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THE CHAI1GE 0f SYi'ildilTRY IN pl.lASE TRANSITI0NS

A. Danescu

1.  In t roduc t ion

One o f  the  quant i t ies  wh ich  can be  cons idered

a s  d e s c r i b i n g  s o n e  p r o p e r t i e s  o f  a  g i v e n  m a t e r i a l  i s

i ts symmetry.  Speaking about syminetry we can dist inguish

more aspects as for  example the syrrLnetr ies of  a

conf igura t ion  o f  a  c rys ta l  o r  invar iance proper t ies

o f  cons t i tu t i ve  re la t ions  (  wh ich  must  re f lec t  some

features  o f  the  phys ica l  p roper t ies  o f  the  mater ia l

under  cons ioera t ion  ) .  ; \bou t  invar iance proper t ies  o f

cons t i tu t i ve  re la t ions  ,  usec l  in  the  modern  cont inuum

mechan ics  ,  a  f i rs t  na thenat ica ]  de f in i t ion  o f  
lh*

Iocal sJrnmetry grogp wae given by tt. 1,io11 ti l  .

From an exper imental  point  of  wiew i t  is

c lear  tha t  in  a  p rocess  in  wh ich  the  tempera ture  inc rease

some rnater ia l -s undergo ciranges of  their  s;nnnetry

propert ies.  This syrnmetry changes are comroonly associated

wi th  &  "phase t rans i t ion ' t  .  In  f 'ac t r the  genera l  tenn

"phase t rans i t ion"  i s  used in  o rder  to  ind ica te

sudden ly  changes o f  some phys ica l  p roper t ies  (  and the

s;rmrnetry rnay be one of  i t  )  ,  but  in th is paper we

sha l l  re fe r  on ly_ to  phase t rans i t ions  in  wf r i ch  the

synmetry changes,

Tn .q t i t u te  o f  i v i a then ia t i cs  ,  Ed . l ' 5c i i  22O ,79622 ,  t 3uchares t t
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A theoret ica l  approach for  phase t rans i t ions

was made by Landau f Zl .  t*  dist inguisir  between these
t_-J

the  f i rs t  o rder  phase t rans i t ions  and the  second order

.  phase transi t ions .  According to Landau i

u :  .  .  the  second order  pbase t rans i t ion  is  a

cont inuous transi t ion in sense tnat the state

of the body vary continuous. Yite underline

that the s;nmnetry in the t ransi t ion point  is

changed sudden and in .every moment we can say

to which phase the body belongs at

f i rs t  o rder  phase t rans i t ions ,  in  the  t rans i t io& ' . . ,  . . "

point ,  there are in equi l ibr iurn two di f ferent

s ta tes  o f  the  body  wh i le  a t  second order  phase

t r a n s i t i o n s  t h e  s t a t e  o f  b o t h  p h a s e s  i s  t h e  s n m e . : .  "

The theory ,  p roposed by  Landau exc ludes  f rom the  theore t ica l

point  of  wiew soue types of  t ransi t ions in u 'h ich

th-ru symmetry is changed - which seems to be observed
. r- -1 r-1 t"l f-1.in  exper iments  as be ing of  second order  (  see L4J )L5JrE i rLSJl

A er i t ica l  const ruct ive analys is  to  th is  approach

is presented by Ericicsen Ul , [5] ;  he constructed

with the aid of the sJrmnetr ies of the crystal ine

conf ig ;urat ion (  po in t  groups ;  la t ice groups )  a  poss ib le

descr ip t ion of  the changes of  syrunetr ies in  crysta ls ,

but his study deals only with the crystal ine s)numetr ies

and not  wi th  invar iance r : roper t ies of  the const i tu t ive

re la t i ons  .
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u lo t i va t ing  h is  po in t  o f  w iew Er icksen [O l  says :

t '  What we see in the phase transi t ions is a change in

the synmetry of a configuratj.on . ' f

A t  th is  po in t  an  observa t ion  must  be  made:  i f  we use a

macroscopic theory for  descr ib ing the behaviour of  a

medium and i f  we want to take into aecount some real i t ies

from t ,he rnieroscopic Level  we need a hypothesis which

must  l ink  quant i t ies  f rom a  mic rosco l r i c  leve l  (as  migh t  be

the crystallographic sJrIIuIietry group ) by the quantit ies

f rom the  nacroscop ic  1eve l  (cons t i tu t i ve  equat ions  ,

invar iance pr .oper t ies )  .  One o f  the  hypothes is .o f  th is

type is  the  hypothes is  about  c rys ta l l ine  so l ids r  was  s ta ted

L - -  z r - a a  \ -  - 1  ^ - :  ^ + ^ + ^  + l - ^ +  + ^ s  ^  ^ n -uy i \urr  Lr  J ,  and state that  for  a sol id crystal  in an

undistorted conf igurat ion the mater iaf  symnetry group is

the group generated by the crystal lographic symmetry

group (point  group )  and the inversion

hypothes is  v ; i1 l  be  used in  th is  paper .

- 1 .  T h i s

the' fact  that  the s;rnmetry is changed with

modif ieat ions of  the temperature and volume is sure but

t i re ain of '  tn is paper is the nechanisn of  th is chenge

at  a  phase t rans i t ion  .  The-bas ic  idea is  to  genera l i ze

what  happens ins ide  a  Phase.

i r iost  of  the authors which stucly phase transi t ions

in the f ramework of  cont inuun mechanics I  
g l ,  

[ to l  ,  [ t t ]

assoe ia te  th is  fac t  w i th  a  d iscont inu i ty  o f  the  de format ion

gradient at  the t ransi t ion Point  .
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fh is  k ind  o f '  descr ip t ion  migh t  be  su i tab le  fo r  a  f i rs t

o rder  phase t rans i t ion  (  in  Landau 's  descr ip t ion  ) ,  bu t

s ince we are i r r terested in the changes of  symmetry in

second order  phase t rans i t ions  we w i l l  suppose tha t  a t

the  t r .ans i t ion  po in t  the  de for rna t ion  grad ien t  i s  eont inuous .

T h e  p r e s e n t  p a p e r  i r e a t s  o n l y  c o n s t i t u t i v e  a s p e c t s

of phase tranei t ions and develops a mechanism for s;rnrnetry

changes.  Ihe  second sec t ion  presents  tbe  bas ic  de f in i t io : rg ,

and resul ts in the f ' ranework of  non- l inear thertnoelast ic i ty

when the symnetry is changed by te inperature only.  The

th i rd  sec t ion  inc ludes  genera l  resu l ts  about  ex tens ions

of  g roups  ,  the  c lass i f i ca t ion  o f  the  ex tens ions  f rom

the iso t rop ic  phase and a  comlar is ion  o f  the  resu l ts

ob ta ined w i th  some exper imenta l  resu l ts  f rom the  p l rys ics

o f  l iqu id  c rys ta l -s  .  The four th  sec t ion  inc ludes  a

genera l i sa t ion  o f  the  resu l - ts  f ro rn  sec t ion  2  to  non-s i rnp le

nater ia ls  and in .  th is  f ramework  t rea ts  the  t rans i t ion

cubic- tetragonal .  I t  is  shovrn that in the f ra inewort<

o f  mater ia ls  o f  g rade ,7 t2  the  t rans i t ion  cub ic - te t ragona l

is  poss ib le  as  a  g roup ex tens ion  At  the  enc l  o f  . sec t ion  4

we present  some rnod i f i ca t ions  wh ich  cou ld  be  made in

order to treat the change of syrnmetry when the volurne

i s  v a r i e d .
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the ternperature f ield in a f ixed point has a value 0t .

A deforrnation whose gradient is F give r ise to a

cauchys t ress  \n (U ,An) ]  r ' o r tow ing l , i o t l  [ t I  t he

rnaterial sJnnnetry group in the point X ( 'rvhich is

f ixed for the v;hole paper ) at the temperature D!

w i th  respec t  to  K {  i s  i

c;|= lHeu t;)l \,,(r,un1 =rr.,,(FHr0.,\ , ror atl F e

We sha l l  denote  by  U(g)  the  un imodu lar  g roup,

by 0(9) t ,he orthogonal  Broup ,  by AL(3) the l inear

group and by M (g) the r ing of  l inear t ransforrnat ions

in the . real  three-dinnensional  space. 
.

Let  us observe t ,hat  an analogous def in i t ion was
r - l

g i .ven  ear l ie r  by  Gur t in  and l { i l l i ams l - t ,  J  ;  the i r

def in i t ion nake the group dependent on t i re locaL vol-uroe also,

bu t  the i r  paper  deaLs  on ly  v ; i th  the  c lass i f i ca t ion  o f

poss ib le  phases  o f  e las t i c  mater i .a ls .  lVe  sha l l  p resent

in  the  las t  sec t ion  the  rnod i f i ca t ions  wh ich  need to  be

made in  o rc ie r  to  ob ta in  resu l ts  o f  the  present  sec t ion

in  such a  case I  we choose th is  s i rnp l i f ied  vers ion  to  make

t h e  h y p o t h e s i s  m o r e  a c e e s i b l e .

GL(j)}

f i

$

r ^ +  V .  b e  aL E  L  r \ [

of  a  thermoe las t ic  body

xed reference configurat ion

and le t  us suppose that
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Defini t ion 1 :  The temperatures Ot and Ez &re

cal led equivalent in the configurat ion Kr_ i f  the

n K t  -  n - K 4  -  -  , . i . .groups b" l  and qe-  are conjugate l  th is  neans-  v4 \ . .L

that  there ex is ts  a  non-s ingular  urat r ix  A* ,  (g ,  ,e" )

so  tha t :

c;,, = ̂ ; tg^!s") q:l 4*.,(anisJ (2. , i )

i
: . J' i

. j

. 1

From (  2 ,L  )  i t  fo l lows tha t  the  ina ter ia l  response

at Oa is the same as i f  the rnater ia l  is  at  temperature bL

but deforrned by a deformat ion whose gradient is A;:  (q ier)

1 t  fo l lows eas i l y  the  fo l low ing  propos i t ion :

Proposi. t ion I :  I f  the temperatures q and 0r are

equivalent in the configurat ion, Kf then they are also

equivalent i rr  any configurat ion.

Let K2 be a configurat ion obtained from K,lProof

l ' t
L1

. j

:-i
. ::i

by a deformation whose gradient is'"r ?',' 'r':i'iitheh,'ij'J'',:i'',ry Y{1tf:,iIii1,ftlt.$*}.:i1t$1,'rii,:$t

6:" -- r al' ? 
-'1

" B n  '  
' * ' 9 i ,  G : ' *PnAo-^  ,

i

so that  ;

G;;
*hu"u 

" 
A*"(uni so.) = ?A*n(o,.,g*)p-n -

Let  us observe that  the equiva lence f rom def in i t ion

is  indeed an equiva lence re la t ion on RI  (which is

ehoose .as  l he  range  r ' o r  t he  tempera tu re  f i e ld )  and  we
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have the  fo l low ing  proper t ies  fo r  the  func t ion  AU . .

r .  A * t e i A )  * L
' - t '  '

z .  A*  (0 , ie " \  =  A f  (  o "  iOr )

3. A * (€, ) so) : A*t Bz)03\' Aqtg^ iq)

(  obviously relat ion 2 has sense only wiren

inve r t i b le ) .

Def in i t ion  2  !  An  equ iva lence c l -ass  ob ta ined by  fac to r iza t ion

through the  above equ iva lence re la t ion  is  ca l led  a  phase.

*K(e* ro.) is

, i
. . 1, ''\

t '

I t i
i l

. l
' J
.  " i l

, l

: . : j' 1

i

I
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. 1
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'
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l

_a

:

i

1

i
i  : - .
!  : r .

Def in i t ion  1  I  a )  A  tempera ture  Oo is  ca l led

i f  there  ex is t 'a  ne ighbourhood U o f  So (

so  tha t  0o  is  equ iva len t  w i th  every  O in

b)  A  tempera ture  0o  is  ca l led

i f  i t  i s  no t  regu la r  .

regular
^ df'

in lL.o )

U I

c r i t i e a l

j

i {e shall  suppose that t irere exists a f inite nqnlber:,, :o4;,1i;{ ir i ' , !L; i ,r i . ,1::1

cr i t ical  te inperat , r l "  (  for  a f ixed nater ia l  )  so that

there  ex is t  a lso  a  f in i te  nu iqber  o f  phases .

Le t  us  observe  tha t  i f  Oo is  a  regu la r  tempera ture

then in a neighbourhood of  i t  the syminetry group is

changed by  the  con jugat ion  ru le  (  2 .L  )  and se  i t s

structur:e is unchanged , and this fact 'happene in

the  in te r io r  o f  every  phase.  The bas ic  p rob len  is

to l ink the s;nnme.tr ies of  two neighbour ing phases, 
-

and th is  l ink  must  .genera l i ze  the  con jugat ion  ru le .

For th is ,*e shal1 give the fol lowing def in i t ion :
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L e t  A e H ( t ) ,  G a  g r o u p  ,  G t U ( j )Def in i t ion  4  I

The se t  :

G A =

extens ion

e  s e t  :

i e  c a l 1 e

In a s im

A G  
= l h e u ( g ) lthere exist  

?aG ,  h A = n g \

through A o f G i n  U ( 3 ) .d the  le f t

i l a r  w a y r t h

\ q * u t s ) lthere exist 
tgG , AR = ?A1

ie ca1led the r ight  extension through o f G

AQ 
and 64

consider the r ight extensj.on only ;  L g 6f

, te.t R ,, e Go and R"e GA- thus

e, G so that Ah.= ?n A , A(" " $aA
- { a f z A  ;  i r  A { I = S A  t h e n

so te Qa implies &-t e Q^ . n

I f  6 is a group ,

l , Je  observe  tha l  the  concept  o f  le f t  and r igh t  ex tens ions

general ize in a natural  way the conjugat ion rule ;  more

exac t ly  i f  A  i s  inver t ib le  the  le f t  ex tens ion  is  the

same thing with conjugat ion by A and the r ight

extension is the $arne thini ;  wi th conjugat ion by A-L i

a lso  we have in  th is  ease (  A  inver t ib le  )

Abou t  th i s ' r reve rs ib i l i tY "

impor tant .  proposi t ion in  the

i n  U ( 3 ) .

Fropoei t ion 2

are groups .

Proof : ire

because 1.€ G

exists $,r ,  ta
and so A {l1q z

^  n - | l  - r  l
f t h  =  4 ' A

d

o(a*) = (AQ)n= G c

anre la t ion  we s i ra l l  Prove



' :
r 1

t : j
:)
i

1 j

next  sec t ion .

Le t  0c

open in te rva ls  a t

at  two di f ferent

(  see  be low)  :

e -

a  c r i t i c a l

bo th  par ts

p h a s e s ;  1 e t

t

F and F '

coresponding

^ - . r  A  C  F l
€tr lL l  -2-  '

point  ,

of e"

OreF

We shal l  suppose that

funer ion A*to, i0)

i s  cont inuous on F '

a) Ir* AK( e io")
0 +0"
0 > o ;

0e €'

for K and O,f f ixed the

i s e o n t i n u o u s o n  F  ,  A * \ e i b " )

for  0Z f ixedrand that  :

ex is ts  and is  inver t ib le  ,

(and we denote  th is

b)  a t  l -eas t  one o f  the

\ i* A*(e,ie)
O +9"
0(  Bc

l i rni t  by

l i m i t s :

: :J i
, 1

exists (we denote them by A*tSni  Eo) and q|  t9o,  b-)

Let  us consider Gnn known and we shall indicate a

mechan ism fo r  cons t ruc t  
^  

)  above  hvno t . lQgr. in the above hypothesis i
(  from now on we omit the f ixed configurat ion K )

:
I

Let A(ea;er) = Atqi€").A\u.,s") r ir A( a., i0,) . exists )
and respectively n-t(qio") =f,{(o t io"),A 

t(s. 
, O" ) ( ' f  Ntte,;e*;

exis ts) ,  fn  the above hypothes is  we can const ruct  e i ther
- { ,  -  ^ \  (

A (0, ' f  Ez ) or A 
'(  

0. t  
9e 

) ;  moreover any of thern

f l

An teo,o-) )

[i* Al ta,, ; e )
g->8"
e< o;
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i s  s ingular . ( .  because 04 and 0z

Let  us suppose that  we can const ruct

t l ren we can define I

are not equivalent

A  ( a n i o r )  i

r f  A- '(  e,;  gr )

Gr. = ( Gn,) 
A-n ts, ioe)

P r o o f  :  L e t  O n e F  ,  9 2

eonstruct Gt, from Czga

,  f i€ can

through an extension or

wasf ron G n l  by conjugat ion af ter QCIi

constructed from GUn by extension .  Let  us suppose

that At0ni Oa) exists (  qo that A(B,r\  ?l  )  
exists)

'so 
that :

6 o, = A[e,,ir,l*",)

exists we can def i -ne i

Yie shal l  postulate that  sJrnmetr ies in neighbour ing plrases

are l inked through this extensions, fhus we had

construct the syTnmetry group Qee ( the s;nnrmetry group

in the phase f 
I 

) with the aid of Qgn ( t ire symmetry

group in the phase F )  and the const i tut ive funct ion

A .  But  the  same cons t ruc t ion  cou ld  be  nade s ta r t ing

from ej e F to a Oie f 
t 

and then through con jugatj-on

t o  aa .  W€ can prove the fo] lowing resul t  :

A

Theorem 1 I  The construct ion of  ( .38:  as above
G

does  no t  depenc  o f  eneF  ,  o f  OaE€ ;  i t  d e p e n d s

only of the pirase F and of t i re consti tut ive funct ion A

a n d  e j e f '



- !-1* -

;
.:'i

":'1

'l
J

t

' :

G r, A(o,isa\ 
G"'t

6 
"i 

= 
A(or; B.) 

Qgr

I t  is  easy to  see that  i f  B is  inver t ib le  we have :

so that  the two.poss ib le  ways to .const ruct  GU,  g ive

the sane resul - t .  the same th in$ is  poss ib le  i f  we s tar t

with ej e f , e{E F and gzG, F' , or if

do1o.;er1 exists.

Ihe above result  shows that the consti tut ive funct ion A

(  wh ich  is  no t  neccesary  inver t ib l -e  because does  no t  represent

a defornration gradient ) and the symrnetry in th_e phase T

detennine in a unique way the synmetry in the phase Ft :

7 ,  Group ex tens ions  ;  the  iso t rop ic  case.

For the vr 'hol-e sect ion A wi l l  be & singular

transiormation in f '{ tg) , G a group , gc U l. i) ,

One of  the problens that ar ise naturaly is the reversibi l i ty

of  such synnetry c i rangesi  vre know that 
atQ'o) 

=(aS)4= G

for an invert ib le A .  What happens when A is

n o t  i n v e r t i b l e ?

L e t  4 g G  a n d  d e f i 4 e * l  :  .  : "
C  1 ' l '  i ,
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? n =t+ 'eut t )\  n h  = 3 A ]

Then I

G ^ = U 3 a = ! . 1  ? a  .-A  
geq  =  

{eC
1^+ 0

( b . q

.  Now
n t l' r ^ ( 'n  s  A \

This resul t  and t l re fo l lowing observat ion permit  
lu

to  g ive  an  answer  to  the  " revers ib i l i t y "  p rob lem .

r f  ? l g q ^  t h e n  A h = q - A  s o  t h a t  q e o h  :' -  
d A

Fropos i t ion  1  i  For  A  f i xed  there  ex is ts  a t

least one sroup J,[ c U (3) so that A [?t *\ = .lrl. ,

Proof  i  The proo f  w i l l  be  cons t ruc t ive .  Le t  r .

that tr&
and. (re -t?-

thus R * o([o)
ir {*ot-a\
urus &.e fio
and the proof is

{e t [a so

+ 0  a n d s o

tr

tha t

9-, e ?R-

l t - = \ ? , e . u t i ) l ( ^ + $ ]
fr le sha1l prove that

ir &. e lt-
fo r  some Xr ,? reu \ j )  so  tha t  q rhaA=AXl [z  . . r f

{ e:t then g, n = A ? so that K\A - A?-o thue

q-le 1f . Yre sha}l show that a (tBA) = 
-lt 

;. it is

clear that tR=Oy*f^ and so if 9'., e 
-dt, 

, tlA + p

and f rorn the above observat ion te ? ' t^  i rnpl ies ReO{.

and we obtain l f  coWo)

there  ex is t  a
D ,

; so that 
_h A

c o m p l e t e .

is a group i Le?- because 1-g [A

we have f ;nA = AAn ,  ( rA =4?n

iVe can observe that at is  maxirnal  wi th th is propert ,y
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but may have subgrouPs "stabler l

Yrle can prove also the following :

Proposi t ion

a subgrouP

1 :

t '

4 :

o f G

H A

4 A

Let  G a Sroup ,

singular i

subgroup in GA

normal subgroup in

in  th is  sense a

G c U \ i )

then :

, H

A
1 S

1 S

,

a

a
gA ,\

for  everY t  .

and so on we have

-J

:

i

c U*?a -- gA

2. 
o let  - f  e 9n

d

;  w e  h a v e  A q = R A

A?(fn:  A 
t

, ' 4 .  f o ] l o w s . f r o n

1 for , .  $te shal1

" i+{
Drove that G c- G Let  us  observe  tha t

(  l " rom the def in i t ion

(  i > , r )  .

!

i

6 ^ =  V l e
I ;  3eo I

o r ( J  )  i

f fe i

a n d  a l l  q - * q !

" d f t . ,then if OU G*

tirus fl eO{.

have t * to
c'. o(b * )

r#e

and so

The las t  asser t ion  in  t t re  above

that the sJrnnetry in a proceess which

a t rans i t ion  po in t  tends  to  a  |s tabLe"

propos i t ion

p a s s  c y c L i c

symrnetry,

GA=(gn=t)a (  ror the derini t ion of ?L

see the  above propos i t ion  )
, ' - 6

, .  Deno t i ng  6=o \Ca )  '  G=4 (q * )

an increas ing  sequence :

4 2 .

Q c G - .  c ' ? t

proof : For 1. we have H^ =#rlO

and "JtA is obviously a Sroup I for

and t e to ;  we show that gh3 
te ' ta

w i t h  & e e  a n d  A % = A  s o t h a t

5. is elear f rom the above proposi t ion

(  3 . I  )  and the  de f in i t ion  o f  AL

shows

through

wi tir

. E
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The fo l low ing  propos i t ion  es tab l i sh ing  a  p roper ty

o f  the  ex tens ionsr  in  the  e las t i c  case,  i s  very  ueefu l  i  fo r

cornput ing the extensions from O(t)  (  the isotropic phase )

P r o p o s i t i o n i z  L e t  G  a g r o u p ,  Q c u t l )  ,

Ae M t i)  non-invert ible .  Then qA is not compact .
'  

Froof !  CLear GA contaj-ns 1-4 .  i t Ie sha1l

prove a s t ronger  resu l t  which s ta te that  {A is

not  eonpact  .  t r ' rorn '  the def in i t ion 4A ={  qaut i )  \  At  =  A}

I f  d i n (  k e r f t  )  = 5  t h e n  A = O  s o  t h a t  4 o = U t i )

which is  not  conpact  .  I f  d im (  ker  A )  =  2
l.

there exists R.e O(1) so that i f  ql  span ( ker A i-

we have P-Aen--X€4 ,  X + o thus in  an or thonormal

,ri

' : ]

b a s i s  ( q ,  Q Z ,  ? 1  )  w e  h a v e  .

' l  o  o \
R . A = [ " " 8 : )  . , h + o  -

I r {  P
4 u A  =  

l ( l  :  ;  ) ,  l * { - e e - \  -  n }

(i , a-1

But {A = 4 R.* for R. invert ibla ,  and i

thus 4 o is not eoinpact ,  i f  d im (  ker A )  =1
f\

there exists R.e. O t i)  so that i
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,  t , , t o , \ t o ,

i n  wh ich  (  g r ,e t ) span ( ker

: t T  T : )

a  l l i  t

R-A

. J .
A )(  in  a  bas is

so that 3

e.A

E]t hus  i t  i s

H\5) be non-invert ible ;  then ' .

utg) .
l.

4 e
q,

?  L e t

k e r A  )\ I

t

nd
J-

( k e r A  )  a

we lrave 3

Ior2) r
J

( f  t ' l  o  o  \ i-l( l i h'*: )l n

d i r n  1  k e r A  )  =  1  ,  0 n

, Qa , Qx ) is an ontho

=\ [L* ; i  " \ \
L\*. rz t{ I

(  c)  i f '

( € t

0(1)
A

I

1
I

.

4 I^)  ,n, t t*1
not compact so the proof is cornplete .

The formulas (  3 .2  )  and (n,3 )  are analogous

with the polar decomposit ion theorem and are very Useful

in  descr ib ing the exLensions f rom the isot rop ie  p i rase.

Proposi t ion

( a )  i f  d i n

( b) if dirn

( € r

i - r n l r e r A )  = 2  , € L  s p a n  ( k e r A )  a n d

, Qr, gt )  is an orthonor;na] basis we have i

c(t)o =

uti) .

and €L span

normal r  basie

/  Q' t  \Z- \
\ b n  b ;  ) e

\ 4 .  l )

( ? .5 )

or5)A

i \ ^ , - . * ^1 . " - .  
t f  

^  .A  -  . . l .EA  * , l r naa  f  . n rn  . f r f ,  t t .  t
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Proof  :  (a )  i ' s  obv ious ly  and (b )

obtained frorn.  the def in i t ion taking

fac t  tha t  i f  we denote  6= RA

and (c )  can  be  eas i l y

into account the

and P-e O tj5

then OtB)* = O \'f)g .

Let us observe that al l  the proposi t ions f rom this

sect ion were stated for r ight  extensions but analogous

resul ts hold obviously for  the lef t  extensions .  ,o" the

le f t  ex tens ions  f rom 0(5)  we can observe  tha t  t

or3)

At t i r is point we wil l  compare this theoret ical

results with some experimental faets from the monography

"The Phys ics of  L iqu id  Crysta ls  "  C, l3  1  .  * "  begin

by recal l ing some defini t ions from ivot l  t8l  ,  Gurt in

and r,lirliams [ltl ( 
' 
see uruo wang il\i'"t";''t;iu*;" iii-] 

' 
I

In  a  f ixed po int ,  a  mater ia l  is  ca l led l  so l id  i f  there

ex is ts  a  conf igurat ion K so that  Q.*  O(3)  ;  i f

8,".  Ot3) the material  is cal led isotropic ;  i f

A = u \g) the material  is cal led f luid and i f '  for\.{ K

every configuration \< , Qot oti) + $ and Q u.* U (3)

the  mater ia l  i s  ca l led  l iqu id  c rys ta l  (  ,Wang f l t r ]  o r

Colernan tt: l ) or we say that the rnaterial is in a

mesomorph ic  phase.

Le t  us  ana lyse  the  resu l t  o f  the  tas t  p ropos i t ion ;

in  the  case (a )  we have a  t rans i t ion  f rom a  so l id

A.

. T
=  ( o t 3 \  \= A l

! , ]
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i so t rop ic  phase to  a  f lu id  phase ,  and in  the  o ther

two cases we have transi t ions f rom an sol id isotropic

phase to a mesomorphie phase with sJnnmetry group given by

(  3 , { r  )  and (  3 .5  )  .  fhere  ex is ts  a  qua l i ta t i ve

di f ference betvaen the .groups (  3. l r  )  and (  B, t  ) .  In tn*

case (  t , {  )  the t ransforrnat io 'ns f ro in t i re meeonorphic phase

leave the plane (  €a ,  €g )  invar iant  and preserve the

ai"eas fro;a this plane unchanged and arso preserve i lre

distances in t f re direct ion of  the Q{ axis .  fn the case

( j.5 ) tfre transforrnations from the synmetry group

preserve  the  d is tances  in  the  d i rec t ion  o f  the  93  ax is

and in  the  p lane spanned 'by  e , \  and €L  ac t  (  modu lo

a change of  the,conf igurat ion of  the prane )  as orthogonal

t ransformat ions.

Thus in the case (b) we have to deal wi.tn a sJnometry

group o f  a  mesophase w i th  p roper t ies  o f  a  f lu id  in  the

plane (  €" ,  % )  and in the case (e) wi th a s;rrnnetry

group wh ich  descr ibes  a  rnesophase w i th  p roper t ies  o f  a

s o l i d  i n  t h e  (  e l  ,  Q L  )  p l a n e .  
:  r ' i ; ' r " : '  *  r ; ; ; i . i  " i

A eompar is ion wi th  resu l ts  f rom

sui tab le :  1r .G.  de Gennes Lr , t l  s ta te

t r . . .  mesophases  can  be  ob ta ined

phys ics is  now

(  page  1 )  :

in two dif'ferenr,

ways :

(1 )  Impos ing  pos i t iona l  o rder  in  one or  two

dimensions rather than in t i r ree dimensions.

Ih is  does  happen in  na ture .  fn  the  main

prac t ica l  case we have pos i t iona l  o rder

in  one d i rec t ion  on ly ;  the  sys tem ean be

wiewed as  a  se t  o f  two d imens iona l  l iqu id
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layers  s tacked on each 'o ther  wi th  a  wel l -def ined

spacing 1 - 
the coresponding phases are cal led

s m e c t i c s  . . .  r l

and about smect ics (  page 277) i
'  I  Ins ide  the  broad c lass  o f  layered  mater ia ls ,

we may di .st inguish two major subgroups f , . . .J

Group 1  ' .  Each layer  i s  a  two-d imens ionaL l i .gu id . . .

Group 2 ' .  Each layer has sone features of  a

two-d imens iona l  so l id  .  . :  r t  ,

Thus  i t  seems probab ly  tha t  the  groups  ob ta ined a t  (b )

a n d  ( e )  c o u l d .  d e s c r i b e  s o n e  q u a l i t a t i v e  a s p e c t s

observed in exper inents r  so that  t i re mecnanien of

symmetry changes previously presented appears to be

q u i t e  w e l l  m o t i v a t e d .

4.  The change of  s;nnmetry in non-sirnple bodies;  the

cubic tetragonal  t ransi t ion

i

1
:
I

I:

l- ;
t

1:a, , {

As we proved in  a  proposi

sect ion i f  A is  not  inver t ib le
, lbecause 4  A is  no t  conpact  and

group 0 t ' t )  which is conpact can

by  an  ex tens ion .  We sha l l -  p resen l

nechanism f 'or  s;rmrnetry changes for

t ion  o f  the  preced ing

I  A  i s  n o t  c o m p a c t

so the orthogonal

n o t  b e  o b t a i n e d

i n  t n i s  s e c t i o n  a

non-s imp le  bod ies
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which represents the natural general izat ion of the

ideas fron the sect ion 2 and which overleap the

above ment io4ed d i f f icu l ty .

Denot i+a by X the pos i t ion of  a

part icle in a reference configurat ion K , denoting

the rnot ion of  the body .by 1q(X$) ,  for  a  f ixed t ime t

the i th deformation gradient (  u> A ) wi l l  be ;
a

t

F  =  v u  ? s ( X )

,t
Naturaly lve shal1 impose de-t F * o . We shall suppose

cons.t i tut ive equat ions (  for  non-simple rnater ia ls of

' grade f ) of the form :

rt
( .  of  course for Y>r2 ,  

F is syrutetr ic in the- last  f

ind iees  ) ,  .  f f  we change the  re fe rence conf igura t ion

f r o r n  K  t o  \ {  ( b y  a v o l w n e p r e s e r v i n g
. - t

deformation ) through a map A (X) r w€ can compu.te

the i th deformat ion gradient for  ar-  (X) wi th

respect i ,o Kt 
'  

by ' .

;J

\ tK,s) = -* t* ,*,,.. ,+ ,,4)

=  v " (  o  "  S )

using the chain rule r  so that  ,  for  example ,  i t  components :

n f ^ 2 2 - t 1 1 3
Gii \t Hui , 6,ir = *.,^fi*iil*un \* R*r. ("'z-i )

r n  ( 1 4 . 2  )  a n d  ( 4 . 3 ) :

L
G (/-.,t)
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\A.* f r \=u,

and vre easy observe that the set of al l  t^ tuples
^ Z r

( H  , H  , . . . ,  H  )  f o r w h i c h :

do form a group which wil l be called the syminetry group

wi th  respec t  to  K .  a t  tempera ture  O :

A t  th is  po in t  a l l  ideas  f ro rn  sec t ion  2  a re  d i rec t

appl icable (  a l l  def in i t ions and theorems hold )  but  th is

t ime the  cons t i tu t i ve  func t ion  A w i l l  be
4 2 . - F

a  l ^  t u p l e  (  A  ,  A  , . o o ,  A  ) .  W e  a r e

interested in extensions through a f  -  tuple in wir ich
4.
A is  no t  inver t ib le  so  tha t  the  app l ica t ion  A

is singular . Let us observe that such a frarireWork in ' 'r 'r '

which we -work wi th non-simple bodies of fers raore

infornat ion about the s ingutar i ty of  t ,he map A

at  the  t rans i t ion  po in t  r  so  tha t  i t  g ives  a  la rger  c lass

o f  ex tens ions .  We sha l l  adopt  the  c lass i f iea t ion  o f

phases  g iven in  sec t ion  3  wh ich  uses  on ly  the  l inear

of the s;nninetry group and we are rnainly interested in

etctensions which have as a l ineav part  the:group Ott)  :
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We shal l  denote by ? the projeet ion of  the

r s t c o m p o n e n t o f a  ?  t u p l e  ( e  r e  r . . . r A  ) :
q ? - Y ^ ' t '

u s  P  (  o  , 6  , . , . ,  G  )  =  G  .
easi ly see that i f  {  is a sJmmetry group for

body of grade ln ' then T(q) is aLso a group, and

( t )cV(3)  .  Let  {  be a sJr rnnet ry  group of  a

d y o f g r a d e l ^  ; l e t  A = ( i , i , - . , , ,  [  ) b e

singular nap ( so that o\et A = o ) . The extension tA

defined. by '. '

r t 4 z . r 4- \ , , r  - t  H  = ( H  , R  , . . . , H  )  )  \ a u t + + l  = l-A  
t  

ru ' " * *u t r i c  i n  the  l as t  L  i nd i ces  and

r h e r e e x i s t s  6 g j  ,  & = ( d  , &  , . . , 6
s o  t h a t  A t > H

f i

th

l1le

a

?
bo

a

i s

, H

where the sy4bo1 O

d e s c r i b e d  i n  (  h . L

.  We shal l  prove

the problen raised at

denotes the composi t ion rule

) .

the.  fo l lovr ing theorem which solves

the begining of  th is sect ion :

Theorem 2 3 For any f  >,2-.  ,  there exists a syrunetry group

t and a non-inrrert ible A so that ?(9A\ = 0(3).

Proof :  The proof wi l l  be construct ive. l ' i "" t  *" sha}l

reduce the problen to the case l^ = 2 by observing

t h a t i f  q  =  (  i  , 6  )  i s a " r y * * t r y g r o u p

f o r  a  b o d y  o f  g r a d e  2  ,  t h r e  g r o u p  - a  =  (  d  . ,  t  , 0 r . . . , O  )
, l Z a

w i t h  (  G ,  G  )  i n ' t , , '  . t e i  a l s o  a , $ y f i ] h e t r y  g r o u p

for  a  body of  grade f  r  .
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So we rest r ic t  our  a t tent ion to  bodies of  grade 2.

L e t  q  b e s u c h a s r o u p a n d .  , {  = ( i , i  )  b e

a non-invertible map ; the group extension q 
A

consist of pairs ( i \  ,  ?l  )  for which there exist
l t t

( G r Q ) e a l  s o t h a t :

4 4

Ati  Hi l  =

2 { , 1
A.it H,rHr.a* Ali 

ita=

We shal l  choose q to
q 2 -

t h e p a i r  (  d  r 8  )  =  (

^ t / )G f  t i  \  n  .  I J e C a U S e  W eI  \ . 1 A  )  =  ' t A

O $)c ,\ 
n 

ao that f;om

sect ion we must  have d =

becomes  :

be the group consist ing by
I ,  .
6i i  '  L)  )  so that

*",r, o$).?({*) we must have

propos i t ion  5  o f  the  preced ing

o .  Thus  re la t ion  (  h . j  )

(1,r.9)

. n

1 a
Grj Al,

2 4 4 ' Z
A,it Hie H-r.a = ALe,r

4 Z 2 4 4 4 L
Q.it A i. 

Aan + G,i A\to

tq . r )

t tr .g)
i, i

..J

' ;

J

so tha t  choos ing

' ,r e l a t i o n  (  h . f  )

if and only if :

A,r;i = Arji = An,, = St\ the
shows that fr ai belonss to ?(94)

t ' t  . T  4(tt ) '  \+
P(qa)  =O(3 \  and  the  p roo f  i s  conp le teso tha t

fn what fo l lows we shal l  t reat  the c l range of
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syaroetry in the cubic tetragonal transition in the

above rnentioned context .  As we already obeerved

in the introduction this was treat by Erieksen LrrJ,tSl

in  order  to  overpass some d i f f icu l t ies  which seems to

appear in Landaurs theory of phase transit ions .  tYe

shall work in the framework of bodies of grade 
?

because we have to deal with two compact groups.

f l re cubic. and tetragonal syrooetr ies are

d e e c r i b e d  i n  N o I l  (  t 8 l  ,  p a g e  1 6 9 ,  r e f .  5  ,  7  )

and are generated by , t gTt 
, fr.,-q _ 

- 48 elements
'  F  - - t l / 2  

^ i i  . ' )for the cubic s;mrnetry ,  and by :  |  

-U, 

,  Rj r-LJ
16 elements -. for the tetragonal synmetry .  l l le denoted

by R:

an angle tC
ln" 

rotat ion around the axis e by

. By an elenent of the cubic syrLnetry group

{
,l
3
. ,1

;
: -1
. ' ;
.

(  in the context  of  bodies of  grade 2 )  we understand

a p a i r  (  G  ,  O  )  w i t h  G  i n t h e g r o u p a b o v e

ment ioned and O a th i rd order tensor I  analogously

for an elernent of the tetragonal sJrnmetry group .

Theoren 3 ' ,  For nater ia ls of  grade 2 the t ransi t ion

cub ic - te t ragona l  i s  poss ib le  as  an  ex tens ion  ' . '  :

Proof ? Let {  be the group generated by
t iiln ?it- .r

the set t  Ri '  ,  Ri ' , - l - l  and 
* 

the sroup

s e n e r a t e d  b y  \  o i . t r ' o f , - L l ; 1 e t  q = l  ( a , o ) ) G a E \
. \ ,  .  t  K i  r K i - ' '  + l

and lL = \ (U,o) , \\E-trL'\ . we w3nt to show"that there

exists an A = (A, & ) uo ttut ?( 9*) =-$ ; this Beans :
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1. ,  U i t  =  Q1 A,o

4
We choose  A  =  ezBez+  €3S€g

\
form an orthogonal basis ) and

Hit Ht^ = n*i Ai ,*

iro that :

! ,1
o
o

(q.1)

(t,  .s \

h e r e  ( q , € z r B g
2-

= A o . .  = o  ,
,a)

?"2-
A;ir

(

2-
A",i

show that ',

( / i {  g  "  \ l=t \ ;  i  : ^ ) !  \=\(.{ ! i)\ ; ?({")o

d':t^.tl'{ i !^I , ?Gni \o=lt.l 1 i\t

? (:i.ul )^= ['i : j I i ?(- ul E'')^= [.j

L _ 5riAn.,

I : T
4 1

o f  t A , A  )

)A =l(P( R:.

l ' ioreover wi th th is choice

only i f  G,,  = L .

w e  h a v e  e ^ + 0
a

,

Straightforward computat ions

? (  \a \

? (

r i\l ,
'l(-l ; :)\ ?) ^
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and we obtain ?(9*) = tr 'L so the proof is complete. n

tsefore ending this sect ion we nent ion some rnodi f icat ions

which rrake possible changes in synmetry when the volume is

var ied also .  First  the def in i t ion of  the syirunetry group

must be given in Buch a way to nake the group dependent

of  the volurne. As we already nent ion th is was done

earlier by Gurtin and lrryil l igne [n tl '  and

following then '. '

F 8.U tT\J

.l
:,i

: . j

I
. l' i

I

, ;

G,l,,r, = lunuG)l 
-r,.(+u,o,V) =Tk(F)eJ) \o" q\

Now two states 54 = (  er  rVr )  and Az = (  0* ,  Vz )

wi l l  be cal l -ed;  equivalent i f  the coresponding groups

a r e c o n j u g a t e . T h e n t v e c a n d e f i n e r e g u 1 a r a n d c r i t i c a ] .

states and we need some hypotheeis about ar i t ical  states

and the const i tut ive funct ion A .  Such sui table

hypothes is  a re  :

l ,  The c r i t i ca l  s ta tes  are  a l l  t i re  po in ts  o f  $ome

c o n t i n u o u s c u r v e s i n t h e ( e r V ) q u a d r a n t

wh ich  does  no t  in te rsec l  ou twen them and wh ich

are 
' in 

a f in i  te nr- luber .

2,  The const i tut ive funct ion A has at  any two
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d i f fe ren t  po in ts  s i tua ted  on  the  ^same cr i t i ca l

curve tire same type of oingularity . This means

that the two singular i t ies nre conjugated

through an invert ib le t ransformat ion :

Under these hypothesis s i r i l iLar resul ts wi th that  of  seet ion

2 can be proved ,  and also a path independence of  the

sJntunetry group and sJrututetry group extension is now

easy  to  p rove.

' r tJe end this sect ior i  wi th an i rnportant observat ion ;

There  ex is t  a  s t rong s in i la r i t y  be tv ;en  what  we ca l led

here a group extension (  t i re fonnal  def in i t ion )  and

some def in i t ions  in  s ingu la r i t y  theory  and b i fu rca t ion

theory  (  see  fo r  exarup le  J .  Danon.  I  le1  ,  fo rmula  t  Z . f l

Far frorr. being only formal this sinnilarity may play

an important role in understanding the complex phenomena

of phase transi t ions using strong tools f rom singular i ty

theory and bi furcat ion theory r

j -

I
j
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