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I.  INTRODUCTION

The study of l inear and nonlinear operator equations was widly enlarged on

the variational methods . The classical result of Friedrichs allowed the definit ion

of the generalized solution of equation Au - f with A a l inear, symmetrical and

positive definite operator . The class of operators for which the generalized

solution of equation Au = f can be defined, was enlarged to the l inear operators

with positive definite di-fferentiable If, Zl , then to nonlinear operators with

positive definite differentiable [ ] l anO to nonlinear operators with K-positive

definite differentianle L4l .

Subsequent generalizations was obtained by considering operator equations

for multivalue operators, equations suggested by practical problems from continuum

mechan ics .  50 ,  in  t : l  i s  s tud ied  the  equat ion  Au +  ?p(u)  e  f  w i th  A  a  l inear
\

operator with symmetrical and positj-ve definite differentiable, in Igl tne equation

Pu +Oqr(u) a ' t  wi th P a non- l inear operator wi th symmetr ical 'and posi t ive def in i te

differentiable and in IZ] tne equation Pu e f with P a nonlinear multival-ue operator.

In the framwork of variational theory an important place is played by the

var iat ional  inequal i t ies and this is due to the caracter izat ion of  a c lassical

solut ion for  the equat ion Pu +?p(u) ? f  as solut ion of  the var iat ional  inequal i ty:





A class of  var iat ional  inequal i t ies which can' t  be set  under the form of an

operator equation is the class of so-called quasi-variational inequalit ies which

have been used by many authors to study nonlinear problems in continuum mechanics

including a wide variety of free - boundary problems .

In tlr is paper we introdube the concept of generalized solution for

nonlinear quasi-variational inequalit ies .

In Section 2 of this paper we recall some results concerning the generalized

solution for nonlinear variationat inequalit ies of second kind .

In Section J we define the generalized solution for a nonlinear

quasi-var iat ional  inequal i tyr  and we just i fy th is def in i t ion (Theorem 1,1)-

In Sect ion 4 we consider a controled quasi-var iat ional  inequal i ty.

Finnaly, in Section 5 we give am example from mechanics of a contact

problem with friction which leads to a nonlinear quasi-variational inequality .

2. PRELIMINARV RESULTS

Let (H , (, ,. )) Oe a-real Hilbert space and D(P)c- H a dense linear subspace

in H. Let us consider P :  D(P)*H a nonLinear operator and Q :  D(P)* (-m, +o=l

a functional which satisfy the following assumptions :, :

(Pl) The operator P is a potential operator, i. e; there exists a functional

g :  D ( P ) + R  s u c h t h a t  D g ( u ) . v  -  ( P u ,  V ) ,  V u e  D ( P ) ,  V v e  H  ( D . g ( u )  r e p r e s e n t s

the Gateaux differential of S ) .

^  (P2) The operator P is monotone, i .e.

( P u  -  P v ,  u  -  v )  2  0 ,  V  u ,  v  e  0 ( P ) .

(Prl The functional P ir convex lower semicontinuous and propet ( P I +w)
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Remark 2.1.  Using hypothesis (P1) and (P2) one can prove that
I

t f  ( v )  -  i  ( p ( t . v ) ,  v )  d t  +  c p n s t .  ( s e e  [ + ]  )  .' t

We recal l  some resul ts (see, for  example,  [z l ,  [g]  )  concerning to the

following problem ,

( p * o p ) ( u ) e t  ( 2 . . 1 )

w i t h f € H g i v e n .

By def in i t ion,  a c lassical  solut ion of  (2.D is an element u e D(P) such

that

( P u ,  v , -  u )  *  p ( v )  -  p ( u )  )  ( f ,  v  -  u ) ,  V  v e  0 ( P )

i .e .  u ver i f ies a var iat ional  i -nequal i ty of  second kind

.., }, le have the following variational caracterization of the classical solution

of the equat ion (2.1).

Progosi t ion 2.1,  An element ue D(P) is a c lassical  solut ion of .  (2.1) i t t  u

minimizes on D(P) the funct ional  F,  :  H+(-co, +ool  def ined by

r r ( v )  =  { ( v )  +  p ( v )  -  ( f  ,  v )  .

In the following we consider a stronger assumption than hypothese (P2),

namely :

(P2') The operator P is a strongly monotone operator i. e, there exists 
$' 

'  t O

such that for  every u,  v € D(P) we have :

( p u - P v , u  - i )  
t ' l l  , - v l l ' ,

where  l l . l l  i s  the  norm on H ,

Lemma 2,1,  (1)  For any element f  € H, funct ional  F,  is  lower bounded.

(D Any minimizing sequence for F,  on D(P) is a Cauchy sequence in H,
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(l) All the minimizing sequences for F* have the same limit in H -
I

Lemma 1.1 suggests the following definit ion : the l imit in H of any

minimizing sequence for the functional F, wil l be called the generalized solution

of the equat ion (  Z,  L)  .

,  Proposi t ion 2.2.  For any element fe H, the general ized solut ion of  the equat ion

( P  +  a p ) ( v )  ?  f  ,  e x i s t s  a n d  i s  u n i q u e . .  r  :

The name of "generalized solution" is justif ied by 3

Proposi t ion 2.1.  (1)  The classical  solut ion of  the equat ion (2,1) ( i f  there

exists)  is  a general ized ond.

(D If the generalized solution of (2,1) belongs to D(P) then it is the classica.

solution

Corol larv 2.1.  I f  0(P) = H, then for any f  e H, the problen (2.1) has.a uni .que

classical  solut ion. .

*r





- 5 -

]. QUASIVARIATIONAL INEQUALIT]ES AND GENERALIZED SOLUTIONS

Let  (H,  ( ' , ' ) )  be  a  rea l  H i tber t  space,  D(P)c  H a  l inear  dense subspace

in H and P :  D(P)-+ H a nonl inear operator which sat isf ies the hypothesis (Pl)

and (P2 ' )  o f  Sec t ion  2  .

Let  j  :  H *D(P)--(-* ,  *dJ be a funct ional  which sat isf ies the fo l lowing

assumptions

( j l )  For every u € H, the funct ional  ju -  j (u, .  )  :  D(P)-+ (-^,  +9.1 is convex

lower semicontinuous and proper .

Q2) There exists 0 . k . { '  such that for every ut U? € H, v' v, e D(P)
r t  L

we have :

\ .  l j t r r , rz )  *  i (u 'v r )  -  i (u 'u t )  -  J (u ,v2) l  . .  k  t lu r -u ,  1 l  .  l l v r -v2 l l  ,

We are interested in the following , by the quasivariational inequality :

( P u ,  v  - u )  * j ( u ,  v )  -  j ( u , u ) Z  ( f ,  v - u ) ,  "  V v e  D ( P )  ( l . f )

w h e r e  f e  H  i s  g i v e n .

A classical  solut ion of  (1.1) is an element u e D(P) which sat isf ies

this inequality

Remark J.1.  Using hypothese (P2') ,  i t  resul ts that  the c lassical  solut ion of

(1 .1 ) ,  i f  there  ex is ts ,  i t  i s  un ique

lrle shall introduce the concept of generalized solution for (1.1) and we

shall derive some properties of this

First ,  let  us.remark that  the quasi-var iat ional  inequal i t  y (3.1) can not

be writen as an operator equation Tu.a f so that the standard 'technique used in

the definit ion of generalized solution is not applicable ,

Tfre cruciat point in the definit ion of generalized solution for the

quasivar iat ional  inequal i ty (3.1) is the approximat ion of  (1.1) by a sequence of
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variational. inequalit ies of second kind as it is precisely shown in the sequel.

Let us denote by S the mapping S : H-y H which associates to every w € H

the general ized solut ion,  that  there exists and is unique (cf  Proposi t ion 2,2),

of the following variational inequality of second kind :

f , V - u ) ,  V v e D ( P )( P u ,  v  -  u )  +  j ( w ,  v )  -  j ( w ,  u )  >  (

or, equivalently,

( P + t j r ) ( u ) a t

where  j * ( v )  -  i (w ,  V ) ,  V  v  e  D(P) .

Lemrqa 3.L. The mapping S : H -+H is'a contraction,

Proof Let w., wZ e H be arbitrari ly and let Sw' Sw, be the comesponding

general ized solut ions i .e. Sw, ( i  = 1,2) is the U-mit in H of any minimizing 
'

sequence for the funct ionat t i  :  D(P) ->(-- ,  +- l  ( i  -  1, 2) where :

r |  Cv l  =  t1 (v )  +  j (w i ,  v )  -  ( f  ,  v )  .

Let us consider the minimizing sequences C*|ln<*frln c D(P) for r| anc rf,

respectively." So, 'we have w| , . '*  Sw, ( i  -  I ,  2) strongly on H .

It is easy to verify that the hypothese (P2') of strongly monotony of P

implies the uniforms convexity ofg hence the uniform convexitV of F| i .e.

r r | ( v )  +  ( l - r ) r | (u )  -  t i ( t r v  + ( l - I )u )  > f ' ?  ̂ (1  - ) . )  l l v  -  u l l  ' ,  i  -  r , 2 ,

v  l € ( 0 ,  1 ) ,  v  u ,  v  e  D ( P )  .

Substi tut ing v - wfr arrci  u - * i- i  ( i  -  1,2) into the last inequal i ty,

we get :

t 
'z^ (r -^) \l-l - t^l]l l '  ..  ̂ Fi (4 ) + (t -r lnir"l-i) -

i i-  r |  c , lw]  + (1 - t r  )  * l - i )  {  AFi(wi)  + ( r  - r  )F i (w:- t )  -  d,  ,  i -  (1,2)  (3.2>
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where we have used : l

o, - 
lTo(p) 

Fi (v).< r l t l* i  * (r -r I  * l- i l  .

By adding the inequal i t ies O,2) for  i  = I  and. i  -  2,  we get :  '

2{'a(r -x) 1l, , l  -  , , : l l  ' - .  ̂ [<o] , ,u1, - dr) + tnfcr,f i l  -  .r) l  +

+ (1 -r>( Fl  ( ,u l l  *  nf  r ,u] l - -  dr  -  dz )  Gr)

From the definition of fi we have : '

11 r* l - i l  = r | - t  ( r , l - i )  + j (wr,* i - t )  -  i (*r- i , " i - t ) ,  i  -  r ,  z

hence, by using ( j2) ,  we obtain

_ 1  , 2 ,  _ 2  
' t .  ,  ?  ? .  \  ,  1  1 .r i  twf i ) .  r i  (w i )  -  dr  -  d2- .  (n f  {wf i )  -  dz) . (F i  (w i )  -  or )  +

t t l l w r - * 2 1 [  i l " l  - ' , | t t  .  Q , 4 )

0n the other hand, frsn the definit ion of generalized solution we have :

' '  1  Z r t  , al im f l  wi - wfi  l l  -  l lsw, - sw2ll  ,  '  $.5)
l-l'+oo

I im F|  (w| )  -  o ,
Fl+u- 

*

Now, passing to the l imit in (l. l) for f l-+oo and taking into account

O . 4 )  -  O . 6 )  w e  g e t

2 f ' ^ ( 1  - I )  l l s * r  - s r 2 l l  . . ( r - A ) A l l w r - " 2 1 1  .

F i n a l l y ,  t a k i n g  A . 1 * ,  w e  o b t a i n  :

l lsw, -  sw2l l  ' t< c l lw, -  w2l l

with C - 5, < I . Therefore, the lemma j-s proved. Hence the mapping 5 has a
I

unique fixed point which wil l be noted by u .
' 

Lemma ].1 suggests tne definit ion of the following sequence : for uoe H

chosen arbj- t rar i ly ,  we put un -  5ro-1 i ,e.  ,n i ,  the general ized solut ion of

O ,6 )
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the problem :

( P  *  2 j n )  ( v )  a  f

where jn(v)  -  i (un_I,  V) ,  I t  is  immediat ly that  the sequence (un)n such def ined

is a Cauchy sequence hence it is convergent .

Remark ].2. The sequence (un)n converges to the unique fixed. point of the

mapping 5 , Indeed, we have :

l lun -  u l l  -  11sun-l  -  sul l  . .  
f ,  

' lun -ur. l  - .  . .  .  .  , f , rn l l ro -  u l l  .

Definj-t ion l. 1. The limit in H of the sequence (un)n of generalized solutions

for the problems O.7) wil l be called the generalized solution of the

quasi-var iat ional  inequal i ty (1.  1) .

This definit ion is justif ied by the following result .

Theorem J.1.  (1)  For any elenrent f  e H, the general ized solut ion of  the

quasi-var iat ional  inequal i ty O. l )  exists and is unique .

(2) The ,c lassical  solut ion of  the quasi-var iat ional  inequal i ty (3.1) ( i f  thePe

exists)  is  a general ized one,

( l )  I f  the general ized solut ion of  (1.1) belongs to D(P) then i t  is  a c lassical

solution .

proof ( f )  ns i t  is  shown, the general ized solut ion of  (1.1) is the f ixed point

of  the mapping S which, by lemma 1.1 ,  there exists and is unique.

Q) I f  u is the c lassical  solut ion for  ( l , l )  then u is the c lassical  solut ion

of the problem :

( l  . 8 )
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where  ju (v )  -  j (u ,v ) ,  V  v  e  D(P) .  l - lence,  by  p ropos i t ion  z , j (D ,  u  i s  the

generalized solution for (1. S) . 0n the other side, by the defirrit ion of tfre

. .mapping S, the unique general ized solut ion of  ( l .B) is Su. Therefore,  u -  Su i .e,

u is the general ized solut ion of  the quasi-var iat ional  inequal i ty ( l . t t .

( l )  Let  u e D(P) be the general ized solut ion of  the quasi-var iat ional  inequai . i ty

(.1,1)" By remark J,2 r u - 5u hence the generalized solution Su of a variatiorral-

inequal i ty of  second Kind belongs to D(P).  By apply ing Propos. i t ion 2.3 (2) we

obtain that  Su is also the c lassical  solut ion i .e.

( P ( S u ) ,  v  -  S u )  +  j r ( v )  -  j u ( S u )  > r ( f ,  v  - . S u ) ,  V v e  0 ( P ) .

Bearing in mind that Su - u we find from the last inequality that u is

the classical  solut ion for  the quasi-var iat ional  inequal i ty (1.1)

Corol larv ] .1.  I f  D(P) -  H t t ren,  for  any element f  e H, the quasi-var iat ional

inequa l i t y  (3 ,1 )  has  a  un ique (c lass ica l )  so lu t ion ,

f ;emark 3.) .  The Corol lary 1.1 can be obtained direct l ly .  Indeed, le 'L

T : H + H be the mapping which associates to every w e D(P) - H the classical

solution (tnat there exists and is unique by corollary 2,1) of the protl lem :

(P * o ju,)  (v)  3 f  .

By using (P2')  and ( j2)  i t  resul ts that  the mapping T is a cont lact j .on :

and the unique f ixed point  of  T is the c lassical  solut ion of  (1,1) (see [Bl  ) .

Remark  l  - t  By  tak ing  j (u ,v )  -  p  (v ) ,  V  ueH,  V  ve  D(P)  we re f ind  the  resu l ts

ob ta ined by  D incd  [e ] .
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4. CONTROLED QUASI_VARIATIONAL INEQUALITIES

Let  (W,  ( " , . ) )  and (H, ( . , . ) )  ne  a  pa i r  o f  rea l  H i lber t  spaces  such t f ra t  H

is a dense subset of  W and H cWc H'  where H'  is  the dual  of  H .  We denote by l ,  I

and . l l ,  l l  the  norms on W and H,  respec t ive ly .

Le t  B  :  W- tH 'be  a  l inear  and comple te ly  cont inuous  opera tor  i ,e ,

yrl_ s t,tr weakly in W 9 Bwn --+ Bw strongly in H . (4.1)
n  

- - -  - - r  - /  - ' - n

For every w e hl we consider the quasi-variational inequality :

(Pu ,  v -u )  +  j (u , v )  -  j ( u ,u )  > .  ( f  *  Bw,  v -u )  ,  {  ve  D(P)  (4 .2 )

where P , D(P), j and f are defined as in Section I ,

Definit ion 4,1, The parameter w e ltc wil l be called the control and the

corresponding generalized solution of (4,2), denoted by u" (thut there exists

by theorem 1.1) wi l l  be cal led the general ized state ot  G.2),

The. optirial control problem to be studied in this section can be set in

the following form :

rnin / 1*, .r* )
xreV/

where  / r :  W *H->  R is  de f ined by

/ t ( * ,  v )  -  h ( w )  +  g ( v )

where g : H-7R and h : W--* R are given functions satisfying the following

assumptions :

( i )  g is local ly Lipschi tz and non-negat ive on H ;

(i i) h is convex and lower-semicontinuous on l{ ;

( i i i )  there  ex is ts  the  cons tan ts  C '  >  0 ,  Cr€  R such tha t :
L  '  

. Z

h ( w ) > c r i w l  * C ? ,  V w e W
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k

Def in i t io \  4 ,2 .  A  pa i r  (w* ,u* )  e  W x  H fo r  wh ich  :

A(w* ,  u * )  -  n tn l r (w ,  uw)
weltj

will be called a generelized optimal pair: and the corresponding control wt

wil l be called the generali.zed optimal control.

Lemma 4.1.  The map wr--o u* is weakly-strongly cont inuous from bJ to H.

Proof Let (wn)nc tlJ be a weakly convergente sequence in l l l  to w, Let n e N
I

be arb i t ra r ly .

let (ufr), , (uff),n c D(P) be two minimizing sequences for the functional

F* and F,., , respectively, on D(P) where r'
n

F u ( v )  = j ( v )  *  j ( u s , v )  -  ( f  + B s ,  v )  )  V v e - D ( P ) ,  V s e W .  ( 4 - 4 )

By the remark 3.2 we have uw = Suw.,-,d u"n - sr"n hence ufr --- uw

.  n  " n  .  , ,and u, --7 u " strongly in H when m --+ oo.

The hypothese (P2') of P implies the uniform convexity of the

func t iona l  Fu  de f ined by  (4 .4 )  i .e .

t  
z r  ( 1 - I )  \ l u - v l l '  - .  ) . F r ( u )  +  ( 1 - l  ) F s ( v )  -  F u ( ) u + ( 1 - )  ) v ) ,  V '  u , v e  D ( P ) ,

V  I e ( 0 , 1 ) ,  V  s e W .

S u b s t i t u t i n g u - - r i l ,  u - u l  ,  s - - w ,  )  - ,  a n d u - u i l ,  u - u f r ,
1

s. - wn, A - 
i onto the last inequality and adding these two inequalit ies,

we obtain :

{ ' r t rg -u i l l l  
'  r . ( r Jun)  -o *n )  * fn r< r f i l  * r rn (u [ )  -dw-o*n ) *  (4 ,5 )

r ( F  ( o X ) - A * , ) ,





where we have used t 

un * uw
d =  -  i n f . _ .  F " ( v )  (  F " ( r y  ) ,  f  s e  W .

- v e D ( p ) o c L

0n the other side, by using (J2), we have :

r z f l r - z W rFw(u;) * F*n(u;) - dw - O"n a

w t ,
<F*(ri l) - o") * [r*_ru[; - o*) + kltu* - ,*nrt.t\r i l  - 

"]"tt +
n n

(4  6)+ ll B"n - s*ll llrfi - ,[ ll .

_ Bearing in the mind that :

' F r - u : t l  - l l u n - u w \ i  ,r lm l lum m . ,
m_rF

lim r,u(ufr) = dw , lim F* (u[) - o* ,
\. lll.)F lll-roo n n

and using (4,5) we obtain,  by passing to the l imi t  wi th m-+s- in (4.5) :

11 uw -  un[1 < c l t  Bwn -  Bwl i

-  1 2 -

Passing to the l imi t  wi th n+oo in the last  inequal i ' ty  and using (+. t ) ,

the lemma fol]ows.

Theorem 4.1,  The opt imal control  problem (4,3).has at  least  one general ized

opt ima l  pa i r .

The proof of theorem 4.1 follows by using lemma 4.1, the hypothesis

( i )  -  ( i i i )  and the same techniques as- in t  9]  .

In the fo l lowing we consider the case 0(P) -  11 ,  From. coi : r : l lary l . f  i t

resul ts that ,  for  every w € W, the inequal i ty (4,2) has a unique classical

solution which wil l be noted by uI.

'  
w h e r e c =  

, - " 1 "  
> o
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In the following we consider the case D(P) - H . From corollary J. I i t

resul ts that ,  for  every w € W, the inequal i ty (4,2) has a unique classicaL

so1ution which wil l be qsteo\ by u: .

t'Je can set the following optimal control problem :

min {(w,  uf)
weW

/ ,  t t (  
r k

and a pair (lr ' l l  uf I e hl x H which realizes the minimum in (4.7) wil l

opti*l  pair.

By theorem 1.1 we obtain I

min 4 fu, u:) - min fr (w, uw)
weW u welV 

-

from which, by using theorem 4.1 , we conclude :

( 4 , 7 )

be called an

Proposi t ion 4,1.  Let  D(P) -  H .  Then

(r) A pair (w*, u**) i, a generalized optimal

(Z) fne opt imal problem (4,7) has at  least  an

pair  i f f  i t  is  an opt imal one.

opt imal pair  ,

Remark 4.  1,

a n d  j ( u , v )

obtained in

By taking D(P) = H, P a l inear continuous and symmetrical operator

-g (v ) ,  V  u ,v  e  H w i th  p  as  in  Sec t ion  2 ,  we re f ind  some. resu l ts

[ 9l about contro]ed variationaL inequa]it ies .
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5.  APPL]CATION TO A CONTACT PROBLEM WITH FRICTION

llle shall consider a contact problem with friction in the theory of small

e last ic-plast ic deformat ion whose var iat ional  formulat ion is a nonl inear

quasi-var iat ional  inequal i ty as formulated in Sect ion l ,

Let f) be an open bounded Lipschitz domain in RP tp = Z, 3) , occupied

by the interior of an elastic-plastic body in the init ial unstressed state

Let aQ - f^u f ., U f,, be a descomposition of the boundary of the domain
o I l

. l - n c rwhere Fo, F'  l ' ,  are open, dis jo int  and non-empty parts of  0O, 12

the part of the boundary which is in contact with a rigid fi x support , The

body C\ is subject  to body forces f  "  ( f i )  and to surface tract ions t  -  ( t r )  on

[ 1 . 0n t 
o ", 

consider the disdacements given , We also suppose that the -

support don't permit a detachment offL on [-, so that the normal component of

the displacement is zero, while the tangential component on {-, is a disp}-acement

w i th  f r i c t ion .

This mechanical problem can be formulated as : f ind the field of

displacements u -  (ur)  which sat isf ies the equi l ibrum equat ions :

{L

beying

( 5  I )

( 5 . ? )

( 5 " 3 )

G , .  .  ( u )  +  f *  -  [l J , J  1  ,

and the boundary condi t ions :

in fL

u - 0 on

- t r o n

0 ,

l c . ( u ) l  <  t ( x )  l 6 ; ( u ) l  a n d

i r  l < r { u ) l  . 1 < r l  l c ; ( u ) l  t n e n u t - 0 ,

i f  l s r (u ) I  -  1 t * )  | s l (u ) |  t l - ren  the re  ex i s t s  ̂ >

s u c h  t h a t ' t  -  - A C t

r
o

r' ln .
J

s . .
U

t t  -*n I
\

I  
anr,

0 l

J

( 5 , 4 )





-  
. L )  

-

! , rhere €-  ( * r j )  is  the s t ress tensor  re la ted to  the s t ra in  tensor  k  -  (  n  
r j )

by means of  genera l ized nonl_ inear  Hooke's  1aw :

6  i 3 (u )  - -  z  s (  { c r l )  r . r ( u )  *  [ k  -  I  nc l  { " ) ) l  auo  (u )  S r ,  ( 5 "5 )

where k  -  \ .  4 f^  ,  \  and;u-  be ing the Lame's  coef f ic ients  o f  the body,  g  is  a) t  |  
_ _

given function and

t (u)  -  ' [  (u ,  u)

\ (u ,v)  -  2 . i3{u)  ar r (v)  -  3  er r (u)  t r r {u)  .

In (5.a)1 is the coeff ic ient  of  f r ic t ion and * l  u represents a

regular ized stress .  we also have denote by un, , t ,  sn,  st  the normar and

tangent ia l  components of  the displacements and of  the stress vector,  respect ively,

un -  u in i ,  ur i  -  u i  -  Vnf l i ,  where n -  (nr)  is  the outward norma; I  uni t  vector to

the boundary of CL Throughout the paper, summation convention is used .

Rema_rk 5.  1.  The problem (5.1) -  (5.4) di f fers f rom the Signor in i  problem with

non- local  f r ic t ion (see, e.g. t iq)  only by the nonl inear const i tut ive equat ion

( 5 . 5 )  .

In order to give a var iat ional  formulat ion of  th is problem let  us ccnsider

the following assumptions and notations :

n  - l u . [ u l C o l l o  ,  u  -  o  o n  f o , u n  -  o  o n  t r ]

D(P)  -  H n[c2to l tn  [c r<t l ]P
.<*  1 , , )  , -  r l f  T  \s n ( u J e u \ \ 2 / ,  { u e H ,  ( 5 . 6 )

v ?  e  L * ( t r ) s u c h t h a t  
t T o o n  

f  
, ,  

( 5 , 7 )

( 5 .  B ) .g  e  C2 [0 ,  o ' )

t
(Pu , v )  -  

. J  
u r r ( u )  t i r ( v )  dx ,  v  ue  D (P ) ,  v  v  e  H

-cL





tr(ut,v ) =

1 6 -

t I lo.) \ s"+tu>\ i.,,\ dr , .{ \.e \t , v e btp).,
{  

f . t  
|  )

L 'n.. ,  i f  vG \Nbrp) ,
I

l P  ,  b 6 [ r - 2 c r , [ P  $ . e )
f

f rv ,  dx + j  t rv ,  ds,  V v6 H
l - 1

as in lfd it :-r easy to prove that a variationa] I formul-ation

.  1)  -  (5.4) is the fo l lowing nonl inear quasi-var iat ional

f eLL'(-er
r

L ( v )  -  I
J

-fL

i \rguiying

/ -rootem ()

t y :

f ind u e

(Pu,  v-u)

of the p

inequali

D(P) such that

*  j ( u , v )  -  j ( u , u )  2  L ( v - u ) ,  V  v  e  D ( P ) . ( 5 .  i 0 )

Theorem 5. 1. .

(3 )

(e)

Then

Ul lt 1,"qp ; <

Nloreover, if

the c lassical

Suppose that

9 o  -  c o n s t .  i . e .

9 1  =  c o n s t .  i . e "

t he .cond i t i ons  (5 ,6 )  -  ( f . 9 )  ho ld  and  tha t

o < e o { g ( s ) < } x ,  v s ) 0 ,

g ( s )  +  2 s g ' ( s )  )  g r  ;  0 ,  V  s  2  0  .

there exists a constant 
? f 

r 0 such that for evety 
? 

with

1 f  ,  tne  prob lem (5 .10)  has  a  un ique genera l i zed  so lu t ion  ueH ,

the general ized solut ion u of  (5.10) betongs to D(P) then u is

so lu t ion  o f  the  mechan ica l  p rob lem (5 .1 )  -  (5 .4 ) ,

Proof.  The hypothesis of  theorem J. l  are fu l l f ie l led Indeed, i f  we denote

by Y : H -+ R the functional defined by :

[ - .  f ( v )
t1 (v)  =- .J t+ k t i i  (v)  .  { ,  

' l  
s(6)  oul  o* ,

'JL c

we obtain that  the operator p is a potent ia l  (see, e.g.  [ r r ]  )  i .e.

( P u ,  v )  - D q ( u ) . v ,  V u e D ( p ) ,  V v c H





Also, we have :

(p (u+v )  -  Pu ,0  , . zs r [  e i ,  t u )  o * ,  v  u ,  ve  D(P) ,
JL

f rom wh ich ,  by  Korn 's  inequa l i t y  ,  we ob ta in  (P2 ' )  w i th  
{ t  

=  2g l ,

0n the other side it is easy to verify that the mapping j satisfies

( j l )  and that :

l i ( r 'u?)  *  j (u 'v r )  -  i (u 'u l )  -  t fu r ,v r ) l  - ' c l l l t l t * , r rJ lu r -uz l l \ l v r -v r \ l

t  u l  ,  u Z €  H ,  Y  v t  r  r . Q D ( P ) .

- T 7  -

obtain the hypotnese ( i2) holds with k - C l t1t11-( f  
Z)

'. Now, the theorem follows by applying the theorem J.1.

L g ' t  , , ,
Tak ing 

? r  
.  ; I  then,  for  everY I  

wi th  t l  1 t {nC f r )  '? r  ,  wE
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