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FUNCTTOT{S

A. Bulun

INTRODUCTlON

In a serles of papers lur l  Q 1 t  < 4) we lntt lated a pro-

gran of  s tudy of .d l f ferent la l  po lynomla l "  funct lons ( ln tu i t lve ly  o f

non-l lnear dif ferential  operators) on project ive variet ies deftned,

over a d, l f ferential  f ield." We shal l  freel-y reffer ln what foLlows

to Fr l  wl th whtch the reader ls  assuned to be fani l iar .

The  p r "esen t  paper  i s  pa r t  o f  t h l s  p rog ram; l te  a lm. f s  to  d .1s -

cuss tbe lnf inl tesinal counterpart of the theory in [Url  ,  More pre-

c l se l y  s .  Ko lch ln ,  Po  Cass ldy ,  J .  Johnson  (  f ua ] ,  [ 0  ] ,  [ t l  >  have

defined A -tangent spaces of A -closed subsete of aff ine spaces

end, consld"ered, A -tangent maps between then (these concepts are

en analogue in algebralc geouretry of what in the C@ case are the

l lnearisat ions of non-l inear dif ferential  operators appearlng in

"gIobal non-l inear analyslsrr j -n the sense of R. Palais [" ]  ) .

lVhat we €Ire d.oing 1n this paper is to study (end 9v9n 
rtconpute't)

the A -tangent aaps of the most renarkable { *polynonia} maps

consid.ered. in [ttl . s [*u I " To f ix ideas note that i f

f : X -> Y is a A -polynonoial nap [*rl between two smooth aI-ge-

braj-c T- variet les t? 
" 

constrainedly closed. ord. inary A -f ieta

of  character is t lc  zero wi tb  constant  f ie ld  €  ,  [ " t l  )  then the

A -tangent aap at x ls a A -polynonial hononorphisn



T"f l  TrX -> Tf ( r )  Y ( i "e .  a  l lnear  d , l f ferent ia l -  operator ) ;  we shaLl

review [ *tangent meps in Section ]-"

o u r f i r s t r e s u ] . t ( c f " s e c t l o n 2 ) l s a n l n f . l n i t e s i n a } a n a l o g u e

of our tr  A *algebraic analogue of Lang conjecture" from [*Ul e

Recal l  that we proved. in [Uul the fol lowing result :  let G be an

lrreductible a1-gebralc rr -groupr  > d G a A-eLosed '  subgroup

of A -typ" ze]]o and. f ,  c G a clos'ed sUbVariety possessing a d'o-

minant morphism X -_>lV into a varlety W such that AIb(lV) d'oes

n o t d e s c e n d . t o q a n d . l s s a t i s f i e s a c e r t a i n t t c u r V a t u r o c o n d l t i o n ' t

( e . S . ! v l s s n n o o t h u p r o j e c t i v e , o f g e n e r a l - t y p e ) i t h e n X n X l s

not Zariski dense in X. Recal l  from FU] that this result  i rapl le<l

a geonetr is analogue of "1,*nglcon jecture "close to Raynaud'rs [O]

eaying that 1f A is an abel ian C -variety wlth A/Cp -trace ze-

f o l x i s a s m o o t h c l o s e d s u b v a r l e t y o f A ' n o t a t r a n s l a t i o n o f a

non-zero abel lan subvariety and' l -  c,A is a f lni te rank subgroUp

then Xn/-  is  not  Zar isk l  dense in  X '  But  more l rnpor tant  for  us

r - r
here, our r€sult  ln [OU] impl led' the fol towing * A *geonnetr ie

stateuentnn Def ine for  any smooth 
f l to juct ive 

f f  -var ie ty  X the

A *character  nap f . , " ;  X ->f  "T ts  be the composi t ion*
M

x . . . . - )  Alb(x) * ,  Et ' r  where the ccnponente of  Alb(x) -> f  "  *"e

a.b.asis of  the space of  [  -po]ynonj-*1 charecters of  o: :d 'er  I  r

on Alb(x).  Then our result  tn hul imptied th8,t  i f  is €i  curve

of  genus

are f inl te for r

p a p e r i n p l i e s f o r j - n s t a n c e t b a t i f X ! s a c u r v e a g i n t h e } a t t e r

statenent but assl ined in ad.cl i t lon non*hyperet l ipt ic then the

A - t a n g e n t n a p f * V ' i s l o j * c t j . v e f o r a l ] - b u t f i n i t e } y m a n y

polnts x e x provid.ed. r  >> o. By the rvay this inf ini tesinal sta-

tenent  impl ies tbe , ,g lobal  s ta teuent ' r  that  tbe f ibres of  f t  * " "

f ini te for r  >> O'this provit l ing (under the trnon*hlTierel- l ipt ic



* 3 *

assumption") a purely algebraic proof of t l re latter (recal l  that

the proof of tLre latter ln [UuJ lnvolved ana]yt ic arsunents, espe-

cial ly a Big*Picard*type theoreui!)" Note however that the ' t inffni te-

simal main resultr t  ln t 'he present paper, al though reffers to the

hlgher d. inensional case, is far frour implying the "global nain resultr f

from luui 
(and converse]y the *globalt t  result  d'oes not imply the

*' inf ini tesimalr '  one ! )  I

Next we want to "computet '  some [ - tangent naps' L'et-n ue an
f * 1

abelian f -variety of d.inensj.on g and . [ 
-rank g (cf ' LBfl

(6 .5) ) ,  p lck  a bas is  o f  the space of  A -po lynomlaL characters  o f

order

the menbers of thls basis and. consid"er the tangent onap to t |2 t  ToA =

=r , ieA-- )To(  Tq = 76 ' "  As ro*z i 's  A 'poLynonia l  homonnor-

phisn i t  cs,n be viewed. as a t t l inear cf i f ferential  operator 'r  So l t

nahes sense to consid.er l ts ,sJmboJ." ra(to V). whlch is an 7-

- t lnear  map f rom T, ieA to  gr \  (c f .  (1" t+)  be low) '  VJe w111 cheelc

that this rnap is rnvert ible so w6 rnay consid.er the aap * ' l .  = A -> r ' ieA

composition of f z'a 
---o 3 s with 6-2(T0 'f )-L i f 

g __> r',ie A'

Then fA has Bn lnvariant meaning (t t  d"oes not depend' on choosing

t h e b a s i s o f t h e s p a c e o f A - p o 1 y n o m j - a } c h a r a c t e r g o f o r d . e r <

but only on A) and l ts [  *tangent nap T L'  = To {- l  : -  f ie A*

l , i e A h a s s y n b o l t h e i d e n t i t y a n r l i s a n l m p o r t a n t i n v a r i a n t o f A .

tbe !0ap V/x'might renoj.nd' one of Koichin?s logari thnic r lor lvat ive

b u t l t h a g n o t h i n g t o d , o w i t l r l t s i n c e t h e l a t t e r l s n e v e r d ' e f i n e d .

i f  rank6 (a) > Lr .ur pain resurt bere , 'conputes" Eu rn terns

of the Gauss-I, fanin connectron on Hio(l)  as for lowsr.f ince F is

cons t ra ined . l y  c lose6 ,  4 * (U)  
has  an  ' f  *bas i s  81 rc  " " te .  

k i  l l ed

by t ( t acti.ng on ufio(l) vla Gauss-hianin connection .

Vo 
, "  Der * r r  ->  ana- *  ( I *R(A) ) ) t  p i ck  a  bas is  *1 " ' c r ! { *  o f



t rd . +

g j

Ho(2 L,ut 
y ) c t l lora{rl) anct" express it  as u,i = Z: ai iei *,,

g 
tLt x- raL j=I rJ J

=-. #  b r j * g n j  t o  o b t a i n  n a t r i c e s  &  =  ( e . i ; ) n  b  *  ( b i j ) €  M a t * ( s r g ) ,

Pernuting the 
" i tu 

we aey asstrne clet a & O and.put z, = a*lb (thls z

c a n b d v i e w e d ' a s & ' t A * p u r i o d n a t r 1 x ' t f o r A ) . . M o r e o v e r

n n k O ( A ) '  S  1 y ? I i e , e  
d . e t  % t  f . 0  ( h e r e  z t  t  z , t t  s , " ,  s t a n d  f o r

f  ^ ,  S  2 r r , .  
"  l .  , o *  [ 3  =  F  t  =  ( n t  t ( u u  ) - 1  ) '  , / e

€ Mat  q-  (9 ,  e) ;  we wi l l  chbck that  the c lass of  f3  modulo the
7 " t

ad, jo in t  aet ion of  GI 'c4G) on l , la t  g ,  (Ar i l  depends.only  on A

(and  no t  on  the  cho ice  o f  t he  bas is  ( * f )  and  ( . j )  ) .  Our  ma in  re -

sul"t  here is that l , ie A has a basis such that upon id,ent i fying

Lie A with l*Iat g- (gr1) via thls basisr a:A ls given by the for-

n u l a  T a ( y ) = y "  +  f r V  f o r a l l  y e  M a t 3 - ( B r l ) " A t r y b a s i s

of lr ie A for whictr the above hoLds wi l l  be cal led a dist ingulshecl

bas is t  *11 d. is t inguished bas j -s  ar€ coniugate und.er  the act ion of

CrJ' ,6t (g),  Ttr is w111 be provecl in Sectlon 5 after a digression on . '
tt

r t  A -Hod,ge structurestt  and. " A -Torel l i  map" (cf ,  $ect ions 3 14) " 
)

A consegtrense of Section 4 wi l l  be that the rnatr j .x z above (whlch

ref lects the " internalt t  Ganse*L{anin connectlon V 
A : De ra ?->v

.  r " I  / r \ \ \  ^ - - -  r - - -  . - r ^ r  : . ^  ! ^ - * , - -  ^ J t  J - L .
+ End q {H 'DR(A)) )  can be computed in  terms of  the I 'ex terna l r t

Gauss-ldanin connection Vx/Yr De * 
? 

g 
y -> Egg 

*- 
(Hloo(xZv))

(where Y is the nrodul i  spaco of pr incipal ly polarized abel ian ?-

-var ie t ies wi th  leve l  n  s t ructure and X-+Y is  the un iversa l "  abei

I tan schene );  here we wl} i  nse a com.putat ion mad.e in our monograph

l n"l  n Final ly note tbat l f  A is the el l lpt ic curve defined by
L  2 J

4

.  ?- ) :2- j '  1(>:2 '
+ .g@

A n = I  ( ) , >  i i ; = ) - i j ,  +
l " t \  4  ) r ( ) _ r ) .

f * "  * "  d . l scussed,  the  case o f  *Uuf ion

( ) ' ) 2

var ie t ieso Tret ts  d , iscuss now

. S o

the case of  curves of  genus I  ) .2



,

(aLso cf. Soctlon 5)" Iret X be strch a ourve assumed, non-byperell"tp-

t ic  o f  b  - rank gn le t  A be j " ts  Jacobian and I 'X:  X ' - -+  T, le  A

the couoposition df, X-+ A and f A I A --+ Lle A. We will prove

that i f  h: l r ie d --_7 f  ls a /  -generic element of the dual

(Trie A)o then upon vtewlng h as d,eflning a hyperplane ln p(Lie 4 )

e n d ,  h e n c e  a  c a n o n i c a l  d l v i s o r  K  o n  x  , h J . l e t t l n g  f n =  h , . P x

3 1J -7t,16 A --> ? we have

l f x  €  X \  S U P P Kt '
* o(Ker(r" 

.F n)) = 
[ ]. l f x € S u p p K

Recall that aA( > ) d.enotes as usual the typical- A -dlmen-

sion of

2 has A -type zero!) " One shouLd not be surprized by the fact

that  x F? ^ / : (Ker(Tx !ph))  ls  not  upper senlcont inuous on x as

one sbouLd. expect fron rrUsualt t  algebralc geomet"yi  this is e gene*

ral phenomenon ln A-ulgebraic geoaetry d.ue to t?u systenatlc .

presence of  , ,separants ' r  ( ln  the sense of  Kolc t t in  f f f  o  Chapter  i - ) '

put t ing together  the last  est inrat ion and the f in i teness resul t

from sect ion 2 vJe get that there e: iet f intte sets F, anct F2 ln X

such that

0  l f x €  X \  ( F t w T e )

a6 (Ke"(rx f x)) = i f x

i f x

AS a corol lary of oUr conpUtai ions we are able to characieriae

the po ints  in  Fn;  they are prec ise, ly  the po lnts  x  €  x  such that
* 1 

tP((r,j-e A)o) and'
upon vievuing X as canonical ly enbed'ded in F6-* =

upon choosing coord"inates in Fg-l  corr€sponding to a dist inguished'
o-'l

basls of L,ie A we have that x € Ofdt and any vector in the line

2

€ F r

€ r'a

o f  r , i e  A  de f ined .  by  x  i s  an  e igenvec to r  o f  
f  o  €  Ma t * ,  ( s re )  =



5
. , . . ' 1

= $nc[
F 

(!1e A)" . In part lcular i f Fn has d.istinct eigenvalues

then card. fa 5 gr And in any case card. F,

In Sectlon 6 vle push the analogy with "gI-obal analysi-s 'r  /pl
further. fndeed. the A -polynomiaS. functlons are the analogu* ?o

algebraic geonetry of, what in the C 
* 

case are the "lagrangiansrt

L t l  '  So i t  ls  ter rp t lng to  develop ln  the j  -a lgebra ic  set t ing

the fornal lsn of tbe calculus of variat ions (Euler- lagrange equa-

t lons r Beod"eslcs I  " .  o ) .  This is indeed^ possib1e, namely f  or any

smooth .P -vartety and any j  -polynonial funct ion f :  x -+ P we

sbalL deflne a t t  A -polynomial,  sect ion" el( f) l  X --> fsX of tn"

cotangent bundl,e, r ts r tzero Locus" wi lL be cal led. Geo(f) ( the geo-

des ic  |scu,s  o f  f  ) ;  ln tu i t ive l -y  x  €  x  be longe to  Geo( f )  i f f  x  is

a solut ion of the rtEuler- lagrange systeni l  associated, to the , , lagran-

gian'r f .  Tl ien one can hope that choosing f 'suff lc lent ly general- l -a-

granglans f* of e certafn. type on a given x (usrral ly f  should be
Itquad.rat ic 1n tho top derlvat ives,,)  Geo(f) wi l l  bave A -type nero..

and the t texpected.tt  ty 'plcel A -d, imension. Morewer for t trenarkahle"

pal rs  (Xr f )  one should.  expect  that  Geo( f )  has a ' t remarkablet t  d .escr lp-

t ion" I t  1s precisely what we shal l  d"o for X an abel ian varlety (or

e curve) and. f = q o 4)u where q ls a quad.ratic forn on Lrle X
l ' a i

(respectiveS.y on lr ie A where A = Jacobian of X); for the precise ro-

su l ts  sre send to  Sect ion 6,

Ar Append.ix rslll be lncluded in wbich we provide a i 'd.lctio*

naryrr between concepts of r t  A-algebralc geonetry" & la Rttt-Kol-*
|  - '  f -  

"  
- 1  

f v  I  i - r r  1  o n A  a n n n a n * o  a f  t t a l  n F  o l  n n n - l  t  n a o m  ochin [_K1 J r  L^,2 r  t  L- ! r ,  and concepts of  ' rg lobal-  non*l in€&r a.ce,*

Lysls't d i-a Palej.s [tl
f ib  c l -ose the In t roduct ion by not ing that  ln  [ur l  , fBr l  , I

we d.eveloped the theory over a universal / \  - f ield. U with con

tant f ield Y ;  but everything wbj-ch raas saj-d. there ho1d.s i f  o

r-epl-aces 'l/ and. y by f and V where f is a const

B - \
) J

s -

ne

rai*



ned,J.y closed. oredlnary [ -fleLd of eharactertstic z,era and 4 ls

lts f ield^ of constants (as in luu ] ). We shaLl assume throughout

the paper that 3 ana V &re as above o

lo  Review of A -tanff lnt nsaps (after Kolchin. Cassid,y,

Johnson )

In this section we tranepose into the sett lng of [br] soae

concepts of A -dlfferential calculus d.ue to Kolchin, Cessid.y and.

Johnson (cf .  [ur l  ,  lc ] ,  [ t  I  )  .
n

(1.1)  Let  V be a D-sch€Ber fhen -rz-  
Urrhas a natural  s t ruct t r*

re of D-nrod"ul-e (D = ft8l ) such that the universal derivation

az Uy -rJL v/T ls a D-moduLe Tup. So TVs = Spec s(ft v/d has an

lnduced. structure of D-schene. For.eny D-scheme Z we have a functo*..

r laL iclent i f icat ion of Hon O*u 
"n(2, 

fV) wit tr  the set of palrs (u, ?

where tt € Hom O-ueh(ZrV) and X , UV -z aoCT is an fi6stivation

such that the fol l"owing diagraa commutes:

o*C,
l n

l Jv

o*0,

av
f j
cv

Such a d.erivat lon ) le cal led by Kolchin and Cassidy a

A-f-O*rivat ion ?t CV into ,ro(!r ;  cal-L the set of sucb ?ns

(I.A) I ,et X be a suoothfr-vari-ety. l {e claim thet there is a

natural D-scheme isouorphlsn T(x"") s (TX)- " fndeed, for any D*sche*

the set  Ha,mp(Zr  f (X-  ) )  natura l ly  ident i f ies  wi th  the set  o f

x

ner e(!u, ontr).

n s Z

pairs (rr ,  )  )  v,rhere u 6 I{orD_"" b(Z,
* ) - nop-sch(zl x) end



) e oero( 0**, 
"*Lil. 

Then u together wlth the composltion

(where ?a X--> x ls  the natural  map

fine &n elenent in Hon- -^.(2,! i  [X) s
3--SC O -

c

arr lslng frour ad. junct ion) de-

HorD**.6(zt  (TT) -  
) .  $o we

go t  a  nap  HonD-sch  (2 ,  T (x * ) )  -+  IbnD-sch  (2 ,  ( t x ) * )n  Th ls .map  i s

A*f-atgebra ny dx. once

the Zar isk i ' topotogy;  so we aay B.ssu.ne X = Spec 3: f  Y J l [ ,

f ,  =  ( t r 1 r 1 . a ,  x 6 ) ,  Z  =  S p e c  R r  x *  =  s p e c  T I  v  \  t  I  l J  r  w e  a a y

a s s u n e  w e  a r e  g i v e n  a n f - e e r i v a t i o n  )  z ' ? [ V J  /  J - + R  a n d  w e

m u s t  l i f t  i t  t o  a  A  -  7 -  d " r i v a t i o n  i ,  T /  y  \  /  f J  I  - t n . ,

Th is  prob len c lear ly  red.uces to  the case J  = O where i t  is  t r lv ia l .

(L . r )  f ,e t  f  I  X - )  Y be a A polynomia l  mep of  snooth T '

var le t ies;  reca l I  that  by def in l t ion, th is  ls  a  map induced by a oor-

ph ism of  D-scheaes f  
*  

t  f , , * -2Y* .  The la t ter  ind"uces a morphism

of  D*schemes t ( r - )  :  ( rx ) -  =  T(x- )  =  spec s( 'x t l -  - ,  spec S

( f  *  * - [ | -  
y *  /E- )  

-  T (y* )^ r .o ,  N*  . ->  (TY) -  hence A -po lyno-
I

niel map f l f  I  ' IX -> TY ca1led 'bhe A -tangent nap of f"  Above each

x € X the induced A -polynomial map T-f = ( ' I f )* :  t*X - '  Tf(x)Y
x r r

is e group hononorphism; i t  coresponds to the morphism of D-group

sehemee t r *X1-  *  r x (X - )  - - -+  t r ( " ) (Y - )  =  (T r ( * )Y )  - ,  i ndueed

by T(f*) (here for.  any T-scheng V and anyf-Foint x of V we d'enote

by T"v the fibre of Tv-+J at x so ['"v E $pec g(in'/m'z ) where m is

-deat of 0, ^n, \ye shal l  denote by T**V tfr .  Sif inear spa-
.  a  

-  r  t 4

ce rn /nL 1.  Note a lso that  T"X is  in  b i jec t ion wi th  the space of

ln  ject ive because Q_* i "  6enerated.  as a
X

we d ispose of  in ject iv l ty r  sur iect iv i ty

A -  T-  der ivat ions f rom d t o- X - l  
x

can be checked. Ioca1ly in

7 whil..e T f apPl-led to
v  Y f  r r *  r v  - x

T Ls noth ing but  the
such a L- T- d.erlvat lon 1 '  / '4o ' o N * r r '



A - "f - d.erlvat too (!"*

I

, f ( x )

f rQux* 
,*

a7*
t vlewed. as an

el -ement  o f  Tt ( " )Y.

(1 .4 )  Le t t s  sC Ie  how (L ,3 )  l ooks
a $pec FIV ] tl and Y = lAl. tlen fX

so  ( ' rX )@= spec  ? l y rdy  j  t  [ t o  dJJ

responds to

I t in coordlnatest t .  Agsume X =

= $pec Tfy,d-yJ / t  + (ar)

and^ the nap (tx) t+ I lil)*cor=

d f = z-
i t  i ) (  t j u * )

/ L

) r , g j arr nnod, fr, o;J e &$D* )

w h e r e  f :  - x  
- o l A l  i s  d e f i n e d  b y  F  6  f { v  j  r  x  =  ( r 1 r . . . 1 } p ) .

(1,5) L.,et G and [I  be algebraic vestor groups ove* f  and

f ;  G->H a A-polynonial- homomorphisnr.(we shal-I  sonetines say

that  f  is  a  l inear  d i f ferent ia l  operator ) .  Ident i fy  G and H wl t l t

Lie G r ToG and L, ie H = ToH in the canonical way ( ir  G = spec s(v)

for sone f i- l inear space V tben V r.  Xr(G)(= ILc,rn(GrGa)) so

G n \ro ry Ir(G) where ],(G) is the spaco of left lnvarj-ant f -derlva-

rh
t lons on 0C which ls in an oblvous dual i ty with X"( G ) and iden-

t l f ies  wi th  ToG ! ) .  Then under  th is  ident l f icat ion Tof_t  L ie  G*>I , ie  H

coincides wlth f  ,  Ind.eed, f ix isonorphisns G ' :  p-n, H x f fm and

essume f has componepts rj (y) = 
ffi. 

*ig 5 t q ] lhen

( r ^ r ) ( y ) =  Z -  ? t ; -  S t r o  =  -  * - r t k  S  t r o
'  o l r t  ; . f f io) l rk rr '

(1 .6)  Let  F be a A -c l -osed subset  o f  a  smooth 3 -var ie ty

X  a n d  l e t  x  e Z .  T h e n  T ( > - )  i s  a  c l o s e d ,  D - s u b s c h e n e  o f  T ( X  * )

hence the f lbre Tx(>*  )  o f  T(Z*)  above ( the po int  o f  2*  lnd"uced

by r  s t i l l  denoted abnsive ly  by)  x  6  Z*  is  a  c losed D-subschene of

rx(x  -  
)  =  ( fxx) -  ,  bence (by Ft l  ( ' '9 ) )  corresponde to  a '  A -c lo-

s e d , s u b g r o u p o f T * X w h 1 c h w e c a 1 ] - t h e A - t a n g e n t s p a c e o f >

x and. whlch we denote by T* 2 .  $o f* Z is ln bi ject ion with the
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set  of  a l l  A-  Y -  dertvet ions

the lmage of x eZ* via the nap

(2"2) TlIE0Rnl,'I" I€t t

morphlsm whose kernel has

be the conPosed'  naPr  Denote

' ' L

ll rj/ r.t

of A* -. lnto f n rf x" 19' 
Z 9'21

2*  - ,  Zn  then we have

1\T

: G "o fr 
t ' be a A -PolYnonial hono*

A"

A - type zero  and l -e t  f :  ) (c  e - ru - '?N

by C, the set of al l  Points x € X

T*  2  v  HorD_rod(Tx l+Z*  ,  F  )  c  I I om* - *od , (T r *Z* , ,  ?  )  =

r l . t -  m  I f  -  [  a \ r  \  r -  t . i *  r n  5 ' r l= rron ^_mo<r\tg *"o* Z, 
o, ? ) * 

Ir 
t"n =n o

Assu!1e tn add.ition X above ls an algebralo fi -group and

Z is  a  A -c losed,subgroupr  Denote by Tr le  5  the space T*Z

(e € G the identi ty).  Then Z has A -type ze?o l f f

f in i te  d lnens ion so ln  thLs cese each of  the spaces I "Z*  * ld

ry * >_* is ;}  - isomorphic to the g -dua1 of the other. Thls
* e b

nakes \"2* a D-mod.ule. MoreCIer 1n thlg case the stand.ard. 7 -nJe

algebra lsonorphisua between Trie 2 * t  = I"2* and the space

I,(U - 
)  of l"eft  invariant

viewed rvi th. l ts obvious "ad jointt '  D-mod.u1e structure) ls a D-module

isomorphisn. 
i

2, 1b5+ic T.,ane cqPiegl+Xe

(A.1..)  Iret X be a closed subvarlety of a conmutat ive lrred.uci-

bLe algebraic ? -groUp G. Assume d'im X = 1'o Then we dj-spose of

-fi'

the rrGauss nep" f , ,  X"*g > Grass(r,  I" , ie G) def ined' by

f  ( " )  =  ( turx) -1 . (Txx)  -  T*G = r , ie  G where l * t  G -> G is  the
v  -  

t  
' ' '  v

t ranslat ion with x. T,et i  be . the zariskl closure of /"(xreg).

With notat ions above our nain result  frere is the fol lowing:

sr rch. that  Ker(T" f )  is  Zar isk i  dense in  fxx '  Assume AIb(  X )  d 'oes

not  descent  to  €  .  Then c ,  is  not  Zar isk i  dense in  x .

o  / t
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I l [e.shat ]  der ive. f rom (2,2)  the foLLowins:  
r '

(2,7) C0R0lT,.t\ I tY. In notatj-ons of Ce.f l  let 2- G

A -closed, subgrotrp of A -tfpe zeTo and, assune AIb( I
, n

not deecend to YJ .  Then XnZ ls not Zer lskl  d.ense

b e a

) d.oe s

l n  X .

Recall fron [uul that the -closure of any finite 
"#ggt'

of a conn[tative algebraic ? -group has A -tVW zeno.thls Ir&-

king the eonnection between (2"1) and the original I 'eng conjecture

r- - ' t  '  I -g,,  I  for detai ls),  One would. 1lke to dispose of a
L lur l  

(see v4 )  *€rar ' rs /  c  une 
v

statement  l lke (2 ,2)  in  whlch the cond. i t lon "Alb( .X )  does not  des-

cend, to V tr  ls replaced by "Alb(X) does not descend' to ( rr  as

in fg,, l  .  So i t  1s of interest to emphaslze sl tuat lons when the n'ap
. E  

A t  J
w

X .. . . ,  i  is birat ional.  fhls is the case when X ls a non-h;rtrnr-

el1lpt ic ctpve and X c G ls the embedding into i ts Jacobian (be-

cause then X -,  f  ls nothlng but the canonical enbed'd' lng). More ge-

neral ly we have:

'a1n{r f ,^  T.a*  c  }  no isct {ve curve over  3 of(2,4) f ,nmmn l,et S be a suoooth proiect lve cur

genus gv 3 enbedded in to  l ts  Jacoblan A and.  l -e t  x  E A be the
/ x \

innage of ths sJrmmetric product S(c/ tn A where d

s i t lve ln teger '  Asgune S is  not  a  cover lng of  p l  w i t l  a  + I  sheets

or less (by "8r111-Noether0 this holds l f  s is generlc).  Then

/ , i \  
V

S(d)-> X is an lsonorphisn and X > X is birat ional"

t h e n  ( 2 " 4 ;  n  ( 2 . i ) ,  ( 2 , 4  )  i m p l y

( 2 , 9 ) C O R O I T , A R Y ' U n d ' e r t h e h y t r r o t h e s i s o f ( 2 ' 4 ) a s s u n e i n

ad.dition $ does not descend. to q 
" The folloviing hold':

l") Tret t/ r x --> ?Y' be the A -cnaracter riaap of X
l f o 4 - ' J

be the locus of al l  x €. X such that Ker(Tx Pr) is
and C,p

, t

Zariski

X .

dense in X. Then for r  >> O / C *" ls not Zarisir j '  d 'ense in

2) For anY A -closed' subgroup

tbe set X n Z is not Zarisld dense

of  Y ,  L ,  Zar isk i  dense ln  X , l f  r i

of A -t f tPe zero /e A

in X, In Part icul-ar no f ibre

> ) o "  .  ,  - - . '
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In the case of curves we get slmPlY:

(2"6) COROT,TTARY, Let X be a smooth project ive non-hypereLl" iptto

ourve over g whlch d.oes not d.escend' to 4 '  [henl

L) S* P" is lnject ive for al l  but f ini tely uany x e X

provided r >) O'

2) X neets any A *closed.,strbgroup of A -type zeTo of l ts

Jacobian in finiteLy nany points " In partict-rlar Yt has f inlte fl*

bres for r  >> 0 ( indeed for r

x ) .
Renark. Assert ion Z) above wes proved without the t 'non-h;4per-

el l ipt ic assumptj .ont '  in lgrnl ,using 
an analybic ucethod' (our proof

here wi l l  be PurelY algebraic) '

( 2 . 7 )

(o r  i n  th i s

we bave Lie

Proo f  o f  (2 "2 ) ,  Pu t  Z .  -  Ke r  4  '  Then  bY

case by a d l rect  ver l f icat ion us ing [Uf l

Z = Ker(nuTl  )  so for  x  6  X""g * t  have

LKz J po

,  Sect lon

Ker(T" f )  =

249

3 )

= ([xx) ^ (T*lx ) ( l ie Z ).

So i f  .x 
e Cf ^ X"rg then l le Z n ?f (x) is not degenerate in

Dl (x) ,  i .e .  not  conta ined.  ln  a  hyperp lane '  T.Jet  V:  =  / \  I r ie  G

and let i -  c Y be i?9 4 -t tnuar span of the set.of elements of V

o f  t h e  f o r n o  q , / \ . . . A 0 - "  w h e r e  0 - i  €  I r i e Z  '  S l n c e  Z  h a s

A -type ,*"olo" f t l  ! t  ls a f lni te d, inensional- € - l inear sub-

space of Lie G hence f is a f lnl te dinensional € - l inear sub-

space ol V in part icular I ' r ,  a A -closed' subgroup of V of A -ty-

pe zero. SonseqUently f  
* 

. is 
an 8,1 gebraic D-subgroUp schene of V *

(c f .  lu r l  ( ] .10)  ,  (3 . r2) ) .  $1nce f  is .un ipotent rbv [ t * l  (pp '

98, r0o) d { l*)  is a spl i t  D-nodule ( i 'en t t  has *orrf i  -basis ki-

l led by {  ) .  T ,e t  'z  c  v  be the af f lne cone over  x  e  Grass

(r,  Lie G) 
p 

> F(Vo) where p is the Plt icker ennbed' i ing and'

7,* = Z \  I  o ]  where o is the vertex of z. consider the closed D-st lb*

schene l{ = (Z * n [- 
* 

)""d. of V * end the open subschene

ryr+ = ((7,*)* .. r * 
)--- . or w. : i
re d.
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The imeducible components w, of w arb D-srrbschemee of r*
hence the l r  ldea ls  in  c  t r -  ) . * *  D-subnodu les  o f  0  ( l -  *  

)
so they are spl"i t  D-nodules too" Oonseqnently O.$i are spli t
D-nod.uJ-es, ln part lcular the Wir, d.escend. to 4 r
N o w  l f  x  €  C ^  - )  X  t h o n  r , h .  ^ , , ! , r  a h n n ^ ^  a  L . ^ - r -

or f,c*>.""f.;o*il* 
-?l;:;,: 

J"".:; f::" nn|':::'^Il .
€ zn n f- hence we are provid.ed wlth an element r.n
Homo_sch (spec ? ,  (z*)*  )  ,^  HomD_sch (spec 7 ,  F *  )  =
= HoBD-sch (spec r ,  w*) which conposed witb the natural
w"-,  i  gives precisely the ? -point of {  ,  tnage ofv '  v  /
*** -> x" so the inage of w*-r i contalns the lnage of

c  * * g

a eontrad ic t lon.  By what  we just  proved.  there is  a t  least

p ro jec t i on

) f  v la

u f  t )  ' " ug .

look for

one coapo*
nent  Wt of  y  such that  Wf  n t f  *  f r  and.  the ra t lonal  uap Wro. r . " )X
is  d ,ominant .  There ex ls ts  a  snooth pro ject ive mod,e l  f r  o f  Wo which
d.escend,s  to  € ' . , , ,Je d ispose of  a  sur ject lon , t fU( f r ' r )  - r 'oro(  i  ) .  .

4 , ' ^ n

$ince Alb(ff l )  descend.s to € ,  by the "r igldi ty theoren, '  in fr ,ar l-
v t r -

po 26,  A1b(  X I  must  a lso d.escend"  to  €  ,  cont rad ic t ion.  The theo*
reu " is 

proved.

(2 .8 )  P roo f  o f  (2 ,1 ) ' ,  Us ing  F r ]  t f  " f  )  one  can  cons t ruc t  e .
NT

A -polynonrial honnouorphisn I. ., G -, ?.t\ whose kernel has

A -tfpe zeno and^ contains Z . Of course we nay asstrme

2 -  Ker  I  o  Now assune xnz is  Zar lsk i  dense in  .  Then

the D-subscheme y = (x  n .^  Z*  )  o f  x  *  d .ominantes x .  on the
fca

other  hand.  Y be ing a subscheme of  z*  which ts  o f  f in i te  1yp*
over g i .s i tself  of f ini te type over 7 o By , 'generic smooth*

ness't  for the map t t  y -> X we get that there exj.sts a Za-

r iski  open set To - Y such that fy o ,  Ty y -> Tn_(y) x is sur-
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_c
n i

I -It-

jec t ive for  a l l  y  €  To.  Note that  upon le t t ing f  denote the compo-

sit ion X c.C -L. '  3 
N we have [t ' , (X.,  Z ) c Ker(tr f)  for al l

r  € XnZ . Stnce l t  3 = Homp-sch (spec 7 ,  Yo) ls Zariskl d'ense

ln Yo = Ha,n i  -sch (Spec ?,  Yo)  i t  foJ- lows that  the lmage SL'  o f

in X is Zariski dense in X. Now for y e -tZ r x = 5l- (y) e

,  T"(X n>-.)  ls  by def in i t lon in b i ject ion wi th HotD-u.6(Spec V,

fyY) via Tr?'  .  Slnce Hr,tD-*. '  (Srecfr,  TyY) is zariski dense in

* r ,  =  Han* -sch  (Spec  f  ,  SyY)  we  see  tha t  fo r  x  ; JZ t  ,  t " (XnZ  )

is Zariski dense in TrX. fhis impl les that Cf ls Zarlski dense in X'

th is  cont rad. ic t ing (2 ,2) ,  fhe Coro l lary  is  proved ' '
/ n  \

(  2 ,g)  Proof  o f  (2 .1) .  The asser t ion that  
/ t  

t  S\o, ,  ->  x  is  an
t f ' - "

i sonorphLsm is  conta ined,  in  LGHJ p.  24J.  le t ts  prove that  X ->
'  

l ) \  A

l s  b i r a t i o n a l .  T r e t  D  €  S \ * /  =  D i v * ( S ) ,  D  =  P r +  . o .  *  P d  u l h e r e

P1r . . . 1  P6  €  S  a re  d i s t i nc t  po in ts  and  pu t  x  = f  (D )  €  X i  we  have

by  ou r  Fypo thes is  d " in  l o  J  =  0n  One  eas l l y  checks  tha t  [ t * )  e

Grass(d,,  Lle A) is nothing but the aff ine 99o: C(i l )  t :  Lle A over:

the L inear  span t  c  tP(T, ie  A)  o f  Y (Pf  ) ,  . . . ,  ?  (Pd)  6  {P(L ie  A)

where q :  s -> ntg-l  = F(r, ie A) is the canonj-cal map of $ (assu-

ned .  a  c losed  imners j -on )n  l ve  c la in  tha t  6  nV(s )  -  Y  (D) ' rnd 'eed

l f  t h e r e  e x i s t s  P  6  s  r  l  p r ? . . . r  P a  3  . s u c h  t h a t  Y  ( p )  e  D  t h e r r

D . p = i-, 0n the other hand by Rienann-Roch ( [*n I pr 245) we have

r r -

d l n  D  + P  =  d  -  a f u r f  n  n P J a n d  d i n  D  =  d  -  f  -  a i n l n  J  = ' ' U  -  I

so a im I l  +  r  l=  1n But lD + r lnas d.egree d '  +  I  hence prov ides a co-
1 -

ver lng of  Fr  wi th  d  *  L  eheets ,  cont rad. ic t ion '  l low le t  Dt  be ano-

ther  reduced,  d iv isor  c f  degree d and put  x t  =  
, /  

(Dt ) .  I f

f ( * )  =  f  t " r )  t hen  c ( t )  =  c (D- ' )  hen .u  F  =  D '  bence  in tensec t ing

wl th  Y(Sl  we get  D = Df  which proves b l ra t ional i ty  o f  *  * - *  f :

V

X
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7 ' . A - Hodse structures

We start a very elementary digression on a rr A - l tnearrt

structure which wi lL appeer Later in relat lon with the A *tangent

naps of A -character maps" Recal l  that a l{odge structure of Le*

vel l"  ts a palr of @ Linear spsces W c V of dlmensj"ons g

and 29. respect ive ly  together  wi th  a  7L -submodul -e  A of

rank 2g and. non-d.egenerate in V. Roughly speaking in a A

structure (over I  )  the latt ice A w111 be replaced by

-l inear sgbspace of V. Here 1s the preci-se definl t loni

3.t1 By a A -Hod.ge structur€ (of level l  and' genus g) we

understand a pa i r  (V,  W) cons is t tng of  a  D-module V of  d . lmension 2g

over 7 and of an ? - l inear subspace W c V of dimension $o Two

A -Hod.ge s t ructures (Vr  W) and (V ' r  Wt)  wi l l  be ca l led isonor-

ph ic  i f  there is  a  D-module isonorpbism F t  v ->vr  such that
4 2

Ci-  ( ' ,V)  = l?rn ' ,Ve Ie t ld*be the set  o f  lsonorphism c lasses of

A -Hodge s t ructu ies (o f  leve l  1  and genus g) ;  the ideal  s i tuer t ion

would.  be that  in  which f f .  hae a natura l  s t ructure of  d  -c fose<l  sub-

set  in  sc,me f i -var ie ty  which would.  permi t  to  examine the geometry

of J{_ es one does for ' fc lassifying spaces of l {odge structures't  ln
6

algebraic Beotaetry. Unfortunately there seems to be no sUch structtr-

re on f i* .  We w1ll  give ins'bead" several d.esci ' lpt ions of / f  -  (or of
6

par ts  o f  i t )  as "orb i t  sets ' r  for  severa l  (not  so obv ious ly  re la te<l )

act ions.  Before s tar t l .ng tb is  we g ive one aore def in i t ion,  A A -  Hod' -

ge structure (V, w) has A -rank r (wri te rank (V, ! 'J) = r) i f

rank r (where

ln  V)  "  Denote

-llnear nap f/ <-7 V 
Vf 

, Y -7 $/lv

by X r(J) 
the subset of X g corresponding to 4 -Hoaee struc-

tures of A -rank r. A special role w111 be played by K u(8) 
whicn

(for  several  reasons) should be v iewed. as a ' tb lg cel l ' r  in  / (g '

V o f

-Hodge

& q -

the

b
has

r
d

V f * :  5 " ,  x  €  V  i s  t h e  m u l t i P l i c a t i o n  b Y
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(3"2)  The uosi  obvlous descr ipt lon of  1(  
uuu 

en orbl t  set

is  the fo l lowing "d,ouble cQsetn representat ion:

X{  s=  Gi ,E  {e )  \  ua t  
*  

(Br  zs )o  /  Gr ,  
% 

(2e)

(wnere Mat q- (g, 2S)o u": the matr ices ln Mat 
* 

(g'  2A) of rank

A)which aru iseu ?: . fo I lows.  
S ince 7 

n 
is  const ra lnedly  c losed.rV

h a s a b a s i s  * l r . . g l  * Z g  k i l l e d . * b f  d  ,  P i c k a b a s j - s * l r . o . r w * o f

W  a n d .  w r i t e  w i  = * _  u i j " j  n  Z -  b l ; e g + ; r  &  =  ( a 1 ; ) r  b  =  ( n t t ) ;

j= l  i= l

then (V,  W) is  represf ,n ted by the doubl -e  cosel ,  o f  (a t  b)  6  Mato(8r2g)
'  / a  b  \  r -

Note that  rankA (V,  iV)  = g i f f  det  (  * '  b ,  )

G , i l .Each  doub le  cose t  i n  ( J .2 )  con ta lns  a  rep resen ta t i ve .  o f

the forn (Lrz)  where 1€ cLn-  (g)  is  the ldent i ty  matr tu t .  The d - rank

ls  g  i f f  de t  z t  f  O .  two  mat r i ces  (1 r . z l , )  and  ( l r  uZ )  be long  to  the

same double coset  l f f  there ex is t .c l - l  ,  cLA,  c . . , t  cZZ € } fa t  q  (e 'g)

/  C r t  C l o  \

such that r let f 
t t  L( '  

l* 0 , det(.ft  + ztcry) I O and.
\  tar "zz I

,z = ("tt n u."z')- l("re + zrc22)i l f  thls happens write zL* uZ'

Then ws get the representation:

-J/2 I

T;^ y lvtat ,r- (gr d / *
( f J

(which renlnds of the pJ-cturej ' ts legel upper hel-f  space mod'ul-o si .-nq-

p lect ic  group") .  I f  (V,  t ' i )  is  represented,  by (1 ,  z)  e  Mat  o ,  
(g '2e)

i .e ,  by z(nod.  " , . ,  ) .we say that  n  is  ad-per iod nat r ix  for  (Vt  Y/ ) '  0 f

cou rse  l f  Ma t  
f - (g , * ) * r1 l  

t he  se t  o f  
"11  

z  €  Ma t  g (A 'A )  such  tha t

det  z t  *  O then y  @) ' \2  tdat  
O(grg)*  / *  .

(3' ,4) To get Less obvious d'escript lons of .7( 
we make a pre-

p*".t : .1::- ;" ;  ,"  = * ?.r i  c ,-  =--; tr : .  *3*- that Do is
* i=0

an ? -submodule of D for both the right and the left $" -nociule

st ructures of  D.  We d,ef ine *o*n.s ; rmbol  aap t rn :  D n - ,  T  by



the formuLa

1 r t
L (

n , ^ {
-  f : a  \  f \
( t - t l - - ' > , / r
U  -  \  / t 1  C )  I

I I -  i - n  4 '
I - V

) oi t t  l-s 7 -tlnr*"

homomorphlsn (s t i l l  denoted bY)

for both the r ight and left
/i-
J -module structures of Dn. Next let

G, Gt be two algebraic vector 7 -groups and f s G -> Gr &

A -polynonial honomorphisnn If  G = Spec $(V/),  Gt = Spec S(Wt;

then giving f  ls equlvaLent.to giving s"n fr  - f inear aep (st111" de-

noted by) f :  i igt -> D @?U:1.(Indeed for any G as a,bove the natural

D-nodule nap D e ?, 
Xa(G) -) Xa(G* ) ls an lsomorphisn!).  We say

f has ord.er

it 1s of ord.er

deftne the n-synbol of f  to be the conposit i 'on:

o-n( f ) :  v l r  f  o  Dn *  y*  
n" *  

! r%o =  in l

ldenti f led, witb ul ai-gebraic group

O-n ( f ) :  G  - )G t .  I n  coo rd ' i na tes ,

y  €  Mato ,  (Nr  1 )

N
i f  G  =  3F. , "  -  Mat ,_ -  (N,  l ) ,

ir

Gr =  f rM =  Mat  T  
(M,  1 )  and

r(v)  = 
"oy(o)  

*  uo-r . r (n- I )  + . : .  + aoI  t

where * i  6 [ Iat 3- 
(Mr N) then rn(f)(y) = &oxo Note that i f

f l  G - )  Gr  and gs Gt-  >Grr  are / :  -po lynonla l  hononorphisns-of  a lge-

braj.c vector grotrps of ord.er 4 n and

has ord.er z- n+n and. %*r(gof )  = f i r(a) o O*n(f ) .  Moreover -

i f  f  has ord.er 0 then qo(f) = f"

(1, i l  By a [  - f  tcurd-Fuchs oquation we wil l  mean a pair

(G,  f )  cons is t ing of  an a l -gebra ic  vector  3r  -g"uup G of  d inens ion.

g a n d o f a A - p o l y n o n l - a l h o n o n r o r p h i s n f : G . _ > G ' o f o r t l e r 2 . w h o -

se 2-spnbol  0-A( f )  :  G -> G is  the ident i ty i  (G,  f )  and '  (G"  f r ) ,

are cal- l-ed. isomorphlc i f  there exists an aLgebraic grou'p isonorphism

f  z  G  > G t  s u c h  t h a t  o - u f t  = f . a T -  .  f / e  d . e n o t e  b y  t  S  
t h e

set of isomorphisn classes of A -Picard-FUchs equati 'ons' Note that
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W ls an F -Ilnear spece of d.imension

near subspace of 4 -am"nslon 2g. Once

not ion_of  lsonoorphism and.we d.enote by

cLasses 
: t  

A - la t t ices.

(1,7) PR0P0SIT10N" We have a natural bi ject j-on

/) -A

and"  a natura l  in ject ion e 
*  

- '4  
g .

rs a map 7( rte> 
-, e a. rf

(V, I' i) is a A -Hodge structure of A -rank g then the natural

D-nodule nap D & y W. -> V indUces an ? - l inear isomorphlsn

/, t  .  Dt &.: .  $I - ,  V (everythlng with the left  7 -nod,ule structu-
. / , . L w

, t  , / - L ( r ) = L @ x  a n d .  I  
- l q J x ) =  f e  x f o r a l l -

r € \I/. Define the nap f I 'J/ --+ 
^D @ ?. w by the formula

for any (G, f)  as

(1  .6 )  By  a

o )
f ( x )  =  )  

-  
@  x

checks eas l lY that

res)  so l t  def ines

above, f  ls sur ject ive !

y' -latttce we will aoan a palr (W, Z ) where

, f  
- l t J tT) ,  

x  6  t l l ;  1n  fac t  f (Y / )  *  D2 @w'  cng

f is T -l inear (for the l"eft mod'ule structLl-

a A -po3.ynomial homonorphlera (st1l- l  d 'enoted

by) f :  G -) c (where G = Wo = Spec S(' f /))  of order 2 with tr ,G) =

r t  w i l l  be usefuL,Later  to  f tseer t  the nap f l  *G> 
- ' t  

r  
in  ' ; ' cgord i -

n a t e g t t ? T l ,  * l r . o . ,  - g i s a n  f r - U a s i s o f  W t h e n  * L r o r ' '  ) " /  
S t

( "  
" ; ^  

f o r m a b a s i s o f  V s o i f  1 2 * i =  2 x L j f * l +
C  *  

L r o . . t  
C  "  g

+ z f t i - i  w  .  l n v  ( * r l ,  r - U ,  e  3 ,  )  t h e n  u p o n  i d e n t i f y i n g G "
,  rd  L l

w i t h U a t O ( S r  1 )  u s i n g  * L r " c t  * g

we have that
) .

( 3 . ? , 1 )  f ( y )  = t ' t  -  D ( y '  -  
f t  y  t  , y €  

[ 1 a t * ( e ' 1 )

whe re  d ,  =  ( . {  i j ) ,  ( \  =  (P  i i )  €  x i a t *  ( 8 , s ) '

Iretrs construct a nap € ^ *> /( rG) (and Leave to the read'er
8 8 ;

the task of  checklng this ls an inverse for the map def ined'  above) '

g a n d  2 c  w i s a  4 - l , t -

agaln we have an obvious
n' r

J -  the set  of  isonorphisn

i l G )  1 \ '  F
Q V  *  V  

$
6 b

&/1 C
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Assunne we are glven a A -Picard.-Fuchs equatlon (Gr f ), put

G = Spec S(W) and st l l l "  denote by f  :  W DZ@y W the f ,r  - l iniar

map defined, by f .  Then put V = DI@g, W (vtewed as a left  fr*module

1n which lV embeds via x F-) lOx) and d,ef lne on V a structure of

Left D-moduLe by the fornul-ae

f t ) o x )  =  < I ) > * '  +  ) f e  x

A -Hodge structure (V, w) of

A -rank g.

G :

g r

I t l f u , l =  ( n ) f  e  x +  ) C 1 2 * "  - r ( x ) )

t .l'-

f o r  A e J ,  x  €  F f .  l V e  g e t  &

Flna l ly  le t rs  def ine the.map g 
g 

- , /ur ,  jus t  sending a

-Picard-Ftrchs equati-on (Gr f) where G g Wo cr Spec S(lT) lnto

the A - l -a t t ice (Wo,  Ker  f )  (one eas i ly  checks that  a41(Ker  f )  =

- =  2 g l  ) .  T o  c h e c k  i n j e c t i v i t y  o f  €  
*  

- '  , / * t ' t  ( G ,  f )  a n d  ( G ' r f  t

be sUch that tbere exists en algebraic group isonorphisn F = Q->

taklng Ker f  into Ker f t .  Slnce f and' fr  &re surject ive, by p:

p. 9lO there is a bljectlve A -polynomial honaonorphlsm , Z : 
G-t

s u c h t h a t  
- f , o  f  = f r  o  T  .  T a k l n g n - s y m b o l s a n d ' u s i n g  ( 1  , 4 ) w e

j.mmediately conclUd"e that t = f and. we are d'one.

( r "B)  In  what  fo l lovrs  le t ts  g ive an ' rorb i t  set  descr ip t ion"

^ c
for Z d. We clain that

6

€ s 
zv Mat 

, 
(ers) / Ad G], c6 G)

(by whlch we nean of .course the set  o f  orb i ts  o f  the act ion of

c , t ,  r ,  G)  on L[at  
3  

(are)  v ia  coniugat ion)"  In  par t icu lar  €  l *  ?  o

To chec lc  our  c la im note that  €  g  is  in  b i jec t ion wl th  the

set  o f  equlva l -ence c lasses of  maps f :  l l1at  t  
(er l - )  - r  Mat  7(et l )  

o f

t h e  f b r n o t ( y )  = y r r  + o / Y t  + ' ( 3 V t  y  €  M a t t ( S , 1 ) r * r F € '  w i a t * ( g ' e

where f  *nO i  sre equivalent i f f  there exlsts u € Cf, =(e) such
C
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(v

that f

We have

= u-Ifu.

U-l fuy = U-I(ut . ty  + Zuryr  + nytr  + c(  nry + d uyt  *  
f tor)

so  , €  *  
*  Ma tE (B rB )  X  Ma tO(S r8 )  /  C r , r ( e )  whe re  C r , * ( e )  ac t s  on

the right on pairs of I x g matrices by the formula

(c/ , P)o 
= (an-lu' * o-1.,< ur o-Lor r * o-L o' * u-p u)

We have a map

Mat, ,  (er i l  /  Ad.  Gl  6t  (e)  -> Met-(grg)  x Mat*(e 'e)  /  Cf ,*(e)
{  Y g -  d  J  J

glven by {\  Q, P ) which ie cLearly inject ive. Vtre clain l t  ls

a lso sur ject ive.  Indeed g iven (n rP)  mod GI I* (C)1 te  nay f ind (b f '
-

KoLchinrs  sur ject iv l ty  theorern for  the logar i thmic der ivat ive LKf  J

po 4ZO) a matr lx  u  €  Cf , * (S)  such that  u 'u* l  =  -  * /2 .  *O*o

whlch proves our  c la ln .

(5  .g)  In  (3 .3)  we got  two representat ions as I tquot lent  sets ' r

of 14 ^G) and, € * r"spectively. Slnce on the other hand there
o v  g  _  6

is a natural identificatlon 
'J( (e) 2 f 3 .-7) one would" llke, u  o "  g  "  g

to r 'seerr what is the comesponding identif icatlon between the quo-

t ien t  se ts l

V{e clai-n that

t i . g . r l
l

Ind.eed. lf % is

i t  is glven by

z \-> ft

(3 .8 . r . )

Iuat r (s ,e) {  *

1 2
( z r ,  ( z t  ) - t )  / 4

vielved. as a perlod. matri: for some d -noaee struc-



ture (Vr sI) we may choose a

c
a  a -  o f  V  w i t h  d  g ,g l  t . . o t  u 2 r '  - *  -  - 1

cr
f h e n  d  * i  =  1 -  z ' i , j e g + j t

2 L

basls

. . 0

C A

w o f
C
t)

v ( .  =  0 .
L t -

w 1 r . . . 9

such that

W and, a basfs

5+ ^  uL jug* j '

u e GIr.- (e)
J.

'<<-

w L= z  u"  LJeg+ j  ao

f z  w  1 =  Z * r j  3 * i  * o u " u  ( x i ; )  =  z t ' ( u ' ) - L , B y ( 1 ' , 7 ' , L )

( v :  1g )  i s  rep resen ted .  l n  t  gby  f ( y )  =  yn  -  (2 " (u ' ) -1 )y t  hence

by ( ) .8 .1)  the image of  a  ln  l , {a tg(eng)  /  Ad GL c6(6 ' )  is

( L / 4 ) u - 1 ( a  ( 2 ,  , (  7  r ' r - 1 )  '  -  ( 2 ,  , (  z t  ) - 1 ) t  ) o  w h e r e  o i  o - 1  =  z t  ' ( u ' ' ) - L / 2  
"

Our clain w111 be proved i f  we prove the fol lowlngl

( l . fO)  l ,g I {MA.  L,et  n  €  Matr (gre) .  Then there ex is ts

such that ot 'o-I  = n and u conmutes with n and' at '

proof.  I ,et I I  be the connected conponent of the centraLLzet C.tn)

o f  n ( c C n )  =  f  n  6 G t , ( s )  ) h y  h - I  = r l  l ) n * n c u l , i e H =

3 =  |  x  €  M a t " ( e r g )  i  r B  =  n x  I  . " B y  K o l c h j - n t s  s u r j e c t i v i t y  t h e o r e m

the  loga r l t hua ic  d 'e r i va t i ve .  '  $  , .H  ->L ie  H t  6<A>.  =  h 'h - l  l s

sur ject ive so we nay f ind u € H such that  Ur t r - l  :  rnr  Now u- lu t  =  
.

=  o - 1 * o  =  D  =  u ' u - I  s o  u t u  =  u u :  s o . a p p l y i n g  f  w e  g e t  u t t u  =  [ t l f  t '

S ince mt  ls  a  po lynomla l  ln  u-1,  [ t ' r  u t  t  we get  that  u  comnouteg a lso

with mr and. we are done.

( , . r1)  tve crose th is  sect ion wi th  the remark (not  to  b ;  used

in the sequeL)  that  the set  Matg-(e,S)  /  ld  Gtg (S)  ld 'ent l f ies  wi th

Mat * (e re )  /  x  where  J - f  x ,  y  €  i r i a t r (A 'A l  we  wr i te  x  *  y . i f f

there ex is ts  u  € Cf . , " (e)  such that  
"  

=  *o-1 and '  y f  =  ux 'u- l '  in

o the r  words  l f f  t he  pa i r s  ( x rx ' ) ,  ( y ry ' )  e  l v la t t (e ,A )  X  l v ia tg ' (SnS)

are conjugate und,er the adjoint act ion of GL'(A) on t tpairs of u8-

t r icesrr .  fhe nonly  i f t t  par t  o f  th ls  ls  c lear .  To check the t t l f f t  par t

assune  y  =  o *u - l ,  y '  =  ux 'u - I  f o r  some u  6  G I rT (S) '  Then  y r  =  u ' xu - l *

+ tDr  ru- l  *o- loru- I  hence urxu- l  =  t lxo- lo 'u- l  hence xu- I t r '  =  u* ln tx
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hence o-1or belongs to the l-r le algebra of the centraLlzer C(x) of u.

As in  (1 .10)  we can f ind b € C(x)  such that  t , - Inr  =  u- lue s0 u : :  cb

for some c € CrIrq(S) hence y = o*o-1 z'  cbxb*lc- l  = 
"ro-1 

and..we a,re

d,one" The renark above may give a clre on f inding a n A -alge-

bra lc  s t ructure ' t  on a t rb ign subset  o f  Matg, (erg)  /  Ad GL fgG) W

uslng the invariants of the adjolnt act lon on pairs of natr lces" The

coefl;ctenl,, o! the chanacte ri'1'.e'c pelTnoni a ls af ar/ (non - 1s;6pvl,,tire ) lS '

polynonial in x e f dO (g,g') pnc'vicie invanienLs o{ x ,nodu/o Ad e Lf (g ) .

4.  A - rore l l i  aap

c4 :1 )  r ,e t  J ,  be  the

prlnclpal ly Polarized abel ian

-Tore1l l  map

h :  , 4 s - > / ( g

by associat ing to each principal ly polarized' abel ian

A the [  -uoage structure hA = (Hruit  (A), t to(-2 I

uloota) ls viewed as a D-module via the Gauss-Manln connectlon

v 
A t Der 

f  T *) frnd. '6(HIDR(A)),  [*"1 " Note that rank4 (A) = r

( i n  the  sense  o f  [ b f l  (6 .5 ) )  i f f  r ankO(ha)  =  r  i n  the  sense  o f  Sec -

t ton ]  o f  th is  paper  because Uy Fd]  the composi t ion

A  T  I  V J "  - - l  , r \  , , 1  , . . , - - o ,  n 1 - ,
H'(lt - 

t/F ) c-; uro*ta) -::-, Htno(A) -> HIDR(A) /H"([L'M ? )

= i11( d)
lt

coincld.es with the "cup product with the Kod'aira-Spencer classf l

- O t

yto/ (where S I Derf y .-> i-t l(Ta) is the l{od'aira-spencer

map)"  one easi ly  checks *r"o that  h i -s  cons'bant  on isogeny c lasses"

On the other hand h clearly forgets polarisations and' send's

.  A  \  . ,  s e t  o f  (  - p o i n t s  o f  A r =  ( 1 4 * ) * )  i n t o  a p o l n t ;( f l * ) *  (  =

tn  any case h is  far  f rou be ing in ject ive I  The z in .  o f  th is  sect lon

w i l l  be  to , , compL t te t t  h  as  sxp l - l c l t e l y  as  poss ibJ 'eo  In  the  nex t  sec -

modul i  f -var lety of  g-dlmensional-

7  -var le t les .  We def ine  the  A-

4- -varie ty

) )  wbereA / 7



12

t lon we shaLl relate l t  to A -tangent maps of A -character

naps. For any abel ian vari-ety'A o.f  A -rank g v!,s shal1 denote by

za e Mat ,  (eos)*  and l )  o  €  t {a tg . (8re)  representat ives of  thg

c lasses correspond" ing to  ho v ia  the ident i f  icat j .one (3.3)  and ( l .S)

respectlvely. One.can choose zA and p o ro"A that they are related.

by the fornu la (1 .9,L) ,  The nost  exp l ic i t  resu l t  we are ab le to  ob-

ta in  i s  (as  expec ted^ )  i n  case  B-=  l .  Here  ,4 r i s  the  n i - l i ne t t

D , L  =  F  w h i l e  b y  ( 7 , 7 ) ,  ( ] . 8 )  w e  h a v e  f r r ( t )  *  t t o  V  r

Since  the  res t r i c t i on  o f  h r  d  r  =  y  ->  J4  I  t o  < "4 ) (=  g

is  constant  we nay restr ic t  our at tent lon to the restr ic t lon of  h to

? r ,  t (  ;  s ince l (  3- t  V )  c f ,  , (L)  
o f  ,  h tnduces a aap

hr ts' (6

j: fir ? o,r) -, f , i( )) = zB |-3-3-:j-JJ and clearly,  _  
) r ( S _ L ) .

F r V )  =  F t  ( "  n o  a f t e r  a l l  w e  d l s p o s e  o f  a  m a p  ? ' (

,  f  '  e L, f given by ) i--) f  o, where A,l is defined by

= x (x - f ) (x -  >  ) .  Our  f i rs t  resu l t  l s

7

j (

i

2v

(4,2) PROPOSITION. For anY ) e  ? ' €  w e  h a v e

( \ ^  =  h ( j ( ) ) )
, ^ )

I= -
t l.? f, , ',' > 2  *  )  +  I

) z  o  - r ) z
2  ) t  ) t t t  _ ' t ( ) ' ,

? #

(  ) , ) .

(4. j)  C9ROT,1ARy: [he f  ibres of the A -forel l i  map

h:  'J  1
A -closures have A :t f ,pe 

-zero 
an6 typlca1 A -d' lmension 1 1.

I

In part icular the A -clogure of any lsogeny cl."ass in d a has

A -type zero and typical A -aimension

( 4 . 4 )  p r o o f  o f  ( + l e ) .  t e t  A  =  o )  b e  g i v e n  v v  f  c  x ( x - l ) ( x - )

By [K"-l 
the D-mod.u1e iil '*{l) ls isonorphlc to the spece lVOl, where

I, ls the function f ield of A and lI - 12 T,/ ? 
1s the space of diffe-
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rent ial-s of the eeeont klnd.
n - C )
b act on I", and Jt L/ T

respectlvelY. ,Ouo l f  t / i

( c f ,  B o g r  [ K " l

3

on A vlewod es a D-nnodnl-e by I 'ett lng
('\ ?

b y p u t t i n g  l x  = 0 a n d  / ( a x ) * 0

= -gI a conputat lon sini ler to the cla-

v
p, gi l  gives the fol lowing egual i ty ln

ssical one

L / F

e 2 . -
d U J

L) r  r2(z I  - l r -  ))  t . ' - (  )  -1) c  )  l ) 2 ; = oo
d w  +

4  ) ( )  - 1 )

By  (1  .7 .L )  and

1 /
\

4

1 l

2

- ] a rff, ) =? . (i* - Hi,-"/ t* *+#) ;L

So the inage ; of ur in UtOO(a) sat isf ies the equal l ty

) ) '  (  )  - 1 )

( r . B . I )  w e  g e t

h(i()))=f f i ,
( . )  r )1 (2  )  -1 ) -  ) )  " (  ) - -1 )  ,

) ) ' (  )  - 1 )

A direct connputat ion yealdo then tbe fornula fron the statenent of

the ProPosit ion

(4.5)  In  what  fo l lows we cons ld 'er  the case 8722 and '  seek to

t  i /  w i th  the Pro ject ion
descr ibe the conposl t ion of  h l  ua g 

- t  'u  g

.J  (n)  ,J  rvhere d.^(o)  i ;  the mo.uLi  space of  pr inc ipa l ly
0 A  g  

- ' ^ 8  ' - " - -  v l g  
Q ? _ 7 ) -  . - - - - ^ 1

pofu,r l"ed. abel ian variet ies wlth Level n structuleY i i1ore general" ly

g lven an abel ian scheme, f  l  X _> T we seek to  descr ibe the counposi .

| - ^f3 
!?e uake the assumption (which holds for

tiOn Y +> rd - 
-> 

"kL a 
'--;__':

6  b  
{  ( n ) r t h a t f : x - - + Y i s c l e -

the un ivensal  abel ian scheme over  Ln g r  vssv -

d.Uced. via base change from a norphisur fo'  Xo -)Yo of srnooth
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tft 
'

V -var j -et ies,  Next  we asstrme (which ls  posslb le by taklng a cove-

ring of d o(n)) tnut yo ls aff ine wlth tr ivial.tan6ent bundle end

that both Hoi-fl t* 
," ) and nI( Cix ) ere free C {Yr)-mod.uleso

. .  o o '  t o  -  " o

then we shall exprsss the map Y -'7(* uu a conposj-tlon

y I ,  Ty 
g,  

MatE(2er2e) L *  
r  

where V is  the.natural

A -polynonial  sect ion of  tY-> Y d.ef ined in [e_ I  ( ] "e)(  to Vy e

€ T-,Y for all y € y), -{Z will be a nnorpht"t It T -varleties
y  -  t -

(which descends *  4  I  )  const ructed wl th  the he lp of  the Gauss-

-Manin connection.of X/Yowhlle % ls map wblch does not depend. on

the geometry (1.€. af X/Y) being d.ef ined only ln termg of tr  A -

l i n e a r a l g e b r a r r .  , . . , ,

I re t rs  d .ef ine JZ .  One oan p ick a bas i -s  A Lt . , l : ,  
co eg

of  u loo{xo /yo)  as en C (Yo)-nodule 
i$"0 

that  * ' i - r . . . r  c tJ  g  1 '

a  bas is  o f  Hor  -  t  r ,  l e t  V "o ' ' o  :  R roo (xo /y )\  rL  xo/To/  |

wLre te  cJ ; t  6-  t l
J

nl*Cxo /yJ & uo( -fZ Lto/ 
,6 ) be the Gauss-I'{anin connection and'

write

2g

4  w i & L U r . '  1
j=I  d

H'(Lnu t( ) TL e m at r,t x o { /- "/o" t

Yo ic{e nli {t, s "Yitl' ' ' 
e m cu'Ph is n

: TYo -r &Iat c4 Ge, 2g) and let

:  tY _) Mat*(Zg, zi l  be the norphisu d.educed
.)

ryL . I f  M € nnat"(2ar 2e) plck any matrix

( "

\ c

Y l V
\ ? " o t  

* o  
, .  .

v  i . / i =

_n_ = ("t; i l  ci1
0  J ,

of variet ies { o

- C l  =  - f Z . o e F

forn -fl o.

Tret ts define

such  tha t

b  
)  a  G t r = ( a e )  w h e r e  a '  b r . c ,  d  €  M a t t ( e ' e )

d /  d '



and then the

/  cL q(2 i l  ts

cbolce of  8. t
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image of (a, b) € M

weI l  d .e f ined ( i "e .

b ,  c r  0 ) ;  we  le t  ' *L

in  Mat,  (ar?e) o /

Iy on M and not of the

ege of  (a,  b)  in the

v x/v
0

b )

d /

b r ) =  M  ( "

d r /  \ c

( r '
\  o t

at^- (gr 2g),, . '
+

J

i t  depends on

(Nt) be the im

( 1 .2 ) )  ,  r n

( 4 . 6 )

the nap Y

( 4 . ? )

Iret

be the

l"ett ing

0n the other

o f  S  t o Y

q -l inear

- , J .
t)

(Zsr ze)

TIDOR.AM. The maP Y

-L Ty e, **t,

To prove the above

t 'externaltr Gauss-l$anln connection and

\ '  +-1l- , \  consid.er the t t internal t l
^ Y = t  \ J /

vxv :
1

Trer.. - 1v Dnd. ra (H'r,n(X-) ) Iuo. (y' \r 
V 

- t"rl.\ J
t

x
p  F - )  V r "

hand 1et fx and. t 
** be the canonice.l ]"lftings

= Yo s F and X = xry ? i then f,*o lnd'uaes &

1 \ -.  --r-

map V. n €: End, ,6(IITDR(x/Y) ) 
vanishing on

d - '

ulootxo/vo) ( c t*o*{xo/v}e r = HIDR(X/Y))'-

r .  I

Recall that we Proved' in lBt I a

aaln an& rtinternaltr Kod.aira-Spencer maps " Using an analogue reaso-

n lng one can prove the formula (4 .8)  be lOw rerat ing the ' rexternal r '

a n d . ' | i n t e r n a l ' t G a n s s - } { a n i n c o n n e c t i o n s ( f o r d . e t a i l s s e e o l f , s l n o f i o -

doubLe ,co,set 
space ff i  g(e) \ nnat" (8r 2e) o/ff i ,6Qe)

y J( I 
(cf .

notat ions above we have:

h +/ ,-oincid.es with

T 
> 3(s.

statenent let!s make sone notat lons'

vx/Y : Der 
F 

O (y) -7 Endrtuloo{x /v)) , I "

f o r e a c h Y € Y t

Gaus s-lvlanin c onne ction



graph [uu] , Chapte r 5]. Before writing d.own the fornula we need,

nore notati.ons. l 'or any d (y)**odule A and any Y e $ denote by

t{ (y) the image of. V ln E/mrE where y€ Y and^ m, ls ttre maxi-'

nal ideal of drrr. tr'or instance if t/ e illoR(X/Y) then

Y (y) € lllor,{xr) whiLe if tf € Ho(-a Ly/y ) then Y (fl € frt
a

^ and if Y € llo(Ty) then V (Y) e TyY.

We have:

(4.8) I,EMI'IA [uul.. Let Y 6 Y,

such that 0 (y> = V/ . $hen

,.tt6 ttlootx/r) and. 0e no{nr)

q*t  (cu (y))  = (  V. u N + V"/"* )  (y)
d  d  n  ' u

t .

( 4 . 9 )  p r o o f  o f  ( 4 . 6 ) .  
" o *  

Q  =  t ( o ,  v )  l s h e r e  u  =  t 1 "  
L t " " ' r t ' r ' * )

, . ,

v = ' t (  d  g* l r r . .  ,  *  
zg) .  By d.ef in i t ion of  the D-nodule s t ructure on

.

_ 2 i 7 q

suc

HIDR(xy)
T 1

O 17 
t'v 

^.
we have .\'0- = vf v v for al-l r € BIDR(Xy) ' Assume

V 
x/Y ,^) = -D * es in (4.5) where we viel ? f *u elenents

of ltlOO(X/y) and, -A as a matrj:r of l-forns on Yo Tben by (4'B)

we havel

(v)
/  u(y) \

' vY) 
t v(y) )

h that

(  a  b \

' Y v )  
\  c  d  )

I t tu(v)) \
I

t a  \ i ( v (Y ) ) i
'  r r  ( "  * l  €  c r . , * ( as ) l s

(  l '  ' : '  
\=4o

\ f "  J a  )  
\ (y)



2 8 t s

8nd tf
'u ( y) and

1 . .  : ; : . ,  ' i . t

'v 
(V) are d.ef lned. by

/ a  
b  

\
{ l
\ o  d .  I

n(y) 
)
J =

v(y )  I

u (y)

i  cyl

then applying t to the above

a  I c ; ( y ) ) = o ' . s o  ( g | ; ]  I  
i s

t v t u

and. u(y) = a u(y) + b v(y) 
. is 

a basl"s of

. -eO
(ar b) represents the image of Xo in fr,ln a

which proves the fheorem.

Cr+. fO)  Renark.  n f t t toogn (4"6)  g ives an "expl ic i t ' t  way

putlng the .-d -Torelli map it seens rather hard. to eval-uate
A

A -type and. tytrrical A dimension of the fibres of the

relLl nap and hence to get d.inenslonal up?"r bounds for the

sures of l3ogeny cLasses as in caee g = 1.

In any case we have:

a .

(4.11) COR0I,I,ARY" The fibres
| 4r)

h: ,A ^ -> X * ar€ constructible- - g  6

"no*rrry 
we get that J'Cf,Cyll =

a basie of mloo(xy) kil3.ed. by I

H o ( J 2 -  , + ) .  B y  ( 3 . 2 ) ,
O V t  s '

I

vla the A -Sorel,l i map

P r o o f . o n e e a s i l y c h e c k s t h a t t h e . f i b r e s o f l

t ibLe in the A -topology of Mat*(29, ?d 
and' use

t t  A -Cheval ley construct ib i -L i ty ' r  f " i l .

of the A -Torell-i map

for the 7\ -toPologY of

of con-

the

A -ro-

A -clo-

,A r'.

?"u 
constru.c-

(t+,6) and.

,'. ., L *tgnsent qapg q{ - A .

(5.1) $tart  with d -character maps of abel ian varlet ies

Y*:  A  ->  F t tn "

.  By hrl there arb tvro cases whlch are better understood, narne-

3-y when rfnxrl( l) = o (i .en A descend^s to q ) anc1. rank4(A) = g



29

(where g = dln A as ustraL). We shall be concerned here wlth the

A -tangent nap To ft, ln the second case (which ls noro lnte-

reet ins)-  By [br l  
(6"1)  l f  rank4(A) = s then ' l 'a  3 A t -_)  78 is

ll_

eurjective (with kernel A-tt- of A -type zero and typlcal A -di-

mension 29, equaL to the A -olosnre of the torsion subgroup clf A)

and any ,V,  
factors t i rough YA. So i t  is  suf f ic ient  to look.

at To Y e" Note that the nap '/ 
z ls not an "lnvariant of Afr since

lt depende t ipon choosine ? basis in the spece of A -polynonial-

charactere of order

-symboL 0- = f ,(to Y )t } le A -) y I ls invert ibl-e thon the

conposed, map V A: A -*-f y S -"-, Ille A is an "invariant of Atr

and i f  T^ t  !  =  YoVo r '1 ,1e  A -> I ,1o  A then by  ( r .4 )  fZ (zn)  =  l l , i *

so ( I , ie A,  T i l  is  a 4 -p icard- luchs eqtrat ion (3,5) ,  (see also

the Introd.uction)o Our mal-n result le:

prlncipaLl-y poLarlzed, abellan(5,2) rmORnm. Let A be a

-variety of dlmenslon g and

be lts image under the A

and-

r)

l v 1
tt

Ta( lo  Ya)  is  inver t ib le  (so bY

= To ?,,t)

fhe class of the A *tcurd. Fuchs

colncid.es wlth the iunage of hA in

L 7 Z
(J

2 )

i n  € g

K r'r'
3 )

l n  ( 1 . 7 )  .

The class of the A -lattice (l ' ie r i e  A I F )  i n  / r

coincid.es
?

rC g VIs embed.ding

A ,

the

il rrs>

vrith the image of hO 1n

-J/- >  J  ^  i n  ( j . 7 ) .
E

Renerk. Assert lon

-trnriod. natrix for

2)  impl ies that  l f

A  ( c f .  ( 4 . 1 ) )  t h e n

M a t " , - ( g r g )  i s  a
J

has a basis (cal led

za. €

Irie A

4 -rank s and. Iet hA e 7(*(e)

-Torell:- **P. Then:

(  5 "1 )  we

equat ioq  (L ie

EU v la  the

may defi-ne Y A

A ,  T  A )
isonorphism
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in what fol lows a dLstlngulehed basls) such that upon ldentlfying

Lie A wi th &lat , . (Ar l )  v la th j .s  basts we have ro( f )  = y! '  *  f t  $ '

for  a3-L y e Mat*(e '1)  where Pt  6 Mat g-  (e 'e)  is  g lven by

I I  o  =  (2 ,  ,0 . (  z  ,n ) -1  ) ,  / z  (z t  to (  z  to ) - t521+ ' .
l a q f l . s ' r

By (1,8)  a l - l  d is t inguished bas is  o f  T, te  A are CrX,6G) -conjugate.

Proof  o f  the Theoren.  Asser t ion l ) , fo l lows d l rect ly  f roun 2) .

So we concentrate ourse lves on 1)  and,  2) .  Recal l  f rom fnt l  t f re

,tstand.ard. picturetf  giving , f  
Z, Let --  - ,  6n -,  A!-1-- ." :  -> Ao

a

be the in f in i te  pro longat ion sequence assoc iated '  to  A (c f .  [B l  
- ]

h -C\

( j .Z) ) ,  le t .Ln = spec Cy (no)  and Cn = Ker(Ah-z L,n) .  By the proof
n

of [nf l  (6.1) T,o are algebralc vector groupln Co = Ao = Ar Cl -  A]-

and  Cn- )  Cn- l  a re  l somorph isms  fo r  n  22 ,  So  C*  t  =  11*  Cn  i s
<.*

a D-group scheme whose und.erlying group schenre ls lsonorphic to Al-

and, Ce €. A* ls the Drschenne closed irnnnerslon corresponding to the

lnc lus ion  a f  -  A  so  a f te r  a l l  c  
*  =  ( l #  ) * ,  F r l  

(3 'g ) '  Moreover

tbe couponents  of  *A v iewed as e lements of  QcO? 
form a ba-

s i s  o t  X* (Lz )  =  Xs (Az )  ( see  the  p roo f  o f  [U t ]  (6 .1 ) ) .

Now l t  fo l lows f rom t?t l  ,  Chapter r l r '  (2.14) that  the

-Hodge structure hA = (HIDR(A), Ho(-fzt* F )) rs isomorphic to

the A -Hoage structure (tSoC - 
,  foto) where fo'  -  has the

structure of D-module induced" from the D-nod.ul-e structure of the

maxlna l  ldeal  o f  0  (see t f  "Oi>;  
to  be eb le to  apply  [Ui l ,

C *  r o
1o: .  c i t .  we have to  use the D-nodule isomorphism.Toc 

**L( ' , : )  (c f  
"

(1 .6) )  and the fact  tnp l lc i te ly  noted ln  Ft l  (6 .6)  that  AL ls  the

universa l  extens ion a(A)  o f  A by a vector  group ( lnstead '  o f  Fy1

one could. probably invoke the characterist lc zeTo version of t t ' j*
l \

main result from [Ot*l 
p]oY the ' tdua1lty theoren" frou LBBI\{ Jl"

f i : t  an F -nagis y = (V1,1. .  rYg) of  T*oA and pick any basis

.  ) ,
z  =  ( z l r . r , r z * )  o f  X a ( L * ) '  T h e n  t h e  m a p  ' t Z :  A  - - )  S  :  =  7 -  

8  c o *

r responds to  a  D-nap Ad- : - )  S*  = Spec $. :? .z ,1e ' - 'c 'ouy\  so the nBp



v 1

\  '?o ^-^ -  f t -J--  --  "1.  - \  (n c\  or '
T o P z  !  ( T o A ) -  =  s p e c  I { r 1 t $ . . r y g l - . ,  \ ^ o . /

)  -  1 , . i= Spec  T  f  v l t o "nszg  ?  1s  g i ven  p rec i se l y  by  the

T ] , L r " . n s z g J  - r f l n  r . " , r x g 1  t a k i n g

erenent or xr(!2) = ro*rr2 <-7 *o*onponding
g

..s-7
= ' /

1=L

and, express i te eleuents as l inear

We have a conmutative dlagram

pyL.  So to  compute [o  Y-e we rnust  choose a bas ls  uLr . . . tzg

A -po lynonla ls  ln  y l r . . .  ryg,

-> Ir2

inductng a

e a c h

<---)

u I

To

=

lnc lus lon

lnto the corres-

l F z ^ a o t
\ l {  )  z

. F
A

J
n 2

Jt

{,

AL

I,
A O

c e
?l

c2

t'
go -___. --->

commutative dlagran
r

f tT'

^ * & ,  
' 2

t o v

f 0-.1

*o*tt <-:-
f

oooto < "o

where the vert lcal arrows are thought
t

t icu lar  noor t  =  To*c-  .  c lear ly  zL = t ' I

G no*ot belong to Tosr,z = xa(12) and form

(*) f2t o-orr) = Z a r,  5 (o-orr) + 't'
1-

j Pt,i( Qr;) '

d . . .  B  . ,  eI J '  I  a J

C o c e  # . ' r  n @' o ^

f
r' t oLZ

foA' <--- fo
4
I

, n  * n l
t o n

f
noooo

= xa(tZ )

of as inclusions 1n Par-
- 1  c )

i  
( r L - d  - C ' - o x i 6

a basis of i t .  I ' f r i te

with
*
J'



3a

ln the D-mod^trl-e
oo

a Since

( l  V  w h e r e  o / =  ( X r r ) ,

fz( to V?), l t  lnvert ib le- ,  th ls proving

hand  by  (3  .7 .L )  the

A -Hod.ge structure

o< yr {4 V thls
{

A -Plcard"-F[rc hs

t m l r - n @  m  I t n O \
\ r o \ ' ' | * o v ' /

proving essert ion

makes sense to strnalc about the set E9;L of g
,(,

these are the po ints  whlch can O",T?pt 'esented '  wl th

d l s t i ngu ished  coord ina tes  as  ( c l :  '  " : d * )  w i th  
"L  

€

o-1
-points of  8o 

* i

respect  to  the

fr . Now define

^ * n'0 \r J kC roy*.) = %( f, urrl we set

( * r + )  u L =  5 z r i -  Z * r . r t y j

So .To p , ls given bY Y F-> Y' '

h  =  ( / ) r ^ ) ,  i n p a r t i c u l a r
I  I  r d

assert lon 1 J. 0n the other

eguat ion assoc lated to  the

ls .  a lso g lven bY Y t - )  Yt  :

2) .  Our  Theorem ls  Proved. .

(5,3)  Next  we Pass to connPut ing [  - tangent maps of

racter naps of ct lxV€sr So let X be a gnrooth project lve non-h;rper-

el l ipt ic curve over Y of genus g and A -rank g and denote by

V X 
the comPosit j -on X t_ v/^

> A 
'-a> 

T.,ie A where A is the Jacobian

of X. For any funct lonal O / b e (Lie A)o denote by P6 ttt.  con-
Y v h

u o s i t i o n X  a > L i e  A  h  )  Y  ( c f .  t h e  I n t r o d u c t i o n ) i  c l e a r l y

*0 .  space  o f  t he  naps  Ya(as  h  va r ies )  co inc ides  w i th  the  image

of the restr ict ion"aap i fr tol  _-__) Ld(x|.  Now f ir  6 dlst inguished

basis in l .1ie A (cf.  the remark after (5"2)) and id'ent i fy as there

1 , le  A   2  Ma t *  (S r l )  y ie  th i s  bas is  so  tha t  T IT  =  y r r  +  t r  f r

b  =  f t  o  €  M a t " ( e r e ) t y  e  M a t " ( e r l ) .  T h e n  ( l l e  A ) o  l d e n t i -
l l r r

f i e s  w i t h  M a t o - ( l r 8 )  s o  w e  m a y  s p e a k  a b o u t  t h e  d e r i v a t i v e s  h ,  h t ,
J

hr ,  ,  . . .  6  Ma t  r (1 rg ) .  
Moreover  V iew X  as  canon lca lLy  embedded '

1

into pg-r = F ((L, ie n)o) and note that the dist inguished basis of

l , le A provid.es dist ingulshed. coord' inates on F8-1. rn Part ict l lar i t

l l  -cna-
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-some canonical- dlvtsors on X as foLlows" tr ' l rst  Let K € niv(X) be

the canonical divisor pulI-back of h, next r tse let Kt € Dlv(X) bo

t f h r = O a n dthe pul l-back of hr i f  ht /  O and wri te Supp Kr = X

f1nal ly let 
'K 

€ Div(X) be the pu:"1 back of hrt  + hP l f

hr r  +  hp + a and.  wr i te  $upp E = X i f  h t f  +  h f  =  o.  r t  w i l l

be elso conveni-ent to consld.er,a certain union of l inear strbspaces

1

of  t r8- r  as fo l tg*?r  Let  Vre.n. lV,  c  I r ie  A be the e igensp&ces of
't

h and. Let l , rr .  c.  ,  t rs be the l inear subspaces of F6-- d'ef ined by
l -

then the union U ],f w111 play a role belowi of courseY 1 l . . " r V u "

u t L i f

if (l has

su l t  i s :

CIpg-t iff P 
is not a scalar natrlx whiLe dln(t-'Li) = 0

dlst inct elgenvalUes. With the notat lons above ot lr .  r '€-

(r.4) runoRnu. the fo1"]-owing hold:

r")  a4(Ker(Tx Y/h)) = 2 l f f x  { s u P P K

2 )  a 7 1 ( K e r ( T * ? 6 ) ) = 1  l f f x  €  s u p p K a n d x

n a 4(Ker(Tx Y-h)) = O (equivalentl-y r* f '6 is

lff x € Supp K zr Supp 1(r and' x {' Supp 3 '

4) T"Yh = O lff  x € Supp K '/ \  Supp K'l- Supp fr

,) I f  h is A -generic in (Lle A)o then $upp K n Supp K' =

= p so only cases L) and" 2) abovo r&f,  ocGtlro

6)  a4( tcer (TxYx))  <  2  for  a l l  x  €  x

n  a4 (Ker ( rx  YX) )

B) a4(I ier(rx Y;))  = 2 i f f  x € x r t  *ur6t '^ (=' ! i )

R e m a r k s .  1 )  S i n c e  n " Y n  '  T " X * f  - t ' t r  ' i s  a l i n e a r d ' i f f e -

r:ential otrn rator

ord.er of r* V f,

orderr  sayt  -  &

{' supp rr

i n  je  c t l ve  )

i t  fo l lows that  a4( i (er (Tx t -h) )  co j 'nc ides wi th  the

(wi th  the convent ion that  the ' tzero operator t t  has

)"  0 f  course th is  in terpretat ion fa i ls  for

a^ (Ker ( f x  Yx ) ) t
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2) A heurlstlc prtnctp}e in algebralc geometry seys that "any

d.lurenslonal invariant depending a165eb::alcally on a paraneter i* uper

semlcontinu.ousrt.  his pr lneip3"e is vlolated here (as noted. also in

the Introd.uct ion). .Bnt there is. nothing misterious here f  or one can

glve very d.own-to*earth.examples v,rhen thls pr inciple ls vlol-ated in

A -*lgebraic geome try. 3or lnstance Ie t f : y -, ,I ne the A *poty-

nomj-a l  map f (y)  =  y  *_Wt.  Then for  y  e  y  r  (Tyf ) ( t )  =

=  ( 1  +  y t ) t  +  y t f  h e n c e
O  l f  y = 0

L  i f  y l o

Proof of  ( r .4) ,  Le ' t  xo € X and let  s t  d* ,  
"o 

b* a local

parameter, Then the tangent nap ff : TX -> TA = A X Lie A has the
)

f o rm (x ,  t  *  )  r *>  (7Q) ,  t v (x ) )  f o1  x  i n  a  ne lshbourb rood  o f

xo ,  t  €  3  and  v (x )  €  L ie  A  =  Ma t " (eo l ) ;  no te  tha t  the  lmage

[v(x) l  € ry*-t  
of v(x) is precisel-y the irnage of x und.er the

canonical map. Conseqtrently for x around xo and wri t ing v instead

of v(:r)  we have the fotLowing fornulae for T"YX : T"X + htat*(e'1)

and f" Yfr : T"X -> T t

a4(Ker( t rr ; ;  = 
{

( t x  x )  
( t  

*  
)  =  l t v ) r r  +  t  

F  
u  =  t ' v  +  2 t r v '  +  t ( v t ' + 1 : v )

( fx Yh) (t =  h v t r t  +  Z h v f t t  +  h ( v r t  + F v ) t

Now T* f O nas ord,er 2 lff hv I 0 which proves 1). T" t:n hag

order  i -  i f f  hv  = O and hvt  i  Oi  s ince htv  :  
hvt  r  O th is  is  equlva-

lent  to  hv = o and hrv  l  0  which proves 2) .  S imi lar iLy one proves

3) and 4). To prove ,)  start  with tbe A -pofponiaL map

Y  :  t l a t ' ( l r e )  - - 7  ! , { s f g " ( 1 r S )  X  i { a t * ( f r $ ) ,  Y ( h )  =  ( n r t t ' )  w t r i c h

cJ-early has a Zariski dense lmage and let l )  e Mat"( l tg) X

+ )
d s
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XMat*(1re)kthe Zar lsk l  open set  of  aLL palrs (ht ,  he) such that

$upp.Dl n Supp D, = p where Df € Div(X) 1s the ptrlL-back of h,

on X, [.hen Y "1(U) ls a A -open subset of lVlatn-(lrg) such that

fsr any h € V 
-1(u), 

Supp K zr $upp Kr = fr. Assertion 6) is cJ-ear

f rou the fornula of  tu 9X" Assert lon ?)  fo l lows f ron (2 '5) '  le t rs

check the "only i f ' r  part of assertion B) (the fr i fn part fol lows si-

mt lar l ly) .  lVe nust  have vr  e y V because otherwise there exists

contrad. i -c t ion"  So vr  =  )  v

- f ' t f  =  )  w e  g e t  w r  =

(  ) e ? ) i  t a k i n s

o so x € F,E-L,
v

an e igenvector  o f

cou ld  choose

* . ( 3 u ) / O h e n c e

) r  +  )

v t t  *  f t '
that hv =

y was not

v hence one

0  a n d  h ( v t t

2 ) u ,  i f

4 r
h v t  =

once aga ln  a6(Ker (Tx  Vx)  )  1  a4(Ke" ( tx  Yn) )  
=  o ,  con t rad ic t ion"

h € lr{at g.(1,A) with hv = 0 and hv' t 0 hence a4(Ker(Tx Vil ) 4

a6(Ker(Tx v/ h) ) :  l t

! v  =  S v  w h e r e  f  e T  s

Fina l l y  we ge t  v r  t  =  (

P 
we wouLd get that

h  €  l i {a t3" ( I tB)  such

6 . Ca lcu lus  o f  var ia t ionq
4

( 5 ' 1 ) l / e d e f l n e t h e ' ' a d j o l n t n a p ' ' a d ' : D * ? F w h e r e D

me ans as usuar the ring tr [t]= = $- .f 1l this nap will re place
v  

L T t o

[ integrat ion by partst t  f ronn r tusual ' t  calculus of  var j 'at iOI lgr  First t

sone no ta t ions l  
' f  p t ,  PZ €  D we le t  P l  o  9Z €  D be  the l r ,p rod 'uc t '

/*
I f p l e : - t h e n w e s i m p l y w r i t e P t P a i n s t e a d ' o f P 1 o p 2 ' B u t i f

p2 e T then we keep the notati-on FtPa to denote f1(n2) e 9-

(f1(f2) = result of applying the otrnrator p, to the scalar P2) i

therefore lve trave t. ) = ).1 * .f . ' l  for atl  )e T. Deflne

a i [ : D - )  f  b v a d " (  7  ^  ) 1 t i ) = Z ( - l ) t S t ] i ''  L 7 . o
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vlewed wl th i ts  r lght
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r * i
map ad.: D *) #- ls f -l lnear where D ls

? -module structureu
P C

i f  p  €  D  t h e n  a d ( p o d  )  -  -  d  ( a d ( p ) ) "

) (ad(p)  by lnduat ion on ord(p)  = ns in i *

Proof. Flrst note that
\

Then prove tha t  aa(po / ) )  1

a u m n s u c h t h a t P € D a , -

(6.1) Let G be an algebralc vector fr  -gtoup" To any d -poly-

nonial character f :  G-+ .P' we v,r l l l  .associate 
&n algebraic Sroup

character  ad( f ) l  G -> 7 as fo l lows.  Assunne Q = $pec S( l { ) ,  W *

= Xr(G)' .  Then f corresponds to an element of D *y* and. we let

sd(f) € W be the image of f under the map

D @ f "  l l i

which makeg sense by (  6"2) '  Jn g99rarner tes l  i f  G = 3-  I  and

f  :  3-  
g  - ,  r  rs  s iven by f  (y1r  n . , ,xs)  =  

? ; .  
* r  j  { . t r t  

then
* t ( ,  .  '

a d ( f ) :  T 8 - ,  ?  i s  g i v e n  a s  e x p e c t e d  b y  a d ( f ) ( f 1 t . . . e f * )  =

( - 1 ) j  c j j * i j ) y i .
1 ' j

( 6 . 4 )  L e t  X  b e  a  s n o o t h +
+ -var lety and

vector bund.le 9" 
X (vlewed. as e Broup scheme G=

l ly  f ree on X) .  By a A -po lynonla l  sect ion of

mean a A *polynonial nap ss X -> G such that

& A -poLynonlal sectlon of G/X is equivalent

7 Y z  G - - . r X b e  ?

Spec s(\,v), !v loca-

G/X ( or of lV) we

?ros s 1.,'" To give
. l |

to giving e nap

s :  X -7G rv i th  3 f  os  =  lX  such  tha t  fo r  e t9h" lo  e  X  the re  ex l s t s

a ne ighbourhood.  U of  xo ln  X and '  a  f r0roe wl ro"r l {g  e  Ho(U'  lY)  sUch

that s(x) = /  tr{x)rv, for x € U where f i  € CgOr,1r. $o the -space

of A -polynomial sect ions of G/X equals Ho(X, *t  o ) v 'here Vi a I  =

= # e a7 O\'"  Note also that to give a z1 -polynomial sect ion
- x  v

of G/X is equivalent to giving a A -polynomial nnap G -) s"



, / v
G ! = Strpc s(sl) such that

T is an algebraic grqup
\/
G ) "

(6.5) l ret G *) X be as in (6.4).  By a rel-at ive A -poLyno-

nlal- character of G/X we meen a A -polynomlal maP f ' G -> -f-

such that for each x € .X 
the induced' map f* '  G" -t  F is a A-

poLynomial hononorphism. [o any relati-ve A -potynonlal character

f  :  G * ,  F  we can assoc iate a A -po ly tomia l  map ad( f ) :  G*>.F

by the formtrLa aa( fx)  =  ad( f " )  for  x  €  X (one cheaks that  ad( f )

i f  A -polynomial by a local conputat ion, 
n*" 

may assune G = X X T8

and uslng the fact that LqA(\ * 3r,?) = OA(x) o d A( 
T 

*) 
fot I

sec t ion  l - r  f  has  the  fo rno  f ( x ,  f , l r '  "2T* )  
=  Z  t r r ( x )  S  * : f t  w i th  .

f r j  edA  t x )  so  by  (5 ' , , 1 )  ad ( f ) ( x ,  y1 r . . l , ve )  =Z ( - r ) i (  J i t r r ( x ) ) r 1 ) ) '

7 7

where

G-x

o f x  i n

Since each ad(f)x t  G"

(6.4)  ad( f  )  corresPonds

for eaeh x 6 X tne lnduced maP

character (where 6" = Prelmage

-> y ls an algebraic group character by
v

to a d -pofynonalal sect ion of G/X loe'

to  an  e lemen t  i n  Ho(X ,  wA)  wh ich  we  s t i I l  deno te  by  ad ( f ) '

(6.6)  Let  X be a snooth f r -var iety and f :  X *> F a
A

polynomia l  raPr  1u€.  f  €  O 
A (X) '  Then the A - tangent  nap

Tf: TX -) T ? = Tx f  conposed' with the second' proiect lon

-, 7 yeLd.s a relatlve A -poLynoniel character
P Z r  J  X  J -  E - - v

pzoTf :  TX -,  T hence we nay consider the associated' A -polyno-

nial sect ion ad.(pro1f) of the cotangent bundle frX 7 X ; wrl te

e1(f) = ad(p2oTf) and caLl i t  the Euler- lagrange sect ion ( i t  l j 'es

j .n  l lo(xr fLA)) .  I ts  zero locus in  X ( i 'e '  the inverse ina6e v ia

el(f) :  X *->1sX ot the zeTo sect ion of n*X-> X) wiLl- be cal" led'

C,eo(f) and is A -closed' in X'

In  coord inates l  1{  
X c  lAN,  x

A
r  € d - ( x )  =  I ? v r l c . r 1 Y 1 q l t [ t J  '

t "
r  e  f i / " t ' . . . r l n  ]  t h e n  e l ( f ) :  r x

= Spec

f = F

A. - ) f  L S

.:.-- f

f l v r r . . . r vg1 /J  and"
-  r * 1

mod. Ld J u

induced^ bY el(F) :



3 B

! t 4LN = AN x&N-, F ) e L ( F )  ( f 1 r r r c a f l f  i  d y t r . . . ' d . y 1 r )  *

= T- (-1) j S j c-3-g=-) dy.r
i r j  

' r  ' t ( f J r i )

which is  prec iseJ-y  the express lon which vanishes in  the cLass lca l

EUler- lagrange eqUations correspondlng to the " l-agrangian" 3 (see

[ t l  ) .  In  what  fo l lows we exanine Geo( f )  in  two par t lcu lar  s i tua-

t ions which we were very fond of in this paper naaely when t ls a'

t tqUadrat ic forn in the A -polynoulal characters of ord'er 2'r  on

an abel ian variety of maxj-mun A -rank respectlvely on a curve

of nrut i"urum -rank. iVe need. a preparat ion.

(6 .? )  l ,e t  G be  an  a lgebra ic  vec tor - f-g"oup, viewed. as on

g - l inear space and let q: G -) r be a nondegenerate quad'ra*

t ic  forn.  Then for  any A -Pj -card-Fuchs equat ion (Gt  f )  we can de-

f ine , f the ad jo ln t ' ,  A -P lcard-Fuchs oquat lon (G,  f !+)  wi th  respect

to q as fol lovJsr Pick any basis of G which is orthonol*u+ with res-

fec t  t o  g r  i den t i f y  (us ing  th ie  bas ls )  C  w i th  Ma t * (e '1 ) ,  w r l t e

f ( y )  =  y f  t  +  o { X r  +  P  Y

w h e r e  r ( r A  e
I

uatE(SrA)  and def ine

f t+(y)  = xn -  ( t '< y) '  *  '  
fO 

y

w h e r e  x t ,  
t  

F  a r e  t h e  t r a n s p o s e d  o f  u ,  
P '  

o n e  e a s i l y  c h e -

cks that the defini t ion of f* do*u not depencl upon choosing our

orthonornaal  basis.

(6.8) Tll i tOllft l 'Ji. Let A

r iety of  d inension g and

be

A
a princlpal ly polarlzed abeLian

-rank g, let g: Irle A -> ? be

te t  f  :=  g  o  fO  I  A -+ I , i e  A  *>

7 *uu-

a

42
j

non-d.egenerate quad'rat ic forn,
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a

and, l-et (1,1e A, t  f l  be the ad.joi .nt of (Lie A' Ti with r 'espect

to  q  (where  YAand .  ?O a re  as  i n  (5 "1 ) ) .  Then  Geo( f )  =  Ker (  COxo fu )

hence Geo( f )  is  an i r red. r rc ib le  A -c losed subgroup of  A of  A* tyW

zero and typical 4 
-d"j .mension 49 with 1,1e algebra Lie(Geo(f)) =

? € l t \=  K e r (  f  ; ' o  T t )

P r o o f . U n d ' e r t b e i d e n t i f i c a t i o n s [ A = A X L i e A ' $ , i e A =

- I , le A X Lie A ) [  f l  = Tx f  the nap T 9l ia*nt i f ies with

Ya *  T A whi le  the map p2 o t l  ident i f les  wi th  the b i l inear

m a p b :  L l e  A X L , i e  L - >  Y  w h e r e . 2 b ( y r y )  = q ( y ) t  y  l L i e  A "  S o

t h e  m a p  P 2  o  T f  :  r A - 7  7  i n  ( 5 . 6 )  i s  g i v e n  b y  ( x r y ) F >  u ( / o ( x ) ,

TU( f ) ) .  Hence  the  aap  e l ( f ) :  [A  -+  3 -  i s  g i ven  by  ( " ' y )  F ->

ed . (b (  \ kn (x ) ,  z  a ( f ) ) ) '  Now choose  an  o r thonorma l  bas is  o f  I . , i e  A

wi th  respect  to  q  and ident i fy  as usual  L ie  A wi th  h la tE(gt l )  so

b ( y r z )  =  t y z  f o r  y t z  G  i l t a t r ( e r f ) "  T h e n  i f  Z O ( 1 )  =  y r t  +  u ( y '  * P  Y

e 1 ( f ) ( x , y ) = " a ( t \ P a ( x ) ( y ' ' + o ( y ' + P y ) ) = ( ( u ? ' o t " ) ) ' '

t t  g o t " ) ) o (  ) '  +  t  P u ( x  )  P ) y  =  t y ( (  V A ( x ) )  "  -  ( t x , f o { " ) ) '  +

' p  Y  o ( x ) )

s o  G e o ( f )  =  Y o - l C Z l  w h e r e

co.g) Tlf i t0i iBl l l .  IJet x be a smooth pro jecttve non-hyperel l ipt ic

F o f g e n u s g a n d A * r a n k 6 e n b e d ' d e d i n t o l t s J a c o -curve over  .

bian A and also vie'ved as embed.<l 'ed. in Pg-1 = ts(( l ie A)A)'  le1

;-;,.; --9r i. -,a no,r-,leXener";1f s qu;tcit 'att, {crn O,trl l& i , X -*> ff

be the (or1^- pos. r/ mAP X 
'^ > Lie A I ' ', '3"' Thtn tkc {f ) has

A- tlpe ?erc ar"( 1" onY '( € N

a c  [ps- t  def ined bs qr  t "ko( f )  t ras typ icar  a  *d ' imensj 'on 4t t '

Proof  .  I ,e t ts  borrow the.notat ions f rour

exact l -y  as in  the proof  o f  (5 '4)  expr :ess the

: i& and vle are done '
Z  =  h€r  L  A

the  proo f  o f  (6 .8 )  and '
Ttt

map TX i-> TA = A X l,ie
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)
e s  ( x ,  r  - 5 k ) | _ l  ( 7 t x r , - * u ( x ) ) ,  t e  F  ,  v ( x ) €  M a t t ( e , r ) n  r h e n

w e  g e t :

),
( r x f )  t * $ l  =  *  

V x ( x ) { ( t v ( x ) ) "  +  4 ( t v ( x ) ) '  +  ( \  r u ( x ) )

. +' '  
F g r a f l x e d x w r i t e v  =  v ( x )  ,  Y =  / r { " ) a n d  V = ' Y €  M a t t ( l r a ) '

.  Then
)

a d . ( T x f )  t t * ; - )  =  a d ( ? ( t ' y  + Z t t v t  +  t v l t  + o ( t r v  + < t v ' * { \  t v ) )
\

= t ( Y "  ( ? * ) ' +  Y p ) v

+  : a  -  , .=  t ( t u ( " ) )  (  T  f  ( f * ( x ) ) )
\

Let X, be the Zariski open set where L is a basis of T*- '  Then
r  ) s  ^

1

Ceo(f) rr  X, = g-1(o) where E , Xl -> Y ls ths 7\ -polynonial

nap  E(x )  =  t v (x )  (  T l *  f * { " ) ) '  T 'e t t s  connpu te  the A -tangent

map [*E I T"X -> 7 i i t  wil l  be suff iclent to check that I"E has

ord .er  14  an6x  +  a  i f f  T"E has  ord 'e r4  (Because TrGeo( f )c '

c  Ke r ( l xE ) ) :

, Tfe have:

( r x E ) ( t )  =  t u ( " )  
i t " ( c *  

y  ) ( t ) )  +  ( t ( r " u ) ( t ) )  (  z  t t  
/  ( x ) )  

-

. w h e r e  w e  p u t  c *  =  T * r ,  t =  V x ,  T  =  ' T  
A ' s l n c e

-  
T * = T Y a o , f  = r c o ' f  w e g e t b Y ( 1 ' 5 ) r

( T x $ ) ( t )  =  t v ( x )  ( ( r s  o  T  )  ( t v ( x ) ) )  +  ( a  t e r n  o f  o r d e r  0  i n  t )

$ i n c e  ? * ' o  T : I , i e A - z l i e A h a s o r C e r 4 a n d  
T U ( C *  o  T  ) =

= 1!i" A we 8et that f  , n ( t *E )  =  tu (x )v (x )  and '  t he  Theorem l s  p roved '
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APPENDIX, A TIDIIRISIITC_ DICTTONARI

We alread,y no'Led several tlnes that there is an analogy bet-

ween rtRitt-Kolchin Theory?r and "globaL non-Linear analysls'r as pre-

r - l

sented in palaistbook f I ,J .  We wonld. l lke to present here a short

nd. ict lon&ry,,  between the two theoriego This ' rdicttonaryt!  motivated,

(and. on the other hand. suggested.) some of our resu}ts and' might be

eignlf icant for f trr ther deveS'opnents'

Rit t -Kol-chin- F

palais [P ]
F L r'

aff ine l lne dl l  ( ident i f ied .  '

A. t}"

wlth * r  where J is an or-

dinary A -f ield)

/ r / . 1 /  -

derlvat ion ) :  f  '> f  '  '

.F -pointe)

d/d,0 : c -( sl) =, c *(s1)

c c n C* f ibre bund^Ies E over

sr  ( " ident i f ied ' ' t  w i th

the l r  C*  mani fo lds of

seo t lons  e  
- (n )  

)

non-I lne ar di f f  erent ia1

otrnrators c-(Et) - ,  g@(Er)

1 )
lagrangians c*(n) -z  cTs '

^1_
vector  bundles n over  i t

( tdent  j . f ied wi th  the i r

nani. folds of sect ions

c* (  n t  )  )
t,

[ntl [*r1 [ut I

. . . rl ' lt clrcle sr = !ui 
of o. rR.f.

( t ' l den t i f ied . "  w i th  the

atgebra c 
-(s l )  

)

a .  .  d.er ivat ion oPerator

fr -varreties X (ld'entlf ied' '

with the l r .  sets  XO of

A -polynonc-ial maps of F-

variet ies Xl - t  Xe

[ -polynonial functions
.t^/

x - _ )  f ,

ff -groups

E N )

algebraic vector

( ldent i f ied.  wi th

o

t r t ,

a a a a a

a a a a a

a )

a a a a a
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A -pofynomial- honomorPhism o o '

between algebraio vector

sroups

syubols of the above

A -tangent naps of

A -polYnomial naps

a a Li.near dlf ferential  ope-

rators c* (T r) 
*> c *(y 

e)

symbols of the above

Llnearizat ions of non-IL-

near dtfferontlaL oPer'a-

tors

a a

a t

r a f

a a c

f ,  -variettes X whlch

descend. to q t r id,ent l f ied' t t  wi th the
1

looP spaces MaP(S-1 l , , l )

embed.d.ing of M lnto

Map(s I ,  L l )  as ' t ons tan t
t

f i

l ooPs .

.

T h e ] - i s t c a n b e e o n t i n u e d . , b u t s h o u l d . a } s o b e t a k e n w i t h a g r a l n

of saLt since these analogles cannot be rrperfect i t  and d'onrt go too -

far  (as th ls  is  the oase v , r t th  tbe analog les between' ra lgebra ic  geo*

ne t ry ' l and ' t | f i n i t ed imens iona}d . i f f e ren t ia l t opo logy ' ' ) .

:  .  
' o  

. .  * t ru raL  bund les  M x  s I

s n b s e t X r r t  o f  X f o r X  

" ' : . .
V

/ n

d.escend' ing to LA
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