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EINITENESS OF THE INTEGRAL CLOSURE

OF A NOFTHERIAN RING
by
CRISTODOR IONESCU

L. INTRODUCTION

All the rings considered will be commutative, with
unit and noetherian., For a ring A, we denote by Q(A) the
total quotient ring of A. For notations and definitions not
explained'here, one can see {5&.'

Recall the following definition.

- (1.1) DEFINITION, A noetherian integral domain A is
called japanese, if for any field L, finite exten$ion of
the quotient field K of A, the integrol closure of A in
L is a finite A-algebra.

We will alsd need some definitions and results
concerning varioué sets of asymptotic prime divisors-(fdr
more details see |5\ and i?l ).

(1.2) DEFINITION.. Let A be a ring, I an ideal of A,

The set I_ = %XE}A/ there exists Cj,...,c €A, such that
ciG;Ii for any i and x™ + clxmml teeeoto = O} is called
the integral cloéure of L.
It is easily seen that I_ is an ideal of A.
(1.%) THEOREM ([5] 4 1.5,3.9). Let I be an ideal of
the noetherian ring A. Then the sets ASSA(A/In)a) eventually

stabilize for large h to the well-defined finite sets

denoted by A(I),resp. A_(1).



(1.4) proposiTION ([9), 4.14). Let A be a noetherian

ring, x€ A a non zero~divisor. Then A_(xA) < ASSA(A/XA)o
<&

(1.5) PROPOSITION ({51, 3;17). For any noetherian ring A

and any ideal I we have that Aa(l) CoRELY.,

(1.8) PROPOSITION (| 5], 3:5 ). Let AC B be an integral
extension of integrgl domains, where A is noetherian, Let I be
an ideal of A, O a prime ideal of B, minikal over IB., Then

G hRE A.(1) (and also to A(I), by 1.5).

‘(197) PROPOSITION ([Sly 3.18), Let A be a noetherian ring,
I an ideal of A, P a prime ideal of A, Then PE€ Aa(I) if and only
if there is a minimal prime ideal O of A, such that Q&P and
P/a €A _(I + 0/a).

(1.8) DEFINITION. Let A be a noetherian ring, I an ideal

of A, We will denote E(I) = {Dé&Specﬁf there is QE;ASS(RD)“

such that I(Rp)“+ Q is an P(Rp)“ —primary ideal}, This set

is called the set of essential prime divisors of I. We will also

denote U(I) ={Pn A/ P<EE(UR(I))X , where R(I) = A[IX, X“l]‘is
-1

the extended Rees ring of A with respect to I and u = X ~.

U(I) is called the set of U-essential prime divisors of I.

(1.9) PROPOSITION ( [z] Bilailehs BeBali b2l
Let A be a noetherian ring, I an ideal of I, Then !
(a) EEUalkr) S oali)s
(b) mMin (I) o HET) ¢
(c) Aa(I) W E(I) « Uu(1);
(d) P&U(I) if and only if there is Q € Ass (A) such that
P/ € U(I + 0/Q).
we_must say that some ideas of the results which follow

go back to J.Marot (3 ). Thanks are also due to Dorin.Popescu

for useful suggestions.



2. ON A THEOREM OF MAROT

In 1%} ¢ Jollarot proved the following result concerning

thé finiteness of the integral closure of a noetherian domain.,
domain , K its field of guotients, L a field, finite extensgiocn
of K, A' the integral closure of A in L. Let I be an ideal of
A such that:
a) A is I-adically cqmgiete;
b) A/P is japanese, for any prime P containing I.
Then the following are equivalent:
1) A' is a finite A-algebra;
2) The radical of IA' is a finitely generated ideal of A!
and IA' has only a finite number of minimal prime ideals.
- We will prove a stronger version of this result., For
that we wili need the following:

(2.2) PROPOSITION (see also [5], 1.9). Let A be a

noetherian integral domain, K its field of quotients, L a
field, finite extension of K, A' the integral closure of A

in L, Let J be a finitely generated ideal of A'. Then there

% only finitely many prime ideals of AY, minimal over J.
Proof Let B be a finite A-algebra with field of

quotients chhen B is a noetherian integral domain and its

integral closure is A'. Now we can_appl? ([5), 1.8) to get

the conciusione

(2.3) PROPOSITION . Let A be a noetherian integral

domain, K its field of quotients, L a field, finite extention
of K, A'! the integral closure of A in L. Let I be an ideal

oaf A rsuch:- thats



e

a) A is I-adically complete;
" b) A/P is japanese for any prime ideal P € Aa(I)“
Then the following are equivalent:
1) A' is a finite A-algebraj
2) the radigal of IAf is finitely generated.
Proof. Obviously 1) = 2). For the proof of 2} = 1)

let 7 be the radical of IA'. Then by (2.2) 3 = 0jN...0d

\

n ¥

where nge..,Qn sare the minimal prime over-ideals of IA?t.

Let P, = Q;0 A for L = ly.eesne. Then pielaa(x) by
(1.8) and [k(Qi) : k(Pin‘< oo, Since A/Pi is japanese it
follogé that R‘/Qi is an A/Pi - module of finite type. In
particular, A‘/E::i is noetherian.We have also that RY/J is é‘
finite A/I - algebra. From the exact sequence

aio jn/3n+l‘mwéy ﬁg/3n+lMd;? A’/Jn

i, > 0

we get”by induction that at/1" is a finite A-algebra, for

any natural number Ny, since J is finitely generated. But

there is a natural number n; such that "¢ 18, so !\‘./I;ﬂn‘g

is a finite‘ﬂmalgebra . By [31§ (1.1) A' is separated in

the. I~adic topology, so by a well=known lemma (see for

instance [ﬁl, 8,4), we obtain that Af %S a finite A-algebra.
The next step is to see what's happening when A is

no more a domalne

(2.4) PROPOSITION . Let A be a noetherian ring, I

an ideal of A, Q a minimal prime ideal of A. Suppose that:
a) A is I-adically complete;
b) A/P is japanese for any prime p G.Aa(I)g which

contains Q.



Let L a field, fipite extension of k{Q)sy A" the
integral closure of A/Q in L. Then the following are eqﬁival@nt:

1) A' is a finite A-algebra;

2) the radical of IA!' is findtely generated.

Proof. UWe have only. to prove 2) ti?l)m’Let PY ¢ Aa(I+Q/Q)~
Then P! = P/0Q, uwhere P‘Q.Aa(I) by (1.7). Now we can apply (2.3)
to‘the integral domain A/Q to get the conclusion,

Finally we try to drop out the completeness assumption
on A,

(2.5) THEOREM. Let A be a noetherian reduced ring, I an
ideal contained in the Jacobson radical of A, Let Q be a minimal
prime ideal of A, L a field, finite extension of k(Q), A' the
integralclosure of A in L. Suppose that:

a) the fibre in Q of the morphism A-— R = (n,1)° is
geometrically reduced;

b) A/P is japanese for any prime P é.Aa(I) which contains -
B
Then the following are eguivalent:

1) A' is a finite A-algebra;

2) the radical of IA' is finitely generated.

proof. As in (2.3) it follous that A'/IA' is finite over
A/I and so & ®, AY/I(K®,A') is finite over R. Let A" be the
integral closure of R in Q(A @hL), Then A" = A™)x ... xAT
where A", is the integral closure of B in k(Qi) wood B Lyes sl §
Ql,.eﬁgan being the minimal prime ideals of the reduced ring
Q(EAL° Each A"i is I-adically separated, so A" is I-adically

separated. On the other hand we have inclusions i C~~>T§QQXNC~M»A“

o> 50 ﬂ.6% A' is I-adically separated. Again by

( {¢) , 8.4) it follous that n@ At is finite over % and by



faithful flatness A' is finite over A.

N

(2.6) COROLLARY. Let A be a noetherian reduced ring,

I an ideal Gontained in the Jacobson radical of A. Suppose that:

a) the generic fibres of the morphism A ==z ,1 ) are
reduceds;

b) A/P is japanese for any prime P € Aa(I).

Let A' be the integral closure of A in its total
quotient ring. Then the following are egquivalent:

1) A' is a finite A-algebra;

2) the radical of TA' is finitely generated.

Proof. Let Qigvocyan be the minimal prime ideals of
A, A, = A/Qy , K; = k(@;) for i = 1,...,n. Then AT = ﬁixwwmiﬁ]g

1

where AE is the integral closure of A in Ki' Sog A' is finite

over A if and only if A

{ is finite over A for any i.

Let Pt ¢ &a(l+ai/ai) for some i. Then P! = @/Qi, where P is a
prime ideal of A, and by (1.7) PQiAa(I) s0 Ai/P is japanese.

¢

Now we get the conclusion as in (2.5).

300 TATEES: THEBREN

Recall that J.Tate proved the following useful theorem
about a lifting property for japanese rings.
(3,1) THEOREM (see [l}): Let A be a noetherian normal
domain, x a non-zero element of A such ﬂhat:
a) xA is a prime‘ideal;
b) A is xA-adically complete;
c) A/xA is japanese.
Then A is japanese.
The first generalization was given by Seydi ({é&)

which dropped the assumption that A is normal. Then Marot ([31)
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dropped the assumption that xB is a prime idealgrchénged the
condition ¢) in “A/P is japanese for any PC Ass, (A/xﬁ}" and put
supplementary conditions on the integral closure of A. Lastly
Chiriacescu gave the following general form:

A3.2) JTHEUREN (\l . Let A be a noetherian integral domain,
x a non-zero element of A such that:

a) A is xA-adically complete;

b) A/P is japanese for any P € Ass,{A/xA).
Then A is japaheseo

We want to weaken condition,b} and then we will try to

generalize the result in the non=complete and non-~domain case,

(3 3) PROPOSITION, Let A be a noetherian integral domain,

X a non=zero element of A, Let S be a set of prime idegls of A
with the following property:
"for any domain B, integral extension of A, and any prime
ideal Q of B, minimal over xB, wa have that GnA &€ §%,
Suppose that: |
1) A is xA=adically comﬁlete;
2) A/P is japanese for any P& §;
Then A is japanese.
| Proof. Let K the field of quotients of A, L a field,
finite extension of K, A' the integral closure of A in L. Let
Qlﬁeo.,mn be the minimal prime oyermidgalg of xA' and Di = Qiﬁ A
far A gilyieseyitTRED WinS and [k(gi) : k(Piflé.Oa for any
§om Ay anvalie hs-By b A‘/Qi is noetherian for any i, by a result
of Nishimura ([7}9 see [l} s 1.1) it follows that AY/xAY is

noetherian,



et - T-=0 radical of xA', As in (2.3) we

]

1 MNeoo DU be th
obtain that A'/J is finite over A/xA and that A’/Jn is finite
A-algebra for any natural n. As B/xAY is noetherian there is a
natural number n, such that "¢ xat, As in (2.3) it follows
that A' is a finite A-algebra.

(3.4) COROLLARY : Let A be a noetherian integral domain ,
X a non~-zero element of A. Suppose that:

a) A is xA-adically complete;

b) A/P is japanese, for any P & Aa(xﬁ}o

Then A is japanese.
Proof. Obvious by (3.3) and (1.6).

(3.5) REMARKS : a) Taking S = Aasﬂ(a/xh) e (3.3) we
obtain (3.2).

b) We can take also S = A(xA) in (3.3). But in this case
A(xA) = ASSA(A/XA) because x is a non-zero divisor. On the
other hand (3.4) is a generalization of (3,2) since
Ra(xﬂ) < ﬁssh(ﬁ/xé (1.4).
Also, in (i@lg Example 1) is constructed a noetherian ring A
and an element x of A such that Aa(xA) # A5$A(A/xﬂ)s

Now we try to generalize further (3.4).

(3.8) PROPOSITION ¢ Let A be a noetherian ring, X a

non-zero element of A. Suppose that:

a) A is xA - adically completeg

b) A/P ié japanese for any Déi!\a(xli*.)o
Then A/Q is japanese for any minimal prime ideal which contains
Q and by (1.7) P G'Aa(xA) ga that By bfﬁgs jépanesee Now we can
apply (3.4) to the integral domain B.

(3.7) THEOREN. Let A be a noetherian recduced ring, X

a non-zero element contained in the Jacobson radical of A.



.
Suppose that:
o o " 5
a) the gemeric fibres of the morphism A —>A = (A,xA)"are

reduced]

D
13

b) A/P is japanese for any prime P & Aa(xﬂ)«

-

Then if A' is the integral closure of A in its total quotient rinc

tle]

A is a finite A-algebra,

Proof : Let Q(A) = Kyx oeo xK_, where K, = k(Q;), Qpse.0,Q,

do

‘being the minimal primes of A. Then A' is the direct product of

the integral closures of A in K S0 j+ is 5ufflclpﬂt to prove

iB

that if A is an integral domain such that the generic fibre of

nite

e

4 : B .
the completion morphism A — > A 'is reduced, then A! is a f

d‘

A-algebra., By (2.8) it is sufficient to prove that the radical
of xA? is finitely generated. Let Q be a minimal prime over-ideal
of xA!
Then GNA € Ra(xﬁ) By (1.6) so A/QNA is japanese. It follows that
A'/Q is finite over A/Q N A so it is noetherian. Now by L}W £1.1))
At/xA' is noetherian., The conclusion follows,

The same method of proof shows that we have also:

(3.8) THEOREM. Let A be a noetherian ring, % a non-zero
elementar contained in the Jacobson radical of A. Suppose 'that:

a) the generic. fibres. of the morphism A —> (A,xA) are
geometrically reduced§ ‘ | s

b) A/P is japanese, for any P & A (xA).

‘ V“W‘\J

Then A/Q is japanese for any mlnlde\D of A.

V Proof. Let Q be a minimal prime of A,B = A/, P! ¢ Aa(xB),
Then by (1,7) P! =-P/Q where P € Aa(xﬂ) so B/P' is japanese. By
(2.5) we have only to shouw that if L is-a field, finite extension

£ 0l8)5 and B' the integral closure of B in L, the radical of xB'

3

is finitely generated. But this folloms exactly 885 30 (3.8)«
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(3.9) COROLLARY: Let A be a noetherian ring, x a non-zero
element contained in the Jacchson radical of A. Suppose that:
a) the generic fibres of the morphism A —~> (f,xA) " are

geometrically reduced;

i

b)Y A/P is

3

japaneses far'any B & QSSA(A/xﬁ}a
Then A/Q is japanese, for any minimal prime ideal of A,

Proof. Obvious by (3.8) and (1.4).

(3.10) REMARK. (3.9) is clearly a generalization of (3.2).
The use of asymbtotic prime divisors enables us to obtain (3.9).
One cannot hope to generalize (3.2) in this way, without using the

set Qa(xﬁ), because for ﬁs%R(R/xﬁ) we have not a result similar to

(1.7)%

4. APPLICATION TO JAPANESE RINGS

In this section we will apply some of these results to give
an answer to the following guestion (L;\) -

QUESTION: Let A be

Y

noetherian domain, T an ideal of A.

a) A is I=adically complete;

b) A/P is japanese, for any P & pss(A/1).
Does it follows that AR is japanese?
We will begin by listing a trivial consequence af {3.4)

(4al) ggﬁg&g&gi:‘Let A be a noetherian domain, X a non~zero

element of A. Suppose that:

a) A is xA-adically complete;

b) A/P is japanese, for any Pe U(xA).

Yhen A is japanese.
Progf: Trivial by (3.4) and (1.9);
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(4.2) PROPOSITION. Let A be a noetherian ring, an element

¢
x

of A such that:

a) A is xA-adically complete;

b) A/P is japanese, for any P€ U(xA).
Then A/Q is japanese for any Q € Ass(A).

Proof: Let QC€Ass(R) and P'C U(xA + Q/Q). Then P' = P/Q,
where P is a prime ideal which COﬂﬁaiﬂS‘Qo By (1.8) it follows that
PcU(xA). Let B = A/Q. It follous fhat B/P' is japanese,

From (4.1) we have that B is japanese
(4.3) LEMMA Let A be a noetherian ring, x a non-zero divizor
in A. Suppose that:
a) A is xA-adically complete;
b) A/P is japanese, for any P & Ass(A/xA8).
Then A/Q is japanese, for any Q €Ass(A).
Proof. | As x is a non-zero divizor, it follouws that
ss{A/xA) = A(xA) 2 U(xA). How we apply (4.2)
Now we can give the promised result
(4.4) THEDREM: Let A be a noetherian domain, I an ideal
generated by an A-regular sequence. Suppose that:
a) A is I=-adically complete
b)_A/D is japanese, for any P & Ass{A/I).
Then A is japgnese
Eﬁﬁﬂiz Let I = (rlgomg,xn) ‘WE wiil use induction on n.
For n=l we can apply (3.2). Let J = (xlgae.,xn_l)y AY = A/T,
Let Q ¢ Ass{A'/x_A'). So A'/Q is japanese. As I is generated by
a regular sequence, x_ is not a zero-divizor in A'y so by (4.3)
it follows that A'/P is japanese, for any Pc Rss(At).

By induction it follows that A is japanese.
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(4.8) COROLLARY: Let A be a noetherian domain, T an
ideal generated by a regular seguence. Suppose that:

a) A is I-adically complete;

b) A/P is japanese, for any peass(A/I).
Then the restricted power series.ring AI{X& is japanese.

Proof: Let B = AI{XX ., Then B is IB~adically complete and
B/18 = A/I[X] . Let Q € Ass (B/1B). It follows that Q OA/I = P
where P é&s§{ﬁ/l)o So A/D’is japanese and Q = ﬁﬁ/IEX] s 5o that

= o 2

R/T L_XJ/Q = a/p\X| isajapanese ring.

(4.7) REMARK As we saw in (3.10), using aspptotic prime
divisors is also essential in proving {4,8)., The good property

we used, was (1.9), dJ.
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