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ABSTRACT

It is proved that the range of the negative, signature of the hermit ian

f a B  I
eomplet ions of  the part ia l  matr ix lU* 9* P: 

is an interval  and expl ie i t  formulae

L U T , J

for the bounds of this interval are obtained. As appiication it is settled the solvabil ity

of the problem of l i ft ing with preseribed negative signature cf ceieet.
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l.INTRODUCTION

In eonneetion with problems in dilation theory and interpolation of meromorphie

funetions as those formulated in t1l or [?], it was eonsidered in I3l a problem of lifting

Itive signature of defect, whieh in the simplest formulation reads as

-- ----tAiiow;Ji-aiiu*" tnat tfrere are given two block-matriees

(1 .1 )

( 1 . 2 )

(  1 . 3 )

( 1 . 4 )

where "t" stands for the matrix transpose, sueh that

x-( l  -  r ;Tr) = x-( I  -  r f r")  =x.

I t  is asked whether there exists a l i f  t ing of T, and To'

xl
I
I
I
I

7 l

r n -
l -

Y

with the ProPertlr

( 1 . 5 )

_  P o d

%  ( l - T ' T )  = X '

T h e a n s w e r ( T h e o r e m 1 . l ' i n t 3 . l ) i s t h e f o l l o l v i n q : d e f i n e t W o s p a e e s

* .  1  ^  ( ] r ' r
: f  = P  - * - . Q J Y * ) ,  * -  =  P , - ^ - / r  ' r ' ' r * i s - ( - \ )  '
" ' - l  

- ' k e r ( l - T - T ) ' " . .  
"  

- - Z  K e r ( l - l l  )

t h e n t h e r e e x i s t s T s a t i s f y i n g . ( 1 . 3 ) a n . j ( 1 . 4 ) i f a n d o n l y i f

q . 4  - : fr c & l  -  ' - 2  '

.  Us ing  the  mat r ieesT,  and Te in  ( t . t )  we ean de f ine  a  hermi t ian  pa

f '  n  v  I
I r  u  r  i
i
l n  I  r  x l
; u  

r  " i

r =  I  I
! ! -  

l w *  T *  I  n l
l I  

r  I  " i
i i
l * r *  ' r . *  T  n ;
1 r  r  r  " ;

i t
I  - *  ^  t l
L  ^  U  I I

( 1 . 6 )

matr ixrt ial

( 1 . ?  )



and by means of

and

- \ -

\

faetorizations we obtain

0 Y l

r  t l l  = x ( I - t f t " )

T *  I J

Frobenius-Sehur

I r
x1l o

[ " -

(1.8)

[ ' .  r  I
" - ( l r  t  o l

L * *  o  I l

fl i, ttr" matrix in (1.3)

)  =x-0- t l t r ) .  (1 .e)

and K(Z) is the hermit ian eompletion of K
Moreover, if

w i th  Z,  we have

x-(x(z))=)c-(I  -T*i l

T h u s , w e a r e l e d t o e o n s i d e r t h e f o l l o w i n g p r o b l e m : a s s u m e t h a t

partial hermitian matrix

and a non-negative integer 1( '  Does there a hermi t ian eomPlet ion

1
I
I

I
D i

I
I

* tr ,J

exist

o 1
L I

!
i

D l
I

. l

Ej

f ^ B
K =  

i r -  
c .

L D *

(1 .10 )

we &re given a

( 1 . r 1 )

( 1 . 1  2 )

f a
I

t<(z) = 
i 
n.

L"*

n
D

c

D *

sueh that x $v)J =x ? This is the problem we are eoneerning with'

Hermit ian eompletions of part ial matriees sueh that the minirnal negative

s ignature is  preserved were s tudied ear l ier  in  [4 ] ,  t6 l '  In  these papers the nonsing ' lar i tv

of al l  prineipal hermit ian submatriees appeared as a suff ieient eondit ion whieh assures

the possibiliiy of finding hermitian eompletions whieh preserve the negative signature'



Also, in I5l it was studied the'singuiar ease for the partial matrix K as in (1.1t) sucfr

that A and E are sealars.

The main result of our paper is Theorem 4.1 whieh shows that the range of

X-(K(Z))  is  an interval  [Z* in,7,r""1 in Z,  where ar in rnd X,rr*  are expl ie i t ly

eomputed in terms of the data of the problem (i.e. the matriees A, B, C, D and E). This
I

permits to f ind necessary and suff ieient eondit ions in order to exist hermit ian

completions rvith minimal signature (see Corollary 4.4). Thus, the phenomenon

diseovered in t3l turns out to be more general, namely the anaiogue of the spaees T#,

and :C, in (1.5) is refleeted by the pair of subspaces Q(PxurcD) andR(to"."B*) and

the spatial posit ions of these spaces eontain the basie information about the minimal

negative signature of hermit ian eompletions of K (see Corollaries 4.4-4.6). 3

The approaeh adopted in this paper requires a careful investigation on 2 x 2

block-matrices. We do that in Seetion 3, where there is produeed a formula for

comput ing the negat ive s ignature of  a  2x2 b loek-matr ix  (see Proposi t ion 3.1) .  In

Section 2 we f ix some notation and recall  some results, most of them from [3]r whieh

we need here.

In Section 5 we apply the results obtained for

l i f t ing probiem with eontrol of the negative signature of

explained at the beginning. The results obtained in

dimensional case are true also for inf inite dimensional

e lsewlrere.

hermi t ian eomplet ions to  the

defect, fol lowing,the pattern

this seetion for the f inite

spaees and wil l  be published

2. NOTATTON AND SOME PRELIMINARY RESULT5

The objeets appearing in this paper are matrices but despite the usual

understanding we wil l  regard them as l inear operators acting in f inite dimensional

Hilbert spaces. These matriees wil l  be usuallv represented as bloek-matrices with

respeet to speeif ied deeomposit ions of t lre domains and ranges.

Let A€*,6{) be a hermit ian matrix. Denote by Se = sgn(A) the hermit ian

par t ia l  isometry  appear ing in  the polar  decomposi t ion of  A;  A -  SglA\ ,  KerSA = KerA'
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The signatures of A are defined as follows:

(2.1)
xitel = dimL.p11T so) , r'tal = dim ker A'

Recall that a symmetry J is a matrix sueh that .l* = J = J-1' So is a symmetry

while considered as aeting on the spaee Qtal (the range of A)'

The signature numbers t(A), ,,+(A) and ro(a) can be also expressed as the

dimension of the speetral subspaees (or, equivalently' the number of the eigenvalues' 
'

counted aecording to their multiplicities) comesponding to the negative semiaxis'

lositive semiaxis, respeetively, the null point'

In order to simplify the formulae we make also the following notation: for

Hleg (&r)  and H2€at({( . r )  nermit ian matr iees we wri te H, =T(H'U) i f  H1 = u*HrU

where U€f 6(tttz\has the property4'(u)e q'(H2)'

I n t h i s p a p e r w e w i l l m a k e i n t e n s i v e u s e o f t h r e e r e s u l t s p r o v e d i n [ 2 ] a n d [ 3 ] i n

operatorial ease.

+ _  + .

2.1. LEMMA. If Hl = T(H?U) !E X=(Hr) = ,L-(Hr)'

2.2.LEMMA. Let A€{(&) be a hermitian ggtrix and Je*'(J{) be a symmetry

Then

tru-( A - z* JZ) / z e{ 6e,ft)} =

?  L  *  
) * 2 , " ( A )= fxez /max {0 , : t ' - t e ) - x - - t ' l fSxSx (A )+m in \ r ' ( J ) ' ^ ' (A

The third result is based on the analysis of the matrix equation

B * Z + Z * B = C  
Q ' 2 )

which was done in [8] '

Z . 3 . L E M M A . F o r g i v e n B € $ ( & , J { ' ) a n d h e r m i t i a n C e * ( t e ) ' t h e e q u a t i o n ( 2 ' 2 )

is solvable if and g'ly g PturnC\ kerB = 0 ; 1! partieular'

[z.rtc 
- B*z - z*s) / z e*, tie,lUJ =



---|: 
I = |j^,:]l: ".^,J L: 

^;1 23
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=[xe z1x't{vn"rgc\kerB) lrS x!(Pk.rBc\r<erB) + rank(B)

- - p

For a subspaee 3 of a space&, we denote Oy P3 the orthogonal projeetion of K

onto 9

, In this paper we will frequently use Frobenius-Sehur factorizations, i.e. for

matriees of gOPproOriate dimensions A, B' C' D' if A is invertible it holds

and, if D is invertible then it holds

[ e  n l  [ r  u o - l f a - s u - l c ' l [  I  o l  , ^ . ,
I r = | l l  l l  I Q'4\
|  |  l  r r  oJ lo - t c  , J[ c  n J  l o  I J L  o

For later use we also reeord a well-known faet'

2.4. LEMMA. Let Sed.(fe) be a lrermitian matrix and B e*'6e'Jd)' Then the

following f actorization holds.

[o  
' l  fn  o l  [o  

' l  
fB.  

, ' ]  
;  (2 .5)

l l = l l l l
f r .  ' l  L ls  rJ  l r  o i  [o  '  J

in parlieular, ,r, t, invertible * 
[;- :] 5 iryertible and

I o  r l - t  [ - r * - l sn - t  u . - l
l l = l l

l ,u-  'J  l .  ' - '  o  J '
(2.6 )

3. THE NEGATIVE SIGNATURE OF 2 x 2 BLOCK-MATRICES

Let AE*(Ig) and C€!g(Ja) Oe hermitian matriees and B€)e((,j1). In this
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'

seetion we are interested in eomputing the negative

f

I  e  B J
t l

f l =  |  I
l l
t l
l s *  c l
L -  

- l

In general, for a matrix X we denote by

x-le {tR(x),R,(x*)).

signature of the hermitian matrix

- 1
X - t h e

(35)

generalized inverse, i.e. ti;

3.1. PROPOSITION. Let

Bf = Pq.(e)B'BZ = Pk".AB. Then

2c-(H) = x (a) + rank Bz* x-Q*erBr(c - sf a-lnr)lrernr).

Poof. The matrix H has the representation

(

[ e  o  B r l
r * l

H -  l o  o  B o l
|  " l

with respeet to the deeomposition R(e)@kerAO{. Deeomposing again kerA =

=QGr)@kerBf ano Jt=Q'G;)okerB, we have

,a.,''iurl

J
I

I
I

'" ' i
il.i

x

H be the hermitian given !y (3.1) andmatrix denote

H -

se

0

0

0

0

A \

0

0

Bit

'i,

0

0

0

0

0

0

0

0

B ;

0

B t t  B t e

B z o

0 0

ct r  c tz

"i, 
czz

Now define

0

0

0

D - *r / ;  /D --  \urrD2/

0

0 0

o Pae;l o

0 0 0

0 0 0

0 0 ssn(Crr-Bf ra
- t t r r )  j

H t =



- l o -

and

Then

IAI*
0

0

0

0

0

B ;

0

0

0

\ / =

o sA\allBrr

o l(cr l-nlra-lurr)

0

g I

g 0

l] , , B€8 (rt,f,€r1 =

so\e\ta,

c1z-Bi1A-tt*

0

0

\czr-Blro-ttrrl*

and then a straightforward computation shows that

obtain the required formula' E

f l  = f(H' 'V). APPlYing Lemma 2'1 we

Proposition 3.1 makes pOSSible to obtain the negative signature for some

eompletions of part ial hermit ian matriees'

3.2' coRoLLARY. g A€*6e) and B€{(J{,Jc) be given matriees, A = A*.

{ x - , [ : .  
t ^ l  

" ce {6 t ) ' c=c * }  
=. L  B *  C J

=$.ez /  x '-(A\+ rank Bz|:r  <:--(A) + aim*]

Proof. Direct eonsequence of Proposi'tion 3'1' @

3.3. COROLLARY. A€{,(dt) ano c€{(Jl) ue given hermitiaq matriees'
Let

Then
- [ e( Lr*[x

=fvezl max Ir<, tel, x-(c)J SX< >c (A) + x'-(c) +

+ min [:c'tel + rc+(A), l 'tct * rc'*{c)} '

Proof. Let BE{,1R,&') Ue a given matrix and denote x=

Using Proposit ion 3'1 and Lernma 2'2 weimmediately obtain

* - , [ ; .
t l r .
c l



...-..,.&4d*idd'--'i

-  / . l . -

X ) max fr lel, x-(c) 1 '

In order to prove the other inequality notiee first that

rankB, ( min I:c'tel , oim trL ]
(3.3)

and using Lemma 2.2 and Proposition 3'1 we have

x,<t, $)+ rankBz * mint)c (c) * minlx,*(e), J(c1 + x"(c)] ,  dimJ{- rankBr}=

= )c-(A) +X (C) + min{min[x+(A),  x+(C) + X."(C)]  + rank V* t ] {O+ X"tC)}  5

! X-(A) * X,-(C) + min{x"tel + ?c+(A), r 'tCl * lc*(C) J .

From (3.2) ano the above inequali ty one of the required inelusions fol lows'

F o r p r o v i n g t h e e o n v e r s e i n e l u s i o n , i t f o l l o w s u s i n g P r o p o s i t i o n 3 ' l t h a t w e h a v e

to show that for any integer )c satisfying the inequalities

max f 0, x(C) - ,,, (A)J S LS X-(C) + min [X'tnl + ).+(A), ?c'(c) + 7'+(c)J (3'4)

we can f ind Br6{1Jt, terA) and B12e{(kerB'R'(A)) sueh that

)c = rank Bz* x'(c zz- Bl.zA-ttrr) (3.5)

(reeall that the notation is as in the proof of Proposition 3'1)'

Let c - c+ c- be the Jordan deeomposition of c. As a general pattern' we

will alwaYs ehoose R, sueh that

q,B;) =q'Gil0 r.". cOQmi)nG-(c+) '

In part ieular, C has the representation

(3.2)

Q =
I " r ,  o  l
i i
L  o czzj

deeomposit ionthewith resPeet to
j t  ='?L (82*)oker Br. Denoting



)Lo = dirrr(|t-tsi)i't t<er c) and ;c+ = dim(fi-$llil ,Iitc*ll it follows that >', (c 
zz) 

=

= x-(C), -L"(cz)=?c"(C) - ' ' /*o and &+(c , ;='1,+(O 
- xl .  using these remarks and

Lemma 2.2, our proof wil l  be f inished if  we ean f ind for any )t,  satisfying (3.4) two

non-negat ive in tegers r . "5  r " tc)ano t 'JL+(c)suchthat  t  *  t  5  x ' (e)ano

Lo + x,+ * r"*to, x,-tc-) - x-(a)J SLJ

<x- (c )+  m in Ix i t a l  +  7 .+  *?co ,  * * { c ) *  l t , " ( c ) } .

When

x < x' rc) + min[:c*te), zc+(c) +

holds, then we ean take f = *+ = 0.

When (3.?) does not hold, we ean represent

* = *- (c) * *ln I r*(R) , /(c) *

with a non-negative integer k sueh that

k ( min {x*ta) + xo(A), :t'*(c) *

In this ease, onlY when

system

r ' {c)} ,

r"(c)] * t

2c"(c)l - minfx+te),

(3.6)

(3.?)

(3.8)

rc*(c) * 2L"{c)}. (9.9)

2g*(e)* 2,"(e)2 ?t+(c)+ xo(c)> r*(e)

holds, we need a more eareful investigation. Assuming that (3'10)

becomes

k < 71,+(c) + x"(c) - x+(A) .

(3.1 0)

holds, then (3.9)

(3 .1 1)

that of Proving that the

r  (A) l

always

Then, inserting (3.8) in (3.6) we reduee the problem to

with unkno*n, 7.' ana rJ

( x" * ** < r (c) * x*(A) + t< - maxto, r-(c) -
t -
l o +

,  1  k < x  + x t
t -
l " o * l o +

L oS xo < r"" tc l  ,  o(  >o-3 >u' tc) '  x '  + lc  <

has solutions in Z

z-'tal

(3 .12)



r< 5 x (c) * x*(t) + t< - maxfo, xi(c) - r-(A)1

and by (3.10) and 3.11), we obtain

o I kS minlxr'{e), r ' tcl * r+tc)}

* A . b _

In order to do that, remark that

In Partieular, (3'14) shows that

intersects at least two of the sides of

(see Figure 1).

r+(c)

" r o + x + = t o ( A )

o

the straight line of equation z'

the reetangle (o S:-" I lc"tcl,

(3.1 3)

(3.14)

always

x,*(c))

+
+ ,?L '  =  k

+
0 < L ' <

Tigure { .

No(C)

i r l  \ c  x o t x + =
)  

( J 3 ' / t  / t k ,(0. ) :

( ) " )  :

The eoordinates of these

they are solutions inZ of

xo+y i+=  x - (C)+  x t (A )  r  k -  ^a* {0 r  n - (C) -  x -  (A )3 '

intersection points are always integer and'

the system (3.12). EA

by (3.13)  and (3.8) '
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3.4. REMARK' It is obvious that

x-tel +x-(c) + min [rc'tel *Xjtel , ro{c) * lc+(c)} =

= mint?r-(A) + dimi{, r (c) + oimJe}'

\=---.-- 
ror simplifying the notation in corollary 3.3 and in the sequel, we define for

, two hermitian matriees A € f,(&) and c e f tfll the numbers:

:  
m(A,c)  = t "* fx i (A) '  lc(c)J (3 '15)

and

(3.16)

3.5. COROLLARY. Let A€{&), A = A*' c€t($l)' c = c* and ge{(J{',3) be

Eiven. Then

[ e  x  ]  "{ :c t I lY xe{l,{e), zQ'*(k't l} =- 
L ** c-Y*z-z*al

=f re  Z l  m(A,Pr . " .gc lkerB)  Sx | rankB 
+  M(A 'Pkergc lkerB)

Proof. From corollary 3.3 and Lemma 2'3 it follows that the analvsed set is an

interval in z, hence it remains only to compute its bounds' But these also follow from

CorollarY 3.3 and Lemma 2'3' E

3 ' 6 . R E M A R K . C o n c e r n i n g t h e n e g a t i v e s i g n a t u r e o f t h e h e r m i t i a n m a t r i x H i n

(3.1), there exists a formula whieh is dual to that obtained in Proposit ion 3'1' namely

-  [ n  
o ' l  

, - h r  L  v  / D  - f  a  -  n r  c - l g , - * ) \
a'-( | o* 

u^l 
, = r<,-(c) + rank B'z+ x-(P*u.r';(o - nic-ln'f )\r<ernf )

| . B  C J

where B,z = glkerC, Bi = e|&tC). rrom here and the formula in Proposition 3'1.' we

obtain:

M(A,C) = :o (e) + r (C) + min[)c'(A) + X+(A), zo(C) * t'tC)] =

= min[Z-tal + dimll , lr"-(c) + dim f(] ' '
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4. THE MAIN RESULT

Let us eonsider A€{.(d{)'

-  rank B, +

(Pru.nr(c - nf e-lnr)\xerBz). @

A = A*,  ce{( l t ) ,  c  = c*,  E€X,(3) ,  r  = E*,  and

-  t 5 -

f-tal - x (cl = iankB'z

Bic-18 'J) \ r<ern ' f ) -  x

arbitrary g e *(R ,te ) and D€ d, (9 ,lt). For any Z€t-($,Je) define a hermitian matrix

K(Z) = (4 .1 )

Our aim is to determine the range of {$<(Z)) when Z runs in ie'(g,&)' tt i t

useful to introduce some more notation:

Bz = BikerC ,  Dz= Pk. .BrD, ,1,= Pe,O; lD\kero,

Azz= Prr"rnf (A - BPa(c)"-tn'3-(")n*)\xer nl (4'3)

Et z= Pr..rnltn - o*o&(")c-1Pe(c)D)\xer nl u'4)

Also, reeall  the definit ions of the funetions m and [ ' l  are given in (3'15) and (3'16)'

4.1. THEOREM. With the notation stated in (4'1) - (4'4) '  we have

[ r  tx tz l l  /  zet - t$ ,Je l ]  = tx  €  z  /x  min JrS t ru*  ]

x"-- , -= X 
-(C) 

+ rank Bz * . "nk D, + m(A, zrEtzz)mln r )

, 1
K^^..= x-(c) + rank B2 * rrnk D2 * tunk ni + n' t(e, z,Eiz) 'max

Proof.  Let  us denote Bt =B\Q.(C),  BZ =BlkerC'  Dr = P'9 ' (C)D and D2=

G.2)

where

and

= Pku."D (for the moment we forget about the definit ion of D, in (4'2)) '  Then



-,r,fl
- 1 , 6 -

Bt  Bz

C O

0 0

oi oi

Z

Dt

Dz

E

Performing

eolumnos, we have

a Frobenius-Sehur factorization and a reordering of rows and

K(Z) = T( , v )

where V is a certain invert ible matrix. Taking Lemma 2.1 into aeeount as well

faet that the ehange of variable Z-+Z- nrC-1O, is bi jective' i t  fol lows that '

restr iet ing the generali ty, we can essume C = 0'

Assuming C = 0, we eonsider the deeomposit ions

xt  =R(s)okerB*,  &=* ' (s*)(DkerB, 9 =Qtnl)@kern,

and also

ker B =Q.. (DZ) O ker D j

henee we have the rePresentation

c

0

0

0

0

e-nrc-1uf
ni

z*-nf  c-1n,

Atz B 0 o

Azz 0 0 o

0 0 0 0

0 0 0 0

0 0 0 0

, l *  , r 1 *  n I  oo z  " 1  " 2

, 2 *  n 2 *  n  o
" 2  " l

0 0

Bz z-nrc- lo,

o D z

ni r-nfc- lo,

z 2  I" r i
,

"z
,

D ;

0

0

E r z

Ezz

K(Z)  =

A t

oit
B *

0

0
t *

z t
i  - 2 x
l-t ' t

as the

wi thout

(4.5)

z\
z,r,

nl
Dz

0

E t r

ui,

with the
Let us remark that now we are in tune notation in (4.2)  -  (4 .4)  (o f
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eoi{rse' in our sPeeial ease C = 0)'

'F+trther on, by eliminating the rows and eolumns in (a'5) which are null and

.  r - - : - -

reordering rowS'apd eolumns, we obtain a matrix

, " B

Err  Dl -

Dl 0

D z o

A t t

" t *
B *

0

Atz

zl.
0

0

zl
Etz

nl (4.6 )
K'(Z) =

Azz

z2r.  -o?o*

zr, o

Eiz o?-

the matrix

Arr  z\

z\ .  Err

B* nl
o D z

oi,
- 2 *
" l

Azz

, 2 *
" 2

I
{, I
z)

0
* D

0

0

f e

L"i

0

ni
0

0

0

ni
0

0

ctzzr: , ; r ]

z"

Ezz

with n-(K,(Z)) = x. (t<(D). Since

Lemma 2.4 that the matrix'

is invertible, it follows from

(4 .?)

(4.8)

with resPect to the

; U )

utzll =

i s  inver t ib le .  Using Lemma 2 '4 and Lemma 2 '1 '  we have

z-- (gtzlll = rank B + rank Dz'
t "

P e r f o r m i n g a F r o b e n i u s - S e h u r f a e t o r i z a t i o n i n ( 4 . 6 )

invert ible matrix ff  tZl l  we obtain

B

n| .

0

0

t Htzlr
K ' (Z )= r (  

|  ,

where

r
I
I
I
I
I
F
I
I

L

ctz,Lr, z2rl =

zf; - e'lrnzr*

Ezz-+ nl* tarrs.- to l  *  z l l  -
- - 1  ,

l (Rrrn*  'D i  * ,?,. "i ] 
'
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tn CEzr, Zl) wemake the bijeetive ehanges of variabtesZl*Zf;,+ efrOl* ano

,?*Xlz, l-ArrB*-lDl l .  rot f inishing the proof we have only to use Lemma 2'1'

Corollary 3.5 and (4.8). g

Let us eonsider hermi t ian

A B

B * c

D

tialthe par matrix

I
D l

.  E l

By definition, the negative signature of this K is:

x-(K) = max t t-,1$ ""] ,, ,.-t l;* ?] ,,
LI-,

Note now an alternative form of Theorem 4'1'

(4.e)

(4.10)

( 4 . 1 1 )

4.2. COROTLARY' The

expressed in terms of ?c-(K) !Y

ar in and Xru* in Theorem4 .L  can  be

min 
= ) t - (K)  +

+ m in frank Dr+max[0, :c tr]r l  - x terrtJ, rankB, - rantol+max [o'x-{R rrl

and

x*"* = x-(K) * *intru'u.22t * iltrr), x'"tr.f,/t *

+ mintrankD, * rant Ol + x-$lrrl rank Bz+ x'

Proof. BY ProPosition 3'1 we have

* th 
u^l 

, = t(c) + rankBz'+ r' terr)
I .B- CJ

iVe elaim that the fotlowing identity also holds:

numbers

-x, rr|r)}J,

x*tr|rl! *

-(orr\



x-(

In order to

we ean assume wit

we have:

f c D l
Ln* E
prove thi

hout loss

[ p  n * l
respeet to the invertible matrix I 

"*tt "^2 
| and, f inally,

L D '  o J

Thus, we proved our elaim. From (4.11) and (4'12), using

x in Theorem 4.1, i t  is easy to f inish the proof'  &

-  / . g -

) = x-(C) * rank DZ * t"nt Or' * x-1g.f,2) . (4.r2)

that, as in the proof of Theorem 4.1'

0. Then, with the notation as in (4.5),

s elaim we first notice

of generality that C =

.-,[J.ol 
l = ro-t

EJ

0 0

0 0

0 0

Dl .  0

D?.  D;

) = X

o n l o !
0 D z 0

0 0 0

o Et t  Erz

o Eiz Ezz

) =

= ) ' (

Et r

Dz

F r" 1 2

Dl

D;  En D l .

0 0 0

o o o l
o o?- Ezz

,lry ",t],.",i,ll. li,] ,=

= rankD2 * .rnk O2r* l--{F.f,r) ,

where, having always in mind Lemma 2.L, for t lre seeond equali ty we made the

caneellat ion of rows and columns which are null  and a reordering of the remaining ones'

for the third equali ty we hade to perform a Frobenius - Sehur faetorization with

we used twice Lemma 2.4.

the formulae for L *in und

max

4.3. REMARK. From the definit ion of n! it follows that kerDl =

= ker(pu", 

"D), 

in partieluar r|, is aetually defined by a simitar formula with respeet

to Arr. Also, the formulae of **in 
"nd 

xrr* obtained in Theorem 4.1 ean be modLfied

in such a way in whieh the matriees i:- : l  and [:- : l 
have svmmetrie roles.

L B " c j  L -  - r
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This wilt be made explieit while eonsidering the applieation in Seetion 5' W

We ean now consider the problem whether there exists any completion of the

partial matrix K given by (4.9) which preserves the negative signature, i 'e' Imin =

= X-(K).

. 4.4COROLLARY. In order to exist z6*(s,*q such that {tt<tz)l =x (K) it is

necessary and suffieient that at least one of the following alternatives lolds:

( i )  i f  d(A rr )2t-$ l r )  ,n"n R(P*urcD) qq(Pk"rcB*)

(ii) if {$rr) < x trt rl *ren Q-(pkercBo)c R(Pr"rcD)'

proof. Let us remark first that, just from the definition of nl it follows

rank Dl ( rank Br. Nowr from Coroltary 4.2 it foltows that X min 
= ?L-(K) if and only if

at least one of the following eonditions holds: either D2 = 0 anO :c (n|r) I x' (a 
22)' ot

r a n k B r = r a n k n l  a n o  x , w f , r l ) x . - ( A r r ) .  I t r e m a i n s t o n o t i e e t h a t D 2 = 0 i f  a n d o n l y i f

Q(nn".an)eR(lk"rcB*) and also that rankB, = rankD? i f  and only i f

I (nu", 
"r*) 

9 fi"(nn., cD). B

In some applications, i t  appears the fol lowing condit ion:

*-,[;. iJ, = *-(L:. :J ,,=x (n)) ' (4'13)

4.5. COROLLARY- If (4.13) hol9!' tnen

)C-.-  =X-(K) + maxf rant<Dr,  rankB, -  rankO? 1m l n

x*.-.. = zi(K)- x-(c) * minlx" 62) * 7*(Az), x"{Yf,r)* r*elz)l '

.tu*

proof. Taking into aeeount (4.11) and (4.I2) i t  fol lows that i f  (4'13) holds then

,  - .  1

rankB, + x-(Arr)  = rank D2 * t "nk Of + x (E;2) '

and
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It remains only to use Corollary 4.2. @

4,6. COROLLARY. If (4.14) hql!!'

y- U<fzll =?c-(K) if and only U Q(P*urcD) = @- (P1", 
cu*).

--Prof. Indeed, bY CorollarY

D2 = o and rankB, = rankol.  nut we

@(nu"r"o) =@-(nk rcB*). w

5. LIFTING WTTH PRESCRIBED NEGATIVE SIGNATURE OF DEFECT

As we mentioned in Introduetion, Theorem 4.1 has several applieations. Here we

presented one of them, to the problem of l i ft ing with preseribed signature of defect'

Let &.r, It,r, 7<r, t{ ' , be Hilbert spaees of f inite dimensions and denote

fr ,  =[ t  
1O1(i  and &r=&zoft ' '2.  Assume that t "here &re given two matr iees

For a f ixed nonnegative integer x , the problem we are interested in is the

following:

then there exists Z such that

4'5 i t  fol lows that ?L 
min 

= )c-(K) i f  and only i f

have already seen that these are equivalent with

(5 .  1 )

one

(5 .2 )

r \ t  ^ ' :  I  1

D e t e r m i n e . i f a n y . m a t r i e e s T € { ' ( f < . , , J e n ) s u e h t h a t I

Tltrt, = r,', Pr( ̂T = T, ang x-(I - t-ti= t ' \ 
(P'?c )

r  v  " - 2

We need now to recall  some definit ions. Usually, for 1E{1f{r ' f{r)

assoeiates the defeet matriees

Dr =11 -  r* r f  + ,  Dr*  =t I  -  TT* l ;  ,  ,

the sign matriees of the defeet

J"  = sgn( I  -  T*T) ,  JT*  = sgn( I  -  TT*) (5.3)
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and the defeet spaees Sr =Q(nr) and &"* =Q"tDr*)'

Usually, J. and J^* are viewed as aeting on $ 
f and' respeetively' on &r*'

rI

From (5.1) we must have

T" = [T Ylt

where x€*t&i,&r) and Y€8t&r,{t ' r)  are uniquely determined'

Moreover, there exist uniquely determined n 1€ { 
(fej'

[-, e {t", n 1, Sr*) and A 1€ {@"(n f l, &"*l sueh that

""^ ;1

T r = [ T  X ]

"  
=  

[  

o ' . t :

(5 .4 )

ker Drx.),

(5 .5 )

f 2€ X.(S' rerAl) and Are;et&",R(n z)) such that

where

?-r = )C-(I' -  m tn

and

A'ru* = X-(I - t*t) + rankAZ '1 pank(PksrArT*A r) 
+

(5 .6)

Reeall also

and similarly, there exist uniquely determineo Are ;t(t<er D"' tt '2)'

r - ' 1
I r z D r  o  I

Y = \  n  I
I azD,r t, z ]

A l l t h e s e a r e o b j e c t s a p p e a r e d d u r i n g t h e a p p r o a e h f o l l o w e d i n [ 3 1 .

the def in i t ions of  the funet ions m and M in  (3.15)  and (3.16) '

5.1. THEORES{- 8!9!l9m (P- )  hq!  solut ions i f  and ggJ i f  X' r inS XJ I 'ma* '
' . *  - +

-  t * r )+  rankAz a r6nk(Pksrnr"*nr )  +  m(I  -  fzJr f ;  '  I  - f l fJ"* { - t l

Proof-

the form

+ oim(r{r.(A;)n&( Ar)) + I\4(I - frl" ol,

- r v

A matr ix fe{1: ir , . :r tr l  sueh thatT\*e"

r - {- l,l"* trr) .

= f  a n d P * T = T - m u s t b e o f' e  * " -  -  f "2  r



r F -

x l
, T

& r = &

t;
- z b -

matrix

Y

T

I

0

(s.?)

whieh is represented as a block-matrix

&1e& ,@&r@& !.  Performing a Frobenius - schur

identity matrix of the spaee &, anC using Lemma 2'1,

rc-(a(z)) = )c-(I -i-il

a\,

,O&! and te, ={c rO&1, where onlv

(5 .8 )

with resPeet to the spaee

faetorization with resPect to the

it follows

(5.e)

range at {(A(z)) when

4.1, i t  fol lows that

,t* in and x'*"* are

Z

x

0

I

hence, Problem (e") is solvable if and only if x belongs to

Z runs in {, (&i,tt'z).

performing a Frobenius - Sehur factorization of A(Z) with respect to the

4

identity on the spacet{ r, *" obtain the hermitian matrix

(5 .1 0)

f ' o
l 0  r

lv.  o

iv- o
V. x*

I  -  TnT -T*x

I  -  T*T -T*x

-x *T  I

and by Lemma 2'1 we always have 2c-(K QD = k- (A(D)'

From what we have proved unti l  now and using Theorem

problem (P, ) has solution i f  and only i f  a'r in J r i  X'*"* '  where

those in Theorem 4.1 for K(Z) given by (5.10).

I t  remains to  eompute the matr iees def ined in  (4.2)  -  (4 '4)

the

KV\

with respeet to the deeomPositi

zEt(d( \,k'r) 
has to be determined.

We eonsider the hermitian

[ r  o
I

A(z)= ll,- ;.
I
l , r* x*

in terms of the data



of Problem (P?r)' Now, using

Y, the objeets defined in (4.2)

and then'

and

-Z I+  -

the representations (5.5) and (5.6)

- (4,4), in our ease, are

of X and, respeetivelY

(5 .1  1 )

(5 .12)

(5 .13)

(5 .14 )

the required

B r = A 2 ' Dz = -Pk"rA 
rT*Ar

Azz=r- rzJrf;  Etzz=I- r l tr*f t

Then, from the second equali ty in (S.t l .),  we have

KerD,  = [ *€ f t ! \ r *n  rxeQtAI l ]  
= [xe f t ' r \Ar*€rQ(A;) ]=

= ker A rO A ,16AtA;)nQ"(41))

beeause T is unitary as aeting between kerD, and kerDT*. This implies

o? = -ne(A;)r A , /n rlttQ"o' ifiA1A r))

ranr< nf = cim(rQ'(A ;)nq* A/)'

Inser t ing (5.11) ,  (5 .12)  and (5.14)  in  Theorem 4.1 we obta in

formulae for xt*.n and xt*r*. &

5.2. REI'IARK. Using Frobenius - Schur i zat ions and Lemma 2.1 we obta in

f r
Ix - ( l o
L"*

faetor

" l
" l
I J

0

I

T*

" l' l
I J

I = x-(I - t[r" ) (5 .1  5 )

[ r  
r

x - (  l t .  
I

L x *  o

here and Proposit ion 3.1 we obtain

7'-$ -rltrl = x-(I - T*t) * *-(t

1=x- ( I - r i r r l . (5 .1 )

From

- f f . l " * f , ) * r a n k A , (5 .1  7 )
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and

x-(t - ToxT") = x-(I - T*T) +'x--$- {-r;r[ f  ) + rant< A, (s. ls)

These formulae were obtained in [3] bv a different method. W

5.3. REMARK. Using (5.15) and (5.16) and following the proof of Theorem 5.1

one ean express al-nin and ?ct 
"* 

in terms of the number maxfx (l - T;Tr),

X-$ -  t l r " t ,s imi lar ly to Corol lary 4.2.  W

An important ease for the Problem (P2a,) is when

T- 
= *u*l-a - r;rr) , x-(I - rjr"l], (5.1e)

the minimal negative signature of defeet one ean expeet to be preserved by the l i f t ing.

5.4. COROLLARY. Probl_qm ( P)c ) has solutions for )C in (5.19) I .and 94J if

one of the followilg alternatives holds:

(i) if x.-(r - trJ" f l l : {$ - I ' i t"* fr) tnen r*Q,(n l)EQ"{ A;)

(i i) i f x (I - f ,t, nil S x-$ - r it"* [ 'r) tnen@Vnil er*Q(Ar).

Proof. As in the proof of Theorem 5.1 and using. Corol lary 4.4. @l

In [3] i t  was eonsidered the speeial ease when

? L - ( I - r ] r - ) = x - ( I - T ^ * T  ) = l c -  ( 5 . 2 0 )
f  r  e ' g '

5"5 COROLLARY. Assume that the eondit ion (5.20) hokjs. Then, Problern (P2r)

has solutions if  and gdy i l  * 'r in S X- S Xl-nax, where

l ' * in -  {  + maxl  vo.nk(Pu"r1r t*Ar) ,  rank(Puu.nfTAi)

x t  =  2 t  -  x - ( t  -  T*T)  +
max

and



+ mintx'(I -

- 2 6 '

frr"i'il - x*(t - ['r,lrrf l, r'tr - t ltr* fr) * 't'*tr - rf 'l

PROOF. APPIY CorollarY 4'5 taking into aeeount tha t  rankA,  -

,* 
I-rl] '

We ean reobtain

Theorem 1.11.

now (in the f inite dimansional ease) the result from [3'

5.6. coRoLLARY. Assume that (5.20) holds and lake x-=x

(p", ) has solutions { .und 94y g T*fi '(A 1) 
=q (A;)'

- *

5.?. REMARK. The Problem

On eaeh of the Hilbert sPaces ft r,

J, and resPeetivelY' J'2.

Denote 7, = trOJ't  anO'iz= JzO'11 wrr ieh are symmetries on

and respectively, 7:r=5trOft ! '  Considering T, and T" sat isfying (5'1)

in tegers X,  and X,  we formulate the problem:

petermine, if anv, fre ,{' t&- r,firl sueh thatT \ '*t' , 
= r

rOj = rr, ?L 61 -i.izt ) = L, and { 6 r- Tirt*l =

- dim(rQ.(A; nE-(A ,)) 
= rank(PkerA *tA | )' @

Taking the identitY

' -  (J 
t-  t* ' l r ' r)  + { { l  , )  

=

into aeeount, i t  fol lows that, in order to

necessarY that

(P1) ean be formulated in a much more generali ty'

t f- 'r ,  Strand 
-,fr ' ,  there are f ixed s-vmmetries Jt '  Ji '

Then Problem

f t r=* t ro f t  i
and nonnegative

* -  (J  
z -  

TJ IT* )  +  ? t - (J r )  (5 '21)

have a solution of Problem ,n * 
,rrr) ' 

i t is

; , \  
(P  xL ' xz )

xr+ {(t ,  -  TxJrTl + ;c-(J!) -XL*'7--62- TJIT*) + x-( ' l ! ) '  (5'22)

Then,  wi th  the notat ion f rom (5 '?) '  eonsider  the hermi t ian matr ix



-- ' - .  -

-  2 7 -

J ' 2 0 Y 2

A ( Z \ =
0 J z T X

Y * T * J r o

z * x * o J i

(5 .23)

and r-eq;3llg as in th proof of Theorem 5.L one obtains explieit formulae for the

intervals where X, andX, must l ive in order that  Problem (Pa 
t ,XZ) 

be soivable '  AI I

the details wil l be presenteci in a fortheoming paper treating the infinite-dimensional

variant of Problem (P* 
rrtr). 

@
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