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'  '  D l lati.nns in H-cones

.
bY N. Boboc a-nd Gh ' Bucur

, rn potential theory there are situations when starting with a cone of potentials we

construct others which are bigger. For instance if s is a cone of potentials and B is a

b i t a y a g e ( o r o n l y p s e u d o b a l a } a g e ) m s t h e n t h e s u b s e t S , o f S - S g i v e n b y S g l -

-  [u 
-  Bs /  seSJ is also a cone of  potent ia ls ( [ i l ) '  I f  the base of  B has his f ine

interior empty then we can say.that s is a subcone of the cone of potentials generated

uv sg 

suppose now that,f- ,u".rar' is a resorvena 
:, 

*:r:rt: 6n a measurabre space (x'u

such that its init ial kernel v - V0 is bounded and let p be a bounded kernel 0n (X' 3) such

that V - PV is also a kernel on (X'3) and such that ' for any positive!-measurable

function f on X, we have 
b

i n f ( s ,  P s ' h g - P u  + P f ) €  b Y f

q T , 
q |f^-suP^ermedi an (re's7 '

for any s' ue 677' (Here bytrop'?'S> iu the cone ".t.=tt:": i i  
"- '8 

^r ^.,r functions
. '  t \  - r r \  x r r^ t , ^u .aAzV l  qnnwD ' ,  I  L  )  . /  v '  ' e  e  I
,U-o-*""ur ive) funct ion'  of lX).  Mokobodzki  showf!  ( fZ]) tnt t  the set  '6 

t  ot  arr

on X of the forme s - Ps where s e\y is a solide subcone of the cone of alI excessive

functions with respect to the kernel y - pv' This assertion is proved when X is a'compact

:oints
Ot  a  - !  ^ -  v  an r l  P  f l nes  nO t r  u l l d ruE  u ' r v  vv

s p a c e , U i s a R a y r e s o l v e n t o n X a n d P d o e s n o t c h a r g e t h e s e t o f b r a n c h i n g s

o f , f f . o n " c a n s a y t h a t t h i s g e n e r a l i z e t h e a b o v e s i t u a t i o n w h e n P i s a b a l a y ' a g e ' T h en Y
kernel P is called subordination kernel with respect to "

rn this paper we develop a general procedure as above in the frame of the theory

. of H-cones' - 
increasing and contractivg

r, f  s is an H_cone, a map p :  s+s which is addi t ive

(pr6SA,  5G s)  i s  ca l led  a  pseudo_d i la t ion  i f  we have s  n  (ps  +  t  -  p t )e  s  fo r  a l l

s . t G s . A p s e u d o . d i l a t i o n i s t e r m e d l o c a l i z a b l e i f s l ( P s * P f ) e s f o r a l l s e S



.  
. s - P s  - <  t - P t , - : )  s - < - t  j  , . . . ,

a

We remember that a map B : S -l S is a pseudobalayage if i t is additive, increasing

contract ive and idempotent (B2s = Bsrd) ,e S) -

It is proved : 1) any pseudo-balayage is a locali%ble pseudo-diLation i .-n
- i - n t

2) for any' iseudodi lat ion P on S the subset S^ ={s - es I  s€ SJ is an H-cone ip

l) If P is a pseudo-dilation on S then there exists a pseudo-balayage B on 5 and a I
I

dilation Q on So uniquely determined such that iD i
I
l

1 - P = ( 1 - A ) ( 1 - B ) .

We have also P localisable iff Q is localizable. 4) If P is a localieable

Bseudo-dilation on S and Q is a pseudo-dilation on S, then the map

L : - P + A ( 1  - P )

is a pseudo-dilation on S and we have

( 1 - L ) - ( r  0 ) ( l - P )

Moreover if Q is localizable then L is also localizable.

Defini t ion Let S be an H-eone. A mao

' l

is  cal led pseudo-di lat ion on S i f  i t  is  addi t ive ,  increasing, contract ive ( i .e.  Ps d s

for any s G S) and

I  \ -s , t C S g s ' r ( P s + t - P t ) c S .

,  ,A pseudo-di lat ion P on S is cal led di let iqn i f  for  .nU u,  t  € S we have
. \

. ;  5 - P s - t t - P t = ) s - < t

A psBudo-dilation P on S is called loca,l izable if the followi.ng relation holds

o

t
t
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) : ,
4 , . , f e ( s : S ) + , s - 6 S : ) s n ( P s + P f ) € S

' . . " ] . R e m a r k , W " e t e m e m b e r t h a t a m a p .
, < ' 

l.i

: B : S - > S

i s  ea l l ed  a  pseudoba tayage  :  i t  ! t ' e ! vsg ' ' v '

o' ( i . "  
.  B ' t s . -  B s  f o r  a n Y  d €  S ) '  :

' i ^ t r n : -

, P r o p o s i t i o n l L e t S b e a n H - c o n e a n d B b e a p s e u d o b a l a y a g e o n S . T h e n B i s a

on S and the convex cone' 
localizable Pseudodilation

( ^ t -  n a:  
u ,

'  ' l  !  d e r f r o m s - S '
is an H-cone with respect to the'natural or

. -  r '  l - t  1 Theorem 5.1-5) i t
: . s i n c e B i s a p s e u d o - b a l a y a g e o n S t l - . r e n ' f r o m ( L I J ' l n e o ]Prool

' t r - F

fo l lows tha t  S ,  i s  an  H-cone" '  I f  s '  t€  S  then we have ' . ' .
t a

( s - B s ) n ( t - B t ) - u - B u

' : b l e ' u  €  S '  ' S i n c efor a surti

Q o
U _ B U  s ( S - o s

i t  fol lows' from ([1] ,  Proposit ion 5'1'2) that

u - B u + B s € S

or equivalentlY

,  s A ( B s + t - B t ) e S '

'  r .  , 1 .  , h te  fn l l ows  as  i n  (  f l l  ,
a Hence B is'a pseudo-ditaf icrr on 5' The fact that B is localizable fol lows as j

'  
G S then we have

T h e o r e m 5 . 1 . 6 ) . I n d e e d i f s , t G s a r e s u c h t h a t s { t a n d i f u '

v  : - . ( u  +  B s )  I ( B u  +  B t ) €  S '

B v - g u + B s

u  , r  (Bu  +  B ( t  -  s ) ) ' +  Bs  -  vand therefore



we deduce, frcrn ([t] , Proposition 5'L'2) '

v - B v + B u € S ,
1

or .equivalerittrY
u  ̂  ( B u  +  B ( t  -  s ) ) e  S '

*

-^^"-{^di 1 at i  nn on an H-GUI lu 'r  '  rre sv' ' -  --

Definition; Let P be a pseudodilation on an H-cone S' tlle dgnote 
lU 

Ut the ma1

' B p :  S - ) S

, .
def ined'bY .)

B ^ " = v f t e s l t < s ' P t - t J- P -  C

' . T h e f o l l o w i n g p r o p o s i t i o n s h o w s t h a t B , i s a p s e U d l b a l a v a s e o n S .

gseudo.halavage associated with P' 
*

. ' ' ) n 2 F o r a n y p s e u d o d i l a t i o n P o n s t h e m a p B , i s a p s e u d o b a } a y a g e
Proooslt t t

on s sucl'i that 

Bp, = P(Brs)'s Ps

and such that if B is a pseudo-balayage on S with

f T ,

3s.< Ps tr)  s e S

then we have
^  ( * )  s e  S .

Bs ( bps \v

Moreover for anY s€ S we have

G(

n q - n P s"p _ 
,(ef2 S

i with card c( '< card S and' ^ -r ' ordinals o( on S with caru -. '
. . rhono O ^ is the set or arr
w r r u l v . - r  b  

L

-o( ^ >s defined inductively by P1 - P and if  o{ >

iS the familY of maPs P : b +

: 1 ,

, F
. i

i
rI
$rl
i

i !

h

It is termed the

, ^ d ,
where (t. ,"*QS

I ,
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i.if

proof. FroI| the,definit ion of B, it follows that Bo is increasing and contractive

' 
L:t s42s2e S and t'rt.e S be such that

t l  < .1 : ,  
t2 < s2, Pt l  = t l ,  Pt,  -  t ' ,  '

.  ; t, lNb have ,

P ( t t  + t 2 )  - t r + t ,

* or'td therefore 
!

D f ^ , ^ \t -  + t ^ - ( b ^ ( S ;  + 5 ^ ,  t  '  '-  
t l  * t 2 . < o p t u 1 - t Z ,

j  
Sin""  for  any s € S and any t ' ,  t f€ S with

. : . . .

.  
' o  

t ' . ( S , t l l € s r  p t ' = t ' , P t 0  = t l  I

'
we have

.  t , v t r r * t ' * t l l  , t ' v t ' / ( s -  . . i
. . . . . . .

, i t  fol lows that ' i .  
. .

.  
p ( t ' y t r r )  =  t ' v  t t  r . :

. .  .

and therefore the set " j

[ t  e s  /  t  (  s ,  P t  =  t  J

is upper directed. From the above considerations we get

Bp ul + B, s2 < Br(st * s2)

0n the other hand if t G S is such that

.  t . < S r * s o  , P t - t
l l

'  
we deduce that there exist tI, t.,6i S', such that t, * t2 - t, t l  r< 51r t2 { t2

?  n - - -

0bviously we have Pt l  -  t r ,  ?tr= t ,  and' therefore

\ - n r )

t  {  Bp ul * Bp s, Br(s, * s2) {,  BP t l  *  Bp t2

Let, now s € S' Since P BO s (. Bp t and since

.  t ' € S r P t - t , t { s r * t \ < B P t
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t  €5 ,  P t  -  t ,  t  {  s  i+  t  (  P(BO s)

and therefore

B O s ( P B t s

- Hence P B- 5 - Bo s From the definit ion of Bo we get
/ -  - Y -  r
. ) ? _

&  
B F s l B r s , B f r s - B t s

Let now B be a pseudo-balayage on S such that

B s { P s  ( V )  s € s .

We deduce
n 2

Bz .s -<  PBs<  Bs  =  B ' s  (P  ses

and therefore

Bs  -  PBs  (V )  ses .

From this fact and from the relation Bs { s we get

B s < ' a r s  ( b s e s  '
n r

It is easy to see that for any oce(2, the map P( is additive, incieasing

and contractive and that

d - < 0 + P d u 2 P P r ,  ( Y ) s e s .
t :

Hence the map

s __>Ts : -  _ p s- 4c9^
5

is  a lso addi t ive,  incrbasing and contract ive

Since
n

card *rS > card S

it follows that for any s € S there exists &, u 
Q such that

4,  do  ! t  .
P - s - P - s  C V I  4 ' .  * O

and therefore

2 P(Ts)  -  P(P4 s)  -  Pc(o+l  s  > Ts,  Ts -  P Ts '
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. . . : . ' .

From this relation and from G < s we get
T^f 9 ( B o s  , ir

4 , t F l
B p r { P _ u  ( t 9  c ( e l ' z

and therefore
3 -

P  s - t T - s

, + . ':'ii

Corollarv J Let S be an H-cone and P be a pseudodilation on S. Then p wil l

be a dilation iff any pseudo-balayage B on S with pB - B (or equivalent Bs < ps 1|J ses)

. is equal zero. ' .  '  ' ' :
1

Proof. Suppose that P is a dilation on d and }et B be a pseudo-balayage on S

such that PB = B. We haie

- - -' ,  B s  -  p B s  =  0 s  g  -  p 0  ;

" and therefore Bs g 0..conversely let s; t€s ue.such that

s - P s ( t - p t .

We deduce, inductively
d o (

s - P - s < t - p ' t

and therefore

s - *e F<s (t - *eP't .

Since Bo is a pseudo-balayage on S with:
o(

B p s -  4 n  P s  , P B o - B o' o(€VS Y r

we get B, s -  0,  B,  t  -  0.  Hence s < t .

0n the other hand we get inductively ....
a

!'

$ "..q
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Tleorem 4 Let S be an H-cone and P be a pseudodilation on S. Then there

ex is t s  a  pseudo-ba layage  B 'on  S  and  a  d i l a t i on  P 'on  So ,  such i tha t
.  

. .  D '

1 -  P  -  ( 1  -  P ' ) ( 1 ' -  B ' )

The cup le  (B ' ,  P ' )  w i th  the  above proper t ies  i s  un ique ly  de termined,  B ' i s  the

.pseudo-balayage associated with P and

P r ( s - B ' s ) - P s ' B ' s

Moreover i i p is localizable then P' is also lobalizable.

fro?:|: Let BO be the pseudo-balayage asbociated with P and PO be the map

defined on So by., "0

PO(s -  BOs) -  Ps -  BOs !

Obviously we have

BOU z BOPs Z B'P B0 s - BOs ,

B ' P g - B ' t - P B O s
0

49\ /
s addi t ive.  Let  now s,  t  e,  S[such thatFrsn the definit ion of PO j.t follows that PO i

M  r e  s  .

.  s - B 0 r { t - B ' t

-  t f .  1

From ( [1J  ,  Propos i t ion  5 . I .2 )  we deduce tha t

s ' : -  s  -  B ' t  +  B o t € S  ,  s ' . (  t

and therefore

Ps'  - (Pt ,  Ps -  P Bos + P(Bot)  .s Pt

'  Since P(BOs) -  B'u ,  P(B' t )  -  B' t  we get

Ps - Bns + BOt .S Pt

P ^ ( s - B ^ s ) { P ^ ( t - B ^ t )
U U U U
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Hence- P., is increasing. 0n the other hand we have
U

PO(s - BOu) - Ps - BOs < s - B't

and therefore P^ is contractive
U

Let now s, t € 5. We show nottl that 
' 'l

(s -  BOs)A(Po(s -  Bos) + ( t  -  B ' t )  -  P ' ( t  -  B ' t ) )a 'SB0

Indeed we have

-  (s - 'Bos)A(Po(s -  Bos) + ( t  -  B ' t )  = P' ( t  -  Bst))  =

= (s  -  AOs)A( f r  -  BOs + t  -  Pt )  -  sA(Ps *  t  -  Pt )  -  B.u

Since

s '  :=  sA(Ps  +  t  -  P t )G ,  S

Ps .< st -( s

we get

B' t '  -  B ' t

and therefore

(s  -  BOs)A(Po(s  -  BOs)  +  ( t  -  B ' t )  -  P ' ( t  -  Bg t ) )  -  s '  -  Bqu '  .

Hence PO is a pseudod.ilation on S. It is easy to see that we have, inductively;.oo
o( o< _, r. /1

P O  ( s  -  B O s )  -  P  s  -  B ' t ,  ( Y )  s  €  S ,  o ( €  l l s

and therefore

A  o 4 r ^
^6:% Po (s - Bos) - Bo= - Bos - o

Using Corollary J r,re deduce that PO is a dilation on S.u . . o o



I
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i .  . ,

r on 5 and P' be a dilation on So' such thatLet now B' be a Pseudo:balaYage D

' hle remark thd.t

o  -  F l t  L  o t ( 1  -  R t ) '
I - U T T \ I - U l

i

, and therefore

p B ' s - B ' s  ( b 9 s e s .

Hence

B's  (  Bos ( | )  s e s .

. We denote by Blr. the maP

n l f .  q  . - . - > eu t " B t . " 8 t

defined by \

glr(u -  B 's)  -  Bo(s -  B/s)  -  Bo,  -  B 'Bos '

;3

It is easy to see that Bit is a pseudo-balayage on SUr ' We have

( 1  -  p ' ) ( B r f ( s  -  B ' s ) )  -  ( 1  -  P ' ) ( r  -  g ' ) ( B o s )  -

- ( 1  - P ) ( B O s ) = 0  ( f l  s € 5 .

Since P' is a dilation on SU, , we deduce

t l

n f r r s  -  B ' s )  =  o  ( V )  s e  s ,.  u  \ e

rl
B l l  - Q  .

I

, : Hence .;

B ^ S  -  B '  B r . , S  =  B ' S  ( b  S €  S ,
U U

B ^  -  B t ' t)u \ W

Suppose now that P is localizable and let s, t 6 S(such that

s - B O s { t - B ' t
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.  r  n  ^  + r  -  +  -  + a R  t
:  , s r  : -  I  -  sABOs '  t '  =  t ; -  tAugt

where-(is the imfimum in S with r-gspect to the specific order we'get

s  -  B O s  =  s '  -  B ' t ' <  t '  -  B ' t "

2
s ' . r l B o s t - t ' . A B o t ' - o

* 
and therefore

-  s '  <  t '  ,  B0 ' '4  BOt '  '

'We have for anY u €S,

(u  - .Bou)A(Po(u  -  Bou)  +  Po( ( t '  -  Bo t ' )  -  (s '  -  Bos ' ) ) )  -

-  ( u  +  B n ( t ' - s ' ) ) A ( p ( u  +  B O ( t ' - s ' ) )  +  P ( t ' - B 0 t ' -  ( s ' - B 0 S ' ) ) )  -  B O ( u +  t ' - s ' ) '
U '

S i n c e B 0 ( t , - s ' ) € s a n d u s i n g t h e f a c t t h a t P i s l o c a l i z a b l e i t . f o l l o w s t h a t

\ ' 
the element

v  : =  ( u  +  B O ( t '  - r ' ) ) A ( P ( u  +  B O ( t '  -  s ' ) )  +  P ( t '  -  B 0 t '  -  ( u '  -  B O s ' ) ) )
U '

belongs to S and moreover

B ^ v - B r . , ( u + i ' - s ' )- u u .

We deduce that

( u  - B o u ) A ( P ' ( t t - B o u )  + P g ( ( t - B g t )  -  ( s - B o s ) )  - v  - B o v  €  t t o

'and therefore PO is localizable dilation on tUO

; Since for any s € 5 we have

P 0 ( ( 1 - B o ) s ) - P 5 - B ' s
+'

w e g e t  .  .

( 1  -  p  ) ( 1  -  B n ) s  -  s '  B 0 =  -  ( p s  -  B O s )  -  s  -  P s
-  |  

0 ' / \ r  
- 0 ' -  -  L
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BemarK The following theorem shows that if P is a pseudodilation on a given

H-cor ie S then the convex cone S, , - : ls  -  Ps /  s€ S1 tu also an H-cone with respect

to the natural order from S - S

The preceding proposition represent a way to obtain S, in two particular steps ;

f irst we pass fr$n S to Sr^ where BO is a pseudo-balayage ( tne pseudo-balayage
"0

associated with P) and then we pass from So to So - (So )p where Pn is at this
o o  t  ' o ' o

time a djlation on tUO

Lemma 5 Let S be an H-cone, P be a pseudodilation on S and let M be a

subset of S - 5 which is dominated by an element of the form s - Ps with s € S.

Then the set

A , = [ u e s / f < u - P u -

. has a smallest element uO Moreover we have

u o - P u o - A [ u  - P u / " r A ]

( H  t . M  J

we get

Proof. If we denote

u 0 : =  A J t

f  + P u 0 . f  + P u * < u , ( H f € M ,  u e A

and therefore

f  ( u o - P u o  ( t l )  f € M ,

I
uO €Jr

Let now u < A If we Put

, t  l -  , O A ( P  u O  +  u  *  P u )

'we  ge t  u r€  s  and  u ,  (  ug  0n  the  o the r  hand  we  have , .  f o r  any  f  €M,
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f < u - Pu, f ( u., - Pun ,U U

A
and theref ore ure ,Jt , uL V uO. Hence ul - u0 ,

u - PB.>'9[ -  P uO
:

uoror ra rv .6  For  any  s€S there  ex is ts  an  e iement  Ms€S such tha t

'

s -  Ps -  Ms -  PMs and such that for  any t€S for which s -  Ps < t  -  Pt  we have Ms{ t '

Moreover we have

M s  = A { t e s  /  s ' - P s s  t  -  P t J - n l t  a s  / s  -  P s  -  t  -  P t J '' . t

Proof If we Put
e r ,

M s  - n [ t e s  /  s  -  P s { t  -  P t  J  ' '

then we have, using Lemma 5 ,

.  M s  -  P M $ - n [ ,  -  P t  I  t G s '  s ' -  P s < t  -  P t  J -  5  -  P s

.Hence 
MS is the smallest element of the set

S t e s l s - P s - - t - P t 3  e
( . ,

Theorem 7 Let s be an H-cone and P be a p"seudodilation on s. Then the convex

c o n e  
s - , - { u - P s l = e s 3

( 9

i s a n H - c o n e w i t h . r e s p e c t t o t h e n a t u r a l o r d e r i n S . S a n d

n  [ =  / \  A f o r a n Y A C S '  t
S^ s-s 

f1 r 'LJr qr r,  n

" r

1Z A - \,/ A for any upper directed and dominated A c tO
c  q - q.?

Proof.  I f  A C Sp we denote
.)

.  M : = l t e s - s l t < t  ( y t € A J
t



d
$oviously

and from Lemma 5 there exists u'a* such that

and
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n
( V )  t € M J  ? '

A,lt - uo, uo - Puo -Al, P" I ue ' I3,

C
= / u € S  I  f  <  u  -  P u

L

l

suppose '.r" ,n.l ; 

t-;r: 

$ | ,. ;J is upper directed and dominated in 
b.,

tde denote . .
'  

3 - { u e s l t < u - P u  ,  ( U r e  A 3  ' l

From Lemma 5 the smallest element uo of 3 iu such that

u o - P u o  ( u - P u  ( V 1  u e S

Using Corollary 5 we may suppose that s, - MSI for any i e I and therefore we deduce

that the fami ly (sr)r€I  is  upper directed and dominated by u for  any u €3. Hence t i (  u0

A

N* any i  € I .  We have $
|  , * - P s . , s u o - P u o

and therefore the element

(V) i € r,

sr- P6, + Pug€ S, s, -  P. i  + PuO <. u0, f f)  i  € I

t  : -  Vlsr-psr+puo l iu4-  puo + y,  lsr -Psi l  ierJ

.  belongs to S and t , {  u0.  Since s,  {  t  for  any ieI  we have t  S u^ '  0n the other hand
U

q . - P s . < t - P U . . . . t - P t f o r a n y i e ] a n d t h e r e f o r e u o 5 t , u o - t . F r o m t h e a b o v e
u :  t  v :

r r U \
" ;

considerations it follows
, ' . .

J

. . , n

6

a

i .
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. 0

t  -  Pt  = 'un -  P un -  fZ{gr .  -  Psi  I  ie  f  3 '- U  
U  e  c g  &  !

J-O

It remains only to show that;for any f ' I € SO we have

so
g - . n ' ( g - f ) € S p

se
Frcn tne preceding considerations we have R '(g - t) e Sp and

sD
g  -  f  - (  R '  ( g  -  f )

s^
- - l ' l  ^ \  r

L e t  u ,  V ,  w € s  b e  s u c h  t h a t  I  =  u  -  P u ,  f  =  v  -  P V  a n d  R ' ( g  -  f )  -  w  -  P w
t

From Lemma 6 we may suppose that
' 7

w  =  n  I * ' €  S  I  g  -  f  * <  w '  -  P w ' J
s :

. l

lrle show that we have
c S D

(u  -  Pu )  -  (w  -  Pw)  -  R - r ( (u  - "Pu) . -  (w  -  Pw) )  €  sP

Indeed we have, using again Lemma 6,

( (u  -  Pu)  -  (w  -  Pw))  - '  v ' -  Pv '

; .

where

and

R5P

v '  =Alr  *  S |  ( u - P u )
, . 1 ,7

- ( w - P w ) S s - P s J

Vt  -  pV,  _<  v  -  PV

Since

(u -  Pu) -  (w -  Pw) -< v '  -  Pv'  (  v -  Pv

we deduce that the element

t : - u - P u + P r a t * P v

\ .be longs  to 'S  and t  {  v '  +  w

Let



1 6 -

r s Y 
t '. 0n the otl-.rer hand -, fto*

-  (w:  - 'Pw) + 'Pr , (  (u  '  Pu)  -  (w -  Pw)
W e  h a v e  r { t ,

(u -  Pu) + ' P v i  s  f

we dedtlce

and therefore r  -  vr .  Hence

and therefore

v , = r R t
:  s \ / '  < w'  t -< w + v and we deduce

We put v. , := t  -  v '  t r 'Je have vl€ 5,  u l  (  w, t  -<
'  r  

. p v , )  -(u  -  Pu)  -  (v  -  Pv)  <  (u  -  Pu)  -  (v '

t  -  v '  -  P w  -  v l  P w S  v l  -  P u l

Frsn the definit ion of w it fotlows that

V . = W . W - t - V '
I

(u  -  Pu)  -  (w -  Pw) -  u ' '  -  
lu '
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Theorem B . L:t P be a pseudoditation on S and f€i (S - S)* Then the

tollowing assertions are equivalent. :
' t

a ) f n u € s p f o r a n y u € S ,  :

b)  s z(  (Ps + f )€ S for any s €S-

c )  s n  ( P s  +  t  -  p t  +  f )  € S  f o r  a n y  s ,  t € S

rwhere r{ means the inf imum in s - s 1"'ith respeet to the natural order .,

Proof.  a)  4c) Let s,  t  €S. From a )  there exists s,€ S such that

f r f ( s - P s ) = s ' - P s '

Since

( s  -  P s ) n ( t  -  p t  *  f )  -  ( s  -  P s ) A ( t  -  P t  +  f , r , ( s  -  p s ) )  =

'  = ( s  -  P s ) i ( t  -  p t  +  s '  -  p s , )

we get
4.t

( s  -  P s ) A ( t  -  P t  +  f ) € S o  a n d
. r

( s  -  P s ) A ( t  -  p t  +  f ) . <  s  -  p s

and therefore

(s  -  Ps)4  ( t  -  P t  *  f )  *  ps  6 iS ,

s 4 ( P s  +  t  -  p t  +  f ) €  S
:c) "+ b) is tr iv ial

b) =+ a) . Let s € S. hje consider the set
A t ' )

, J t  = l  t e S /  f A ( s : p s ) { t - p t J

From Lemma 5 it follows that posseses a smallest element t- and moreoverg

t o - P t o - A [ t - n t  / t e " + 3

ftje show that

f h ( s  -  P s )  -  t .  -  P t' t ' -  - u  ' ' 0

0bviouslv t^ -< b and
t

fA(s  -  Ps)  6  to  -  p to ,  to  -  p to  6  s  -  ps  .
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Hence

From

:  f A ( s

assertion"b)

t 1  t =

-. t0 and

-  Ps) -  . f  A( to -  Pto)

it follows that '

to^(Pto + f )€ 5:

Since

the

t .. L

E W e

"  tn(s- , -  Ps) -  f  A( to
-  t l  Pt '  s . t l  -  Pt l

-0
the definit ion or Jv

- Pto)

, that

,t l € *  ,  t l  -  t o

fA (t0 - Ptg) -  tO - PtO '

f n ( s - P s ) = t o - P t o

H-cone and let P be

I h e o r e m g '  
L e t S b e a n

. . - -  n  ^ -  Q  + h e  m a o

Then for any pseudodilation Q on St the map

L ; l P + a ( r - P )

tion on S and we have'
is a Pseudodrra-

'  r .  n \ / 1  -  P )

.  1 - l - = ( I - u / \ ' L - r ' '

Morover L wil l be a localizable pseudodilation if Q

is a Pseudodilation
Proof ' We show that L

!1 -^+
Ll lcl L

Q ( s  -  P s )  =  u  -  P u S  s  -  P s

seudodilation on S it follows that
s i n c e P i s a o  

"  
r r - P u + P S ( s

u  -  P u  +  P 5 € c t  u

and therefore

L s - Q ( s - P s ) +

L s - <  5

- \
l ,r le consider now f € (b - r/*

^ \ r . -

s A ( P s + P f ) € 5

P s - ' u - P u + P s € S '

Since P is localizable it follows that

a,.localizable pseudodilation on b'

. . . ,

localizable Pseudodilation 
on St

Let s€ S and let  u6 S be sucn
i s a

on S.

,  ( W  s €  s
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- or equivalentlY (see Theorem B)

, - 7

' I  f e ( s - s ) . +  L f  > o
.  t  

' ' +

f - s - t  ' l l J e h a v e
-:  

'  Let  s, t  € 5 b 'e such that

.  t - , P t { s - P 5 + P f  '

t - P t S s - P s + P f A ( t - P t )

: 'Since 
p is localizabte wa have Pf n(t - Pt)€ sp and therefore

r ^ r  .  / L  O + \ \ '

'  a ( t  -  P t )  <  Q( 's  -  Ps)  +  Q(Pf  n  ( t  -  P t ) ) '<

\<  Q(s  -  Ps)  +  P fn  ( t  -  P t )  <  Q(s  -  p5) '+  P f

.  Hence . :
^ , \  -  6 1 '  t f ^ \  .  D

P t + Q ( t  - P t ) { Q ( s  - P 5 )  + P s  ' ' ,

. . .  
i "

or equivalentlY

Lt ^< Ls, Lf 2 0
I  L l  . -

and therefore L is additive, increasing and contractive.

Let 'now s, t € S' lt'le have

s A ( L s + t - L t ) - s A ( P s + Q ( l - P ) s + t - P t - Q ( l - P ) t ) -

(s  -  Ps)A(Q(s  -  Ps)  +  ( t  -  P t )  -  a ( t  -  P t ) )  +  Ps

'-I lows that there exists u € 5 such that
Since Q is a pseudodilation on S, it fo---

( s  -  P s ) A ( Q ( s  -  P s )  +  ( t  -  P t )  -  a ( t  -  P t ) ) a u  -  P u

' Hencu 
- o,

.  .  
u - P u - < s - r s

and therefore

u  -  P u  +  P s  6 5  ,

.  s A ( L s  +  t  -  l - t )  -  u  -  P u  +  P s  € S '
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i F r o m t h e a b o v e . c o n s i d e r a t i o n . i t f o l l o w s t h a t . L i s a p s e u d o d i l a t i o n.  : . ,
. . ' : . "

Obviously we have " :. 
" 

-: '. r :
.  r '  ;  . ' r  " )

( 1 : Q ) ( 1 - P ) = 1 - L  '  '
i t '

suppose now that Q is localizable and le! f - s, - s, , sl, t24s' si> s,

l ,

rbmark that for any s € 5 and any u e 5 such thatlr{e

we have

u - P u > s - P s + s 2 - P u z

ps )A(Q(s  -  Ps )  +  P fa (u  -  Pu )  +  Q( f  -  
l f ) )  

=

-  Ps)A(Q(s -  Ps)  + Pf  + Q( f  -  Pf ) )

(s '  -  Ps * sZ - Psr)A(Q(s - Ps) + PfA (u - Pu) * Q(s1 - Psr)) . .<

< (s  -  Ps + s2 -  Psr)A(Q(s -  Ps)  + pf  *Q(st -Pst ) )

S (s :  t :  .  i ,  -  nsr),4(Q(s -  Ps) + nfAf is -  Ps) + s,  -  Ps,

- .  (s - Ps + s, -  Psr)A(A(s .-  Ps) + PfA(u - Pu) * q(s1 - Pt l

( ( s  -  Ps )  +  Gz-  Ps r ) )A (n (s  -  Ps )  +  P f { (u  -  Pu )  *  Q(s t  -  Ps t ) )  =

-  Psr ) )  ,

P f ) )  =

=(s - Ps + s2 - esr)4 (ajs ;  Ps) + Pf + Q(sl

( s -

= ( s

weIndeed have

and therefore

0n

a

then we

&

t .
) )

Q(sr-Psr)) (

(s  -  Ps)4 (Q(s -  Ps)

, \- (u - ns)A(o(s - Ps)

the other hand if s q: s and

u - p u > s - P s + s 2

have

+ Pf  [ (u  -  Pu)  +  Q( f  -

+  P f  +Q( f  -  P f ) )

u € S lfe such that

- Pra

D  ; ^
I I J

. . ,

,1

. c

&

f  -  P f  +  P f  A(u  -  Pu)  g  (Sp -  5p)*

localizable we getSince

g : - P f [ ( u - P u ) 6 S p
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. and. usijng the fact that Q is localizable we deduce
. .

:

Frcrn the above considerations it follows

.  ( s - P s ) A ( Q ( s - P s ) + P f A ( u - P u ) + Q ( f - P f ) € S o  ,r

"  (s  -  Ps)A (Q(s ' -  Ps)  +  P f  +  Q(1  -  P f ) )€  so
I

a . ,

. . :  (s  -  Ps)A(Q(s -  Ps)  + Lf )  6  sp
q

.  for  any s€ S and'any f€.  (S -  S)* .  Hence L is local izable.

. t i

. BibliosraPhV.

L. N. Boboc, 6h. Bucur, A. Cornea :Order and convexity in Potential theory :

H-cones.. Lecture notes in Math. Berlin-Heitjelberg-New York, 853, 1981.

Z. . G. Mokobodzki : Operateur de subordination des rdsolventes (Manuscrit non

publ ie ;  expos6 i  0berwalfach 1984).


