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fn t rodt rc t ion and Staternent  of  Main Resul ts

The a.irn of our rvorli is a pa.rallel study of the two natural gracled Lie algebra objects asso-
ciated to topological spaces 5 in traclitional homotopy theory: gr*rrS (the graded Lie algebra
obtained from the lorvcr central selies of the funclamental group of a connectecl ,g, with bracket
induced by the group commrttator) and z'*f)S (the-connected-graded homotopy Lie algebra
of a l-connected ,9, with Lie bracliei given by tire Samelson product); in the second case it
turns out, as suggestecl by 1L" attalysls of tlie first ca,se, that rnore accessible, and still vaiuable
information may be gaineci on thc biglacleci homotopy Lie algebra gr*zr*f,l,$, associated to the
lower central series of n*0.9. The main problem one immecliately faces here is related. to the
big difficulties raisecl lty the concrete computation of these inva,riants, even in rational form.
For example, the complete linorvledge of the relevant homological information would not be of
nruclr lrelp: one l inou's that ff .(^9p(5)lSU(b);e) = ,y.((.g6x.grt)#(^gtox,grt);e) as algebras

[St], n'hile the rational homotopy Lie algebras have a quiie contrasting behavior, the first
one being finite dimensioual ([St],[GH\t]), hence nilpotent ancl the second one being infiniie
dimensional and not even soh'al>le ([Ht-,]); sirnilarly the nilmanifold NwlNz (l/6 being the
group of upper triangular unipotent 3 x 3 matrices rvith entries in K) and the connected sum





(,St x ^S')#(,st * S') have the same rational multiplication table in low dimensions (i.e. the
same p: Hl A Ht -- I12) ancl siill their fundamental groups are strongly different, the first
one being trn'o-stage nilpotent and the other one being free on two generators (see tGM]).

By contrast tothese examples we a,re going to look at some fixed graded-commutative unital
Q-algebra A*, supposecl to be connected (,40 = Q) ancl finite dimensional in each degree, and
use the deforrnation-theoletic methods of rational hornotopy theory, which provide various
convenient algebraic parametrizations of the spaces .9 with H-(^9;e) = L* as algebras (see
e.g. [HS],[LS],[]\'{P], a,ncl many others), in or-cler to exhibit conditions on A* guaranteeing
that the (bi)gradecl Lie algebra invariants of ^9 described above are constant within A*.
' Variotts such so calleci intrinsic properties of. A have been consiclered in the literature. For
example S is callecl formal if its rational homotopy type is entirely determined by its rational
cohomology algebra and a basic result of th.e theory says that any (1-connected) algebra (i.e.
A7 :0) is realizecl by exactly one f<rrmal homotopy type [S]; S is callecl gpheiricall], generated
if the irna.ge of its rational Hurervicz raorphism coincicles rvith the primitives of its rational
homology coalgebra and a formal space is alr.vays spherically generated [HS; 8.13]. Accordingly
-4* is said to be intrinsically formal (qpherica,ll)' generatecl.) if any ^g with H*(S;e) = .4* is
formal (spherica.llS' genera,ted). Various sufficient concliiions for intrinsic formality (spherical
generation) are knorvn (see e.g. [F],[T1],[Mp]), via deformation theory.

Let us say that A* is graclccl (respectively l-gracled) intrinsically formal if the bigraded
(resp. gradecl) Lie algebra gr*r '*f),98Q (resp. gr*zrrSSQ) is constant within A*.

Our fir"st goal is to 1'rt'oclttce examples (both general and concrete classes of them) of natural
sufficient conclitions for the a,bove mentionecl intr"insic properties (and at the same time weaker
that those alreacly litlou'n for ihe other tu,o mentioned intrinsic properties, which are generally
very restrictive). Secondll, rve rvill give explicit computations of homotopy Lie algebras, in
the presence of these conditions, and also give bounds for the size of homotopy Lie algebras,
some of them quite generally (Propositions 3.3 ancl 3.4). A unitary frame will be provided by
rvhat rve ca,ll "a defot'tnation rnethocl for tire funclamental group".. As a consequence of our
method the results t'ill l:e mostly of a rational nature; horvever, we ought to point out that
in the last section, n'hich is clcvoticl to linli groups ancl replesents the main application of our
ideas, tn'e also succeeci to obtain honest integral results, as we shali soon see.

Our hypotheses on A* a.re related to the Hopf algebra Exi|.(Q, Q), rvhere the first degree
is the resolution clegrec and the second is the total degree, as usual, more precisely to its
indecomposables QExt];.(Q, Q) a,nd to its primitives 2Ext|-(q, Q). The explicit description
of rational homotopJ' Lie algebras involves: if A* is 1-connected, there is the (minimal) Quillen
moclel of the formai spa,ce,91 associz'r,tecl to A*, to ie denoted,by La, which is a bigraded
differential Lie algebra ([Q],[T; IIL3.(1)], see aiso the next section), and. thus HIf e becomes





a bigracled Lie algebia (for an even more precise computation, see Theorem B(i) below); to a

connected.A* one may associate the dual of the cup product pairing, pi At AAL --+ A2rtob"

denoted by 0: Y --+ X AX, and then the gracled Lie algebru L\,, defined as the quotient of the

free Lie algebra on X, l-*X, graded by the bracket length, by ihe ideal generated by 0Y - under

the obvious iclentification [-2X = X A X (see also Lemma 1.8(i) for a further construction,

related to the explicit computation of the rational niliroient completion of z-1Sa).

Before stating our first results, let us malie one more definition: the sgp-ggnus of A*, to

be denoted by cg(A), is defined to be the maxirnal clirnension of the graded vector subspaces

N C A+, having the property that Ar./y' - 0 and Ar n (A+.A*) : 0; the same definition

obviously applies to a vector valued 2-form, pi A1 AAr -- 42, rvhere cg(p) equals the maximai

climension of the vector subspa.ces If C At for rvhich pr(lf A N) : 0. In the classical case of

the cohomologS' of a closed orientecl surface, the tn'o clefinitions coincide, their common value

being just the genus of the sur{ace, hence the terminology.

TltnoRrl,t A. Let A* be a 7-connected graded algebra.

(i) If qExtll'. (Q, Q) : 0 a.nd if A* is intrinsically spherica.lly generated then A* is graded

intrinsically forrhal a.ncl the constant value of the bigracled homotopy Lie algebra equals HILq.

(ii) Suppo,se A* is g:r'acied intt'insically formal If cg(A) ) 1, then, for a.ny 7-connected S

with H.(S;Q) = A", thc gra.ded la,tjonal h.omot,op1, Lie a.lgebrar*{lS I Q contains afree

"graded Lie algebra on two generators

Tlteonelt A'. -Let A* be a. cr:nnectecl graclecl algebra., rvitli associated vector-ualued 2-form p,.

(i) If PExt|I (Q, Q) : 0 t]ren A* i.s l-gracled intrinsica.lly formal and the constant value of

the rational gracled Lie a.lgebt'a. associa.f ecl to the fundamental group equals L\.

(ii) Suppo.se A* is J-gracled intrinsically forntal. ff cS}t) ) 1 ffien, for any connected S

with H.(S;Q) = A" and s,i th H:(S;Z) f initely generated, rtS contains a free group on tro

generators. 1*

\\/e must point out that the condition of intrinsic spherical generation is necessary in The-

orem A(i), see 2.3. As for the vanishing of QExil l ' .(Q,Q), this condit ion, rvhi le not really

necessary (see again 2.3), seerns to be a nost natural one, as it follows for example from the

proof given in Section 2. On the other hand, it is both a familiar condition, being first consid-

ered in [P] in connection u,ith the co]rornology of ihe Steenrocl algebra and then intensively

stuclied, see [Lo] for the connection u'ith the cohomology of local rings, and there are many

other interesting examples (see the nexL tireorems,, and also [Pa], as explained in 2.3). The-

orern A(ii) shor"rlci be relaiecl to the (yet unsolved) F61ix-Avra,mov conjecture [FT], claiming

that, for a spa.ce ,S of finite rationa.l Lusternili-Schnirelmann category, zr*f,)S @ Q contains





a free gracled Lie algebra on two generators as soon as it is infinite dimensional. Similarly,

the vanishing of 2Ext|1(Q,Q) in A'( i) above is not necessary (see 2.3) but again most

natural (see the proof), ancl there are also many examples, as we shall see below, including

link cohomologies. Theorem A'(ii) shor-rld be compared to similar results from [C1],[C2]; the

methods are horvever eniirely different ancl the hypotheses are rather complementary (see the

remarlis macle afier the proof of A'(ii) given in 3.2, ancl Proposition 3.3). Our Theorems A

and A' emerged from our belief that the main resulis of [I(S], namely that the cohomology

algebras rY.(V,Sl; Q) a.nd .t/ t((V.91) * St; Q) are 1-graded intrinsically formal - in our termi-

nology (rvhich were pl'oved there "by hancl"), ask for a proper generalization in a deformation

theoretic framervorl<.

Moving to our more concrete classes of exarnples of (finitely generated) graded algebras A*,

rve shall focus here our atiention to trvo parallel types, na,mely: !-skglqtal algebras defined

by the requirement that A)2 :0 (l'hich a.re plainly uniquely described by a vector-valued

2-form, Lr: A1 A.41 -+ ,42, and here rve first have in rnind the cohornologr algebras arising

in linli theory), ancl on thc other ha.ncl !.-stagg (l-connected) algebras, defined by the condi-

t ion (,4+)' :0 (rvhich corresponcl, by [FH; Corollary 4.i0], to formal spaces with rational

Lustelnili-Schnirehnann category 5 2, an iniensively studiecl case). The resemblance is quite

clear; to be more precise, there is a one-to-one onto corresponclence between 2-skeletal al-

gebra.s rvith p -- onto and 2-stage algebras generated in dimension 3, given by just tripling

degrees. Given a 2-slieletal algcbra A* , rve first associate to it by duality, as above, the map 0,

tlren constrtrci a, bigraclecl connectecl Lie algebrzr ars follot's: Ei : LX/idea\AY), where the

upper clegrcr: colncs fi'orn blackct lcngtir ancl thc lori'er clegree is obtained by assigning to X

tlre ( lorver) clegree 2; a,i  t ,he sa,me t ime rve may picl i  ba,ses {tt , .  .  .  ,rn } for X and {y1 ,..  .r! /n}

for )/ irncl consider the secluencc of clcmr:nts 0y1 €. T2X (T.X : CITpX,, fpx : X@p

is ihe tensor algebra). Similtrrly, a 2-stage -4* gives rise to a Quillen model of the forur

La:  (L(X.  CIK) ,0) ,  rvhere 0X* -  0  a19 7 ly . :1 /*  >-+ ( ! -2X) . -1 (see $1 and $4) ;  wemay

thus clefiue, exactly as before, a bigracled tie algebra E| and elements 0Ai e T2 X* (note thai

in the cc,rrespondencr: givcn b)' tripling clegrees these objects are the same).

In the results belon' rve shall malie heavy use of Anicli's notion of strong\r free set of

elements in a. conncctecl glaclecl associaiive algebra [A; page 127] and of Ha]perin and Lemaire's

natural specialization to iner-t secSrences of clements of a connected gradecl Lie algebra [HL;

D6f in i i ion 3.1] .

TnEonntrt B. Let A* be a. 2-sta.ge algebra,.

(i) The folloling conclitions ale ecluivei/ent:

-  QBxt l t ' * (q,  q)  :  o





-  g l  c l inr  E* 12
- {}Vi}rSjS" is strong/"r, free in TX

Any of them intpljcs f/ia.t HILa = EI (as bigracled algebras).
(ii) Assum e Qtrxtjr'.(Q, Q) - 0. If QA* is concenfta.tecl in odcJ clegrees or in an intervaj

of degrees oI'the {or:m ll*1,3.'-1], tfien .4,* is also infuinsical}y spherically genemted.

TttnoRBu B'. Let A* be a 2-slieletal algebra.

O fhe following are equiva.lent:
- Ptrxt\l(Q, q) : o
- PExt\>'(Q,Q) - 0
- gl dim E* 12 ancl p is c,nto
- {}yi}t<.i.,, i.s sflongly free in-{X (a.utoma,tical}y pt, must be onto).

(ii) Any of the a.bove irnplics the erpalitJ, of forntal porer series

oo

f l ft 
-,r;dirn L'a : I - mz q nzz, where rn - climx

P = 7

The main source of exa.mples for B(i) and B'(i) is provided by Anick's combinatorial cri-
terion [A; Theorcm 3.2] for st,rong freeness in tensor algebras (see 4.3, 5.2). We should also

mention that in cstarl:lishing thr: fr:rmula in B'(ii), rvhere rve tackle ihe difficuit problem of

compniing the ranlts t'li grl'a' (tr - r1,9), u'e are not bound by our methods to restrict ourseh'es

to 2-slieleta.l algebras (see thc cliscussion arouncl the I(ohno example [I{T] in a.7).

\\/e finally come to our rna.in application. it is clevoted to the computation of the graded Lie

a,lgebla gr*a' of linlt groups z'. Unfoliunaiely (as the example of Borromean rings examined in

IGIVI] shorvs) in general even the ranlis rli glPzi" are not a for-mal consequence of the cohomoiogy

algebra of the linli. \\Ie fincl out here a possible explanation of this phenomenon, related to

the r-ichness of the linliing numl:ers struct'iir-e.

Consicler ihcn C : (/;;)t;,il €rxrt a, sy1n11g;r'ic rnatrix r.vith zero on the diagonal, indexed

by an rn-element set 1 ancl u'ifh entries in Q (or V), and construct an associated 2-skeletal

l ink-algebla A* : ,zl i  as fc; l lon's: set Al - Q-r 'ector space rvith basis {.r, . .  . ,e*},,  A2 :

A t  n A r ,  m o d r : l o  t h e r e l a , t i o n s  e ; A  e i * e i  A e r  -  e ; A e 1 r ,  A ) 2 : 0 ,  a n d d e f i n e  p ( e t n " i ) :

class of I4Qi A ei) in J2 (of cc)rirsc, if ^- C ,S3 is an ?7?-com.ponent linlc and. (. is the matrix

of its linliing number,s, then ,4) = F/.(S3 \ /f;Q)). Construct then a finite unoriented graph

ls ,  wi i l r  ver t ices labelec l  by r t , . . . ,Dm a,nd arrorvs { r ; ,u i }  in t roduced i f  and only  i f  I ; i  lA;
for a given prime p \ve rnay sirnilally constluct (if all tire entries lie in Z) a graph lo, where

{rn,ri} is a,n a,rron' if a.ncl only if lti # 0 rnocl p. \,Ve may norv state our result.





Tlrnontrlr C.
(i) For a linli algebra A*, the follorng a.re ecluivalent:

- A* is 7-gra,clecl intfinsica.lly formal
- ?Ext\t (Q, q) - O
- fs is connect,ecl

Any of thetn implies that the ta.ltte of the graded Lie aJgebra gr*r1,gI e is constant as
soon a,s ff-(,S;Q) g A* ancl eqttal to !-fu(u r , . .  . ,x*) moclulo therclat, ionr Dr., lnj l*n,r j l  ^ 0,
i e I, vthere clegc; : I; moreover, its Hilbert selies lrli gfrrs.zp depends only on m,
being equal io D rh grn(F *-r X Fr ) . ,o , where F1. sf ands for the free group on k generatorc.

(irl Given an lrl-component link group n, the connectedness of aJJ graphsTo (p-pritne) is
eqttivalent to tlte fa.ct that the abelian 8:r'oup gf r is free of rank (* - 1)(rn - 2)12 and in this
case the gradecl Lie algel>ra gt'*zr i.s isornorp hic toLi_@tt.. .sfirn) moclulo the above mentionecJ
relatiorrs, and it i.s torsjon fi'ee as a gracledV-moclule.

Similar results fcrr lir-rli groups n'ele obt,ainr:cl, by using a cornpletelJ'clifferent rnethod, in [H].
Hain's geornett'ic mcbhocl usecl lirere cnables one, in principle, to cleal also with linlcs with poor
linking nltrtl:els struclttre. As far as tire concr-ete exa.mples a,re concerned, he is forced to use
a theorern in c<-rmbinatolial grorU) theoly clue to Labute [Lal], which involves the highly
nontrivial velification of a certain inclei>cnclence property for the clefining relators of a finitely
presentcd gloup; conse(luetltly x1r" concrete exa.rnplcs clo not abound, and thus our work rnay
be viervecl as cornplernenfarlr to Hzrin's. (At this point it is interesting to notice the perfect

Iesernblance betq,eeu Lallute's inclel>enclence propelty and Ha.lperin-Lemaire's criterion for
inertia in a free Lie a.lgcbla [HL]!) Our rncthocl of ploof of Theorem C also gives a (partial)
&lts\{'er to a. question iu cornbinertorial group thcor'1, ra.ised by Labute in connection with }ris
indepenclence property ([La2; Prob]em 5])-see 5.7.

Finally \\'e or.lgilt to rncntion tha,t in genera.l givcn a connectecl algebra A* rvith associatecl
graclecl Lie algebra L|1, the vanishing of 2,.pxt|>1(Q, Q) provicles one rvith a very convenient
fra,metvorli fcrr "the clef<rrrla.tion theorl' of tire funclamcntal group". In particular, one has the
fol lorving (stronger') r igidit i '  r 'esr.r lh: i f  moreover H2,21Q\;f i l :  0 (where the f irst degree

of the allove Lie algcbra, cohotlolog)' is the resc-rlr:iion degree ancl the oihcr comes from the
gracling of. L\ as r.rsual) ihen the rational nilpotent comirletion of 2r1,9 is constant within /*

(for instance I(oj ima's [I iS] r igicl i ty result for.4.* = /J-(V.91;Q) immediately fol lows, since

in tliis ca.se L\ is frce). We shall unclertaiie this furlher step of our theory in a subsequent

paper.

Here is ihe plan of our paper:

1. Algebraic models ancl cleformation theory





2. Rigidity results (proofs of A(i) ancl A'( i))

3. Bounds fcrr hornotopy Lie algebla.s (proofs of A(ii) and A'(ii))

4. R,igicl exarnplcs ancl ineri sequences (proofs of B and B')

5. Link groups (proof of C).

A preliminary version of orir results wa,s a,nnouncecl by the second author in a lecture given

at the Conference OATE 2, September 1989. Craiova. Romania.

1. Algel:raic l \4odels and Deformation Theory

In this firsl sectiou rr,c t,ill pulely algcbraically rcforrnulate theorems A and A' and prove

a deforma.tion-theoletic result t'hich rvill be ihe ltey step in the proofs of A(i) and A'(i) to be
given in the next section.

Wesha l l c l ea l r v i t h l : . i g raded  L ie4 lge l ; ras (bg l i e )  L : ,  L :  e  LL ,n  )  0  andp  >  0 ;  i g -

noling upper clegt'ees, we a,re thus consiclcring just an usual gracled Ue algebra (glie) tr*,
'*'ith the stanclarci sign conventions rela.tecl to the skcrv-commutativity and the Jacobi iden-

t i ty [T; 0.4.(1)]; the uppcl clegr:es arc only required to be conpatible with the bracl iet, i .e.

lLt',L't1 C Lp+q' rve sirall also frccluently have the occasion to meet bigraded Lie algebras

u'hose loner cleglecs il.r'e conccntra.tccl in clirnension zerol by just ignoring them, we shall

spea.k of a Lie algr:bra, l'itl: grading (gLlie) .L* (no extra signs !). \\Ie shall also consider the

lou'er gc11!1al set.ir:s of a (gladecl) Lie zrlgebra ,t, the clcscencling chain of (graded) ideals induc-

tively clefinccl by t(t) * L anci L(p*l) : ltr, trh')], ancl the associat,ecl (bi)gra.lcd Lie a]gebra

gr*.t:  Or)r ErpL, grl 'L: 1,b)1tr(t '+t); the topological examples u,e have in mind are the

homotopy Lie algcbla n*QS of a l-connectecl spacc ,9, ancl i ts associated graded, gr*a'*f),9.

Sinrilarli' one malr consicler the lou'er cr:ut,ral series of a group zr, clenoted by zr(l), p ) 7,

and tlre eqseg3led Lic algqbr.l n'ith glacling gr*zr: Op)r grPl(, grz : rb)fnb+t), ,"" e.g.

[Se; II.2], for exatnple thc hqniglapy grlie rilgebla of ri connectecl space,5, gr*n1,9.

\\Ie are going to exploit the ch.rality betri'een Lie algebras ancl (quaclratic free) differential

gra,ded commutative algeblas (clga,'s)-ser: [T; Proirosition I.1.(5)] (in particular rve shall follow

the notation of [T] and constantly cienote vectol space dr-rals bV #). We thus recall that there

is a (caiegorial) eqnivalence betrveen bigladed Lie a,lgebras, which are of finite type with

respect to the lol,er cleglce, ancl free clgir 's of ihe form (AZ|,D), where Z : @Z;, rz ) 0

and p ) 0, ciim Z" < oo f<rr all n anci thc clifi'erentiai D is quadratic and bihomogeneous, i.e.

DZ; C (A'?Z)l; !1. The ecprivalence is clescribecl b1' L v-+ C.(L): (AZ,D) [T; I .1], where

Zt:#L',1"+*\ ancl D: Z --, Z AZ is clual to the Lie bracket.

Let (Ay.,D) be a. free clga,, t'hich is of finiie type and with quaclratic differential, and iei





L* be the clual glie. By a qllpotent filtlation on (nV, D) rve shall mean an ascending filtration

o n V * ,  { 4 , } u > o , u ' i t h F o : 0 a n c l D { ,  C A 2 F 1 , - 1 , a n y p ) l , w h i c h w i l l b e c a l l e d e x h a d s t i v e

if. V : U4, The canonical filiration {FrV}p2o is defined by foV : 0 and, inductively,

FpV * (Dly)-t /r2 F1,-tV, for 7t ) \. By construction, it is nilpotent.

1.1. Lalvtua. For a.ny p 2 0, FrV coincic)es, by duality, tnrit"h the space orthogonal 66 tr@*t) ,
L1,+t) I .

Pnoor: This lernrna. is bobh elernentary and irerhaps rvell linown. For the reader's convenience

we a,re going to sliciclr tr proof.

For p = 0,1, ihis is obvious. For u € I/  and f ,g €.L recall  the basic duali iy equation

[T; page 26]:

(1 .2)  ( r ,  [ . f ,  s ] )  :  ( - r )o"u o .  (Dr , , . f  n  g) .

Tlre incluction step s'ill be basecl oir the cquation .ltrr n ly'r ^' (A/I A N)t, where M is

a (graded) vector sp?l,ce and Ar C A,I a (glaclecl) subspace, rvhich foliows frorn elementary

mull i l ineal algebra,

Suppose then F,,-ry = trh')L. By clcf init ion, u e Fplr i f  ancl only i f  Du e trzFo-1V.

Invcrliing lhe above equation (s'ith A,I - tr and Ar: r(p)), rve have A?F.,-1V = AzL(t')* ct

Q nNn1a.  B. , t  Du €(L nf {D1t  ,n"u, r r ,  by (1.2) ,  exact ly  u  e lL ,7,@1L 4 [ ,0 '+9L,  rvh ich

completes thc proof. g 
,

We ale non' goirrg to bricfly levierv the algcbraic moclels of rational homotopy Lie algebras.

An5' s6rrt .ctcd space S has a so-ci'Lilecl (Srrllivan) lururid rnodel M s: it is a free dgi. (AZ* , d),

n'hich is both nilptr[gtjL, i.e. Z is incrca.singly filtered by subspaces {{,}o>6, with Fo : 0 and

dFp C 44,-t for p ) 0, arrcl minirnal, that is cllT : tlz * cls + ..., lvhere each d; takes values

in Ai Z, rvhere f = mononlial lcnglh; s'herr.,9 is L-connectecl rvith finite Betti nurnbers, Z" is

of finite type. In this laiter case there is zrlso the Quilien moclel of. S, Ls; this is a.free dglie

(!-14l-,0), rvhich is aiso minimal, i.e. 0I4r C [[-ill,LI4/]. The first basic result reads

Trrnon.pr,r ([Q],[S],[T]). 2r.0.9I Q = g*- '71rZ*,c12) = H*Ls a.s gracled. algebra,s.

For ar genera.i connectecl ,S one mi:r,y also consiclet'the !-minimal moclel, namely the sub dga

Mt C;!4 given Iu, Mr - (Ay,d) (rvhere t 'e put Zt :  V); this rvi l l  be a!-minimal algebra,

i.e. a free nilpoteni clga genelatecl in clegree one. For such algebras, one may still define the

canonical filtration exaclly as a,i:ovc: this n'ill be trn exhaustive nilpotent filtration on (nV, d),

F - {FeV}p20. If moreovel the fir'st Beiii mrmbel of S is finite, then ii easily follows that





dim FrV ( oo, for any p, ancl we may safel1' clualize. \4Ie thus define the associatecl tie algebra
witlr. grading of a l-rninirnal algebra (Av,d,), fo be denoted by gr.(nv, , l),by

(1 .9 )  g r . (Ay , . l ) :  
[3gr . *gx- l  (AF,V,c l ) .

1)

Tnnonarr ([s],[cP],[Q]). Br"rt.9 a q = gr"(AIf cr) as Lie algebras with grading.

Given a l-rninimal (nlz, r/) and assuming dim //1 (AV, d) ( oo in order to smoothly dualize,
we may also start rvith an arbitrary exhaustive nilpotent filtration ft - {F;V}p)'. It read.ily
follorvs by incluction that Fl c Fr, for any p, hence we have a natural grlie map

gri(Av,./) g 
[ggr*c*-l UrFr,./) - lsgr*g*-1 (AF;,d) o gr!,6v,d).

P p

1.4 PnoposlrioN. Fol any exhatLsfive nilpotent filtra,tion f' the above map g+(AV,d.) -+

gtt,(AV,d) is an isotttot'phisnt.

PRootr: For a fixecl rz and an a.rbitrary exhzrustive nilpotent filtration {f,i}, we have to
evaluate the vector spz'r.cc 

14rBr"C*-'$f),Q. By Lemrna 1.1 this is natural ly isomorphic
to EI- #(F,,F;|F,,-ttri) = #(1lg- F,,Fl,l l ig.f"*t f). n plainly suffices to show that the-p "---+p ," "--+r,
natural rnaP liTu F,'F; -. F,,I/ is isomorphic (to be more precise epic). For n : 1 this is

obvious (recali thzrt I/ : 
Br 41) and fhe indrrction goes rvell on, by the very definition of

tlre canonical filtra.tion. fl

We move to tiie algebltric moclcls of forrnal spaccs. Given a connectecl algebra of finite
type .4*, i t  is constt ' t icted in [HS; pages 212-243] the bigraclecl mgclel, I3,A = (AZ:.,D); i t  is
a minimal dga, rvhich also czrllies a second (lorr'cl) gracluation, rvith respect to which D is
lronrogeneous of (lol'er) degree -1 (it is a rninimal ):clga). It is uniquely charac.terized.by
the existence of a bclga tnap 61 -r (l*,0) (u'hele;1* is concentratecl in lorver d.egree zero,
ancl is euclorvcd n'ith tlivial diffelr:ntiai) inclucting a cohor:rology isomorphisrn; forgetting the
loncr degrees, it reirresents the rninimal rrlpclcl of the formzri spa.ce Se. If l.* is 1-connected,
there is tr lso a fortnal Quii len nroclei (sec [T; I iL4.(5)]) Le: (L|ry.,02), rvhich corresponcls
to A* by cluali t l ' :  14/: l fs- l4, arrcl the ciuaclrai ic Lie differential 0z is essential ly dual to
tire muiiiplicaiion; this clg Lie moclel also calries a seconci (upper) grading, given by bracket
length., ancl 02 is hornogeneous of uppel clegree *1. \4Ie have a rvell*nor,vn [T] equality of
bglie

( 1 . 5 ) c . - ' (Az : ,Dz)  z  HILa .

Given a bglie Li (of fiirite t1'pe rvith respect to the lou'er degree) its dual quadraiic bdga,
(AZI,..D) aiso ca,rt'ir',s a thircl gra,cling, coming frorn monomial length; the induced grading on
cohornoiog)' rvi l l  be clcnoted by l7l(n Z, D) : O,>r 1'H:(AZ, D).





l-.6. Lnl,nta. Consiclcr C.(L:): (nZi,D). The {ollowing arc ecluivalent:

Q) lrnl x. tr2.n, a,ny p
(i, FeZ X Zqp, i)ny p

(iii) L. is generaf ecl bs, Ll

( iv) 1Hi(nz, D) : s
(v) gr- L. = Li

(vi) L. = l*U,, gr.(Lf Ltr'))

Pnoor: By Lemma. 1.1, F,Z = Za, is equiva.lent tcs Lb+t) 7 [,>n*1. Since tro is strictly

lrositively gra.clecl, rve iia,vc in general an inclusioy, 7,0') C L>p, for any pi an easy homogeneity
argttment sirou's thai the ecluality is in fa,ct equiva,lcnt to Lt --+ LllL,tr] being onto, hence,
by clnality, to the fact thai the canonical projection Iier(Dlt,) t Zo is monic; this last
cc,nclit ion plecisel; '  sa.ys that 1H+(AZ.,D):0. |: gcnera.l, gr*-L is a,1',vays ge.erated by gr1tr;
conversely, assutning -L* is genera.tccl b1' ;i, it casily fbllorvs from (i) that gr*-L v L*. Finally,
by an obvious stabilitl' a,rgutnent, one alt'trys linot's that lim gr.(LlLb)) = gr.-t. &

1 - p -

A convenient seb-r.tp ibr the clcsci'iirtion of {blrnal 1-minirnal morlels is provided by consid-

ering Lie algebras t ' i th grarl ing, tr*, n'hic:h are rcquiled to be generated by.t1, cl irn.t l  < oo.

Given such .L*, considcl t lre invet'se s1'stenr .. .  -> Lf Lb'+r1 -+ Lf Lb) -> .. .  of central ex-

tensions of finit,e-dimcnsic;nal grlic algel:ra.s (consiclelccl a.s bglie concentra,ted in lower degree

zero). Seb

(1 .7 ) (A11,  d)  :
- l '  

(L-  1Lrr t .1.

It is a 1-rninirnal clga., b1' the u'cli-kno\l'n clua.lity ircts'ecn central extensioirs of Lie algebras

a,ncl elementa,r'5, exteirsions of ciga's [G\,I], rvhich is a.lso a bclga.. It carries a natural ('ilpotent

exlraustive) filtra.tion F givcn lry 4, : V<p, for rvhich one has lty construction and the

prececling lcmma gLi(All  cl) ? L*. Start ing l ' i th an aigebra A* (connected and of f inite

type as usr"rai), fir'st construct a gr Lie algebra tr), as in the introduction, narnely L2, :

l - ! / ic lea l (0Y) ,  u 'he le0: \ "  +  XA X x#(p:  At  AAt  - -  42)  (a lsonot ic ing that  L \d.epencls

only en 1L: A1 A,41 *, Imp C 42), ancl then associate to L\t l te 1-bigraded rnodel (nV*,d) as

in (1.7). The next lemrla secms io be follilore, but u'e chose to include a proof, being unable

to fincl zr refelence (not to speali of thc fact that the constmction (1.7) will be again useful

later on, see the ploo{ of Ploposit ion 5.3).

1.8. Lrlnrt ' . .  Let A*, Li, ancl (AI, i  ,cl) be as a,bove. Then:

(i) (AV.,cl) is tlrc 7-bigut.dccl noclcl oI'thc fotntttl space S4

( i i ) g r . r r S t S q = I i .

.r1l]-l L---+
P

10





Pnoon: Given the gcneral thebr;', Proposition. l.4 ancl the above remarks, (ii) will follow at

once frorn (i).

As far as ( i) is concernecl, u'e start by constructing a bclga rnap /: (Ay.,d) - (A*,0). We

set / lv+ :0, notice that I/o = #L'AX #X o l l t ,  ancl put f lv; -- id; due to the iromogeneity

property of d rviih lespect to lorver clegrees, checlting that / commutes with the differentials

is recluceci to shorving tha,t f  clVl:0, i .e. the composit ion V LVo AVo 
lnf 

,  At AAl L A2
^  [ , ]  a

eclnals zero. Taliing ch-rerls, lhis arnounts to sccing that L\ J L\ A Lto: X A X .- V

equals zero, rvhich is obvious by the construction of L\. By the uniqueness of l"-minimal

rnodels r,ve rnust only rr6;1ift ihat lf 1/ is an isornorphism and H2 f is monic [S]. Bui we know

that f / l (Ay.,  d.) 4 lg,, ' I I (C.- ' (L:r lLyr ')"))  ancl,  by Lernrna 1-.6, rH(C*- '(L\ lLY)\) *

'Ho(C* '(L)r lL(X).)) 
= J/0, r i ,hich tal ics ca,re of the condit ion on Htf .  On the other hand

H2(nlr*,,rl) = nl$V.,./) 0 Hl(nV-,d), and InHIJ = I*tt, rvhile Imfflf : 0, by the
construction of /. We may thus use a climension argument: H2 f is monic is equivalent to

dinH2(AV,d) : cl irnlm / l .  We rnav notice again that fI i ' (AI/,d) = kH1l,V,d), and this

in tnrn ecpra.ls Ho(Lrt;Q) - clerssicai Lie a.lgebra cohomology with trivial coefficients via the

I(<rsztrl resolution, see e.g. [T] - for an1' 1.. \\le ale thus lecl to cornpute dim Hz(Le;Q),

ancl n'e ma)/ rlse for this pur:posc thc dcscription of the second homology group of a Lie

a.lgebra of the fonl f/r, s,helc f is a frr:e Lie algebra ancl r an icleal, given in [HlS; page 238,

B x e r c i s e S . 2 l :  H z ( t l r ; Q )  ! [ f , f ]  n r / [ f , r ' ] . \ A I e i n f c l t h a t H 2 ( L a ; Q ) o I l l L X , / ] , w h e r e / i s

the ideal generutecl b1, 0)'. The dirncnsion of the lasi objeci plainly equals dim Im 0, and

final ly dimlrn 0: cl irnlm p, by cluali ty. 6

Next ne are going to convenientll. r'ephlase thc conclitions op the Hopf algel:ra Extl.(Q, Q)

statecl. in the introcluction.

1.9. Lnlt l t ,r.  Let, A* l te a connecied algebra, rvi i l r  bigraded model B.t, :  (Aq,D) and

Quillen noclel La $n the 7-connectecl case).

( i ) A E x t l t ' * ( Q , Q )  : 0  i f  a . n c l o n l y i f  H * L a i s g c n e r a . t e d ( a s a L i e a l g e b r a ) b y H l L a .

(i, ?Ext|l(q, q) : 0 if ancl orly if Zl * g.

Pnoon: ( i) The condit ion QExtl l ' .(Q,Q) :0 simply means that the Yoneda Ext-algebra

of ,4 is genera,tecl (as an algel:ra) by Ext),(Q, Q). Consicier then the formal space Sa and

its formal Quillcn dgrlic m<.rclcl Lf,, grack:cl b5, ihs bracliet length. In [A1; Theorem 2] is

esta.blished a graclecl isomolphism SnroExt'1. = O,>o H:ULA (rvhere /,/ : universal en-

veloping algebrn functor), u'hich is trlso cornpabiirle rvith the algebra structures, up to sign.

Since H*ULa ry  l lH*L l  as a lge l . r t 'as anc l  Ql lH.LA = QH*La = H*Lel lH*Lo,H*Lal  as

gradecl vecfol spaces [Q], our a,ssertion ibllorvs.
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( i i)  I t  is proven in [HS; Corollary 7.17] ihat one has Z! x f i  PBxt\-t(Q, Q) for any n. S

\4/e clescribe nor,v the algebraic para,metlization of rational homotolry types lvith fixed co-

homology algebra.4* in term.s of cleforrnatiorr thcory, follor,ving [HS] and ILS] (see also tMlll).
In the clga sctt ing of [ l ]S], orLe stalts.u' i th the biglacled rnodel B.a,: (AZ:,D); i t  is con-

venient to set D : Dt. Then any space 5 n'ith H.(S;Q) = -4.* has a free dga model of

the form (AZ:,,Dl + p), u'here the algelr laic parameter, the perturbation pt may be written

p : p2 * ir3 + .. . , ezrch pt being homopieneous of lon,el clegree -i; the trouble comes from

the fact that this (nilpotent) moclel ma,)r fail to be minimal (this is geometrically related to

the colla,psing of tire Eilenberg-Vloole spectlal sequence of 5, see the next section). If ,4* is

1-connectecl, there is the alternative clglie setiing of [LS], rvhere one starts with the Quillen
forma.l model Lt : (L.i,tl,0); here u'e sel 0 : 0r. One may represent any S within .A* by

a (rninirrlai) dglie moclel of the form ([-I,12. ,,0t * p), rvhere, a,gain, p =, p2 + pr + ..., each pi

being homogeneons of uppcr clegree i. Finally, here cornes our basic deformation-theoretic

result.

1.10. Pnoposltlox. Consicler a, bigratlecl Lie algebra. Li @f finit,e type with respect to lower

degrees) iinc/ ifs qrracl"atic bdga. clual, (AZ;.,D). Su.pl:ose tha.t L" is generatecl by Lt. Tlten

f o r a n y c l t t a c b a t i c c l g a . o { t l t e f o r n t ( A Z . , r / ) , ' r v J r e r e d : D r + p 2 + p 3 + . , . , D t : D a n d e a c l t

pi is ltomogencous of clegt'ee -r, rviiJi t'esper:t to lc*ver degrees, we have an isomorphism of

bigraded Lie algebt'as:

gt'* g"-t (Az" , cl) = g1'"C*-' 1nz. , D1.

Pnoorr :  Sct  C*- ' (nr" ,d , )  *  (L . ,1 ,  ]n) .  B l '  just  c l r - ia l iz i r rg  the c lecomposi t ion of  the per turbed

differential,  rI ' :  D+p, one infers that ihe perlul l>ecl Lie bracket [ ,  ]o has the fol lowingprop-

erty: fol a, l ly r?. € L"' , lJ € L", [r,y]n 
- 

[ . , ,y] rnoclulo tr]nt*n (and of course [rry] e L'"+").

By Lernrna 1.6 one mzr)r precisely clescribe the lorver cenlral series of the original graded

Lie algebra (tr., [ , ]), in tcrms of the uppel gracluation. Our assertion will immediately

follow, a,s soon a,s rve prove that the loiver centrzr,l series of ihe perturbed Lie algebra is

tlre same , or ecprivalenfly (by Lemma 1.1) the canonical filtration of (AZ,d), denoted by
pf : {eFnZ}.,,>_6 coinciclcs rvi lh thr: canol"ical f i l i lat ion of.(AZ,D), rvhich is, again by 1.6,

f :  {F^Z : Z<n},,)0. 81' ( iori 'er) clcgrce inspection, dZ, C A2Zqrr, for any n, and this

incluctii'ely impiics thaL F,rZ Ct'FnZ,for- an1;1.,.. The lerraining inclusion rvill alsobe proven

by inclrrct ion, lr ivial l i '  stalt ing s' i th rz = 0. Assrrme thep z e I '  FnZ and write z : z0 *. .  .* z^,

n'here zt e Zt a,ucl ;,,, I 0. By the clefinilion of the canonical filtration and by ihe induction

hypotlresis, u,e luron, tlia,t r/z e A2 Z4r-1 ; t'ritirrg tl - D*p and examining the top component

of. dz rvith respcct to lou'er clegrce, rr'e infcr tlta.t Dzrn €. A2Z<n-1, hence z* e FnZ : Z<n,,

t lrerefore n't  1tt ancl z € Z<,r: FnZ, as clesirecl.

12





2.  Rig id i ty  lesul ts

This sectioir cont,ains the (ahnost sirnultaneous) proofs of Theorems A(i) ancl A'(i), and the

first cxarnples.

2.L. Pnoor oF TIIEoREM A(i). Represent any S rvith H.(S;Q) = A* by the free dga

moclel (nZ.,D + il), as explainecl befole. \Ve claim thai it rvill be enough to show thai the

Eilenberg-Moorr: spectral se(luence of ^9 collapses zrt tbe E2 term. Indeed, rve know from [HS;

Tlrcorem 7.20] that this is cc3rivalent to tire minimality of. (AZ,D +p), and also equivalent

to dirrr l .9 I Q = cl imrrsa E Q, for any fu. Once we may assume this, lve know that

C"-'r*dlS A Q = (AZ.,Dz *p2) rvhere the subsclipt 2 incl icates that we have taken the

qriaclratic parts. We may now use the previotls proposition, by taking LI : HiLn, with

clual (AZj,Dr), see (1.5); our hypothesis on QExta guarantees that .L* is generated by trt

(Lernma 1.9(i)). \\Ie clecluce a bgiie isomorphisra gr*a'*C).98q = Bt*tr*, the second bglie being

isomorphic to.L], aga,in clue to the above-rnentionecl hypothesis (see Lemma t.6(v)).

Inorcler to eslablish the E\'lss c:ollapse property, \\'e a,re going to use the numerical criterion

in lerms of ranlis of homot,op\r gl'oups a.ncl iire clglie approach. Represent then S by a Quilicn

mininral rnodcl of the fonn ([-l'Ii,0 + p), as descli]rccl before. The hypothesis that A* is also

intrinsically sphericalll, generated cornes nol\' inio play ancl allorvs us to suppose moreover

(see [\4P; Proposit, ion 1.8]) that plp :0, rvhere the primit ive subspace P equals I{er(01s. ').

Filtering l-I'lz by brtrcliet length, n'e obttrin a u'cll-1ino"'n [Q] spectral seqlrence of graded Lie

algelrras, convr:r'ging to -F/*([-Iy, 0 + p) ry n'*f).9 I Q and stariing rviih E] = (l-W;,0) and

E? = H*L,q = ;r*Q$.a E Q. On the ohhe:: irand u'e involie again our assumption on QExta,

recnlling t"hat II* L,1 is gc-:uclirtecl as a Lie algebra, by .F/l L.q x 2, rvhich consists only of

pelmanenl c1,cles, b1, thc spherical gerlcl'ilt,ion propct'tt', hence E2 = -E- and clim nlf)S I Q :

dim al.f lsa E Q, as claimecl. Oul ploof is completc. $

2.2. Pnoor orr TIIDoRE\{ A'( i).  This i* irni l , .rbr.rt simpler. Use again the perturbed free

ciga nroclel (AZ.,,D + p) of S ancl seL Zl - V*. Since 22 :0 (Lemrna 1.9(i i)) (nV,D *n)

is a subgda of (AZ,D + p),, for trivial clegree reasons; it is equally trivial to see that the

above clga inclusion incluces an isornorphism at the .H1 level iind is rnonic at the H2 \eveI,

lrence tS] (nV, D + p) represents the l-rninirnal model of S (the nilpotence condition is easily

c l r e c k e c l a l o n g t h e i o t ' e t ' d e g r e e f i i b l a t i o n o f K ) ' S e t t h e n F " : v < n ' B y P r o p o s i t i o n l ' 4 '

gr*zrrs s Q = l ! I "  gr*c* ' (AIr . " ,D + p)-

We may apply Pr'oposition 1.10 Lo the finitely generated cluadratic bdga (AVr.nrD). The

requirement that tire clual Lie, algebra -L* be generated b)' ,t is now automatically satis-

fiecl. Incleecl rne ma)/ checli the equiva.lent conclition given by Lemma 1.6(iv) by noiicir:g that
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obviorisly

I tt*1nv),,, D) ? ul(nv),,, D) c nigz!, D) = HI: II, D)

ancl that the cohomologl, of the bigraclccl moclel (AZ;,D) is concentratecl by definition in lov,rer

deglee zero. \4ie in{'c;r' thir,t gr*f,*-' (nlt,, , D * p) o gr*C*-' (ny.,,, D), which is independent

of. p, {.or a.ny ??. Firraliy, for thr: {olrnal spa.cc ,91 col'rcsponcling to p - 0, Lemma 1.8(ii) tells

us tlrat Br*n'r Sa I q, = Li, u'hich u'a,s the iast tr,sseltion to be proved. S

2.3. RnuART(s AND DXATIPLES. Firsi ne ongirt to notice that intr insic spherical generation

is a necessary conclition for graclecl intrinsic fonnality (in the 1-connected case), indeed, if
g.(Siq) = A*, the isornoq>his:.n gr'*zr*f).9 I Q 3 gr*zr*f)Sa I Q evidently implies that

dirn n6,S I Q : dim z16S;r E Q, for a,n1' ft, hence Ez 7 -E"o in the EMss, and ihis"in turn forces

^9 to be spircricallS' genera,t,ecl, as shon'n in [HS; 8.13]. On the other hancl the assumption

on the Yonecla Ext-algebra of l* rlade in A(i), albeit veiy nzrtural, is not strictly necessary,

as shon,s the follorting ver.\' siniplc exa,rnplc, riarnely A* : H*P2C. Tiris is an intrinsically

formal (hence graclecl intlinsicalll, forn'ral) examplc * this is very easy, see e.g. [S]. A short

direct comptrtation gives that HiLrl is a 2-climensional abelian Lie algel:ra rvith basis a e Hl

and l r  e  I {1 ,  thercforc  (Lernma 1.9( i ) )  QExt?1 ' . (Q;Q) + 0.

As afirst natulal seric:s of exarnples s,hcrc SExtlt ' .(Q;Q) : 0 rvemay cir iote A* : H"A/[G,

u'lrere A,IG is Lhe univr:r'sal Thom space associatccl to an arbitrary orthogonal representation

of the conrpact connr:ctccl Lie gloup G, see [Pa]. In ihe ofhcr clirection, any homogeneously

generatecl algr:bra, A* is intr insical l l 'sphclical l l 'gcncratcd ([ l ' IP; 2.4], see also $4).

\\/e a1-*o have to uoticc tira. tirc lrr'pot,hcscs of ".\(i) ale inclcpenclent. \\Ie have just seen that

II*F2C is in|r: insical l1' spirerical l l '  gr:nclatccl anci st i l l  the conclibion on QExt n is violated.

Lel us nou' clcfine an algcbra, A* b1, clescribirrg it,s Quillen forrnal model, as in [T): L6 -

( L ( " t , r 2 , i t s , , r , ! l ) , 0 ) , t ' h e l e c l e g z l - . l " g x 2 : c l e g r 3 : 2 , d e g : r = 7 a n d d e g U : 5 , a n d

the only nonlr ivial action of 0 is on y, npmcly 0!J : lxt,rzl.  Anticipating a 1itt1e (see 4.1

ancl 4.3), rvc irnorv thai QExtit ' .(Q,Q) :0. Defining a perturbation p by requir ing that

the onl1 '  nontr iv ia . l  act iou is  pru :  [ r t , [ t r ,erg] ] ,  u 'e  got  a  space S rv i th  H.(S;Q) *  A* ,

u.hose miir irnal Quil lc,n nroclei is (!-,  A+ p) [LS]. Finali l ' ,  clue to the fact that, in l-(r1 trztrt)t

px ( i<leal@\'), a simplc conrput,ation t'ith the algebraic rational Hurervicz hotlomorphism

a.s in [T; I I I .3,(5)] shou.s that the pl irniLive ek:rnent of I{*(S;Q) corresponding to z is not

spherical, heric,e A* is not iutrinsicalli' sphelically generated.

The first nontlivi:rl extrmples of 1-graclecl irrtlinsica,lly formzrl algebras are those of [I(S],

namely Ai, : I1.((v,,,-t St ) x 5r ), for- m ) 2; these fii into our theory and satisfy

?Ext |1(Q,Q) :0  (see the remat ' l is  tnac le in  5.4) .

1 '
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Finally consicler A* : the cohornologl' algcbra, of ihe 2-slieleton of the m-torus, m ) 2.

Concerning the bigradecl rnoclel B t of [HS], it uray be casily seen that the l-bigraded model is

(nZt,D : 0), u' i th cl irn Zl :  m, Zl: 0 aucl cl inZl :  nt(rn-t)(m-2)/6. Using deforrnation

theory exactly as in the proof of A'(i), ii immecliaiell, f6]lorvs that ev€r 7r'1"8"Q is constant

within A*, hence A* is 1-gr:aclecl intrinsicaliy fonntrl, though ?Extlr(Q,Q) f 0. However it

seems that ihis is ihe right hincl of conclition for Jravirlg a reasonable "deformation theory"

for the fundamental group.

3.  Bounds for  Homr: topy L ie Algebras

Hele lr,e give the ploofs of A(ii) ancl A'(ii) ancl also exhibit trvo quite general types of

boulds for hornotolry Lie algebras ciirect,ly relatccl to the main ideas of the paper.

3.1.  Pn.oor  oF Tl lLo i tDI I  A( i i ) .  Asst tn ing I / . ( ,S;Q) = A*,  rve know that  gr*zr ' *Os8q =

g,-*H*L4, by the graclccl iniriusic folmaliiy of .4*. We claini that from cg(,4) ) nit foll,rws

t,hat tlrere cxists a bglic onto map .f : gr"I{*Lr + Ll, rvherc [-i is afree graded Lie algebra

on n homogeneous gcnerators of slrictll' positivc clegrces, which is bigraded by using the

bracliel lcngth as rrppel clegrec. Postponing fbr the moureut the proof of the claim, we finish

by obselving that a bglie onto map .f :gr*n'*f)"9S Q -+ L*(t,y) gives r ise to a bglie monic

section s: [-*(r, y) -- gr*7r*OS O Q, u'hich, by f i 'eeuess of L(z,y) and by l i f t ing in upper

clegrec one, finally p.r'oviclcs a glic map /r, : L(:r:, y) -, r*f)S S Q. Since th.e free Lie algebra is

generatccl in u1:pel clcgrer: one, \\'e iuron' that gr*[- " L* and thus gr*h: s, therefore ir is

a.lso morric

Corning l:ach to oul claim, n'e rccall lhat rve have an n.-clitnensiona,l gladecl vector subspace

N C A+, g,it[ AI ./{ - 0 and /{ C A+ -* QA rnonic. We therefore have a graded algebra map

e. 10 N . l  A*, rvhclc ihe rmrlt ipl icirt ion in the f ir 'st algebla is defined by (c O 
"; '(q'O 

n') =

qq'@(,ln'*q'n). Tir is gives r isc l :y chial i l l ' r , to a bclgl ie nlap y: Ln -+ lq'roru : (L*7.,0:0),

lvhere V* : lfs-ttf. [t].\\re ma.i'ta.lie ihen ,f 
- gt*]f*g, ancl it will be plainly enough to show

Lhat II.g is onto; since g is irihornogeneous ancl [- is genelated by l-1, this is equivalent lo Hlg

beilg 6nto 6r, by d11xli11', to Q(f ) being monic, s'hich is precisely the injectivity condition for

I / C A + - * Q A .  g

8.2. Ptroor. oF Tnrionci\,r A'( i i) .  I-Iere rve inou' that gr*z'1s S q = gt*trSa I q, ? L\

(see 1.8,(ii)). We norv c:la.im that cg(1r) : ntaxintal rz for rvhich there is a griie onto map

f , L\ -* [-;. Ternlrolalily baliing this for grantecl,, we are going to complete the proof, in a

rn,ay similzrr s,ith ihe prccccling one, by fir'st talting a grlie section of /, s: L*(r, y) n L\ =

gr*n1,9@Q. Duetothef in i tegenerat ionproper ly  of .H1(S;V)  r ' rzerr l&Yalsosuppose(possib ly
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after replacing r ancl y by suita.ble nonzcro multiples) that sr a.nd sy lift to gr1nr,9, hence to

n'1^9. \Vs have thus obtainecl a group iromomorphism from the free group on two generators,

h:  F2:  F(r ,  U)  - -  r .1S,  rv i th  the i r roper ty  ihat  gr* /z  @ Q :  s  (gr*F(r ,  y)  = L i .@,y) ,  [Se;
IV.6, Theoreln 1]). Consecpently gr*/z is monic. A rather standard argument shows then h

to be monic, b;r u,61ftit"tg rvith the nilpotcnt cFrotients: for any n consider the induced m.ap

hr: F2l1ln) - nrsf rr$@) t 'hich rvi l l  also htrve the property that gr*/2,, is monicl use this,

ancl the natural short exact secluences gl'' ' 'G --+ Gf G0"+1) --+ GIG@) associated to a group

G, together rvith the nilpotence of each G lCi("), to establish incluctively the injectivity of. hn;

f inal ly infer that l(er h C n, R!") - 1t1.
The truth of the cla.im may be easily seen, by observing first that the graded Lie maps

f : l- .Xl ic\eal(0)/) --+ [-*I/  are iu a,bi jec.t ive col lcsponcler]ce, by duali ty, rvith the l inearmaps

g: .N -+ 41 t ' i th the 1-iropelt) '  that p o (g A U) :0, aucl next tha,t /  is onto i f  and oniy i f  9 is

monic. F

RnIrtrtt t l ts. Chen's melhoct of i tera.tecl integrals ([C1],[C2]) ai lorvs one to obtain results which

are of a sirni lar naturc with thc al>ove A'( i i) ,  but i t  lecluires the presence of condit ions imposed

at the level of differcntial fcrrms, ancl noL jusl at the level of the de Rham cohomology; for

example our conclition cg(1r) ) 1 is replacecl b1': thele exist closed 1-forrns o..r1 arrd crr2 on the

manifolcl ,4,1, represcnling inclepenclcnt cohomology cla.sses, iind such tirat Lo1 A e2 : 0 a,s a

fomr. Frorn this point of vieri' ihe tl.o zrpproar:hcs a,re to be consiclered as complementary:

the marrifolcls A'6/Ar7 arlcl (,91 x,9')#(S' x,S') mcrrt ionecl in t ire introduction have the sarne

cohornolog)'algebra ancl cg(p) :2,.bul in t irc case of the f irst (ni l)rnanifold i t  is irnpossible

to fincl rr:1>rescntatives n'ith a1 A to2 : 0 (this n'or-rlcl ir:r1rly by [C2] ihat its fundamental -

ni lpotent - group conlains an F2!), r i 'hi lc in thc other case this is easily done geometrical ly (by

taliing the tt'o closecl 1-forrns cluzrl to tri'o clisiointlS' stt1r..1cled 2-spheres, one in each term of

the connectecl sum), l :ut A'( i i)  ca:rnot be usecl since Zfi I  0.

Tire nexl, result is also cornplcrnr:ntar1' !o Chen's [C1], but t]ris iime concerning its conclu-

sion. It shouicl be notecl tirat ihele is also an inlegra] r'ersion of the result belolv, clariming,

for any conncclecl cornplcx ,5 l ' i th f/r(,9;Z): t t*ce, the existcnce of a natural onto grl ie mtrp

Li * gr*nrS, inclrrc,eci by 111" isomorphisnr l f1 6;Z) = grtrr,5, where Lr. l" the quoiieni of

the free inlegral gr ' l ie algebra, genela,t,ed by.Hr(,9;Z), graciecl by bracket length, modulo the

icleal gencratecl by bire imzrge of the lecirrcecl cl iagonal T: I{z(S;Z) -, Ht(S;Z) n H{S;V-).

Since we a,r'e not going to use this more precise version here, except in the case of links'(where

it rvas esla.l:lishecl b1' Chen [C3]), see 5.5, n'e omit its proof.

PnopostuoN. -Lct .4* be gil,en, with vector'-valued 2-fot'tn pt a.ncl a.ssociated grlie algebra

If S is any s611t.cfccl s,J:ace rv/rose cohonoktglr atlgebrahas p, as associated vector-valued

3 . 3 .

L*^ .n
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ttryo-{ortn then therc exists a grJie epimoqthisnt L\ -> gt'*2r1.9 S Q.

Pnoor: Takr: the l-urinirnal moclcl of .9, (nllcl), consicler the canonical filtratron {F"V} and

set ,t,, = Cn-t (AE,y,r/); rve hnos, that gr*n'1S S q g lg,,Br*tr,r. Fixing tire l-minirnal dga

(hF,rVd), rve obviottsll' ltave, ll1' 1o1,tt',.lit1', F,,r(F,,V) C F,nV, for any m; a straightforward

induction, rvhich only uses the definiiiorr of the canonical filtration, shows that we have in fact

F,,(F.V)= FntV,for-rtt ,  ( n; ihegeneralecg-ral i ty #gtt '= Frf Fe-t fol lowingfrornLemmal. l

ancl tlre i:>rececliug lerna,rli shorv tha,t the inverse limit lim" Erl'Ln stabilizes for n )- p, for any p.

F o r p  = 7 ,  L t  i s  j u s t  t h e  a b e l i a n  L i e  a i g e b r a  o n l t ' F l V  = # H \ ( A V , d ) = # H t S  = # A t  N  X .

By stability rve have a tott,el' of grlie rna,ps g,r: [.-*X -. gr* Ln, given by g"lX : id (whence

the5, 21-e all onto), In olcler to checli that thcl' all factor through tr| giving thus rise to a

torver f , , l-\ --; gr'*-Ln (consisting of epic gllie rnaps), hence to a grlie epimorphism f : L\, -

f iT,,gr*tr,,  
ry gr*TrrSOQ as cicsirecl, i t  n,oulcl suff ice to checlt that g2AY:0 in gr2Lz,, again

by stabil i ty, i .c. that the corlposit ici t  )t  3 X A . o'grlLz AgrrL2l-_L gt2Lz equals

zero. By duality, this is ecptivalr:nt to seeing tha.t, F2f F1 L rrAFr ry A1 nAr L A' equals

zero. Denoting by D the clecomposal:lc elements of a graclecl algebra, plainly dF2 : g in

DII2(n|r,d) =DH2S =D,42, thc last ec|ral i t l 'corning frorn our zrssumption on the vector-

valued 2-fo11t lssocia.lccl to .t/*S. The ploof is ngu'cornplete. $

The follori'ing intelcst,ing nurnericai te:st for 1-graclcd intrinsic formality may Ss immediately

cleclucecl.

Cono l l , r l rY ' , 4n i s l -g t ' ac lec l i n t r i ns i ca l l y l o ' ' t t ' " l i { anc lon l s ' j f t kg rp r l ' 9 i scons ian tw i th tn

A (and critral to clim Lt)), for anJt p.

Orir la.sL resnlt in this clilection is sorneu'hi:lt surplising, since the othel knolvn qualitative

n'mer.ical resrri ts i lci icatr,,  (see [F; Chapitre 7]) that the numct' ical invariants of ihe formal

space ,5,1 \r,orilcl rr:prr:scnt an npl)cl l>ouncl for thc cor-responcling numerical invariants of ^9 if

/1.(S; q) = --1.

8..1. PnoposlltoN. .Let ,9 be a 7-connectecl space of finite type, tvith rational cohomology

algebra il* . If tJre Eiicn/rcrg-.il,Ioolc s.pectla/ se(Ftence of S collapses a,f the E2 tetm, then tve

have inecltraljtjes rlr(n-flS)l/') Z cli,r(f/.4.,)li') , for any n, p'

PRoor.: R.epresent S b1, 2 (mininral !) moclel of the f.orm (AZ*,D * P), as in 2.1, and note

that zr*f l ,S A e = g"- '  762* , Dz *ir2 ), ancl HI Lt = C*-'  (AZL Dz). \Ve thus have a bigraded

vector sp?l,ce LI : #Z::i a,ncl fu'o graclecl Lie bracliets, [ , ]n and [ , ]; the second is

actua.lil, biSornogepeous a,nci ihe conclitions on the pelturbation p translate, as in the proof

of  1 .10,  to  the fact  that ,  fc , r 'any a e L" ' ,  lJ  €  L" ' , l * ,y lo :  [ r ,y ]  modulo t r ]m*n '  We may
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also suppose that clim.t ( oo. This can be seen as follorvs: for any fixed lorver degree n, as in

our statement, the vector space,Ln) ,"*uins unchanged (for any q) after taking the quotient

of L by the gracled Lic idcal -L;,,,.

Having establishecl t ir is frarnet'orl i ,  let us clenote by {Fi '}m>o respectively by {F*}*>0,

the lou'er centra,l series colresponcling to [ , ]p, respectively to [ , ]. We have to show

that clira (F;')^ ) clirnFf,', for any ???, rz. Consicler then the (decreasing and finite) filtration

on F{  c le f ined by GkF; :  vector  snbspace sparrnecl  by [ r t , [ . . . , f * * - t , r * )p . . . ]o lw where

r; € LIi and I r; ) k (and similar'ly for Go F"'). In the bihornogeneous case we evidently

have GIF^ = F*  n r>a

For f ixecl nu a,ncl 1., clef ine f :  GkF;'16;k+tpn -. GkF"'f  6k*1pm bv /(to): E, where !p

i s  a  sum o f  t e rms  o f  t he  fo r rn  [e ' 1 , [ . . . , 1 r ^ - r , xn ) r , . . . ] o ]o  i n  GkF ;  (modu lo  6k+1F f l )  and

E is thc sum (in 6kpmf 6t+tFn') rn'hich is obtainecl by replacing the above monomials by

[r,,  [ .  .  .  ,  [", , ,-,  ,n*7.. .  ] ] .  The map .f obviously being onto ( i f  rvel l-defined !) and compatible

u,ith lou,er degrees, the clesirecl ineclralities n'ill follcxv (both filtra,tions being finite).

I t  remains to be shou,n thai !n : 0 in G"Ftr implies X - 0 in GkF*f gk*tpm. By

expancling the bra.cliets in !,, ancl lcplacing them by unperturl:ed brackets we find out that

Xp = D - zru,i th z e L>k;if  Xrr - 0, thcn E : z e F* nL>k ^z 5l l ' '*1-F* and we are done. B

a.  Rig id exatnples and iner t  sequer lces

\Ve prove Tireorenn B ancl B' ancl ri'r: explain ortr tna,in sottl'ce of examples, based on Anickts

[A; page i33] notion of coml:inatolial fLr:eness.

4. I .  Pnoor  or  TrrEonnu B( i ) .Bv dual i ty  (see [T;  I I I .4 . (5)  and I .1 . (7) ] )  the condi t ion

(A+ )t 
- 0 rnay be rephrasecl as follo$'s: lJ "q, : (!-(X- O )t* ), 0), 'where X* O Y* :. ffs-rA* ,

AX* - 0 ancl 0ly, is monic and talies values in (L2X).-1. The fact that the ideal generated

by 0Y in LX is ineri (in tLrc sense of [Hfi Drifinitioir 3.1]) is equivalent to the fact tliat the

secluence 0!J,,, . . . ,0y.,, is inelt in [.-Ji (ri']rich means by clefiniiion that the sequence is slrong$

free - in ihe sense of [A; page 127] - s,hcn viet'ecl in TX), ancl this is also equivalent to H*f'a

being generafecl as tr Lic algeb::a. by ff l  La ( i .e. QExtl l '*(Q,Q) : 0, see Lemma 1.9(i)),

ancl flrthel erluivalent io the ftr.ct tha.t the natural plojection [-X* + E* - Lx./icleal(0y.)

incl"uces a monomorphisrn on Torf;(')(Q, Q) ancl an isornorphisn on tottj!')(q, Q); all these

are to be for-rncl in [HL; Ploirosition 3.2, Th6olbrne 1.1]. It is also proven there that if they

a.re fulfilleci then HIL,t = qi. In our case Tc,rlj!"(Q, Q) : 0, due to the freeness of LX, and

thtrs the above conclitions on Tor'2 a.ncl 1br>3 sirnply recluce to g1 dim E* 12. This remark

completes'our proof. I
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4.2. Pnoor or Ttl t io{nrrt B'( i).  Consicler the bigraclecl model of. A*,, Be: (AZLD).

As remarl ied in the proof of Lemmzr 1.9(i i)  PExt| l(Q,Q) : 0 i f  and only i f .  Z2 - 0 and

PExt|)l = 0 if ancl onll, if Z>-2 : 0. B), the general uniciueness results for k-stage minimal

models (i.e. mininra.l algebras generatecl in cleglee ( k together rvith modelling dga maps

inducing a cohomolog;' ;sotttorphistl up to clcgrce k a1d a cohomology monomorphism in

degree /c * 1) 22 :0 is ccluivalent to the fact that the (b)dga 1-modelling canonical map of

[HS], / : (nZ], D) * (4., 0) is isomorphic in cohornolog), in degrees 1 and 2 andmonomorphic

in degree 3; sinilally Z>2 = 0 is ecluivaleni to H* f being a,n isornorphism.

Since / is a 1-rnodclling map, Hl f is isoniorphic ancl H2 f is a monomorphisrn onto the

decomposables DA2; on the other hancl .13 :0, the algebra L* being 2-skeletal. These

renra,rks sirorr' that 22 - 0 is ecluivalent to the sr.ujcctivity of p plus f/3(nZ],,D1 : g. As

n'e lrar, 'e aireadl 'noticr:<l in ihe proof of Lcmma 1.E, ffA'(AZ:,D) = Hk(L\;Q), for any b.

Norv use an innoctrous brtt vcrl' useful brick (n'hich rvill enable us to use freely the results

obtainecl in [A] and [HL] ftrr conr:ctec,l glaclc<l algr:blas): t'e replace the grlie algebra L2, bV

the conuect,ecl glic algcbra .E* constnrctecl in the introcluction. We have changed nothing

except cloubling uppcr clegrees ancl thcn transforming lhem into lorver degreesl consequently

Hklnzr,D) = STo{D'(Q, Q), any ft,  since t}re Torl. /( ' l  test of [HL] is enough to be checked

only  for  k :2 and 3 (Proposi t ion 3.2 of  [HL]) . ,  r ,e  concluc le that  PBxt ] t (q ,q) :0  is

ecluivalent to pr bcing onto and gl cl ir lE* ( 2 (rr 'hich irnpl ies 923(nZt,,D) :0, therefore

I/*/ is an isornorphisrn ancl PExt.;21(q, Q) = 0) ancl also ccFrivalent to 0 being monic and

tlre secluence 0y1,... ,)Uu. being inelt in l-Ji (or st,rongly free in TX), as before. Noting

that thc strong fi'ecness of a. scclucncc implics the lincar inclcpendencc of its elernents, the

snrjec:tivity of 1L follorvs, ancl our proof is complcte. g

\4/e point out that l,e have a, characlerizatiou of ihc vtrnishing propertyfor 2Extlt(Q,Q)

valicl for general algcblas A. (as usrriil, connccbecl ancl of finitc type), similar to the one given

in Theolem B'(i). \\/e chose not to give it.lrcr-e, llectruse we are not going to use it here.( '

4.3. ColtBINi\Toll l i \ t ,  coNDITIONS rort. srR.oNG rRDENIiss. \ \re siral l  describe nor.v, fol lowing

Anicli [A], u vcrv u"r'ful combinatolial t<.:st for the sirong freeness of sequences of elements

in graclecl tensol algebras. Let, thcn T-\ be the (cc,nnecLecl graded) tensor algebra on a

positively glaclecl vector sptlce -{, clirnX = nz. Picli an orclerecl homogeneous basis of X, say

{rt , . . . s r rn} , and then extend ihis orclcr to a total orcler ou the monomials u : r;, I . . . & ri,

o f T X , h z r v i n g t h e p r o p e r t i e s : d e g u < c l e g ? , + L t < u a . n c l u < u = : = + z u t l z u t r l o r a n y z

and t (rve sha.ll expliciteiy rlse) on the monomials of the same degree, the lexicographic order

ftgrl  t lre Ugltt).  Given zlnlr 11ot r.ro elemeut y e 1[X, u'r i te y: clur + " '+ crurrwhere c;

are constants ancl u,i a,re mononieils, a,ncl ck:fine ihe lrlghest lsrrn of y, to be denoted by y, by
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T:u ; ,  where  u , :  f , hs  l a rges t  r t i  f . o t  r vh i ch  c i  *0 .Fo l  ag i ven  monomia l  u  -  t r i r 8 . . . 8o , " ,

define its origin by o(u) = ir t-Lncl its eucl by e(u) - i,. To simplify matters (having iir

mind our applications via. B(i) and B'(i)) n'e shall only consider sequences p1 t . . . tlln of tensor

degree trvo, i.e. U; €T2X, for any f. Auicli's ltea,r,rtiful result reads then:

TunonElr (see [A; theot'erns 3.2 a.ncl 3.1]). The sequence!11,... tUn is strongly free inTX if

t l te monomial scque;r ce ofi ts l t iglteslt tcrtnslr,. . . ,1J,r, is cotnbinatoriaJlJ, free, i .e.

(x) the monotnials !/t,,. . . ,!n are ilistinct, ancl

(n )  f / r c  se fs  o f  i nc l i ces  i o ( / , ) , . . . , o ( t " ) i  anc l  {e (y , ) , . . . , e ( t " ) }  a re  d i s jo in t .

As a first exa,mple, botli simple ancl inst,rucLive, . lr'e shall again follow Anich and take

{ t " , . . . , * ' , }  U { " '1 , . . . , , * ' ! }  as ba.s is  for  - \  (conccnt la ted in  lorver  degree 2)  -  in  th is  order
-  a .nc l  consic ler  the secprence of  L ie  e lernenLs {y ; i :  [ r r l ,o i ]  €  LzX c TtX] ,  i ,  :  r , , . . . , r

and j : 1, . . . , s. Then fln1r s.t1r."q1lellcc is strongll' free, being combinatorially free (since

Lt; j :  r 'n&x' j ,  ancl thc corubintrtol ial concli t ions, (*) and (**), are obviously satisf ied).

4.4. Pnoor oF TIIDoltI ir l  B(i i) .  A gr:neral suff icient concli t ion for the intr insic spheri-

cal generation of a 1-conncctecl algcbla, y'*, n' i th Quii lcn rnodel Lt: (L*W.,0), may be

founcl in [\{P; 1.9. a.ncl 1.10]; i t  onl1, r 'ccpri les the vanis[ i1g of Hom-1 (H]La, H7'Le),.rvhere

Horn-1( , ) clcnotes lirrcar lna,ps n'irich arc homogeneous of lorver degree -L. Recall next

that n'e knon', by assutnption, that If * t s is generatecl l:y IIr Ls (cf. Lernma 1.9(i)). On

tlre otlrel hancl HIL; ry I(er '(0lrv,) = l fQA.-". A simple clegree argument (based on our

hylrotlrescs on the clcgrees <>f QA*) shos's tha,t Horn-t(HlLt,,H7'Ll):0 and f inishes the

proof. H

Here is ii slightll' rllole geuera,l ycrl'si9n of B'(ii):

4.5. LEIIN{;\.  -Let.4* bc anv t l f"1rt 'a (connect,c:cl ancl oI ' frnite type), rvif& associated grl ie L\,

If PExtlt'(Q, Q) : 0 f]icn ri.'c /iavc irri c.quality of forntal powet series

TTt l  -  - i r ; < l i r n  L ' n  :  A * ( - t ) ,

' * j t ' - "  
)  " - a

where A.(r) is tJie Hilbert sel ie.s of A*, I ,r)0 cl inAn.zn.

Pnoor: As incl icaiecl in thc ploof of B'( i),  the assumption 2Ext|21(Q, Q) - 0 simply means

tlrat the bigraclecl moclel 13..1 coincicics t,ith thc 1-biglaclecl moclel, (AZ!,D). By o genelal

folnrula of [HS; Plol:osit ion 3.10] \\ ,e l lrcrt, ihat -4*(-r) - n[r(1 - rn*|1a;mzI. On the

otlrer hancl, Lemma 1.8 iel ls us that Z:,= #L7r*'(see (1.7)), rvhich completes ihe proof. g
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Rnlrnnxs. The above formula is in faci cluite effective: one may uniqueiy express dimL\,

for any p, rviih the aicl of the Mobius funclion and of certain universal polyn<imials in the

coeff icients of A*(z), i f  cl imA* ( oo' see [B].

4.6. pnopoSITroN. Gjvel arr albitla q, algebt'a, A* (connected ancl of finite type), the condi-

tion pExt|>l(Q, q) = 0 is crluivalenf to tlrc fact that A* is generated (a,s a gtaded a)gebra)

by At , plus tlte ecluality of Hilbert selies: TotttLt (Q' QX') - A.(z)'

Pnoop: Recall  th.e 1-moclel l ing (b)clga map /: (nZ),n) -) (A*,0), where (nZ!,n1 --+

(4.,0) is constru<;tecl out ol.L\ as expla.inecl in (1.7), see Lemma 1.8. The vanishing

of pgxt?)r(Q,q) is t ircn ecluivalent to the fact that H*f is an isomorphism. But lve

knorv t l rai  f / . (A zl ,D) = H6(AZI,D) @ Hi(Azl,D), rvhere H; = A.zl l ic\ea\(DZf ),  and

H.f(Hil:0, by constnrction. Rr:calling frora ihe proof of 1'8 that (I/. = ZI ) Zl " A1

and, DZI ry l(er tL, H;f bcing bhe ca.nonical tnap, it follorvs, if H.f is an isomorphism,

that then A* is gcneratecl by At, a,ncl u,e have an equality betrveen the Hilbert series of l'*

and of H.(AZ|,D). On the other hancl rve alreacly have remarked (again in the proof of

Lemma 1.8) t l iat t l i is last Hilbert series eqrtals H.(LaiQXt), hence also Torf l"(Q,QX,),

rvhich cornplet,es half of orrr proof, lhe other irrrplication being immediate, with a dimension

argument. I

4.7. Exntrf pt,D [I iT]. Dcnot,e 1,,y P,, thc n-th pure braicl grotlp and consider Ai: , I /  .(P";Q)'

Then ppxt] i>l(e,e) :0, for any ??. This may be seen as fol lorvs: i t  is knorvn that Ai is

generateci by Al,,  for any rz; the Hilbcrl scl ies Ai,G) ecFtals (1 + zX1 * 2z)-..( l  + tzz)

(he'ce Ai is not 2-sliclefal for n > 2). The main result of [i{T] also gives the equality

TorlLn" (Q, QX") :  Al(:) ,  for auy n.

5.  L in l< grot lps

{

We may norv sta.rl the proof of Theorcm C. Recall fi'om the introduction that 'rve have

associatecl to a1 777 x m symmetric matrix of rational numbers / trvo objects: a 2-skeletal

algeb'a A* (rvii.h vector-l,a,luecl 2-form lrs: ,-[1 A .41 -t 42) and a finite unoriented graph fs'

If the entries of d are integers we may do ihe same fol' a,ny plime p. we jtrst take A| - the

V-o-vector- sprl,ce \\ , i th basis {ur,..  . ,€n,}, Ai,:  AiA,4i moclulo the samerelations, and define

p',0, Atrn Af -+ Ji lrl, the same formnla as bcfore, ialiing of course ihe mod p residues of

the iinliing coc-,fficients l;i. \Ve also hirve an associatecl graph lo, rvith the same vertices as

le (*,,hich is a subgrapir of f6 and in fac[ coinciclcs rvith f6 for all but a finite number of

. primes p); obviously the concctecincss of f , implies that of ls. First we add to the conditions
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listecl in the statement of C(i) one more convenient reformulation:

b.L. Lnul,rA. fp is connectecl if a.ncl ottly i!' 1tn is onto (p is a given prime, ot zero).

pnooR: Write fp : fi, U . .. U f; (conncctecl components). This gives a partition of the

index  se t  o f  ! ,  I  : 11  U . . .U  [ ,  anc l ,  f o r  each  / c  -  1 , .  , . t r ,  &  submat r i x  o f  l ,  name ly

(,k : (t ;)f i , i )€rkxrh.Obviously the corresponcling algebra Af,::  A|, (with associated two-

forrn pf ) is a sr,baigebra of A*. Ttfollorvs fi'om these constructions that Im Fp = ILr I* [tf;,

hence clim hn po S Il=, clim Iur pf 5 Il=, (crrrcl(/&) - 1) : fft - r (the second inequality is

clue to the easily seen ferct that s,e ahva),s have clitn A7 : card(/) - 1). Assuming t,hat pro is

onto, rve infer that r : 1 ancl l' rnust be connectecl. Converseiy, tbe conecteclness of f, gives,

for any (i ,  j)  e I x I,  the existcnce of a se(lt lence of elemenis of . I ,  i0,.. . , f" (with io : f  and

i " :  j ) , r v i bh thep roper t y tha t  / ; , ; , * ,  +  0 , t  -  0 , . . . , s -1 ,  andconsequen t l y  e ; ,Ae ; r * ,  €  Im  p lu .

The defi l ing rel i i t ions for Al, giue the eqrral i ty e; A €j :  a;o A ei, + " '* ei,-,  Aei", hence

e;Aei € 1n p, for any (i , i) ,  thercfore pn is onto ancl the proof is complete. f ,

Our plal of provipg C(i) gc,es as follos,s: the first (and rnost serious) step will be the

proof of the fact tha.b the conr:cteclncss of ls implies that PDxtf,l (Q, Q) : 0; here we

slrall rely Lrpon l6e stlongly fi'cencss critelion for the vzrnishing of PDxt\l(Q, q) provided

by B'(i), togcther rviih the result of Anicli, relating cornbinatorial and strong freeness, that 'rve

have quotecl in the prececling section, ancl finall1' upon a basic combinatorial argurnent (see

proposition b.2 belon,). The vanishing of ?Extlil (Q, Q) rvill then imply that A* is L-graded

intr.insically formal, by A'(i). We shall'next prove a result concerning the implications of

the property of 6ci1g 1-graclccl iltrinsicall), forrnal, fol a general class of 2-skeletal algebras

A. (in Pr.oposit,iol 5.3), ancl <lccluc:o as a, corollaly that in the case of a link algebra this

implies t6at pe is ontg, hence fs is conncciecl, b1' lhe above lemma. After thus completing

tire c6ail of r:cpiyalcnt:es st,at,ecl in C(i), the rcmaining assertions may be proved as followsl

the ecluali ty of Lie algeblas s, i th glacl ing. Br'*z'rs S Q = L\, rvhere H.(S;Q) = l '*,  is

proviclecl again b1, A'( i);  the cclua.l i ty L\ = l-e(cr,.. . ,r*) modulo the stated relations is

just the explicit fcrrnr"rlation of the consblttction ciefinin B L\, L2, : L.(X)/ideal(0Y) 'rvhere

(0 :Y  - -  X  A  X )  :  # (po :  ; 11  n  41  - r  A2 ) ;  f i e re  * ,e  on l y  have  to  take  { r1  , . . . , t ^ }  as  the

b a s i s o f  X c l * a l f o t h e g i v e n b a s i s { e 1  , . , . , e n t }  o f  A 1  ( n ' e r l a y a i s o n o t i c e t h a t t h e r n . r e l a t i o n s

Lrr, l , j l*n,, j l :0, f t-,r '  i  € I,  t le noL inclcpcnclcnl, an1' of them being a conseqtlence of the

m-I remaining ones). The Hiiberi series L)tQ) may be computed with the aid of B'( i i) ;

since in orf case A.(-") :  (1 - (rn - 1)rXr - ,) (t ,o is onto !), the last stated equali ty, namely

gr*zrrS o e(z) o gr*(F,,-r xFr ) o Q(r) foiion,s frorn the unique determination of ihe Hilbert

series L\(r) by the exponential folrnula given in B'( i i)  ancl the fact that 8r*(F,,,-rxFr)8Q(z)
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satisfies the sa,me equalitl', rvhich is an immecliate consequence of a classical equality (see [Se])

i lLr (1 -  r " ) 'k  8 ' " (Fu)  -  1-  kz,  r 'a l ic l  for  any f ree gr .up F1 '

Let us establish ltow our combinator:ial setting: start with a, finite unoriented graph f , with

vertex set V, card(V) : rn, ancl alrow set ,4, ancl fix a total orclering on V. In all that ftrliows

one should.bear in rnincl that rve are just reforrnulating, in a more combinatorial form, Anicli's

test fol cr:mbinatoriai fi'ecness ex1>lainecl in $4, rvhere X has {*r;u € y} as basis, and the

sequence \\'e are considering consists of the n-r, - I elernents (yr)r<r, rvhere c*r is the highesi

element of V in the given olclcr, aucl y, : I*e v lr,rlrr,c,,], any u.

Given u,u € V, rve shirll say that tr a.ncl u are neighbours if {u, u} e A, and we shall write

this as ,Lt @ u. Given the orclerillg on V, te malr nlso spealt of the oriented arrows, A, uny

a e A gives rise to an oriented arrow A eA; i f .  cL -- 
{Tr, u} then rve write d, : i6, rvhere u 1u.

On V x V (ancl thelefore o" 7) u,c shall consicler the right lexicographic order ((", r) 1 (ut ,u')

i f e i t h e r u < u ' o r u _ u ' a n c l u l u ' ) . E a c h o r i e n i e c l a , u ' o w u - u u h a s a n o r i g i n , o ( A ) : s ,

a.ncl an end, e(Z) = u. To any vgr6.x u € V s'e sha.ll a.ssociate an oriented arrow Z,r, defined as

t,he highest orientecl arrolv ha.r'ing u either a.s an oligin or as an end. Recalling horv the graph

rvas constructecl fronr thc rna.t l ix /  of l inl i ing coeff icienls, and also that l*,r ' l :  oO x'-x'6c

in T2X, for any ff, i : 'g X, i t  fol lorvs that in orrr case of interest the highest terms are given

by yr - d*for each L, € y rvhere rve hilve iclcntifiecl an oliented arrow a :6I and the tensor

,D,  I  cr .

Given a fixecl vertcx w € V rve shall look for total orclerings (V, <) with the following prop-

erties, which rve shall call (P.)-orclerirlgs:

(P.,0) cu is the tnaxitnal elemcnt of V rviih respect to ( ;

(Pr1) the rrz - l  oriented arrou's {a,,; tL ( ar} are disi inct;

(P.2) the scts {o(4.,);tr ( r-. , i  i ind {"(a");tr,  < cu} are disjoint;

(Pr3) for any ue V such that tr ( o(2,-,),  theri:exists u € V such

that tr <^,* u ancl u > o(Z.,).f

Let us lotice that (Pr1), respcclively (Pr2), at'e eqttivalent to the properties (*), respec-

tively (**), nhich represent tlie test for cornltinatorial fi'eeness we are interested in. The

proposition belou,, t,ill plainll' help us t<> conclucle that if a linli algebra A* has a connected

associa.tecl graph f6 ihen necessarily PErt,.,l(Q, Q) : 0. This is our key combinatorial argu-

ment. The c6nclition (Pr0) a,bove just helps one bo tnaiie a canonical choice of. m * 1 lineariy

independent relaLions for -L11, rvhile (el; is a iechnical property which enables one to arglle

by indr-rction.

b.2. PnopostrtoN. If I is a connecteclgrapfi tlten for a.ny choice of vettex w € V, there
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exisfs a (P.)-orclering on V.

PRooE: \4le sha.ll nse incluction on rn : calci(V). If nz : 2, there is only one possibility,

forced by (PrO), and this choice evidenlly saiisfies all our requirements. Let us describe the

induciiol step. Since I is connectecl, the given vertcx o ha,s neighbours. Let us piclc such a

neighbour of c*r, say u, ancl also fix it. Define no\l' a graph l' by just deleting the vertex u from

f , and rvrite the connected components of f', f' : f'r U' ' 'U l'" (and similarly for the vertices:

V , :V IU . . .UV f ) .  Re rnember  tha tu r  €  V 'anc lo rc ie r the  componen tssuch tha tcu€  V f .  Due

to the connecteclncss of I a.gain, \\'e may picli, in each component fl, a neighbour of u, say

wi e V'i (rve shall talie a,,". - c''). By tlie inclrrction hypothcsis, there exists a(P.,,)-ordering on

eaclr ll, i : L,... )r. \\/e sha.ll nolv extenci tircse orclelings to a total order on f, as follows:

clenote by oi € V';, for ea.ch zi, the t,ertex o(Z.,i), and split Vj as Vj : OV'iU eVi, where

CIV'i  :  {tr e V';;  rr ( o!} ancl €V'i  - 
{u e V';;  t t .  } ot; i  ( i f  f  I  happens to lr.ave only one vertex,

a:f , set OV'i - 0 alcl t\'i: Vj). The orcler on V is obiainecl by arranging first the vertices of

OVi $t an),), in the chosen (P,i )-order, theu those of OVlr, . . . , uP to those of. OY',; put next

the vertex,u, a,ncl contimre with the veltices of tVi, arrangecl in the chosen (Pri)-order, then

tlrose belonging to tV'2,. . . , encling rvith tVi. Property (P.,0) is obviously satisfied.

In orcler to checli (P.,3), noticr: firsi thai. in gcneral, o(4,,) (rvhere t.r is the highest vertex

of a grairfi) ecluals the highest nr:ighbour of c,,', Iu our case, one such a neighbour is u, by

construction; aly other ncighiroul rnusb br:long to Vf (rvhich is the connected component of

f, : l\ {ui rvhich conterins o!), rlore pt'eciscll' to OV'r, being t}rereiore smaller thzrn u. }Ience

o(ar) : u. The property (P.,3) is irnmecliatell'checkecl for u : u, by considering ihe vertex c,:

itself. If u € V ancl rr 1,0, thcn u must lie in some Ol!,bence, by ths inductively established

propertl, (P.t3) bl'rele exists t,; e V'; srrch that u; +-* u ancl u; ) ol; this rneans that u; e tVi,

hence, b1' construction, u; ) rt - o(z,,), as clesilecl.

Pa.ssing to tf ie l ic,1'propert, ics, namcly (P.,1) ancl (Pr2), leL us begin by rnali ing soinepre-

lirnir-ra11, oltservatiops on thc constr'11g1i6fftrf the highest etrron's Z,r, rvhere u is a vertex of an

arbitr.arl' (c6rrnectccl) grapir f . u'ibh highcst vcrtex u.'. It turns out that we must consider the

follon,ing part,ition of it,s vertex sct, V : M tJ /V, u'here:

M * 
{u € V; D s'- '  1-L } 11< tr}, ancl

N - 
{u € V; ihere exisis u € ) 'such that u +-} t t  and u > u}'

I f  t r  €  M ,  the r r  a , , :D [ , f c r r so rne  r )  e  V  ( l>1 ,6611 .11uc1 ion ) ,  andu :  e ( r1 , . ) .  i f  u  € ,A / , t hen

du = ilu, for solne u e V, again b1, g.rttttttction, hence tl : o(cr,r). For example, derroting

by o the origin of dr ' ,  rve harre: o € A-, r ' ' t  € M and z(} -d'u:66' Let us also notice the
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equality {o(a,); tr, < w} - N.Incleecl, rve clearly have o(a) €,A,/, for any d' € 7; converseiy,

if u € ,A,/ then tr : o(a,,), a,s a,lrcacl), noticccl, rvhile o(4.{,) : o(zo). we also have an inclusion

{"(a,); tt < w\ ) M, chre to ihe fact that e(d,,) : u for any u e M', as remarkecl before'

plus the observation that e(Ar) : e(2.). \\re may thus equivalently reformulate (Pr2) as

(P,4) {"(a");  u €V, u * o} C M,, ot

( P , 5 ) { u ( 4 , , ) ;  u e V } c M .

I n o u r c a s e ( P r 2 )  s , i l l b e c i r e c l i e c l | - v p r o v i n g t h a t e ( 2 , , r ) e  M  f o 1  a n y  u t € v ' ; , i : 7 , ' ' ' ) r '

\\re must first unclelstancl the clif{'elence lrctn,cen 2,,, ancl Zl., lvhere the second oriented arrow

is compntecl i' the slbgraph ri. If ut € ov! Lbett, by the incluctively established property

(Pcd,f;, there exists u; € V'; such tiral ui <--+ t'11', slilcl moreover u; 
I 

t-Vt;' hence u; ) u'by

construction; the o1ly 1>ossiblc dift'erence bcts'een o,,, ancl ai,' might be caused, in general'

by the fact that ui <-.+ u; in our case fha.l s,oulcl irnply the existence of an additional arrow

(in l) u.,.u l,hich rnight coutt'ibute to the computatiorr of d'u; - but we know that u;tf > uiu'

lrence d,u,:a., i .  I f . t t ;  € tVInIr:,  a sirni lar argttment shorvs that ai- -d'u; in this case too'

I f  u ;  €  SV:nMl  but  , , i  * t  u , ,  then p la in l1 ,  again 7 i1, , :2 , , , .  F ina l ly  i f  u1 e.  EVl f l  M' ;  -  M' ,

(use (P;3)!), 1; <*r u but thet'c exists t,; e tV'; strch that u1 <^^,1 tl;, the same argument shorvs

again tha.t ai. - d,r,;. The only exccplions al"rircar u'hen u; €. M';, ui <*' u and all the other

neighbours of U; lie in OVi @ short $,hen rt; e B';); in tliis ca'se the arrows containing u; in

I are {tI4}, rvhere {t,;i a.re the ncighbours of il' in ll, plus dtra; clearly d'ui: u@, and it is

clifferent from Zi,.. On ihe other hancl, since .A4! C tV! ancl u ( ui for any ui e w!' rve knorv

Lhat M'; C M, for any ti. Finalll", if tt; ( 6l ihcn e(2,,) -- e'(21,) € M'n C M' by (P';5)

ancl  the inc l .c t ion;  i f  , ;  €  6!  fhcn e(2" , ) :  u( 'u l )  : IL i€  M' ;C M ( rvhere u i€ Mt ;  fo l lorvs

cl irectly f i 'otn tr;  € 6:).

As far as (Pr1) is concerned, ii rnay be ecluivalenlly reforrnulated as

{f

(P ,6 )  ca rc l {d , , ;  u+  o }  =ca l c l (Y ) -1

First of al l ,  the a.boye cl iscsssion irnpl ics that e(a,., ,) - e(Ai,) eVi for any u; €Y';, i  = 1'" '  1r '

\ryith this rcrrrarlt (Pr6) s,iil follon,fi.c,rn the ecgialit'ies carcl{2,,, i u; € vi} : card('Pj)' to be

proven for a*y i .  The a6ove an'ow sct spl i fs zrs {2.,, i  tr l  € B'n}f l  {au,i n; € yi\Bl} '  The f irst

set ecltrals {t,tr,; u; € 6l} ancl the secouci equals {a'u,; 
'tt'; € yi \ B';}' The tu'o above sets are

clearly ciisjc-rint, ihe first co'tains carcl(6i) clerne'ts a'cl the second contains card(vj)-card(6i)

elements (cl..e to the incluctive hypothesis (P;1) ancl the remarli that c..'l e B'r)' our inductive

proof is thus comPleted. H
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5 . 3 .
and

then

PnoposrrloN. -Lcf A* be a.2-skeletal algeltra, rvifJt associa.ted,2-form li,: A1 AAr -'+ A2

Lie algebt'a :iith gracling L\, If A* i.s I-graclecl intlinsica.lly formal and pt, is not ottto,

Lit  :  o '

Conollan\.. A 7-g'aclecl intrinsicallJ, f<>rnal linli algebra A* has a connected associated graplt

f o .

Pnoor oF 'fnE Conoll;tny: \4/e must shos' tha.t p is onto (Lemma 5.1). If not, the above

proposition tells us that Lsrr : 0, i.e. the linear map ,f : x I Y --+ [-3x given bv f @ I y)':

l*,0y1is onto. Counting ciimensions, this gir,-es thc ineclualities (nr3 * *) 13 < m ' dim( AY) -

rn .c l im( Im 1t )  <n ' t (n t  -  1) ,  hencerr l :1  anc l  A2 :0 ,  a  contradic t ion.  B

Pnoop oF TIID PttopostrloN: Assurning thai trr is not onto, one has a decomposit ion Y:

Y '@C, rvhere Qlv,  is  monic ,  0C *  0 t rnc l  C + 0,  say C has {21 , . . . ,2" }  as 'bas is .  We must

see that Lto : 0. Piclt then air arbitrar'), r:lerncnt p € L'X; rve have to prove that p € -[ :

tlre icleal generated b1' 71' :0\''. Strl;pose on the contrary that p ( I and consider then the

(larger) pertrrrbecl iclcal {, : ick:al gcnelafccl 1':y 0\' ancl p a.ncl the natural griie surjection "f ,

f  ,  L\ - L.XII --+ L*Xf 1,, -:  Ll, .  Pelform then on I|  the construction described in (1.7)

to o[tain a, l-rninimal (b)dga (nI '*,d), r ' i th t]re properiy that gr.(A% d] : tr]  (see also

Proposition 1.4). If rr'e arc airlc lo cxhil>it a clga M u'ith ihe property that H* M ry .d.* and

haying (Al/, r/) as l-rninimal r:roclc.l, thcn thc': propclty of. A* of being l-graded intrinsicallS'

fornral rnay be eventually exploiiecl, giving a, grlie isomorphism betu'een .tj and L\; by a

dimelsic.rl argumenb / must bc an isomot'phism and conscquelltll '2 € -f, a contradiction.

Co ls t l r c t  M  l>y  s ta r t i ng  \ \ ' i t h  (A i l d )g (n ( t2 , . . . , ? . ) , 0 ) ,  r vhe re  c legz ; :2  and  the  second

cl i f fere l t ia . l  is  t r iv ia i .  Consic lc l  then f />2((AI ' / ,d)O(A(22,  . . . ,2" ) , ,0)  and add net 'generators,

Ui : Or2zt/f ,  so as to l t i l l  I I23; look next at I />2(nl/ can(z18At/ l) ancl l i i i i  i t  by adding nerv

gencrators L!, iterate ancl obtain M as the incLrclii'e limit of this process. By construction

I{* M rvill be a 2-skeletal algebrzr. Il is ecg.rally easy to sr:e tirat rvhen killing H23 M as

a,bcrve one cloes not change HS2M, hencf(Al{d) is incleed the l-minimal model of M and

H " M r y g ! z ( ( n l r , r / ) € ) ( A ( 2 2 , . . . , 2 , ) , 0 )  = q . 1 0 / / I ( A I / , d ) @ H 2 ( A V , d ) o s p a n q { r r ' . . . ' 2 " } .

Recal l ing thr :  constnrct ion (1.7) ,  Lenrra 1.6( iv)  te l ls  that  Hr(AV*,c l )  =  n[ (nV. ,d)  = Vo =

4r.1 x +Ly ? A1. Li l ier i , isc H2(nV.,,1) = Hfr$lr. ,r /)cl  HI(AV.,d),  rvhere nl,(nV.,alz
tfun - 11-"

Vo AVof ctl lr ancl the rmrll iplication Ht(n!r,cl) AHl (41/,c/) ' ., nfi$Vrcl)is by construction

the clual of the ilclusiol ,if >* Ll A Lle, rvltere /( : I(er'( f'1, n t'1, :-:-- 1211. Because /

is a,n isornorphisn in cleglees 1 ancl 2, u,e ma,,v safely replace Lf,' Vy Ljz and, thus identify

# ( / (  > *  f i n f i )  r v i t h  $ ( 0 : \ ' '  *  f  A X )  x  p : A r  A ; 1 1  +  I m p .  I n o r c l e r t o  s h o w t h a t

H*M X A* a,ncl thus finish ciur proof, lve onl1, have to see that dirn.F/f(AV*,d): 1r or

equivalently that climf/2(Ai", d) : 1 * clirn)"'-
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This wil l  be a.ccomplishecl by 1"rr-,or*ing that in gcneral one has Hk(nV,d,) - HkQ'e;Q) :

#Hr(Lp;Q), for any /c, and the sa,rre leasoning as in 1.8 indicates that dimH2(Lo;Q) :

dimIrllLX,-Io], and our a,ssumption p 4I helps to conclucle that this last dimension equals

dimY' * 1, as clairnccl.

5.4. Rnur\Ri(s. Theorem C(i) considerably enlarges the cla,ss of 1-graded intrinsically formal

link algebras, rvhose first examples appealecl irr [IiS], narnely' lhe series H.(S' x (V*-r St ); Q)

corresponding io ???-colrrporrent linlis consisting of. nt - 1 unlinlied circles stringed with simple

linliing on another circle. Let, us looh at a, simple exa,rrple, by ta,king m : 4 and /;; : g

e x c e p t l t z : l z t : I z t = l . t z = I ' , - / l r : 1 ( a c h a i n o f f o u r s i m p l y l i n l i e d c i r c l e s ) . T h i s m a y

be hancllecl by our methods (one even linot's tha.t lo is connected, for any p, see C(ii)), while

the corresponcling l inl i  algeblar4* is not isomolphic to ff .(,Sl x (V3^51);a). I t  is not diff icult

t o  see  th i s ,  by  obse lv ing  tha t  cg ( I l . (S t  *  (V r ,9 t ) ; a ) ) :3 ,  r vh i l e  cg (A* ) :2 .

The nervt trvo lenmas l,iil finall1' give tire ploof of C(ii).

5.5. Lnlnt.-t,. If the g'r'a,pJls f' a.r'e connectecl, t'or anS, prirne p, then gr*r aL*.(*t,...,rrr)

modulo thc ic lea l  genet 'a t ,ec l  by r ;  :  L i ln l r ; , : t i l ,  i :1 , . . . ,? f l t  and i t  js  for .s ion f ree as a

gra.decl a.belian group.

5.6. Lnlnta . The glapJr.s fn are connectecl, llctr any prine p, if and only if gfr is a free

a.belian 8r'ollp of ranJt (r, - l)(m - 2)12.

Pnoor or La\{t\{n 5.,5: Denot,r:1:5,Li the Lie algcbla with gracl ing constructed out of the

matrix / c,f linking coefficients, as in orrl sta,tc;rnertt. It is n'ell-kuorvn that L\ is torsion free if

and orrly i f  Lv(p, z) :  Lz(A,.:),  for an1' prirnc p, tvltet 'e Lz(p, z) stands for the Hilbert series

of tlre gradcd nr,-vecLctt sp?r,ce Lr.8 2,, anci lilicn'ise Lz(0,2) clenotes the Hilbert scries of tire

grac led Q-r ,ector  sp i lcc  Lbe Q = I :  (anc l  o f  coufse Lr .SVr:  L i - r ( t r , . .  . ,n*)  modulo the

relations r; talien mocl 2). For p - pliure ancl fol p :0, nre ffiay clouble the upper degrees and

convelt them into lou'el clegrees, as \\,e htrrie alt'ca.ci5z q1.t. before (see 4.2), replacing the above

power series eqrral i ty byTv(p, z) :Tz(0,:). Thanlis to the (version for connected gl ie) PBW

tlreorem (see [Se; iII.4, Theorem 3]) n'c m&y cirecli insteacl thc ecluality l/Tz(p, 
") 

: I'lTz(0, r).

Since U(TrOQ) : Tq(cr, .  .  .  ,  r, ,) moclulo the relal ions r; (s'her.e deg xr :2t) - and similarly

fort l(Tv&Zp) - \ve ma)' aga.in appeal tc; Anick's result [A; Theorem 2.6], r,vhich is val id for

anlr fi"1.1 coefficients zincl salrs 1,Ln, lhe Hilbert sr:t'ics of a connected graded algebra, together

with ihe nurnber ancl the clegrees of a strongl), free set of its elements, uniquely determine

tire HilberL series of t,he cpotient algcbra. it only lemains to notice that our proof of the fact

that t lre connecteclness of 16 irnpl ies the c<;rnbinaiorizrl  freeness of {r1 t. . . trrn-! } given in

Proposition 5.2 applies verbatim to lr, (rvhich is lcrorvn to be connected, by assumpiion) and
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to  the seqr lence { r1 mocl  p , , . . , fp-1 I r loc l  p} ,  for  any pr ime p.  I t  fo l lows that  { t t , . .  . r r * - r }

is strongly free, viervecl either t'itlt Q or: \vith V,, coefficicnts, for any p) hence the //-Hilliert

series are cqual ancl Lft is torsion frce. It is norv easy to prove that gr*r" = Lr., as grlie,

by rnaking r.rse of an olcl result of Chen "[C3], rv]ro esta.blished the existence of a grlie rnap

f , Li. --+ gr*r, rvhich is isomorphic in cleglee one, hence epimorphic. I(nowing that / A Q is

epimorphic ancl also thzrb gr*7r8Q(r) = LiAQ,Q) (cf. C(i)) rve infer t irat /OQ is also monic,

hence, due to the tolsion freeness of Lft, / itself mttst be monic, giving thus the asserted

isomorphisur. fi

Pnoor olr LEIuh{A 5.6: At the begil ining u'e shall  prove that gr2n' is free if  and only i f

clim Im LLp : dirn hn p6, for any prime p. Tire iorsion freeness of ihe finitely generated

abelian grorlp gr2r' is eqrrivalent, as bcfole, io the fact ihat cl im2o gr2rSVp: dimqgr2n'8Q'

for any p. By Chen's l'orli [C3], Br'?r is isournlphic to the cprotient group of the second

exter ior  power of  ihe f ree abel ian group rv i t l i  Z-basis  {c1 t . . . t rnr i  by the re la t ions r r r . . .  t r rn

(ancl evicleni;ly gr2a @ K miiy be similalll' prcsentccl, K - Q or Vr). By elenrentary duality

rve infer that gr2zr &Zpx l l( I ier pn) ancl gr2n E Q = S(I ier / I0), rvhence our assert ion.

Assuming tha,t In is connectecl, for ;111, pritle ?r, \\'c clccluce frorn Lemma 5.1 that dim Im po

- clirn ftn p6 : ?-n - 1, for a,nJ, p, gr2;r bcing lhcrr:forc flee; its stated lanlt is immediately

obtainecl fror:r gr2n', ) Q g f(I(er 116). Conversch, assurrle gr2n' free, therefore dim Im pln --

clinr Im 1rs, fol' al])' /), l;v the pleviorts cliscussion, If tuoleover r'li gr2r : (nt' * I)(rn -'2)12,

ne clecluce that this comlnor] rraluc ultst be ecltral to nt - 1, hcnce pn must be onto anci lo

must be connect,ecl, I 'cu' aru; 'p. again h"v 5'1. E

b.7. RplrAnt(s. An al ielnafi1,s 1v.11r to prove t, l iat i f  fn is connectecl, for an1' p, then gr*a'3

Li: torsion free, as stalccl in C(i i),  t ,oulci be to stalt rvith Haiu's geornetl ic presentation for

" [H] ancl then try to apply Labute's inclependcnce criterion [Lal]. This raises the follorving

(clifficult) tash: given ?I sccl,lcltce l.1, . . . ,T'rt of hotnogeneotts elcments in a, free grlie L :

Ll(r, , , . . . ,rnr), clecicle, fol a girren prirng.p, s'heLlicr the fol lot ' ing condit ictn is satisf ied or

not:

(*r) rb)l[ t(p),r(p)] is a f i 'ee U(L(p)lr(p))-module rvith basis given

by the iurages of t ' i ,  .  '  .  ,rn

(u,lrere r is the icleal genelatecl by 11 t.. . ,1"n in L, r/ [r ' ,r ]  is an !-/r-module in a natural way,

via the adjoint trction, and ( )(2) st,ands itrr taiiing rrocl p residues).

In our situa.tion, n : tlz - 1 ancl ri : tj hjl*;,c;], and everything would follow if the

ccrncl i t i<rns (*r,) rvere satisf iccl {or an.v p. For a f ixecl p, (xp) holcls as soon as r1(p), . . . ' ,r ; ,(P)

is strongly free in 
-[.7,,(r:1,. 

. ,c,,r,) [ ] IL; Thi-orbme 3.3]. Here rve meet the really delicate

point: the a,rgumelt of 5.2, establishing ttrai i f  f ' , ,  is connected then f1(p) ,.  .  . t f  *-L(p) i t
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