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RESUI'IE

' i .  
Nous  ob tenons cer ta ins  es t imat ions  pour  l -es  coe

f f i c len ts  homogJt td i " "u  d . tun  mater ia l  compos i te  per io
/

d i q u e r q u a n c l  l e s  r l i r e c t l o n s  d . e  p e r i o d l c i t r j  s o n t  p a s  l e g

*6*e"  avec  l -es  axes  de  coorc londes .L ,es  fo rmules  ob tenus

c o n t a i n s  p a s  1 r  j . n v e r s e  d e s  m a t r i c e s  d t e l a s t i c i t e  e t  h o -

rnog6n6 is6e.

.  ABSTRACT

\ l le  obta in  some new est imai - ions foe the ef fect lve

coe f f i c ienbs  o f  a  pe : : i od i c  compos i te  ma te r ia l r v rhen  the

pe : : i od i c i t y -  d i rec t i ons  do  no t  co inc ide  rv i t h  the  coo rdo -

nate axe$"The obta ined formulas do not  conta ins the

lnverse of  the e last iC and.  e f fect ive rnat r lcesr

II{TRODUCTIOl{

l { e  c o n s i d e r  a  p e r i o d i c  c o l l l p o s i t e  m a t e r i a l r w h o s e

c o e f f i c i e n t s A l ; i . l a r e Y p e i l o d l c , Y b e i n g a p a r a l l e l e -

p lped in  R3; the  d" imens j -on  o f  Y  is  very  s rna l l  compared '

w l th  tha t  o f  the  en t i re  med ium" In  a  su i tab fe  topo lo

g y r t h e  c o e f f l c i e n t s  a r e  c o n v e r g e n t ' a n d '  t h e  p e r i o d ' i c

m a t e r i a ] . i s r e p l a c e c l v l i t h a n o t h e r o n e w i t h c o n s t a n t

eoef f i c ien ts . , i le  s tudy  the  pro t , le r : r  o f  the  a  p r io r i  es -

t l m a t e s  f o r  t h l s  c o n s t a n t ( h o m o g e n l z e d ) c o e f f i c i e n t s ' ,

COEFFICI]II{TS
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'  
The problem was stuaiea in ft l  '  [z ] ,  using the mlni-r

m u n } P r 1 n i i p 1 e f o r t h e p o i e n t i a 1 e n e r g y . ' l . . .
xs_t+mates in the case of '  the::mic conductivity .are

l 'nelgiven 1n [3J n using the hornogeni zaL:..on. methocl .  
'

Tar tar ts  resuJ- t  were genera l ized in [  ]  *o  the case

og l inear  e last ic i ty  and for  isot rop ic  mater ia ls .

ln  I i  ]  \vas g iven a d i f f  erent  genera l izat ion of  the

Tar tar rs  resu l t :  the case of  l lnear  e last lc l ty  i r i thout

synmet : :y  eondi t ion Ai jkh = Akhi l  anc i  for  non- isot rop ic

materials,The noi l-syrnietry may appear in the case when

the per iod ic i ty  d i rect ions d.o not  co inc ide wi th  coorc lo-

nate axesras t "  [?J , rvhere l t  1s  cons id"ered a hexagona]-

per iod. ic i ty .0n ly  a  par t ieu lar  coef f j -c ient  i t  1s  est lma-

ted t "  [5 l rus. ing a condi t lon of  a  t tpar : t ia l r '  symmetry .

the non-sytnrnet r ic  case, in  whlch are not  present  the in-

verge. . ,o f  e last ic  anc l  nhomogenlzedr  matr ices(vrh ichr  Ol

the  con tTary ra re  p resen t  i n .  t he  es t ima tes  g i ven  in [ : l ) .

For  th lsrare used some proper t ies of  the equat ions wi th

fast  osc i l la t ing r ight  hand s ide.

BECAI'I, 0F tsASIC RISUITS

Yle cons ider  the problem in  the case of  thermic con-

duct iv i ty .The temperature 0 sat is f ies  the equat ion

- d i v ( in  ] )CRS ,( 1 ) a€ stoa €€) = b

where  A -  a i j  , " f i t r )  ;  
" i j ( x /E)  

and r i j  a re  Y  per iod . i -c ,

boundedrpos l t i ve  c le f in i te ra i i  *  t j i  .  Here  t  
"eprusents

the ra , t io  betvreen the d inret rs ion of  Y and those of  the

medium.
fhe  honoge i r i za idn  theo ry (  see  k l ,  [ a  l )  g i " "  us  the  e -

x is tence of  AH ang eH such ihat  e  €H 1n the

weak topology of  the Sobolev space n] ( l )  when €-  - \ .0

and
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i n  . D  c R J
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-div(AHsrad qH) : b

11n2 .  *h  a
- + " * : - . "

*nr' l +jf e j-O Cal+ ! ; u  4

* lgdy gf  ! ] tu .above convergence are

Pf !bl9-uts

{ t  f s  p roved . - i n  [ 7 ] ' LB  J  t ha t

consid e-  '

t* )
J tl.f* m , l

/ ?y t / d
\ ,
. d t- ;a

u
yi= : lurrtn/)vn , toln evy

Y '

Tartar ljlit
$ L )

for a t-

dr rrlAuz?',-) rrl) rr= 
{"rr'nD 

v n' t:
( . ' )

r v h e r e -  v y  = l O  g  t i l ( v ) '  u  =  f  l e r i o d i c J

)he v ,

,
y r h e r e  /  \  f  , r r r  z l v l: " " . - -  

\  :  )  -  J  : * J  /  l ' '  I( w
t

! , l l o rggvg l : i n  th i s  case ' i i  ] u .  poss ib le  to  ob ta in a formula

I? "  { !g  g f fgc ! i -ve  coef f i c ien ts :

e{.u = (^r, r orn)l i zlvn)
l l  \ r d  /

Eo gbta i l  es t i rn i i t ion for  AI I  , in  the paper  o f

i "  9ug9  { "g  fo } l ov r ing  con3 t ruc t i on :we  search

lr lgl  { tgt, lot slvgl .  e i t3 we have

' 9
grarl t '
C C
l d - ' u * - - \

4 Biact t :

lg l  { I lqr l t  l l  g? lF id 'ered the problern

t ,  . t  f .
l '  ai"(A*. 6rad t i :"  )  = o

Q j  J  
: ; ' ' - - - Y - '  

:
i  t - -  c . {  e  i l ; ( l )L

? lc l r  ag lq i+ ;e .  . 16  =  t t -  c ' x  , i t  i s  ob ta ined  the  fo l l ow ing

grgbi.o.1, fnt .ie :

;

c  weak ly  : -n  l2 (D)

4116 ,weakly irr  12(r l)
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1n

Propo s i t ion

.,  I ,et ' .u

*4*

n e e d  :

f J"f,( z.f ft*i
)  s  L r

1 "E e u}(n)

the fo l lowing we,.

i = "T* cm -6t)'*

uE = 0 vreaklY in H]

+  c r ) )  i l b * r  =0 , ( v ) f  au ] ( l )

Ihen a- r ) p ; '

- * oe.--:

?ro o f .

As in t?l , Lul ,\'ie use the

*ar rconsid'er ing the funct ion

Uslng
- r  + ^  . . ' 1 l i  n ' ! r
I I ] I  l r i '  t  l ' l r ^ r '  v r '

-a - '

of = *.,- + e .f; 
u( x/€) ,

the corresponr). lng problem wlth lntegral

aLso the problem (3)" l i rs t ' rve obta in  for

the express lon

* rr lfr lr

4 = 
"!ii? 

uTdxi + 
"iiq 

tq

pass ing to . the l l ro i t  ln  (3)  \Ye have

+e
d i v P = 0 .

TI

These last tvro relat ions anc ihe fact that ul i6 H$(l)  :

g ive us ihe des i red '  resu l t  ' In  the above re la t ions we

u s e t h e f a c t t h a t a p e r i o d l c f u n c t i o n t ( x / E ) c o n v e r g e s

weakly in T-,r( l )  to t t is mean 
'va1ue 

o

ESTIi.{ATIOi.IS

Propos i t iOn 1" i le  can cOmpute  some l - i -

n e e d e d  i n  t h e  s e q u e l ' q l e  h a v e

( l ) .

fornu.lation and

thq l lmit  of  n!

/ \-(un/ 'n i

* h a

are

L ,  I c
be the solution of (3) and p! = tira"/?xj '

rveakly in fr( l )

energet ic  method of  I "Tar-



'rtra ,f ft"i>*n'i J '' (rpr2)vlckcm weakr-v tto.

.. t,t
c . {  du ldx i

r r *

. \ (ru)t" tlvlcoc*rveaklY in r'1'

F 1

(  + ) ,  consid ering ,  as in 16 \  '  the rrnon-

z  )  =  O i v  t r '  r  V  =  x / €  t  z G V . r .
y ' I

we.un see that  , t1*1 -  z (x / t )  - - -+0 s t rongly  rn  r . ,2( l )

nerget ic  method fo r  the  equat ion  (6 )  and

b e c a u s e  
" €

* ,r8. dsDri ) =

r
1r
l l

ti
l l
I l

ll.'
t i
l t
l i
l r
tl
I ' l

l l
ii
t\
l1
i !

li
t p
! l
ll,

!l
ti
l}r
1t

( + )

( 5 )

stand.arcL lr

t
u t j

tr'iFst,

d iv( 6 )

a1rd using the

(3)  o*ue obta in

11m

\ &-'o

where

But vle

vJe prove

prob lem

v( 
A grad

€' l ! - a i k C g  .

e  a l so

F, ̂ . f ,1 ,\ t,
i, b ;tl"t1)i1bxr, r,

a

(

(

)
J)

€
Fi

hav

f"
D

"tp $b*i\'fD*r*; 6,t ,Dvi) ,

The eornpar ison betweeR.  z  and fn  g ive the des i red re-

:
eu l t  r

- U s i " n S  ( 4 )  ' a n o  ( l )  r v e  o b t a i *  a } s o  t h e  c o r r e $

ponding convergence 
"ut t t io, ,  

for  tg !

= (n?t TJD*is * ,,'a e/Z*i ) ,
5

ai :d  those re ia t ions g ive us
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i )

i i )

r , " t \
L-L-L  I

$ le  s ta r t  rv i th  the  de f in i t ion  o f

' fr i tt /b*rltt D x, -\ c i ' c j  .

.t.1 ,r€ ;

iV* i  +  Cr) .

n

O o  r  r

E
+

1li";]*'D*, = ̂ ?. ()',ru
r -J

f r om v rh i ch  we  ob ta in  the  re la t i on  i ) , us ing  ( l )  '  The  '

second re la t ion i t  is  obta iner l  us ing the prcper t ies of
I

p: ,which was provecl  in P::oPosi t ion 1 :
J \

L  f  . - '  € . . . -  \p I  - " i r Q t - / d x i - . i )

e \ T r ^ / \

.Pi 
"--\' *llro' L k- \tir. ) 

. C u

she las t  re la t ion .  concern ing  t€  may be  ob ta ined u

s ing  the  conpensat .ec l  conpactnessr in t roCucec l  by  I , 'Tar -

t a r  a n d  F , M u r a t ;  b u t  i n  t h i s  c a s e r i t  i s  p o s s i b l e  t o

obtain i t  f rom straight calculat ion and. the above con-

v e r g e n c e  r e l a t i o n s :

. t  . € . - . L  . € - E -  t  e  €  e  e
,  r i  V f V t -  = d V u V r f  + A c Y u  + A Y u c

L
+  A . c :  c  i

i t  i s  p o s s i b l e  t o  s e e  t h a t - b h e  f i r s t  t w o  t e r m s  o f  
| h e

above re la t ion  reduce to  zerorby  the  ec lua t ion  o f  u -  .

fn  -bhe ' las t  re la t i -on ,  v  denbtes  the  opera tor  € i rad"  .

l t i le emphasize that the compensated compactness ' is

n o t  a p ' b t i c a b l e  t o  o b t a i n  ( + ) .

'  lYe  cons ider  in  the  seque l  the  func t ion l
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?ropos i t i on  2
' Irle have

( B )

Proof .
A s

Taking

the fol l -orvlng convergence

€\r

I

\

T)

uf'  b*€/ E *i  ,Trt i) ' ,  *r aII weakly r'1^ ̂* - s s  :  J O C

,  *6  ver i f ies  a  g loba l  equat ion  :

r  r , \
^ t r i ? r , f  t ) r i ' ? t / V x ,  =  o  ( v ) r e

#g  w i t h .  e€n ] ( l )  ,  us i ng  t he  f ac t

- - )  * "  s t rong ly  in  i l ,2 (D)  anr l  the  de f in i t ion  o f  e f fec-

t l ve  coe f f i c ien ts rwe  ob ta in  the  resu l t '

Fropos l t ion  J
Wlth the above notat ions'we have

(g )  
" t r i vuL /  

?  * i  ) " t7 )  * ' - r

(ro) ^! j  ? n'z? *i ' )  ' f  D*ir

.  - 1
weaK ly  t *  , i o .

Froof
We star t  w i th  !

(  t -  €  a -  f  - '  f  ^  ' ^  \

I u l i b t ' / ) * i  ( e ) * " ? * i  + ' i ) g / d * i  )  =  0 '

5 '
Obta inec l  f rom , , ,he  prob le ro  ver i f ied  by  w '  ,us ing  the  tes t

z  r v i  t h  {  6  t i } ( l ) .  V e  h a v e  a l s o  t h e  r e l a t i o n
f u n c t i o n  w  $ e t l - l  r ' r '  t ;  e  r r o \ l

( r r ) , o b t a i n e d  f r o n t  ( + ) a n a  ( f  ) ,  '

t  - , € , a  \  ^ H( r r )  & * - * d * u  l O x i  # ' a - i t
\ 4 d /  f  J  

-  
r J

nlo)
, z

tnat  w

a I I .  c  . -
S J  J

. / <- ( a ^  . + a ,  ̂  d
\  P ' J  * l

0 ,

ps /a a r \ r ." y  i

e r -
5.

' l )
w e a K l y  l n  , 2 \
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Using the last

d  e f l n i t i on  o f
\

o b t a l n  ( 9  ) .

-B-

re la t ionr the s t rorg convergence of  w t the

u€ ar id  o f  - the homogenized coef f ic ientsr  we .

! 'o r  (10) . 'we start with

, f  t ? * ,  (  e o  u ' / V * t * ' f  a  e / v x i  )  =  o '

and.  use the resu l ts  o f  Propo: l * i " i .1o
'  We have also to remark that *n.:  method qf compensa

ted compactness,  in t rodrrced by l .Tar tar  anc l  F 'Murat (  see p] )

I t  is  not  appl icable 
: t  " : l t t :^ (+)  

'because a l though

the -norms t:  o, t l  
: t .  

and pE- are bounded by a cons

tani,  dlv P' do n9t '  Delongs to I '2 I  '

u u i " u a e s t l n r a t i o n s a r e o b t a i n e d s t a r t i n g w i t hThe d

the fo l lorv in$ inequal i t ies :

\"1 (et (v ,,e

G(v te

d r Y {+  v  * € ; r v  t E *  v  t u 6  )  v o '

+ c )  r Y

+ C / r \ /

+  " ) 7 r
+  " ) V

L
w

ie

0 ,

0 ,

where Y r lenotes the operator gradx '  I lere ' ! I  >/ O means

( u  0 r  c ) > r o  
" i " l  

t e n ' 3  '  ' 1 ' c  =  * i ;  
" i  

a n c i ' ( " ' )  r e p r e

g e n t s t h e s e a l a r p r o d u c t i n R 3 " T h e a b o v e . r e l a t i o n s g i v e

usr tak ing in to  account  the obta ined convergences '  the

tnequal i t ies  :

( ra)  u3,  + * I r* i  o  ( r i *  o i i )  ps/a v)  " i  
*G")" ' "  i>o

(u) z. "{ i  " i .  j  I  (" tu 2f /  b 7 r o

(r.4) -(in z?u/ ) vi)*r"*l *$;' i-("i*u i-i ) ?u/)v) " '* '$;o

v)rx.* n z.Q,)"",

Adding the last th.r'cc equations t \Ye  ob ta in
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( r r )  ,  u fu c i+ "Hi  
. i  4 .2."5u + Z"uf i t i " : ;+: ( :r i )ei ' j

where the surnmation convention is only for

recaI1 the resul tand J ,  Ior  conrPar isontwe

4 i ,' f J

c o e f f i c i e n t s ,  a T t  =  & i i '  I f
'  I J  , J &

C e ? m 1 ^

Ac (  (1"  + Ae ' )  /  z)- ' -s  '  3"

the lnd ic
| - ' 1

^ €  I  ?  |  .
v J  I  J  I  o

. L  J

honogen i

e s i

zed.

(

(he 1 n€ \)tz)-r

t iae + l t  ' ) ' / r ) - t

( B o w r w )  +  ( c o w r z )

A  \ c o

*: lo , v;eaklY in

+  ( r v , c o  r )  +  (  D o " ,  z )

It2 t

then
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