
THE COMMUTATOR METHOD FOR FORM

RELATWELY COMPACT PERTURBATIONS

' b v

Anne Marie BOUTET de MONVEL-BERTHIER*), Horia MANDA**)

and Radu PURICE* *)

November 1990

*) Universn{ ae Porfs vII, LJ.F.R. de Math€matiques U.A. 213; 2, pl. Jussfeu,

F-75.251, Poris Cedex 05, France

- **)'Ins 
titute of M.athemotics, Bd. Pdcii 220, 79622 Buchorest, Romania.



THE COMMUTATOR METHOD FOR FORI'I F.ELATIVELY COMPACT PERTURBATIONS

1. INTRODUCTION

In studying the spectral  propert ies and the scatter ing theory

for Schrddinger operators, a very powerful method has been

ln l t ia ted  by  Mour re  [7 ]  and deve loped in  [2 ,4 ,8 ,  10 ,  14 ] .  The main

point is to construct a sel f  -  adjoint operator conjugated to the

Hamil tonian tB1 and to prove that i t  sat isf ies the "Mourre

est imate" [7]  and some regular i ty condit ions 14,71. Then one can

use the Vir ial  Theorem [4] in order to study the eigenva]ues and

one can construct local ly smooth operators with respect to the

Hamil tonian t13l  in order to determine the absolute cont inuous

spectrum. Moreover one can obtain a very precise f.orm of the

"Limit ing Absorpt ion Principle" t21. This approach has been used

with very good results for the two-body problem [4,5,7] and for

the  N-body  prob lem [2 , tO,741.  In  [2 ]  the  ne thod is  p resented  in  a

very general  version, a powerful  abstract result  being obtained,

whlch includes a large class of Schrcjdlnger Hamll tonlans (N-body,

nonlocal perturbat ions, long-range lnteract ions).  An lmportant

condit lon for the result  obtained in [2]  is that the domain of the

Hamll tonian should be invariant for the unitary group generated by

i ts conjugate operator.

In pr inciple, the method of the "Mourre est imate" does not

need that the Hani l tonian should be decomposed in a " free part"

and a "perturbat ion",  but up to now i t  has been used only in this

perturbat ive sett ing, considering the Laplacean as the free part

and the generator of the di lat ion group as i ts conjugate t6l .

Then, because of the domain condit ion underl ined above, the case

of form-relat ively compact perturbat ions t15l  is no.t  covered by

the general  result  in [2] .  In fact the KlMN-theorem l12J does not

give any information concerning the operator-domain of the form

sum, and as one can easi ly see for the

wl th  V€L1(R) ,  the  opera tor  domain  is  no

d i la t ion  group.

In oid".  to be able to deal with

.2

simple case: H = -9 ^
d *

longer invariant for
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case we shall  consider a different conjugate operator for the
Lap lacean  on  f f i .  l l e  sha l l  deno te  OU e ,  { j  =  t , . . . ,D )  t he  symmet r i c
operator  o f  mul t ip l icat lon by the var iab le x .  on Lz (d )  by

Jg: t2 (d ;dx) -+L2(F l ;dk)  the  Four ie r  t rans form and we shar l  use  the

nota t ions :

P  =  -  j = E
t o x

J

( J  =  t , . . . , D )

a J lr o r  v € K( v )  :=
( 1 . 1 )

f ,  (x )  ,=  = f  fo r  xed ,  . i  =  1 ,

' F /  io '= ,,,1, lorfr 
(P) + r, (e)a, j

, n

The ab-ove defined operator A is a conjugate for the Laplacean on

d as one can see from the fol lowing lemma.

Leuma 1 .1 .  The fo l lour ing  ident i t y  i s  ver i f ied  on  g(d) :

j  [ - 4 ,  A )  =  - z  a < p > - l .

Lemma 1 .2 .  Tbe opera tor  A  de f ined by  (1 .1 )  j s  essent ia t l y  se j f

ad jo in t  on  f , (d ) .

Proof :  In fact A is symmetr ic on g(d),  and by performlng a

Fourler transform and taking into account that f is a bounded

funct lon wlth bounded derivat ives of any order,  i t  results that
y (P )  i s  a  dense,  invar ian t  domain  o f  ana ly t i c  vec tors  fo r  A .  The

conc lus ion  then fo l lows f rom coro l la ry  2  o f  the  theorem X.39 l l z l .

I

Lemma 1.3. Let us denote i  = ?Ag-1, The unitary group generated

Ay fr is given by the formula:

f r ( t ) f  =  l : r a  r  t 1 l 2  t ^ .r u r Y t r t  . - 0 t  f o r :  f e L z ( d ; d k )

vhere O. is the f low on d associated. to the vector f ie ld:t
"  X  - - f , ( k ) ,  f o r :  j = 1 , . . . , D

J J
and i \ (A .  )  i s  i  t s  Jacob ian .- t

Proof: I f  we consider the operator fr = i I  fJ (k)AF and
- J

observe  tha t  the  f ie ld  X  has  g loba l l y  L ipsch i tz  components ,  i t

resu l ts  tha t  the  assoc ia ted  f low is  g lobaI ly  de f ined and sa t is f ies

A .
0.D #r=of r t t ) r  

=  -  ld r , tgx ) t  - i . r  = - i i t .
Moreover  one easi ly  ver i f ies that  f r ( t ) .u  def ined is  in  fact  a  one

parameter unitary group. 
!

t + [ v l 2

x



Definit ion 1.4. For any seR we consideY

t t  :=  { f e f , (d  )  |  <p> ' feL2  (d  )  }

endowed with the normt l l f l l ,  := l l<P>'f l l '

4

the Hilbert sPace:

Lemma 1.5. For any seR, ?t is left invariant by the unitary group

itt t) g.n"rated by A.

Proof : We prove that fr(t) is bounded on any space 9}f :
\ 6

( 1 . 3 ) | | f i ( t ) | | g $ l t ) = | | < P > " f r ( t ) < P > - ' l l s o u p @ = c

using the fact that lot (k) - t  |  = c enp6t ) with some constants c

and a. I

Glven two Hilbert sPaces, il, and lt, we denote bV tsQlr;Kr) the

Banach space of bounded operators from lf to tlr' For X&lG,if a

t r lad  w l th  (K f t )  and G\1#)  Fr ledr ich 's  coup les  121 '  we sha l l

cons tan t ly  use  the  no ta t ions :  l l : l l *  fo r  the  norm in  E(10,  l l ' l l -  fo r

t h a t  1 n  t s ? { ) ,  l l ' l l . -  i n  3 ( 1 ( 1 S ) ,  l l ' l l o *  l n  A ( f i ; 1 ( )  l l ' l l - o  l n  3 ( 1 S ; f t ) '

a n d  l l ' l l - r  l n  E ( 1 S ; X ) ,  l l ' l l . o  i n  3 ( K l t )  a n d  l l ' l l o -  l n  8 ( f t 1 S ) '

I n t h e n e x t p a r a g r a p h w e s h a l l p r o v e a n a b s t r a c t r e s u l t '

c lose  to  the  Theorem 1 .3 .1 .  in  t2 l ,  bu t  suppos ing  on ly  tha t  the

form domain of the Hamil tonian [17] is invariant for the unitary

group generated by i ts conjugate'  In the third paragraph we shal l

use this abstract result  for the two-body schr6dinger operator

with form-compact perturbat ions'

2. THE ABSTRACT RESULTS

Let us consider a Hi lbert  space ?t,  a sel f  adjoint operator H

and.a  un i ta ry  one parameter  g roup {W( t ) i r .O w i th  a  genera tor  A '

Let us ident i fy f t  to i ts dual,  by the Riesz isornorphism, .  and let

u s d e n o t e b y g l t s d o m a i n e n d o w e d w i t h t h e g r a p h _ n o r m o f H . L e t

{ f  } .eR be the  sca le  o f  H i lber t  spaces  assoc ia ted  to  H lz ' t z l '  so

that 
- i - '= 

d. l , , le shal l  denote by K the form domain of H so that 1( =

=  d / 2  -  D ( l H l t / z )  a n d  1 {  =  g ' / ' .  o n  1 S  w e  s h a l l  c o n s i d e r  t h e

dual norm given bY:

Q . 1 ) [ f l l J S  =  l l  ( 1 + l t t l  ) - 1 r t t for any felt



5

We shal l  suppose that 1{ is invariant for W(t) ,  for ai ly teR. By

dua l i t y  we can ex tend W( t )  to  W w*h ich  w i l l  a lso  be  le f t

invariant.  Evident ly He3(f t1S).  We denote by E:F(R)+8(?t)  the

spectral neasure of H. lle shall also use the Hilbert 'space 89K

representing the domain of the generator of l.I(t) li l endowed with

the graph norm of A.

Theorem 2. l. Let tlldlH,lltt) and A be as above and suppose that

W( t )  leaves  X invar ian t  fo r  any  teR.  Le t  us  denote  B '=  i [H ,A]

def ined a priori as a synmetric element of ts(8;ff) and take JgR

any bounded interval. Suppose that the following hypothesis are

ver i f  ied:

q) Bes(Kl#) and there js a str jct ly posi t ive co.nstant a and a

compact operator on tl denoted K such that:

E ( J ) B E ( J )  >  a E ( J )  + .  K .

F) One can f  ind a funct ion: [O, 1]ter-+H(e)e8(1t1#) such that:

Fr) Tne funct ion H(e) is strongly cont inuous and H(0) = H.

B  )  T h e  f u n c t i o n :  ( 0 , 1 ) > e r > B - : = j t H ( e ) , A l e & ( 1 S )  i s  s t r o n g l y' 2  e
Cl and there are two str ict ly posi t ive constants C and 6 such

that:
A  , . . t

i l + 8 i l  = C ' e - " " .
A e  e  + -

Fr) For anY te(0,11 ' , te have that

sone str ict ly posl t ive constants C and

l l [ B c , A l l l . -  =  c e - 1 ' d .

Then J contains no singular)y continuous spectrum of H and only a

f lni te number of eigenvalues, each of f in i te nult ip l ic i ty,

Renark :  Theorem 2 .1  i s  an  ana log  o f  theorem 1 .3 .1 .  in  [2 ]  Uut  we

only impose the invariance of 1( = d/ 
2 under W(t) ,  and we consicier

al l  the operators act. ing between the spaces 1( = d/ '  ancl  1{ =

9 'L t -2 .  In  o rder  to  do  tha t ,  in  app l i ca t ions ,  we need the  mod i f ied

conjugate operator A" for the Laplacean.

Proof:  The proof of theoren 2.7 goes exact ly through the

same s teps  as  tha t  o f  theorem 1 .3 .1  in  l2 ) ,  w i th  on ly  a  few

modif icat ions. In some sense our version of the theorem is more

natural ,  involving only two leve1s of the scale of Hi lbert  spaces

associated to H, namelY X{ and l f f .

1l  We shal l  f i rst  look at the eigenvalues contained in J.  Observe

t h a t  t h e  V i r i a l  T h e o r e m  a s  s t a t e d  i n  [ 2 ]  ( t h e o r e m  1 . 2 . 3 . ) ,  c a n  b e

lBe,AIets{Kl#) and there are

6 such that:



appl ied taking 1( for I  and 1S for 9*,  because any eigenfunct ion of

H ls  in  K  Moreover  in  theoren 1 .2 .4 .  o f  121,  the  cond i t ion  tha t  I

!s ln fact the domain of H is not real ly needed, the necessary

condit ion being that any eigenvector of H should be contained in

g, and that remains true also for the forn domain of H. Thus

theorem I .2 .4 .  in  [2 ]  g ives  us  d i rec t l y  the  des i red  conc lus ion

concernlng the eigenvalues of H in J.

2J Let us consider now the statement concerning the 
.  
absence of

slngular ly cont inuous spectrun. t . le shal l  prove that the operator

L=<A>-t i t  lo". I ly H*smooth on J by proving that the conclusion of

p ropos i t ion  1 .3 .6 .  in  [2 ]  remains  t rue  a lso  in  our  hypothes is .

Therefore the theorem XI I  I .  23 in t  131 gives us the desired
g -

conclusion on the singular cont inuous spectrum. suppose  
o€J 

ls

not an eigenvalue of H. From hypothesi l  F, we obtain by

lntegration that B=L!+y B" and:

Q . D  l l B ' B e l l . -  =  
3 " U .

We can app ly  now po in t  (b )  o f  lemma l -3 -2 '  ln  [2 ] '  
: "1  

we ge t  a

neighborhood J of lo such that for any funct ion 4ec@(.1) we have:

Q . 3 ) c (H)Bed(H)  .  ?  O$)2
fo r  ee(o ,e  ]  w l th  e  =1 .  ln te  f i x  now J '  a  c losed ln te rva l  such tha t :

^ l -  1  - -  o

l _e3^SJ^EJ,  and a  func t ion  C€C@(J.  )  such tha t  gcO( I )s1  V leR and
o o o

0(r)  = 1 on a nelghborhood of Jo. we conslder now the fol lowing

opera tors  as  de f ined in  l2 l :

(  O  , =  0 ( H )
l ,

Q.4 )  ' l  o - ' =  1  -  0

I  t^ ,= l9on"o , for
[ e a

We can now aPPIY lemma 1 .3 .3 .

e e ( 0 ,  e ,  l .

in  tz l  and obta in:

(e2  , , 1 ' / '

L * . u J( 2 .  s ) l l  tH - I t i  (M  +u )  l f  t t  =- c

for:-  - feD(H)El( ) ,eJo ,  pzO, e e (0, eo I  ,  to=tr .  '  Thus, the operator on

the lef t  s ide of Q.5) is an isomorphism frorn 9=D(H) to ! l '  for

ee IO,co l ,  pzO,  such tha t  c+p=O and ] 'eJo '  By  dua l i t y  and

interpolat ion we can see that i t  is also an isomorphism from 1( to

1s, and thus i t  has an inverse in 8(1s;x() .  } Ie denote:

Q.6)  G,  ( I ,  F )  '  =  [H- l+ i  (Mr+u)  I  
-  1  fo r  t r ,  e '  p  as  above '

First  observe that L=L*eE(XO and has dense range' We def ine:

Q . 7 ) F ,  ( t r ,  F )  :  =  LG"  ( I ,  P)L



and we use the method descrlbed in [2] ln order to control : the

e-dependence of F" for e;0. We have:

Q . g  t t F  l l  s  1 .
a e

Now we want to obtain a differential inequali ty for

Q . e ) 3 r = - ' i  felc o -9-e oc 1 + LG oB oc
d , e e a t e c l e a c € e e

F :
a

\
L l

)

we ge t :so that by denot ing c-di f ferent iat ion with a pr ime

t  
u  r r r ^  x h  * ^  , , , . lQ.I i l  l lF '  l l  s  

I  l " " ta"tB'ocel- l l  
+ l l lGr0Beocel- l l l .

We have the fol lowing four est imations, a refornulat ion of

I e n m a  t . 3 . 4 .  i n  [ 2 ] :

Q , t L )  l l G e l l o ,  +  l l G * l l o *  =

'  
*  l l o l c * l l  s c{ 2 . 1 2 )  l l o - G r l l o +  -  

e  o +  .

(2 .  13)  l loGcL l lo*  +  l lQG*L l lo ,  =  ce- t / ' l lF ' l l t / '
/  

L / z \
Q . l D  l l c e I - l l o ,  +  l l G * L l l o .  s  c t l l l l l  *  r - t / ' l l F . t t " ' 1 .

In proving lemma 1.3.4. in tzl one shows that: llG"tl=C/e and

l lOG.Li l2 =Ce-L l lF- l l ,  and thus al l  we have to do is to show that one
e a

can get thls est imatlons in 8(1f;1{)  lnstead of A(f t ;$).  But as the

|-
operator . l  

1H1ti+H)-t  i .  in 8(1f)  and the norm on X< ls the graph

t-
norm o f  I  lH l  we see tha t :

( - - r r
t l

I  t  l t l  Ge  =  I  lH l  ( i +H) - ' L t  *  [ t r - i (Mr+pr -1 )GeJ
(2 .  1s )  {

I
I I - T -
I ttl ltt l ocrltt s oup {l lxl I xeaupp $I llocel-ll

U s i n g  t h e  i n e q u a l i l i e s  2 . 1 7  -  2 . 7 4 ,  b y  a  s i m i l a r  p r o c e d u r e  t o  t h a t

descr ibed in  I2 l ,  we can es t imate  ' the  two te rms on  the  r igh t  s ide

o f  2 . 1 O .  F o r  t h e  f i r s t  o n e  w e  e a s i l y  g e t :

Q . 1 6 )  e l l L G e O B ' , O G e L l l  '  C l l F " l l e -  
1 +  6 .

For the second term we obtain:

Q.17) tc"oBeocel- = LGTB"G.L - LGEorB"orGrL - LGcorBroGeL -

I- LGeoBeo^GeL

(2. l8) i lLceorBsotcrl- l l  -  l lLl l2l lGeoll l-o l lBe l l*- l lorcel lo* s cl lLl l2

Q.  rg)  
.  

l lLG"oBeorGeLl l  =  l lLGeol l -o  l lBel l . -  l lorce l lo*  l lL l l  <

<  c l l L l l  t - L / z l l F e l l l / 2

c
e



G L = j (LAG L-LG AL) + LG (B -B)c L * r-d tuQ.zO) LG"B"

Q.zr)  nLAc

e e e

Lil 3 ilLAil i lG Ltl
I  + O  I  O +

e c
- 1  I  )

L l l  +  e  - ' - l l F

Li l

a

ill
t

i lG
O +

t r )

, A 1 o )

a

[ ' ,
t

+

e

s Cl lLAl l
+ O

, A ] G  Lc a

l l t / ' l
)

Q . 2 2 ) i lLG (B -B)G_L) i l  = i lLG, i l [B -Bl l
- o  e + -  ge ' e  e

s ce6

Q . z ,  [ M e , A ]  =  r  
{ f . , A l B e o

L l l  + s
- t l ' i l F  

i l t

QBe [0 ,  A ]

e

+  0 [ B ,

Q . z D  l t L G  o t B  , A l o G  L l t s [ L G  Q l t  l l l B , A ] l l  l l o c  L l l  s c e - 2 . 6 l l F  l l
e  

-  
e -  e  a  - O  € -  + -  t  O +  e

We only have to study the terrns containing [0,  A].  We use a

procedure simi lar to that in [2] .  We remind that for peC'(R) and T

a self  adjoint operator,  the fol lowing representat ion formula is

t r u e  ( S e c t i o n  4 . 2  i n  [ 1 ] ) :

Q.z i l  d ( r )  =  L / (2n )1 /2  f  ? r r  )  . i r t a t
^  , R

wlth f  them Fourier t ransform of { .  Using 2.25 one immediately

proves  tha t  [0 ,A ]  e3(8 ;8* ) .  By  a  method s imi la r  to  tha t  in  the

proof  o f  lemma 1 .2 .8 .  in  lZ l  we sha l l  see  tha t  in  fac t

[O,A]eE(1{ ;14 .  In  fac t  .one can observe  tha t  the  on ly  hypothes is

needed fo r  p rov ing  po in ts  (a )  and (b )  o f  Lemma 1 .2 .8 .  in  l2 l  a re

tha t  (8 ,9 )  and (9 , } t )  must  be  Fr iedr ich 's  coup les  (7 .3 . .4 .  in  l z i ) ,

w i th  I  invar ian t  fo r  W( t ) ,  th ings  tha t  remain  t rue  i f  we rep lace  I

by K Thus we obtain that:

Q . 2 6 )

s  C l t  I  l l B l l

so tha t  us ing  2 .25  we ob ta in :  [O,A]e ts (K l { ) .  Now we remark  tha t

because ( j+H) is an isomorphism from X to 1{ we have that

l (  j + H ) - t , A l  e t s ? # ; K ) .  F i n a l l y  w e  g e t :

e . 2 7 )  u F ' n  =  c l [ , , r , ,  +  n L A l  I  t - t l ' l t F ^ l l ' / 2 + t t L t t ' l  *  r - ' . 6 t t r ^ t t l .- e  - L l . -  " - ' - o , )  
t  " ' e "  " " " )  " ' c " l '

From this inequal i ty,  by integrat ion, we improve the est imation

2.8 and by repeat ing the procedure for a f in i te number of t imes we

obta in :

Q . 2 8 )  o u p  {  t t f r ( t r , p ) l l  |  O < e c e o ,  } , e J o ,  p = 0  }  <  m

so that L turns out to be H-smooth on Jo. r

Besides this result  concerning the spectral  propert ies of H,

we can ex tend the  resu l t  o f  theorem 1 .4 .4 .  in  l2 l  in  o rder  to



obtain a Limit ing Absorption Principle 
-val id 

for our situation' l le

shall  use the same class of "weight operators" as ln [2]:

Def in i t io  n 2.2-  For  ve l ( ' , I /2) ,  we denote by [ - r (9 ;10A) the c la ls

o f s e ] f a d j o i n t , i n j e c t i v e o p e r a t o r s i n t s Q { f o r v h i c h a f a m i l y o f

operators { t " } " . ,0 .eo1,  (eo= 1)  in  tsG{o can be found'  that

sat isf ies the fol lowing propert ies:

1. For e--+0, L, jt treakly convergent

2, L-Aets(9;tt) 
"f 

or any ee(O, eo l '
e

3. The funct ion: (0, eo )ee r+LreB$;t l)

4, There is a Posit ive constant Clo

ff l  Al l  + l l l ' - l l  s Ce-v." - e  + 0  C  + O

to L in tsQ{).

is weaklY CL .

such that:

Theorem 2 .3 .  (L in i t ing  Absbrp t ion  Pr inc ip le )

Suppose H sat isf ies the hypothesjs of theorem 2'7'  ( for a given

conjugate operator A) and that LeL. lfl;?A'A) for a given ve[O' VZ)'

Let us denote bl Xt, the domain of L endowed with the graph no,n

a r f i ] e t 1 { b e i t s d u a l . I f t r e J i s n o t a n e i g e n v a l u e o f H w e h a v e :
I

1. (H-l! jp)-rets(K",?() for any 1t>O and the fol lowing l init  exists:

f.{, .{n (H-ft ip)i  1 : = (H-trt j0)- 1e8(!f" '  l t* )
pto

unifornly in tr on compact subintervals in J\cr(H)'

2. The nappings: J\cn (H)atrr+(H-tr l j0)-1eE(lt",1t*) are norm

c o n t i n u o u s a n d e v e n n o r n H 6 l d e r - c o n t i n u o u s o f o r d e r o ' w i t h :

o = n L n { * , # \

P r o o f : T h e p r o o f g o e s t h r o u g h e x a c t l y t h e s a m e } i n e s a s t h a t

of  theorems 1.4.3.  and 1 '4 '4 '  in  t } l  tak ing ln to account  the

arguments given in the proof of theoren 2't and replacing L bY Ler

. 3. Application to the Schroedinger two-body problem

As announced in the Introduction, our aim is to extend the

g e n e r a l a b s t r a c t f o r m u l a t i o n o f t h e M o u r r e m e t h o d ' i n o r d e r t o b e

a b l e t o d e a l w i t h t h e t w o - b o d y S c h r o e d i n g e r o p e r a t o r s w i t h a

p o t e n t i a t h a v i n g s t r o n g l o c a l s i n g u l a r i t i e s a n d a l s o s o m e
', Iong-range" part .  In order to see that the abstract results of

t h e t h e o r e m s 2 . l a n d 2 . 3 c o v e r t h e s i t u a t i o n d e s c r i b e d a b o v e w e

p r o v e  t h e o r e m  3 . 6 . ,  a  r e s u l t  s i m i l a r  t o  L e m m a  2 ' g ' 4 '  i n  1 2 1 '
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giving a general  procedure to ver i fy condit ion (13) in Theorem 2.7.

lJe shal l  work in R3and we begin with some technical  results

that we shal l  repeatedly use in the fol lowing. Suppose {eR3\{o},

we denote €== lE l -  
1{ and Pr:  =€'P= l€ l -  

t  

Fr 
t ,  .  We denote by BC@ the

space of bounded Ct functions with bounded derivatives.

Lemma 3.1. Suppose geBCt and I is a self adjoint operator such

tha t :  [T ,P  ]e ts (Kt#)  fo r  j= I ,2 ,3 .  Then,  in  E0{ ,1#)  we have the
J

formula:

l r ,s(P)l  = - j  (2n)-" ' l *  aE etr , lF* izPr)[r ,P€] eT oiPr{(  l { l -z)}dz

vhere g is the Fourier transform of $, (thus g js a measure of

rapid decrease).

Proof: I t  ls an evident reformulation of the result

Sec t l on  4 .2  o f  t 1 l  and  po in t .  (a )  o f  Lemma l ' ? ' a '  l n  l 2 l '

observ ing that  { 'P=l€ lnr .

Lennna 3.2. For s,cr,BeR, there is some f inite posit ive constant

such that:

t tcg>acP>F(Q'P) .pr-F- t  .Qr-o- t  
"B(u"  )  

=  c .

Proof :  I t  fo l lows lmmedlate ly  f rom the resul ts  ln  t111.

Lemma 3.3. For cr,teR, there is a f inite posit ive constant c such

that:
'  l l <Q>o"q l i tP r )<Q>-o l l " , u . )  3  c l t l  l o l '

Proof : l ' le remind that: l lul lUt - l lcP>tul l '  Thus:

11.gro"ap{itP*i<Q>-o,,g(g. ) 
= l l<P>t <Q>eerp{izPr}<Q>-ocP>-t l l  =

= cu<e>ceap{ izp. }<Q>-o l l  =  c  oup {  - t , .  '11"  
lxen ' }  =  c l r l  ld l

" - - - E '  t  1 + l x - r € 1 2  )

l le have intertwined <Q>d<Ptt by using the results in t111. r

Lemma 3 .4 .  For  eeC@(R3 )  sa t is fy ing :  O=o(x)s1 ,  0 (x )=O fo r  l x l>2

and O(x)=1 fo r  l x ls1 ,  le t  us  de f ine  e(eQ)  the  bounded opera tor  o f

nu ] t ip t i ca t ion  w i th  Or (x )=  e(cx)  on  L2  (n t  ) .  Then *  
0 (eQ)  and

t o ( e Q ) , P . l , f o r i = l , 2 , 3 , a r e o p e r a t o r s o f m u l t i p l i c a t i o n w i t h
J -

functions of ctass Cltnt ) with support in {xeR' I f  slxlsZ } '  ITore

1n

by

I
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speclf icallY ute have:

;$ rt'ol =

l e ( e Q ) ,  P

e )  ( c Q )  =  
" - t  

6 t " O l

o )  ( e Q )

( 3 . 1 )

( 3 . 2 )

I  Q. (u,
J

=  i e ( d
J

e )  ( x ) .where o(x)  :=  )  (x
lJ

J

t {e shal l  use the fol lowing result  proved 1n [2] (Lemma 2.9'2)

( 3 . 3 )  l l f  ( e Q ) . Q r d t t " , U ' ,  =  c e - 6

f o r  r p e c t ( R 3 \ { o i ) ,  6 , s € R ,  e e ( 0 ,  1 1 .

Lemrna 3.5. Let us consider 2eCl(nt ) such that 7=as151. forLemrna 3.5.

and s ,a ,FeR.

f o r  e e ( O , 1 ] ;

o

Then there is  a f in i te ,  posi t ive constant  C such

l
J

a
J J

l x l s t
that

< P > - 1 I  +  t z ( e Q ) , t , . t r -

3.1 with g=f, and obse

t 1 o ,  
)

rve that

l t<e>atz(eQ),  A l<Q>Fl lg( f  )  
=c"  (  . , tF)

Proof:
(

tz (ee) ,A l  =  0 /^L{0,  tz t 'o ) ,n ,

as operators In ts(f  ) . ' l ' Iu ,r=" Lemna

due to Lemma 3.4 we have that:

t z (cQ)  ,  P . l  '=  i I  q  c  (d ,  z )  (eQ)
s  i -  J

I f  we  de f l ne  now:  i l ( x )  ' =  t * t lF r (a rz ) ( x )  and  use  (3 '3 ) '  Lemma 3 ' z

^ J

a n d t h e f a c t t h a t f . h a s r a p i d d e c r e a s e w e o b t a i n t h e d e s i r e d

lnequality. I

Theorem 3.6. Suppose v js a synnetric operator in ts(K1( ) such

t h a t t h e r e a r e t w o p o s i t i v e c o n s t a n t s 6 a n d C f o r w h i c h :
A

i )  f l<Q>"V l l  =  c

^  
* -

j j )  l l < Q > " [ V , A ] l l  <  G-  
+ -

Let  eeC@(R3 )  le  such tha t :  O=o(x)= l ,  o (x )= t  fo r  l x ls l  and g(x )=o

o
f o r  l x l z 2  a n d  l e t  u s  d e n o t e :  V ( e )  : =  o ( e Q ) V e ( t Q ) .  T h e n :

a) The funct ion: [0,  1]>er+V(e )e8(K1S) is strongty cont inuous and:

V  =  I , L m  V ( e ) .
e+o

b)  The func t ion :  (0 ,  1 )>e}+ lV(e) ,  A leS(1{  1S)  i s  s t rong ly  C '  and:

, ,  d  r r r f ^ ' t  A l t t  .  n . - 1 t 6l l  A t  [ V ( e ) , A ] l l .  - ' C t '
. . 4

c )  l l  I t v ( e ) , A l , A l l l  =  c e - " " '



t 2

Proof :  The proof fol lor.rs that of  Lemma 2.9.A. in lZ1, 'but

some technical  points are more compl icated because the commutator

[V(c ) ,A ]  i s  no  longer  a  mul t ip l i ca t ion  opera tor  as  in  [2 ]  and we

have to  make a  sys temat ic  use  o f  Lemma 3 .1 .  Po in t  (a )  i s  iden t ica l

t o  t h a t  i n  L e m m a  2 . 9 . 4 .  i n  [ 2 ] .

For  po in t  (b )  we use Lemma 3 .4  to  ob ta in :

( 3 . 4 )

Observe that the, ' ' last three terms are the adjoints of the f i rst

three and hence wi l l  have the same bounds. Using Hypothesis ( i )

and ( i  j  )  we have:  t t .q rOVX(eQ)  l l  -C  and l l<Q>6[V,  A ]X(eQ)  l l  sC fo r
+ -  + -

any XeCt{R3 ).  Therefore } Ie can est imate the second and third terms

by us ing  3 .3  because te (eQ) ,A le3( f  )  fo r  any  seR.  For  the  f i rs t

term we use Lemma 3.5 with c,=0 and F=-6.

c) A direct computat ion gives: ' . .

( 3 .  5 .  )  t  t V ( e ) ,  A l ,  A l  =  2 t e  ( c Q ) ,  A l V l e  ( e Q ) ,  A l  +  2 [ o ( e Q ) ,  A ]  [ V ,  A ) o  ( c Q ) +

+  [ [ e ( e Q ) , A ] , A J v e ( e Q )  +  e ( e Q ) [ [ v , A ] , A 1 0 ( e e )  +

+  2 e ( e 0 )  [ V , A ]  [ s ( e Q ) , A ]  +  0 ( c Q ) V t  t 0 ( e Q ) , A l , A l

We observe that the last two terms are the adjoints of the second

and third ones, so that we onJ.y have to est imate the f i rst  four

te rms.  Le t  us  denote  S=[0(eQ) ,A]  ,and remark  tha t  1 t  can  be

cont ro l led  by  Lemma 3 .5 .  l le  a lso  denote  T=[V,A]  and observe  tha t

i t  i s  no t  an  opera tor  o f  mu l t ip l i ca t ion ,  bu t  i t  i s  con t ro l led  by

hypothesis ( i i ) .  l le thus have to consider the operators ;  SVS,

S T o  ( e Q ) ,  I S ,  A ] V o  ( e Q )  a n d  g  ( e Q )  L t ,  A J  0  ( c Q ) = 6  ( c Q ) T A o  ( c Q ) - e  ( e Q ) A T o  ( e Q )

lsvslt = i ls<Q>-6il  i l<Q>6vtt lsl t  = crd

A  . (  ̂  .   

; !  t v ( e ) , A 1  =  e - '  j  I e ( e Q ) , A ] V e ( c Q )  +  o ( e Q ) V t e ( e e ) , e l  +
\

*  6 ( " Q )  [ v , A ] e ( e Q )  +  [ e ( e Q ) , A ] v ; ( e Q )  +  e ( c Q ) v t 6 ( . Q ) , e l  +
^ ' l

+  o ( e Q )  [ v , A ] e ( e Q )  |
)

( 3 . 6 )

( 3 . 7 )

( 3 . 8 )

( 3 .  e )

-  + -  +

l lSTo (eQ)  l l  -  t tS<g>-  
6 t t  

t t<g>6t t t  l l e  (eQ)  l l  =  C"6

ASVo(eQ) = 
[+ #. +roJ.o'-'][.0'6s.0,-u) [.0'uu'J

sAVo(eQ) = 
[t.0" 

t j 
Fo, 

'.u[0.#. 
+toJ.o,-6].0,VE

and by  us ing  Lemma 3 .3  and 3 .5  we ge t :

( 3 .  1 0  )  t t  [ S ,  A ] V o  ( e Q )  l l _  _  
<  c e -  

1

For  the  las t  opera tor  i t  i s  enough to  cont ro l  e (eQ)ATe(eQ) ,  the

f i rs t  te rm be ing  i t s  ad jo in t
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( 3 . 1 1 )

8 .12 )

( 3 . 1 3 )

fe (eQ) <e>1 - ol [.or- 1' 6A<e>- ul 
fzorutle (ee)o ( e Q ) A r o ( e Q ) = | .  

, \  J t  
- )

e (eQ)<Q>1-6  =  o(Q)<Q>1-d  -  
l " " tO" (zQ)<Q>-  

6 ' ' ' d ' '
J e

l l g ( e Q ) [ T , A ] 6 ( e Q ) l l  s c ( 1 + e - 1 * 6 )  r

Let us prove now that the case of a potential wlth strong

local singularit ies and long-range can be covered by theorem 2'I '

From now on we consider  1FL1(R3),  Ho=-A and lg f (n3) '  (so that

l#--t{t  (nt )).  He shall  consider a potential function V=V"+V" such

that:

(3 .14 )  V  i s  conPac t

where V is the "short
s

(3 .  15)  l l<Q>1 '6v-  l l
S  + -

i n  s ( # , ! { L ) ,

range" part satisfYlng:

s C ,  f o r s o m e 6 > 0

and V ls the " Iong range" part satisfying:
L A

(3 .  16)  l l<Q>-vr  i l ,  _  = C

( 3 . 1 ? )  l l < Q > 1 * 6 ( a . v -  ) l l  3  c ,  f o r  J  =  1 , 2 ' 3 '
J  L  + -

In order to apply t i reorem.2.1. we observe that condit ions 3'  15 and

3.  16  imp ly  tha t  t t<Q>6Vt t .  iC  fo r  some 6)0 .  Thus  Ve3( t t , l {1 )  so  tha t

l t  is form-relat lvely uo,, , ,a"a with respect to the Laplacean and i t

ls even forn-relat ively compact (3.14).  Thus we can apply the KLMN

theorem and def ine H=-A+V start ing from the form sum' H so def ined

ls semibounded from below and has R, as essential spectrum' lle

shaIl consider for the Laplacean the conjugate operator A

dlscussed in the lntroduct ion and using Lemma.1.5 1( is lnvariant

for the unitary group generated by A'

Lemna 3.7. I f  Y sat isf  ies condit ion 3'L5 then ure have:

A
l l<Q>" [V,  A]  l l *  -  s  c

Proof: In facf we see that:

(3.18) <Q>6[v,A] = 
[ 'o'6v'o'J [ 'o'- 'AJ 

- 
[ 'o'uoto'-1-6J [ 'o'uu]

and using Lemma 3.3 one gets the stated result '

Lemma 3.8. I f  Y sat isf ies condit ion 3'77 then we have:"

A
l l <Q>" IV ,A ]  l l , -  <c

Proof: From lemma 3' 1 we get:



L4

( 3 .  1 e )  . e r t l v , A l = -  i ( z n ) - s / 2 I f  ̂ d € i  ; ' l € l o r u ;
i J R '  

' J o

(
x 

[a, 
ecctizP€] [V, Prle:.rr'Ii ( l€ l-r)Pr]

- esp{irPc} [V, Aleap{i ( l€ l-z)P*}Q,

(3 .20)  [v ,PE]  =  i f  te l - '€ ra rv
so that using Lemma 3.2 we get the conclusion.

J, '

'  l fe study f i rst  condit ion (a) of theorem 2.1. We have:

8 . 2 L )  g  : =  j l H , A l  =  - 2 A c P > - x  + .  j l V , A l

and due to the Le.mma above, i t  wi l l  belong to 3(# , \ t r  ) .  But:

a<p>-' - H.lIn t r- 1 = (A-H).rr- i *, [."r- ' -.1I" t t- '  I .l . /

Due to condi t ions 3.15 and 3.16 we have:  V<P>-Lets(?t , t tL)  and ls

even conpact t141. Thus the op'erator:

[.pr-' - .{6-' 
' l.pr-'

t J
.  v l l t  a lso be compact  ln  EGL?{^) ,  due , to  the fact  that  the

funct lon; r11;=. l - t r - t  is  a  cont inuous funct ion vanlsh lng at
"  l n f  i n l t y  [ a ] .  Lemma 3 .7 .  and  3 .8  imp ly  tha t  E (J )  [V ,A ]E (J )  i s

compact in A(ft).  Thus condit lon (cr) ls satlsf led wlth:
( t \

a < L n l  l - - - : *  l t e . l l'  \  ( t * l t l ) " '  )

Now uslng theorem 3.6 and lemma 3.7 and 3.8 we see that condit ion

(F)  o f  theorem 2 .1  i s  a lso  ver i f ied .

Remarks :  i )  I f  V  sa t is f ies  cond i t ions  3 .14  -  3 .17  and H is  de f ined

as above one can apply theorem 2.3 with an operator L def ined as

in  [2 ]  ( the  proo f  o f  p ropos i t ion  1 .4 .5 ) ,  and ob ta in  the  L imi t ing

Absorpt ion PrinciPIe.

j j )  .Cond i t ion  3 .15  covers  the  s i tua t lon  d iscussed by  M.Schqchter

l n  [  1 5 ]

j j j )  Le t  us  observe  tha t  i f  V  i s '  o f  Ro l ln ik  c lass  t17 l  and

s a t i s f i e s :  l v ( x )  |  =  c l x l - u ,  l u . v ( x )  |
J

; :  and  j=1  ,2 ,3 ,  then i t  sa t i s f ies  cond i t ions  3 .  15  -  3 . t7 .
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