to (2)).

CaseI :  There ex is t ; .Tr ,?r€ V1 such thatTrx,  x f ,  are redueed anoi ,  *1; ' .

Then

.  /  \  , -  ,  
t n  

,

B(x) = g(v1xv2) = g(xv1v2) ,

where we have used Lemma 2 (wi th w = x?r,  u =?1 ,  v '= i l l )  for  the f i rst  equal i ty,

L€rnf f i& 1(with w = x i r ,  v =Tr,  v '=?1) for  the seeond equai i ty and the argument of

Proposition 4.2 from [PyJ for both.

Sinee lx l  < [x?r?r l  ,  hnd frrT,  is  a lso in ease I ,  we ean i terate th is t r ick to

find an infinite set of distinct elements y from FN sueh tlrat g(y) = g(x). But

g€ lz(FN), therefore g(x) = o.

Case II:  There exist?., i^evi sueh that xT., i . ,  is reoueed and r(v^x?r) = r( ir) '

Then

B(x) = s(voxir) = g(fr1t2) ,



- 6

4 1

where we have used Lemma 2 with w = xT' V = Vo, vt ? vr' for the first equality

.  - 1  - - 1  ^
and with w = v^xvrTz, v = v l t ,  v '  =7; ' for  the.seeond equal i tv (here Lemma 2 ean be

( ) b

applied beeause t(voxir7r) ='I(vo) and r(voxt1v2) = r(vr)), and ithe argument o{

Proposition 4:2 from [PY].

Since [x l< lxir?, I

triek and obtain g(x) = 0 too.

and xv-v^  l s  a lso  ln
L Z

we can again i terate this

@

I
J

r .  -  1  and  w€F , ,  i s
J - I \

case II,

THEOREM 4. A is a M.A.S.A. in L(F*).

Proof. I t  is an easy eonsequenee of Lemma 3 (see Theorem 4.3 in tpyl).

2. SINGULAR STTBALGEBRAS

In this paragraPh we take V to be:

@

It is clear that V. satisfies (2).

For d , and A as above, let t* = eV,ia;. We shall prove that $ 
' is of

homogenous tyPe I* on I - Pl

DEFINrrION. We say that we C is a eore if w = 1 or if the reduced form of w

neither begins nor ends with a word from H (i.e., if w = hrvh, is redueed

modIhr,v,h2J with hl ,hz€H,n then h1 = h2 = 1).  We put the eores in fami l ies of

related eores. tttese families are of the following three type:

( s )  c o = { r }

(4) c{i,i, *, p,w) =t"l*"f, i-"'"j'; f
where 1 S i, j 5 N are sueh that r. ) 2, r- ) 2, 1

sueh that 1(w) # #1, .(*) * 
"it "no 

* # 1 if i =

P-r. d.-r.  F-r.r  - l  
-  

-  
l _ _ - r  ll \ ra .  " .4 .  wa,

J I J

( / , .( r. - 1. 1 <13 <
I  - l

j . .



(b) c(i, o( ) = t{, {-'l 1

w l r e r e  I S i S N  i s s u e h  t h a t  r .  ) 2  a n d  1 l c ( 3 . i  -  1 .  . :
. i I/1

We remark that i f  we denote AV Y" the eoleetion of . the. famii ies of ebrei

described above, then:

tl :(6) L is a.part i t ion of the set of eores;

(? )  span  {H .  C .  H }  i s  o r thogona l  t o  span  {  H .  C ' .  f f  J  f o r  eve ry  C ,C '  eY  ,  "

C 4 C ] ;

(s)  @,, f f i  t " ' " 's ]  = t2(r*) ;
CCV N);

( 9 )  r p *  [ H . C . n ]  i s  a n  i n v a r i a n t  s u b s p a e e  f o r  X t { . r )  a n d . l t r t Z r ) J  f o r

a
every C € U

. The eore of type (3) was studied by R6duleseu. One has:

THEORERT 5  (see tR l ) .  The spaee f f iU=6F-u-nH 'Co 'H is  a  sum o f

s r ,
orthogonal eyelie projectionr pt * I p, r wher'e loc lz(FN) is an infinite family of

l e r o l  "  r r

norm one veetors and p 
,  is  eQuivalent to p4, for  any 

7 ,  1€ 
Io .  

Kt t

In order to prove that the homogenity type of ,hf on I .  P1 is I*, i t '  is

suff ieient to show that the eentral support of P z , l  € lo, is I - P1. Indeed:
. l t v

LEmMA 6. Let M be a von Neumann algebra of type I, let t "nl n>L be an

'infinite family of mutually equivalent and orthogonal projeetions and let q = z(er) be

their central support. Then the redueed algebra MO is of homogeneous type I*

proof. Bv the contrary, let 0l p5 q b: a eentraL projeetion sueh that MO is of

homogeneous tvpe In, with k (oo. Then t pun] n)lc MO is an infinite family of

nonzero (because p < z(en)) mutually orthogonal and equivalent projeetions. This is a

eontradietion with MO being of homogenous type IU , with k < cp (see [S-Zst, $ al ' &

i
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(-p'  
In faet ,  we shal l  show that for  eaeh famity of  eoresC€ T f [Col ,  thur"

, .
exists a family of norm one veetors I(C)c I"(FN) sueh that:

'  r  l l  :s p a n r H ' C ' H J = V  j P ,  ," L  "  
l " e  I ( c ) ' f

and p is equivalent to o for any T € I(C).'IJere w is a fixed veetor from I' 7  ' ! ' u  o

which wiit Ue described below. By (?), (8) and the result quoted .in. Theorem 5, this

imply that the eentral support o1 pc.rr is I - pr.

. If H c K are Hilbert spaees, we shall denote the orthogonal projeetion on H by

.KproJH '

Let us f ix some Ce V . Al l  the notations we introduee from now on depend on

C, even if  i t .does not appear explicit ly. The family C we are refering to wil l  always

be elear.

For any integers k,kr,ktr ) 0 define

- ' -  l -  t - .  -  t aV ; * , L , , : =  s p a n t * =  * L ' * ' * z  l w  i s r e d u e e ,  w € C ,  w 1 r w 2 €  H t

l * t l  H = k ' , l * z l g = k " J ;

vu:= spantuu,,n,,  lkr* p" = tJ ;

gk is the orthogonal projection on Vnc 12(FN)

s t  : = s p a n [ a u t I 1 ' t \ , ) , Q p ( w ' f  , l l  * e v o - r J  ;

Lk  :=  -qk . I  (? t  t ) '  a * ,  Rk ,=  %, '  J  t r (X .  tU '  qk

We introduee the eonvolutors

t  Z  w  i r n ) l ,
I  w € F l ,  l * l H = n

X  = l  t ^  i f n = o ,n f
I  o  i f n ( 0 .

f  or  f ,€ Vk (k )  0)  and n,m€2, def ine



;

i
t' t

. I
I
I
I

. i
! i

I
. . f

I
t
i
I
I

f :

I qn*m+r( f, ,i tr'f *) if n'm ) o'
I

f , n , t =  1  '  o

t  o  .  i f n ( o o r m ( o '

'The fol lowing formulae are easy to eheek (see [C] or [R]):
, t

t 1 r - L r = I r * t t ;  \  .
1
I

F  r ' t . "  
=T n ' [  ,  

=X '  n+1 +  (z l l  -  r )X  n- r  '  fon  n  l  2 ;

tX  r 'F  n . *  
= [  

n+ t ,m 
+  (2N -  1 ) t *n - l ,m '  fo r  n  )  1 '  m )  0 ;

l '
t .
[ tr n,nr 

'X 
r= tr n,t*1 

+ (2N - 1) f,n,t- l '  for n ].0' m ) 1'

we can non, deseribe the veetor cd € Io. It is chosen sueh that for

ollowing formulae hold:

t I  n ' *  
' X  

m  
= * n , t  - d  

n - 2 , m  
-  d n , m - 2  * 6  

n - 2 , m ' 2 ;
t
I
{ ^  ^  *  =  Z  x  

n -zs '@ 
'T  

m-z t t\ 'trtffi srt)0

- 9

n ,m,Prq  )  0

for (n,m) I (p,q), - 
n,, is orthogonal tota: 

0,, 
;

l l  3 n,*l l 
2 = (zn - 1)n**

(See [R], Lemma 2 (a), Lemma 3 (a) and the proof o|Theorem ?; almost al l  the

(r0)

(1 1)

the f

(1 2)

r

(1 3)

veetors from Io satisfy these f ormulae)

our aim is to show,that eaeh vk, k ) 0, ean be eovered with cyci ie projections

p 
7 , whieh are equivalent 1o p <., ( i .e. qu rY o 

l^ 
, with Pro. equivalent to P.'  ) '

t
Tr," ease k = 0 is. made by ad-hoe methods and wil l  be deveioped later, in Lemmas

13-1?.  For  [  ) .1 ,  we shal l  use an induct ion argument ,  whieh re l ies on Lemmas ?-12

and is described in the Remark fol lowing Lemma 12'

If  V.. .  0 < kt ( k - 1, ean be eovered with projections'
K '

then these projeetions eover SU too'

LEMMA ?'. Let k ) 1.

which are equivalent to P- '



- 1 0 - ii
t :

t

l

. i'r

f

ii
lI

[,
lf
i t :

*

. Proof. This follows from the faet that for any we Vk_1 ,

q k ( I t ' * ) = I r ' w - f i

Lwhere fr e span {u n_r, u,._, J

Therefore 
In ryoving the induetion step for k ) 1, we have to deal only with the

spAee Vk O Sk.  g

L e t k ) 1 ..  LEMMA 8. Let k:  1.

(a) If ;re Vt O Su and s ) 1, then

4 ' - ,7 L'f o,, 
= f, l , ,  * (Lt f,)o,, i

(b) Rk'  Lk = LO' Rn = 0,  henee Ln and Rn commute.
' \ ,

(e) Vn O S* is a redueing subspaee for Ln and Rn

I(d)  L i  is  the or thogonal  pro jeet ion on vu O span{vr , t  ls+ t=  kr  s  > rJ .  rn

par t ieu lar ,  the spectra of  Ln,  RL,  Lt lv .  6  S.  and R, ,  ; , ,  A.  ^  are eonta ined in
o l u k  g  o k  r <  l u k  9  o k

. t

f-t,0,t J (anC all these values ean appear).

Proof. (a) Let 
1e 

Un, with kr ) 0 and let s ) 0. Then

.  t r  r '  t r -o,r l1,  = <f ,o, ,  l I r 'n l ,  = <9p..r ( t r  f  J lX r '1,  =

(14) = < t r '  / ,  lcr .*r( I  r ' t l  "  
= t  f , lqr .*J X r '1 ; ' f ,  r '=

.  [ ' (  qr (qr*r(  ] t  , -1 I  
-  /  r t>

For k,(  k + s -  1,  Qk*s( /  , . -T 
= 0,  henee the last  member of  (1a) is zero.

For k '= k *  s-  1,  %(e*+r(  I  i  J) I  r l  
= oo(Nr 'ex-  r (4! 'Zo)) ,  as one ean see

comparing the length of the words whieh appear. Hence the last member of (14) is

zero again

For  k ' =k *$  cu (en * r (1 r ' 11 ' I r l =au ( I  r ' q k (1 ' 7  r l l ,  henee  t he  l as t
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me.mber of (14) beeomes:

. =  < q k ( / , ' t ' l ' X  r l 1 ,  = < e p + r ( e p ( Z , ' F  ) ? {  s ) 1 1 ,  =

= ([en( / 1 -tr) lo,, |  ̂ 1, = <(Lpd-)o,, l I ,

so I , 
' f o,r'= [- l.r-* 

(Lr. f, )o,, '

The seeond forruffi proved similarly.
' 

(b), (d) It is enough to verify the formulae for f,e vtftFN , for eaeh type of

family of cores (because Vkn FN is an orthogonal basis of VU). For example,

L X  I  V . .  
=  0  w h e n e v e r ,  s ' )  1  a n d  s +  t  =  k .

t  s t t

(c) Th'e inelusion Lp(Sn) c SU follows from:

L t  q t  ( I 1 ' u )  =  0 ,  f o r  v € V k - '  ,

t r .  qk(u Xr)  =  qr (ar - lX r '  v ) '  I r ) ,  for  v€vr - r .

Sinee LU is a selfadjoint operator, Vk O St is redueing for it. RU ean be dealt

with analogously. B

From (b) and (e) of the previous Lemma each Vf. O Sk, k ) 1, has a basis made

from eigenveetors for both LO and Rk . I f  !" € Vt O SU is an eigenvector sueh that

Lx f = tr r.f , ,  Rr f, = tr z' Y, then from (b)'and (d) of Lemma 8:

(tr 1, )r r) e [{ t,o),{0,0),(0, L ) |  €e t-r,r 1 I .

LEMMA 9. Let k ) 0, and let f,€ Vf. O St be an eigenveetor for both LU and

Rn, of norm one, with eigenvalues t h ,, )r ,).
(a) If ( X ,, I ,) 

= (0,0), then:

T'  n ' f , '1  *  
=f  

h,m ( f ,  n, t - ,  *  f ,n-2, t )  + f ,n-2,m-z '

- T x  . r . x
f  n,t  

= 
iro n-2s rJ m-2t;  fo.t  n'm ) o '



- 1 2

( b ) I f  ( t r 1 ,  I r ) = ( € , 0 ) ,  €  6  t - 1 , 1 J , t h e n :

. '  X  n . t r '  T  ̂ = [ -n , r  *  e  " t rn -1 ,m - f ,n , r -z  -€ ' f ,n - r  
,n -2 ,

f ,  n,,  = 
30,- 

€ )s 'X n-r ' t r ' Im-2t ' .  for n,m ) 0 '

( e ) I f  ( I ' l  
, ) = ( 0 , € 1 , € G  [  

- t , t ] , t h " n '

rali
Ld

I  n '  [ ' I , *  = [  n , ,  *  € ' f , n , r -1  -Sn-2 ,m - t '  f , n -2 , * -1 '

f  ^ - = 7 ' ^ c t ) t ' / - n - 2 s  f ' f  m - t '  n , m ) 0 '
0  f l r f f i  g t )g  

- -  r r - zJ

' n "

P r o o f . I n e a c h o f ( a ) , ( b ) , ( e ) , t h e s e c o n d f o r m u l a i s a n e a s y e o n s e q u e n c e o f t h e

first.

For the first formula we use (a) from Lemma 8 and induction based on

formulae (10) and (rt). f 'or example, in ease (a):

I  f  t r ' i t  t=Xt ' l -o , t  
=  d- t , t

)( z'1"1 r 
t lo) X t(X t ' tr 'rr) - zN tr 'x, 

'T'

= Fz,t + (zN - l)f,o,r - 2N . d-o,r = [-z,t -J- 
o,r . &

LEMMA 10. Let k ) 1 and let f, Ue tite in Lemma 9. Then d- n,* is orthogonal

to F p,q for (n,m) I (p,q).

proo f .  S inee  
[ -n , *€Vp+n+6  

,  t he  asse r t i on  i s  t rue  fo r  n+mt  p - tq '  I f

n * m = p * Q , t h e n :

.f n,* I F o,ot 
= ( 

fn,, I e1+p+m( I o' f ' f,c)t 
=

=<" lp f , n , r  t r o l f , ' '

But for every m,n,P,q ) 0

X e ' fn , *  
'X  

o"oun [Fr , ,  I  t "  -  s l  (  p '  lm -  t l  5c  J  '

as one ean see by induetion using (10) ano the faet that
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^ l  - v -  e  s o a n l . f  -  : l r -  : f  Il L  L  0  n r m =  
e v q ' r  C 0  n - 1 r m t  6  n r r n '  0  n + l r m J  t

wh ieh  isc lear  f rom (11)  and Lemm"a B (a ) .  I lenee,  i f  p (  n ,  then:

Y  . r f  . Y  4 o r r o n f  r .  l * > r , - r i ! o i r vt \  p  o  n , * ' Z q €  s n a n [ d - r , ,  l s l n - P > o J c  " *

and similarly for p ) n, when q ( m.
, .

- t

REMARK. The last two lemmas show that for f,  as in

I  r r  _  _1 _ _r^  is  an or thogonal  bas is  for  r ,8 f , .
( 0  n r m J  n , m ) u

LEMMA 11. Let k,m,n ) 0, tr€ Vt .  Then:

l l  t r n , ' l l  3= , ' * -1 )n *T l t  ) t i l ; '

Proof. Let f 
= z

e Ynn rnl g' 8'

Lemma 9 ,  t he

a
lw

family

For g,de Vk O FN s *  g ,

suppg A supps '"  " t r rm "  "Drf f i

to prove the formula

function of its support,

= O.  henee s is
"hrI i l

orthosonal to d
" "Ilr ffi

a

In this ease. fo  n rm

the support is (2N -

Therefore it is enough

is the characteristie

1)n** . &

f o r  [ €  V * n F X .

and the eardinal of

LEh{htA 12. Let f, u" like in Lemma I and let To , h y-, ,$ * be the

I inear  mapp ing  de f ined uy  To( I ,  n ' f  
'X  

rn )  
=7  

n 'u 'X* .  Then To t t  gdef inec j

and it extends to an invertible bounded liner operator T: td^-* &*. Sinee

T 6 t$ ', one obtains that p 
f "nO ?,^, are equivalent.

Froof. The vecto.r lZ n f,X mJ n,n.,>' are l inearly independent beeause for

a n y  i n t e g e r  k 2 O ,  t X .  n S I * !  n * m ( k  ]  i t  
"  

f a m i l y  o f  g e n e r a t o r s  . f o r

rpnn{f, n,,n I n + m < t J 
(see Lemma 9) and has the same eardinal as the dimension

of the spaee it generates.

I f  
t r  

hes eigenvalues (0,0),  then ToFn, '  =-n, ,  (use Lemma g and (12)) '

henceT is uni tary (due to (12),  (13) and to Lemmas 10 and 11).

I f  f , r ras eigenvalues (  t ,0) ,  € € t . -1,1 1,  thent
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To

(use Lemma I

ti' ,*r-* t p
extends to a

.)
W : vbr --P l'(N)

(t

'  
h , t  

= 'n ,*  -€ 'c^ l  
n- l , rn

and (12)) .  We .def ine the

given by Uot-n,,n =dn,*
F

unitary U, ttr-+ ,*rn .
' c ,

& l'(N) given by

operators Uo t #tr.-. ,* r-r, and

and s! Fn,,n 
= 

d-n-l,r. Uo elearly

If we consider the unitarY

W( f,n,*) = (2N
n*m

o i \ r
- 1 )  d n @ d * ,

then _ 1
w u ? * * = ( 2 N - 1 )  

" * € ) t ,
where both sides are restrieted to the spaee w( '*tr ) and s is tl"e unilateral shif t'

1
/r ---.- - rr ^ rr r^-- .- r.

Therefores! rras an extensionS, r ,6p-r ,$* too, and l l  st l l  = (2N - t)  o.

Since To = U(I - €Sr)l n . ,  the eonelusion fol lows.
. , ( S t F

The ease of  e igenvatuesio,  t ) ,  t  I  t  - t , t  ]  i " t i * i t " t .  F\ '

REMARK. The induction step is now eompletely proved. For k ) 1 we ean

choose a'basis for Vn O St made from eigenveetors for both LU and Rn (bV Lemma

8), and Lemma 12 shows that the eyelie projections assoeiated to the veetors of this

basis  are equiva lent  1q p. . , .  Henee,  i f  we admi t  that  span IUU' f  k '<  k  -  1J is

eovered by projeetions equivate'ht.16 Pr^r, then Lemma ? and the above arguments

strow that Vu ean be eovered by projections equivalent to p- too.

( ? r -

We shall study now the spaees Vo for the famities of eores C € [ f lCo J '

" t:, Vo = span t)(i, j , o( , p ,w) (see (4)). Consider the veetors of norm one:

- €, f,- 1,^4, . . {- ' , t*,"1. t . ":- ' i),T 
= i l " i  *L  * i  .  ' - J

n  - .  r  '

where € ,  l '  e i  -1,1) .  I t  is  obvious that:

s p a n  \ = € ' f  I  t , f e  t - r , r ]  1 = \ ' o/ q I L { t v r - - I * r ^ J | o -
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I

ra

Fix  now a  pa i r  (  e , ,  t r )e  { - t , t }2  ana denote  
7 t 'o  

by ;  we sha l l  p rove

that po is equivalent to P-. .
l w

J f
LEMITA lB .  (a )  U n .7  

.X  
*=  7  D, f f i  

*  t -T  n_1,m 
*  l  -  

7  n ,m_ l  +

+ t  f  -. ' 0 ' f n _ 1 , m _ 1  '

S r  ^  P  + -

7  ̂ ^ = Z  ( -  € ) s . ?  { ) ' f , n _ r  - q - x m _ t ,  f o r n , m ) 0 .
)  nrm q?o

(b) If  (m,n) I (p,q), where ff i ,h,P,g 6 N, then 
7 n,, 

is orthogonal to 
7 prq ,

I

hence the familV I f n,'n1 n,rro is an orthogonal basis f or &J ,

( c )  l (  7 n , * [  
2  = ( z w '  l ) n * t ,  f o r  n , m  )  o .

proof. (a) Denote I= ^1 .€. r i-",7= "f 
* I i ,- tr .  sinee ar the words

which appear in the support of L ^. { end with a nonzero power of a, (and similarly
p l

f  or  Z.  7.  ) .  one has
o  q '

( rs )  q '  w ' l  )p ,o  =  n io ,o '  * '  
7  o ,q ,  fo r  p ,q  in tegers .

F o r l S k l t i - l  o n e h a s :

X '  - k - ' ^ k ' '  '  '  
u - t ' '

n '  " i  
=  (u i  )n ,o  *  ( " i  ,n -1 ,0  t

henee:

( 1 6 )  ? t  . r y t  = 1 4  +  L . 4  _  r  _ ,n  |  . l  
n , o  e  

I n - l ' o

and simi lar  formulae hold. for  V 
'7t  

* .

Now, (1b) and (16) give the first formula. The seeond follows from the first.

(b)  See the proof of  Lemma 10.

(e )  See Lemma 11. 6

LEfr{MA 14. Consider the l inear mapping fo: *J - ,* * defined by

T o ( [ n .  [ - . X * ) = I n . * . X r .  T h e n  T o  i s  w e i l  d e f i n e d  a n d  i t  e x t e n d s  t o  a n

t

invertible boundedlirmroperator T: &1 n "to.t 
. Since "tetft ' , P*'and P., are

0
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equivalent.

'  Proof. That T - is well  defined fol lows l ike in Lemma 12'
o

The formula of To with respeet to the basis tT n,,n J n,m>0 
is

( - f
T o . 1 h , f f i  = - n , *  - € . t t l  

n _ 1 , m  
-  l . u )  n , m - 1  

+  t ,  l  ' d n - 1 , m - 1

sider the wrators s1,S2 t t1* 
"$ 1 , u: J61 + ''*,'o given by

s r  
J  n , t  = J n - 1 , m '  s z 1  n , t  =  

J n , m - L '  u T  n , t  = - n , * '

o r n r r n ) 0 .

As in the proof of LemmF L2,v is unitary anO l{ St l l

r o = u : t - e  s l x l - t r s r )  l * T

the lemma holds.

Take now Vo = span C(i, or ) (see (5)). We introduee the veetors of norm one:

C . c( o1 -f:

'  n l  
t  = ' * fu ,  

- *  
€ '  a .  

' i ) .  
where  s  €  1 -1 ,1J

-  |  t / l ' - t  
- - ' r

It is obvious that:

.  8 ,  -  |  t  I
v ^ = s p a n t {  I  € e l - t ' t l  )

z
Fix €e l - t , tJ and denote 1 byt l  \ t re shal l  prove that R, is equivalent

to par,  but  in th isease, instead of  an invert ib le operatorT t  t f ;  n H fromlS"

we have only a elosed, densely defined injeetive operator with dense range' whieh is

affi l iated to vt ' .

.  t+ r .  o (  - I ,

LEMMA L5. Let p = 
frt"i 

t * t '  ui t)€Vf and introduce the notations:

1

= [  S2l f  = (zN -  1 i  U.  s inee:

g

Then

i l  =  r t  -  t ' Z  n -1 ,m-1 .  ;' l l lrffi I n'm

=  - L - u
t  h , f f i  s>o  ln -s ,m-s '



- U  + e
m  I  D r h

v \t.-  L  - I .  A
n t m

. i f n , + m l p + Q ,

i f n + m = p + q .

(c )  (6  '  '  '  r s is  fo r  ,k4  t) - '  t - ' l  n , t  J  n , t>o  ls  a  DL- . -  -  
l '

( d ) I f  l ( n +  m ) -  ( p * q ) l  : 2 ,  t h e n  * l  ^  ̂ i s o r t h o g o n a l  t o  q  ^ ^ .I  r lrm I prg

Proof. (a) We prove suecesively the fol iowing formulae (eaeh of them has one

simi lar  for  the r ight  aet ion of  1 . ,  ,  whieh we do not  wr i te) :
I '

0) l '  1 
. nl o,o =n1 r,o * t -I o,o,

( i i )  I  t ' T  o , t=n t  t , 1  +  E '  \  o , , t *n l  o ,o  
-  e

( i i i )  /  . ! . -  
. 7  o ,o=  

,  
r , o  

*1  
o ,o ,

( i v )  Z  L ' Z  o , r = 7 r , r * \ o , t i

( v )  r  L '  . 6  o ,n=  6  , , n *  
n1  

o ,n  ,  f o r  n  I  o ;

(by induetion, using (iv) and (11))

( v i )  , t  t . !  o , n= \  t , n+  L  -  
l  o , n * \  o , n_1

(by induction, using (i), ( i i), ( i i i) and (11)).

Usingr(v) and (vi), we ean ploeeed l ike in Lemma 9 and we obtain the f irst

formula. The seeond formula is a eonsequenee of the f irst.

( b )  T h e  e a s e  n * m l p + q  i s  o b v i o u s .  F o r  n * m = p * g ,  s i n e e n l  s , t

eharacteristie funetion of its support,,we have to eompute the cardinal

intersection suppri n,, f.1 supp n1 p,q. Ur,t

o( 4-r,
suppol s,t 

= supp.("i ')r,, U supp (a, 
:)s,t ,

the union being disjoint, :

(b) </vl n,*l a1 p,q) =

€  ' 6  
o r n _ L ,  f o r  n  )  0 ;

is the

of the



i r

1 8

. q ot-r:

supp (ai)n,* o supp (a1 t)o,o = 0 ,

- cardlsupp (ul)n,* A supp(f )o,ol = jr" - 1)n*t-l n-P I ,
ot -r. 0(-r.

6  . r  r  I '  r  l .  1  / ^ r '  .  r f l f  f i l -  I  n - P l
e a r d | . s u p p ( a . . ) n , ' o , u p p ( , i , ' , o , o , = ( 2 N : , ) n * * - l n - p |

{
(e) rrre family l{ n,*J n,*>o is a system of generators for ,$,1 due to the

Assume that:

K K
s .  +  I  . 6 ^ , .  ̂ = 0 ,  f o r K ) o  a n d  A ^ . g *
3^ 4^ ^ srk-s 

' l  s,k-s 
v '  DrL

K=U FU

We apply e*, ine projeetion on V* , and we obtain:

K
Sl I -rrvr - n) i  A s,K-s't  s,r-s = o

But tne famify{{ s,k-s3 O5r5n is l inearly,independent for any k ) 0 (beeause

det(("1 
*u-,  IJ t , r . - t>)oro,an 

is nonzero by [Rl ,  Lemma 5),  henee tr  , , i  - r= 0 for

any 0 ( s ( K. Therefore, an induetion argument shows that the given familv is

relations from (a).

l inearly independent.

t l
LEntMA 16. Consider the l inear mapping Wot ,t !+ 

tfr ut defined by
. -

W-,E- - =(.d- * , for n,* ! 0. Then W^ is a well defined elosable operator on 41" o  
I n r m  D r f f i  o

into ,f , l . l  ,  and its elosure lV is densely defined, injeetive, with dense range. \

proof. By Lemma 15, (c), and (12), (13), I ,Volsbi jeetive. tr{e shall  prove that Wo

- 1
Wlr are elosable and then the lemma fol lows. (If  Wo is closable and bi jeetive,

W is injeetive i f  and only i f  IV-1 is elosable).

Wo and wol would clearly be elosabl. tft{ n,*J n,m)0

basis of .* rr . Fortunately, ortr situation is not too far from this.
I

F o r n ) 1 , d e n o t e :

@

and

then

was an orthogonal



Pn = prol

Pl", = proj

= proJ

\

. tn the following

I
resPeetivelY 'lI tal '

"$ I  , _
rp"n t t
-
'  . ,  \ i ,
span * |

"{;

,o"n t-

Srt

srt

' 1 9

t

I r
s + t ( n J

l ,
s + t ) n '

o' n 1 t
s +  t  (  n  J

q t
} . -
J

and on tnuJ.

P' -^ are orthogonal- n+z
projeetion ald

and put I for the identity operator Uotn on r'f {

-'It is not hard to see that Pn 'nO

I - Pn --P'n*Z is a finite dimensional projeetion'

Note that P;( db 
1'). 

#1 beeause for all st ) 0'

'{q . (a ).
P r o j  

' f :  ,  1  r s , t "
spanL{ o,o I  

o{P,c,  P+9=nJ '

Srt

we shall eonsider all the operators

if stt S n'2,

i f  s ' l t  = n-lr

. .  i f  s l t ) n .

restrieted to ,* 
1 ,

-  E t  )  =- n+2'

\

I t  is easv to verifY that:

w o . P n - Q n ' w o ' P n  ,

Q n ' l v o ' P ' n * ,  =  0 ,  h e n c e  Q n ' w o ' P l * ,  =  0  '

Then:

(1? )  Qn '  Wo =  Qn '  Wo '  Pn  *  Qn  IVo '  P 'n+2  *  Qn  ! vo ( I  -  Pn

=  W O .  P n +  X n  r

'where Xn = Qn'  s to0 -  Pn -  Ptn+2)  and woPn'" t "  operators

bounded.

sinee t;t . * 
o,o 

= nl 
o,o , 

one has:

of f inite rank, henee
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- 1  - 1
wo'en = Pnwo'Qn

- 1 -
nn.  wo ' ( t  -  Qn*1)  = o,

henee
" r

Pn. Irr;1 - Pn

= w-1o

- 1
*  Pn Wo'(Qp+l  -

- 1  .
o  ) + P  . w - ' ( I - 6  - ) ' =T n '  ^ n  " O  l '  - n * 1 '

- 1
w - oo ' n

. o  +' n .

again operators of finite rank,where .In = Pn - w;1(en+1

henee bounded.

IVe ean show now

orily for Wo , for wll ttre

rake x ,€&T ( i

Yn

8 ) a n d' n ' w-1 - o areo ' n

- ' l
that I{- and W^'are elosable operators. The proof is made

o o

argum ents being si milar.

)  0)  sueh that  l imx,  = 0 and Y,  = W^ X,  Ty.  We have to
i+oo 

I o t 
i

show that y = 0. Fix n ) 1 arbitrarly. Then' by (1?)

-1."  v i  = Qn'wo '  x t  = (woPn + Xn)x i? o

beeause l,\to. Pn.and Xn are bounded operators. But t i 
f 

t '  henee

Q - , y =  l i m Q n V , = 0 .
"n  

'  
i+w

s.o. 
I

Sinee Qn 
T- 

I, one has Y = 6. @

LEMMA 17. Consider the l inear mapping To, &1-,  ,huc given by

To( In .1 .X* )=  I  n .cc . I  m.  Then To is  
.a  

we l l  de f ined c losab le  opera tor .  I t s

\ P T ; -
elosure t :J ra 

h I 
* "t, is densely defined, injeetive, with dense range. Sinee

T is affi l iated to ,.#', p and p.. are equivalent."  
1  

' (n

Froof. That To is well  defined fol lows t ike in Lemrna 12, using Lemma 15 (a)

and (c). The formula of To with respect to the oasistl n,r i n,m ) o of 
"*J 

is:

T  i l  = 0 , . J  . - -  -  E t * _  I  *  + w ^ * _ . , ) *'o  ' l  n rm 
- -  t r r f f i  n - r 'm nrm-r

+  [  ( .dn-1 ,m-2  *d  
n -z , * - t )  

-d  
n -2rm-2
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Consider the opeiators: ,S1,S2 t ;&,o *,*,n,.  51-.n,r.= -n_1,* ,

sz* n,r 
= @n,m-l 

I  
and the operator wot 41 *_{ * ,  *oT n,m i  -n,,n

eonsidered in Lemma tG. Then l{  Sl l f  = l lsr l l  = (ZN - t)-  f  as in t  ernma 12, and: 
'  

" t .  ,
' r r : 1 )

T o = [ I - 6 ( S t * . S z ) * [ S 1 S 2 ( S 1 + S z ) - s | s | r : h , o | , =" o lr$,.,

= ( I - S l S z ) 0 - 6  S l X t - t S z ) W o  
I , t ,  

-  
|

o  
" , O \

sinee 
, l l  

s l f t  = l f  sz l l  < 1,  ( I  -s lszxl  -€ sr)0 -  €sr)  is  invert ib le iand then

Lemma'16 gives the desired eonelusion. A

From the hole f 2, one obtains:

THEOREM 18. The von Neumann algebra,.,& t 
. {r r t r),tr\ tz, ).ll r a

.)
C B(I"(FN)) is of homogenous type I oo oD I - p1. consequently, the algebra

a = L l f X r ) 1 " . L ( F N ) i s s i n g u l a r  -  E
\.
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