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AEMANK ON TUNG]' DOUATNS

b,y Yiorel- Vaiaitu

It j"s a wel1"'known fact that for any open

Iiunge dornain D of any Stein manifold X 1 i.e.

the natural restriction map O(A -*? 0(D) n^s dense

inage ) euch that D i tself is Stein and any

coherent sfreaf -f on X , the natural restriction

map fCxl Fr D) n"u denee image .

fn this paper we drop the assumpl,ion made

on D to be a Stein open subspace of X and

we ai:all impose aome conditions on the sheaf g so

that  the eonclus ion remains va l id '

trYon 'now on X denotee a comPlex

nanifold of complex dimension fL \ ft>rL )

by a'donainnt of X

and connected subset of  X

prove the fol lowing:

V
the,oreru: Let A be a $tein roanifold and

torsion free coherent sheaf on X such that

Then , for any xun6e donrain D o f  X  ( n o t

necessar i l y  S te in  )  ,  the  na tura l  r 'es t r i c t ion  nap

FfXS F(D) n", dense ima6le , f'or the canonical-

topology ,  '

we understand anY open

. We would l1ke to

a
g*-21

-?
a

conneeted

and

g
tl

t

i n  o rder  to  es te ib l i s t r  th is  s ta tenent  we r reed
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sorne pre l i rn inary  ingredient$"

Lemma 1 :  Le t  D be a nunge dom&in of  a Stein

manifol-d X .  Then ttre envelope of holomorphy D

of  D ex is ts  and is  an open subset  o f  X r

proof  I  l r rom t  5 l  i t  fo l lows that  there ex is ts  the
! v ^ F

D o f D a n d D i s
V
A ,  i .en  w€ have the  fo l low ing

envelope of  holornorphy

a l l ieruann donain over

comutat ive diagraur:

l i

c l o e e  o n  K

Tirus t

by froLomorphic f 'unetions on X

t h e r e  e x i s t s  { "  e 0 $ )  ' l l  { ' " Y * { l i * s

u\
D (#*__c> X

wi th  Y  loca l }y  b iho lomorph ic  "  f t  remains  to  p rove

t l ra t  Y  is  in  jec  t i ve  .  U* t r rU Lernma 5 .4 . I  f : :om f3 - l

i t  f$} lc l r ,vs that  for  every compa.ct  subset t  of  5

we can f ind  & compact  subset  K  o f  D such tha t

the  A(D)  -  hu l l  o f  K  conta ins  R .  l {ow ,  }e t

suppose -Lhat  
Y is  not  in ject ive .  Then there exist

' v  , ^ , - - r  r l  
' i  (  |

x { + x z € 5  ,  Y ( x a \ = f r x r l = Y o € X  .  L e t  K = t N . , x z t
and  le t  K  be  &  compac t  subse t  o f  D  s ta ted  aa  a

s ince T is  a  s te in  mani foLd t l rere ex is ts  a  {  e  O(

holornorphic  funct ion such that  { f rn1= o,  { tX ' ;

tsy  rest r ic t ion to  D ,  +  induces a ) ro lornorphic  mep

o n D v, 'h ich can be approxi inated suff  ic ient ly

t  o u * .
f.\ \
l )  I
L ' '

.'* 4

a

A
2
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. 0  , a *  , L  ?  (  \
r t f o t l o v , r e  r i r a t  l t  { " r o ' g - 1 t i  ; . ' 5 3 .  s i n c e  K = t X r , X z J

vre set lfrty"l -luntt S ! and l{.ty;)- I ftz\ I s t
vrh ich can eas i ly  led to  & cont rad ic t ion o

I9gg1$.-l : Under the precedirrg Lemma condi'Lions

i t  fo l lows that  5  is  the smal lest  open $te in

subspace  o f ,  X  wh ich  con ta in .c  D  ,  i "e "

donain or X , there exists X e2(X\ ,  l l  ?-{t tK < E'

rt roltorvs ll1,*'f i le < e , since K St we bave

!ru=?-t Suppose D is & Itunge donain of a $tein

manifold X .  ,nun the envelope of holomorphy 6

D = the in ter ior  o f  n  D o ,  where the in tereect ion

i e  per fo r rned over  a l l  open Ste in  subspaces  D "1

o f  X  tha t  con ta in  D .

.  
is  a lso ( t  Runge dor" i ia in  of  X '

.  P q o g f r  L e t  R  -  
b e  a  c o m p a e t  s u b s e t  o f  D  ,  E I O

- ]  -  ry(D) n As in Lenuna l-  ,  Lhere exists aa n o  - f  s \ )  
. - , 4 v q

compect ,  subset  l (  o f  D such that  t f re  0(D )  -nuf1

o f  K  c o n t a i n s  K  .  B e c a u s e  D  i s a l i u n g e

the desirecl approxiroation , l l  ?- f l i  F 
( t '

S9HIE-3: Let D be a Runge dornain ( not nece$oari- ly

S t e i n )  o f ' a s t e i n  n a n i f ' o l d  X  ,  D  i t s

envelope of  holomorPirY and f  a  coherent

sheaf  on  X o  Suppose tha t  the  res t r i c t ion  rnap:

F(6) --+ f (DD

i s  s u r j e c t i v e  .  t h e n  t h e  r e s t r i c t i o n  m a p :

FCx>----,7 f C0)
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has dense iurage o

To see th is  we observe  tha t  the  res t r i c t ion  rnap

fCX> *-+f (b) is obtainecl bv composirrs the two

restr icr ion jnaps ,  F{x)  .F{51 whicrr  has denee

imase and the surjeetion F CO.l ,7(n) ( by the

assumpt ion  jus t  made )  "  There fore  to  conc lude the  proo f

of  the l lheorem i t  ie enough to .  prove that the

res t r i c t ion  rnap !

open subsets  o f  X  (  v iewec l  ag

k,f )  -(v,f .)(*> anc/ {= f t}€ar N.

v ; i t h  t h e  p r o j e c t i o n

f ras  ae i  f  ibers  E ' t  rx )

d i  sc re te  toPo lo ; . iY  )  ;

J.ocal hoileonorprit, i  srn (

x=v

f r5 s __4 ,f ro)

i s  s u r j e c t i v e  a

There is a natura

to every (  pre )  sheaf

topo log ica l  space l9 l

(  o r '  ' t  espace e ta le"  )  .

the  d i "ecre te  toPo log ; r  a r rd

r e l a t i o n  o n  t h e  d i s j o i n t

con s tr 'uc t i

ove r

whieh ass igns

' a  u n i q u e

E;l9l -, X
the

f 'ur  t i rer i i lore

hence

o n

x
Vover  ,4 ,  ca l led i ts  sheaf-ePace

0ne' provides eaeh 9fU\ wit i r

def ines an equiva lence

union

l-
\e.

\J U *9ftt)

per fo rme<l  over  a l l

a  ' topo log ica l  sum )

Tlre quotient un^"" l9l

onto  the  f i rs t  co lnPonet l t

s ta lks Y* ( v,ritir the

7 i  i s  s u r j e c t i v e  a n d  a



-5-

an open- map ) and all sections f € ru/, /91) ere

open nappings .  The canonical  naPs

9r0 *--* | (u,l9l)

are  b i j ee t i ve  i f  9  i s  a  shea f  .

For each elernent {€ l9l we denote by CCf I

the connected conponent  o f  l9 l  conta in ing {  '

which we cal l-  the existence domain of {  :

W e c a l l a s h e a f  I  o v e r  X  a l l a u s d o r f f

shea f  i f  i t s  assoc ia ted  shea f -space  l9 l  i s  a

i {ausdor f f  space (  e .g .  the.  Ident i ty  theorem for

ho lomorph ic  func t ions  mere ly  s ta te  tha t  Oy is  a

Hausdor f f  eheaf  ) .

S inee every  to rs ion- f ree  coherent  sheaf  over

\ /
A can be in jected ,  loca l ly  ,  in  &n Od r  w€

get  eas i ly  the f 'o l l .owing:

+igrlaqF. 7-:  Any coherent torsion free sheaf on X is

r
a Hausdorf f  sheaf .

In th is wsY r  for  t i re sheaf ' f  as in t i re

Tlreorem , lg I  i :econes & complex manifold of

" for any biholomorphic nap Y of an open

neig i rborhood of  -  D in  Cn onto an open subset

of  X ,  the vest r ic t ion maP

the  same d i :nens ion  as  X .  , lo *  ,  le t

D=fzeCR:  t? r i4 .  {1 '  n ,  l v * t< 'L }  and  UU= [zeb  ;  l l - i l =  1 ]

We say that the Axiorrr of '  Continuity is ful f i l led for F

when the fol lowirrg holds:

{ry6)) --- tQtdD'D)
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i s s u r j e c t i v e " .

i,,Jow, if d is any pos i t i ve  in teger  r  w€ de f ine

to  be  the  sheaf  assoc ia tedth

to

e sheaf grdr

the  fo l low ing

o n x
presheaf  ,

where the

subsets  of
t * L

t h e  d " "

i,Je write

a l l

ca l l

ana ly t i c

f rdl

homornorpiri sm f *+ Ftdl

fn th is way we

\/
co i re ren t  sheaf '  on  n

the  Ax iom o f  Cont inu i ty

a

Lernm,q ,4: Let X

coherent  to rs ion  f ree

Then ,  fo r  each f  e

of a }tunge

a
ry fn-2J q-
+
J  = J

u fuf&\A)

i nduc t ive  l in i t  i s  per fo rmed

U of  d inension < L

rtdl r
V  : J

any loca l l y  f ree  sheaf  on fu*"#, f) where
ryLdl
d

from f6-J

g ives  us  th is  !  r

lg:eg-z: If t ie any
t tn-2J t7.

such that ,f = f, then

ho lds  fo r  t l re  sheaf  f

= 5F ,  see ta l  ,  Prop.  3, r5 )

T h e r e f o r e  ,  t h e  P r o p o s i t i o n  7 , I 4

obtain the fo l - Iowing

be a $tein rnani f 'o lc i  and

shea:f  such that

tFl ,  the exiotence domain C({)
0

of '  +  is  .J te in  .
I

Io conclucle the proof of  L i ie . [ ] reorern we state

t h e  n e x t l

Lemma 5 t Lei i  5

domain

q

be the envelope of  holomor; lhy

D o f '  a  S te in  inan i fo ld '  X  an< l

t o r s i o n  f r e e ' s h e a f  o n  X  s u c i r  t h a t

abso lu te  gap-sheaf  o f n see ur*o t6l

i f  the

1 S  8 n

/\, or

over

. '/ve

E

natural  sheaf

isomorphisrn (  e" g.

a  coherent
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the Axiorn of Continuity holds for

Then the rest r ic t ion mapr

t(6) -**v F(nl

i s  su r jec t i ve
1 -  r y /  h \

P r o o f - I  L e t  T e ' / , (  u ' / and C#)  be t l re  ex is tence

F

doroain of  {  over  6  (  i t  ie  eas i ly  checked

tha t  { f * ;  X  €  D}  i s  a  con t rec ted  open  subse t  o f

IF I and Cff; = CGV) r 'or every *,7 € D ,
Bo we trave C#) = C(r"l t  xo€ D 1 .

Fi re t  r  w€ ehow tha t  f i lC$  is  in jec t i ve  o

Let  Xr*  XzG C41 euch tfrat ?i (x)= E,txr\*\ e

s inee C({ )  ie  ho lomorphic  separab}e,  there ex is ts

a ho lomorphic  mapl

X: CG1 ----  f

We can  v iew D  as  an  open  subse t  o f  CG)  v ia

t l r e  r nap  * * ' { n  and  l e t  4 - ,E *>C , ' f i - t o )=  Xq
rt  fo l lows 4,  nOf n)  :

{,

Lel  H:D - - - - }  C be the ho lomorpnic  extens j 'on

a n d l e t  f r " C t $ - - +  C ,  f r ' = H " f r
the  fo l lov r ing  coruu taL ive  d iagraml

r,/ qtl \
)' t'.1 lg \

F\

U
a

, ft(x;\+ 
qe7")

* ) , " e 0 .

\ J I

i'Je

D5

g e t

)\'ra "4
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we ob ta i n  a  sec t i on  I  e  f  (S ,  l $ l )  wh i ch  ex tends  A

ther.efor.e , t l ' re map Sff ) -**3(U) iu surjective*

Proof of  Theoreml I t  fo l ]ows at  once fr .on t temark 2 and

we have,  %'= *  on D ( '  %' (4u)=f i rx )={ t rx )=f i4" \ ,xoD )
From the Pr i r rc ip le of  analyt ie eont inuat ion we obtain

tha r X= *' and rjo _g/{xn}= H f X)= ll'tnr\. r}rus ftU.)= ntl-r),
which is  a  cont rad ic ' t , ion o

I t  f o l t ows  tha t  C4 l  i s  an  open  S te in

subspaee of  D conta in ing D .

i iow , vr 'e shovr that CC+)= S .

r f  th is  vrere not  the case ,  t l :ere would ex ie t  a  ho lomorpt r ic

funet ion on CC( l  (  and atso on D )  that  oannot

be exterrded to a holornorphic fur ict ion on D' ,  but

th is  cont rad ic ts  the fact  that  6  is  the envelone

of holornorpl iy of D :

Fi"na l ly , le t  A € f  (n , t ' f t1  
"  Def in ins;

X = (n 1.,+)n , 5 ----? c (,41 c lr I

conclude th is paper by giv ing an example
q n.Ln-21
3 such tnerr J + f and the

not irold for T

Lemma 5 .

WC

of a sheaf

Theorem does

p u t

'Ihen

L e t  X = C n  a n d

D*X \H  and  F=Ju

7

H = [u e X',z o-r= zru= 0 1

t  the ides l  def in inS of :  H )  "

L +  X € H

4  x  n X r H
)  . ,

( n- { l= {-l . rio lve
, r

p .o f  f *= / . ; '

(F)=fxeX;pr"of  5xand Sn-u



^ g -

have , i lm .Sn-o 
( f )= [-l *r,u uoing Frop , 5,r7 r*o,o l]61

we obtain t i rat  gtn-z l*  
f  (  and , f  is  obviously

tors ion f ree )  .  I t  is  obvious that  D=X and th€

restr ict ion roap f (Xl f  fU) has not dense iarage

(  e*  g ,4 € f  (  p l '  cannot  be approxfutated suf f ie ient ly

c lose  on  Lhe compaet  K  -  
\ZeX;  l% t<  4  ,  i '=1 , " ,  f t ,  t ln -41  > ! , tU>; ]

because ,1  / -  , ,  1  )' t i  = {zeX; tz;  ls  4 '  l=r '  r t  I
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