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The nornted a.1@ were inirod'uced' : 'n l iJ as

a 61enera1 , :zzi . :on of  norned l inear spaces'  An example Of a norrred

almost l inear space is the col- lect ion of  a l -1 nonernoty '  bound"ed

a n 1  c o n v e x  s n b s e t s  o f  a .  n o r r j l e d  l i n e a r  s p a c e  ( s e e  i : l ) '  
'

T h e a ] . r n o s t l r q e a . I - s l n , c p : r , w } r i c h g . e n e r a l . i z e t h e l i n e a r s p a c e s

I, fere introd*ce6. b-J i : : t ler  ( [ i j ,  ' , " 'hc cal leC'  ther i r  quasi l inear ! :p3ces

as  3n  abs t : 'e "c t ion  o f  the  a lgebra ie  s t ruc tu re  o f  the  c l  a 'ss  o f  a l l

C lose t l  in te lva l -s  o f  ;1 .  T i tcse  gpaces  ha 've  begn subsenuent l " ' ' '  s tu -d ' ie

b1,,  I { racht ancl  Sc}rrddcr ( f8])  and I latschek arrd Sc}rdcl 'er  ( [ fO]) '

A : r u c h  n o r e  s t , d i e c  n c t j . o n  i s  i h - . t  o f  a  c o n l r s ; :  c . o n g  f 2 ]  ( o r

j .n other t r , r .n i inolog:/  r r  F,c. ' l ] - j .nc1r '  s! : !e I f - ] ,  or  s inply cont [ fZl  '

I r l ] ) ,  t ' . .h ich  is  a  S t . t  X  sa t is f . r ing  a l }  t } ie  a> : io r rs  b r  a ,n  a lnosb

l i n e a r  s r a . c e  ( s e e  i b e  c t c f i n j t i o n  i n  S e c t i o n  1  b e l o r v )  r e p l a ' c 1 n g

e v c r l , r ' , ' r h e ' e  l l  b ; i  R * ' ( I ' c r  s o n e : I i o r e  g c n e : r a 1  n o t i o n s  
" t u  [ 3 ] ' [ f + l ) '

I t  is  eas:r  to see thai  3.  convcx cone .a ' (  can be Organize'd '  a 's an

a l m o s t  l i n e a r  s p a c e  i f  i ' ; e  d e f i n e  \ o *  =  l \ l  o t t  f c r '  l  t  O  c ' r r c l  x  e X '

r '  [9]  i . .a; , 'er  consideied. non-ne€;ai i . re norms on an alnost

l i n e a r s o a c c b u t , a S h e o b s e r v e c l t h e r e , s u c h n o r m g a . I  
e n o t

conven icn t .  Tc  cc : rpensr ' t c  * ;hc  ' re ' l ' i r c r i j ' n i :  o f  the  a-x ions  o f  a  l ' i nea '

i - - ' \  - . y . , , )  on  r . , r  n . l  t nace  b : /  r , 1  d in f
s p : r c c '  r , ' e  * e f i n c i ( t i ) )  t : L o : : i 1  o n : r i r  n ' l n o s t  l i n e a r  s

i o t i r c r , r ; 1 r . 1 . 1 3 : : l c l i r s o i l ; n c r n o n i t l i n e a r s n a c e a n l ' c l d i ' b i o n n ' l l

one  : , i l i ch  : : . : l ces  the  f rancwork  p roC 'uc t i ve  '  I n  t  4 ] - [ f  ]  t t t  bcg r ' n

t o d e v e i o n e t l : e c i ' l r f o r t i r e n S r : l i j i ' l " r : l r n o s t l i n e a ' r s p a c e s t s i n i l a r

.y ' ; l - * . ,h  ' ,  1 . : . : ,  : . -  ' ; l : r . '  no l ' " . - ,1  1 j . : l t : :  51 ' : l l  ces '  T} ' ' 'us '  " i f  i ' r - i ' i i l iec l  i ' i ' ' :  d l r l -1"

l.l o

Ill ll0:''}'.I':a'D

! r r r
w J

GO}II'II



I

*2 -

space of  a nornre.c l  a l rnost l inear space (where the funct ionals are

no longer  l inear ,  bu t  a lmost  l ineag) ,  the  bounded,  l - inear  an6

almost l inear operators between two such spaces and'  vte obtained'

in th is more general  f ramevrork basic resul ts f rom the theory of

normed.  l - inear  sPaces .

The main  too l  fo r  the  theory  o f  normed a lmost  l inear  spaces

.rvas given in Theorem 3.2 of  l l7 ,  tvhere lve proved'  that  any norned

almost l inear space can be embedded into a normed'  l inear space t

a l lov t ing  us  the  use  o f  the  techn iques  o f  the  norned l - inear  spaces '

As y{e ha.ve shovrn in [g]  ,  the space .of  borrnded almost l inea.r

.opera tors  be t lveen t r . ;o  normed a lmost  l inear  spaces  can be  organ ized

a5 an al.rnost l inear space and vre can endovr it with a I 'norm'tf which

does not alvra;rs sat isfy the a.ddi t ional  axiorn requierc.  in the

d.e f in i t ion  o f  a  nor rn  on  an  a lmost  l inear  space.  fn  feJ  
r lue  oroved

the  embedd ing  theorem o f  I f ]  fo r  tn -e  space o f  bound 'ed ,a lmost

l inear  opera tors  unc ie r  a  cond i t ion  r ' ' ,h lch  imp l ies  tha t  th is  space

i s  a  n o r m e c l  a l m o s t  l i n e a . r  s p a c e .  I n  T h e o r e m  2 ' g  o f  S e c t i o n  2 t  Y r e

embed-  the  space o f  boundec l  a l rnos t  l inear  opera tors  in to  a  normed"

l inear  spe-ce ,  evcn  when i t  i s  no t  a  nor ined.  a l r -nos t  l iner i  spa 'cx

a n d  y r h e n  i t  i s ,  a l l  c o n d . i t i o n s  i n  T h e o r e m  3 . 2  o f  f Z ]  a r e  s a t i s f i e d

Bes ides  th is  resu l t ,  i ' ,  th is  paper  v , 'e  a lso  g ive  eond i i ions  in  o rd 'e

tha t  th is  space be long to  the  s i rnp les t  c lasses  o f  (nor rned)  a lnos t .

l i n e a r  s p r . c e s .

Final ly,  the author thanks to Dr.  K.D. Schraidt  for  c l rar- i in,3 '

a t t e n t i o n  o n  t h e  p a p e r s  t 3 l - [ t a ]  r n d  f o r  p r o v i d i n g  c o p i e s  o f

r11l -  [r3] .

1. PRELIIiIIIYARIES

I
I

I
I

For  an  c3sY  unc le rs t r t r t l i r l ; ; o f  t h i s  n a p e r ,  i n  t h i s  s t : c t j ' o n
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b  e s i d e s notat iorr ,  v, 'e reeal- l  some def in i t ions and. resl l l ts on normecl

the rea]-
l inear spaces. i?e assume that a]-].- spaces ale ol/-e]:

I  r  \  ^ )

R and  vse  r i eno te  by  R . .  t he  se t  t  Ae  a  
"  

A7 /A !

A conmutat ive semigroup l (  w i th  zeto,0 is  ca l led an

l inear .  qpgL_ce ( f  9 l  )  i f  there is  a lso g iven a mapping (  )  ,x ) -+ \  o*

of  ; lx  x  in to  x  sat is fy ing ( i ) - . (v)  be lovr .  re t  x t l l  €  x  and A,  y  e  9 '  I

( i )  : , r x  =  x  ;  ( i j . )  0 " x  =  0  ;  ( i i i )  t r o ( x + ; ' )  =  t r o t * \ u i '  i

( i ' r r )  t r , ( f , * )  =  ( t r y ) ' * ;  ( v )  ( l + 1  ) ' x  = ' \ ' * n  f o x  f o r  I ' 1  € R *

i , i e  se t  o f f  the  fo l low ing  two subsets  o f  x  ( [ : ] )  I

almost

f i  e ld
alnio srt

v x = l
\ n r = t

x e l l x + ( - l - ' * )  = 0 J

x ( X l  x  =  - l o x j

These are al . rnosl-- ] - ineqr s lbsjr lgeq

anrJ-  mu l t ip l i ca t ion  by  rea ls )  and VX

an a. l tnost  l inear space X is a l - inear

Tn an  a lmost  l inear  spa 'ce  X we

the  rnu l t ip l i ca t ion  o f  I  e  n  bY x  €  X ,

on1;r  in a l inear space '

A nornec' l  a l r .ost-  l ineat:-pnacq

X together nrith a llorn ltl ' i l l : X -) R

( I,lr ) l l l.x+;r I t I 1 fl l xtll + ll l :; l l l

( l { 2 )  l l l x l l l  =  o  i f f  x  =  o

( l i : )  l l t  t r ,  x l l l  =  I  ) r l  l t l x r t l

(  N4 )  t l lx  l l l  I  11[  x+w l l i

No te  tha t  111 : : l l l  >  A  io r  each x  €K '

X  ( i .  e .  ,  c l o s e c l  l i n d e r  a ' d d i t i o t

i s  a  l i n c a . r  s p a c e .  C l e a r I Y ,

spa.ce i f f  X = VX r  i f f  ' ' ' r - ' - f  O.

u s e  t h e  n o t a . t i b n  A o "  f o r

the  no ta- t ion  I  *  be ing  u 'ser l

( t  i i  I  
t t  an alnoost l i -near spa'ce

sa t i s f y ing  (Nr ) - ( t {+ )  be lov r ' '

(x  r , t  e  I ' )

( x  e  l { )

(  I  e  n ,  x € x )

(x € X, rv 6 \'Jr)

I ' le also have ( lql  )  :

o f

\ r . r / I t lv ;  l l t  .6 111 x+' ; ; l l l n  ( x  € X ,  v r  6 ' " f X )
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l ' ' /e draw attent ion t?rat 1" tr i l  anO f5J r. ;e har/e rnrorked vdth

an equ" iva. -1-ent  c lc f in i t ion of  
' the 

norm and f r  [ ! ]  the last  ax iom of

the nor,m is superf luol ls.

1 .1 '  Lr l f ldA ( f4J) .  rs !  x  be 3 normed a lnosL l inea. r  spr .ce

and l -e t  x ty€ Xt  rvr6 rT"  ,  v i -  €  yX ,  i=L12.

( i )  I !  x + ; '  e V X  t h e n  x , : / € V X

(ii) r! vir+v, = \ilr4tr, ttLen I' i1=1v2 @ v1=v2 o

r re t  x rY  be  t ' v ' ro  (nor rned)  a lmost  l inear  spaces .  For  a  ma.pp ing

T : x - - > Y  t h e  d e f i n i t i o n  o f  a  l i l g e r  o g e r - a t o l  ( a n  i s o m e t r l r )  i =

sirni lar  rv i th that  f rom the l inear case. ' ; /e C.ra ' ry at tent ion that

a  l i n e a r  j - s o m e t r y  i s  n o t  a l w a y s  o n e - t o - o n e .  F o r  A  c X  w e  d e n o t c

u v  r ( A )  t h e  s e t  {  r ( a ) :  a  e  t J  .  ,

The fo l lov r ing  resu l t  i s  the  main  too l  fo r  the  theory  o f

n o r m e d  a l m o s t  l i n e a r  s n a c e s .  I n  S e c t i o n  2 ,  , r _ "  v r i l l -  n a l c e  r e p e a . t e d

.  u s e  o f  t h i s  r e s u l - t .

I .2 .  fH30: i l i , ; .  (L |J ,  Theorern  3 .2 ) .  Fo f_n .n ' - ,  no t in1 . r - t  i ' l -nos t  l - in r . , r :

snags (x ,u t ' i i l )  !nr . : :e  s : ; r is ; t  a ,  nor .ne. r l  1 i !car . .  s la .gc ( ry ,  l l , l la  )  o*r  +-
ma.nni lg @,{ ' .X'*) I f  r" ; i t ,h . t l re fol l?.Gl.q. nronelt isst 

" I

( i  )  EX =  U x (X) -  
oX( : { )  end a)  

X(X)  can .be  orqan isec l -  a .p_an_ a}mor

l - i - nea r  snace  t ' , ' he rc  the  add i t i cn  and  the  r i uL . t i . n l r ca t i on  b ' , r  no r . . ne .o . t i

{eq}F_arS lFg ge.rng_g.s }q rv .
'  

/ . .  \  F

{ i i  )  t r t o r  r y .  / : ' 7  l , ' r d  l ^ e r r o t
\  

4 *  
/

a n d  ( & ' . , ( X ) r i l ' l l  - ' . ' )  i s ;  ? .  n o r r c C  a l n o c t  } j - n e p - r  s r r a c e .. / - L " X

( d , r ( ; r ) ,  i l  . l l . .  l'  
r L '  "  . ! , y ) a

; 1  z f l "  =  i n r {  1 1 1 x t t t  +  l l t y l l t  ' .  ; < , l t €  K ,  z  =  u ) - ( * )  - ( ) J " , ( y ) 3
"  A , r  C  " '  

-  - -  '  -  
J . ' ' - '  " ' i ' ' '/\

( i i i )  *U: t  
i s  a .  l inear  i s : ro rne i ; ry  o f  (X , i l t . t t /  )  on1;o
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1 e t  x r y € X ,

*t  , ! t  ,ut  € K

Ct,llt,li l)

=  a t  
r (v )

llf rrlll =lllurtll < € alg x+yt +ue=y+xe+ue '

imp1.y

wr_1n

subset  C 4  l {  i s  ca l led  a  ggne i f

t h a t  t r u c  e C .  T h e  d e f i n i t i o n  o f  e

tha t  f rom the  l inear  case.

Let X and Y be tv;o norrned. alnost

t he  re la t i ons  e  e  C ,  , l  e  n .
l -

convex  se t  o f  X  is  s im i la r

c o n e  o f  Y . . A  n a p p i n g  T : X * +  Y  i s  c a l l e d

y i th  resnec ! - l g  C  ( f5 l )  i f  T  i s  add i t i ve ,

a n d  r ( ' i t x )  c c ,  T h g  s e t o { ( r , ( Y , c ) )  o f  a l l

organized as an a lmost  l inear  space i f  v re

and 0 as in  the l inear  case,  whi le  for  I

w e  d e f i n e  ( l " t ) ( x )  =  r ( I " x ) ,  x e l i - .  F o t '

( 1 . 2 )  l l l  r l { l  =  
" r p  {  [ t  r ( x ) l l l  ;  x e  x ,  l l l  x l l l  3

:
' n ' )

a n c t  l e t  L ( X , ( V , i 1 ;  =  l * n * ( x , ( Y , C ) ) ' . l l t  
' r l l l l  w J  .  s i n c e ' t t t ' t t l  , '

r t o f i n r . , c t  b v  ( t - : )  s p i i s r ' i  e s  ( l l r ) - ( l l ? ) ,  i , ( ; i r ( ' f , C ) )  i s ;  a . n  a l r n o s t
v . ' J r : . ! g u  \ ! . i . - /  r . . -  

J  

- - \ _ - r  \  - t

l inear space. I t  is not alvrays a normed almost l inear space for '

p  r . t r - i  - h r . r r . . r  cn rnTsy -  ccnes  :  C ' t  (  sce  Thec re r . r  L . i  be l -ov r )  .  Th .o r . r ; 1 i  v j c
q L  L t L  9 f  r f  

u t

sha l l  avo ic l  the  rn ;o rd  "norm"  vuhen (N+)  does  no t  ho ld  fo r  l l l ' l l l  g iven

b-v ( f  .  Z )  ,  in thc scrr  i re l  i ' . 'e chal l  a lv, 'e. . ,sr  consj  c ie:r  "b l i .e al tnost  l inea.r

s p a c e  t ( l { , ( r , C ) )  e , l u i p p e c i .  i , i t h  t h e  l l l ' l l l  d e f i n e d  b y  ( 1 . 2 ) .

I ,et  us note tha. t  when X = VX r  Y = V'  then C is sr tpr : r ' : l l luor

l inear spaces and. C a conve

an a ln los t  l inee . r  onera tor '

po  s i t i ve l l r  homogeneous

such ope: :a to rs  can be

def inc  the  ad< l i t i .on

6 R and T e. i lx ,  (YrC) )

r  ( # ( x ,  ( Y , c ) )  d e f i r : e

,i
{J

t
; !(l
I
I

, i
I

:{
I

I

1

' t
.J
. i
I
i

j
I

t -

' r 7
- J

l "rre shal l  sometlmes denote l t  ' l ln by l l ' . i l  r ' , 'hery this ' rr i11 not
"X

l ead  to  misunders tanc l ing .

The proof of  the fo l lo ' r i j -ng lemma is contained in the proof

o f  ( [ d ,  T h e o r e r n  3 , 2  ( i v ; ,  f a c t  r ) .

1. 3. TlEI'T,1A. I,"3

I f , .  { l - (x)
/\

'such tha.t

be a norrned alpge! l . i4e:.r .  s!3q.

then  fo r  ea .ch  t  >  O there  ex is t
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and  I , (X ,  (Y ,C) )  =  L (X ,y )  i s  the 'usua l  no r rned  l i nea r  space  o f  a l l

bou"nded,  l inear  operators  I iX - ) ' l  '

'  
I 'et Y, be a normed almost linear space and' C a conYex cone

o f  X .

1 . 4 .  D E F I N I T T O N .  ( [ 6 ]  ,  D e f i n i t i o n  3 . 1 ) .  T h e  c o n v e x , c o n e  c c x

has  p ro !e r t - : {  (p )  l n  x  i f  t he  re la t i ond  x ,y€  x ,  x+y€  c  and  e€  c

imply that

( t .3)  rnax f  r i l  
" l l l  ,  

, l l  v t l l  J  6 *o* {  t t l

The ex is tence gf  convex cones C

in X(y '  {  o  j  )  is  guaranteec l  bY ProPo

\

1.5.  THEOIt r t t ,  ( [  e ;  ,  Theorem 4 .1 '5  )  .  ] -u i

the norner l  a lnos' l ;  1 j -4!e{- l . r 'acg Y'  Thel  L(Xt

e ttl t 111 y+c lilJ

$. oJ having propertv (P )

t l o n  3 . 2  o f  T  6 J  .

C be 3 -cg!-vsr. c94.9 of

(Y,c))  i -S ?-r" ,o" , . "a

l i nea . r  snace X i f f  C

J
/-

s i

aknost l inear soaee for e4ch-norseg 31ry$

has Dr .o .per t , . '  ( l )  in  Y .

( [ 0 3 ,

c n a t  ^  A

1.6.  ?ROPOSITIOI ' I . Propo s i  t i  on

a nornned al-most l inear then l l l  c - , l l l
L

iTe recal l

r e l a t i o n s  x  r Y  t z

'bhat i I  sa. t is f ies the ] -aw 9I c? .nce l .1a t i on  i f  t i r e

€K ,  x+ ! l=7 l -7  imP lY  tha t  1 /=7 ' .

1.? .  L i i i t iA .  ( [6 .J  ,  Ler r rna  3 ,5  ( i )  ) .  I ,e . [  X  be- - l '  n ,o r lne t -a ' l -no3!

l i n e a r  s p a c e  s a t i s f l l i the law of bancellatio:r and .l.,q-[ C a l{ Fe

a convtr : (  cone hal ' in 'q  nro lerLr , r  (p)  in  X a ld '  s t rc i t - tha ' ! j i-. c C. Tirc:r
il

1 p y ( C )  i e  L c q n y e : , !  c o r i . e  h a v i l 8  p r o p e r t f ,  ( p )  i t  c ^ 1 . ' ( X )  '
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L,et tts note that y,ihen Y

the dual -  snace X* of  X ( t5 l  )
r r l inear" but ' ra]-most l inear"

. - *X " is a normed al-most l inear

=  R  a n d "  C  =  
5  

t h e n  I ( X , ( R , n + ) )  i s

,  rvhere the f t rnct ionals a.re no longer

.  S i n c e  R .  h a s  p r o p e r t y  ( P )  i n  I t ,+
ts p a c  e .

1.8.  PRoPosrrro l t ,  (  f  6J ,
alrnost l inear sna.ee such tTte..t

C o r o $ l a r y  2 . 9 ) . f f X i s a n o : " m e d

x y' v- then ' i l- ,x / fo?.
- A - 1 l v

Since the  nex t  sec t ion  is  concerneC.  ' , v i th  some proper t ies  o f

I , ( X ,  ( Y , C )  ) ,  t ] r e  q u e s t i o n  v ; e t h e r  i h i s  s p a c e  i s  n o t  {  C J  m u s t  b e

s e t t e l e d .  D u e  t o  c e r t a i n  i n a c c u r a c i e s  i n  f  6 J ,  i l e m a r k  4 . 1 ' 2 ,  \ r e

t a . k e  t h i s  o p o r t u n i t ; 7  t o ' c o r r e c t  t h e m .

1,9 .  R5; ,1ARK.  ( f6J ,  Renark  4 , I2 ) .  I f  c  *  {OJ and X /  vx

t h e n  l ( x , ( v , c ) )  /  l a j .  I n d e e d ,  l e t  c e C r  { .  o J  a n d .  l e t

f  €  i ' i r x  f  lOJ  (vd ' r i ch  ex ls ts  by  Propos i t ion  1 .8 ) .  Then f  (x )  >  O fo r

e a c h  x e N  s i n c e  b i ,  f  ( T l * *  v t e  h a v e  f  =  - l o f r  i . e . ,  f ( x )  =  f ( - l o x )

f o r  e a c h  x €  X  a n d  s o  0  <  f  ( x + ( - r , r ) )  =  2 f  ( x ) .  D e f i n e  t ( x ) = f  ( x ) o e ,

x  e  X .  Then  I4  L (X ,  ( y ,C)  ) f  IO ]  .  As  !1 'e  have  observed  in t  6J  ,  , , , , rhen

c  =  {OJ  t } ren  L ( l { , ( y ,e ) )  r " . ray  be  o r  rnay  be  no t  {  O?  .  i / hen

x  =  vx  /  l a l  t nen  L (x , ( t , c1 ;  f t a1 r  1u  o r  may  toe  no t  {  oJ  .  I nc leed ,

w h e n x = V x  G l o ] )  a n d Y  = v y ( /  { 0 1 )  t h e n r , ( x , t )  /  $ - a j  a n c t  v , . , h e n

X  =  r / ,  a n d  V y  =  {  o }  t h e n  L ( ; t , ( r , C ) )  =  { o J  ( t t r i - s  i s  a  c o n s e q u e n c b

of thc next renar"k).  nn €xi ' : l : :pl-e oi l  a norncd alrnost l inea.r snaca f/{C

w i th  VX =  {  0J  can  be  found  in  Examp le  2 .5 t  Sec t ion  2 .

1.10. i l l i l ' , !1,nl i .  ( f  6 j  ,  Remark 4.10 )  .  
" ' /c  

have t  (Vx) c , ly  f  or

e a c h  T  €  L ( X ,  ( Y , C )  ) .
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Throughout bhis sect ion X and Y are normed. almost l inear

spaces  and.  c  i s  a  convex  cone o f  Y .  As  ne  have observed in  ' .

S e c t i o n  l -  , l l t t i l l  
' g i v e n  

b y  ( I . 2 )  d . o e s  n o t  a l v i a y s  s s N i . r r r  / u  \  ;r D . L J /  \ * 4 i  I  J - . 9 " 1

t h e  a . l r n o s t  l i n e a r  s p a c e  t ( x ,  ( v , c )  )  j . s  n o t  a l v i a y s ' a  n o r m e d  a l m o s t

l inear spa.ce. rn_Fle,_.secr-rel- ._. i f_gjhel i . r i . .se no!.  stSt-eg, l (x,  (y,c)  )

eeu i lned : r , i j !  U l , t t l  E iyen b . r  (1 .2 )  i s  no t -  ne ie .ssa . r i l , v  a -  lo . r fed

a . l m o s t  l i n e a r s n a c e .

Arnong the  s i rnp les t  e lasses  o f  ( r ro rmed)  a l rnos t  l inear  spaces

X are  those o f  thc  fo rn  |  't ' X  =  V X  ( ' ; h e n  ! ' / e  r e c o v e r  t h e  c l a s s  o f

(nor rned)  l inea . r  spaces)  r  X  =  f i , ,  and  X =  i / r+V,  .  fn  Pronos i t j .o r r  2 . I

'  (  s e e  a J e  o  l t e r n a r ! :  ?  . 2  ( i  )  )  a n c l  P r o p o s i t i o n  2 . 3  (  s e e  a l s o  C o r o l l a r y

3 . 4 )  t Y e  g i v c  s u f f i c i e n t  0 1 "  n e c e s s a r l /  c o n d i t j - o n s  i n  o r d e r .  t h a t

L ( x ' ( v ' c ; ;  =  h t t , ( y , C ) ) * v t , ( x , ( y , , 1 ) )  ,  L q t  u s  n o t e  t h r : t  b ] ,

Rera ' * r l r  1 .10 ,  r , i ' hc :n  X  =  VX ' bhen  L (X ,  (V rC1 ;  i s  t l : c  ns r i a l  l o r i l . : d  ] - i nc : . r

s o a c e  t , ( v x , V y ) ,  i . e . ,  L ( t { , ( v , c ; ;  =  v l ( x , ( v , c ) )  .

2 . r ,  P i?0POSrr r0 l { .  r f  Y  =  v ,  q r  x  =  i ' i "+v ,  thg l  I , ( -T , (v ,c1 ;  ==

|  , 1 f' ' L ( t { ,  ( Y , c  )  ) " ' t ( ; a ,  ( z , c  )  )  '

P R 0 0 f  .  S u p p o s e  J  =  V ,  a n d  1 e t  T €  t ( X r ( Y , C ) ) .  I c r  i = l r 2  r i c f i r r

T., : l{ --) Y in the fol-1o', ' ; ing ,i i?. '. i  ,,

$ /-\ - 1H-:5-'-:-lr 1 \ / \ . l  -  
2

T t  i  . '  r : t  < r j r  l : nr  ( r  r r i  - . , r J . . , .  u v  s h o x  t h a . t  ? i d ,  L , ( : < ,  ( . { r C ) ) ,  i = l - r 2  e . r L C  s i n c c  Y  =  V y

\ ^ re  ge t  T  '=  t r+T,  .  For  ea .ch  x  GK' , . ;e  hav€:  ( - lo f . ,  )  ( , * )  -  ? l ( -1  ox)  =

( x  e  X )

( x e  l i )
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T2  €  v t r ( x ,  ( v , c )  )
Suppose novt X = '//r+Vy a'nd" let

fo r  iach  xe  X there  ex is t  un ique * ' x

x  =  r k + v x  .  n e f i n e  T i ;  x ' - - ) Y ,  L = L r 2

T r ( x ) , ,  i  , ( ) . 1 T 1 4  T / L ( ; r , ( y , C ) ,  a n c l  ( T Z n ( - 1 o T 2 ) ) ( x )  = t ,  ( x )  nTe  (  - t ,  x  )

=  V y ) 1  i ' € " e

T  €  L ( x r  ( Y , C )  ) .  B y  l e m r n a  1 - . 1 ( i i )

€ iVX and v* € VX such tha'b

in th e f ollorvJ-rrg YreY i

( z . r )
( z , z )

m  f * \r l  \ ^  /

T r ( x )

r (w* )

r ( vx )

2 "2. RiJIi iAliKS. ( I ) A n  i n s n e c t i o n  o f

tha t  i ; ( ;1 ,  (Y ,c )  )  =  
YdtX,  (  r , c )  ) *vJJ(x ,  (y ,c )  )

ana d(  r ,  ( ' { , c )  )  = ' : { ,4 (x ,  ( . t , c )  )  
r ryhcn

X  =  t l x  t h e r i  l ( , { , ( y r C ) ) = ' . r r r _ , ( X , ( l f  , C ) )

(i i .) ' 'Jitc;n 'f = i l  arrrl C = R:r- ,

tha.t X* = \T-nr +V-^x .

- \  r a a f  a
-L

(x e'

( x e

the  above Proof  shows

v r h e n Y = V y o r X = " l * + V i

Q6nssnt lent l - : r ,  v+h en

X )

r r \

Fo: '  i= l r  Z  i t  i s  easy  to  shovr  tha t  T i  i s  ac ld i t i ve  and pos i t i ve ly

l r o r n o g e n e o u - s .  3 l r  ( 2 . 1 )  a n d  s i n c e  T ( ' ; l T )  C  C ,  i t  f o l l o v r s  t h a t  T r ( x ) e  C

for  each x€  X and by  (2 ,2 )  i t  fo l lo ' , ' r s  tha t  T t r (v t )  =  0  d  C fo r  each

v r €  i ? x  ( s i n c u  t *  =  0 )  e  i . e  . 1  t r e  / J ( : t ,  ( Y , C ) ) ,  L = l - t 2 '  U s i n g  ( r ' r )

v/e get for each x€ x tna"t t/ l  Tr G)ltt  = l / lr(r^r*) l l l  -< t l lr  l i l  | l lvt l l l  -<

4 l l t  t f l l  l l t , q+v . . l l {  =  l l l  t l l l  l l l x t l l  I  i . € . 1  T t€  I , ( r , (Y ,C ) ) .  S i r r i l - a r l v '

u s i n g  ( N r l )  i r r s ' b e a d  o f  ( l - . 1 )  , r "  o b t a i n  t h a t  1 . Z €  L ( X ,  ( Y , C )  )  '  S i n c e

fo f  onch x  d  l { ,  x  =  * *n t *  vJe  ha 've  -1 'x  =  v /x+( - l "v t )  l i e  ge t

( - t , r r ) ( x )  =  T 1 ( - 1 o x )  =  r ( w x )  =  T 1 ( x ) ,  j - . € . ,  [ 1  e  f i r ( x , ( y , C ) ;  a n d

( T z n ( - t u r r )  ) ( x )  =  T r ( x ) n l 2 ( - 1 o x )  :  t ( v x ) + T ( - 1 - o v x )  =  T ( . ' x o ( - 1 - . ' v * ) )

=  T ( 0 )  =  0  r  i ,  e "  r '  \ 2 .  , r L ( X ,  
( y , c )  )  

.  c l e a r l ; r ,  l r y  ( ? . , )  a ' n d  ( ? - ' 2 )  ' r v e

g e t  T  =  T r + 1 ,  ,  w h i c h  c o m p l e t e s  t h e  p r o o f '

h r r  ? r o n o s ' i  i ; i  o n  2 . L  Y / e  o l l t l L i n, r J  l  t  v u
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.  l?e  g ive  novr  a  necessary  eond. i t ion  in  *o rder  tha t  l (X ,  (y tC)  )  =

=  ' i : ! "  
t , ,  l v  t f  t * V r  / z  f  . r  n \  \  ?

J - r \ r f 1 \ L t v  )  I  - L r \ r \ y \ r t v /  /

2,3 .  PnoPosf  r roN.  l -e t  T  d  T- , (X ,  (Y ,C)  ) .  r f  T '  =  Tr+T,  ,

Tre lvo(x,  (y,c)  )  ,  r re Yo(x,  (y,c)  )  
thsg t (K) d c+vy .  coj rsel ig 'e-+I1v. '

i q  l ( x ,  (Y , c )  )  =  i i ' r , ( x ,  ( y , c )  ) nv r , ( x ,  ( y , c )  )  
t hq+  t ( : r )  c  c+ -v "  ! 9 :

e a . c h  \ e  L ( X ,  ( Y , C )  ) .

? ; 1 0 0 F .  L e t  T € I , ( : c ' 1 Y , C ) ) ,  T  =  T t + T r  r  T l e i ' / L ( X , ( y , C ) )  ,

t ' 2€  VL(X ' ( y ,C) )  and  le t  xd  X .  ' i l e  ha .ve  i

( 2 . 3 )

( 2 . 4 )

T (x+ ( - r ,  x ) ' )  =  T r ( x+ ( - l - ox )  ) *Te ( * * ( - r "  x )  )

S i n c e  T 1 e  ' i l l ( ; < ,  
( y , C )  )  '  w e  g e t

"  
T r ( x )  =  ( - t ' r r ) ( x )  =  T 1 ( - t o x )

S j . n c e  t Z €  V L ( X ,  ( y , C . )  )  '  Y r e  g e t

( 2 , i l  0  =  ( T Z * ( - 1 " r r ) ) ( x )  =  t Z ( x ) + T r ( - 1 o x )  =  T 2 ( * n ( - r o x ) )

u s i n g  ( 2 , 4 )  a n d "  ( 2 , 5 )  i n  ( 2 . 3 )  r v e  g e t

m / . _ ,  r . - t - a x ) )
r n  / * . \  -  ^ \ ' r ' 1 - \
r 1 \ , \ /  -  

2

T h e n  T "  ( x ) e  C ,  s i n c e  T €  L ( : c , ( Y , C ) )  a n c l  x + ( - 1 o x )  < ' : l o  '  ? y  ( z ' 5 )
- I . - - '  ,  '  { 1

a n d  L e n n a  l - . 1  ( i )  , , , ; e ' g e t  T r ( x )  e  V y  .  C o n s e c 1 u e n t 1 1 , . ' ,  T ( x ) = T 1 ( x ) + T r ( x l

€ C+V, ,  r ih ich cc ' 'n ip letes th 'c proof '

2,4 .  C0 l l0T . ,LAnY.  I I  Y  y '  C+v"  a+$ \ '1 "  c .C t l tgg  t (Y ' (V 'c ; ;  /
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I  rzt .  rr  -  Trn ?rrrt^t i  nlr  , ,1(y,  (y ,c)  )*v l , (y ,  (y ,c)  )  '  In  rg l l lcUlpt ,  i {  x  y '  wt+v*

r(x,  (x , ' ; /7)  )  I  ' : t t , (x ,  
(x , , ,?r . )  )*Vr , (x ,  ( t r , , ; i * )  )  .

? n 0 0 F .  t e t  T I Y * t Y  b e  d " e f i n e d .  b y  [ ( V )  =  V ,  y €  Y .

( s i r i c e  T / , / C  C )  w e  g e t  \ e  L ( y , ( Y , C ) ) .  S i n c e  T ( Y )  =  Y  a n d '
!

b y  t h e  a b o v e  p r o p o s i t i o r l  t  {  V r ( y ,  ( y , C )  ) * V 1 ( y ,  ( y , C )  )  
'

The next exaurpl-e shovrs that  the condi t ion given in Proposi t i r

2 . 3  i s  n o t  s u f f i c i e n t  f o r  T - , ( X ,  ( Y , C )  )  =  i V l ( X ,  ( y , C )  ) + V ' , ( X ,  ( y , C ) ;  I

Th. is example a. lso shor is that  the agsumption Y = J/ t+Vt does not

a l . l a y s  i m p l y  t h a t  f ' ( X r  ( Y r C )  )  =  ' * f , ( X ,  ( y , C )  ) * V f , ( X ,  ( y , C )  )  t  e v e n

v l h e n Y = \ ' / . , = C  o
I

then

Then

v / c+vy

,

Then

.2 .5 .  I I {AI ,TLX.  Let  X = Y = I  t "a ,  P )  e42 i

i Y e o r g a n i z e X a s a n a l m o s t l i n e a r s p a c e v r h

is as j-n n2 ancl for . \  e n ancl 'x = ("( r  P ) eX i ' ;e
' =  

t \ " < , l t r l p ) .  i ? e h a v e ' i l x = f  ( 0 ,  I ) :  I  > o ]  a

i . €n  ,  x  y ' ' i f r +V*  .  Fo r  ( o {  , p  ) e  x  de f i ne  i l l ( a  , 0

X  i s  a  n o r n : e d  a l n o s t  l i n e a r  s : f e c e .

" i1e organize y as an almost l inear space vrhere the addtt ion

i s  a s  i n ' 1 2  a n d  f o r  A e  n  a n d  v =  ( o ' r P  ) € ' f  r v e  c l e f i n e  I " y  =

=  (  l } . l q , l l t p  ) .  T h e n  Y  =  i ' 1 . , ,  a n d  V y  = { 0 3 I  i . € . e  Y  =  W y + Y y '

F o r  y  =  G ; (  ) e  y  d e f i n e  l l l  ( " ( , P  ) l l l  = l " l l  * P .  T h e n  Y  i s  &  I l o r r n r : i l .

a lmost  l inear  sPace.

Le t  T t  X  ->  y  be  de f  i ned  by

[ t  z  t o t l .
ere the acldi t

d e f r n e  ) o x  =

n d v x - { o 3

) l l l  =  l " t f  +p  .

t_on

( 2 . 6 ) T ( ( " ( , p  ) )  =  ( ' (  ' f ) e ' i ( ( . < , p  ) e  : t )

T r + T ,  ,  T t e  i l 1 , ( x ,  ( y , y )  )

o f  P r o n o s i t i o n  2 . 3  v t e
T h e n  c l e a r ' 1 1 ; ,  T € L ( X , ( y , v ) ) .  s u p n o s e  T  =

T Z | V f , ( X ,  ( y , y )  )  "  S i r n i l a r  r v i t h  t h e  p r o o f
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obtai.n tl iat

nsequen t lY  t

( ( x  ,  p  ) )  -

g e t  ( * , ?

Let  \1s

C + V r ) .

C o

rr
" 2

tve

rr(x) = r(>:l+l1:k{ (x  e  x )

f o r x  =  ( 4 , f  ) e x v v e h a v e T t ( ( a , p ) ) =  ( 0 ' P ) a n d

( U , / ) ,  f  A l Y l  "  S i n c e b y o u r a s s u m p t i o n T = T I + T 2  '

)  :  
( 0 ,  p  ) + ( f  , f ,  ) ,  : , . s i : i c h  j . s  i m r o s s i l l e  f o r  ( d , P ) / ( o '

n o t e  t h a t  f o r  T  d e f i h e d ' b y '  ( 2 , 6 )  v r e  h a v e  t ( X )  =  Y  ( =

\ ihen  L(X,  (YrC)  )  . i s  a  nornec l  a . lnos t  l - inear  spa 'ce  '  i t  i s  o f

i n t e r e s t  t o  c l e t e r r n i n *  ( I f , ' ( X , ( y , C ) ) , r r ' i l  
* ( X , ( y , C ) ) )  

a ' n d '  r i l L ( X , ( y , C )

g i v c l  b y  T h e o r b m  1 . 3 .  T h e s e  \ Y e r e  d o n e  i n  [ 6 J  , ' T h c o r e m  t ' 6  u n C e r

t h e  a d c u . . b 1 o n a . l  a s s u r , r p f i o n  t h a t  L ( N r ( : t ) , ( d - ; ( Y ) , a r ( c ) ) )  i s  a

norned a l rnos-L  l inear  sne lce .  As  v /e  have o t rserved in  [6J  ,  th is

a . s s u m p t i o n  1 n 1 r l 1 e s  t h a t  l ( X ,  ( Y r q )  )  i s  a .  n o r ; n e d  a l - r n o s t  l i n e a r : - s p a c (

ancl  v;e have no counterexample to shOlv that  the Convel  Se docs; not

h o 1 d .  J n  t h c  n e x t  ? r o p o s j - t i o n  " . , ' e  
c o l l e c t  t h r e e  s i m p l - e  c o n d i " t i o n s

when the  converse  ho lc ls .  i ' i e  observe  tha . t  in  ( i )  and ( i i i )  tne

a s s u n n t i o n  t h a . t  L ( X ,  ( V r C ; ;  b e  a .  u o r n e d  l l r n o s t  l i n e e ' r  s p a c e  i s

super f luous .  
'

2.6, PncPos|rrOli. '  !Wp!.-g.g r,(K, (Y'0) ) ip a' tqlgqd-alg-gSt,

s-r?.qe. jbgg-9-?gl--ol-.!li.q ce*4,i-!iqn: ( i ).- (ii i ) is. sgii'-j eleni.
1 i -near

( j . i )  c = Y .

( iii ) c Hrs*:lepgiiit (P ) ir Y ' t l i  r '  n  a n A  a /
I l l r  u  V  c L l l u

\  
' - @

1a.yr of cir l ' te e11.at,5,q4..

seti sf j. es t; 'h e
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? i t c 6 p "  ( i )  r f  c  = { 0 J ' - t t r e n  a r ( c )  =  t 0 } "  s i n c e  t o |

l ras  p roper ty  ( l )  i .n  L ,J  y (Y) ,  by  Theor :c rn  1 .5  i t  fo l lo r '1s  tha t

L (  c ,  

" ( X )  

, ( N  y ( Y ) ,  d y ( C )  )  )  i s  a  n o r m e d -  a l m o s t  l i n e a r  s p a c e '

( i i )  S u . o p o s e  C  =  Y  a n d  t h a t  l l l ' / l l  g i v e n  b y  ( T . 2 )  t o r

T , (  d X ( X ) ,  (  , y ( Y ) , U y ( C )  )  )  d o e s  n o t  s a t i s f y  ( 1 ' 1 4 ) .  T h e n  t h e r e  e x i s t

T 6  L (  d x ( x ) ,  ( c d y ( Y ) ,  , y ( c )  ) )  a n d "  T t €  i l r , ( " , r r ( x ) ,  (  d y ( y ) , a J y ( c )  )  )

such thai

f l [  r+rr l l l  1 t t {  r  l l i

Consequen t l y ,  t he rc  ex i s t " . *o  €X t  l l i xo t t t  -€  1  such  tha t  l l l  T+Tr l l l  <

<  f [  r ( d r ( x o ) ) l i  .  r h e n

t lT (  rux (xo )  )n r r  ( , r ) : r ( xo )  )  l l  e  11 t (ux (xoD l l( 2 . 7  )

L c t  y r y 1 d  Y  b e  s u c h  t h a t  u t ' r ( V )  =  I ( c ' r ( x o )  )  a n d  u J  t ( r 1 )  
=

=  T 1 ( r . l J . { ( : r o ) ) .  I l { : n c c ,  b ) ,  ( Z . l )  v r e  g e t  l l l  y + y r 1 1 1  =  l l  * V ( Y * Y } ) l l  =

= l l  r ( r x ( x o ) ) r . r , " ( r x ( " o ) ) l l  z  l l  r ( c ^ . r - ( ; r o ) ) l l  -  l l  d v ( y l l /  =  l l l  y l l /  ,

r . , t i ch  cont r i , . .C . ic ts  I ' r cpos i t i -on  1 .5 ,  s i - r . : ce  L (X,  (y rC )  )  i s  a '  nor rncd '

l l l r o s t 1 i t . L e a r S p a c e a , n d ' l = C ' C o n s E r r u e n t 1 ; r 1 ' ' ' , , .

f , (  U : f  ( : t ) ,  ( * y ( ' I )  ,  Q T ( C )  )  )  i s  a  n o r m e d  a l n o s t  l i n e a . r  s : o a c e .

( f  i i . )  I f  C  l ' : c . s  p r o p e r t y  ( P )  i n  Y ,  : l y  C  C  a n d  Y  s a t i s f i e ' s

the  1aw o f  c? .ncc11a. t iou ,  . ' chen b ; .1  f , c i?n in '  1 - "7  @{C)  has  proper t l , '  ( l  ,

in  c , r j r ( f  ) ,  i , ' l i encc  l l ' r  T i teore ;n  1 .5  i t  fo l lo i t ' r s  thn t

I , ( c U l { ( X )  , ( a - i ( y ) ,  * y ( C )  )  )  i s  a  n o r : n e d  a l - m o s : t  l j - n e a r  s p a . c e '  I ' r t i i c i r

c c r t p l c i c s  t l r c  i l i ' o c f  .

T j t e  i t c : : t  ( r ; { 3 : , p 1 c : ; h o ' , ' ; c  t h r . - t ;  i ; l i c  i l $ s r , t r i l n t j . o n ' [  =  C  c l o e s  n o t

t h t r t  C  h a s  p r o p e i ' t 1 '  ( f  )  i n  ^ 1 .  l l e n c c  b . r '  T h e o r e n r  1 . 5 ,  t h e r e

s ]  a .  nor i rec l  : r . fnos t  l - i r i cnr  spece X suc i r  thab l ( : i ,  ( -y ,C)  )  i . : :  no l j

L L t t '  )  L J

^ . , . i  ^ { -
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a norrned alrnost l inear space

? - . e ,  ( : - i )  t n a t  l ( : t ,  ( r , c 1 ;  b e

sup erfluoug .

ancl  .so the qssumpt ion

a normecl alnro s b- '1ine ar

i n  ? r o p o s i t i o n

s p a . c c  i s  n o t

2 . 7 , I l x A i : F L r j ,  L e t  X  =  t  ( o ,  F ) n n 2 ' ,  P  ?

acld i t ion as in  n2 a-nc l  for  A e n and (d ,  f  )e  x  d

=  ( l r<  , l \ l  P  ) .  Ther  i l  i s  ad  a l rnos t  l i nea r  space .

=  [ ( o , p ) t ( t ]  o l  , ' / x =  $ f " , 0 ) l d . G \ ]  a n c i

x  =  ( A  , p  ) e  x d . e f i n e  1 1 1  x t l l  =  l " / l  + p  .  T l : c n  X  i s  a

l inear  space.  The cone C = l {  j :n-s  not  proper ty  ( l

l e t : {  =  ( r , o ) e  C a i : i : j = ( L / 2 , L / 2 ) e C  a n c . c  =  ( . -

l r aye  *a r {  t i l  i : l / /  , l l l  y  U tJ  =  t  ana  inax {  l l l  x+c t l l  , l l l i

i .  e ,  ,  C  =  X  h i ' Ls  nc t  p roper i ; ; '  ( l )  i n  X .

,A;

' N o y r  v i e  s h o 1  t h a t  i ' ; e  c a n  e r n b e c l  L ( I r ( V r C ; ;  i n t o  a  l . i n e a r

su- t rspace o f  L (A ' Iy )  ' , i i t i :o .u t  the  add iL j .ona l  ns isunpt ion  tha t

L ( u r ( i l )  , ( t , S , ( : )  ,  d , t ( C )  )  )  e s  a .  n o r m e d  a l r n . o s t  l - i n e a r  s l r a c e .  i ? e

e h a l l  n o t  a s s r i n e  e v e n  t i r a t  t t t ,  l t l  g i v e n  b i 7  ( 1 . 2 )  f  o r  l ( X ,  ( V ' C ; 1

s ; a . b i s f i e s  ( : t r )  U u t  v r h e n  L ( X r ( y , C ) )  i s , a  n o r m c d  a l n r o s t  l i n . e a r ' . s t r ) a c e ,

t h e n  a l l  t h e  c o n d . i ' b i o n s  i n  T h c , o r e m  1 . . J  r v i l l  b e  s a t i s f i e d "  F i r s t

lve 'provc a lcmrna.

or

L

n

^ )u J' . uel ].ne
t ,

e f i n e  A o  \ e  ;

'.rie have i'/," =
"d.

X = i ' / - , + - i l " , " F
1 L A

normeci a.l-mo s

)  i n  x .  r n d e c

L / 2 , c ) e  c .  ' i ' e

+e ul t  = 7. /2,

U I I t ;

r ) l
I

2,8.  I . , r t r ,1r ,TA. I9 l  T 6 I . , (X,  (Y,C) )  k !  t ;e*  - - t  Ey Fg def ineg {qr

z  =  u )X ( , r l ) * u l t ( x2 )€  l - .  ,  X l  , x r€ )1 ,  ]U

t ( z )  =  . y ( r ( x r )  ) - d . r ( T ( x 2 )  )

T € i ,  (  ]x , ; tY)  ' also i : .avc l l l  r l l t  = l l t l t

( 2 . 8 )

r\t
l i r cn  T

PRcCl .  S r - tppose  z .  =  Q  x ( t r )  
-Ln - {  ( "2 )  =  c l l ' ( ( * j ) -  c l * (1n )  '  x r€  ' : { t



-15*
l l
li
\i

I

T 4  i  *< '  4 .  Then t ' , lu (x . ,+x  L )

each 
'g  

>  O there  ex j -s t  x ,
I

belovr hcl ld 3

*  *  
* . (x  r+x  3)  t

t x ; ' # ,  e X  s u c h

rnrhgnce by T,emma 1.3 for

tha 'b  (2 .9  )  and  (  z . : -o  )

( 2 . 9 )

(  e . ro  )

x]+x^+xd {-ut

111 xr l l l  = l / l

xrt x,+xf,+ Vs

xilll < s

B y  ( z , g )  r v e  s e t  T ( x l ) + T ( x O ) + T  ( " t ) + T ( u ,  )  =  T ( x 2 ) + T ( x r ) + T ( x j  ) + T ( u "  )

a n d  s o  -  y ( T ( x '  ) ) *  u y ( r ( x O )  ) +  e u y ( r ( x t )  ) *  @ y ( T ( u €  ) )  =  * " ( T ( x r ) ) +

n  N y ( r ( x : ) ) *  u r ( t ( x l  )  )  *  a y ( r ( u . ,  )  ) .  C o n s e q u e n t l y '  i v e  h a v e

l l (  d v ( r ( x t  ) ) *  u y ( t ( ' 2 ) )  
)  
- ( @ : r ( t ( x : )  ) -  d r ( T ( x n )  )  ) l t  =

= i l  Q y ( r ( x ; ) ) - t u v  ( r ( y . t ) ) l l  4  l l  d v ( r ( x l ) ) t l  *  l l  a r ( r ( x z  ) ) l l  =

=  l t l  r ( :< l ) i l I  n  l l l r  ( : r ) l l l  I  t l t r t t l  ( t l l " ; 111  + l l l : <n i l l  )  <  2L  l t t r t t t  .  As  e  *>  o

w c  s c t  u y $ ( > : r  )  ) -  u y ( r : ( x r )  )  =  * y ( t i " r )  ) *  o y ( T ( x O )  ) '  i o e '  e
t i l  

i= r ' ;e11 clcf i I tec,.
'  J\ . /  .^f , )  r-  \  +

:Te  sho r ' ;  noy r  tha . t - i e r f * t . z * r f , y ) .  Lc t  z t z le  1 l {  r  ssYr

z  =  u J x ( r r ) * d x ( r , z )  ,  z I  =  - x ( * j ) -  < n r ( x 4 ) ,  x r d  ) i ,  1 - 4  i  {  4 '  T h e n

zq-z l  =  , x (x l l - x3 ) -dx  l< r+xO)  a 'nc1  uo  f (  z+z t )  =

=  * { ' i ' ( x . r+x3 )  ) -  u : r ( t  ( r . z r r ,O) )  =  t " : r ( l t ( x ' ' , . )  ) -  c ' Jy ( r ( t t  ) ) *

+ r . . J y ( r ( x 3 )  ) -  d v ( l ( x O )  )  =  ? (  r ) * i ( " I ) .  l r . ; b  n o r l '  A  a n  a n a

z  =  @ X ( r , ,  ) -  d x ( x r )  e  ; *  ,  X I  , x r e X .  T f  , \  >  O  t h e r '  \ ^  =

= , \  -  x(*r)-  t r .or(xr)  = , \  o c.rx(" t )-  , \  "  'x$z-)= c*(  , \  ' " r ) -  tx(  ) '  "  xr)

and oo 6( , \  , )  -  ar- , (T( \  o rr)  ) -  uy(r(  t r  "  xr . ))=trowy(r( , .1-))--1"-o(r(*r-)  )

=  t r  c , r r ( t ( x r )  ) - r \@y i r ( * r )  )  =  A  (o r r ( r ( x r )  )  *  uy ( r (x2 )  )  )  =  , \? (  z ) '  ,
r f  t r  <  0  thr :n  \ r .  =  l I l , r r . , ( *z) -  l l l  c , t r * ( ;c r - )  =  l ' l l0e /x(*z) - l l lour r (x"

=d X(  l t r l r *a) - i r " , (  l t r t rx f  )  anc i  es  c .bove , r re  t te t  
' f  

( ' r \  r )  =

=  ( * ) r ( r (  t \ [ 0 r . " ) ) -  d . r ( r (  l \ [ o  i : 1 )  )  . =  f  I l  t  c r y ( r ( x r )  ) -  d y ( r ( " r ) ] )  1

=  t r  (  a . t ( r ( : . r  ) ) - w . i ( r ( * , )  ) )  =  A  6 ( " ) ,  i . e n ,  t e . f ( 8 . . , 1 1 y ) .

I r e t  n o w  z  e ,  1 * r  l i  z t t  z t  T h c n  t h c r e  e x i s ; 1 ; . x ,  t x r €  T '  s t t c h  t h a t
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z ,  .=  
,  

x ( " r ) -  
, x ' z )  and 111 x r t l l  + l l l x r l l l  41 ' * ' l l e  have l l  T (z ) l l  =

= l t r ^s " ( r ( x r ) )  -  wy ( r ( *z ) ) l t  , z  l l  a r r ( t ( x r ) ) l l  +  l t  c^ /y ( r ( x r ) l l  =

=  l l t  r ( x r ) t l l  +  l i t r  ( x r ) l l l

ndr i  a  i l f r l l l  ,  i . e , ,  t e r , ( r * ,By ) . ,F ina t l y ,  \ r ye  shov , ,  t l r . a t  l l l  r l l l  <

L e t  t > o  a n d " r e t  x e 7 ( ,  r i l x r u ; ; r  s u c h t h a t  l l l T l l l  < l l l t ( x ) l l l
t\)

rhen l l  d (  r . r r r (x )  )  l l  =  l l  uy ( r (x ) ) l l  =  l l l  r (x ) l i l  > /  l l l  r l l l -  E  '  As  e

we set  l f l  r  t i /  tUt t  us*(x i  l t f  = l l  f l { f  l l  c^; r (x) l l  = t ld l /  l i l>rr l l  l l lqU '

Consecluent l l ,  11 df t  = i i f  T l l t  ,  wlr ich completes the prbof  .

t t  dti .

+ { . ,

->0

( z . t t ) n

( 2 . r 2 )  K  =  c ' r r ( t ( x , ( Y ' c ) ) )

As in Lernrna 2.8,  for  6 e f - , (  !x ,  Er)  
: , *  

r lcnote b.v* t t i t t  the usual

ngrrn on L( iXr i ly) .  1,1o,,1,  lYe can forniulate and prove the nei"r  version

o f  T h e o r e r n  i , . 6  o f  [ 6 J  '

Z,g, Tt{Igi tgt/ i .  k_g'!  K defined by (2.r2) i -g ? gqnyel:  Sg-gq

of  L ( i i " ,E , r )  , r ;h igh  gen Fc  orT : " * j -ze4  3s  ? f . r .q l - r r ios t  l ]n la l  s r rc '9

where i r re r ,11; . i , ; i .on r ; r i  -  t le.  : .u. t , i i .n l -Lce.+; ig i  b:r-  !g l - I r i '3cr ' ;1ye- l :e '1.1

q r : e - t h e  s e l l e  l . s  i n  L ( E t ( , E y )  a n d  e J T , i t ( X , ( y ' C ) )  * > K  i i  a . " } ] p o o t !

cncrr . to l . .  i . . l , . :  i iq : : i l -  r , r i  i r  =  i i - i i  9 l  i ( : f  ,  iy )  eqr- r ' ' , ' r ' r r . 'd

f)

,i;it'rr a,he nolir. tl . llr ggirrsj-;f T € 1= t'J

f f t ) . ^ / . . ' ^ )

= i r r f  I  l l  r l l i  +  l l  r r l l  i  r t  , r? 'm l lr { l - r
-4

t)

f\,, l\l  ) )

I :1, T = Tf-Te J

L r e t  a L ' " L ( x , ( Y , c ) ) * + r , ( E x , E y )  b e  t h e  n a p p i n g  d e f i n e d  b y

c..,, ( t )
( r  e  r , ( x ,  (Y ' c )  ) ' )

vnhere  t  i "  g i ven  by  Lcn rna  2 .8  and  l -e t  Kc l (u r rn t )  be  the  se t

(  2 . 1 3  )  l t



an*_ l!e*mtppilf,

in Tlrcorr : i ' r  l - "  2

^1 -l-

* T , l L ( x , ( v , c ) ) -

i r r rc l  l l  c " t ,  ( r ) l lu
rr -L

i :,_.?. ".ll_g:rryg!,_gln"gsj l ineaI sp3,c.g_ihglr

are sat i  s: f l i  r : r i . .

-) Br fllygn*ll ( z " 11) sg tigi:l (i )

=  l l l  T l l l  ,  T E r ( l t , ( y , c ) ) .  ' i , . t r . g n

( i ) - ( i i i )  l 'L ( x ,  ( Y , c )  )

T h e o r .  e m  L . 2 .

PitOO.,l.

L e t  T € [  a - n c i

12.:-5)

ile or,t{an:-ze K a.s ar)

an t l  t i re  nu l - t ip l i ca t ion  bY

f o r  t r a o : r - n . j  i e r r  s c . - i , ' r

( 4 . t 6 )  , \ o T =  * r ( t r " 1 )

i i e  f i r s t  s h o v v  t h a t  K  i s  a  c o n v e x  c o n c  o f  l ( n X , E T ) .

L

\ 7 r 0 .  T h c r e  c x i s t s  I € t ( : f ' ( Y r C ) )  s u . c h  t h a t  c ' ' t t ( ' l )  =

1 z , r 4 ) - 1 , (  \ o T ) .  = u L ( r )  e  r

To shovi  tha. t  I {  is  a  co l tvcx cone,  le t  Tr r f  ,E K a. r rd  le t  T1rT2 G

e L ( t r " ,  ( ' r , C ) )  b c  s u c h  t h a t  f l t  =  * 1 " ( T i ) ,  t = L t ? ,  T l e t  T  =  T r + T ,  a n r l

ft,' d  =  * t ( r )e  K ,  Fo r  z  =  <A)x ( * r ) -  , x (x r . )  e l ,  ,  x l  r x r - *1 {  r  we  ha .ve
'd ( " )  

=  ( ) r ( t ( x r )  )  -  L i l , t ( ' r ( x r )  )  =  - y (  (T r+Tr ;  ( x1 l )  *  cd . { ( - ( r t+ r r )  (> : r )  )  t

=  ( @ v ( t . , . ( 2 . 1  )  )  -  d . t ( t r ( x r )  )  ) * (  d y ( 1 2 ( x 1 )  ) -  u r y ( t z ( x r )  )  )  =

r\,, av
= ' r - , ( z ) + T t ( z ' ) ,  i . c .  I

,lr

, \ t=trT1 =

4r

I

;

t
t

a.tr( \)  = ( trr( ' i r+rr)  = f i r* iz -  c ' ) t (T1 )t  cto(rr)  e i l

a.1mo s; t  l - i r rear sna.ce d ef  in in3;

non-nesat ive  rea ls  as  in  I r ( f :
,\)i l  =  c ^ , , r ( t ) ,  T  e  L ( r ,  ( . f  , c )  )  v ; e

t b e  e d d i t i c :

\ 1

{ '  I  n n r l
t r v t

I

c'!ef ir , .^

T o  s h o w ' t h a ' b  ( 2 . 1 5 )  i s ' r re l l  def inecl , l - e t  T - r , T . - , e  t ( l t r ( Y r c ) )  b e  s u c h
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that  ( r r . (Tr  )  =  uLG?) = T anC.  r " re  rnr - r -s ' t  shos tha l ,  * r ( r \ .T t )  =
) t -  I  !  ( .  

_

=  N t (  XoT2 ' ) .  l o r  z  =  c t ) ' ( xa ) - co f ( : < r )e  l ,  ,  v ' r x r€ l i 1  l e t

, r  = *x(- lo 
" l  )*  ,x(-Loxz) e rx .  i /e have

( - r (  I ,  r r )  )  ( z )  =  *  y ( (  \ " r r )  ( x ,  ) ) - @ . r (  ( I ,  1 1 )  (  x r ) )

.  =  -y (  11(  ) .u  
"1 )  ) -  dv (  11(  \  ,  xe  ) )

=  l \ l  (  - y ( T r ( - t , o x r )  )  -  d , r ( T t ( - r , x r )  )  )

=  l l l ( - r ( T 1 ) ( z r ) )  ,

= I trt,I( r, )
s i r n i l a r l - y ,  * t (  t r r T z ) ( r l  =  l A l f t  z y ) ,  i . e .  ,  u L (  I ,  r t ) = u L 1  | , t r )

v , ' l r j , ch  p ro 'ves  tha t  (2 ,L6)  i s  v re l l  c le f ined" .  I t  i s  ea .sy  to  shorv  tha . t

K  i s  a n  a l n o s t  l j - n e a r . . s p A c e .  U s i r r g  ( 2 . l - A ) - Q . 1 6 )  v , r e  g e t  t h a t

*  
x i l , ( X ,  

(  r , C )  ) , * > ; r  i s  e .  l i n e a r  o p e r a ' ; o r .

S ince  t r  i s  ? .  cor rvcx  ccnc ,  the  sc t  I l  =  i i - i l  i s  a  l inea i :

s u b s p a c e  o f  I , ( : . , , 1 r )  e n c , , ' l l ; - r , c e f i n e d .  b y  ( e . f 3 )  i s  a  n o r m  o n  t ,  .

L c t  n o v r  1 €  t ( l { , ( y r C ) )  a r : d  l c t  T  =  N L ( f  )  e f

T?,r ,n l r r . r  T,ern-r ! r .  2,8, , . , ,e ha.vc tha. t  f f  6f i  = l l l f  { l l  .

gct t l t t tu- < tt Ttt rncl ir f  = ir$, , t ,  ,F, r
u

|\, GJ

i : l - i c n c e  b ; r  ( 2 . t 3 ) ,  l t  l l l  g l l  T l l r  .  C o n s e q u e n t l l ;
"L

i . e , ,  l l  r u L ( T ) l t r l  =  l l l  T l l l  .

i r ina l l - ) r ,  suppo$c tha t  T , ( i l ,  (y ,C)  )  i s  a .  normed a lmost  l inear :

space.  ' , ' i e  shovr  tha t  ( f , ,  f l , l l h )  i s  a .  nor rned a l rnos ; t  l i near  s ] )ace t

i . e . ,  t h r b  l l  ' l { o .  o n  i {  s : . t i s f i e s  ( l , l 4 ) .  L e t  f  e r i ,  6 r a ' , ' / o  p . n d  l - e t
-lr

T , T ' €  i , ( l i ,  ( Y , C ) )  l e  s u c h  t h a t  r r r r ( T )  =  T  a n d  c ^ r r ( l ' )  =  6 f  "  L e t

T t  =  ( T ' + ( - r r T ' )  )  / z  e  I " ( : 1 ,  ( y , C )  )  
S i n c  *  * L  i : ;  e  l i n e a r  o p e r r a . t o r

'\' A/

ana T-,  *  - lo 'Cl_ ,  , .e gr l t  {^/ f , (Tt  )  = -1o ( / r f  (T ' )  = * f , ( . . l "Tt  )  ancl

t r t ( ' l r  )  =  (  - t , ( t ' ) r  t - r r ( * i , ' i ' ) ) / ?  -  ( ) r L ( I ' )  =  d r  .  T h e n  b y  t h e

abo. , . ,e  , . , ,e  obr r , : . in  l l t l l  , ,_  =  i l  a i , (T ) l l rL  =  t t lT i i t '<  J l l  r+Tn l l l  =
-L u '1.,

e g iven by  (  2 .1 .1"  )  ,
/\/ lwr

or,i '  gince T = T-C \" 'e

thcn l i f trg l i l l t  ,  t t{r l l  ,
a-,, fv

i {  r l { i  = l l  t  l l  -= l l l  i  l l l  ,
"L

D

I i

1rr\



' : '  
1z . r?)

. . . . . : .
.  - , . . 'S* iaa ; t - " "

_r9_

^ ,  w

=l t  s r . r r ( r+ t r ) l { rL  = l l  c r t ( t ) * *o( , r ) l l t  = t t f * f r t t r ,  r ' rh ich shovrs  that

(K , l l , l l  . ,  )  i s  a  normed.  a l tnosr t  l inear  space and '  cornp le tes  the  proo f  "
Lzr

.t)

'  
2 .10.  RI I , {ApK.  I ,e t  us note that  the cone K def ined by (+"1 'Z)

sat is f ies  the fo l lor i ing condi t ion i

K .  {  6*  i , ( t x ,Ey)  : 'd t - r ( r )  )c  ay(Y) ,  E( -x ( "Ty) )  c  c^ t r (c ) l

' , ' /hen the equal i t ;7  s ign ho1d"s in  (z '1?) '  then r ; ;  [6 ] '  r ' 'e rnna 5 '3( iv )

i t  fo l lo ' lJs  that  t ' (  ux( ; { ) ,  (  * ' I ( ' l )  ,  dY(c)  )  )  is  a  normed a l rnost

l i nea r  space .
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