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A N EXT}i}{ $IOT,I OF' TH}] V,/H Dtr}E IlX} I]XIN PF"INCIF AI, T}{ESR EVI

CO}i}TtrC1H}\i'T HI F{ G5 iI;I'f }}H $ ST{$IjFAR.A.B I,E CASE

by Floriu FOF

The strueture theorv of noneommutative algebras of l tredderburn and the

st rueture thcory of  eornmutat i i re  eomplete local  r ings do not  look to  have very

mueh in eomnton. i i4eanwlri le both theories are looking for niee eoeff icient r ings.

T5e best  th ing that  might  happen is  t l ra t  the coef f ic ient  r ing is  isonrorphic  to  the

resiclual algebra, this happens in the ease of sepurabie algebras and in t lre

eorrmutat ive ease" ' l 'h is  is  no rnore t rue in  the nonscparubie ease,  howt l r rer  under

eer ta in  assunrpt icns one ean f inc l  coef i ic ient  r ings for :  the "sepi l rab le par t "  and for

' the purc insc l>arable p i l r t r ro f  the res idur l ] .  a igebra an<J c lescr ibe the coef f ic ient

r ing as thc eomposi t t tnr  o f  thcse tu 'o  r ings.

I{, 'e shall  clenote by J = J(A) the Jacobson racl ical of A by Z * tr.(A) the

eenter  of  A.  A i l  a lgebras we eonsider  are f in i te  d imensional  a lgebrss oVer  e l  f ieLd l (

o f  pos i t !ve charaeter is t i r :  p .  Denote ny i l t t ie  i rnage of  xeA in  the res ic lua l  a lgebra

I \ / d .

\Ve sav that  a  subr ing BCA is  a eoef f ic ient  r inp;  i f  B is  min imal  wi th  the

proper t5r  BIJnB = A/J.  By Zorn 's  Iemnra such min imal  r ings a i i t 'avs ex is ts .

Let  us look now at  two counterexamples which prove that  wi thout  the

separabil i tv assumption the eonclusion of trt iedcJerburn Prineipal Theorem is no more

t rL le.  .

Example 1[De] p.25. Let k = Fr( t ) ,  I l  = k lb l / (b?),  A = ut f f i+ t l "

. I . h e n  J ( A ) = A b = k b + k e  d n C  f  = A / J ' =  k ( t r T )  b e c a r t s e  i f  a = [ b + t  i n

= t But A eontains no l< subalgebra isornorphie to A beeause then A would

I  -  |  - - - - - -  t

an a '€  A  s i reh  tha t  a 'z  =  t  and a 'e  a  +  J  wh ich  is  imposs ib le  beeause fo r

, ,
A + Ub + Ve \ , \ ,e have t l ' "  = Ao =t {-  b AS ehaf k = l"

A/J .  a -

eonta in

anv  B t  =



- L -

'  As A eontains F2(t  + b) a coeff ic ic*t  r ing in A isFz(t  + t rx( t  + nl  i t 'h ieh is

no more a k subalgebra. As A is a eonrnrutative ring Cohen's tlteorv works here.

Exarnple ? tRVl . i ,et 11 = Fo(X,Y) with noncommuting variables X and Y
o

such  tha t  1=  [X ,Y l  =  XY  -  YX  and  [X ,T ]  -  [X ,T ]  =  To  =  0 .

Then the set  S of  non-zero c l iv isors in  l t  sat is fy  thc Ore eondi t ion and

- 1
A = S- tR the r ing of  quot ients  of  R re la t ive to  S has an unique maximal  ideal

! [  =  AT'= TA ancl  res ic ]ua l  f ie ld  A/m = Bo( f ,V)  where . f  anO f f .o*nrute.

,  A '  eonta ins no subr ing isomorphie to  AIJ  beeat ise s inee AIJ is

eom mutative and ry. is inei.u<ied in the eenter i t  wott lcl fol low that A is

comn-rutat ive,  a  eontradiet ion wi th  T I  0"

In u'hat fol lou's as the problerrr of r ising idempotents and matrix units has

a posit ive ans\ryer in out'  eontext we shali  consicler the problem of f inding

coeff icierrt r ing's for the ease r,vhen A is a completcly primary I i  algebra i .e. A/J is

a  d i v i s i on  u lgcb ra "

Let us supose.t lrat Z(A/J) = I{ is not a separable extension of l<. TIten n'e

denote bV L the separable elosure of l< in I{ nncJ It is a purelv inseparable extension
n .

o f  L .  I (  =  1 , ( 0 , , . .  - . g  )  l t , i t h  F l l '  '  =  * , o  L \  L P .
t '  

' ' - (  i  
* i "

1t7e have now to extenci the resLrlt  in It lP1] as fol lolrys'

Theorem 1. !,qt e be_th-qlatqral nunrlcr i l rch that. Je = 0 t ldlt  P. be ths
11.

i r r q c J u c i ? l c p o l y l o m i a l s . , o f u i  = 0 P t € L t ' l , p g y g l  1 . " I n k ( X 1 , " ' , X t ) s g t - m t h e
ni'

bj,]atelaUcleal-gglerat-ed by the eommuteil ixi,Xjl an-cl P,(xf ) ' Then A egllqllq..a

su.bring R whieh is a -lrofn9-m9lglrie*jLagg*rcf k<x1,'..,Xt)/!" y.! l:g!*1g- q

eoef fjei_ejt ring*gf re_Pfisentatiygq I9I I("

' l 'he proof  is  s inr i lar  to  that  g iven in  [HP1] .  Now we need the fo l lo l ing

n

Theorem ( l- loehcshi id).  For anv extension Lc I(  s- l rch that l (pc L for qn

integr n tlnd qLreh t[* I( i-s rlprojeetive l, mqgtrF gLfg!!q typelle hgryggPl$ll

bctr ' . 'een Brirr ter qrot lDs Br(L) -  B( l()  is ontg

Sce  [ i { ]  t l r . 5  and  I l i o ]  t h .  6 .1 .



* ) -

rhecrern 2" I:p"! a F-p*s9:11.l-q$Ii.ryl-r,lg1y tS qlqeb:e.-t']!L.1gg15lg"l.Jllyislo"tt

alp;elrra I) = AIJ of eenter I{ q p,qtqlv**insepnr:gtrle -glienslgn ,{*llJlg*qgg!t$$9
--J---.

*elqp.Utg*d k $ I{. .Lt.l tf [i]l -,[ &-*L l<] i-'fllS*ilfg.gsfgi:1yp Br(l() g$jrlh"q

:X!_Uf_U:!:l ind,* is ptry-e_lq p $g _c__tglgg"lg3glg*9J A, !!gl a contqirls-q

separrible subalgebra isornorphie to "1 and an ri t tg R as deseriberl in theorem I with--.-_.-:. ,-

re  s idual  f  ie ld  I { .  '

' l 'he subring gcnerated in and R is  a coef f ic ient  r ing for  A,

Fro* f .  i f  ind.& is  pr i rne to  p thcn,0€T I (  is  a  d iv is ion a lgebra so in

O,

"0 6J{ = Dn Siverr bv I ' lochsehild theorem we can take n - 1. I t  y : A*) A/J is the

eanorrieei mapping anci B = y-i60 ) a.s &q1o36]rK = D we ed.n use '{ed<lerbrrrn
I

Pr inc ipa l ' l 'heorem arrc j  obta in an l<  subalgebra of  i l  isomorpl r ie  toc4,  which we

shail  cienote again by & " L.lsing theorem i the rest of the proof is clear. The

coef f ic ient  r ing is  an homonrorphic  image of  the eoproc iuet  o f  R and,A "

Rernerk. An anulog,;ous resrrl t  ean be clcdueed for the ttnequal

chur t rc ter is t ie  ease,  see [ l lP2]  anc l  IAz] .
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