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NONDISCRETE I,OCAI, R,AN{IFIED CLASS FTET"D THEORY

by

Adrian IOVITA and Alexandru ZAHAITESCU

\r. rurnoDucrloN

Let p be a prime, Qp = the field of p-adie numbers,JL = the algebraie elosure

of Q^ andJlthe (topologie) eompletion of.tt-. We consider the problem of deseribing the. D

f inite abelian extensions of a eomplete subfield K ofiT. In this paper we study this

problem for those I( which have finite residual f ields and for which the exponent of p in

the Steinitz number Il{ : QOI is f inite.

We give a deseription for the ramifieation of the finite a.belian extensions of

sueh a field K by means of some subgroups of f inite index of U(K), whieh eoineide in the

diserete ease (i.e. when K/QO is finite) with that given by the elassieal loeal elass field

theory.

We shall use the ideas of [2] and [3]. More preeisely, via the one-to*one

eorrespondenee (given in h3) between the set of eomplete subfields of i ancl the set of

subextensions of ,1/QO, we shall reduce the situations involving K to similar ones

involving an inereasing sequenee of local fields, for whieh we shall apply the results of

t 31.

We eonclude this introduetion by noting that a deseript ion of , the set of al l

f inite abelian extensions of K is no more similar that given in the diseret eas (one has to

consider here some projective l imits) and that in the ease when p divides the inf inite

part of the Steinitz number t l{  :  QOJ a deseript ion of the f inite abelian extensions of K

by means of the subgroups of norms is no more possible.
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\e, wotanows

In what follows p will be a prime number, QO tne field of p-adie numbers,-f1

the algebraic closure of QO and jl the completion of ,rz with respeet to the unic

extension of the p-adie valuation. The valuation on Ji (normalised sueh tfrat v(p) = 1) will

be denoted by.v. We shall use also the notations: 14 for the (topologic) completion of any

subset nng iand ku for the residual f ield of any subfield k of jt. lUtlap) witl denote

the set of f ields k, Qoek e JL, and I"{.;z/QO) wil l denote the set of f ields K,'

Q^ e X e ? zueh that K is eomplete. Tf l/k is a finite Galois extension then
P

Gal(l/k).u, = Qsl(l/k.) where ko is the maximal unramified subextension of 1/k.

Let QOe k 9 JL such that ku is finite or is algebraie elosed. Choose a sequenee

of fields kre kri .." e k such that L-i kt = k and all the kt are finite extensions of QO if '

kv is f inite, and respeetively of (aof,, (the maximal unramified extension of QO in Jt ) if

ku is algebraie closed. If l /k is f inite and Galoiq and I= k('() ' let lt = ki(*). Then there

whieh eontains prime

those factors whieh

exists an no. N sueh that ln/kn is Galois and Gal(ln/kn):/Gal(l/k) for any 
.n 

) no.

Moreover I = \J l, .
i> l  I

.  Any f ie ld QOsks lL def ines a Steini tz number [k:  QOJ

factors whieh have finite or infinite exponenets. The produet of

have the exponent d wili be denoted by [L , Qp]-"

We define similarly [k: (QO)nr].. i f (Q')nrs ksJt .

\r. susrmlDs IN jL

There is a eanonical

J" (-rLlO ). We sumarize in the-  e '  - p

used in this paper.

one-to-one eorrespondence between I @/ap) and

following Theorem some results regarding it rryhieh are

TlrEoREwI 3.L. d tne maps defined nv T (i/Qp) >ft*+ T, e fthqol and
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4 : . /

\ t fuarl?K->KA n ,7 glap) are one-to*one and inverse eaeh to the other"

b) Let kle! (-rLlQD) sueh that l/k is finite and Galois. ThenI/k is finite and

Galois and one has Gal(l/k)ry Gal(l/k), the isomorphism being the eanonie one.

c) Let K,LeT.f j i le^l sueh that L/K is f inite and Galois. Denote: k = K rlst'  L - - . p

and I = L flJL. Then l/k is f inite and Galois and one has Gal(l/k)ryGaI(L/K), the

isomorphism being the canonie one.

Proof. (d We have to prove that:

( r ' ) [  arL= k for  any te 5 (c/Qp)

(z') iiffi = K for any xe T. (r2/Qp)

Let u eI ("VQp) and let ael'.rtS . Denote by &, = Br&2r...ran the

of a over QO. Sinee ae f there exists b€ k sueh that v(a - b) > v(a - a,) for

Krasnerrs lemma it follows that Qo(a) siQo(o)ck, whieh proves (1o).

T( i lA I  and denote k= KntL.  ThenTGK. Now f ix an element z of. L e t K € . c  
. p

K and a real numb", ,f , Choose an {eJ)- sueh that v(z -4) > J and denote by

dt = 4 , 42,...r{n the eonjugates of "( over k. They are also the eonjugates of ( over
'f 

and over K sinee k is algebraie elosed in K. Then 4.J.- rr,..r4n-, are the conjugates
("

of {- z ovef K. As a eonsequence we have: u({i - z) = v("(- ,) ) d for any i, and we

derive: A1o; = inf (v( * -  or,))  > J.
2( i (n  

!

From [].1, Proposit ion L, i t  fol lows that there exists an adT sueh that:

+

v ( { - a )  > A ( . r ) -  P ;
(p-1) '

Henee v(z - a) >i - p 
o. Sinee J *", arbitrary one obtain finally zeT, whieh proves

(p-1) '
(2') and (a).

(U) One has the equali tyJ='f - 1, whieh implies tfrat- i / [  is f inite, Galois and

that Res : cat[/ [-) --rGal(l /k) is a monomorphism.

eonjugates

any i, By

From (a) it fottows tlrat k is algebraie elosed in k. Then
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|  - -  t

I curtvil | = tI' iil = Il : kl = Gal(l/k)

and this eompletes the proof of (b).

(e) It  sufiees to show that i /k is f inite and Galois (the isomorphism fol lows then

from (a) anC (b)). Sinee for any finite extension l'of k contained in I one has, as in (b):

[1'r k] = [f : L'f : fr , r.t

o-e cat(frlk). isometry

g- 0).s.fin d 6) = *OnT = 1. Thus l/k is Galois and the proof of Theorejnr 3.1 is complete.

THE0REM 3,2. Let Qoe kc *CL 5ugh that ku is finite and pflk t Qpl o..

Then any eyelie extension I/k of prime degree g/lk t QOlo, is inertial (i.e.

l l u : k u l  = Q ) .

it follows that I/k is finite. Now let 6eGal(LL/k). Sinee d;- is an isometry one may

extend it by eontinuity to an element F of Caf(d/[). 
-il[ 

U"ing Galois one has

' i r h
' Proof. Let f ku | 

=.P".

(a) Suppose that q /ph

extensions of Q^ sueh that L/ t  ,P  i>1  '

- 1. Let Q-+" k, -- k^i:  . . .€ k be a sequenee of\. f inite. D  L  Z

= k.  Let  I  =  k("<)  and l ,  =  k , (o( ) .  Choose an n^ sueh that :
I  l '  o

ttno r Uno, = q, (kno)v = ku and * = lUno*t t uno, be divisible by q but not by p.

we may suppose that tnoruno is totaly ramified (if not, then

[(tno)u t (Uno)u] = g, henee llu: ku1 = q). Sine. nno*r/ 'Uno tt also totalv raniif ied, one

may choose "(and p sueh ,nu, uno*, = uno(f ,, lno= uno(o) andol,p are rootsof t lvo

poynomials of the form f = xQ - ii- and respeetively g = xffi - fl^, and fft being

uniformising elements of kno.

Le t  u  = Ieukn )  and denote  by i i  tne  image o f  u  in  ku .  s inee c /eh-  r ,
f t '  , ro

Xq - i lhas a root in ku,  henee XQ - u has a root in kno.

It follows: ln = kn ( Ftlo)*un +1 whieh is impossible.
o  o  I  -  t t o ' '

b) Suppose that q/ph - 1. Let, as above, uno*, = nno(f), tno = uno(.r), and
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u = g e U(k- ). we may suppose that udtu(kn )19.lrr no o
r  - L  - - '  d  . - . ,  < q  i rLet  v  =Fn €1 .  one have vQ=F =#=u,  henee the  imageT o f  v  in  tu

does not lye in kv. It follows [(kn +t 
- ln )u : kuJ = q thus l lu : kuJ = Q.

o o 
a.E.D.

THECIIIEfrT g.b. fet (ep)nrg k(lasueh that p"f W: (eo)nrJ".. Then the degree

of any finite extension of k is relatively prime with [k : (Q')nrl.*.

The proof in the ease of cyclie extensions of prime degree is analogous to that

of Theorem 3.2 (a). fne general ease reduces imediately to the Gatois ease, which

reduees to the prime eyelic ease by the resolubil ity of the Gaiois group.

\ a. rrrs FUNDAMENTAL ExAcr sgeunr{cn

K,L q SLwith algebraie eiosed residual fields.

THEOREM 4.1. Letl lX Oe f inite and Galois. Then

N1r6(u(1,)) = u(K)

For the proof let us note f irst ly the fol lowing:

LEMMA 4.1. ([3], Cap. 2, Lemma 2 and Theorem 1). Let l /k be a f inite Galois

extension, where t<q-tg:3L are eomplete, discrete, with algebraie elosed resiclual f ielCs,

Let rTr, l I  uniformising eiements of I  and l< respeetively. Then there exists seN sueh

that  for  any k  )  s  and any ue k  wi th  u: ;L  ( rnod 7 i  
k)  there ex is ts  an 1"1,  1 := 1 (mod

v.
tT " ') sueh that Nrrn( f ) = u. From the proof given there i t  foi lows that for l /k eyelic of

prime degree we may take

s  -  v ( n ' -  6 " ( r r ' ) )
vfifT---

where o- is a generator of Gal(l/kh and if

kG  k lg  kZG. . .  g  kn  =  I
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t

where ki*r/ki i i eyelie of prime degree for any i, and if s, is defined as above, then we

may take s = max f r i  1.
1( i (n

Now let K,L satisfying the above hypothesis, let

(ep)nr€ kls kzs ... < K 
L ns in h z^I  a s i n  Q 2 ,

(Qp)nrG lrc tza...G L )

and let Tn, Tf'rbe uniformising elements of kn and ln respeetively.

Let so be as ih the Lemma 4.L. We shall  prove that there exists noeN and

tMeR sueh that:

Clearly. we

l ln : ,knl  = 9

snv( /In) ( Ivl

may reduee to

f o r  n ) n o  ,

f o r  n ) n o

the ease when [L r

a n d  l e t  i ) n - .
o

K l = Q i s a p r i m e . L e t

Then srv(ni) = v(n'1

n be such thato
- o(r i ) )  where

= min J "tc ii'f-1y,...rv(ao_1)| S v(a n io-tl

s,v(fi,) S q - tv(q) + (q - 1)1.

Now let ueUG). There exist anoraflo*1r.,.r

t  a*ek-  for  any n
\ n r
/ .({)
\ . f + -

I  I  1 " , . , = u .
(  n=ho

sinee 
ljT*u,"n : 

1) = cro, there exists *6e N

v(an - 1) ) snv( () for n ) mo

sueh that

16) = Gal(l,/k,) = Gal(L/K). Let f(x) = *9 * ur*9-1 o ... + aO be the minimal polynomial

of ni over k. and let f if = n\, If\2... tr iO U" tt ' t" roots of f. One has:

r(ni) = (n-i - niz) ... (ni - niq) = q riie-l * ... *.uq-, .

It follows:

o
v(t; i - o- (n!)) ST . vt n-i - 'ni1) = v(f'(rrl) =

i=2 
'  'J

henee:

sueh that
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From the lemma, there exists bneTn sueh that NI l[ 
(bn) = an and

n n
v(a -  1)

v ( b n  r l = #  f o r n ) m o .

From the diserete ease of Theorem 4.1 which is proved in ([3], Cap.2, t l Z,t, Theorem L)

it follows the existenee of an b, + f sueh that
o o

N1 E 
(b,  )  = an .  &n +1.. . .  am

m o ' * o o o o o
<

t l

The produet ' '  bn converges in L and its l imit b satisfies
n)mo

Q.E"D.\7p!b) = u .

K and L beirrg as above, we denote ny v(l,lx) the subgroup of u(T,) generated

bY I  f - t  =?'  J eu(L) '  q<ca\r /nl  l '

Onb has: N1r;ff(L/K)) = 1. Let us suppose that [ l{ : (QO)nr].,, is not divisible

by p. Theorem 3.4 implies then that [L : K] and [l{ : (QO)'*J.., are relatively prime,

henee we may fix an no such that [k1a1 : krJ and [L : It] are relatively prime and

llr: k,J = [L : K] for any i ) no.

For n ) no and o eGal(L/K) we define:

[kn:kn J * -
i (o ' )  = (n;  o ; ' ' - r1mod vOK))

where fftn denotes an uniformising element of ln.

It is easy to see that i(f ) does not depend on the choiee of n and lfl., , and that

ttiil is a homomorphism of groups. Then one has the followingl sequenee of groups:

(1) 1*+Gai(L/K) Ir utr,llvti,lnl "t/[ u([)--- r

We shall prove in this seetion that this is an exact sequenee.

Clearly the homomorphism Nifx o i is null and N1r6 is onto (Theorem 4.1).

PROPOSrnON t1.1. If K, L are as asbove, L/K is abelian and [K: (Qo)nrJ".ris

not divisible by'p then 't i" is a monomorphism.
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Proof. a) Suppose firstly tfrat't/ft- is

Galois group. If a e Z is sueh that i!, u) = 1 thun

(rr l  ) f  " .1 = g
no' 5

cyclie and let y be a generator of the

there exists l'€l U(L) such that

.  - &henee f 
* = L and tr irr is a

and we setff rf .  
l- t) = ir;t  t-t .  rn,, impties that-  . . o  
"  "o ,

o(= li l," . T-1*8.
" o )

Thus a =,,,u1?), = ir, , Nl ' J*+ is divisible ny [I Ri,v\ri'n , v(7rn ,
monomorphism? o

b) If G = car(i/x) is not cyelic, and if o eG, ct* I:", then there exists a
LT

subgroup I{ of G sueh that 6 dH and G/H is eyclie. Let M = L" = 
fxeL/E(x) 

= x, V

z.e1y . Then-I[ = l,H and lfr , t<] is relatively prime with [k;a1 : k,l for any i ) no ,

where n is defined as above. We have Cat(nrrlx) = G/H. Let G' = €la I 1. Sinee
o  , l v t

i  : Cat(fr/ i i)*+U(M)/V(M/I{) is a monomorphism i(r ') * 1. Then:

Ngrp(i(a-)) = Nr7*( Tr'{- t) = t*rr*(;r;o))a'-1 = i(c'-r; # 1u .

Henee i@) * 1g and ' r i "  is  a monomorphism.

PROPOSITION 4.2. I{er (N1r;)s Im(i).

Proof. a) Suppose ttrat-I/ii is eyelie and let fi be a generator of the Gaiois

group. l f  xeU(i l )  sat isf ies Ngr*(x)  = 1,  then-there exists aeT such that x= 
""-1.  

L. t

B.1t&2t...$n,...€L zuch that aneln for any n and lim a = a. Let n eN be sueh that
n+rtr 

tr o

tf , frt is relatveiy prime with [kia1 : krJ for any i ) no .

There exists *o ) no such that v(an) = v(an' -) for any n ) mo. Henee
o

v(a) = v(a* ). Let 17r* be an uniformising element of I ,  and let keE be sueh that
" ' o  " ' o  - " o

t:
a'rr^ e U(L).' m

o
Then, sinee ([L : K1' [k* : k,., 1) = 1r there exists k'eN sueh that

" ' o  " o
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[k,n :k- ]  _,,,
x:((rr ;  )  " 'o" ' t ro 

;ru'- t(roo v6r()),  henee * = i(ok')  .
o

U) l,et-i,/X be abelian, of degree n = il, r Et. We shall proeeed by induetion on

n. Let as above n^a N sueh that (n,[k,-, : k,]) = 1 for i ) ho.
o  ' -  l + I  t - '

Let K /MAL sueh that M/K be eyelie. Let 5e U(1,) sueh that }[ lt( f ) = 1

and denote: 1' 
= N1r-pi( f ). Then }hlf(:,) = 1, henee J = (nl,o)o'-1(rodvffi/n),

where ;J- l i -  is  an uni formising element of  rn^,  (QO)nrCm1€m2€.. .9M being a
o o

sequence of discrete valued fields as in h 2 (one may ehoose Oilo sueh that

t [o = Nrr*( ' iT ior ,n lo OutnU an uni formising element of  l -  ) .

Denoting , = j t( rr;o); '-11-1, urere 
"*,rlro I 

evr'..;/K) sueh that

t= \ r * ( f ) .
One has:

Nrlx( 1) =7'= tNIr*(o;o,,s'-1 . N'nn(' l ) = *IZrttn;o)c-t . r l,

w h e r e  f r j , , n = g - ' .  L e t . , \ = T l - ; t - t " 1 . 1 ' I .  S i n e e  N 1 r p , ( . \ ) = 1 ,  f r o m  t h e  i n d u e t i v e
I w t  o  

I  I

hvpothesis there exists EeCat(Tl"l\T) sueh that

l  =rr 'n€-1(moo v6/M))
o

r _ 1  € , - 1 _ t  c , E - | _ t
Then 

7 =nL^ " n l,^ 
'(mod v(1,/x)):= ll-|^ '(mod v(L/K)), and

7= i (o ,6 - t ) e r * ( i ) . o  
o  o  

e .E .D .

We have obtained the following:

THEOREM 4.2.If  p[U<: (QO)n*Jor" then the sequenee (1) is exact.

PROPOSfiTOI{ 4"3. Let (ap)nr(K€Lg-f)-sush that L/K is abelian and

vf w: (Qo)nrl.o rhen:

a)fi p'fff,, F] tf,un "i 'r may be defined as above and the sequene (t) is exaet.

b) If tL : Kl = pt, tntN, then NgrT : u6)/u6 /fr)-uG) 
is an isomorphism.
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Proof, The proof of a) is analogous to that of Theorem 4.2. In order to prove

b), one may reduee to the ease Gal 6,tWl eyelie. Let a be a generator of i.t. If xe Ud)

sat isf ies ngrn(x)= L then there exists a*f  sueh that x= 
" t -1.  

Let  aneln for  n)  1,

sueh that lim an = a and let no*N sueh that v(an) = v(an) - v(an ) for any n ) no. Then
n ' ) C C ) - a  t O

there exists keN sueh that x:=do-1{*odv(L/rt-)). sinee p/tx t-tOo)nrl* there exists
o

[kr :kn J

m ) n  s u e h  t h a to

= 61ci-tk*tonol-t

K * > *

t '
+ l

oTt t<  :k  l .Then' /  -  m  n  -o.

Q.E.D,

xs(rT' m

REMARK" If (Qp)nrg Kq {4 then 3 may ha.ka finite irnnrediate extension [,

-Oonty if pl tn : (eo)n.J*, ancr [E: F] = pt, f-*No.

For a proof one may apply Theorem 3.3.

\ 5. firE MA)ilMAL UNRAMmIED EXTENSION

In this seetion yue consider a f ield QOe t<e -O-with f inite residual f ield

the maximal unramif ied extension kn. of k.

k sueh
v

PROPCISI"flON 5.1. Let k'be as above and let kf/ku be finite, of degree n.

there exists a unique extension kcls fLsuch that:

Then

1) the residual f ield of I is kr'

2 ) [ l : k ] = n .

I tJol lows that l /k is Galois and eyelic.

The proof follows as is the ease: k/QO finite.

l ,et t<(n) be the,unique extension of k given by Proposit ion 5.1, and let

k = u u(n).nr  ne  N*

The extension knr/k is abelian and one has kn, = k(Vo:), where Vg., denotes the

set of ali roots of unity of order qn - L , n c - N * a n d q = l k u l
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PROPOSfilON 5"2. Let K = knr. Then, the residual field Ku of K is the

algebraie closure of ku and one has a eanonie topologie isomorphism:

cai (K/k) iy Gat (Kv/kv)

Again, the proof is l ike in the ease: k/QO finite.

Now we eonsider the follorrying automorphism of Ku over ku:

CCr r---+" c^:9, fOf c,r;e KU

This eorresponds, by the isomorphism of Proposition 5"\, to an automorphism

\ 
of K/k, eailed the Frobenius autdmorphism of K/k.

The prolongation by continuity of 
f 

to X wil l be denoted also by f.

One has the seouenee:

(2) 1--' 'uG)*tutxl '  9-1.. u(CI--+1

where j is the inclusion and ( f-1) (7't = 
ryfor 

any 1 eu0t).

THEOREM 5.L" The sequenee (2) is exaet.

Proof. We note firstiy that Im jc-ker (i '- 1).

Let QO€ klq k2< ...€ k be a sequenee of f inite extensions of Qp such that

k = 
Yki. Let I(, = (k,)n, for any i. Then:

' I

(Op)nre K 1e K zC , ,, K and n =Y *t
I

a) Let us prove that f- 1 is onto.. 
cll

I f  aeUG) then there exists a.eU(K,) for any i ) 1 sueh that a 
{J", 

.  Sinee

the sequence:

tp._ l
l t

1-* U(ki) ---U(Ki) :*-----, U(Ki) .+ |

is exaet for any i (tJl,9 a.z rneorem 2), there exists 
7 ie 

u(\) sueh that 
{} 

= 
", '
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Denoting UV fi an uniformising element of k, (and thus also of K, andT,) then' l

sinee 1. €ki(Vcu) one has:

Cx) . oo

?.=T "{"n ' l  -  w(f i )  =I"( i iqnl ,  {o # 0,4rrev".Uto t ./ r ' l = 0  U  Y  t  r r  
l = 0  

r J  r '

Now, i f  n,eNU{*}  is the exponent of  Tf i  in (a,  -  1)  then tP{?1 
)=\ , tmoon-f i l  and we

oder ive:  O I j  
= { ; i  anO 4 i je k,  for  j  = 0,1, . . . ,n i  -  1.

Hence f i  
=dio *d 

i i f f i *  . . .  ** ,n.-rdt-L utnt l  = ker(Yi  -  1)  and denot ing

h . = g . 7 Z . o n e h a s :  

I

' l  t  J  I  |  |  
n .

I  i = 1 ( m o c ( ' )  a n o  ( f  - t l  l 1 i = ( Y - i l 7 i = u i f o r a n v i : 1 .
t (c cll

Then the product I-I1 , is convergent and (\t- lXTlrl,) =i-1", = &.
i = l  l l  '  " i = 1  / l  

' i = 1  I

b) Let us prove that ker ( f- t)e tm;.

If xe ker ( f- 1)<.U(K) then there exists bie U(l{i) sueh that:

x = I i m b i
t+<a

f (x) = x impries 
lTltfro,l 

= 
I'j,|, 

, henee 
l.':J( f(bi) - b,) = ccr.

Put ,  as above:  o ,  =F* , :n i  , . { i l  V . ,oU{  o} , * ,o*

c(J

From f tu,l - o, =[r*lj - 
" iSlrri .

We der ive , . ( l j -  d i j  and  c , (11ek ,  fo r  i=  0 ,  l , . . . t i  -  1 ,  where  t ,€N i - r {oc 'y

denote the exponent of ?T, in (f (u,) - bi).

t . -  1
Then, if we qrt o, = t,o * O,rff, + ... +{,rr-rtrtt * k,r; k, we have

v(b,  -  c,)  - t  to henee x = l im e. .uG).- ' - l  - l '  

i . + c e  i . + c c .  
I
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\0. fne fundamental isomorphism

Let k as in f tr and suppose for the moment ttrat p/tk : Qpl*.

Let E be a f in i te abel ian extension of  t<,  X = kn,  ,  ko= K4E the maximal

unramified extension of k in E and let L = KE = En.. Denote Oy Fo ancl f^ the Frobenius

automorphisms of rc lw^ andl,f E respectively. one has: lr,, = p^ and (Y,- t)vtl, /f) =
I  Q  I  "  ] K  J O  

' I

A
I
t\r

t t / ' f l /" u - / / v ( L l p .
t

l <v
, . f  i - r  tv r ' ) / v (L  lF )

I
I

,,

D

w h e r e  f  i s  t h e  n u l l  h o m o m o r p h i s m ,  C . = r { - I , ( r = V ^ - 1 ,  A = k e r t { ,  B = k e y i ' , ,_  r  , l  
l o  ,

C = coker I ' ,  D = eoker o(.

Atso one sees that: C = Cal6/(), n = 1, B = UG) and A = UG) . VnrclnLdl"

The diagram (3) is commutative and has exact rows and eolumns, hence

Nf r , '  i
t tNi , ;-, t t  And t ' i r t  define the homomorphisms A --:5 B and C j* D and the ttsnake

l J l n .  
(

lemmatt gives a homomorphism d : B ._-i 'Q sueh that the sequenee

t\T- - (
' " T . l K  a  I

A .--:!-+ B --;" C *+D is exaet.

= v/F).  Then the homomorphism j t -  t ,  uG)"-n 'u( f )  f rom q5 induees the (r :nto)

homomorphism, denoted also by 
Y 

- Lt

Y- 1' u&)/r6,71)*-> uff)/r5,V,

One has the diagram:

4 *-__> G,J (r/ 4 -:-'

l *
(3) 

l' '
'1 ' -+ 6o/ (t /E)*:*

I-1,

C

B
I

s $rc[; -* r

I  I P
YE u (E )  ->  t r

We get then an indueed isomorplr ism:
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(
d : u(k^)/Nr* _ -r. cat6/N):xGal ff./{o\= calGli?)rn*

u r\ f,. ril lrJl6;;.  L , f  ^ o \ r

THEOIIE&.I O.t. a) It pftX, Qp]o, and E is a finite abelian extension of k, then

one has an isomorphism

( "t car (E-rr)dulr.: u(k)/1q-r*(u(E)t- .-,ram

b) ff pllk: Qo]cr-r and E is a finite abelian extension of k sueh that p {fn rt. l

then one has an isomorphism

a *

)  u,o:  U(k)/1q*r*(u(r))--  Gat(E/k)ru,

e) If p/tx r Qpl.o and E is a finite abelian extension of k sueh that tE , [] = pt

' 
then

N;r,r(u(E)) = u(t<)
r-l K

For the proof we need the fol lowing" resuit:

LE$IMA S"1" If  k is as above and k' is a f inite unramif ied extension of k t lren

N;,,'(u(E-')) = uG).
K ' /  K

For a proof  o f  Lemma 6.1 one may use Lemma 4 e/3.3 of  [3 . ]  and t ] re  teehniguc,

used in this paper.

Now for a) let K = kn, , L = Enr , Y'= ,h" Frobenius automorphism of K/k,

Y 
= u pro longat ion of  t ' to l ,  and I  ="1 xe E/ f t * )  =  x f  . t t ren lnr= l 'K  = L, . lOK = k ,  1 / l (

is totatly ramif ied, E/i is unramif ied, i / i l  is total ly ramif ied, l i i i  is unramif ied ancl crne

has

Nil/r (u(E)) = u[) ano uG)/ - rriiiu]car6ix)Dl I 
ryk, ","'

But N;,;.(uCI) = r'{rn(u(E)) henee u([)iN* 
" 

(u(r))= car 61fr)
IlK Ll K '"El-k

whieh proves (a).

A proof of b) eomes in a similar way, by reproducing Lemt" b"t, the diagram
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(3) anC al} Q 5 in the hypothesis stated in b).

As for e), let I< and L be the maximai

respeetively, denote ko = Efl K and let 
1i., ancJ 

f o be

L/E and K/k^ respeetively. Then one has tire diagram:
o '

inertial extensions of k and E

the Frobenius automorphisms of

B
t

Nu; ,)b'*,-"; 
rJ( ia)

I
I Y,'-',

95 u( K)-

A
1
I
t,

4*-*-* u("t l l  ,* , *,
/  v ( L /  K )

I

t v'*,
,  . r T \  t

. l
I

,

4

From Proposition 4.3 it follows that: UQ) = Nfrlt (U(E)). Applying Lemma il"1
. , ,  ^O

which is also true in this ease if  kr is a f inite inert ial extension of l<o we obtnin

u(f,-) = }{rr;(r). a.E.D.

REMARK 6.I..  The isomorphis^ {Utnclefined by Theorem 6.1 a) and b) wit l  i :e

ealled rrfund&mental isomorphism".

I f  k  and E are as in  Theorem 6.1 a)  or  b)  and i f  Qpe k l€  kZ<;  . . ,ek is  a
r l

sequenee of f inite extensions of QR sueh that 
l/rOr 

= lc, then there exists no€IoI such

tha t  ( [k , i t l ,  [ k1*1  :  l< . ] )=  L  fo r  any  i lno  "  Le t 'n - 'be  an  un i fo r rn is inge iement  o f  E-  " I fno

ueUG) there exists uo€UGo) with N[/i lo(ro) = u. Then there exists teu6) r,,, i th

Nlli?( f ) 
= uo and there exists ceCai(I/li) such that

lY-1:= /r' 
o- l(*od v(l,/ff))

The isomorphism {u,uis given by:

u(m od N E/ti(u 
(E )) F---"'r€ G ar (l,lr-)':: G al @il)r",

The isomorphisms J-, , .has an important property of  funetor ia l i tv .'  I t lK
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Let k and E be as in Theorem 6.1 a) or b) and let kgEt€E.

Then N6'rp(u(D)Sn6',/I(U(8"')) and one has the diagram:

(5)

*---

where the vert ical homomorphisms are the eanonie ones.

PROPOSfIION 6.1. The diagram (5) is commutative.

For the proof, see [3], hS.Z, Lemma 3, and the above remark.

that the residual f ield k-. of k is f inite
v

extens ion and le t  I  k i l ,  f l i?  b*

6*/ (tr/{)*",,,
I
I
I

{

Go[ (E'/{)n*,,,

u&)/
/ NrR fu(Et)
1v

u&l
/ Mr,t{ ( urE'))

h ?. TIrE sutscnouPs oF NoRMs

PROPOSflON ?.L. Let Q^gkg -Cl sueh
J- 

t/

and p/  [k:  QOI*.  Let  kcl  be a f in i te abel ian

sequences as in Q 2. Denoter Hi = Nt,/L.(U(li)), H = Nrrn(U(t)) and fr = N-iri(U(f)).'r:nen,

1) t{ i+r = *nf*rin,(H,) for anv ieN*

2) HiG Hi*1 for  any ieN*

3) H = 
U ", 

where ioeN is sueh that (tki : kioJ, t l : kl) = I for any i ) io
i > i J v

* t  : o
4 ) H = H .

Proof. 1) foltows from the equality li*L = ki*t . ti .

2) is obvious.

3) follows from the equalit iesr Nytl f.
l l

= N,  , , -  for  anv i  )  io .' i /  ^ i
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4) ft T€H then f = Nlr;(f), le.ud). Sinee I = tj* Vn : wher. Vn* U(t) one has
fl *;rr

T = N1r;(l im yr.,) = l im Nrru(y,.,)o henceH*8.
-r " 11 )cD D-'.o " 

'' "

In order to obtain the other inelusion it is enough to prove that fi is clcsecl in

UG). We shall 'show that ff is an open subgroup of UG), henee it is also a elosed

subgroup of U(E). Let '(e H and ehoose aeUC) sueh thator= Nirp(a). Denote by

f ( x )  =xQ*q rxQ- l  * . . .  * 4 r - iX r vo

the minimal polynomiai of a over I. tr,"n "f 
=o{ln where r =[f ,I(a)]. Let J ) 0 and

f i  eu6lsueh that v(a-p) >r!.
t - _

Let f^,-eflbe a root of Fo (x) = Xm -& for whieh v(of^ - B^) is iargest. If
l - q  P  I  q  { - q '

1 €.J.L denotes a primitive root of 1 of orcier m, then:

v(oro- r o)Z*"QY,*'

Hence for large. 5

: s""1.= - u(o'q - C( o(o)) and
ce cai(!/[)
cr(.(q)l qq

(
-  ? T a  ) ) = - l v ( o ( - B ) > it  r q '  m  I  m

one has: v(d -  h )  > sup v(r  -  < i )  >q l q l < i t m - l  t -

f rom l{rasner 's Lemma we der iver ' [ (  B^)c-k(d^),  i .e.
t 9  q

PonT'
Now let S(x) = *9 * r{r*9-1 * .., + c('O-1x +c('O and denote by l ir,.,.,b' the roots

of g(x) in iT., arranged sueh that v(a - br) ) v(a - ui) for z5 jI q'

sinee v(a -  br)2{u{ta -  ur l  . - ' fu -  bq)) =lv(s(a)) =*"(Fo -do):-+ ,  i t

follov*rs from Krasner's Lemma that for large 5 one has ?tu)*f{ur)n hence g(x} is

i rreducibte overT, f(a)=T(ur), and?-:nrrn(u L)=(rlt  
=P . Thus'ff i* op*n in uG) and

this eompletes the proof of ( ).

'  Let r<, {,r<i} be as in Proposition 6.1. Let ioerN 
"no ",o 

be a subgroup of

u,u,o sueh that: 
. l 

u,u,o,r",o 
I 

is relatively prime with [k, : k,ol for any i ] io. Denote,

for  i  )  i^ :  H, = NJr, , .  (H,^)  and let  H = U H,.- o t *i/*io Io i2io
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-

manner (by varrying io andH, ) and OyTlth the set of subgroupsE of U(I) wfrere H runs
o

or"ry'/'$r).

PPROPOSITION ?.2" Let QOg ks'-frsueh that nftt t OO1 and ku is finite. For
._P n

any H€ l'L(f) there exists a finit totaly ramified abelian extension t of k sueh that:

trrrn U0) = H and NV.k(Um) = 8.

Proof. For any i ) io Iet I, be a'totaly ramified finite abelian extension of k,

sueh that Hi = Nt./k.(u(l i)). one has l i*t = kintl i henee if l , = k, (.r ) then 1, = k,(4 ) for
.  ^ i r , . i  L '  L  I ' r  t  . o  - o

any i ) io. Now put l:k(o{) and eonclude the proof byapplying Proposition ?.1.

' 1IIEOREM ?.1. Let k,1, iki l , { l i t be as in the Proposition ?.1. There exists

an isomorphism {rO zucn that the following diagram (where Res is the restrietion and

f 
is indueed by the inclusion U(k)gUG)) is commutative:

( - _d{/, 
G"/ (4/{),r"-

rf''Denote uy lt(t) the set of subgroup H of U(k) whieh are obtained in this

5*n
e

u$.)/-/ 1 1

[ * *

6*( (z t #).o. -

f
U I' l

u&)/
/H

Proof. We have to prove that
( (

) t /u= Res o J y[  "  f ) . , t  etQr, i r , . . .?n.,€

uG)/;.

V is an isomor.phism (then we

UG) Ue a systerh of representatives

put

for

For any nel. I  let *f) , . . . ,o$'*" be sueh that

We assert that for large n the images 
"t "fl 

...,o$)

fn )
ut* i  - {  

i " ' )2  n  for  i  =  l , . . . , rn .

in U(k)/" are distinct. If not,
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then there exists io I io and an

(n*) (n*)
( { , ^ ' ) / (d ,^ "  )e  t t  fo r  any  t ,  and th is'  ' r o  

J o

eontrary to our assumption.

rnereasing sequenee

impl ies @' .  ) / (4  .  )  =-  l o  ' l o

i  n, i  , ,n, sueh that

(n*)  (n*)

l}1lo'o.- 
)/(d io'))c; I.r,

images in U(l<)/I- l  then

large enough sueh that
- t

U(k)/H \ .  Therefore:

whieh N1^(a) ="(. Let

overT,  Thenc< =o; t  where

We have thus the inequali ty:

t i
l u (k ) /H)  >
r t -

._t
u(k)/H j

If there exist , l.t,... 
f, m*tc; U(l<) whieh have distinct

they also havi distinct images in U(kr)/Hi , where "i 'r is ehoosed
1 r

f t , . . . f  m+rcu(kt) .  But lu(ki) /Hi i  
= [ ] , :  k i ]*"* = [ l :  k l .u* = I

'  I  r  l .  * i
lu(k)/Hl = lu(t<)/ul

Now. let o( € u(k)fi fr. Fix an ae u(i)
^  -  n - 1

f (x )  =  *e  *  ( r *q - '+ . . .  n {O Ol  the  min ima l  po lynonr ia l

m = [l : k("< )], Let:

for

o f a

(
If d is iarge enough, then

g(x) such that f(a) = f(u).

Sinee g(x)€ k(x) it foll.ows

This proved 
Y 

is

TI{EORERf 7.2. Let QpeU c.-C)-sueh that pltf  t  QOl..,  &nd \nu\ = q ( e'c'  Let

ql = (q - 1, [k t Qp]..) uno uor. = the group of roots of 1" of order Q, from U(k)" Then:

A N'ru(u(l)) = v.,
l 2 k  

r / ' \  Y t
, a b

' 
Pnoof. Let ae-UO, und let I  be a f inite abelian extension of k. Then

r l t l

. 
dr= \u(r<)/n-'rrututr))l 

= \Gai(r/t<)ru,o .l

is  pr ime with [k,  Qo]* hence is pr ime with cr .  Sinee the order of  a(modNrrn(U(l))  isa

s(x) = *o n 
P r*Q-l+... n (fq-r* --dr, where (3,.u, v{p i 

- (i) > t

from Krasner's Lemma it follows that there exists a root b of

Moreover,  g(x)  is i r reducible ou..T and N;;(b) =tcT =d.
L / R '  q

th t  be  I  and ae  H.

in jeet ive.  Henee i t  is  an isomorphism, &s asserted.
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.  d iv isor  of  both d,  and q.  i t  fo l lows that  a€N, , , . (U( l ) ) .  Thus:
I  

' I  
T l K

V^  g /  \  N r / k (U( l ) )
-1 12 l< :/  1\

ab

N-ow le t  a€U(I ) ,  a fV^.  We have to  prove the ex is tence of  a  f in i te  abel ian' 9r.
extension l/k such that a</ N,,,,(U(l))" Let i€I,I such that:, r l |n.

1)  (p '+ ,  [ k ,  :  k . l )  =  1  fo r  any  j  >  i .'  q l  ' - J  r - '

D aeu(ki).

Let meN. Denote um(ki) ={ r* or lu:=t(mod r l ln) \  and

vm(ki) = um(ki) - uor. sinee J 
v*tr., l lu*tr., l f  = e1 and \utl . , l lut(ki) l= sm(q - 1), i t

I I r'r'r ,
follows that lutr,,)lvmtr.,) | = q"Jq - t) is relativelvi r , '  ' , , . i ,  

I  q l

Let Hf = vm(k,),  gl  = N,.1,,  (Hf )  ano Hm = UHf .  From Proposit ion 6.2 i t
I  r ' .  J  K j iK .  I  j> i  l

follows that there exists a finite abelian extension l* of k for rnihietr

Nl 
/k(U(lm)) 

= Hff i .
- m ' - -

Sinee udvo-  ,  there ex is ts  m€N such that  apvm(k, ) .  Then one has for  any
Y 1

t 2 i :
[k , :k tJ

Nk, /k , ( r )= r -  J  t ln l ,hence a f tn? ,
J l

Therefore aLl lm.

COROLLARY. Let Qoet<r;. l lsueh trrat p/tt ,  QOl. ' ,  and \ku\ = q < oo

Then A Nt/k(U(l)) = 1 i f  and only i f  q - L and tk: SOl coare relatively prime.
l 2 k  

r / r \  Y

ab

THEOREI!{ ?.3. The hypothesis and notations being as in Theorem 6.2, let ku'

be the maximal abelian extension of k. Then on has:

Gal(kuo/k)r",',i u(t )/vqt .
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and i f  k9 l (  I .  such

Proof. F.or any finite abelian extension I bf k one has the isomorphism:
'  dvw

I I( l()/  Gat(i /k)v  \ r \ / /  
N r  , , " (U ( l ) )  

' r am
L I K

i te and abelian, the diagram

Seuk 
> Gl ({i/A)n*-

(rtrci) 
l+

(

( ut<l) *-d(/^ > 6o/ ( (i &) 12qzn

that"i l /k is f in

u(k)/
/n l'  ' r 'u7&

I
i/

v(*)f^,
t /v €i<

is eommutative. Then there exists a eanonic isomorphism

)k ' Il l u(k)/N,,,.(U(l))--= Xn cai (l/k)ram

But 
r/ K

l im u(k)/N'k(u(t))f u(kVn Ntik(u0)) 
- u,u)/vcl

and

p Gal (l/k)ram: Gal (kuo/knr)*Gat (kuo/k)r"* .

We eoneiude this pepet with the fol lowing result

what was already proved. !

a

THEOREM ?.4, Let Qo€k<O suetr that the residual f ield of k is f inite and
I

o fft : QDi.o . Then there exists a eanonieal one-tb-one eorrespondenee between T[Url

and the set of finite abelian extensions of kn, , and a canonieal one-to-cne

4,P -
correspondence between{L(k) and the set of eomplete f inite abelian extensions of kn*.

a.E-D.

which.eomes natural ly fronr

i$l
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